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Abstract

Online learning or sequential decision making is formally defined as a repeated game
between an adversary and a player. At every round of the game the player chooses
an action from a fixed action set and the adversary reveals a reward/loss for the
action played. The goal of the player is to maximize the cumulative reward of her
actions. The rewards/losses could be sampled from an unknown distribution or other
less restrictive assumptions can be made. The standard measure of performance is the
cumulative regret, that is the difference between the cumulative reward of the player
and the best achievable reward by a fixed action, or more generally a fixed policy,
on the observed reward sequence. For adversaries which are oblivious to the player’s
strategy, regret is a meaningful measure. However, the adversary is usually adaptive,
e.g., in healthcare a patient will respond to given treatments, and for self-driving cars
other traffic will react to the behavior of the autonomous agent. In such settings the
notion of regret is hard to interpret as the best action in hindsight might not be the
best action overall, given the behavior of the adversary. To resolve this problem a new
notion called policy regret is introduced. Policy regret is fundamentally different
from other forms of regret as it is counterfactual in nature, i.e., the player competes
against all other policies whose reward is calculated by taking into account how the
adversary would have behaved had the player chosen another policy. This thesis
studies policy regret in a partial (bandit) feedback environment, beyond the worst
case setting, by leveraging additional structure such as stochasticity/stability of the

adversary or additional feedback.
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Chapter 1

Introduction

Machine learning has exploded as a field in the past decade. Complex systems have
been applied in impactful areas like healthcare, economically important tasks like
market predictions, futuristic tasks like building self-driving cars and more mundane
tasks like car navigation and ad placement/recommendations. While the practical
success of such systems is undeniable, theoretical understanding of this success has
been somewhat lacking. Indeed, classical theory of statistical learning, while well
suited to problems in which there is an abundance of data all sampled from the same
population, has struggled to explain the behavior of systems applied to any of the
tasks above, in which data is plagued by adversarial corruptions, hidden confounding
and its distribution may shift over time and adapt to the system’s outputs. Moreover,
in the above examples, successful systems are constantly evolving and learning is
perpetual. The paradigm of online learning is arguably better suited to explain the

performance of such systems.

1.1 Summary of contributions of this work

This thesis consists of four seemingly different problems spanning the topics of game
theory, online learning and reinforcement learning. All the works, however, share a

common theme, which is to study the online learning game in an adaptive setting.



Formally, we study policy regret minimization and its benefits in novel settings,
beyond the worst case, provide meaningful regret guarantees for these settings and

study how close to optimal these guarantees are.

We begin the study of policy regret in Chapter 2 by showing that it is indeed
possible to improve on the bandit regret bound, if the player receives additional
feedback about rewards of other actions together with the the reward of the played
action. The feedback is modeled by a graph, where each vertex represents an action
and playing an action also reveals the reward of all of its neighbors. While standard
guarantees scale with the number of actions (K or |A|), the novel bound only depends
on the amount of information actions reveal about each other. In particular, if a few
actions reveal information about all other actions, then the bound is constant in the
number of actions. Formally the bound scales with the domination number of
the feedback graph. While bounds scaling with domination number are known in the
stochastic setting (Buccapatnam et al., 2014b), that is the losses are sampled from
an unknown distribution, this is not the case in the adversarial setting. Most other
work in the adversarial online learning with graph feedback literature scale with the
independence number of the feedback graph (Mannor and Shamir, 2011; Alon
et al., 2013; Kocédk et al., 2014; Alon et al., 2015; Cohen et al., 2016; Valko, 2016;
Lykouris et al., 2018; Lee et al., 2020b), which is always greater than the domination
number. The upper bounds are supplemented by min-max lower bounds, showing that
it is impossible to go beyond the T%/3 regret bounds, unless all actions are observable
at the same time. Further, we show a problem instance on which it is impossible
to do better than the proposed regret upper bounds, including the dependence on

domination number.

In many real world problems there is no single adversary but rather multiple
self-interested agents competing in an environment, each with their own set of rewards.

Our goal is to select the agent yielding the highest total reward. As a motivating



example consider the online contractual display ads allocation problem: when users
visit a website, say some page of the online site of a national newspaper, an ads
allocation algorithm (the player) chooses an ad to display at each specific slot with the
goal of achieving the largest value. To do so, the ads allocation algorithm chooses one
out of a large set of advertisers (self-interested agents). Each advertiser has their own
marketing strategy, usually following their own no-regret algorithm. The number of
ads or arms can be very large. The number of advertisers can also be large in practice,
depending on the domain. The number of times the ads allocation is run is in the
order of millions or even billions per day, depending on the category of items. In the
above example, at every round, the player will only be able to provide feedback to the
agent whose ad was displayed. This in turn implies that only that agent will be able
to update its internal state. Because the rewards we observe are dependent on the
displayed ads and therefore dependent on the internal state of each agent, solving this
corralling problem, requires counterfactual reasoning. Thus our goal is to minimize
policy regret, which would guarantee that we would not discard the best agent should
she perform poorly in initial rounds. The study of corralling adversarial bandit
algorithms was initiated in Agarwal et al. (2016), who give sublinear regret guarantees.
In Chapter 3, we extend their work by proposing a corralling strategy which also
works for stochastic bandit algorithms and enjoys gap-dependent regret bounds, under
the assumption that there is a positive gap between the reward of the best arm of the
best base algorithm and the rewards of any other algorithm. These regret bounds are
syntactically similar to instance dependent bounds discussed in Section 1.2.2.2. The
algorithm is a version of FTRL with 1/2-Tsallis entropy regularization and a special
step-size schedule inspired by Agarwal et al. (2016). As such it is able to corral bandit
algorithms both when rewards are stochastic or adversarial. Finally, we supplement
our theoretical results with experiments on a synthetic dataset, showing that our

approach outperforms prior work.



In Chapter 4 we investigate policy regret in a game-theoretic setting. In this
setting there is no central algorithm as in the corralling setting. Rather, each player’s
rewards are both a function of the environment and of other players actions. The
goal of each player is again to maximise their own cumulative reward. Each player
observes the reward of her actions at every round, unlike in the corralling setting. Two
examples of games are network package routing and vehicle traffic routing. In both
cases players are competing for shared resources and the utility of each player decreases
as function of the number of other players using the same resource. Classical game
theory studies how players can converge to equilibrium states in such games and what
the social welfare is in such states. It is well known that if all parties play according
to a no-regret rule, that is the regret of every player with respect to the observed
rewards is o(7T), then their play would converge to a coarse correlated equilibrium
(CCE) (see for example Nisan et al. (2007)). In general, different types of no-regret
play have been shown to converge to different types of equilibria (Hazan and Kale,
2008). Further the social welfare of such equilibria has been investigated for certain
classes of games (Roughgarden, 2015), which contain the above examples, showing
that it is no worse than twice the best possible. Policy regret intuitively seems like
a stronger notion than regret, so it is natural to ask what would happen in a game
if players were to play strategies minimizing policy regret rather than simple regret.
In (Arora et al., 2018), we show that in 2-player games, the players will converge to a
new type of equilibrium called Policy Equillibrium (PE). Surprisingly, we also show
that the class of PE contains the class of CCE as a strict subset and that policy regret
is in fact not comparable to external regret. Finally, we show that as long as both
agents play natural no-regret algorithms they will also achieve sublinear policy regret.
This is in contrast with the adversarial setting, where different algorithms are needed

for achieving strong policy regret guarantees.

In Chapter 5, we study the Reinforcement learning (RL) problem. The reinforce-



ment learning problem is often modeled as a Markov Decision Process (MDP). The
standard comparator in RL is the difference between the total reward of the player’s
policy and the best overall policy for the given MDP making policy regret the defacto
measurement of success. There is a vast variety of settings under which RL problems
are studied. Our work focuses on the episodic tabular setting, in which the interactions
with the environment proceed in K episodes, each of length H. The MDP is assumed
to have finite number of states and actions, however, no additional assumptions
are made. Most prior work has focused on deriving regret bounds sub-linear in the
number of interactions "= H K. Notable exceptions are the works of (Simchowitz and
Jamieson, 2019; Lykouris et al., 2019; Jin and Luo, 2020), who all derive optimistic
bounds, based on a definition of gap which captures the difference between total
reward of the best policy and sub-optimal policies at every state-action pair. We
investigate the smallest achievable optimistic regret by deriving information theoretic
lower bounds for two classes of MDPs — MDPs with deterministic transitions and
MDPs in which every state is visited by an optimal policy with non-zero probability.
To derive such lower bounds we also need to assume that the value function of optimal
policies and all reward functions are uniformly bounded by one. With the insight from
these lower bounds we show that the regret of optimistic algorithms can be much

smaller, depending on the structure of the MDP, than what was previously showed.

1.2 The online learning game

Online learning is concerned with studying the sequential decision making problem
which is often modelled as a repeated game between an adversary or an unknown
environment and a player, usually represented by an algorithm. While there are many
ways to model this repeated game, we are going to focus on the following finite horizon

scenario.



e The game will have T" € N rounds.

« During every round, ¢ € [T]!, of the game the player must take an action a;

from a fixed action set A.

o Further the adversary prepares a hidden loss ¢; (or reward r;)? function which

maps actions to real numbers.

o The player then observes the loss of her actions and possibly the loss over some

or all remaining actions.

In general we will assume that the loss is bounded in [0, 1], or if it is random, then has
bounded sub-Gaussian norm. The goal of the player is to minimise her cumulative
loss over the span of the game. The above game is very flexible and can represent
multiple problems in Machine Learning, Statistics, Optimization and Game Theory.

We now give two examples.

The experts problem: In the experts problem (Freund and Schapire, 1997)
the set of actions, A = {1,2,..., K}, consists of different expert advisors. At every
round of the game, the player selects an expert i; € A and follows their advise. After
selecting the expert, the player gets to observe the loss for the advise given by all the
experts. The experts could be financial advisors managing the player’s portfolio or in

a gambling scenario could be the player’s friends who bet on outcomes of sport games.

Convex Optimization: One could view the problem of optimizing a convex
function, f : A — R, through first order oracle queries as a version of the above
game. At every round the player selects an iterate a; as a guess about the optimum
of the convex function and the adversary presents to the player the gradient (or

more generally an element of the sub-differential) at a;, given by V f(a;). It is not

HT] denotes the set {1,...,T}.
2Because our work deals with both stochastic and adversarial online learning we will use losses or
rewards depending on what is more convenient for the discussion.



immediately clear why we are interested in minimizing the cumulative loss, however,
using convexity it is possible to convert a regret bound on the sequence (V f(a;))L,
to a guarantee about approximately minimizing f. This is done using the so called

online to batch conversion which uses a = %Z;‘le a; as an approximate minimizer.

While in the convex optimization example above the set A consists of infinitely

many actions, in our work we are primarily interested in sets of finite size |A| = K.
1.2.1 Regret minimization

As already mentioned, the goal of the player is to minimize her cumulative loss.
However, this is not sufficient to determine how well the player is doing after the T
rounds have expired. For example, it is unreasonable to expect that the player will
incur the smallest possible loss on every round of the game. Thus we would like to
choose a suitable comparator against which the player’s loss will be measured. In
the experts problem described above one possible benchmark is to compare with the
smallest cumulative loss obtained by an expert. In general we can compete with the
smallest cumulative loss of any fixed action. The difference between the player’s loss
and the smallest cumulative loss is known as (external) regret (Foster and Vohra,
1993; Littlestone and Warmuth, 1994; Freund and Schapire, 1997; Cesa-Bianchi et al.,
1997):

T
R(T) => l(a;) —min ) _ Lly(a). (1.1)
In general, one is interested in algorithms which enjoy sublinear regret guarantees

over all problem instances, that is for all adversaries the regret of the player’s strategy

is bounded by o(T") with high probability.

There are several related quantities to 1.1. First, we can define the regret of the

player with respect to a fixed action a € A given as

HlT) = 3 o) = 3 (o) (1.2)



Most algorithms in this work will have expected regret bounds of the form E[R,(T)] <
o(T),Va € A. Here the expectation is taken with respect to the possible randomization
in the algorithm and any randomness coming from the strategy of the adversary. Note
that the strategy of the adversary might depend on the player’s strategy as well, which
introduces additional randomness in the losses. One might be tempted to reason that
if E[R.(T)] < o(T) for all actions then the expected regret, E[R(T)], is also bounded.
Unfortunately this is not always true, exactly because of the fact that the adversary
might be adaptive, that is they tailor their strategy based on what the player has
done so far. Another quantity of interest which arises from bounds on E[R,(T)] is

the pseudo regret®:

E[R(T)] = max E

Z_:lft(at) - Et(a)] = max E[%,(T)]. (1.3)

As already discussed, pseudo regret is a weaker notion than the expected regret and a
simple application of Jensen’s inequality shows that E[R(T)] < E[Z(T)]. In the case
when the adversary is oblivious, i.e., they have prepared the loss sequence (¢;)1_,
before the start of the game then it holds that E[R(T")] = E[#(T)]. One instance of
oblivious adversaries is when each of the losses, ¢;(a), is sampled according to some

unknown distribution.
1.2.1.1 Other notions of regret

External regret was introduced by comparing the cumulative loss of the player to the
cumulative loss of the best fixed action in hindsight. Changing the comparator class
gives rise to other different notions of regret. For example, one can compare against
the best fixed function 7 : A — A. The resulting regret is known as swap regret
(Blum and Mansour, 2007). It turns out that one can build algorithms with at most

o(T) swap regret from algorithms with o(T") external regret by an elegant reduction

3Most of this work focuses on bounding pseudo regret and hence we will refer to pseudo-regret
simply as regret.



provided by Blum and Mansour (2007). One can take this notion of regret further by
using functions as the comparator which might depend on the history of the player’s
actions (Lehrer, 2003). Mohri and Yang (2014) design efficient algorithms for the
setting when 7 : A° — A is a function defined for fixed s (independent of the time
horizon T') and at time ¢ exchanges the past s actions of the player for the comparator
action 7(@;_s41,-..,a;). The regret in this setting is called conditional swap regret.
Further, Mohri and Yang (2017) extend the comparator class to weighted finite-state

automata and show how to minimize the respective transductive regret.

If one takes s = t at round ¢, that is to consider an unrestricted comparator
function, they will arrive at what is known as dynamic regret (Zinkevich, 2003).
Unsurprisingly, in the worst case it is impossible to design algorithms with o(T")
dynamic regret. However, it is possible to design strategies with dynamic regret
bounded by meaningful quantities depending on how rapidly losses change, which in

the worst case are linear in 7.

1.2.2 Full information and Bandit games

In our description of the online learning game we did not specify exactly what feedback
the player receives from the adversary. Intuitively, games in which the player only
observes the loss of the action she played at round ¢ should be harder than games in
which she observes the loss of all possible actions in A. Indeed, the player receives
|A| times less information in the former scenario. We call feedback in which only
the loss of the played action is revealed bandit feedback. Feedback in which the
player observes the full loss vector at every round is referred to as full information

feedback.

The experts and convex optimization problems which we discussed above are
both problems with full information feedback. The following simplified version of the

experts problem is first studied by Littlestone (1988): at every step all the experts



make a binary prediction. The observed loss is just the zero-one loss. Further, it is
assumed that there exists at least one expert which is correct at every round of the
game, that is they always have zero loss on their prediction. A halving algorithm,
which maintains a set of active experts (which have not made a mistake so far) is
proposed. At every round of the game the algorithm selects the prediction with
majority vote. If the prediction is correct the game continues, otherwise the algorithm
updates the set of active experts by removing all experts who have made a mistake.

The regret of this algorithm is O(log (|.A])).

While the halving algorithm is natural, we can not expect that there is always an
expert (or action) which has zero loss. Littlestone and Warmuth (1994) propose the
Randomized Weighted Majority algorithm. The idea behind the weighted majority
algorithm is to keep a set of weights w;;, one per each expert and at every round
update the weights as w;1,; = (1 — nly(i))w;,;, where 7 is some fixed parameter. The
expert which is chosen at time ¢ is sampled with probability proportional to their
weight. The regret of this strategy is bounded by O(4/log (|.A|) T') for appropriately
set 7. Freund and Schapire (1997) later proposed the Hedge algorithm (Algorithm 1).
Hedge can be seen as a version of the weighted majority algorithm, however, instead
of updating the weights through a linear function of the losses, one updates them

with an exponential function. Hedge has similar regret guarantees to the weighted

Algorithm 1: Hedge
Input: Step size 7, time horizon T'
Output: Sequence of sampled experts iy,...,ir
1: Initialize w; = 1,p; = Unif(A)
2: for t=1,...,T do
3:  Sample i; ~ p; and observe loss vector ¢,
4
5

Wit 1,4

Wiy1,i = Wy €XP (—Wt(i))> Pi+1,i = m,w e A.
y ,
. end for

majority algorithm and again enjoys a O(y/log (|.A|) T') regret bound for appropriately

set 1. The Hedge algorithm has become a staple in Online Learning literature and
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many algorithms have used it as a building block, including some of the approaches
presented in the current thesis. This algorithm is, in fact, part of a larger family of

algorithms known as Online Mirror Descent which we discuss next.

1.2.2.1 Online Mirror Descent and Follow the Regularized Leader

Mirror descent (Nemirovskij and Yudin, 1983) is a generalization of the gradient
descent algorithm to Banach spaces (normed vector spaces). We have already seen
in our convex optimization example that we can indeed treat convex optimization
as an instance of the online learning game. However, the opposite direction is not
clear — how do we treat the online learning game as a convex optimization problem.
Algorithm 1 suggests the following: treat the losses ¢; as gradients and treat the
weights w, as iterates, which are projected to the convex set of distributions over |.A]

known as the probability simplex.

Definition 1.2.1. The K-dimensional probability simplex is the set AX~1 = {p €

[0,1]% : K p; = 1} of all probability distributions over K items.

The key ingredient of the mirror descent algorithm is a potential function, U,
which maps between the space of iterates and the space of gradients. For the rest of this
work we will only consider ¥ : AMI=1 — R which are proper, lower semi-continuous
and strictly convex. For definitions of the above terms and an introduction to basic
convex optimization we refer the reader to Appendix A. The Online Mirror Descent

(OMD) algorithm can now be summarized as follows:

Wy = argmin(w, £y) + Dy, (w|[p:)
| (1.4)
Pey1 = argmin Dy, (p||wit1).
peEAlAI-1

In Equation 1.4, Dy,(-||-) is the Bregman divergence induced by the potential

W,. A formal definition of the Bregman divergence can be found in Appendix A.

ZiEA w; log(w;) is

Algorithm 1 can now be seen as an instance of OMD, where ¥, (w) = g

the re-scaled negative entropy.
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A related algorithm to OMD is Follow the Regularized leader (FTRL), also known

as lazy OMD. The FTRL update is given by

t
Wi = argmin(w, Y C) + Uy(w)
v s=1 (1.5)
pe+1 = argmin Dy, (p|[wei1).
peAIAI-1

It can be shown that for ¥, = %, i.e., constant step-size updates, OMD and FTRL
follow the same trajectory if initialized at the appropriate point. Somewhat surprisingly

if the step-sizes n; are decreasing throughout the game, it turns out that FTRL and

OMD can follow different trajectories (Orabona and Pal, 2018).

The OMD and FTRL algorithms are applicable to a large number of online learning
games, and as we will see soon, enjoy meaningful regret guarantees. The general
problem of when sublinear regret is achievable for an online learning game is addressed

by Rakhlin et al. (2015); Bhatia and Sridharan (2020).
1.2.2.2 Stochastic multi-armed bandits

As alluded to previously, games with bandit feedback are harder due to the amount of
information observed by the player. In general we are going to distinguish two types of
bandit games — one in which the losses are generated from some unknown distribution
and the goal of the player is to compete against the action with smallest expected
loss. This problem is known as the Stochastic Multi-armed Bandit (stochastic
MAB) problem. The stochastic bandit problem dates back to Thompson (Thompson,
1933), and the motivation for the problem was to determine if in a healthcare scenario
some treatment is better than placebo or not online, without having to wait for the
complete trial to conclude. The second type of bandit game is one in which we do not
make any assumptions about how the losses are generated, but only assume that they
are in a bounded range (usually [0, 1]). We note that actions in the bandit game are

referred to as arms.
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For convenience we will discuss the stochastic bandit problem in terms of rewards
ry rather than losses. The stochastic K-armed bandit problem is characterized by the
expected reward vector p, with E[r;] = u € RE. We will focus on distributions which
are sub-Gaussian with variance proxy equal to 1 or with bounded support in [0, 1]¥.
The mean of the arm with highest reward will be denoted as p;« or py. The regret for

the stochastic MAB problem can now be written as

R(T) =Ty —E in u] : (1.6)

where 7; is the arm played at time ¢ and the expectation is with respect to the

randomness in the player’s strategy and the sampling of the rewards.

In general there are three types of algorithms used for solving the stochastic bandit
problem. The first type is based on a Bayesian view of the world, in which the player
maintains a prior over possible distributions from which the rewards are sampled
and further updates a posterior based on the observed rewards. The posterior is
then used to sample a distribution and the player plays the best arm of the sampled
distribution. This approach is known as Thompson Sampling (Thompson, 1933).
While Thompson Sampling has enjoyed wide applications in practice, its regret was
not completely understood until recently (Agrawal and Goyal, 2012, 2013; Kaufmann
et al., 2012; Agrawal and Goyal, 2017). First, Agrawal and Goyal (2013) show that
Thompson sampling with a Beta distribution prior achieves regret O(,/T K log (T)),
and regret O(y/T K log (K')) with a Gaussian prior. The second result is in general not
improvable for the Thompson sampling strategy as shown by the authors. Kaufmann
et al. (2012) provide another type of regret upper bound for Thompson sampling which
only depends on the problem instance. In particular, they show a regret bound of order
O (Zi#* %), where kl(a||b) is the KL-divergence between two Bernoulli random
variables with means a and b respectively and A; = p;« — p; is the sub-optimality

gap. This regret is asymptotically optimal.
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The second type of algorithms are the ones based on optimism in the face of
uncertainty (OFU) principle, which has become a powerful tool in different extensions
of the MAB problem such as contextual bandits and Reinforcement Learning. The
principle suggests that if the player is uncertain about which the best action is, she
should proceed to play the action which could attain the highest reward, based on
her observations so far. More formally, at every round of the game, for every arm
1, the player keeps empirical estimates of the mean, fi;, and further adds a bonus
term depending on how many times the arm have been observed. The player then
selects the arm with highest empirical mean plus bonus term. This strategy was
proposed by Auer et al. (2002a) in the form of the UCB-I algorithm and comes with

O(/TKlog(T)) and O (Z#i* logA(iT)> regret guarantees.

The final type of strategies are ones that we have already discussed for the full

information setting in the form of OMD and FTRL. The idea is to construct unbiased
estimators of each of the reward vectors at time ¢ and feed them to the OMD algorithm
with appropriate potential function. As long as the second moment of the estimators
is well controlled, regret bounds of the order O(v/KT) are obtainable, where the O
notation hides poly-logarithmic factors. In particular Auer et al. (2002b) propose the
Exp3 algorithm which is just Algorithm 1 with 7, = e;, p:i% The Exp3 algorithm enjoys
a regret bound of the order O(\/Wg(f()). Gap-dependent bounds are harder to
show for OMD strategies, however, recent works have made significant progress on
the matter (Seldin and Slivkins, 2014; Seldin and Lugosi, 2017; Wei and Luo, 2018;
Zimmert and Seldin, 2019), with Zimmert and Seldin (2019) solving the problem

optimally, under the condition that there exists a unique best arm.

1.2.2.2.1 Min-max lower bounds and instance-dependent lower bounds.
All of the three approaches described so far enjoy upper bounds on their regret of

the order O(\/ KT) or an instance dependent regret bound which depends on the
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distribution of the unknown reward vector. Are these bounds optimal? As it turns out,
the min-max regret (maximizing over all possible problem instances and minimizing
over all possible algorithms) for the stochastic MAB problem is ©(v/KT). The first
algorithm to achieve this rate is MOSS (Audibert and Bubeck, 2009), which falls into

the category of OFU algorithms.

The results for instance dependent lower bounds are more involved. To understand
the bounds, we first need to define the set of confusing bandit environments for a
fixed arm ¢ # 7*. Let P; denote the distribution of arm ¢ with mean y; in our original

bandit problem. We define the set

This is precisely the set of distributions for the reward of the ¢-th arm, which have
larger expected reward than the optimal p;«. Lai and Robbins (1985) show that any

strategy which incurs regret at most T¢ for all a > 0 must suffer regret at least

Q (Zi#* infp/.elif(?LA(I;’ilwé)) as T — oo, where K L(P||Q) is the KL-divergence between

distributions P and (). Formally the lower bound states that

A,
i int o oy 2 (7& T KL(R-HP;)) | 17)
Equation 1.7 implies that Thompson Sampling is asymptotically optimal for rewards
sampled from Bernoulli or Gaussian distributions. Further, the UCB-I algorithm
is asymptotically optimal for rewards sampled from Gaussian distributions as the
KL-term in the bound evaluates to A?. Another algorithm from the OFU family
which achieves the same guarantees as Thompson Sampling and has favorable practical

performance is KL-UCB (Garivier and Cappé, 2011).

Finally, we mention another asymptotically optimal strategy which is used in the
problem of best arm identification known as successive elimination (Even-Dar et al.,
2002). The strategy is similar to the UCB-I algorithm as it also keeps confidence

intervals around the empirical means for each arm, however, every arm is played until
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we can confidently say that it is worse than another arm at which point the worse

arm is discarded and never played until the end of the game again.
1.2.2.3 Adversarial multi-armed bandits

In the adversarial MAB problem, there are no assumptions made regarding the observed
losses, except that they are bounded in [0, 1]. The problem was first studied by Auer
et al. (2002b), who propose the Exp3 algorithm, which as we already mentioned is
a modification of Algorithm 1. Exp3 comes with a O(y/KT log (K)) regret bound
in the adversarial setting. Other popular potential functions with which the OMD
(or FTRL) algorithms are initialized and enjoy adversarial regret guarantees are the
Log-Barrier potential defined as ¥(p) = — XX  log (p;) and the 1/2-Tsallis entropy
defined as ¥(p) = — Y, /p;. The log-barrier based OMD algorithm comes with a
O(y/KTlog (T')) guarantee and the FTRL algorithm based on the 1/2-Tsallis entropy
introduced by Audibert and Bubeck (2009) and later also studied in Zimmert and Seldin
(2019) enjoys O(vVKT) regret. Because the adversarial bandit problem subsumes the
stochastic bandit problem, the same min-max lower bound applies and hence the
1/2-Tsallis entropy FTRL algorithm, known as Tsallis-INF, satisfies the desired regret
bound. It is natural to ask if there are “instance dependent” upper bounds for the
adversarial setting. The work of (Hazan and Kale, 2011) answers this question to
the affirmative by defining a notion of total variation of the losses and bounding the
regret in terms this variation. Further extensions and similar quantities can be found
for the full information setting in (Rakhlin and Sridharan, 2013) and for the bandit

setting in (Bubeck et al., 2018, 2019; Wei and Luo, 2018).

The topic of bandit learning is broad and we will only scratch the surface in this
thesis. For a more complete introduction we refer the reader to the works of Bubeck

et al. (2012) and Lattimore and Czepesvari (2018).
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1.3 Graph theory concepts

Part of this thesis will address a setting for the online learning game which interpolates
between full information and bandit feedback. Such feedback is modeled by a feedback
graph with vertices corresponding to actions and edges describing which actions reveal
information about each other. We now revisit some graph theoretic concepts which

are used in Chapter 2.

We begin by recalling the definition of a graph.

Definition 1.3.1 (Undirected graph). An undirected graph G = (V| E) is a tuple
containing a set of vertices V' and a set of edges E, where an edge {u,v} € F,u,v € V

is an unordered pair of vertices.

We will only work with undirected graphs, however, all of the results in Chapter 2

extend to directed graphs as well.

Definition 1.3.2 (Directed graph). A directed graph G = (V, E) is a tuple contain-
ing a set of vertices V' and a set of edges F, where an edge (u,v) € E,u,v € V is an

ordered pair of vertices.

We say that u, v are neighbors (or adjacent) in an undirected graph if {u, v} is an
edge of the graph. Further, we say that u is an in-neighbor to v in a directed graph if

(u,v) € E and is an out-neighbor to v if (v,u) € FE.

The next set of definitions are for undirected graphs.

Definition 1.3.3 (Complete graph). A complete graph G is a graph such that

there is an edge {u,v} € E for every two vertices u,v € V.

We call a sub-graph of GG a graph with a vertex set which is a subset of V' and an

edge set which a subset of F.
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Definition 1.3.4 (Clique partition (Erdoos et al., 1988)). A clique of a graph G is a
complete sub-graph of G. A clique partition is a set of cliques of GG such that each

vertex of GG is contained in exactly one clique.

Definition 1.3.5 (Clique partition number). The clique partition number \(G)
for a graph G is the size of the minimum clique partition, that is the smallest size

clique partition over all clique partitions.

Finding a clique partition of GG is known to be NP-hard. Further, approximating
the clique partition number to a factor of O(|]V|*7¢) for any e > 0 is also likely
computationally hard (Hastad, 1999; Engebretsen and Holmerin, 2000). Cliques are

tightly related to the notion of independent set of a graph.

Definition 1.3.6 (Independent set). A subset of vertices of G is an independent

set if no two vertices are adjacent.

Definition 1.3.7 (Independence number). The independence number, a(G) of a

graph G is the size of a maximum independent set.

An clique of size k in G corresponds to an independent set of size k in the graph
constructed from G by taking the same vertex set and an edge set consisting of edges
{u,v} iff {u,v} is not part of the edge set of G. This suggests that approximating

|176

the independence number to a factor better than |V is also likely computationally

hard (Hastad, 1999).

Another important graph theoretic quantity for our work is the domination number.

Definition 1.3.8 (Dominating set). A dominating set for a graph G is a subset of

V' such that every vertex in V' is adjacent to some vertex in the dominating set.

Definition 1.3.9 (Domination number). The domination number, v(G) of a graph

G is the size of a minimum dominating set.
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Figure 1-1: Graph example

The graph in Figure 1-1 has a maximum independent set of size 5 with vertices
in blue and a minimum dominating set of size 1 in red. Further, the clique partition
number for the graph consists of the blue vertices and is again equal to 5. It turns
out that the domination number is always no larger than the independence number
and the independence number is always no larger than the clique partition number,
that is v(G) < a(G) < X(G) (Bollobas and Cockayne, 1979; Goddard and Henning,
2013). We note that there is a fourth quantity of interest which is the size of the
maximum acyclic graph denoted by mas(G). And acyclic graph is a graph which
contains no cycles, that is a sequence of edges {uy, us}, {us, us},. .., {u,, u1} which
trace a closed path in the graph starting and ending at the same vertex. It turns out

that in undirected graphs mas(G) = a(G).

Unlike the clique partition number and the independence number, there is a very
simple algorithm which can approximate the domination number up to a log (|V])
factor. The pseudo code is given in Algorithm 2.

The following notes http://ac.informatik.uni-freiburg.de/teaching/ss_
12/netalg/lectures/chapter7.pdf provide us with a proof that the greedy Al-
gorithm 2 returns a dominating set R which is 2 + log (A) approximation to the

smallest size minimal dominating set, where A is the maximum degree if G. It
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Algorithm 2: Greedy algorithm for minimum dominating set
Input: An undirected graph G(V, E)
Output: A dominating set S
: R=10
if V == then
Return S
else
Find v € V s.t. deg(v) is maximized
R = SU{v}
V =V \{{v}UN(v)} and update G to be the induced graph on the new set of
vertices V.
8: end if

is possible to implement the algorithm so that it has total runtime of the or-
der O((|V| + |E|)log (]V])) (e.g. http://homepage.cs.uiowa.edu/~sriram/3330/
springl7/greedyMDS.pdf). We note that this is essentially the Greedy Set Cover
algorithm of Chvatal (1979) and that it is possible to extend to directed graphs, by
replacing the degree of v by the out-degree of v and the neighbours of v by just the

vertices which have in-going edge from v.

1.4 Algorithmic Game theory

Algorithmic game theory is a broad topic which in general studies the performance of
self-interested agents in games, what strategies lead to good performance guarantees in
games and how to design games where self-interested agents enjoy good performance
guarantees. Here good performance guarantees pertain to some type of socially-
economic metrics such as maximizing the overall utility of players participating in the

game.

In this work we focus on the following type of multi-player games. The game
consists of n players. The i-th player has a finite action set A;, |A;| = k; and a reward
(or utility) function u; : A — [0, 1], where A = x?_;A;. Further, we will assume that

the game proceeds in T rounds and during each round the players get to interact
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with each other only through choosing actions in their own action set and observing
the utility for the selected actions at the given round. Our goal is to study what
player strategies would lead to a steady-state of the game in which no player will have
an incentive to deviate from the prescribed strategy. Such states are known as an

equilibrium of the game.

Existence of different types of equilibrium has been a fundamental question in
game theory. Perhaps the most natural equilibrium in multi-player games is the
one in which no player has incentive to change the action they are playing as long
as every other player continues to play the same action. This is known as a Pure
Nash equilibrium (PNE). Even though PNEs are easy to describe and seem like a
reasonable equilibrium for self-interested agents, PNEs are not even guaranteed to
exist in some types of games. For example consider the simple two-player game of
Rock, Paper, Scissors, in which rock beats scissors, scissors beats paper and paper
beats rock. It turns out that there is no one fixed action a player can choose, such
that that action wins all the time, while the other player has no incentive to switch
from their losing/tie action. Instead of considering only the best fixed action it is
natural to extend the policy of each player to the best fixed distribution over actions.

Such reasoning leads us to the concept of a Mixed Nash equilibrium (MNE).

Definition 1.4.1. A Mixed Nash equilibrium is a product distribution o = x?_; over
A, where o; is a distribution over 4; satisfying the following:
Eal,.. ai,.an)mo [ui(a', ... a")] > E(a17.._’ai7.‘.’a7z),\,a—['LLi((Zl, (@) a™)],
for all actions (a’)" € A; and all players i € [n].
MNEs are natural and do not require any coordination between the players as the
i-th player only needs to sample according to their own distribution ¢;. Further MNEs

exist for all (reasonable) games (Nash et al., 1950; Nash, 1951). Unfortunately it is very

likely that there are no polynomial time algorithms for approximating Nash equilibria
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(Daskalakis et al., 2009) even for two-player games (Chen and Deng, 2006), outside
of some special type of games such as zero-sum games. The fact that approximating
MNE is most likely computationally intractable motivates the study of other types of

natural equilibria which always exist and can also be found efficiently.

Consider the following 2-player traffic light game. Each player can choose between
two actions: stop and go. The utility functions are given in Table 1-1. In the table we
distinguish between a column player and a row player. The utility of the row player
is shown in the first entry of the tuple and the utility of the column player is the

second entry. For the purpose of our example we allow negative utilities. Suppose

stop | go
stop | (0,0) | (0.1)
g0 (170) (_57_5>

Table 1-1: Traffic light game

a traffic signal instructs the column player to stop and the row player to go. The
column player only sees their own signal, however, they can deduce that the row
player has the right of way and so the column player’s best action is to obey the signal.
The same reasoning holds for the row player. Suppose now that the traffic light is
randomized in the sense that with probability 1/2 it signals the column player to
stop and the row player to go, and with probability 1/2 it signals the column player
to go and the row player to stop. If both players decide to obey the traffic signal
they observe, then they are at an equilibrium as if either player deviates, their utility
will decrease. The traffic signal plays the role of a central agent which coordinates
and hence correlates the actions of the two players. The type of equilibrium which
we just described is known as a Correlated equilibrium (CE)(Aumann, 1987).
Notice that this equilibrium also can not be a Nash, as it does not factor into product

distributions over the action sets of each player. Indeed, the induced distribution over

A is o((stop, go)) = 1/2,0((go, stop)) = 1/2.
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Definition 1.4.2. A Correlated equilibrium is a distribution ¢ over the action space

A such that for every player 7 it holds that
Eo[ui(a, ..., a")|a"] > Eolui(al, ..., (a'), ..., a")|a"],V(a')" € A;.

The interpretation of a CE is that if the ¢-th player is shown their action, sampled
according to o, then they have no incentive to deviate, given that every other player
behaves according to o. The existence of CEs can be confirmed by observing that any
MNE is also a CE. Further, CEs are computable in polynomial time, for example by

linear programming (Papadimitriou and Roughgarden, 2008).

The final equilibrium concept we discuss is that of a Coarse correlated equilib-
rium (CCE). Similarly to MNE and CE, a CCE is a distribution ¢ over .A. Unlike
CEs, however, the agent must commit before hand to following the action sampled

according to . Formally, a CCE is defined as follows.

Definition 1.4.3. A Coarse correlated equilibrium is a distribution o over the action

space A such that for every player i it holds that
E,[ui(a', ..., a")] > Eglu(al, ..., (a),...,a")],¥(d)" € A;.

CCEs are also computable in polynomial time and in fact every CE is also a CCE.
To conclude we have the following nestedness of equilibria PE € MNE C CE c CCE,

where each of the inclusions are non-strict.

Even though CEs and CCEs are efficiently computable, the question of: “How
good this equilibria are compared to Nash?” remains. There are multiple ways to
quantify the goodness of an equilibrium of a game. Two such notions are the Price
of Anarchy (PoA) and Price of Stability (PoS). For a given social welfare function,
mapping players policies to a real value, the PoA is defined as the ratio between the
welfare of the best overall policy to the welfare of the worst policy belonging to an

equilibrium class. The PoS is defined similarly, however, we compare the best overall
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policy to the best overall policy in the equilibrium class. Part of algorithmic Game
theory studies how PoA and PoS of Nash equilibrium compare to PoA and PoS of
other equilibrium. For example in the special type of “smooth” games, the worst Nash

is no worse than the worst CCE (Roughgarden, 2015).

1.4.1 Equilibrium and no-regret algorithms

CCEs and CEs are also efficient to approximate through natural strategies in which
every player minimizes their own regret in the repeated game (Foster and Vohra,
1997; Fudenberg and Levine, 1999; Hart and Mas-Colell, 2000; Blum and Mansour,
2007). In particular minimizing swap regret leads players to a correlated equilibrium
and minimizing external regret leads to coarse correlated equilibrium. Hazan and
Kale (2008) show a very general correspondence between finding equilibria, fixed-point
computation and the existence of certain types of no-regret algorithms. In followup
work Mohri and Yang (2014) and Mohri and Yang (2017) showed that minimizing
their notions of conditional swap regret and transductive regret also leads to new

notions of equilibrium.

We now outline how to convert a no-external regret algorithm to an algorithm
which approximates a CCE. First, assume that the i-th player acts according to a
no-regret algorithm with action space A; and reward function at time ¢ given by
r() =wulal,. .., a7t - at, .. a}), where a] denotes the action taken by player j
at time t. The no-regret algorithm guarantees that after 7" rounds of the game for
any action a’ € A; it holds that E [Zthl r(a’) — rt(ai)} < O(VT). After T rounds
of the game we define the distribution 7 on A as follows. A central agent who
coordinates the players samples a round ¢ € [T] uniformly at random. Next the i-th

player acts according to the strategy which prescribes they play action a! at round

t of the no-regret game. Thus the expected reward of player i is %]E [Zthl rt(af;)} =
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Eot, amymapluila’, ..., a™)]. Further, the no-regret guarantee implies that

Ei. g li(at, ... a")] = ;E lz ri(ab)| > ;E lz rt<(ai)')] — 0 (1/VT)
=B _amsp i@’ (@), 0] = O (1/VT).

Thus the empirical distribution of play converges to the set of CCE in a weak conver-
gence sense. Because we are considering finite action-space games, weak convergence
is equivalent to strong convergence and we arrive at the fact that any convergent
sub-sequence of (7)., will have a limit point in the set of CCEs. Showing that
no-swap regret play leads to a CE is slightly more involved, however, follows the same

general idea.

Finally, we note that it is possible to derive John von Neumann’s min-max theorem
for two-player zero sum games using the fact that no-regret algorithms exist and

following their empirical play would lead to a MNE in a two-player zero sum game.

1.5 Reinforcement Learning

Reinforcement Learning also studies the online learning game, however, additional
complexity is introduced into the problem by considering it as a Markov Decision
Process (MDP) (Puterman, 1994). Formally, an MDP consists of an action set A, a
set of states S, a (deterministic) reward functions r : § x A — [0, 1] mapping state-
action pairs to rewards, a transition kernel P : S x A — AlSI=! mapping state-action
pairs to a distribution over states, and a distribution over starting states oy,. Without
loss of generality we can assume that there is a single starting state sy with a single
available action ag such that P(-|sg,ag) = 09. The number of states is |S| = S and
the number of actions is |A| = A. Further, after playing a state-action pair, (s, a), the
player only observes a random variable R(s,a) with expectation E[R(s,a)] = r(s,a)
and her transition to the state s’ ~ P(:|s,a). The player does not know r or P

and the goal of the player is to maximize her cumulative reward. We have already
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encountered a simple type of MDP in the form of the stochastic MAB problem. Indeed

the stochastic bandit problem is an MDP with a single state and actions .A.

There are several types of RL problems one can consider based on the interaction
protocol, cumulative reward and size of the state-action space. In this work we will
consider the episodic, finite horizon, tabular setting. The protocol is as follows.
The game proceeds in K episodes (not to be confused with the size of the action set
in the online game). Each episode is of length H. At every episode the agent chooses
a (deterministic?) policy 7 : S — A, that is a function mapping states to actions and
proceeds to observe the rewards and transitions generated by following 7 for H rounds.
At the end of the episode the player’s total reward is E, [Zfil R(S;, Ap)], where Sy, A,
are random variables sampled according to the Markov process induced by following
7w and the transition kernel P. After the episode has concluded, the player updates
her policy and proceeds onto the next episode. We will again measure the success of
the player through regret, where the comparator is the policy with highest cumulative

reward over a fixed episode, denoted by 7*. The regret is formally defined as

RIK) =3 ( E.- [R(Sn An)] — 3 Eny [R(Sh, Ahn)

k=1 h=1

K o H . (1.8)
= m;;LX Z <Z EW [R(Sh, Ah)] - Z ]Ewk [R(Sh, Ah)]> s

k=1 \h=1 h=1
where 7 is the policy selected by the player at episode k. We additionally assume
that the MDP has a layered structure. That is, every state s belongs to some layer
k(s) = h € [H] and the only non-zero transition probabilities are between states s and

s’ such that k(s) +1 = k(s), i.e., P(s'|s,a) >0 = k(s) + 1 = k(5.
1.5.1 Value function, ()-function, Bellman optimality

The value function of a policy 7 is a functional mapping from states to real numbers

and it assigns to each state the expected reward of policy 7 starting from state s.

4This is WLOG as for any reasonable MDP there exists a deterministic policy which is optimal
(Puterman, 1994).
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Formally,
V(

h=r(s)

H
> R(Sh, An)|Sks . (1.9)
With this notation we can concisely write the cumulative reward of the strategy of a
player as S5 V™ (sq).

The second quantity of interest is the Q)-function which maps a state-action pair

to a real number. It is defined as follows

Q" (s,a) =E,

H
Z R(Sh, Ah)|8,$(s) = S, AH(S) = CL:| s (1.10)
h=k(s)

and captures the expected reward of the player if she plays according to 7 after playing
action a in state s. Note that the following identities hold from the definition of the

value function and -function

V7(s) = Q7(s,m(5)) = r(s,7(s)) + Eginp( s V()]

Further, we can think of V™ as a vector in R¥ indexed by states, and similarly think

RSXA

of Q™ as a vector in indexed by state-action pairs. This implies we can write

the expectation Egp(|sq) [V™(5)] as an inner product between the transition kernel

and the value function as
Esimp(lsa) [VT(S)] = (P(]s,a),VT").

Further, using P : R® — R*4 as a linear operator with (s, a)-th row equal to P(:|s, a),

we can write in vector notation
Q" =r+PVT".

We also adopt the following standard notation Vi, = V™ and Qp = Q™.

We defined the regret of the player’s strategy by comparing against an optimal
policy 7*, but it is not entirely clear that such an optimal policy exists. Such a

policy exists and can be thought of as the deterministic policy maximising the value
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function on sg, that is 7* = argmax_ V™ (so). The optimal policy is not necessarily
unique, however, the value of the optimal policy V* = V™ is unique. Further, one
can show that the greedy policy with respect to the -function is an optimal policy.

That is, 7* satisfies the following equation

V™ (s) = maxr(s,a) + (P(:]s,a), V™ ),Vs € S.

acA

This equation is known as the Bellman optimality equation and is at the core of
designing algorithms for regret minimization (Puterman, 1994). Finally, we use the

notation Q* = Q™ .

1.6 Adaptive adversaries and Policy regret

So far we have seen several different measures of regret — external regret, internal
regret, swap regret, etc. Further, even though we made a point to distinguish between
expected regret for adaptive adversaries and expected regret for oblivious adversaries
the main idea behind our comparator class remained the same — compare with the
best fixed action or policy in hind sight. Consider the following simple example: the
player is a self-driving car and the available actions determine whether the car turns,
accelerates, decelerates, uses a turn signal, etc. If the player decides to go through a
red light at an intersection then the next available actions and respective losses she
would observe are all going to be poor as the player would have to avoid a car crash.
Given all of the observed losses are poor it might turn out that the best action in
hind sight would be to just go as fast as possible through the intersection. However, a
better player, who stops at the red light, would have observed a different sequence
of losses for which the best action in hind sight was to stop and wait for the traffic
light to turn green. We can now see that external regret might not be the best choice
for how we measure performance of the agent, as from a practical point of view we

would much rather prefer the agent stopping at the red light rather than going full
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speed ahead. In general, because adaptive adversaries tailor their loss sequence to the
player’s past actions and overall strategy, it is not necessary for the best action in
hind sight on the observed loss sequence to be the best overall action for the game, as

a different strategy chosen by the player can result in a different loss sequence.
The above problem was first investigated by Merhav et al. (2002) in the full
information setting and by Arora et al. (2012a) in the bandit setting. To address the

critical issue described above, Arora et al. (2012a), propose Policy regret defined as

follows
T
P(T) = E 4) — 1.11
( ) r(?eaj( ;gt(al.t) gt(aa ?a) ) ( )
where we use the shorthand a;,; to denote a;, a;11,...,a;. It is not hard to see that

if the adversary is not constrained in any other way then it is impossible to obtain
sublinear policy regret bounds. This follows by observing that all the losses could
just depend on the very first action the player has chosen and it is impossible for
the player to know which is the best action before the game begins. Most work on
policy regret has constrained the adversary to have bounded memory, that is the
adversary can only base its losses on the last m actions the player has chosen. In our

notation this is equivalent to saying that ¢;(ay.;) = €i(ai—m+1.), Vt € [T7].

1.6.1 Policy regret bounds in the full information game

Merhav et al. (2002) consider the full information game, where the player gets to
observe the full loss for all available sequences of m actions. They propose a strategy
with regret bounded by O(T%?(log (K))'/3) for m = 2. Later, Anava et al. (2013)
observe that the policy regret minimization when the adversary is m-memory bounded
can be reduced to minimizing external regret when there is an associated cost for
switching between different actions in consecutive rounds and propose an algorithm for
the general online convex optimization problem with regret O(v/mT) (the asymptotic

notation hides the complexity of the decision space for the convex optimization game).

29



The first algorithm in the full information game which was able to minimize regret in
the presence switching costs (and therefore policy regret) was proposed by Kalai and
Vempala (2005) and is based on the Follow the Perturbed Leader (FTPL) strategy.
The same algorithm can be modified to achieve a O(y/mT log (K')) policy regret bound.
Another algorithm which enjoys O(y/mT log (K)) regret is the shrinking dartboard
algorithm proposed by Geulen et al. (2010). Finally, the more general question of
when sublinear policy regret is achievable is addressed in the work of Bhatia and

Sridharan (2020).

1.6.2 Policy regret bounds in the bandit game

In the bandit game, Arora et al. (2012a) show how to reduce any sub-linear external
regret algorithm to a sub-linear policy regret algorithm via a mini-batching trick. The
proposed algorithms enjoy a O(m!/3K'/3T?/3) regret bound in the multi-armed bandit
problem. There is a discrepancy between the v/T regret bounds achievable in the full
information setting versus the above 7% bound. Somewhat surprisingly, Dekel et al.
(2014), show that this gap can not be breached, by showing a lower bound of the order
Q(K'/3T2/3) for the setting of bandits with switching costs. This lower bound also
extends to the policy regret setting, because the two settings are equivalent whenever
m is constant, compared to 1. The dichotomy between the achievable regret in the
full information setting versus the achievable regret in the bandit setting introduces
the following interesting question — is it possible to achieve improved policy regret
guarantees if the player is not faced with the worst-case setting. The following chapters

try to answer this question in the positive.
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Chapter 2

Policy regret in the presence of side
observations

We study the adversarial multi-armed bandit problem where the learner is supplied
with partial observations modeled by a feedback graph and where shifting to a
new action incurs a fixed switching cost. We give two new algorithms for this
problem in the informed setting. Our best algorithm achieves a pseudo-regret of
O(v(G)3T3), where v(G) is the domination number of the feedback graph. This
significantly improves upon the previous best result for the same problem, which was
based on the independence number of G. We also present matching lower bounds for
our result that we describe in detail. Finally, we give a new algorithm with improved
policy regret bounds when partial counterfactual feedback is available. The main
contributions of this chapter are based on Arora et al. (2019). This work was done in

collaboration with Dr. Raman Arora and Dr. Mehryar Mohri.

2.1 Online learning with partial feedback

In Chapter 1 we discussed to types of feedback for the online learning game — full
information, in which the player observes the losses of all her actions, and bandit
feedback in which the player observes only the loss of the action she has played at the

current round. We further saw that policy regret minimization for bounded memory
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adversaries has very different min-max rates, i.e. ©(y/7" log (K)) in the full information
game versus O(K'/3T?/3) in the bandit game. In this chapter we study a third model
of partial feedback which lays between full information and bandit feedback. In the
partial feedback setting after playing a action, the player observes the loss of her action
(as in the bandit setting), and also can observe the loss of other “neighboring” actions.
A motivating example is as follows. A commercial bank issues various credit card
products, many of which are similar, e.g., different branded cards with comparable
fees and interest rates. At each round of the game, the bank offers a specific product
to a particular sub-population (e.g., customers at a store). The payoff observed for

this action also reveals feedback for related cards and similar sub-populations.

Formally, which actions reveal information about each other is determined by a
feedback graph, or more generally a sequence of feedback graphs {G;}_,. In an
undirected feedback graph, each vertex represents an action and an edge between
vertices a and «’ indicates that the loss of action @’ is observed when action a is
selected and vice-versa. The bandit setting corresponds to a feedback graph reduced

to only self-loops at each vertex, the full information setting to a complete graph.

The work of Mannor and Shamir (2011) is the first to study the online learning
problem when feedback graphs model which losses the player gets to observe after
choosing an action. Their work proposes two algorithms, the ExpBan, which has
regret O(y/> L, X(Gy)), where x(G) is the clique partition number, and the ELP
algorithm which has regret O(\/>_, a(G})). They also show a regret lower bound
when G; = G for all G of the order Q(y/a(G)T'). The work of Alon et al. (2013)
improves on that Mannor and Shamir (2011) in two significant ways. First the authors
consider a setting in which the feedback graphs are directed and can be observed
only after taking an action. Secondly the provided algorithms even for the informed

setting are more efficient than the ones in Mannor and Shamir (2011). Their algorithm

Exp3-SET has regret O(\/ ST mas(G,)) for the uninformed setting with directed
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feedback graphs. Here mas(G,) is the size of the maximum acyclic subgraph of G;.
When considering the undirected setting mas(G;) can be replaced by a(G;). In the
informed setting Alon et al. (2013) propose the algorithm Exp3-DOM, which requires
approximating or computing a minimum dominating set of G;. Kocdk et al. (2014)
avoid such tedious computation with their algorithm Exp3-IX. The regret achieved
by their algorithm is of the order O(\/> ., a(Gy)) even in the uninformed setting.
The paper also extends the implicit exploration trick used by Exp3-1X to Follow the
Perturbed Leader and solves the combinatorial bandit problem with side observations,
where at each round the player is permitted to select n out of the |A| available actions.
The achieved regret is of the order O(n??\/>>F | a(Gy)). In Alon et al. (2015) the
authors consider a setting where the feedback graph system is fixed i.e. Gy = G for all
t € [T], however, the graph need not have self loops. The authors distinguish between
three settings. First a setting in which each vertex either has a self loop or is revealed
by all other vertices, called the strongly observable setting. The second setting assumes
that every vertex is revealed by some other vertex but there exists at least one vertex
which is not strongly observable. This setting is called the weakly observable setting.
The third setting is that of some vertex not being revealed by any other vertex. This
is called the not observable setting. Alon et al. (2015) show that the regret bounds
are respectively ©(y/a(G)T) in the strongly observable setting, ©(v(G)/3T%3) in the
weakly observable setting and ©(T') in the not observable setting. The work of Cohen
et al. (2016) studies a setting where the feedback graph is never fully revealed to the
player. They show that if the feedback graph and the losses are generated by the
adversary a lower bound for the regret of any strategy is Q(1/|.A|T"), which matches the
lower bound of the bandit setting. In contrast it is possible to recover a ©(y/a(G)T)

regret bound if the losses are stochastic.

Very recently the works of (Lykouris et al., 2018; Lee et al., 2020b) derive regret

bounds depending on the loss of the best action, and in the case of (Lee et al., 2020Db),
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the average loss of a revealing set for the best action, in the weakly observable setting.
Lykouris et al. (2018) achieve their regret bounds through a black-box reduction from
general small-loss bound algorithms. In the fixed, observable feedback graph setting
their bounds either scale sub-optimally with the value of the smallest loss across time
or scales with the clique-partition number of the graph, instead of the independence
number. Lee et al. (2020b) improve on such results by recovering optimal dependence
on both the small loss quantity and independence number. Their results can be

extended to time-varying feedback graphs and weakly observable graphs.

We note that online learning with feedback graphs has also been studied in the
setting of stochastic losses by numerous works (Caron et al., 2012; Buccapatnam et al.,
2014a; Wu et al., 2015a,b; Tossou et al., 2017; Liu et al., 2018), however, we chose not
to discuss these works here as our focus is on the adversarial case. For more extensive
discussion on bandits with graph feedback we refer the reader to the work of Valko

(2016).

The main regret upper bound of this chapter can be summarized as follows.

Theorem 2.1.1. There exists an algorithm for the setting of policy regret minimization
with partial feedback provided by a graph G with regret bounded by O((m~(G))V/3T?/3),
where v(G) is the domination number of the graph and m is the memory of the

adversary.

2.2 Regret minimization in the presence of switch-
ing costs and policy regret

In Section 1.6.2 we mentioned that policy regret minimization for memory-bounded
adversaries is equivalent to regret minimization in the presence of switching costs.

The regret for the switching costs problem is defined as follows

T
RS(T) = Igleaj(E Zet(at) - Et(a> t Xar#a—1 | » (21)
t=1
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where x4 is the characteristic function of the event A.

Let us formally argue the equivalence between m-memory bounded adversaries
(for m > 1) and the switching cost problem. First notice that an m-memory bounded
adversary for m > 1 can model a switching cost so policy regret minimization is at
least as hard as minimizing Rg(T"). Suppose that we have some algorithm A which
minimizes Rg(T) and works with losses ¢, : A — [0,1]. The following reduction solves
the policy regret problem. We split the stream of 1" losses into mini-batches of size m
such that £,(-) = L3 L—1ym45(-). Now we would simply feed the sequence (L)
to Algorithm A if it were not for intervals of length m at which there is a switched
action, that is a; # as+1. Suppose that between the t-th mini-batch and the ¢ 4 1-st
mini-batch Algorithm A decides to switch actions so that a; # a;y1. In this case no
additional feedback is available for Zt“(atﬂ) and the algorithm can not proceed as
normal. To fix this minor problem, the provided feedback to the algorithm is that
the loss of all actions in A is 0. This modification can not occur more times than the
number of switches Algorithm A does. Pseudocode for the above algorithm can be

found in Algorithm 3.

Algorithm 3: Policy regret with side observations

Input: Parameters required by Algorithm A and memory m
Output: Action sequence (ay);.
1: Initialize Algorithm A.
2: fort=1,...,|T/m] do
3:  Receive action a; from Algorithm A and play it for the next m rounds.

4: if 41 == a; then

5: Observe mini-batched loss Zt(at) = % 2721 Li—1ym+j(ar) (and additional side
observations). Feed mini-batched loss (and additional side observations) to
Algorithm A.

6: else

7: Set £, = 0 and feed losses to Algorithm A.

8 end if

9: end for

Algorithm 3 enjoys the following regret guarantee.
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Theorem 2.2.1. The Policy regret of Algorithm 3 is bounded by mRs(T/m).

Proof of Theorem 2.2.1. The regret of Algorithm A is bounded as

T/m T/m T/m

Z Zt(at) Z ét + Z Xai—1#£as
t=1

t=1 t=1

< Rs(T),

for any action a. On the other hand we have

T/mA T/m/\ T/mA T/m 1 m
E Z gt(at) - Z €t<a) <E Z gt(at) - — Zg(t l)m—i—j
| =1 t=1 t=1 =1 M j=1
=K m Z g(t Dm+j (at) . Z t (t— 1)m+J Z Xag— 17ﬁat Z 14 (t—1)m+j at .
=1 = t=1 M =1

Combined with the regret bound, the above implies

LBIR(T)) < Re(T/m) + E

m =1

T/m
Z Xatlséat] . (2~2)

The second term in the right hand side bounded by the number of switches bound

number of switches and hence the regret bound of Algorithm A as

T/m
Z XQt—l#dt S RS(T/m)
t=1
Multiplying Inequality 2.2 by m on both sides finishes the proof. 0

Thus if we have an algorithm with bounded Rg(T") we also have a reasonable policy
regret-minimizing algorithm for bounded memory adversaries. The standard bounds
for Rg(T) scale as O(T?/®) and hence Algorithm 3 enjoys a O(m!/3T2/3) regret bound

in that case which is meaningful for all m = o(T').

2.3 Bandits with feedback graphs and switching
Costs

The reduction in Section 2.2 allows us to focus on the problem of minimizing the
switching costs regret Rg(T"). For the rest of this chapter we are only going to consider

minimizing Rg(7), or deriving information theoretic lower bounds on Rg (7).
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The only work we are familiar with, which studies both bandits with switching costs
and side information is that of Rangi and Franceschetti (2019). The authors propose
two algorithms for time-varying feedback graphs in the uninformed setting. When
reduced to the fixed feedback graph setting, their regret bound becomes O(a(G)3T'3).
We note that, in the informed setting with a fixed feedback graph, this bound can
be achieved by applying the mini-batching technique of Arora et al. (2012a) to the
EXP3-SET algorithm of Alon et al. (2013).

The main contributions outlined in this chapter are two-fold. First, we propose
two algorithms for online learning in the informed setting with a fixed feedback
graph G and switching costs. Our best algorithm admits a pseudo-regret bound in
O(v(G)3T3), where v(G) is the domination number of G. We note that the domination
number v(G) can be substantially smaller than the independence number «(G) and
therefore that our algorithm significantly improves upon previous work by Rangi and
Franceschetti (2019) in the informed setting. We also extend our results to achieve a
policy regret bound in O(v(G)37T3) when partial counterfactual feedback is available.
The O(v(G)%T %) regret bound in the switching costs setting might seem at odds with
a lower bound stated by Rangi and Franceschetti (2019). However, the lower bound of
Rangi and Franceschetti (2019) can be shown to be technically inaccurate. Our second
main contribution is a lower bound in Q(7'3) for any non-complete feedback graph.
We also extend this lower bound to Q(y(G)3T'3) for a class of feedback graphs that
we will describe in detail. We show a lower bound for the setting of evolving feedback

graphs, matching the originally stated lower bound in (Rangi and Franceschetti, 2019).

2.3.1 Problem setup and notation

The main quantity of interest is going to be the switching cost regret Rg(T). We
assume that the player has access to an undirected graph G = (A, E), which determines

which expert losses can be observed at each round. The vertex set A is the set of
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experts (or actions) and the graph specifies that, if at round ¢ the player selects
action a;, then, the losses of all experts whose vertices are adjacent to that of a; can
be observed: ¢;(a) for a € N(a;), where N(a;) denotes the neighborhood of a; in G
defined for any u € A by: N(u) = {v: (u,v) € E}. We will denote by deg(u) = |N(u)|
the degree of u € A in graph G. We assume that G admits a self-loop at every vertex,
which implies that the player can at least observe the loss of their own action (bandit

information). In all our figures, self-loops are omitted for the sake of simplicity.

We assume that the feedback graph is available to the player at the beginning
of the game (informed setting). The independence number of G is the size of
a mazrimum independent set in G and is denoted by «(G). The domination
number of G is the size of a minimum dominating set and is denoted by v(G).
The following inequality holds for all graphs G: 7(G) < «(G) (Bollobas and Cockayne,
1979; Goddard and Henning, 2013). In general, v(G) can be substantially smaller
than a(G), with v(G) = 1 and a(G) = |A] — 1 in some cases. We note that all our

results can be straightforwardly extended to the case of directed graphs.

2.3.2 An adaptive mini-batch algorithm

In this section, we describe an algorithm for online learning with switching costs, using

adaptive mini-batches.

The standard exploration versus exploitation dilemma in the bandit setting is
further complicated in the presence of a feedback graph: if a poor action reveals the
losses of all other actions, do we play the poor action? The lower bound construction
of Mannor and Shamir (2011) suggests that we should not, since it might be better to

just switch between the other actions.

Adding switching costs, however, modifies the price of exploration and the lower
bound argument of Mannor and Shamir (2011) no longer holds. It is in fact possible

to show that EXP3 and its graph feedback variants switch too often in the presence of
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two good actions, thereby incurring 2(7) regret, due to the switching costs. One way
to deal with the switching costs problem is to adapt the fixed mini-batch technique
of Arora et al. (2012a). That technique, however, treats all actions equally while, in
the presence of switching costs, actions that provide additional information are more

valuable.

We deal with the issues just discussed by adopting the idea that the mini-batch
sizes could depend both on how favorable an action is and how much information an

action provides about good actions.
2.3.2.1 Algorithm for Star Graphs

We start by studying a simple feedback graph case in which one action is adjacent to
all other actions with none of these other actions admitting other neighbors. For an

example see Figure 2-1.

We call such graphs star graphs and we re-
fer to the action adjacent to all other actions as
the revealing action. The revealing action is

denoted by r. Since only the revealing action can

Figure 2-1: Example of a star
graph.

we will select our mini-batch size to be propor-

convey additional information about other actions,

tional to the quality of this action. Also, to prevent our algorithm from switching
between two non-revealing actions too often, we will simply disallow that and allow
switching only between the revealing action and a non-revealing action. Finally, we
will disregard any feedback a non-revealing action provides us. This simplifies the
analysis of the regret of our algorithm. The pseudocode of the algorithm is given in

Algorithm 4.

The following intuition guides the design of our algorithm and its analysis. We

need to visit the revealing action sufficiently often to derive information about all
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Algorithm 4: Algorithm for star graphs

Input: Star graph G(A, E), learning rates (1;), exploration rate 5 € [0, 1], maximum

mini-batch .
Output: Action sequence (a;)L_;.

_ 1
1: q1 = W

2: while >, || < T do

33 pr=(1—=PB)q+ Bé(r) % d(r) is the Dirac distribution on r

Draw a; ~ py, set 7, = py(r)7
if a;_1 # r and a; # r then
Set a; = a;1
end if
Play a; for the next || iterations

Set £,(i) = S5 I(a, = r) 45
g1.(3) exp(—nele (i)

> ea 060 exp(—mele(5))

10:  Forallie A, ¢41(7) =

11: t=t+1
12: end while

other actions, which is determined by the explicit exploration factor §. If r is a good
action, our regret will not be too large if we visit it often and spent a large amount
of time in it. On the other hand if r is poor, then the algorithm should not sample
it often and, when it does, it should not spend too much time there. Disallowing
the algorithm to directly switch between non-revealing actions also prevents it from
switching between two good non-revealing actions too often. The only remaining
question is: do we observe enough information about each action to be able to devise
a low regret strategy? The following regret guarantee provides a precise positive

response.

Theorem 2.3.1. Suppose that the inequality E[(2(i)] < p holds for allt < T and all
1€ A, for some p and 3 > % Then, for any action a € A, Algorithm 4 admits the

following guarantee:

1
< OgSAD +Tnrp+TpB.

E LZT; Ci(ar) — £y(a)

Furthermore, the algorithm does not switch more than 2% times, in expectation.
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Proof sketch. The complete proof can be found in Section 2.4. The key elements of
the proof are as follows. First we analyze the standard regret of an algorithm which
excludes lines 5 and 6 from Algorithm 4. The analysis follows standard arguments for
bounding the regret of the Exp3 algorithm. Next, we show that the analyzed algorithm
will follow the same trajectory as Algorithm 4. Finally, we show that Algorithm 4 will
not switch between the revealing action r and another action too often due to our
choice of 7;. In particular, either 7; is large when we have high probability to sample
r and hence we spend a large number of iterations at r or the probability to visit r is

small and the algorithm continues playing the same non-revealing action. O]

The exploration parameter (3 is needed to ensure that 7, = p,(r)7 > 1, so that at
every iteration of the while loop Algorithm 4 plays at least one action. The bound
assumed on the second moment E[¢?(7)] might seem unusual since in the adversarial
setting we do not assume a randomization of the losses. For now, the reader can just
assume that this is a bound on the squared loss, that is, £2(i) < p. The role of this
expectation and the source of the randomness will become clear in Section 2.3.2.3. We
note that the star graph admits independence number a(G) = | A| — 1 and domination
number v(G) = 1. In this case, the algorithms of Rangi and Franceschetti (2019) and
variants of the mini-batching algorithm only guarantee a regret bound of the order
O(a(G)3T3), while Algorithm 4 guarantees a regret bound of the order O(T'3) when
we set n = 1/T§, r=T53, and 8 = l/T%.

2.3.2.2 Algorithm for General Feedback Graphs

We now extend Algorithm 4 to handle arbitrary feedback graphs. The pseudocode of

this more general algorithm is given in Algorithm 5.

The first step of Algorithm 5 consists of computing an approximate minimum
dominating set for G using the Greedy Set Cover algorithm (Chvatal, 1979). The

Greedy Set Cover algorithm naturally partitions G into disjoint star graphs with
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Algorithm 5: Algorithm for general feedback graphs

Input: Graph G(A, E), learning rates (1), exploration rate 5 € [0, 1], maximum
mini-batch .

Output: Action sequence (ay);.

1: Compute an approximate dominating set R

2: ¢ =Unif(A),u=Unif(R)

3: while >, » < T do

4 p=(1-B)g+ pu.

5. Draw i ~ py, set 7, = py(r;)7, where r; is the dominating vertex for i and set
a; = 1.
if a, 1 ¢ R and a; ¢ R then

Set a; = a;_4

end if
Play a; for the next | 7| iterations.

10: Set Zg(l) = Zj:y—d_l H((lt = T,)Iij((;)) .
g1(i) exp(—m:1())

> iea(d) eXP<—TItZt(j)) .

11:  Forallie A, g,q(i) =

12: t=t+1.
13: end while

revealing actions/vertices in the dominating set R. Next, Algorithm 5 associates with
each star-graph its revealing arm r € R. The mini-batch size at time ¢ now depends
on the probability p;(r) of sampling a revealing action r, as in Algorithm 4. There
are several key differences, however, that we now point out. Unlike Algorithm 4, the
mini-batch size can change between rounds even if the action remains fixed. This
occurs when the newly sampled action is associated with a new revealing action in R,
however, it is different from the prior revealing action. The above difference introduces
some complications, because 7; conditioned on all prior actions a.;_1 is still a random
variable, while it is a deterministic in Algorithm 4. We also allow switches between
any action and any vertex » € R. This might seem to be a peculiar choice. For
example, allowing only switches within each star-graph in the partition and only
between revealing vertices seems more natural. Allowing switches between any vertex
and any revealing action benefits exploration while still being sufficient for controlling

the number of switches. If we further constrain the number of switches by using the
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more natural approach, it is possible that not enough information is received about
each action, leading to worse regret guarantees. We leave the investigation of such

more natural approaches to future work. Algorithm 5 admits the following regret

bound.

Theorem 2.3.2. For any 3 > @ The expected regret of Algorithm 5 is

elAD | rr 1 pr
n

Further, if the algorithm is augmented similar to Algorithm 8, then it will switch

. 2T|R| .
between actions at most % times.

Setting n = 1/(|[R|3T'3), 7 = |R|3T5 and 8 = |R|3 /T3, recovers a pseudo-regret
bound of O(|R|3T'3), with an expected number of switches bounded by 2|R|3T5.
We note that |R| = O(7(G)log (].4])) and thus the regret bound of our algorithm
scales like fy(G)é. Further, this is a strict improvement over the results of Rangi
and Franceschetti (2019) as their result shows a scaling of a(G)s. The proof of
Theorem 2.3.2 follows the ideas in the proof of Theorem 2.3.1 while carefully handling
the construction the unbiased estimators of the losses. The proof can be found in

Section 2.4.
2.3.2.3 Corralling Star Graph Algorithms

An alternative natural method to tackle the general feedback graph problem is
to use the recent corralling algorithm of Agarwal et al. (2016). In this section, we
describe that technique, even though it does not seem to achieve an optimal rate.
Here too, the first step consists of computing an approximate minimum dominating
set. Next, we initialize an instance of Algorithm 4 for each star graph. Finally, we
combine all of the star graph algorithms via a mini-batched version of the corralling
algorithm of Agarwal et al. (2016). Mini-batching is necessary to avoid switching

between star graph algorithms too often. The pseudocode of this algorithm is given in
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Algorithm 6: Corralling star-graph algorithms

Input: Feedback graph G(A, E), learning rate 7, mini-batch size 7
Output: Action sequence (a;)’_;.
1: Compute an approximate minimum dominating set R and initialize |R| base

star-graph algorithms, By, By, ..., Bjg|, with step size mini-batch size 7 and

2|R\
exploration rate 1 (Algorithm 4).
2T =L g=1, 6 exp (logl(T))’ mi=mn, pr; = 2|R| for all ¢ € [|R|],
1 =p1= ,1%
fort=1,...,7 do
Draw 2; ~ p;
forjy=0(t—-1)7+1,...,(t—1)7+7do
Receive action af, from B; for all i € [|R]].
Set aj, = ajt, play a;, and observe loss ¢}, (a;,).

Send e;f (((Z“)H{Z =14} as loss to algorithm B; for all i € [|R|].

Update £,(i) = £,(i) + 1280 1{i = 4y},
10:  end for

11:  Update ¢1 = Algorithm 7(g;, 0, ).

12 Set prr1 = (1= g1 + Bﬁ-

13: fori=1,...,|R| do

14: if (Z) > pg; then

15: Set Pit1i = ;T(z‘)? Nit1,i = Bnm and restart i-th star-graph algorithm, with
updated step-size ptzll -

16: else 7

17: Set Py = Pris M1, = N

18: end if

19:  end for

20: end for

Algorithm 6. Since during each mini-batch we sample a single star graph algorithm,
we need to construct appropriate unbiased estimators of the losses ¢;,, which we feed
back to the sampled star graph algorithm. The bound on the second moment of these
estimators is exactly what Theorem 2.3.1 requires. Our algorithm admits the following

guarantees.

Theorem 2.3.3. Let 7 = T3/|R|1,n = |R|1/(40clog (T") T3 log (|A])), and 7/ =

1/T§, where ¢ is a constant independent of T, T, |A| and |R|. Then, for any a € A,
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Algorithm 7: Log-Barrier-OMD(g;, £;, ;)
Input: Previous distribution ¢;, loss vector ¢;, learning rate vector ;.
Output: Updated distribution g, .
|R|

1: Find A € [min; ¢;(7), max; ¢;(7)] such that >, 14’% =1
@@ nt,i (61 (1) —A)
2: Return Qi1 such that S q%(z) + Nt,i (ft(l) - )\)

qi+1(4)

the following inequality holds for Algorithm 6:
T
E lzet(ag — ()| <O (,/\R| Ts) .
t=1

Furthermore, the expected number of switches of the algorithm is bounded by T§|R\%.

Sketch of proof. The basic idea behind the proof-sketch is to first partition the graph
G into star graphs using the greedy algorithm for finding a dominating set. Next, we
know that running Algorithm 4 on each star graph comes with an Rg(T) < O(T?/?)
regret guarantee. We could directly use the corralling algorithm on top of the star
graph algorithms, however, we still need to make sure that the corralling algorithm
does not switch too often. To this end we just use the reduction outlined in Arora
et al. (2012a) to obtain a corralling algorithm with bounded switches. Unfortunately,
this reduction leads to the sub-optimal dependence on the size of the dominating

set. O

This bound is suboptimal compared to the V(G)%—dependency achieved by Algo-
rithm 5. We conjecture that this gap is an artifact of the analysis of the corralling
algorithm of Agarwal et al. (2016). However, we were unable to improve on the current

regret bound by simply corralling.

2.4 Detailed proofs from Section 2.3.2

2.4.1 Adaptive Mini-batching for Star Graphs

The proof of Theorem 2.3.1 begins by considering a slightly modified version of

Algorithm 4. In particular we remove lines 5 through 7 which disallow switching
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between non-revealing actions. This intuitively should not change the policy which
Algorithm 4 produces as such switches do not provide any new information to the
algorithm. For convenience of the reader we give the pseudo-code of the modified
algorithm in Algorithm 8, where the lines in red are commented out and are not part

of the algorithm.

Algorithm 8: Algorithm for star graphs (modified)

Input: Star graph G(A, E), learning rate sequence (1), exploration rate 5 € [0, 1],
maximum mini-batch 7.
Output: Action sequence (a;);.
1: ¢ = Unlf(.A)
2: while Y, » < T do
3 pe=(1-B)a+ Bo(r).

4:  Draw ay ~ py, set 7, = py(r)T.

5. if a;_1 # r and a; # r then

6: Set a; = a;_4

7. end if

8:  Play a; for the next || iterations.

9: Set i1
70 o~ 0;(1)
44(7) ]z::t I(ay T)pt(r)'

g1 (i) exp(—milu (i)
> e te(@) exp(—mele(s))

10 Forallie A, ¢1(i) =

11: =t+1.
12: end while

Algorithm 8 comes with the following regret guarantee.

Theorem 2.4.1. Suppose that for allt < T and alli € A it holds that E[(;(i)*] < p

and B > % Then Algorithm 8 produces an action sequence (a;)I_, satisfying:

T
E [z t(a) — tu(a) )
t=1

< log (JA])
oo

for any a € A.

Proof. Since 3 > %, this implies that |7;] > 1 and the algorithm terminates, producing

an action sequence (a;)”_,. Let if be the best action at time ¢ and let Ly, = Y%, £4(i7).
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Let wy (i) = exp (—77 Y Zj(z)) and Wy = >";c 4 wi(i). We have

W, W,
o (55 ) g () <t
Wt (Zt-i-l) Wy (% )

. t+[me|—1 RN 710)
+ log (ZZEA wy (i) exp (_77 =i I(a; = r>pt(r)>)

Wi
=n (Lt+1,* - Lt,*)

t+[7e] -1 (i
+ log (th exp( n Z at_r}i((r))))

icA
S n (Lt+1,* - Lt *) —1

t+ 7|1 i
—|—th exp( i Z ]Iat—rg((r))>

€A p
t-i- TtJ 1
S 77 (Lt—i-l,* - Lt7*) Z Qt Z f
pt( €A
2
2 t+Tt71

n at = T .

+ = 9 Z Qt Z €j<z) 5
e ( €A Jj=t

where the first inequality follows from log (z) < x — 1 for all x > 0 and the second

inequality follows from e™® < 1 — x + 2?/2 for > 0. Rearranging terms in the above
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and taking expectation we have

+7e]
E Z (7 ) Z (4)]a1:— 1] ]
pt €A j=t
1
S—E log ( Wt* > o log < Wt+1 )]
n wy (4] ) Wi41 (%H)
77 [ t+1—1 2
+§]E Z (@) | > 46) | lav—1]|| +E[Lir1. — Le ]
pt( icA Jj=t
—
i t—‘r ’TfJ 1
1
E th(') < E W%* ) " log (Wm)]
icA N t(lt ) W1 (i711)
,’7 [ 1 t+1—1
9 pt(T) 162;4%( ) p ] [ t+1, t, ]
=
B -Z (.)t+LTtJ_1€ o < 1El1 g( w, > | g( Wi )]
qe\1 (3 S — o) — | (0) N
licA t j=t ’ n wy(i7) Wiy (i511)
n i 1 t+r—1
‘l'*]E Z Qt(i)Tt Z é ( ) + ]E[Lt+17* — Lt,*]
2 _pt(r) €A j=t
-
i t+\_TtJ71 1 W W
E q.(i ()| < -E [log (t*) — log <tJ.r*1 )]
_g a j=t . )] n wy(if) w1 (if41)
77 [ 1 t+7‘t71
+oE Z Qt<i>Tt E[gj (i)Q‘al:tfl] + E[Lt+1,* - Lt,*]
2 _pt(r) icA =t
—
i t—‘r th 1 W W
E q )| < E [log (i) — log (T)}
_Z-GZA t( ) Z t(lt) wt+1(lt+1)
+ﬂ]E_ p(r)r” S )| + ElLiirn — Li)
2 _p pt(?a) iEAqt t+1,% tyx].

Notice that E[Ly,] = E[>°F, X H“t Ztﬂm*l 0] = E[xL, tHnJ "05(i)]. Sum-

=1 pi(r j=t
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ming over ¢t = 1 through 7" and using the fact log ( W.l*)> = log (|.A|) we have

w1 (4

il t—‘rLTtJ—l 1 A T
(XS 3 (60— 66| < 2 T pszr)r]
t=1icA j=t U t=1
< e (A E}'AD + Ty,

where 7" is the random variable equaling the number of mini-batches. The last
inequality in the above follows since 7 € o(T') and from our while loop we know
that ZtT:/Il 7+ < T, thus we can bound E[ZtT:ll 7;] < 2T. Notice that the LHS in the
above inequality is almost equal to the expected regret of our algorithm. We have

q:(1) < p(i) — B and thus the expected regret is bounded by

E [XT; l(ar) — Et(a)] < log(n]AD +Tnrp+T5.

]

Lemma 2.4.2. Algorithm 8 switches between a revealing and a non-revealing action

at most % times in expectation.

Proof. The number of switches can be upper bounded by twice the number of times
ay is equal to r. Thus the expected number of switches is bounded by E[XL, T(a; =

)] = %E[ZtT; pe(r)7] = %E[ZtT:/l 7] < % —~

To finish the proof of Theorem 2.3.1 we need to verify that the expected regret of

Algorithm 8 is the same as the expected regret of Algorithm 4.

Lemma 2.4.3. Algorithm 8 and Algorithm 4 have the same expected regret bound.

Proof. Let (p;)L_, be the sequence of random vectors generated by Algorithm 8 and
let (p})_, be the sequence of random vectors generated by Algorithm 4. First we
show by induction that the distribution of p; is the same as that of p}. The base case
is trivial as p; = p)|. To see that the induction step holds we just notice that if we

condition on p; either both algorithms update p;;; and pi,, because action r was
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sampled, in which case the updates are exactly the same, or both algorithms do not
update p;y1, respectively p;, ;. Let a; and a} denote the ¢-th action of Algorithm 8
and Algorithm 4 respectively. We now show that E[¢;(a;)] = E[¢;(a})]. Let X; denote
the random variable indicating the last time before ¢ in which action r was played by
Algorithm 8 and let X; be the random variable indicating the last time before ¢ in

which action r was played by Algorithm 4. Since X; is function of py,...,p;—1 and X]

is a function of p!,...,p,_;, then X; and X have the same distribution. Now we can
write
t—1 t—1
E[f:(a)] Z]P’ Xi = §E[(an)| Xy = j] = D P(X; = HED pr(0) ()| X = 5]
j=1 €A
= Z P(Xy = HE[Y_ pjs1 (0)4(i)| X, = j]
j=1 €A
t—1
:ZP(Xt JE[D Pl (1)(3)1 X = ]
j €A
= Z]P’ Ell:(ay)|X{ = j] = E[ti(a;)].
]

Proof of Theorem 2.3.1. Lemma 2.4.3 together with Theorem 2.4.1 imply the bound

E [Z; li(ay) — Cy(a)

<O (vpr*?).

Lemma 2.4.2 together with the fact that Algorithm 4 can only switch between the

revealing action and non-revealing actions imply the bound on number of switches. [

2.4.2 Proof of Theorem 2.3.2

Proof of Theorem 2.3.2. First note that because of the condition § > @ each of

the mini-batches |7;] is at least 1, since for any r € R we have p,(r) > % > 1

)

and thus the algorithm will terminate in at most 27" iterations. Next, similarly

to Lemma 2.4.3, we can analyze the regret of Algorithm 5 by removing lines 6
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and 7 when bounding the cumulative loss of the algorithm and then use lines 6

and 7 to guarantee that the algorithm does not switch too often. Let w;1(:7) =

wy (1) exp <—77t Zzgﬂ_l I(a; = r;)-2 50 ) and Wy = 3>";c 4wy (i), so that ¢,(i) = th(Z) Let

pe(ri)

A, be the subset of actions dominated by the vertex r. Let i} be the best action at time

wt(’t))'

w1 (if )

t and let Ly, = >4, £,(i). We consider the difference log ( Wit ) — log (

log (%) — log (I/Vt*> = ﬁt(Lt+1,* - Lt,*)
Wi41 (lt+1) wt(lt )

t+|7e]—1 é(z)
+ log (Z Z q:(7) exp (_77:5 Z I(a; = r;)—2 )))

rERIEA, j=t pe(rs
<0p(Lig1s — Liw) — 1

A 0;(2)
+ Z Z q(i) exp | —n; Z I(a; = r;) ()

rEREA, j=t p

t+| 7] —1 g (Z)
<m(Lts1e — Les) — Z Z q:(7) Z I(a; = r;)—2

reRiEA, j=t pi(rs)

2

£(0)
G [(a ;
FE 5T o (Z mm)

where the first inequality follows from the fact that log (()z) <z —1 for all z > 0
and the second inequality follows from the fact that e < 1 — z + 22/2, for all z > 0.
Set n; = 1 and divide both sides by 1. Shuffling terms around, taking expectation and
noting that if one drops the floor function from the quadratic term it will only get

larger we arrive at the following

t+L7'tJ*1 E(z)
E 1> D> ) > Wa=r)—"5+ L — Lis
reRicA, j=t pe()

1 W, Wit
s oE llog (wt(i:*)> ~log <wt+1(2)ﬂ (23)

+3E|Y Y al) (+Z_ H(atzr)gj(i))>

reRicA,




Counsider the term on the LHS.

t-H_TtJ—l ﬁ(z)
]E Z Z Qt(l) Z H(at = T) d + Lt—i—l,* - Lt,*
reERIEA, j=t pt(T’)
t+[7’tj 1
Zth(i) Z 0;(i) + Lijy1o — Ly |
rcRi€A,

where in the last inequality we used that ¢;(i) <1 for all ¢ € A. Now we consider the

second term on the RHS of the inequality.

£ 5 a8 -0 28]

rcRicA,

—F Z Z ¢ (1)E M (wi Ej(i)) al:tl”

reRic Ay pi(r)?

<E|X > a(E WTEWH—lH

|[rERIEA, [ p(r)?

Consider the term E [ (ac (r) T2 |ay. - 1} We have a; = r with probability p,(r) and so

7; = p¢(r)7. Otherwise we have H(az )2) = 0. Thus the RHS is bounded by

E|Y qu( > H(atmfﬂ'“))]

reRi€A, pe(7)

r .
<E Z Z Qt [2)7t2‘a1:t1] =E Z Z Qt(Z)Pt(T)TQ
reRicA, p <T> reRi€A,
=7E [Z pe(r)TP[, = pt(T)T]] = 7E[r].
reR
Summing the LHS and RHS of Equation 2.3 and using our respective bounds, we get:
T t4| 71t | — t+ |71 ] —1
EI1> > > al) Z f @)= > 4r)
t=1reRicA, Jj=t
1 I 1
ClonllA) 9 g (55 ] tosll)
n t=1

Next we notice that the LHS is almost the expected regret of the algorithm, except
we need to replace ¢;(i) by py(¢). This is done at the cost of an additional 87T term,

since q;(r) < p(r) — % for r € R. Finally we upper bound the number of times the
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algorithm switches by the number of times it samples a revealing arm which is equal

to E [ o ernl(ay = r)} To bound this term we do the following

2T >E|Yn| =E émmpt] ~E égmwggﬁwl
>E é%‘%m(r) =7E éépw I Z::(%;pt ﬂ
2@153 g( L%pt M- ”D2 i ;(;z]l(at:r)ﬂ
S 22H< :r>] ,

where the second inequality follows from the fact that >>;c 4 pi(7) > pi(r), the third
inequality follows from the fact that (3,cppi(r))?* < |R| S, crpi(r)? and the fourth

inequality follows from Jensen’s inequality for conditional expectations. O

2.4.3 Proof of Theorem 2.3.3

We use a mini-batch version of Algorithm 1 in Agarwal et al. (2016) where each of the
base algorithms is Algorithm 4. We note that the greedy algorithm for computing an
approximate minimum dominating set gives a natural way to partition the feedback
graph G into star graphs. In particular, whenever the greedy algorithm adds a vertex
v to the dominating set, we create a new instance of the star graph algorithm with
revealing vertex v and leaf nodes all neighbors of v which have not already been

assigned to a star graph algorithm.

Lemma 2.4.4. For any i € [|R|], Algorithm 6 ensures that:

e[S - at] <o (EETD gy gl s ]

40n log (T")
Proof. From the proof of Lemma 13 in Agarwal et al. (2016) it follows that for any

e [|Rl]

T/

. |R|log (T") ) " 20, (ay) o1
b, — ei, 0 §O<+T i - i
2P —ei b p 1) 2 TR Tonlog (T

53



Notice that by construction we have E[(;(a;)] = Sicrry £ X G (ah) < |R|. Also

notice that E[(p;, ()] = E[ > (a;)] and E[0,(i)] = LY y(ah). These imply
T t+7' 1 t+T 1 |R‘ IOg (T/) T 2£t<at> o1 ;
45( li(a — 4T - .
#r & v =7 5 ] so (M ) LR -
Multiplying by 7 and using the fact that 7’7 = T finishes the proof. m

The following theorem from Agarwal et al. (2016) shows that restarting the i-th

algorithm in line 16 of Algorithm 6 does not hinder the regret bound by too much.

Theorem 2.4.5 (Theorem 15 (Agarwal et al., 2016)). Suppose a base algorithm B; is
such that if the loss sequence ({;)L_ is replaced by l}, = pily such that E[l}] = {;, its
regret bound changes from R(T) to E[p*|R(T), where p = max;<r p;. Let (al)i<r be
the action sequence generated by B; ran under Algorithm 6. Then for any action a in

the action set of B;, it holds that

B | )~ o

Proof of Theorem 2.5.3. For any action a € A, let i, be the star-graph algorithm

9a
<

< S ElpIR(T).

which has a in its actions and let its regret be R;, (T"). Notice that the loss estimators

0(i) = Leelore) at“ I{i = i;} we feed the algorithm are such that E[¢}(i)?] < pr. Now

pt lt

Theorem 2.3.1 implies that the condition of Theorem 2.4.5 is satisfied with o = 1/2.

Thus, Theorem 2.4.5 implies that
T
. [Zﬁi(at) - EQ(CL)] <V2(V2+ 1)E[py?, 1377 log (|A])
t=1
Combining the above with Lemma 2.4.4 we have
S 7| Rl log (1) T
E 14 — /0 < — 2 4Ty -E |
[g (@) t<a)] <0 ( w0, n) [4077 " (T,)]
+3V2(V2 + 1)E[pf), 1T log (| A])

Let ¢ = 3v/2(v/2 +1). We now consider the terms containing pr.i, in the above

inequality.

1/24 2/3 TPT jig _
BT 08 (A ~ B | o7 |

Tp1/2
1/2 ! i
pT// . (CT2/3 IOg (|A|) — m)

o4



T1/3 _ |R|1/4
|R|1/4 y = 40 log(T’)T1/3CIOg(|~A|)

1/2
T ’
pis (mw log (| AJ) — ——ELuda__ )

Set T = to get

E = cT?*log (JA|) E

40n log (T7)

1/2
1/2 1— P17 g
pT/,z'a ‘R|1/2
< ¢y/|R|log (| A|) T**.

Plugging in the the values of n and 7 in the rest of the bound finishes the regret

bound.

The number of switches is bounded from the fact that Algorithm 6 can switch

1/3

between star-graph algorithms at most 72/3|R|'/? times and Lemma 2.4.2. O

2.5 Policy regret bound

For deriving Theorem 2.1.1 we assume that we are provided with a feedback graph
for losses with memory m. We restrict the feedback graph to only have vertices
for repeated m-tuples of actions in A. In particular we can only observe additional
feedback for losses of the type ¢ (a,a,...,a), where a € A. The algorithm for this
setting is based on Algorithm 5. The feedback graph we provide to our policy
regret algorithm is the same as for the m-memory bounded losses, however, each
m-tuple vertex is replaced by a copy of a single action e.g. the vertex (a,...,a) is
replaced by a. Next we split the stream of T" losses into mini-batches of size m such
that 0,(-) = =3 La—1ym+5(-). Now we would simply feed the sequence (@)ZZT to
Algorithm 5 if it were not for the constraint on the additional feedback. Suppose
that between the ¢-th mini-batch and the ¢ + 1-st mini-batch Algorithm 5 decides to
switch actions so that a; # a;,1. In this case no additional feedback is available for
ﬂzﬂ(atﬂ) and the algorithm can not proceed as normal. To fix this minor problem,
the provided feedback to Algorithm 5 is that the loss of action a;,; was 0 and all
actions adjacent to a;y1 also incurred 0 loss. This modification can not occur more

times than the number of switches Algorithm 5 does. Since the expected number of

switches is bounded by O(vy(G)Y3T?/3), intuitively the modification becomes benign
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to the total expected regret. Formally, we use Algorithm 5 as Algorithm A in the
reduction provided by Algorithm 3. Theorem 2.2.1 now implies Theorem 2.1.1 because
Rs(T) = O((G)Y3T?/3) (by Theorem 2.3.2) and the reduction (Theorem 2.2.1)
guarantees that P(T) = mO(y(G)'3(T/m)*? = O((m~(G))/3T?/3).

2.6 Lower bounds

The main tool for constructing lower bounds when switching costs are involved is the
stochastic process constructed by Dekel et al. (2014). The crux of the proof consists of
a carefully designed multi-scale random walk. The two characteristics of this random
walk are its depth and its width. At time ¢, the depth of the walk is the number of
previous rounds on which the value of the current round depends. The width of the
walk measures how far apart two rounds that depend on each other are in time. The
loss of each action is equal to the value of the random walk at each time step, and the
loss of the best action is slightly better by a small positive constant. The depth of
the process controls how well the losses concentrate in the interval [0, 1]'. The width
of the walk controls the variance between losses of different actions and ensures it is
impossible to gain information about the best action, unless one switches between

different actions.

2.6.1 Lower bound for non-complete graphs

We first verify that the dependence on the
time horizon cannot be improved from T5 for
any feedback graph in which there is at least
one edge missing, that is, in which there exist @ ©2)

two vertices that do not reveal information Figure 2-2: Feedback graph for switch-

ing costs
about each other. Without loss of generality,

!Technically, the losses are always clipped between [0, 1].
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assume that the two vertices not joined by an edge are v; and v,. Take any vertex
that is a shared neighbor and denote this vertex by vs (see Figure 2-2 for an example).
We set the loss for action vz and all other vertices to be equal to one. We now focus
the discussion on the subgraph with vertices {v1,vs,v3}. The losses of actions v; and
v are set according to the construction in (Dekel et al., 2014). Since {vy, vo} forms
an independent set, the player would need to switch between these vertices to gain
information about the best action. This is also what the lower bound proof of Rangi
and Franceschetti (2019) is based upon. However, it is important to realize that
the construction in Dekel et al. (2014) also allows for gaining information about the
best action if its loss is revealed together with some other loss constructed from the
stochastic process. In that case, playing vertex vz would provide such information.
This is a key property which Rangi and Franceschetti (2019) seem to have missed
in their lower bound proof. We discuss this mistake carefully and provide a lower
bound matching what the authors claim in the uninformed setting in Section 2.6.3.
Our discussion suggests that we should set the price for revealing information about
multiple actions according to the switching cost and this is why the losses of all vertices
outside of the independent set are equal to one. We note that the losses of the best
action are much smaller than one sufficiently often, so that enough instantaneous

regret is incurred when pulling action v3. Our main result follows.

Theorem 2.6.1. For any non-complete feedback graph G, there exists a sequence of

losses on which any algorithm A in the informed setting incurs expected regret at least

Rs(T) > Q) (105(})) .

Before proceeding with the proof of Theorem 2.6.1, we introduce the stochastic

process defined in Dekel et al. (2014).

Stochastic process definition. We denote by &7 a sequence of i.i.d. zero-

mean Gaussian random variables with variance 0 and p : [T] — {0} U[T] the parent
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function, which assigns to ¢t € [T] a parent p(t) € [T] with p(t) < t. The stochastic

process W, associated with p(t) is defined as

WO = 0
(2.4)
Wy =Wy + &

The set of ancestors of t is the set p*(t) = p*(p(t)) U{p(t)} with p*(0) = {}. The
depth of p is d(p) = maxcpry |p*(t)]. The cut of p is cut(t) = {s € [T] : p(s) <t < s}
i.e. the set of rounds which are separated from their parent by ¢. The width of p
is defined as w(p) = maxcr |cut(t)|. The specific random walk which Dekel et al.
(2014) consider has both depth and width logarithmic in 7'. In particular the parent

function is defined as
p(t) =t — 2°W where ,8(t) = max{i > 0:t = 0 mod 2'} (2.5)

Let us consider two examples of a stochastic processes defined by Equation 2.4. The
first one is just setting p(t) = 0, so that W, is just a standard Gaussian variable. The
width of this process is just T and its depth is 1. While we have good concentration
guarantees over the maximum value of W; uniformly over all ¢ € [T'], which is important
for controlling the losses, it is very easy to gain information about actions 1 and 2
without switching. Indeed one can just first play 1 for a sufficient number of iteration
and then play 2 for fixed number of iterations to be able, with high probability, to
distinguish between the two losses. Now consider a Gaussian random walk where
p(t) = t—1. In this case the cut is 1 but the depth is 7. It turns out that to distinguish
between two processes with small width, we require that we observe both the processes
at the same time (or times differing by a small amount). This is intuitively because
of the large drift of the process that occurs between W; and Wy, . We note that the
simple Gaussian walk is not a good process for the losses, since its depth is too large

for us to be able to control the size of the (unclipped) losses.

The feedback graph we work for the reset of this section is G(A, E), where

A={1,2,3} and E = {(1,3),(2,3),(1,1),(2,2),(3,3)} (see Figure 2-2).

58



Constructing the losses. We consider the following adversarial sequence of
losses. First sample an action uniformly at random from {1,2}. WLOG we condition
on the event that the sampled action is 1. Next set £;(3) = 1, £,(2) = clip(W; + 1),
(1) = clip(W; + 3 — €), where clip(a) = min{max{a, 0},1}. The intuition behind
our lower bound is very simple and holds for a general feedback graph. It is as follows:
if we do not have a complete feedback graph then there are at least two actions which
do not tell us anything about each other. We leverage this by selecting one of the two
actions uniformly at random to be the best action. If we play an action which is not 1
or 2 we incur constant regret in that turn but we can gain information about the losses
of both 1 and 2. If we play 2, then we do not learn anything about 1 and if we play 1
we do not learn anything about 2. In these two cases the per round regret incurred is
€, however, because of the loss construction, we need to switch between these actions
to be able to distinguish them and thus we will incur regret from switching. Overall
the loss construction together with the result in Dekel et al. (2014) implies that to
distinguish between 1 and 2 we need to observe the losses of both actions at the same
time or switch between them at least Q(TZ/ 3) rounds. This is what we formally argue

below.

Let Y; be the observed loss vector associated with the action at time ¢, a;, i.e.

ifat:2thenYt:Wt+%,ifat:1thenY}:Wt—l—%—eandifat:?)then

1
Y, = (ijﬁl— 2 e)' We let Yy = 1/2. We let Q; be the probability measure on the
t 2

o-field F generated by {Y;}1,. Let Qg be the probability measure on the same o-field

if 4,(1) = €,(2) = clip(W, + 3) i.e. there is no best action. In this case Y; = W, + 3

1

3/; i %) if a; = 2. Denote by d%y (Qp, Q1) the total
tt 3

variational distance between Qy and Q; on the o-field F. Let Dgy, (Qp||Q1) be the

foratzlorat:2andYt:<

KL-divergence between Qg and Q;. We now show that a sufficiently large number
of switches between actions 1 and 2 or choosing action 3 is required to distinguish

between Qg and Q;. As it was discussed above, the width of the process plays an
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important role, which is clarified by the lemma below. It essentially is an upper bound

on the number of switches required to distinguish between Qg and Q.

Lemma 2.6.2. Let M be the number of times the player’s strateqy switched between

actions 1 and 2. Let N be the number of times the payer chose to play action 3. Then

dFy (Qo, Q1) < £ \/w(p)Eg,[M + N.

Next we show that, because of the depth of the random walk, we are able to say
that with high probability most of the non-clipped losses will be equal to the clipped
losses. The implications of this result are two-fold. First the regret incurred on the
non-clipped versions is close to the regret incurred on the clipped version. Secondly,
we are able to say that loss of action 3 is worse by a constant from the losses of actions
1 and 2 often enough, so that we also incur constant regret when playing action 3 as
compared to the other two actions. Let ¢; denote the non-clipped version of ¢; and

define
T T
R= 3 Ga) + M = min S0

T T
R=> la;)+ M — 1;%12;&(@)

t=1

Lemma 4 in Dekel et al. (2014) compares R’ to R

Lemma 2.6.3. For T > 6, E[R] > E[R'| — €T'/6.

The lower bound for E[R'] is given by the following lemma.

Lemma 2.6.4. Let Qy be the conditional distribution induced by sampling the best

action to be equal to 2. Then

T T N
B[R] 2 5 — S (@ (Q Q) + 4 (Qo, Q) +E [M + =]

Putting the above two lemmas together, we are able to show Theorem 2.6.1.
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Proof of Theorem 2.6.1. First assume that the event M + N/7 > €T does not occur
on losses generated from Qg or Q;. This implies Qo(M + N/7 > €T') = Q;(M + N/7 >
€T') = 0. Then

Eg,[M + N/7] — E[M + N/7]

_ Eg,[M + N/7| —Eg,[M + N/T|+ Eg,[M + N/7] — Eg,[M + N/T|
2

T
< 5 (0 (Q0, Q1) +dfy (Qo, Q2).

The above, together with Lemma 2.6.4 implies
n o €l - - N
B[R] 2 - — €T(dy (Q0, Q1) + dFy (Q0, ©2)) + Eg, M + =

Applying Lemma 2.6.3 now gives

T N
B[R] > 5 - eT(dFy (Qo Q) + dfy (Qo, Q) +Eo, [ M + .

On the other hand we can bound (dF (Qg, Q1) + d%vy (Qo, Q2))/2 by Lemma 2.6.2 as

(A (Qo, Q1) + Ay (Qo, ©2))/2 < OQEWEQO[M + N]log (T).

This implies

T T N
E[R] 63 \/_6 VEq,[M + N]log (T) +Eg, {M+7} .
Let © = /Eg, [M + N]. Then we have
T V2e*T/log (T 2
E[R] > Viee™)  a*
3 o 7
The quadratic %2 - \/562% ”log(T)x has minimum —%flﬂ. We set € = cm

for a constant ¢ to be determined later. We then have

T2/3 74 T2/3
E[R] > oo =
3log(T) 2 log(T)° 02

Set 0 =

log( ik The above implies




i - _1 i c_ 1t 5 1
Choosing ¢ = 5175 gives g 5 = 16

T2/3

log(7) OCCUIS. Let this

Suppose there is some strategy for which M + N/7 > ¢
strategy have regret R. We change the strategy in the following way. Keep track of

M + N/7 and the moment it exceeds 222 pick an action which has had loss smaller

oa(T)
than 5/6. If there is no such action, pick any action and play it until the end of the
game. With probability at least 1/T" we know that such an action exists and that it
was set according to the stochastic process construction. Thus the regret of the new

strategy R* is bounded by E[R*] <E[R]+ (1 —1/T)eT'+1/T x T < 2E[R] + 1. Since

the lower bound holds for E[R*] the proof is complete. O

2.6.2 Lower Bound for Disjoint Union of Star Graphs

Let G be the graph which is a union of star graphs. Let R be the set of revealing
vertices for the star graphs. We denote by A; the set of vertices associated with the
star graph with revealing vertex v;. First for each star graph we sample an active
vertex uniformly at random from its leaves. Next we sample the best vertex uniformly
at random from the set of active vertices. We set the loss of the best vertex to be
clip(W; + 1/2 — €) and the loss of all other active vertices to clip(W; + 1/2). For any
star graph consisting of a single vertex, we treat the vertex as a leaf. The following

theorem follows as an easy reduction from the proof of Dekel et al. (2014).

Theorem 2.6.5. The expected regret of any algorithm A on a disjoint union of star

graphs is lower bounded as follows:

Re(A) > O (W’)

log (T')

Proof of Theorem 2.6.5. Let Z be the set of all possible ways to sample a set of active
vertices. Let E; be the expectation conditioned on the event that the set of active
vertices indexed by ¢ € Z is sampled in the beginning of the game. Consider the

subgraph induced by the active vertices I and all of their neighbors R. Suppose
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that there exists a player’s strategy such that E;[R] < o (%) We claim this

strategy implies a regret upper bound for bandits with switching costs of the order

(7(G)1/3T2/3

Tog(T) ) We convert the player’s strategy over I |J R to a strategy over I. For

every time that a; € R is played, we replace a; by the unique neighbor of a; in I. This

updated strategy’s regret is at most the regret of the original strategy and thus by our

’y(G)l/3T2/3) o (|I‘1/3T2/3

assumption it has regret at most o ( Toa(T) log(T)

). This is in contradiction
with the result of Dekel et al. (2014) since the subgraph induced by I is precisely
modeling bandit feedback and the losses of actions in I are exactly constructed as

in Dekel et al. (2014). Thus we have E[R] > ﬁ Yier B[R] = Q (%) O

Even though the above theorem is a trivial consequence of the result in Dekel
et al. (2014) it can also be proved in another way. Let I denote the set of conditional
distributions induced by the observed losses, where the conditioning is with respect
to the random sampling of vertices as described in the beginning of the section. The
general idea of the complicated proof is to count the number of distributions which each
strategy of the player gains information about. For example a strategy which switches
between two revealing vertices v; and v; will gain information about deg(v;)deg(v;)
distributions. Now the lower bound follows from a careful counting of the number of
distributions for which we gain information by switching between revealing vertices.
This counting argument can be generalized beyond union of star graphs, by considering
an appropriate pair of minimal dominating/maximal independent sets. We leave a

detailed argument for future work.
2.6.2.1 Counting Argument for Theorem 2.6.5

Let Z denote the set of all possible ways to sample active vertices. The cardinality of
this set is |Z| = [1,,er deg(v;). Denote by Qj the conditional distribution generated
by the observed losses if all losses for active vertices indexed by i € Z were set to

clip(Wy +1/2). Denote by Q} the conditional distribution generated by the observed

63



losses when active vertex j is chosen to be the best given the active vertices are
indexed by ¢ € Z. Let M JZ denote the random variable counting the number of times
the player switched from and to an action adjacent to j. Let N ]Z denote the random

variable counting the number of times the player played an action adjacent to j.

Lemma 2.6.6. Foralli € T and j € [|R|] it holds that A7, (Qf), Q;) < i\/w(p)E% (M} + NJ].

Let M; denote the random variable measurable with respect to the draw of i € 7
which counts the total number of switches. Similarly let NV; count the total number of

times a revealing vertex of degree at least 2 was played.

Lemma 2.6.7. The following holds

N

r (0, o e |wlp o
|R\|Z]Z > dTV( D:Qj) SU\/MJ T ZEQB[MHLNJ,

i€ZL jE[|R]] €L

Proof. Notice that conditioned on the draw of i € Z we have 3¢ N/ < N;. This

happens because there is only one revealing vertex adjacent to the best vertex for every

J
7

, .e., the revealing vertex indexed by j € [|R|[]. Similarly we have 3= ;g M < 2M;,
where the constant two appears because we have counted each switch twice — once
from action j and once to action j. Using Lemma 2.6.6 with concavity of the square

root finishes the proof. O

The above lemma was easy to prove because we did not have two vertices which are
dominated simultaneously by two different neighbors in R. This allowed us to count
very easily the number of times we might have over-count N; for two different choices
of the best action. We were also lucky that it was impossible to gain information
about the best action proportional to the degree of a revealing vertex. For a general
graph both of these events can happen and the counting argument would have to be

more careful.
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Lemma 2.6.8. The following holds

/ ET ]
]E[R]Z 2 |I||R|Z Z TV(QO7Q) |I|ZE

€T je|R|] i€l

N;
M;
7]

Let M denote the random variable counting the total number of switches and N
the random variable denoting the total number of times a revealing action with degree
at least 2 was played. We can write ﬁ Yier Ei[M;] < é Yier Ei[M] = E[M] and
similarly % >ier Ei[V;] < E[N]. The proof of Theorem 2.6.5 can now be completed
by following the proof of Theorem 2.6.1. We note that bounding M; by M is in
general tight for disjoint union of star graphs and equality occurs for all strategies
which switch only between revealing vertices. For general graphs this upper bound
can become very loose and we should exercise caution when constructing an upper
bound. In particular we should carefully count how many distributions are covered by

a single switch.

2.6.3 Lower bound for a sequence of feedback graphs in the
uninformed setting.

While going through the proof of Theorem 1 in Rangi and Franceschetti (2019), we
came across an important technical mistake. In page 2 of the supplementary material,
in the paragraph after Equation 8, the authors state that, at a single time instance,
the loss of only one single action can be observed from the independent set in their
construction. This is not correct since a player’s strategy can play an action that is
not in the independent set but is adjacent to two or more vertices in the independent

set.

The problem with this statement becomes apparent when one considers a fixed
feedback graph system, i.e., Gy = G,Vt € [T], where G is a star graph. In that
case, the construction of the losses by Rangi and Franceschetti (2019) amounts to
sampling a best action from the leaves of GG, setting its loss to be €; smaller than the

loss of all other actions in the leaves of GG, and setting the revealing action to be €,
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larger than the losses in the leaves of G. The losses of the remaining actions are set
according to the stochastic process of Dekel et al. (2014). With these choice of losses
and €; and ey set according to what the authors suggest, a very simple strategy is
information-theoretically optimal: the player only needs to play the revealing action
T?/3 times to distinguish which of the leaves of G contains the best action. This

strategy would actually incur expected regret of the order C:)(\/T ).

Let a(G1.7) denote the largest cardinality among all intersections of independent
sets of the sequence (Gy)7_;. A lower bound of Q(a(Gy.7)/3T?/3) is still possible under
additional assumptions about how the feedback graph system is generated in the
uninformed setting. In particular, we show that if we allow the feedback graphs to
be chosen by the adversary, there still exists a sequence of feedback graphs for which

the lower bound is Q(a(G1.r)/3T?/3), while for each G;, we have v(G;) = 1.

Formally, we show that in the uninformed
setting, when we allow the graphs to be cho-
sen by the adversary, there exists a sequence
(Gy)L, such that for all t € [T], v(Gy) = 1,
a(Gy) > 1and a(Gh4) = O(a(G)), for which
any player’s strategy will incur regret of the or-
der Q(a(G1,)/3T2/3). In particular, there is Figure 2-3: G,

a non-trivial example of a sequence of graphs
for which the independence number is arbitrarily larger than the domination number
and every strategy has to incur regret depending on the independence number.

We now present our construction. Fix o > 1 and let |A| = 2a.. Let I be a subset
of A of size @ and let R = A\ I. Set the losses of actions in I according to the
construction of Dekel et al. (2014), as described in Section 2.6.1. Set the losses of
actions in R equal to one. The edges of the graph G; = (A, E;) at round ¢ are defined

as follows. The vertices in R form a clique. A vertex r is sampled uniformly at random
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from R to be the revealing action and all edges (r,v;),v; € I are also added to E;. We
note that a(Gy) = a+ 1, v(G;) =1 for all t € [T] and a(G1.r) = a. We present an
illustration for our construction in Figure 2-3. Here av = 6, the set [ are the vertices

in red, the set R are the vertices in blue.

The intuition behind our construction is that the player needs on average a rounds
to observe the losses of all actions, due to the randomization over the revealing vertex

r. The switching cost again contributes to the 7% time-horizon regret.

Again assume that the strategy of the player is deterministic. We let Q; denote
the conditional distribution generated by the observed losses, when the best action
was sampled to be v; € I and Qy denotes the distribution over observed losses when
there is no best action in I. Let M; be the number of times the player’s strategy
switched between an action in I\ {i} and i. Let M be the number of times that the
player switched between ¢ and the revealing action. Let N be the total number of
times a vertex in R was played and let N’ be the total number of times a revealing

vertex was played. We have the following.

Lemma 2.6.9. For all i € [|I|]U{0}

"B, [N] = Eq V]

Let M denote the random variable counting the total number of switches.

Lemma 2.6.10. The following inequality holds: L3>, c; %y (Qo, Qi) < 5\/% \/EQO [M + NJ.

a

Repeating the rest of the arguments in Section 2.6.4 with ¢(G) replaced by <

shows the following theorem.

Theorem 2.6.11. For any a > 1, € N, there exists an adversarially generated
sequence of feedback graphs (Gy)L,, with a(Gy) = a + 1,7(G;) = 1,Vt € [T] and

a(Gr.r) = «, such that the expected regret of any strategy in the uninformed setting is
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at least

1/372/3
E[R] > o T
161og (T)

2.6.4 Lower Bound for Arbitrary Graphs

In this section we propose a construction leading to a non-tight lower bound for general
graphs. We choose to present this construction due to it developing tools which can
be useful for a tight generic bound. In particular the way we use Lemma 2.6.12 in
the proof of Lemma 2.6.6 can be mimicked for general graphs when coupled with a

careful counting argument.

Let G = (A, E) be a feedback graph with vertex set .4 and edge set F. Let 7
denote the set of all maximal independent sets I of G. For any [ we say that [ is
dominated by S C A if for every v € I, there exists a neighbor of v in S. For any I
let St be a minimal set of vertices which dominates I and let S; be the set of all such

Sr. Let 6(Sr) equal the maximum number of neighbors in I, which a vertex in Sy can

have. Let §(S;) be the maximum over all §(S7) and let ¢(G) = min;ez 5(|‘IS"). Let I* be

a maximal independent set for which |S;«| = ¢(G). To construct our adversarial loss
sequence we begin by uniformly sampling an action ¢ from I* and setting it to be the
action with smallest loss. Let Q; denote the conditional probability measure given the
sampled best action was ¢ and let Qg be the probability distribution when all of the
actions in [* are equal i.e. there is no best action. Let W, be the stochastic process as
defined in Section 2.6.1. We set the losses for actions in I* to be clip(W; + 1/2) for
v e I*\ {i} and the loss of i to be clip(W; +1/2 — €). The loss of all other actions is
set to be 1. We let Y; denote the loss vector of observed losses only on I*. WLOG we
can disregard other losses, since they will not let us distinguish between O, and Q.

We denote by Y;(j) the loss of action j € I* if that loss was observed at time ¢. Let F

be the o-field generated by (Y;)L,.
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Our intuition behind the definition of ¢(G) and the above construction is the
following. First we require that the losses based on the stochastic process (W;)Z_; be
assigned to vertices in an independent set. Otherwise, there would exist a setting in
which the best action would be adjacent to another action with losses generated from
(W)L, and in this case it is information theoretically possible to obtain O(v/T) regret
by playing the best action or its adjacent action enough times, without switching. For
every independent set, once a best action is fixed, from the lower bound in Section 2.6.1
we know two ways to distinguish it. First we switch between the best action and some
other action in the independent set (or more generally switch between actions giving
information about the best action and another action in the independent set), or play
an action which is adjacent to the best action and another action in the independent
set. In the general setting there might be an action which is adjacent to multiple
actions in the independent set and not adjacent to the best action. In such cases
switching between the best action and said action, reveals information proportional to
the degree of said action. Similarly if there is an action adjacent to the best action
and multiple other actions, selecting it again reveals information proportional to its
degree. Since we do not want to assume anything about the strategy of the player, it
is natural to select an independent set, such that minimum amount of vertices have
a common neighbor. Because the size of the independent set also gives freedom to
hide information from the player, we would simultaneously like to maximize its size.
This suggests that we search for and independent set which minimizes the ratio in the
definition of ¢(G). In Figure 2-4 we give three examples of graphs with different ¢(G).
For the first example the independent set |I*| is the set of all vertices. The set Sy« is
also the set of all vertices and 0(Sy+) = 1 thus ¢(G) = 1/|.A| and this is exactly equal
to v(G)~!. For the second example I* is the set of leafs of the star graph and Sp«
is the vertex adjacent to all other vertices. In this case §(S;+) = |I*| and ¢(G) =1

which again equals the inverse of the dominating number of G. Our final example
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O O

Figure 2-4: Example of feedback graphs with different ¢(G).

shows that ¢(G) can be arbitrary close to 1 even though v(G)™! < 1. In particular
Sy« consists of the bottom 4 vertices and this is also the minimum dominating set of

G. However, there exists a vertex (the first vertex of the bottom four) of arbitrary

6(Sp+)
17

large degree so that can be arbitrary close to 1. The problem with our lower
bound construction becomes clear from this example. The player has a strategy in
which too much information is revealed by playing the action of arbitrary large degree.
To try and fix this problem we could set only one of the vertices adjacent to the action
of large degree according to (W;)_, and the rest of the adjacent actions are set to
have loss equal to 1. This construction can fail for general graphs, as it might happen

that there exists another action which is adjacent to exactly the four actions whose

losses were chosen according to (W;)Z_, in the right most graph of Figure 2-4.

Lemma 2.6.12. Let M; be the number of times the player’s strategy switched be-
tween action adjacent only to v and another action not adjacent to i but adjacent
to at least one other action in I*. Let N; be the number of times the player chose

to play an action adjacent to i and another action in I*. Then A%, (Qp, Q;) <

£ \Jw(p)Eq, [[I*6(G) M; + Ny].

Let M denote the total number of switches and N the total number of times an

action revealing adjacent to at least two vertices in I* is played.

Lemma 2.6.13. It holds that 7k Ser dfy (Qo, Q) < /21229 Eg [M + N].

Lemma 2.6.14. It holds that

T N
ER]> D — T 3 dfy(Q0, Q) +E[M+ }
2 1| & 7
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Theorem 2.6.15. The expected regret of a deterministic player is at least

T2/3

BB = e T e

Proof. First assume that the event M + N/7 > €T does not occur on losses generated
from Qg or Q; for a deterministic player strategy. This implies Qg(M + N/7 > €T') =
Q;(M + N/7 > €T') =0. Then

Eg,[M + N/7] —E[M + N/7| = > (Eg,[M + N/7] — Eg,[M + N/7))

iel*

|I*| Z dTV QO7 Qz)

el*

|I|

The above, together with Lemma 2.6.14 implies

el 26T

ER =5

Zd (Qo, Qi) +Eqg, {M—F;N}

iel*

Applying Lemma 2.6.3 now gives

el 2T
3 \I*\

E[R] > S %y (Qo, Q) + Eo, {M+ ;N}

el

On the other hand we can bound ﬁ Sier &y (Qo, Qi) by Lemma 2.6.13 as

g log (T) 9(G) (TQ) () Eo, [M + N].

|]*|Zd Q07Q2 S

iel*

This implies

S T V23T

\/6(G) log (T) Egy[M + N] + Eq, [M + ;N} .

Let x = \/Eg, [M + N]. Then we have

— - -
-3 o 7
62 A/ O, o . €
The quadratic ‘”—72 — wx has global minimum Tﬂ# We set € =

CW for a constant ¢ to be determined later. We then have
og(T)

2/3 4 72/3
BR>-2 T ¢<3G>.
3log (T) 14log (T)’ o2
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Set 0 = logl(T)' The above implies

T2/3

_ - \1/3
Choosing ¢ = (—) guarantees E[R] > TR

66(G)
The case when M + N/7 > €T is treated in the same way as in the proof of

Theorem 2.6.1 ]

2.7 Detailed proofs for Section 2.6

2.7.1 Detailed proofs for Section 2.6.1

Proof of Lemma 2.6.2. Let Yy, denote (Yp,Y:,...,Y;) and whenever Y; is a vector,

let Y;(7) be its i-th coordinate. We assume that the player is deterministic. By
Yao’s minimax principle this is without loss of generality. Thus we have that a; is a
deterministic function of Yy, ;. Using the chain rule for relative entropy and by the
construction of W, we have:

T

Dt (Qu(¥or) |1 (¥or)) = Dit. (Qu(¥0)[| (1)) + 3 Dic, (QoYulYpe) | Q1 (Yl Yeis)) -
Let us consider the term Dy, (QO(Yt|Yp*(t))||Ql(Y;|Yp*(t))). First assume that a;, =
apty # 3. Then Y; = N (Y1), 0%) under both Qy and Q;. Next consider the case

Yo (2))
0°I, | und dY, =
Yoo (2) o?ly | under Q, and Y;

N <<Yp}@(222§ E) 70212> under Q. If a; # a,) we have 6 options:
p(t)

when a; = a,;) = 3. In this case V; = N ((

1. ap(t) =3
(a) a; =1, in this case Y; = N (Y,)(2), 0?) under Qq and Y; = N (Y,)(2)—¢, 0?)
under O;

(b) a; =2 in this case Y; = N (Y,)(2),0?) under Qy and Y; = N (Y, (2),0?)
under O;
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2. ap(t) =1

(a) a; = 3, inthis case Y; = N ((?(t)> ,0212> under Qpand Y, = N ((Y

p(t)
under Oq;
(b) a; = 2 in this case Y; = N (Y, ), 0?) under Qy and Y; = N (Y, + €,0?)
under OQq;

3. Ap(t) = 2

(a) a; = 3, in this case Y; = N/ Yo ,0%Iy | under Qpand Y, = N Yoy — €
Yot Yo

under O;
(b) a; = 1 in this case Y; = N(Y,q),0?) under Qp and Y; = N (Y, — €,0%)
under Q;.

Thus we have

2

= 55 Qu(4),
where A; is the event that either action 3 was played at round t or there were odd
number of switches between actions 1 and 2. Let N denote the random number of
times action 3 was played and let M denote the random number of switches between
action 1 and action 2. Let Si.;; denote the random sequence of times during which

there was a switch. Then we have

ZxAt <> > xa +N <w(p)(M+N),

r=1tecut(Sy)
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where cut(t) and w(p) are defined in Dekel et al. (2014). Thus

ew(p)
Dict. (Qu(Vi[Y)[1Q1(Yil Vi) < =5 By [M + N].

Pinsker’s inequality that dfy (Qo, Q1) < \/ w(p)Eg,[M + N] O

Proof of Lemma 2.6.4. First let us consider the amount of regret the player incurs for
picking action 3 N times. To do this we consider the number of times 1/2 + W; > 5/6.
The expected number of times this occurs is

T

T T T
1 1
EY Xij24wiss6 < Y P(IW,:I + 5 ) <Y e awe? E :
t=1 t=1 =1

910g(T)

Thus in expectation the regret for picking action 2 N times is at least (1/6 +¢€)(N —1).
Since we choose ¢ = é(T*1/3), for sufficiently large T" we have that in expectation
the regret for picking action 3 N times is at least (N — 1)/6. Let x denote the
uniform random variable over actions {1,2}, which picks the best action in the
beginning of the game. Denote by B; the number of times action ¢ was played. Then
E[R] > E[e(T — N — By)+ M + (N —1) /6] (this is a lower bound since M only tracks
the switches between actions 1 and 2, so the switches to and from action 2 are left
out). Thus we have

E[e(T — N — B)) + M+ (N —1)/6]x = 1] + E[e(T — N — By) + M + (N — 1)/6]y = 2]
2

N -1
:ET—E(EQ1[31]+E92[B0])+E |:M+6 —€eN|.

E[R] =

Since € = O(T~Y/?) we have =2 — eN < . Consider Eo, [B,], we have

6
T

IE’Q1 [Bl] ]EQO Bl Z Ql at = 1 QO(at = 1)) < Td"]f:v (QO; Ql) .
t=1

A similar inequality holds for Eg,[Ng] and thus we get

Eg,[Bi] + Eq,[Bo] < T(dfy (Qo, Q1) + dfy (Qo, Q2)) + Eg,[Bo + Bi]

< T(dy (Qo, Q1) + diy (Qo, Q2)) + T — Egy[N].
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The above implies

el €T

N
EIR] > 5 — 5 (A (Qo, Q1) + 7y (Q0, Q) +E [ M + = + SEq [N,

7

2.7.2 Detailed proofs from Section 2.6.2

Proof of Lemma 2.6.8. Let E; denote the conditional distribution for sampling the
active vertex set indexed by i € Z. We have E[R] = % Sier Ei[R']. First let us
consider the amount of regret the player incurs for picking a revealing action N; times.
To do this we consider the number of times 1/2 + W; > 5/6. The expected number of
times this occurs is

T 9log(T)

1
EZX1/2+Wt>5/6 < Z]P’ (IWt! +tg2 ) <> e 20107 < Ze 3

t=1

Thus in expectation the regret for picking a revealing action N; times is at least
(1/6 + €)(N; — 1). Let x; denote the uniform random variable over R which picks the
best action. Denote by B; the number of times action j was played from the active
vertices. Then E;[R'] > E;[e(T — N; — B},) + M; + N;/6 — 1/6]. Thus we have

e Bile(T — Ny — B,) + M; + N;/6 — 1/6]

E[R] =
|I|
C Y E(B ]+ =Y E, [M+N 1/6 N]
— — —€
Tz THE 6
Consider E[B; | = IR\ Yjelr) Eoi [B}]. For each term of the sum we have
T . .
Eq:[B;] — Egy[Bj] = >(Q — Qular = j)) < Tdfy (95, Q).
=1
Thus we get

S Ei(B] |R|sz v (9, Q) + |R|ZZEQ131

= i€Z j€[|R|) i€l je(|R]]
d Q ’Ql E 7
|R‘Z€ZIJ€ZR|] V(@) ‘R’l; ol

5



Using the assumption that |Z| > 2, the above implies

T S N
E[R] > - - Q) Q1) + E; |M;+ = —1/6 — €N,
K125 - g E 5 (4 e) + 2 6
Since € = O(T /%) we have E; |:Mz + % — ENi} > E; [Ml + %} m

2.7.3 Detailed proofs from Section 2.6.3

Proof of Lemma 2.6.9. Let r; denote the revealing action at time ¢.

Eg,[N'] = Z;Egi [[(a; = 7)) =Y Qi(a, € R)Eg,[I(a; = r4)|a; € R]

t=1

+ Z Qi(a; € R)Eg,[I(a; = r¢)|a; ¢ R

t=1

= Z i(a; € R)Eg,[I(a; = 1¢)|ay € R]

N

1 1
= Z Qi(a € R QZEQZ @ € B)] = JEoi[N].

This completes the proof. n

Proof of Lemma 2.6.10. The proof of Lemma 2.6.12 implies that for any Q; we have

€
d?\/ (Q07 Qz) < %\/w(p)]EQO[aMZ,’ + Mz + N/]’

since the amount of information that can be revealed by a switch is at most a and
this precisely happens when the player switches from 4 to the revealing action. Notice
that >°,.c; M < N', because the number of switches between any 7 and a revealing
action is bounded by the number of times a revealing action is played. Lemma 2.6.9
implies that Eg [aM] + M; + N'] < Eg,[N/a + M; + aM]]. Next, we note that

Yieq Mi < 2M as each switch is counted at most twice by M;. Thus we have

Zd (Qo, Qi) sffzw (0)Eg,[N/a + M; + aM]]
UlEI o 20 v; €I
e |w(p)
— | —E N M; M!
QUJ Ea, Zg Ja+ M+ al;

< ;_\/wz(;:)\/EQo[M"i_N]v
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where the second to last inequality follows again from Lemma 2.6.9. [

2.7.4 Detailed proofs from Section 2.6.4

Proof of Lemma 2.6.12. Using Yao’s minimax principle we can assume the player is
deterministic and thus their ¢-th action a; is a deterministic function of Yg.;_1.Using

the chain rule for relative entropy and by the construction of W;, we have:

Dict. (Qo(Your) || Qi(Yor)) = Drct (Qo(Yo)||Qu(¥1) + 3 Dict, (Qol(¥il Vo) [1Qi (Ve Vi)

=1
Let us consider the term Dy, (QO (}Q|}@*(t))|\Qi()@|)§,*(t))). First assume that a, = a,q)
is not an action adjacent to i or a; = a,y) = 7. Then for any observed j € I* we have
Yi(j) = N(Y,4),0?) under both Qy and Q;. Next consider the case when a; = a,) is an
action adjacent to ¢ and some other j € I*. In this case Y;(j) = Y;(i) = N (Y, (j), 0?)
under Qp and Y;(i) = N(Y,)(j) — €,0%), Yi(j) = N(Y,)(j),0?) under Q; for all

observed j € I*\ {i}. If a; # a,u) we have 6 options:
1. a,q) is an action adjacent to ¢ and another action j € I*\ {i}

(a) a; is an action adjacent to 4, in this case Y;(j) = Yi(¢) = N (Y, (5'), 0?)
under Q for all observed j' € I* and Y;(i) = N (Y, (j) —¢€,0?), Yi(j') =
N(Yﬂ(t) (4), 02) under Q; for all observed j' € I*;

(b) a; is an action not adjacent to ¢ in this case Y;(j') = N(Y 4 (4), 0?) under

p

Qo and Y(j') = N(Y,)(4),0?) under Q; for all observed j’ in I*;
2. ay() is an action not adjacent to ¢ but adjacent to j

(a) ay is an action adjacent to 7, in this case Y;(j') = Y;(i) = N (Y;(j), 0*) under
Qo and Y(i) = N (Y, (j) — €, a?), Yi(j") = N (Y, (), 0?) under Q; for all

observed j';

(b) a; is an action not adjacent to i, in this case Y;(j') = N (Y, (j), 0?) under
Qo and Y;(j') = N(Y,)(4),0?) under Q; for all observed j';

7



3. ay() is an action only adjacent to 7 and no other j € I*

(a) a; is an action adjacent to ¢, in this case Y;(j') = Yi(i) = N (Y, (2), 0?)
under Qp and Y;(i) = N (Y, (4), 0?), Yi(j') = N (Y1) (j') +€,0°) under Q;

for all observed j';
(b) a; is an action not adjacent to 4, in this case Y;(j') = N (Y, (i), 0?) under
Qo and Y;(j') = N(Y,4) (i) + €,0%) under Q; for all observed j'.

Thus we have
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2
Dict (Qo(Yil V)| Qu(¥ilYiu(9)) < 55 QolAr) +1I'|6(G) 5 Qu(B)

where A, is the event that a,) was adjacent to at least one action in I*\ {i} and at
time ¢ action 7 was observed and B; is the event that a,y) was adjacent only to 7 and
the player switched at time ¢ to an action which is adjacent to an action in I*\ {i}.
Let N; denote the random number of times an action adjacent to ¢ was played and let
M; denote the random number of switches between an action adjacent to ¢ and an
action not adjacent to i. Let Si.p; denote the random sequence of times during which

there was a switch. Then we have

T M
ZXAt+XBt SZ Z XAt+NZ§w(p)(MZ+NZ)7

t=1 r=1tecut(Sr)

where cut(t) and w(p) are defined in Dekel et al. (2014). Thus

c’w(p) .
Dict. (Qo (ViYoo) | Qi (Vi Youw)) < =5 5~ Eau[II°|6(G)M; + N,
Pinsker’s inequality that dfy (Qo, Q) < £ /w(p)Eq,[|1*|6(G)M; + Ni]. 0

Proof of Lemma 2.6.153. From concavity of square root and Lemma 2.6.12 we have

iel* iel*

!T |
Now 3 ,cr« M; = 2M since we count each switch twice, once from ¢ and once to 7. On
the other hand each action which is adjacent to n actions in I* has been overcounted

n times. Since n < |I*|¢(G) we have Y- N; < |[I*|¢p(G)N. O
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Proof of Lemma 2.6.1/4. First let us consider the amount of regret the player incurs
for picking action adjacent to two actions in I* N times. To do this we consider the
number of times 1/2 + W; > 5/6. The expected number of times this occurs is

T 1

. 1.5\ _ & T
B i < B (Wil + 52 ) < 2o 7 < 3o
t=1 t=1 t=1

9 log(T)

Thus in expectation the regret for picking an action adjacent to actions in I* N times
is at least (1/6 4+ ¢)(N — 1). Let x denote the uniform random variable over actions
in I*, which picks the best action in the beginning of the game. Denote by B; the
number of times action ¢ € I* was played. Then E[R'] > E[¢(T'— N — B, ) + M + N/6].

Thus we have

it Ele(T = N — Bi) + M + (N —1)/6[x = i]

E[R] =
1]
N -1
=€l — *ZEQl —|—E[M+—6N
|[ iel* 6
Consider Eg,[B;], we have
T
Eo,[Bi] — Eq,[Bi] = Y _(Qi(ar = i) — Qo(a; = 1)) < Tdy (Qo, Qi) -
t=1

Thus we get

Y Eq[B]<T Y diy(Qo, Q)+ Y Eg,lB

iel* iel* iel*
<TY dfy (Qo, Q) + T — Eg,[N].
el*

Using the assumption that |I*| > 2, the above implies

N—1
B[R] 2 O = o 3 dfy (@0, Q) +E[M + 2 — eN| + SEo, [N,
Since € = O(T /%) we have E |M + X5t — eN| + §Eq [N] > E [M + ¥ =
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Chapter 3

Corralling stochastic bandit
algorithms

We study the problem of corralling stochastic bandit algorithms, that is combining
multiple bandit algorithms designed for a stochastic environment, with the goal of
devising a corralling algorithm that performs almost as well as the best base algorithm.
We give two general algorithms for this setting, which we show benefit from favorable
regret guarantees. We show that the regret of the corralling algorithms is no worse than
that of the best algorithm containing the arm with the highest reward, and depends
on the gap between the highest reward and other rewards. The main contributions of
this chapter are based on Arora et al. (2021). This work was done in collaboration

with Dr. Raman Arora and Dr. Mehryar Mohri.

3.1 The corralling problem

In the corralling problem the player is tasked with selecting, at each round, one out of a
fixed collection of bandit algorithms and playing the action returned by that algorithm.
Note that the player does not directly select an arm, but only a base algorithm. She
never requires knowledge of the action set of each base algorithm. The objective of the
player is to achieve a large cumulative reward or a small pseudo-regret, over the course

of her interactions with the environment. Further, the player only sends feedback to
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the base algorithms based on the observed reward. This complicates the problem as
the state of the base learners at a fixed round depends on the player’s strategy and
selections made up to the round. Thus the best base learner might seem sub-optimal
in the beginning of the game if it has not been selected enough times and a poor
exploration strategy by the player might discard it. Solving the corralling problem
amounts to policy regret minimization because the observed reward at every round of
the game depends on the state of the base learners which in turn depends on all prior
actions chosen by the player. Because policy regret minimization is impossible without
restricting the adversary it is natural to make additional assumptions how the base
learners behave. To this end we will require that the best of the base learners satisfies
an any-time regret guarantee, that is at any time ¢, the i*-th base algorithm, A;« will
have pseudo-regret B[R« (t)] < Ri(t) < o(t). Further, we are going to investigate
the stochastic setting, in which each of the base learners is solving an instance of the
stochastic multi-armed bandit problem. The main regret upper bound in our work
depends on the difference between the expected reward of the best arm of the best

algorithm and the best arm of the i-th algorithm denoted by A;.

Theorem 3.1.1 (Informal). If the regret of As is bounded by R (t) < O(\/t),¥t € [T],

then there exists an algorithm which guarantees a regret bound of the order

(log (T))?
A,

t=1 i£i*

ER(T) =Tm,—E [Z rt(a,;hjt)] <0 (Z +log (T) R (T)) :

where p 1 is the expected reward of the best arm of the best algorithm and ry(a;, j,) is

the reward of the j;-th action played by the algorithm, i;, selected at time t.

The corralling problem was first investigated by Odalric and Munos (2011) by
combining Exp3 or UCB-I base learners through an Exp4 (Auer et al., 2002b) strategy
with added uniform exploration. The achieved regret bounds are of the order O(T%?).
Agarwal et al. (2016) study corralling problem in the adversarial setting, that is the

rewards/losses on which the base learners compete are assumed to be adversarially

81



generated. The authors assume that the base learners obey certain stability, which we
will address shortly, and design a corralling strategy with favorable regret guarantees
dependent on the worst-case regret guarantees of all learners. Their algorithm is based
on OMD, however, instead of using a fixed step-size, a special non-decreasing step-size
is employed, which grows whenever the probability to play a base learner becomes
too small. The authors were not able to demonstrate that the proposed corralling
strategy enjoys regret guarantees better than Q(v/7). Parallel, work (Cutkosky et al.,
2020), studies the same stochastic setting as our work and actually improves on the
regret bounds stated in Theorem 3.1.1 by removing the additional logarithmic factors

with the caveat that the time-horizon is known before the start of the game.

3.2 The model selection problem

Corralling can also be seen as a form of model selection, in which the player is tasked
with selecting the best base algorithm for an apriori unknown environment, e.g., choose
between a contextual bandits algorithm such as Exp4 or a MAB algorithm such as
UCB-I. Recently the model selection problem has received a lot of attention in the

linear stochastic bandits setting which we now describe carefully.

3.2.1 Linear contextual bandits

In the contextual bandit problem the player receives additional information before
she is required to select an action from her action set. The additional information
is in the form of a context x; € X, where X’ is some very large (possibly infinite)
set of contexts. In practice contexts can be any characteristics associated with the
action. For example, in the adds allocation problem, in which the player has to choose
among multiple adds to display for a given user, the player might also get additional
information about the user such as their age, music preferences, if they like ice-cream,

etc. Each of these attributes can be modeled by a contextual vector. Contexts can be

82



sampled from some unknown distribution, D, or generated adversarially. The rewards
in the contextual bandit problems also take into account the current context, i.e.,
ry: X x A — R. We are interested in the following variant of the contextual problem
— there exists an embedding ¢ : X x A — RY which maps context-action pairs into a
d-dimensional vector space. The rewards now satisfy r(zy, a;) = (8, ¢(xy, ar)) + &,
where B € R? is unknown and & is random noise sampled from a sub-Gaussian
distribution with variance proxy bounded by 1. Further, the contexts are sampled
from some distribution which is unknown to the player. The player only observes

r¢(z¢, a;) and the goal is to minimize the regret

T

BIR(T)] = Y- ( max B[(B, 6(z0, )] — E[(B, 61 (a1,00)]):

=\ acd

The contextual stochastic bandit problem was first investigated by Abe and Long
(1999), with the first algorithm based on the OFU principle proposed by Auer (2002)
with regret bounded by O(y/dT log (|A])), where the O notation only hides poly-
logarithmic factors in the horizon 7. Li et al. (2010); Chu et al. (2011) propose
the LinUCB and SupLinUCB algorithms, respectively, for the setting in which A is
finite. These algorithms are based on the OFU principle with bonuses based on a
confidence ellipsoid around an estimator or § and enjoy a regret bound of the order
O(4/dT log (] A])). For infinite action sets, Abbasi-Yadkori et al. (2011), propose the
OFUL algorithm which has regret upper bounded as O(dv/T). It turns out that both
OFUL and SupLinUCB achieve the min-max optimal regret, up to poly-logarithmic
factors for their respective settings. Lattimore et al. (2020) propose an approach
based on Optimal design for the least squares problem (Kiefer and Wolfowitz, 1960),
which can handle miss-specification in the linear model, that is the observed losses are
not linear, however, can be approximated by a linear loss up to e. If € is known, the
authors propose an algorithm which enjoys a O(\/m + €TV/dlog (n)) regret

bound. Foster et al. (2020a) remove the requirement that e is known and achieve

similar regret bounds through a corralling approach.
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3.2.2 Model selection for linear bandits

In the model selection problem for linear bandits, the player is given a nested sequence

of classes F1 C F5 C ... C Fx = F, where each F; is defined as
E = {(x,a) — <ﬁza¢z(x7a)> : BZ c Rdi},

for some feature embedding ¢;: X x A — R%. It is assumed that each feature
embedding ¢; contains ¢;_; as its first d;_; coordinates. It is further assumed that
there exists a smallest i* < K = |A| to which the optimal parameter §* belongs,
that is the observed rewards for each context-action pair (z,a) satisfy E[ri(x,a)] =
E [(5*, ¢4..(x,a))]. The goal in the model selection problem is to identify i* and
compete against the smallest loss for the ¢-th context in R%* by minimizing the
regret R;«(T'). Foster et al. (2019) propose an algorithm which does not incur more
than O (7—13(2'*T)2/ 3(Kd;)Y 3), where +? is the smallest eigenvalue of the covariance
matrix of feature embeddings ¥ = E,..p [% >aea P (T, a) K (x, a)T] Pacchiano et al.
(2020b) propose a different approach based on the corralling algorithm of Agarwal
et al. (2016) which enjoys a O(d;+v/T) regret bound for finite action sets and O(d%v/T)
bound for arbitrary action sets A. Later, Pacchiano et al. (2020a) design an algorithm
which enjoys a gap-dependent guarantee under the assumption that all of the miss-
specified models have regret R;(t) > At,Vt € [T]. Under such an assumption, the
authors recover a regret bounds of the order O(d;-\/T + d% /A) for arbitrary action
sets. Cutkosky et al. (2020) also manage to recover the O(dy+/T) and O(d%+/T)
bounds for the model selection problems through their corralling algorithm. Our
corralling strategy is also able to recover these bounds and further enjoys a certain
gap-dependent guarantee as well, similar in spirit to the bounds shown by Pacchiano

et al. (2020a). Our model selection result is stated below.

Theorem 3.2.1. Assume that every base learner A;, i > i*, admits a O(d¥\/T) regret.

Then, there exists a corralling strateqy with expected regret bounded by O(d?f“\/T +
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K\/T) Moreover, under the additional assumption that the following holds for any
i <i*, for all (x,a) € X x A

* @22 — 2o
I?e%i{EKﬁ , i (x,a))] — E[(Bi, ¢i(, )] > QT’

the expected regret of the same strategy is bounded as O(dfi\/T + K\/T)

All of the above results fall short from a true model-selection algorithm which
would enjoy a regret guarantee of the order O(dxT"~?) for the finite action set case,
where o € (0,1). It turns out that this is not just a shortcoming of our and prior
work, but is rather information theoretically impossible as shown by Zhu and Nowak
(2021). Zhu and Nowak (2021) provide a detailed characterization of the possible
model selection rates by showing both information theoretic lower bounds and an

algorithm with regret guarantees which nearly match the lower bounds.

3.3 Preliminaries and additional notation for the
corralling problem

We consider the problem of corralling K stochastic multi-armed bandit algorithms
A, ..., Ak, which we often refer to as base algorithms (base learners). At each
round t, a corralling algorithm selects a base algorithm A;,, which plays action
a;, j,- The corralling algorithm is not informed of the identity of this action but it
does observe its reward r¢(a;, j,). The top algorithm then updates its decision rule and
provides feedback to each of the base learners A;. We note that the feedback may be
just the empty set, in which case the base learners do not update their state. We will
also assume access to the parameters controlling the behavior of each A; such as the
step size for mirror descent-type algorithms, or the confidence bounds for UCB-type

algorithms. Our goal is to minimize the cumulative pseudo-regret of the corralling
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algorithm as defined in Equation 3.1:!

BIR(T) = Tins — B3 )] 3.)

where f; 1 is the mean reward of the best arm.

We denote by e; the ith standard basis vector, by 0x € R the vector of all Os,
and by 15 € R¥ the vector of all 1s. For two vectors z,y € R¥, 2 ® y denotes their

Hadamard product. We also denote the line segment between = and y as [z, y].

For the base algorithms A, ..., Ak, let T;(t) be the number of times algorithm
A; has been played until time ¢. Let T} ;() be the number of times action j has been
proposed by algorithm A; until time ¢. Let [k;] denote the set of arms or action set
of algorithm A;. We denote the reward of arm j in the action set of algorithm 7 at
time ¢ as r(a; ;) and denote its mean reward by f; ;. We also use a; j, to denote the
arm proposed by algorithm A; during time ¢. Further, the algorithm played at time ¢
is denoted as 1, its action played at time ¢ is a;, ;, and the reward for that action is
re(a;, ;,) with mean g, ;,. Let ¢* denote the index of the base algorithm that contains
the arm with the highest mean reward. Without loss of generality, we will assume that
¢* = 1. Similarly, we assume that a;; is the arm with highest reward in algorithm A;.
We assume that the best arm of the best algorithm has a gap to the best arm of every
other algorithm. We denote the gap between the best arm of A; and the best arm of
A; as Ajt A = pui« 1 — prin > 0 for @ # ¢*. Further, we denote the intra-algorithm gaps
by A;; = pi1 — pi;- We denote by Ri(t) an upper bound on the regret of algorithm
A; at time ¢ and by R;(t) the actual regret of A;, so that E[R;(¢)] is the expected

regret of algorithm A; at time ¢.

IFor conciseness, from now on, we will simply write regret instead of pseudo-regret.
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3.4 Lower bounds without anytime regret guaran-
tees

As we already mentioned in Section 3.1 we require that each of the base learners
satisfy an any-time regret bound. We now show that this assumption is necessary
through a simple lower bound. Our lower bound is based on corralling base algorithms
that only admit a fixed-time horizon regret bound and do not enjoy anytime regret
guarantees. We further assume that the corralling strategy cannot simulate anytime
regret guarantees on the base algorithms, say by using the so-called doubling trick.
This result suggests that the base algorithms must admit a strong regret guarantee

during every round of the game.

The key idea behind our construction is the following. Suppose one of the corralled
algorithms, A;, incurs a linear regret over the first R;(7') rounds. In that case, the
corralling algorithm is unable to distinguish between 4; and an another algorithm that
mimics the linear regret behavior of A; throughout all T' rounds, unless the corralling
algorithm plays A; at least R;(T") times. Formally, assume that the corralling algorithm
can play one of two algorithms, A; or A,, with the rewards of each arm played by
these algorithms distributed according to a Bernoulli random variable. Algorithm A;

plays a single arm with expected reward p; and algorithm A, is defined as follows.

Let 8 be drawn according to the Bernoulli distribution 5 ~ Ber(%) and let a be
drawn uniformly over the unit interval, o ~ Unif]0, 1]. If 8 = 1, A5 alternates between
playing an arm with mean py, and an arm with mean ug every round, so that the
algorithm incurs linear regret. We set u; such that ps > p > % If 3 =0, then Ay
behaves in the same way as if 3 = 1 for the first 7(!=® rounds and for the remaining
T — TU=* rounds A, only pulls the arm with mean po. Notice that, in this setting,

As admits sublinear regret almost surely.

We denote by P(:|ri(ai, j,),---,7(a,, ),/ = i) the natural measure on the o-
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algebra generated by the observed rewards under the environment g = ¢ and all
the randomness of the player’s algorithm. To simplify the notation, we denote by
r14 the sequence {rs(a;,;.)}._;. Let N denote the random variable counting the
number of times the corralling strategy selected A;. Information-theoretically, the
player can obtain a good approximation of u; in time O(log (7)) and, therefore, for
simplicity, we assume that the player knows p; exactly. Note that this can only make
the problem easier for the player. Given this information, we can assume that the
player begins by playing algorithm A, for T'— N + 1 rounds and then switches to
A; for the rest of the game. In particular, we assume that T'— N + 1 is the time

1-2) we have

when the player can figure out that 3 = 1. We note that at time 7'
P(:|ripa-a), 8 =1) = P(:|ry.70-a), B = 0), as the distribution of the rewards provided
by Ay do not differ between g = 1 and g = 0. Furthermore, any random strategy

(1-a) 4 1 rounds before it is able

would also need to select algorithm Ay at least T’
to distinguish between =1 or = 0. It is also important to note that under the
event that § = 1, the corralling algorithm does not receive any information about the
value of ov. This allows us to show that in the setting constructed above, with at least
constant probability the best algorithm i.e., A; when g =1 and Ay when 5 = 0, has

sublinear regret. Finally, a direct computation of the regret of this corralling strategy

gives the following result.

Theorem 3.4.1. Let algorithms Ay and As follow the construction in Section 3.4.
Then, with probability at least 1/2 over the random choice of o, any corralling strategy

incurs regret at least Q(T), while the regret of the best algorithm is at most O(v/T).

Lower bound for successive elimination. The behavior of A, for the setting
given by # = 0, in the construction above, may seem somewhat artificial: a stochastic
bandit algorithm may not be expected to behave in that manner when the gap between
e and pg is large enough. Here, we describe how to set p, p2 and ps such that the

successive elimination algorithm (Even-Dar et al., 2002) admits a similar behavior
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to Ay with 8 = 0. Recall that successive elimination needs at least 1/A? rounds to

distinguish between the arm with mean po and the arm with mean p3. In other words,

for at least 1/A? rounds, it will alternate between the two arms. Therefore, we set
1

Az = T0=2) or, equivalently, A = W, and ;= g — m to yield behavior

similar to A,. For this construction, we show the following lower bound.

Theorem 3.4.2. Let algorithms Ay and As follow the construction in Section 3.4.
With probability at least 1/4 over the random choice of a any corralling strategy will
incur regret at least Q(v/T) while the gap between py and pig is such that A > w(T~4)

and hence the regret of the best algorithm is at most o(T'/*).

We note that, in our construction, if g = 1, then the inequality A > % holds
almost surely. In this setting, the instance-dependent regret bound for A, and
successive elimination is asymptotically smaller compared to the worst-case instance-
independent regret bounds for stochastic bandit algorithms, which scale as O(\/T )
with the time horizon. This suggests that, even though Ay enjoys asymptotically
better regret bounds than O(y/T), the corralling algorithm will necessarily incur
Q(VT) regret.

A lower bound when a worst case regret bound is known. Next, suppose
that we know a worst case regret bound of Ry(T") for algorithm Ay. As before, we
sample (3 according to a Bernoulli distribution. If 8 = 1, then algorithm 45 has a single
arm with reward distributed as Ber((p2+13)/2); in that case, A, admits a regret equal
to 0. If 5 =0, then A, has two arms distributed according to Ber(us) and Ber(us),
respectively. We sample a ~ Unif|0, 1], and let A play an arm uniformly at random
for the first Ro(T)~% rounds. In particular, during each of the first Ry(T")1~®
rounds, A, plays with equal probability the arm with mean py and the arm with mean
3. On round Ry(T)(~), the algorithm switches to playing u; until the rest of the
game. Notice that the rewards up to time RQ(T)“_O‘), whether 8 =1 or § =0, have

the same distribution. Hence, P(+|ry. g, rya-o), 8 = 1) = P(-|ry.p,rya-e), 8 = 0). Then,
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following the arguments in the proof of Theorem 3.4.1, we can prove the following

lower bound.

Theorem 3.4.3. Let algorithms A, and Ay follow the construction in Section 3.4.
Suppose that the worst case known regret bound for Algorithm is Ro(T). With probability

at least 1/2 over the random choice of o any corralling strategy will incur regret at

least Q(Ry(T)) while the regret of Ay is at most O(,/Ry(T)).

3.5 Detailed proofs for Section 3.4

Proof of Theorem 3.4.1. Let R(T) denote the regret of the corralling algorithm. Direct

computation shows that if 5 =1 the corralling regret is

_l_
E[R(T)|6 = 1, rugo-or, o = E| (= 2212 ) (T = N)|8 = 17w
Further if 5 = 0 and A, is the best algorithm the regret of corralling is

E[R(T)[B = 0,r.p0-0,0] = E [T(l_“)uz +(T - TO_Q))MW = 0,700, 04}

M2 + i3
2

= IO 4 (T = TU)

M2 + 3

: T (T — T — N)>

— N — X(N<T-T(-) (

H2 + 3
_ X(N>T*T(1_a)) 5 (T — N>|6 = 0, T.r(-a), Oé:| s

where the characteristic functions describe the event in which we pull A; less times
than is needed for A, to switch to playing the best action. Notice that the total
regret for corralling is at least the above as we also need to add the regret of the best

algorithm to the above.

We first consider the case § = 1. Notice that in this case the corralling algorithm
does not receive any information about a because Ay alternates between po and pg at

all rounds. This implies E[R(T)|8 = 1,a] = E[R(T)|S = 1]. Condition on the event
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N <T —T0-%_ We have

E[R(T”B = 17 N<T- T(l_a)a T1r-a), Oé] =

ER(T)B=1,N<T —TYY r 1a-0] > (m _ et “3) E[T3=9|3 = 1]

— <IU1 _ IU/Z —;_ /’1’3> E[T(l_a)]

where in the first inequality we have replaced N by T'— T'~®. Next consider the case

= 0. Condition on the event N > T — 70~ We have

E[R(T)|B=0,N>T — T(l_a)ﬂ“LT(lwh o

=B [ - 10) (= B NI = 0N > T T g

> B (2 — )T = 10798 = 0,N > T =70 7y,

2

—E (12 — p)T ~ 227"a]

where in the inequality we have used the fact that N > T — T~ to bound —p N
and 7" > N to bound %N. Let A denote the event N < T — T1=% We are now

ready to lower bound the regret of the player’s strategy as follows.

1
E [R(T)’Oé] iE []E[R(T)’TLTU*"‘NB = 17 Oé] + ]E[R(T)’TLT“*“) ) 6 = O? Oé“Oé]
1
> §E [ (A’TLTU*&) ) 6 = 17 a>]E[R(T)|r1;T(1*O‘)7B = 17 A7 Q]
+P<A |T1:T(1—0‘) ) B = 17 Oé)E[R(T) |T1:T(1—°‘) ) 5 - 07 ACJ a] |Oé]
} _ 2t M3> -1
E P(Alryra-),8=1,q) (lh 9 2log (T)

+(1 - ]P)<A|r1:T(1*O‘>7ﬁ = 1)7 a)(MQ - :u’l)T - M22T1a’&:| )

where in the first inequality we have used the fact that the conditional measures
induced by 8 =1 and 8 = 0 are equal for the first 7'"* rounds. Because o > 1/2
with probability at least 1/2 it holds that the random variable E[R(T)|a] > Q(T) with

probability at least 1/2 and that the regret of Ay when § = 1 is at most O(v/T). O
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Proof of Theorem 5.4.2. From the proof of Theorem 3.4.1 we can compute, when

£ =1, we can directly compute

E[RTD)B=1,N<T =T 7 1000

>E (Nl _ M2t “3> T3 =1, N < T — 70~ rLT(la),a}

2
VT -1
2log (T)’

- 1 . Y
=K _WTO )|5 - ].7 N S T — T(l )7T1:T(1_°‘):| =

Where in the equality we again used the fact that if 5 = 1, the corralling algorithm

receives no information about a. Further when 5 = 0 we have

E[R(T)|B=0,N>T-T" 1 10-0(az0-w),0]

(12 = )T = 2708 = 0N > T = 70 1,701,
'T(1+a)/2 T(l—a)

=E la| — E laf .
1 2

Again we note that with probability 1/2 we have a > 1/2 and the above expression
becomes asymptotically larger than /7. The same computation as in the proof of

Theorem 3.4.1 finishes the proof. O]

3.6 UCB-style corralling algorithm

The negative result of Section 3.4 hinge on the fact that the base algorithms do not
admit anytime regret guarantees. Therefore, we assume, for the rest of the paper, that

the base algorithms, {A;}, satisfy the following:

< Ri(t), (3.2)

for any time ¢ € [T]. For UCB-type algorithms, such bounds can be derived from the

fact that the expected number of pulls, T; (), of a suboptimal arm j, is bounded

as E[T; ;(t)] < ¢ &f%, for some time and gap-independent constant ¢ (e.g., Bubeck

)
(2010)), and take the following form, R;(t) < ¢/\/kitlog (t), for some constant ¢’

92



Suppose that the bound in Equation 3.2 holds with probability 1 — ;. Note that
such bounds are available for some UCB-type algorithms (Audibert et al., 2009).
We can then adopt the optimism in the face of uncertainty principle for each p;;
by overestimating it with 1 >/_ r5(a;;,) + T R;(t). As long as this occurs with high
enough probability, we can construct an upper confidence bound for p;; and use it
in a UCB-type algorithm. Unfortunately, the upper confidence bounds required for
UCB-type algorithms to work need to hold with high enough probability, which is not
readily available from Equation 3.2 or from probabilistic bounds on the pseudo-regret
of anytime stochastic bandit algorithms. In fact, as discussed in Section 3.6.1, we
expect it to be impossible to corral any-time stochastic MAB algorithms with a
standard UCB-type strategy. However, a simple boosting technique, in which we run
2log (1/0) copies of each algorithm A4;, gives the following high probability version of

the bound in Equation 3.2.

Lemma 3.6.1. Suppose we run 2log(1/6) copies of algorithm A; which satisfies
Equation 3.2. If Apeq; is the algorithm with median cumulative reward at time t, then

IP)[t,UJi,l - Zi:l Ts(amedi,js> 2 2Rz<t>] S 0.

Proof of Lemma 3.6.1. First note that fmeq, 1 = pi, 1 and Ri.(t) = Rypeq,(t)for all s
and t. The assumption in Equation 3.2 together with Markov’s inequality implies that

for every copy A;, of A; at time t it holds that

DO | —

t
P [tﬂmedi,l - er(ai,js) 2 2Rm6di (t)] S

s=1

Let A;,,...,A;, be the algorithms which have reward smaller than A,,.4, at time t.
We have

t
tlﬁmedl,l Z amedl jg > 2Rmedi (t)

<P

N {Wu - irs<ail7js) > 2R e, (t)}]

I€[n] s=1

1 log(1/4)

where the first inequality follows from the definition of A,,.q, and A;, for [ € [n]. O
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Algorithm 9: UCB-C
Input: Stochastic bandit algorithms Ay, ..., Ag
Output: Sequence of algorithms (i;)";.
t=1
2: fori=1,...,K do
3: A, =0 % contains all copies of A;

4 fors=1,...,[2log(T)] do

5: Initialize A;(s) as a copy of A;, fi;(s) =0
6: Append (A;(s), fi;(s)) to A;

7. end for

8: end for

9:

fori=1,..., K do

10:  Foreach (A;(s), fui(s)) € Ay, play A;(s), update empirical mean fi;(s),
t=1t+2log(T)

1 fimea, = Median({ii(s) h27*")

12: end for

13: while ¢t < T do

14: bg(t) — \/ 2Rmedz (Tmedg (t))"’\/ 2Tmede (t) IOg(t) , ve c [K]

Trmed, (t)
15: i = argmaxXyc (] {fimed, + be(t)}
16:  Foreach (A;(s), i1i(s)) € Ay, play A;(s), update empirical mean fi;(s),
t=1t+2log(T)
17 Jimea, = Median({7i;(s) }12750)
18: end while

We consider the following variant of the standard UCB algorithm for corralling.
We initialize 2 log (T") copies of each base algorithm .4;. Each A; is associated with the
median empirical average reward of its copies. At each round, the corralling algorithm
picks the A; with the highest sum of median empirical average reward and an upper
confidence bound based on Lemma 3.6.1. The pseudocode is given in Algorithm 9.

The algorithm admits the following regret guarantees.

Theorem 3.6.2. Suppose that algorithms Ay, ..., Ax satisfy the following regret
bound E[R;(t)] < \/ak;tlog (t), respectively fori € [K]. Algorithm 9 selects a sequence
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of algorithms iy, ..., ip which take actions a;, j,, ..., Qi j;, Tespectively, such that

B[R(T)] <O (Z B0  tog (1) E [, <T>]) ,

i

E[R(T)] <O (log (T) \/KT log (T) max(kﬁ) .

1€[K]

Proof sketch. The ideas behind the proof are very similar to the standard analysis
of most UCB approaches. First one shows that because of the bonuses, each of
the empirical estimators of the means of best arms plus respective bonuses, are
overestimators of the true means. Next, because the bonuses are decreasing with the
number of times each sub-optimal algorithm is played, it turns out that we can not
play the i-th sub-optimal algorithm more than roughly k;/A? times as the optimistic
estimator of the best reward would become smaller than y ;. Finally, a union bound

ensures that optimism holds throughout the 7" rounds which finishes the proof. [

We note that both the optimistic and the worst case regret bounds above involve
an additional factor that depends on the number of arms, k;, of the base algorithm
A;. This dependence reflects the complexity of the decision space of algorithm A;.
We conjecture that a complexity-free bound is not possible, in general. To see this,
consider a setting where each A;, for i # *, only plays arms with equal means
p; = p11 — 4A;. Standard stochastic bandit regret lower bounds, e.g. (Garivier et al.,
2018), state that any strategy on the combined set of arms of all algorithms will incur
regret at least (32, 4+ kilog (T') /A;). The log (T') factor in front of the regret of the

best algorithm comes from the fact that we are running Q(log (7")) copies of it.

3.6.1 Discussion regarding tightness of bounds

A natural question is if it is possible to achieve bounds that do not have a log (T)2

scaling. After all, for the simpler stochastic MAB problem, regret upper bounds only

scale as O(log (7)) in terms of the time horizon. As already mentioned, the extra
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logarithmic factor comes from the boosting technique, or, more precisely, the need
for exponentially fast concentration of the true regret to its expected value, when
using a UCB-type corralling strategy. We now show that, in the absence of such
strong concentration guarantees, if only a single copy of each of the base algorithms

in Algorithm 9 is run, then linear regret is unavoidable.

Theorem 3.6.3. There exist instances Ay and Ay of UCB-I and a reward distribution,

such that, if Algorithm 9 runs a single copy of Ay and A,, then E[R(T)] > Q(ALT).

Further, for any algorithm Ay such that P [Rl (t) > %A]_’QT:| > :1c, there exists a

reward distribution such that if Algorithm 9 runs a single copy of Ay and As, then
E[R(T)] = O((A12)°AaT).

Proof sketch. The idea behind the proof is to show that the algorithm containing the
best arm will not play the best arm sufficiently often with probability at least (1/t)
during the first ¢ rounds for sufficiently large ¢ < T". This in turn will imply that the
corralling algorithm will mistake the best algorithm for a sub-optimal one and will

only play it after exponentially many rounds (in ¢) resulting in regret of the order

UT). O

The requirement that the regret of the best algorithm satisfies P[R (t) > 1Ay 27 >
% in Theorem 3.6.3 is equivalent to the condition that the regret of the base algorithms
admit only a polynomial concentration. Results in (Salomon and Audibert, 2011)
suggest that there cannot be a tighter bound on the tail of the regret for anytime
algorithms. It turns out that a more careful construction of the bonuses as done by

Cutkosky et al. (2020) will be sufficient for achieving a regret bound of the order

OE[R(T)] + X2+ i loAgi(T)). These bonuses are inspired by the work of Lattimore

(2015).
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3.7 Detailed proofs for Section 3.6

Proof of Theorem 3.0.2. For simplicity we assume that [log (T")] = log (7). For the
rest of the proof we let t, = T,(t) to simplify notation. Further, since Rgs = Ry, Vs €

[log (T)], we use R, as the upper bound on the regret for all algorithms in A,. Let

Ye(t) = 2\/ 2%“) + \/222(&). The proof follows the standard ideas behind analyses of
UCB type algorithms. If at time ¢ algorithm ¢ # 1 is selected then one of the following

must hold true:

\/2R1 (t1> + \/Qtl 10g (t)
+ t ;

pg > fig(th) (3.3)

2log ()

Fimed, (te) > pia + — (3.4)

A, < 21/2105 ®) | 2};@(”). (3.5)

The above conditions can be derived by considering the case when the UCB for A,

is smaller than the UCB for A4, and every algorithm has been selected a sufficient
number of times. Suppose that the three conditions above are false at the same time.

Then we have

V2R (t1) + /2t log (2)

t

ai(ty) + > p11 = pre + Ay

N 2log (t
2 AZ + Hmed, (t€) - tgg( )

V2Re(te) + /2t log (t)

te ’

Z ,amedg (tﬂ) +

which contradicts the assumption that algorithm 4, was selected. With slight abuse
of notation we use [k/| to denote the set of arms belonging to algorithm A,. Next we
bound the expected number of times each sub-optimal algorithm is played up to time

T. Let ¢ be an upper bound on the probability of the event that fi;(s) exceeds the

97



UCB for A;.

T
E[T,] = ZE[Xait,th[kz]] <¢;'(Ay)+ > P[Equation 3.3 or Equation 3.4 hold]

t=1 >, (Ay)
\/2R1 )+ \/25log (t)]

<P HA)+ Y. P3set]:paa > pils

t>v, (Ag) i
R 2log (t
+ > P|3s€t]: fmeq,(s) > pa1 + f()
t>v, (Ag)
1
< Z to + Z g + ¢_1(A£)7
t>v,  (Ag) t>v, " (Ag)

where the last inequality follows from the definition of 6 and the fact that fipeq,(s) <
fimed,1(s) (empirical mean of arm 1 for algorithm A,,.q, at time s) and the standard
argument in the analysis of UCB-I. Setting § = % finishes the bound on the number
of suboptimal algorithm pulls. Next we consider bounding the regret incurred only by

playing the median algorithms A,,,.q,

t
tpiy — [Z rs(as, j, 1 =tui — [Z topren + ZZTmedg i(te) e — Zteue 1]
s=1

—E ezltgA[ + ;E medy (te)] + E [Rmea, (t)]

< #Zl Zm Y(Ay) + 2log (T) + (; E[\/aketelog (1)] + E [Rpnea, (t)]
< ; A (Ay) + 21og (T) + Z#Zl VakElt,]1og (1) + E [Rueq, (1)]
< ; A (D) + 21og (T) + ; Vakab—1(A) log (1)

+ E [Rineq, (t)] + 1/ ke log (t

Now for the assumed regret bound on the algorithms, we have (t) = 2 21°g(t)

_|_

,/20‘1“1%” This implies that 1, ' (A,) < 2 kﬁjg for some other constant /. To get

the instance independent bound we first notice that by Jensen’s inequality we have

> \/(l//kgE[tg] log (t) < KJ [1( > a/Eltelkelog (t)
¢ ¢

< \/a’Kt log (t) m?x(kg).
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Next we can bound E [ZZ# tgAg] in the following way

< 30 A Eltd VBl = 3 v/ ATEIk] It

= 3 Ja'keE[t] log (1) < \/o/Kt log (t) max(k)

E

PRTAY:

(#1

The theorem now follows. O]

Proof of Theorem 3.6.3. Consider an instance of Algorithm 9, except that it runs a
single copy of each base learner A;. Let A; be a UCB algorithm with two arms with
means /1 > lg, respectively. The arm with mean p; is set according to a Bernoulli
random variable, and the arm with mean pu, is deterministic. Let algorithm A,
have a single deterministic arm with mean ps, such that p; > ps and pus > po. Let

A = py — pg. We now follow the lower bounding technique of Audibert et al. (2009).

Consider the event that in the first ¢ pulls of arm a“fh, we have r4(a; 1) = 0, i.e.

& ={ri(a11) =0,r3(a11) =0,...,7r4(a11) = 0}. This event occurs with probability
(1 — p1)9. Notice that on event &, the upper confidence bound for u; as per A;

w during time ¢. This implies that for a;; to be pulled again we need

,/M > 1o and hence for the first exp (qu3/a) rounds in which A; is selected

by the corralling algorithm, a;; is only pulled ¢ times. Further, on &, the upper

is

confidence bound for A; as per the corralling algorithm is of the form 2@&%5”. This

23 log(t)
Ty (t)

implies that for A; to be selected again we need o + > us. Let A = pug — po.

Then, the above implies that in the first ¢ < exp (T 1(25)A2 / (25)) rounds, A; is pulled
at most T’ (t) times. Combining with the bound for the number of pulls of a;; we

arrive at the fact that on &, a;; can not be pulled more than ¢ times in the first

~2 X 2/ © ) .
exp (W) rounds. Let ¢ be large enough so that ¢ < %exp (MF;(;I%/))'

Then, for large enough 7', we have that the pseudo-regret of the corralling algorithm

A’ exp(qu/a)

is R(T) > sAexp <Qﬁ> Taking ¢ = log (%ﬁ

37 log (7’%)), we get

~2

1 B A f‘glog(l/(l—m))
)los(t/(=p1)) B (Qﬁ log (7')) '

D 1 q _
P [R(T) > QAT} > PIE] = (1) =
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Let v = u% log (1/(1 — p1)). We can now bound the expected pseudo-regret of the

algorithm by integrating over 2 < 7 < T', to get
2 <2

E[ﬁ(T)] . ;A /ZT <261§g<7_)>:§10g(1/(1u1))d7 _ ;A<§5>7/2T (10;(7_))76”

1 A\ T—2
*2(5) (o)

2

where the last inequality follows from the Hermite-Hadamart inequality.

It is important to note that the above reasoning will fail if v is a function of T
This might occur if in the UCB for A; we have a = log (7). In such a case the lower
bounds become meaningless as m7 < 0o(1/T). Further, it should actually be

possible to avoid boosting in this case as the tail bound of the regret will now be

upper bounded as P[R(t) > A7] < 7.

General Approach if Regret has a Polynomial Tail. Assume that, in general,

the best algorithm has the following regret tail: )
P |:R1(t) Z QALIT] > —,
TC

for some constant ¢. Results in Salomon and Audibert (2011) suggest that for stochastic
bandit algorithms which enjoy anytime regret bounds we can not have a much tighter

high probability regret bound. Let &7, = {Ri(T1(t)) > Ti(t) (11 — %Mg)}. After
Ty (%)

T (t) pulls of A; the reward plus the UCB for A; is at most 2sty "e(0150) + /% log(t),

T1(?) T1(t)
and on &7, (1), we have o) < T3 M3 This implies that in the first ¢ rounds,

A could not have been pulled more than

aky log (t) < 2acky log (t)
o u(ams))? Tl

T (t)

Setting Ti(t) = %@’gm, we have that &p ) occurs with probability at least
3

( Av2p3

Wog(T)) and hence the expected regret of the corralling algorithm is at least

ALQILL% ¢ 201]{?1 log (T)
<4ak;1 log (T) AT 3 '
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3.8 Corralling using Tsallis-INF

In this section, we consider an alternative approach, based on the work of Agarwal
et al. (2016), which avoids running multiple copies of base algorithms. Since the
approach is based on the OMD framework, which is naturally suited to losses instead

of rewards, for the rest of the section we switch to losses.

We design a corralling algorithm that maintains a probability distribution w €
AE=L over the base algorithms, {A;}X,. At each round, the corralling algorithm
samples i, ~ p;. Next, A;, plays a;, j, and the corralling algorithm observes the loss
li(a;, j,). The corralling algorithm updates its distribution over the base algorithms
using the observed loss and provides an unbiased estimate ¢ (a;;,) of fi(a;;,) to
algorithm A;: the feedback provided to A; is Zt(ait,jt) = %, and for all a; j, # a;, ;..
ly(a;;,) = 0. Notice that ¢, € R¥, as opposed to ¢; € [0, 1]IL%  Essentially, the loss
fed to A;, with probability w;;, is the true loss rescaled by the probability w;; to

observe the loss, and is equal to 0 with probability 1 — wy ;.

The change of environment induced by the rescaling of the observed losses is
analyzed in Agarwal et al. (2016). Following Agarwal et al. (2016), we denote the
environment of the original losses (£;); as € and that of the rescaled losses (£;); as &',
Therefore, in environment &£, algorithm A; observes ¢;(a;, j,) and in environment &',
A; observes Zt(a/imjt)‘ A few important remarks are in order. As in (Agarwal et al.,
2016), we need to assume that the base algorithms admit a stability property under
the change of environment. In particular, if ps; > i for all s <t and some p; € R,
then E[R;(f)] under environment £’ is bounded by E[,/p;R;(t)]. For completeness, we

provide the definition of stability by Agarwal et al. (2016).

Definition 3.8.1. Let v € (0,1] and let R: N — R, be a non-decreasing function.
An algorithm A with action space A is (7, R(-))-stable with respect to an environment

€ if its regret under £ is R(T) and its regret under £ induced by the importance
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weighting is max,ea E [X7, G(ai, ;) — li(a)| < E[(pr) R(T)].

We show that UCB-I (Auer et al., 2002a) satisfies the stability property above
with v = % The techniques used in the proof are also applicable to other UCB-type

algorithms. Other algorithms for stochastic bandits like Thompson sampling and

OMD/FTRL variants have been shown to be 1/2-stable in (Agarwal et al., 2016).

The corralling algorithm of Agarwal et al. (2016) is based on Online Mirror Descent
(OMD), where a key idea is to increase the step size whenever the probability of
selecting some algorithm A; becomes smaller than some threshold. This induces a
negative regret term which, coupled with a careful choice of step size (dependent on
regret upper bounds of the base algorithms), provides regret bounds that scale as a

function of the regret of the best base algorithm.

Unfortunately, the analysis of the corralling algorithm always leads to at least
a regret bound of Q(\/T ) and also requires knowledge of the regret bound of the
best algorithm. Since our goal is to obtain instance-dependent regret bounds, we
cannot appeal to this type of OMD approach. Instead, we draw inspiration from the
recent work of Zimmert and Seldin (2021), who use a Follow-the-Regularized-Leader
(FTRL) type of algorithm to design an algorithm that is simultaneously optimal for
both stochastic and adversarially generated losses, without requiring knowledge of
instance-dependent parameters such as the sub-optimality gaps to the loss of the best
arm. The overall intuition for our algorithm is as follows. We use the FTRL-type
algorithm proposed by Zimmert and Seldin (2021) until the probability to sample some
arm falls below a threshold. Next, we run an OMD step with an increasing step size
schedule which contributes a negative regret term. After the OMD step, we resume
the normal step size schedule and updates from the FTRL algorithm. After carefully
choosing the initial step size rate, which can be done in an instance-independent way;,
the accumulated negative regret terms are enough to compensate for the increased

regret due to the change of environment.
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3.8.1 Algorithm and the main result

We now describe our corralling algorithm in more detail. The potential function ¥,
used in all of the updates is defined by Wi(w) = —4 3¢k n% <\/E - %wi), where
N = [nm, M2, - -, Nexc | 18 the step-size schedule during time ¢. The algorithm proceeds
in epochs and begins by running each base algorithm for log (7') + 1 rounds. Each
epoch is twice as large as the preceding, so that the number of epochs is bounded
by log,(T), and the step size schedule remains non-increasing throughout the epochs,
except when an OMD step is taken. The algorithm also maintains a set of thresholds,

P1502; - -5 P, where n = O(log (T)). These thresholds are used to determine if the

algorithm executes an OMD step, while increasing the step size:

Wip1 = argmin(@, w> + D\I/t (U), wt)’
weAK-1

N1 = Bnt,i (fOl" i Dt,i < 1/p8i>7 (36)

Wiq2 = argmin<€t+17 w> + D‘I’t+1 <w7 wt+1>7 Ps; = 2p3i
weAK-1

or the algorithm takes an FTRL step
Wyl = argmin(f/t, w) + Vg (w), (3.7)
weAK-1
where L; = L;_q + Zt, unless otherwise specified by the algorithm. At every iteration
the algorithm also mixes w; with the uniform distribution to ensure that the variance

of the loss estimators is bounded

1 1
pr = (1 - TK) wy + ﬁUm'f(AK_l). (3.8)

We note that the algorithm can only increase the step size during the OMD step.
For technical reasons, we require an FTRL step after each OMD step. Further, we
require that the second step of each epoch be an OMD step if there exists at least one

Dti < /711. The algorithm also can enter an OMD step during an epoch if at least one

1

Sq

which has not been exceeded so far.

wy,; becomes smaller than a threshold
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Algorithm 10: Corralling with Tsallis-INF

Input: Mult. constant 3, thresholds {p;}!,, initial step size 7, epochs {7}/,
algorithms { A} .
Output: Algorithm selection sequence (i;)L_;.

1: Initialize t = 1, w; = Unif(AXY), n =17

2: Initialize current threshold list 6 € [n]¥ to 1

3: while t < K'log (T) + K do

4 forie[K]do

5: Az plays Q; L17i+ = ﬁt(ai’jt), t+=1

6: end for

7: end while ~

8 t=2,wy =VPOy(—Ly),1/n}, =1/n7 +1

9: while j <m do

10: fort e 1;do

11: R, = 0., = PLAY-ROUND (w,)

12: if ¢ is first round of 7; and dp;; < i then

13: for ¢: p,,; < i do

14 ¢, = min{s € [n]: w;; > i}, R =R, U{i}.
15: end for

16: (Wiss, Liva) = NRS(wy, &, my, Ry, Ly—1), t =t + 2, {; = PLAY-ROUND (w)
17: end if

18: if i pr; < i and prior step was not NRS then
19: for i: wy; §Z i do
20: 0+ =1, R, - R U{i}.
21: end for
22: (Wiss, Liso) = NRS(wy, b, my, Ry, Ly—1), t =t + 2, {; = PLAY-ROUND(w)
23: else R
24: Uni = 1/nf + 1, wir = VO (—Ly)
25: end if

26: end for
27: end while

We set the probability thresholds so that py = O(1), p; = 2p;—; and pin > 7, 80
that n < log, (7). In the beginning of each epoch, except for the first epoch, we check if
Pri < p%' If it is, we increase the step size as 7441, = fn:; and run the OMD step. The
pseudocode for the algorithm is given in Algorithm 10. The routines OMD-STEP and
PLAY-ROUND can be found in Algorithm 12 and Algorithm 13 respectively. OMD-STEP
essentially does the update described in Equation 3.6 and PLAY-ROUND samples and

plays an algorithm, after which constructs an unbiased estimator of the losses and
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Algorithm 11: NEG-REG-STEP(NRS)

Input: Prior iterate wy, loss Zt, step size 1, set of rescaled step-sizes R;, cumulative

loss L;_4

Output: Plays two rounds of the game and returns distribution w;,3 and cumulative

1
2
3
4:
5:
6
7
8
9

loss Ltj:g R ~
g\wt+1, Lt) = OMD_STEP(wt, &, Mty Rt/a\ Lt,/\)

: £t+1 = PLAY—ROUND(th), Lt+1 = Lt + €t+1
: for all 7 such that w;; < p% do

1
th,i

Mit2i = Bei, Re = ReU{i} and restart A; with updated environment 6; =
end for

P Wi = V‘bt+2(—zt+1)

: ly4+2 = PLAY-ROUND(w;2)

t Livo = L1 + ley2, Mevs = Nevas t =1+ 2
D Wiy = V<I>t+1(—Lt),t =t+ 1

Algorithm 12: OMD-STEP

Input: Previous iterate wy, current loss Zt, step size 1, set of rescaled step-sizes Ry,

cumulative loss L;_;

Output: New iterate wy,q, cllmulative loss Et

Ut

VU (W11) = VW (wy) — 4

Wiy = argmin, cax—1 Do, (W, Wit1).

e~ = ZieRt €i =R =R

Lii=1—e) O (L1 — (Vo t+ve1)ly) + %e O (L1 — (W2 +v1)1k)) //
Vi—o and v, are the Lagrange multipliers from the previous two FTRL steps.
Li=Li 1+ 4

Algorithm 13: PLAY-ROUND

Input: Sampling distribution w;
Output: Loss vector ¢,

1:
2:

Sample algorithm ¢; according to p; = (1 — ﬁ) wy + ﬁUm’f(AK_l).
Algorithm 4; plays action a;, j,. Observe loss ¢;(a;, ;) and construct unbiased
et(aity]'t)
Vit R
Give feedback to i-th algorithm as ¢;(a; j,), where a; j, was action provided by A;

estimator /; = e;, of Uy

feeds these back to all of the sub-algorithms. We show the following regret bound for

the corralling algorithm.

Theorem 3.8.1. Let R;(-) be a function upper bounding the expected regret, E[R;(-)],

of A; for all i € [K]. For B = €150 and for n such that for all i € [K], i <
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(lfexp(*m)>\/i

50R; (t)

mine(7) , the expected regret of Algorithm 10 is bounded as follows:

E[R(T)| < O (Z 1;?@ +E[R:- (T)]) .

i

Proof sketch. The proof combines ideas both from (Zimmert and Seldin, 2021) and
(Agarwal et al., 2016). To achieve gap-dependent regret bounds we use the self-
bounding trick proposed by Wei and Luo (2018) and Zimmert and Seldin (2021).
We now quickly go over the self-bounding trick for the MAB problem with K arms.
First one rewrites the expected regret as E[R(T)] = ¥, Yizis Prili. Next, using a
careful analysis of FTRL yields an upper bound on the regret of the form E[R(T)] <
Sy i Ji/Pri- Subtracting 1/2 of E[R(T))] from both sides we have that

N <2y Z \/Pm Ajwy ;.

£ t= 1

The RHS of the above is bounded by noticing that %ﬁ/pt,i — Awy; < O(ti,-)’ for
all ¢ > Q(1/A?), which follows by maximizing the LHS with respect to w;,;. For

t < O(1/A?%) we can bound the sum ZH/A 11&‘ /i < O(1/4;) through a simple

integration argument. These imply that E[R(T)] < O (Ei#* logA(iT)).
The second part of the proof is integrating the negative regret step (OMD step)

into the FTRL framework. This is done by the following lemma.

Lemma 3.8.2. Let Wy, o be defined as in Equation 3.6. Let v, be the constant such
that VO, 1 (—L;) = VU (=L + 1), Let Ly = (1 —e) © (Ly — (ve1 + v)1i) +
%e © ((Et = (-1 +v)1i)) + Zt+1 and M2 = Nev1. Then (Lt+1) >0 for alli € [K]

and Wyyo = Wiqp = V(I)t+2(_Lt+l)-

Finally we use the negative regret to balance the added variance from the impor-

tance weighted estimators of the losses we send as feedback. O

To parse the bound above, suppose {A;};c[x) are standard stochastic bandit

algorithms such as UCB-I. In Theorem 3.8.4, we show that UCB-I is indeed %—
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stable as long as we are allowed to rescale and introduce an additive factor to the
confidence bounds. In this case, a worst-case upper bound on the regret of any A; is
E[R;(t)] < c\/m for all ¢ € [T] and some universal constant ¢. We note that
the min-max regret bound for the stochastic multi-armed bandit problem is ©(v/KT)

and most known any-time algorithms solving the problem achieve this bound up to

poly-logarithmic factors. Further we note that (1 — exp (—bg(lT)Q)) > elog( . This
suggests that the bound in Theorem 3.8.1 on the regret of the corralling algorithm is at
most O(Z#i* % + E[R;- (T)]) In particular, if we instantiate E[R;«(T")] to the

instance—dependent bound of O(Zﬁﬂ log( ) the regret of Algorithm 10 is bounded
by O(Z#z* i log i >t lzg*T_)> In general we cannot exactly compare the current
bound with that of UCB-C (Algorithm 9), as the regret bound in Theorem 3.8.1 has
worse scaling in the time horizon on the gap-dependent terms, compared to the regret

bound in Theorem 3.6.2, but has no additional scaling in front of the E[R;«(T)] term.

In practice we observe that Algorithm 10 outperforms Algorithm 9.

Since essentially all stochastic multi-armed bandit algorithms enjoy a regret bound,
in time horizon, of the order O(\/T ), we are guaranteed that 1/ 771&2,2' scales only poly-
logarithmically with the time horizon. What happens, however, if algorithm A; has a
worst case regret bound of the order w(v/T)? For the next part of the discussion, we
only focus on time horizon dependence. As a simple example, suppose that A; has
worst case regret of 7?3 and that A;- has a worst case regret of /7. In this case,
Theorem 3.8.1 tells us that we should set 7, ; = O(1/T"/%) and hence the regret bound
scales at least as Q(T'/3/A; + E[R;-(T)]). In general, if the worst case regret bound
of A; is in the order of T we have a regret bound scaling at least as T%*~1/A;. This
is not unique to Algorithm 10 and a similar scaling of the regret would occur in the

bound for Algorithm 9 due to the scaling of confidence intervals.

Corralling in an adversarial environment. Because Algorithm 10 is based on a

best of both worlds algorithm, we can further handle the case when the losses/rewards
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are generated adversarially or whenever the best overall arm is shared across multiple
algorithms, similarly to the settings studied by Agarwal et al. (2016); Pacchiano et al.
(2020Db).

Theorem 3.8.3. Let R;-(-) be a function upper bounding the expected regret of A;-,

l—exp(——2= | | V2
E[R(-)]. For any n ;- < mingepp gogf((;)z)) and = el/108(D?* it holds that

the expected regret of Algorithm 10 is bounded as follows:

E[R(T)] < o( max \/Ti\/EJrE[RZ-*(T)]).

weAK=1 i=1 i

The bound in Theorem 3.8.3 essentially evaluates to O(max(vT K, max;c(x) Ri(T))+
E[R;«(T')]) and its proof is left to Section 3.9. Unfortunately, this is not quite enough
to recover the results in (Agarwal et al., 2016; Pacchiano et al., 2020b). This is
attributed to the fact that we use the %—Tsallis entropy as the regularizer instead of
the log-barrier function. It is possible to improve the above bound for algorithms with
stability v < 1/2, however, because model selection is not the primary focus of this

work, we will not present such results here.

A few remarks are in order. First, when the rewards obey the stochastically
constrained adversarial setting i.e., there exists a gap A; at every round between
the best action and every other action during all rounds t € [T], then the regret for

corralling bandit algorithms with worst case regret bounds of the order O(y/T) in time

horizon is at most O(Y ;- 1ogg)5 +R;+(T)). On the other hand, if there is no gap in the
rewards then a worst case regret bound is still O(max{v/ KT, max; R;(T)} + R;-(T)).
This implies that Algorithm 10 can be used as a model selection tool when we are not
sure what environment we are playing against. For example, if we are not sure if we
should use a contextual bandit algorithm, a linear bandit algorithm or a stochastic
multi-armed bandit algorithm, we can corral all of them and Algorithm 10 will perform

almost as well as the algorithm for the best environment. Further, if we are in a

distributed setting where we have access to multiple algorithms of the same type but
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not the arms they are playing, we can do almost as well as an algorithm which plays
on all the arms simultaneously. We believe that our algorithm will have numerous

other applications outside of the scope of the above examples.

3.8.2 Stability of UCB and UCB-like algorithms under a
change of environment

In this section we discuss how the regret bounds for UCB and similar algorithms
change whenever the variance of the stochastic losses is rescaled by Algorithm 10.
Assume that the UCB algorithm plays against stochastic rewards bounded in [0, 1]. We
begin by noting that after every call to OMD-STEP (Algorithm 12) the UCB algorithm
should be restarted with a change in the environment which reflects that the variance
of the losses has now been rescaled. Let the UCB algorithm of interest be A;. If the
OMD step occurred at time ¢’ and it was the case that ps%l > pyi > pis, then we know
that the rescaled rewards will be in [0, p5] until the next time the UCB algorithm is

restarted. This suggests that the confidence bound for arm j at time ¢ should become

p3 log(t)
Ti,5(t)

. .)2
ét(‘;%t). A slightly more careful analysis using Bernstein’s inequality for martingales

(e.g. Lemma 10 Bartlett et al. (2008)) allows us to show the following.

. However, we note that the second moment of the rescaled rewards is only

Theorem 3.8.4. Suppose that during epoch T of size T UCB-I is restarted and its

environment was changed by ps so that the upper confidence bound is changed to

4ps log(t) 4ps log(t
T;,5(¢) 3T;,5(t)

bounded by

) for arm j at time t. Then the expected regret of the algorithm is

E[R:(T)] < /8pskiT log (T)

Proof of Theorem 3.8.4. Let the reward of arm j at time ¢ be r;; and the rescaled
reward be 7 ;. Without loss of generality assume that the arm with highest reward

is j = 1. Denote the mean of arm j as y; and denote the mean of the best arm as
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p*. During this run of UCB we know that each |7 ;| < ps. Further if we denote the
probability with which the algorithm is sampled at time ¢ as p;; we have E[r,; —
(ilpre—1:] = 0 and hence 7, ; — p; is a martingale difference. Further notice that the
conditional second moment of ry; is E[?fj Ip1:1-14] = E[wm% + 0|p1.t—14) < p. Let
Y, = (7r; — pj). Bernstein’s inequality for martingales (Bartlett et al. (2008)[Lemma
10]) now implies that P {Ztll Y, > m%— 2plog (1/5)] < 4. This implies
that the confidence bound should be changed to

4pslog (t) | 4pslog (1)
Ti;(t) 3Ti;(t) -

Following the standard proof of UCB we can now conclude that a suboptimal arm

can be pulled at most 7; ;(t) times up to time ¢ where

oA, > 4pslog (t) | 4pslog (t)
Ti;(t) 3T;4(t)

This implies that

8ps log (1)
E[Ti;@)] < AT

Next we bound the regret of the algorithm up to time ¢ as follows:

E[R:(H)] < Y. AE[T)] = 3 VET (01 /AE[T (1)

j#1 5"
< 3 VEIT;(8)]y/8pslog (1) < k‘J ; > _E[T;;(t)] = \/8pskit log (t).
J#3 i

O

In general the argument can be repeated for other UCB-type algorithms (e.g.

Successive Elimination) and hinges on the fact that the rescaled rewards 7 ; have

2
second moment bounded by p since with probability p;; we have 72 = ;é’j and with
’ t,i
probability 1 — p;; it equals ?t%j = 0. We are not sure if similar arguments can be
carried out for more delicate versions of UCB, like KL-UCB and leave it as future

work to check.
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3.9 Detailed proofs from Section 3.8
3.9.1 Proof of Theorem 3.8.1
3.9.1.1 Potential function and auxiliary lemmas

*

First we recall the definition of conjugate of a convex function f, denoted as f

[ (y) = max(z,y) — f(x).

z€R4

In our algorithm, we are going to use the following potential at time ¢

=1 ntvi
L
VI, (w); = —2Y%
Nti
1
VAU (w)ii = —57— V> T(w)ij =0 (3.9)
W;" M
. 1
V(YY) = ——— 2
(%Y +1)
(V) = max (Y,w) — Wy(w) = (V¢ + Iax-1)" (Y).
weAK-1

Further for a function f we use D¢(x,y) to denote the Bregman divergence between x

and y induced by f equal to

Dy(z,y) = f(x) = fly) = (VI(y),z —y) = f(2) + 7 (V) = (VI(y), 1),

where the second inequality follows by the Fenchel duality equality f*(V f(y))+ f(y) =
(Vf(y),y). We now present a couple of auxiliary lemmas useful for analyzing the

OMD and FTRL updates.
Lemma 3.9.1. For any x,y € AKX~ it holds

Proof. Since W, +Ixx-1 is a convex, closed function on A¥~1 it holds that U, +I k-1 =

((Uy + Iax—1)*)* (see for e.g. (Brezis, 2010) Theorem 1.11). Further, ®}(z) =
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(U 4+ Iax—1)*)*(z) = ¥i(z). The above implies
Dy,(z,y) = Da:(2,y) = Ds,(VP;(y), VO;(2)).
[

Lemma 3.9.2. For any positive L; and wey1 generated according to update 3.7 we

have
west = V01 (—Li) = VU4 (— Ly + v11),
for some scalar v;. Further (Et —v411); > 0 for all i € [K].

Proof. The proof is contained in Section 4.3 in Zimmert and Seldin (2021). [

Lemma 3.9.3 (Lemma 16 Zimmert and Seldin (2021)). Let w € AKX~ and @ =
VU (VU (w) —L£). If ne; < %, then for all £ > —1 it holds that @?/2 < 2w’/?

= 3 i

3.9.1.2 Regret bound

We begin by studying the instantaneous regret of the FTRL update. The bound follows
the one in Zimmert and Seldin (2021). Let u = e;» be the unit vector corresponding
to the optimal algorithm A;«. To help with notation we will treat the algorithms as
sampled from w; instead of p;. This is WLOG as the extra regret incurred due to the
uniform exploration mixed in p, is only O(1). First we decompose the regret into a

stability term and a penalty term:

(b, wp — ) = (b, w;) + Bp(—Ly) — ®y(—Ly—y) (Stability)
— @t(—f/t) + @t(—ft_l) — (Zt, u) (Penalty).
The bound on the stability term follows from Lemma 11 in Zimmert and Seldin (2021),

however, we will show this carefully, since parts of the proof will be needed to bound

other terms. Recall the definition of ®;(Y") = max,cax—1 (Y, w) — ¥;(w). Since w is in

112



the simplex we have ®;(Y + aly) = max, cax-1 (Y, w) + (al, w) — ¥y(w) = (V) + .
We also note that from Lemma 3.9.2 it follows that we can write VW, (w;) = —Li 141l

Combining the two facts we have

(b, w) + @y(—Ly) — Dy(—Lo1) = (b, we) + OV, (w,) — b, — v1) — (VT (w;) — v,1)
= (0 — algp,wy) + P (VUy(wy) — b + aly) — Oy (VT (wy))

< (= alg,wy) + U (VU (wy) — & + aly) — U5 (VT (w))

= Dy (VT (wy) — b + aly, VI, (w))

L~ 2
< max *Hgt - a1||V2\I/z*(z)
2E€[V W (we)—l+0al g, V¥ (wy)]

= max .
we [wt ,V\I’: (V\Ift (wt)—ﬂt +a1k)]

1 ~
~|16, — al[\%wt_l(w),

where the first inequality holds since U} > &, and (VU (w;)) = (VU (wy), wy) —
Uy (wy) = @(VW(wy)) and the second inequality follows since by Taylor’s theorem

there exists a z on the line segment between VW, (w,) — l, + al,, and U, (w;) such that

Dy (VU (w;) = & + oy, VU (w;)) = 36 — al[|Zay . ..

Lemma 3.9.4. Let w, € AX™! and let iy ~ w;. Let @it = fft’“ and EA“ =0 for all

yig

1 # iy. It holds that

i K
-~ U
E | e M| < 3V Bl
we[we, VIF (VT (we)—br+aly)] ] i=1
> 2 Mt,i Nt + Mg
E max = N bl | € 3Bl + T g, )
we[wt,V\Ilf(V\I/t(wz)—ﬁt—&—alk)] ¢ ] i#j 2 2
Proof. First notice that:
E max 10 — aly |20 y-1,,
_we[wt,V\I/;‘(V\I/t(wt)fétJralk)] VI (w)
[ X Mt,i 2,75
<E |} max ﬂw?/ (br; — a)?
_iil wie[wt,i,V\I/; (V\I/t (wt)f€t+alk)i] 2

From the definition of V¥*(Y'); (Equation 3.9) we know that VU*(Y); is increasing

on (—o0, 0] and hence for o = 0 we have w;; > VU (V¥ (w;) — Zt)l This implies the
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maximum of each of the terms is attained at w; = w;;. Thus

K

]E ntl S/Q(Etl)

max w;

1 wiChwe, VU (VW (we)—f+aly)] 2
2
_ Mei  3/2 Ui Tt i 3/2 tz Mt
= [ 771)“ X (it= z)w ‘| lz w ‘| Z VE
=1 ty ty

When a = x(,—jl:; we consider several cases. First if i, # j the same bound as

above holds. Next if i, = j for all i # j we have Em —a=—a=—l;>—1and
for VO (VO (w;) — b + ;) = VOV, (w,) + ;) < 2°w,; by Lemma 3.9.3. This
implies that in this case the maximum in the terms is bounded by 2w3/ €2 Finally if
iy = j for the j-th term we again use the fact that w;; > VU (VU (w;) — l, + Ui j)j

since —{; ; 4 ;; < 0. Combining all of the above we have

-~ 77tz
E max b, — —le 1 “1 < [w
wewe, VU (VU (we)—Cr+aly)] I =Tt va ] % \/T

7 14 Mt.i
+E | X (=) ( ;j ( Ly &,j) w302 ; 3/2)]

W, i#]

Mt,i N, 1/2 Mt 3 2
=> = V wi] +E 2] (6 (1 — we ) wté +2 b 5 W / J]
i#j i#]
Nt + M j
SZ 72 J ( E[wm} —l—E[wm]) .
i#j

[]

Now the stability term is bounded by Lemma 3.9.4. Next we proceed to bound

the penalty term in a slightly different way. Direct computation yields
Dq)t(_zt_17 Voi(u)) — D‘:I)t(_‘/[:t? Vo (u) = —Qt(—it) + (I)t(—ft_l) - (—Et_l + Zt, u)
+ O(VO; (u) — ©(VP;(u))

= —@t(—it) + (I)t(_it—l) - (@,U)
(3.10)

Using the next lemma and telescoping will result in a bound for the sum of the penalty

terms
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Lemma 3.9.5. Let u = ex be the optimal algorithm. For any w;yq such that

Wiy = VCIDtH(—lALt) and g < my it holds that

1
Mi+1,i 77t

1
D<I>t+1( Lt7vq)t+1( )) - D<1>t( Lt,VCID Z ( ) <\/wt+1,i - 2wt+1,i) .
7& 7

Proof.

D‘I)t+1 (_Etv VCI):_H (u)) - D<I>z(_zt7 V@:(u))

~

= ;1 (—Ly) — Po(—Le) + 0744 () — B} (u) — (u, Ly — Ly)
= By 1 (—Ly) = Po(—Le) + Weya (u) — Uy (u)
— (L) - oLy -2 (- L)

Mt1,i Mt,i*
= (Wig1, —Li) — Wigr(Weg1) — Po(—Ly)

) _
Mt4-1,4 Mt,i*

< (Wi, — L) = Uppr (Weg1) — (Werr, —Lg) + Wy (wig1)

1 1
Mt4-1,5 Mt,i*

1 1 1
<4 Z ( — > (\/wt+1,i — 2wt+1,i) .
it

Ne+1i Ty

The first equality holds by Fenchel duality and the definition of Bregman divergence.
The second equality holds by the fact that on the simplex ®}(-) = ¥;(:). The third
equality holds because W;(u) = —4(v/1 — 3). The fourth equality holds because w;.
is the maximizer of (— Ly, w) + Wy 1 (w) and this is exactly how @ 1(—L,) is defined.

The first inequality holds because

—®,(—L;) = max (—Ly,w) + Uy(w)

weAK-1

< (=L, wepr) + Ty(wesn).

The final inequality holds because Wy (wiy1)—Vii1 (Wig1) = 43 (1/eg1i—1/mei) (/Wir1.i—
wey1,:/2) and the fact that /w1, — %wtﬂ,i* < % O

Next we focus on the OMD update. By the 3-point rule for Bregman divergence
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we can write

Oy, wy — 1) = (VU (wy) — VU (W41, wy — )
= D‘I’t (u7 wt) - D‘I/t (u7 ﬁ)tJrl) + D\I’t (wta ﬁ}tJrl)
< D\I’t (U, wt) - D‘I’t (u7 thrl) + D‘I/t (wt7 ﬁ)t+1>7

<Zt+17 thr1 - u> < D\I’tﬂ (uv @tJrl) - D‘I’t+1 (u7 thrZ) + D‘I’t+1 (thrl? [Ut+2)7

where the first inequality follows from the fact that Dy, (u, wi1) < Dy, (u, W) as

Wy is the projection of @y, with respect to the Bregman divergence onto AX~1,

We now explain how to control each of the terms. First we begin by matching

D‘I’t+1 (u> @t+1> with _D\Pt (u, @t+1)-

Dy, (u,Wi11) — Dy, (v, Wey1) = Wipa(u) — Vy(u) + V(1) — Wipr(Dp41)

(VY (Di11), u — Wig1) — (Vi1 (Deg1), u — Digr)

- 9 —
Mt4-1,5% U

1 1 1
4y (\/@tﬂ,i - 2@t+1,z‘> (77 - >
i ti

Net1,i

1 1 1
\/ Wit 4+ Meix M1,
1 1 1
) (L),
i \/ Wt Mt Mhe41,
- 9 _
Neax 41,6

1 ( 1 1 >
% R | _
\/ Wit 4+ Neix Netl
1 1
—22 \ Wit < - > ;

Mti M+l

where we have set u = e;«. Since the step size schedule is non-decreasing during OMD
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updates, we have that the above is bounded by

1 1 1
Mt i Me+1,i+ (, [ W1 i+ ) <77t,i* Ne+1,i+ )
1

1
<o L ( ) .
A/ wt+17i* Tl i Te+1,i

D\I’t+1 (u7@t+1> - D\I/t(u, @t+1) S 2 <

(3.11)
Next we explain how to control the terms Dy, (w;, Wiy1) and Dy, , (@41, Wit2).

These can be thought of as the stability terms in the FTRL update.

Lemma 3.9.6. For iterates generated by the OMD step in Equation 3.6 and any j it
holds that

| N

E[D\I/t (wt, ﬁ)t+1

T]t1+77t

75

| A

J]E[ ]

E[D\I’t (wt, ﬁ1t+1

| AN
_7_“
=

\/ wt+1 i
\/7 Ni+1,i + Ni+1,5 Tt ¥t g,

where W4y is any iterate such that Wy = argmin, cax—1 Dy, (W, Weyq).

E[D\I/H-l (@t-i-la ﬁ}t-i-Q

+ \)

| A

‘H\M 1 Mw *LM 1 Mx

E[Dy,,, (W1, Wiy2)]

Proof. We show the first two inequalities. The second couple of inequalities follow
similarly. First we notice that we have

Wy = argmin(w, Zt) + Dy, (w, wyyq) = argmin(w, 0, — aly) + Dy, (w, wq),
weAK-1 weAK-1

for any av. This implies that @, = argmin,cax-1 Dy, (w, Wiy ) for @y = argmin,, cpr (w, b—

aly) + Dy, (w, wy1). We can now write

Dy (VU (41), VUy(w,)) = Du: (VO (w;) — £ + aly, VU, (w,))

7 2
< max 14: — alk”vw—l(w)'
wewe, VI (VT (we)—Litaly)] ¢

The proof is finished by Lemma 3.9.4. O
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Finally we explain how to control Dy, (u, w;) and Dy, (u, W¢2). First by Lemma 3.9.1
it holds that
Dy, (u,w;) = Dg,(—Li—1, VO (u)).
This term can now be combined with the term —Dg, ,(—L;—1, V®;_;(u)) coming from
the prior FTRL update and both terms can be controlled through Lemma 3.9.5. To
control —Dy,,, (u, Wey2) we show that —Dy,,, (u, Wt2) = —Dq>t+1(—zt+1,V(I>f+1(u)).
This is done by showing that if w1 and W, 5 are defined as in Equation 3.6 we can

equivalently write w; o as an FTRL step coming from a slightly different loss.

Lemma 3.9.7. Let Wy, o be defined as in Equation 3.6. Let v, be the constant such
that V®t+1(_it) = V\I/;‘+1(—Zt + Vt]-k‘)' Let Et-i—l = (].k — e) @ (-Zt — (Vt—l + Vt)lk) +
%e ® ((Ly = (Vo1 + v)13)) + Loy and 1yo = mepr. Then (i) > 0 for all i € [K]

and Wyyo = Wiqp = V(I)t+2<_it+l)'
Proof. By the definition of the update we have

@t_t,_l = V@t(V\Pt(wt) — Zt) = V(I)t<—fzt + Vt—11k>
= VU (L + (1 + vi)1p),

@t+2 = vq)tJrl(V\IjtJrl(@tJrl) - ZtJrl)a

where in the first equality we have used the fact that V¥, (w,) = —L; 1 + v4_11;. For
any ¢ such that the OMD update increased the step size, i.e. 1,11, = B, it holds
from the definition of VW, (-) that VW, (w); = %V\Ift(w)i. Since VU5 inverts VU,

coordinate wise, we can write

R 1 R 1 ~
VY1 (Wyg1)s = BV‘I’t(th)i = B(_Lt + (V1 + v)1g)ie

If we let e be the the sum of all e;’s such that 7,41, = 871, we can write

~ 1 ~ ~
@H-Q = V(Dt+1 ((lk — 6) ® (—Lt + (Vt—l + Vt)]-k) + Be ® ((—Lt + (Vt—l + Vt)]-k;)> — Et_i'_l) .
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The fact that Lt+1 ; > 0 for any i follows since any coordinate VW, (w;41); < 0 which

implies that any coordinate of (— L, + (Vi1 + 14)1g); < 0. O

We can finally couple —Ds, , | (= Ly, V&, (u)) with the term from the next FTRL
step which is D, ,,(—Liy1, VO, ,(u)) and use Lemma 3.9.5 to bound the sum of this

two terms. Putting everything together we arrive at the following regret guarantee.

Theorem 3.9.8. The regret bound for Algorithm 10 for any step size schedule which

is non-increasing on the FTRL steps and any Ty satisfies

E[i(@,wt—u]< 3 ZEﬂl\/w_“eranm +ZZE{”“ ]

t=1 t=To+1 i#£i* t=1 =1

+ > E|-

t€Tomp

e
>y (-t e

te[T\Tomp i#i* Mg Mi—14

+E[T, (1) — Uy (wy)] + E

Proof. Let Tprrr be the set of all rounds in which the FTRL step is taken except for
all rounds immediately before the OMD step and immediately after the OMD step.
Let Toamp be the set of all round immediately before the OMD step. The regret is

bounded as follows:

E [Z(E,wt - u)} = Y E [(E,wt - u)] + Y E [(lz,wt - u>}

t=1 t€TFTRL te[T\TrTRL
= Y E[llow-w|+ Y E[{lw)+ (L) — Di(~Liy)
te[T\\TrrTRL teTrTRL

+Da, (= Li-1, Vi (1)) = Da,(— Ly, VO; (u))] .

For any Tj, by the stability bound in Lemma 3.9.4 we have

S E[(l,w) + ®(~L) - ®(-Liy)| < > Z e JBfw]

teTFTRL teTrrre ({[To]} =1

Y YRR+ w)

teTrrr\{[T0]} 1#1*
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Next we consider the penalty term

> E[Dg,(~Li1, V(1) = Da,(~Li, VO; (u)| = E[Da, (0, V¥ (u))]

t€ETFTRL
+ Y B[Dan (Lo V(W) — Do, (L VO w)]
t+1€TprRL
—E Z D‘thl(_it—bvq):fl(u))
Lt€TomD

E| 5 Dop(~Lipt, VOL(w)) | ~ E [Day (~Lr, VO (w)].

_tETOMD

We are now going to complete the penalty term by considering the extra terms which

do not bring negative regret from 3¢\ T E[(fy, wy — u)].

> E[(f;, w, — u)] < > E[Dy,(u,w;) — Dy, (u, @Wei1) + Dy, (wy, Wy41)]

te[TN\TFTRL t€Tomp

+ Z E _D\I/t+1 (u7 @tJrl) - D‘I’H-l (u7 @t+2) + D‘I/H-l (ﬁ)\tJrla ﬂ}tJrQ)}

t€Tomb

+ Y E|{liya, wiya) + Pryo(—Liga) — (I)t+2(_Lt+1)]
teToup

+ Z E _D¢t+2(_Lt+1> Vq):—i—?(u)) - D‘I’t+2(_Lt+2a VCI):-&Q(U))}
teTomp

= Z E :<Zt+2, Wipo) + q)t+2(_f/t+2) - (I)t+2(_f/t+1) + Dy, (Wi, Wit1) + D,y (W41, @t+2)]

t€Tomp

+ Z E :D\I’t+1 (u7 @tJrl) - D‘I/t (U, I(Dt+1>}

teTomb

+ Y E[Dg,(~Li-1, VO (1)) = Do, (—Lisa, VO 5(w)]
t€TomD )

+ Z E D¢‘t+2(_zt+17 V(I):JrQ(u)) - D‘I/t+1(u> @t+2>} )
teTomp

where in the first inequality we have used the 3-point rule for Bregman divergence

and the definition of the set Tprgrr. For any T the term

> E {<Zt+2, Weta) + Peya(—Liso) — Pupa(—Lit1) + Dy, (wy, Ws1) + D,y (Brg, ﬁjt+2)}

teTomp

is bounded by Lemma 3.9.4 and Lemma 3.9.6 as follows

> E [<Zt+27 Weta) + Prra(—Liya) — Ppra(—Lis1) + Dy, (wy, Wysn) + Dy, (W41, ﬂ)t+2)]

t€Tomp

i T i* K M
< > > Eni2,i\/Wiras + wwt—ﬂ,i] + > > %\/E[wtu,i],

B teTonmp\{[To]} i#¢* teTomp [ {[To]} =1
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where we have used the i # i* bound from the above lemmas for all terms past
Ty and the bound which includes all ¢ € [K]| for the first T terms. The term
SteToup E [Dq,m(u, Wyy1) — Dy, (u, @Hl)} is bounded from Equation 3.11 as follows

Z = [D\thrl (u7 @tJrl) - D‘I/t <U’7 ?DtJrl)} S Z E

teTomD t€TompD

By Lemma 3.8.2 and Lemma 3.9.1

1 1 1
Y (R ( _ ) |
\/ Wit 1,i+ Meix M1,

Z E [D¢’t+2 (_Et+17 V(I):JrQ(u)) - D\Ift+1 (ua QDH—Q)}

teTomb

Z E [D@t+2<_it+1> V(I):-i-Q(u)) - D<1>t+1(_f/t+1v V(I):—H(u))} .

t€Tomp

Combining all of the above we have

T
Elzwtawt_u < Z Z:IE277tm/wtz+mz—'—mZ +ZZE[UH wtz:|

t=1 t=To+1 i#£i* t=11i=1

+ > E|-

teTomp

1 1 1
(st
@H_Li* T i Te+1,i

+ Y E[De,(~Li V4 (u) = Da,(—Li, V7 (u)

te[T\Tomp
+E[Dg, (0, Vi (u))] — E[Da,.(— Lz, VO3 (u))].
(3.12)

Using Lemma 3.9.5 we have that

Z E |:D‘I>t+l(_f/t7 V(I):+1(u)) - D<I>t(_f/t7 V(I):(u))} <

te[TN\Tomp
1 1 1
Z E |4 Z - (\/wt+177j - 2wt+1’i)
te[T\Tomp it \T+1i 0 T

By definition of w; we have Dg, (0, V®i(u)) = ¥y (u) — ¥y (w;). Plugging back into

Equation 3.12 we have

I ntz+77tz K T]tz
E Z<£t,wt < Z ZE2nt'L\/wt’L+ +ZZE
t=1

t=To+1 i#i* t=1i=1

+ > E|-

teTomp

o)
s (gt )|

1€[T\Tonn i M-t

FE[T, (1) — Uy (wy)] + E
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]

The algorithm begins by running each algorithm for log (7") + 1 rounds. We set the

1

77, because we mix each

probability thresholds so that p; = 36, p; = 2p;_; and i >
wy with the uniform distribution weighted by 1/KT. This implies n < log,(7"). The
algorithm now proceeds in epochs. The sizes of the epochs are as follows. The first
epoch was of size K log (T') + K, each epoch after doubles the size of the preceding
one so that the number of epochs is bounded by log (7). In the beginning of each
epoch, except for the first epoch we check if w;; < p%' If it is we increase the step size
Net1,i = B and run the OMD step. Let the 7-th epoch have size s,. Let p% be the
largest threshold which was not exceeded during epoch 7. We require that each of
the algorithms have the following expected regret bound under the unbiased rescaling
of the losses R;(t): E[R;(X5_;s,)] < S5 E[/p-R(s;)]. This can be ensured by
restarting the algorithms in the beginning of the epochs if at the beginning of epoch 7
it happens that w;; > pT—:. Let ¢; be the loss over all possible actions. Let i; be the

algorithm selected by the corralling algorithm at time ¢. Let a* be the best overall

action.

Lemma 3.9.9. Let R;-(-) be a function upper bounding the ewpected regret of A;-,

. 1—6"1’(—@))\/’? : ,
E[R(-)]. For any n such that n,; < minyepy 2 , Vi € [K] it holds that

50R; (t)
d d 3 d Nt
E > i) = (e < > > BIS0ns + me) (Vo +wi)] + 33 B [éth,z}
t=1 t=To+1 ii* t=1i=1
1 1
+E [V (u) — Uy (wq)] + E >4y ( — ) ( /_wt,i) + 14 36E[R;«(T)].
telf\Toup i \'i  Tl=1i
Proof. First we note that E[f,(i*)] = E {wlt&(j:f)} = E[l;(a;;,)]. Using Theo-
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rem 3.9.8 we have

T T T
> E [ti(as, ;) =Y Ell(ar ;) — b(a”)] + 3B [(G, @, — u)]
t=1 t=1 t=1
T
< Z [Et(‘ ) = li(a } + Z Z E nt,i + i ) (VWi + we ;)]
t=1 t=To+1 iF#i*
To K
Mt ] 1 ( 1 1 )
Al T E|-2(——-3 —
;g { Vi te%w (1/@15—&-171'* ) M M1,
1

> oAy ) (v)

te[T\Tomp i#i* Nt Nt—1,i

Let us focuson Y| E [E(z*) - Et(a*)} -2 eTonp E [(\/Al—l - 3) (nl,* - 7”1 *>]
Wy41,i% t,1 t+1,4

By our assumption on A;« it holds that

log(T

)
R« ( Z_:l Sr)

log(T")

ZE[@ ) = l(a")| <E < Zl E[\/p: R (s,)].

We now claim that during epoch 7 there is a t in that epoch such that also t € Toyp
and for which w; ;+ < p%l. We consider two cases, first if OMD was invoked because at
least one of the probability thresholds p, was passed by a wy, ;+, we must have p, < p..
Also by definition of p; as the largest threshold not passed by any w; ;« there exists at
least one t’' > t, for which p%l > Wy e > p%. This implies that we have subtracted at

1 1 L N/ ! !
least 2E [(m - 3) (nt,ﬂ-* - M)} 2 2 {( pr-1 7 3) (m/ B M)] n

the second case we have that for all £ in epoch 7 it holds that p%l > Wy > p%

Or Wy ;v > p%' In the second case we only incur regret E[R;(t)] scaled by 36 and

in the first case the OMD played in the beginning of the epoch has resulted in

at least —2E {(‘/pT_l — 3) (1 -1 ﬂ negative contribution, where ¢ indexes

M, i* Me+1,i*

1/1og(T)?

the beginning of the epoch. We set § = ¢ and now evaluate the difference

1 1 1 ny g+ BloE2(1)°
o > (1 - E) 2577 . Where we have used the fact that 7 ;+ < e <
25’[71 7,*

i . This follows by noting that there are log,(7T") epochs and during each epoch

one can call the OMD step only log,(7T') times. Let §' = (1 - %) Thus if ¢, is the

beginning of epoch 7 we subtract at least 5/27%’”‘1 Notice that the length of each

3
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epoch s, does not exceed 2t,, thus we have

log(T) log(T)

> ElpRe(s)] < 3 ElprRe (2t)

=1

and so as long as we set 71+ < Y2 where E[R;-(2t,)] < Ri(2t,) we have

50R,~ (2L7)
logX(:) Z 1 . )
E[/p-Rix(2t;)] — 2 E -3 ( — )
t€Tomp \/m Nt Mt+1,i*
log(T')

< Z E[/prRi(2t;) — \/p-Ri=(2t,)] < 0.
O

We can now use the self-bounding trick of the regret as in Zimmert and Seldin
(2021) to finish the proof. Let p* denote the reward of the best arm. First note that

we can write

T r T
E|S fla) — tla”)] = B[S vise (6lans) - u*>]+E[Ri*<ﬂ*<T>>1
= Li=1
r7 K
2 E Zzwt i X6 (gt(&zt jt) _N*)]
t=11i=1
s
> E DY wyd,
| t=1 i

Theorem 3.9.10 (Theorem 3.8.1). Let R;(-) be a function upper bounding the expected

(l—exp(—i10 (lT)g))\/i .
regret of Ai+, B[R (-)]. For anyn such that n;; < mingepq 50Rg(t) Vi € [K]

and 3 = el/ 108D it holds that the expected regret of Algorithm 10 is bounded as

1500(1/n13 + 114)° TA; — 15m,

+2+ T2R;-(T),

i Z 7711\/?

225771 i

where Ty = max;z;-

l

Proof of Theorem 5.5.1. By Lemma 3.9.9 we have that the overall regret is bounded
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Z ZE (Nei + Meie ) (VWri + W) +

t=To+1 i£i* t=1i=1

o ]

te[T\Tomp i#i*

=
=
=
VAN
5
(]
=
w\f
5

FE [T, (w) — Uy (wy)] + E

+1 + 36E[R;- (T)]

< > SRR )+ Y Y E | P ]
t=To+1 i£i* t=1i=1
d 10
+E [V (u) — ¥y (wy)] + E ;#i* nu\/g (\/w_m)]
+1 +36]E[R- (T)]
77u S 25m,;
= t%ﬂgE VA ;;E[M “w_]
d 10
+E[Wy () — Uy (wr)] + ;¢ I (\/W)]
+1+ 36E[R;- (T)] + E[R(T)] — E XT: 3wl
t=1 i+
< ZFm e i S
+2E [T (u) — Uy (w;)] + E ;; nmf(\/_i)]
+2 + 3672E[R; Z > wA
t=1 §£i*

In the first inequality we used the fact that for any ¢ we have n,; < 251,/ Vt, in
the second inequality we have used the self bounding property derived before the
statement of the theorem and in the third inequality we again used the bound on the
expected regret E[R(T)] from the first inequality. We are now going to use the fact

that for any w > 0 it holds that 2ay/w — fw < O‘ . For t < Ty we have

1500 1/7]1 ) + T z)
tA; ’

>3 (20

t=1 iF£*

G G ) o) <25

t=1iH£*
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For t > T, we have

20 15714 T 150001 /15 + n14)?
< + 75771,i> - ( —_— > wt,> < > OUTRR/E

M T iz UA— 15m1iV/

>3 (Y

To+1 i#i*

< Z/T 1500 1/77114—7”]11) dt
tA _157711\/—

1F£0*
_ 1500(1/77171‘ + 77171‘) lo < 1577172‘ — TAZ )

A, 15m,; — ToA;

We now choose Ty = max; 4 = 771 . To bound E [¥; (u) — ¥y (w;)] we have set w; to be

the uniform distribution over the K algorithms and recall that ¥;(w) = —4 Y, ‘/wj’n 2%

This implies ¥y (u) — ¥y (w;) < ZZE[K] \F Putting everything together we have

(
8
K 771,1‘\/E

1500(1/m1; + m14)? TA; — 15m, 2
E[R(T)] < AT (g [ 2207 20 ) 4 60 (22502, /A,
[R(T)] < ; A 2\ 7oA —1m) og (225n7 /)
s + 2+ 72R(T)

(K]

3.9.2 Proof of Theorem 3.8.3

We now consider the setting in which the best overall arm does not maintain a gap at

every round. Following the proof of Theorem 3.9.8 we are able to show the following.

Theorem 3.9.11. The regret bound for Algorithm 10 for any step size schedule which

is non-increasing on the FTRL steps satisfies

weAK

E [i(ﬁt,wt — u)

t=1

<4 max \/—Z<n“ )f

(o)
—2 .
( thrl i* ) Tt i* 77t+1 i*

Proof. From the proof of Theorem 3.9.8 we have

+ Y E

teTomp

Elz@,wt—u)] = Y E[low—uw|+ Y E[{lw)+ (L) — Pi(~Liy)

t=1 te[I\TrTRL tETFTRL

+Da,(—Li—1, VO; (1) = Da, (— Ly, VO ()] .
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Lemma 3.9.4 implies

Z E {(Zt,wﬁ + @t(—it) — (I)t(_f/tfl)} < Z Z n“\/ E[wy ;.

te€TFTRL teTrrRrL 1=1

As before the penalty term is decomposed as follows

> E[Do,(~Lir, VE;(w) = Da,(~Li, V& ()] = B [Da, 0, V& (w))]

+ Y E[Du,,(~Li, V() — Do, (~Li, VO ()]

t+1€TrTRL

—-E Z D(I)t,l(_f/tfb Vor  (u))

Lt€Tom D

HE| 5 Dop(~Lipt, VOL(w)) | ~ E [Day (~Lr, VO3 (w)].

lt€Tom D

Next the term Y e\ 75pns E[(¢,,w, — u)] is again decomposed as in the proof of

Theorem 3.9.8

> E[(l,w —u)]

te[TN\TrTRL

< > E [<Zt+27 Weta) + Prio(—Lipa) — Pria(—Liyr) + D, (we, wep1) + Dy, ., (W11, ﬂ’t+2)]

teTomp

+ Z E |Dy,,, (u, Wi1) — Dy, (u, @tJrl)}

teTomb

teTomp

|
+ X E[Da(~Liet, VO (4) = Dayy(~Lisa, V5 (u))|
|

+ Z E D(I)t+2 Lt+17 vq)tJrQ( )) - D\Pt+1 (uth+2>} :

teTomp

Using Lemma 3.9.4 and Lemma 3.9.6 we bound the first term of the above inequality

as
Z E [<Zt+27 Wito) + q’t+2(—zt+2) - (I)t+2<_f/t+1) + Dy, (wy, Wit1) + D,y , (Wi, ﬂ’t+2)]
t€TomD
K .
Z Z \/ wt+2,z‘]
teT i=1

The term > yc7o,,, E {D\pm(u, Wey1) — Dy, (u, @Hl)} is bounded from Equation 3.11

as follows

Z E |:D\I/t+1 (uvwﬂrl) - D‘Pt(“aﬁ)\ﬂrl)} < Z E

teToMmpD t€TomD

1 1 1
Y ( - ) |
\/ Wit 1,ix Meix M1,
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By Lemma 3.8.2 and Lemma 3.9.1

Z E [D¢t+2(_.zt+1,v(1):+2) - D‘I’t+1(u7@t+2)}

teTom b

= Z E [D‘I’z+2(_zt+17 vq):JrQ) - D‘I’t+1(_zt+la VCI);;Z)} .

teTomp

Combining all of the above we have

E [i@;wt —u)

t=1

K

<LyE[gvm e T

t=1i= teTomD

1 1
o= 9 _
\/@t-‘rl,i* N i Ne+1,i

+ Z E [D<I>t+1(—it»v‘1’f(u)) - D{’t(_zt’vq):(u))}

te[T\Tomp
+E[Dq, (0, Vi (w))] — E[Da (—Lr, V7 (u))].
(3.13)

The last two terms are bounded in the same way as in the proof of Theorem 3.9.8

> E Doy (~Le VO;(w) = Da,(~Li, VP; ()

te[T\Tomp
+ E[Dq, (0, VO} ()] — E[Da (= Lz, VO (u))]
1 1
> 4 ( - ) (th,i)]
te[T\Tomp i#i* Tht.i Mt—1,i
Plugging back into Equation 3.13 we have
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where the last inequality follows from the fact that the maximizer of the function

Zfil “tay over the simplex, for a; > 0 is the same for all ¢ € [T. O

Following the proof of Lemma 3.9.9 and replacing the bound on E [Zthl 0y, wy — u}}

from Theorem 3.9.8 with the one from Theorem 3.9.11 finishes the proof.

3.10 Model selection with Tsallis-Inf and proof of
Theorem 3.2.1

Recall the model selection problem for linear bandits from Section 3.2. We assume
that there are K base learners {A;}[X, such that the regret of A;, for i > i*, is
bounded by O(d?\/T ). That is, whenever the model is correctly specified, the i-th
algorithm admits a meaningful regret guarantee. In the setting of Foster et al. (2019),
A; can be instantiated as LINUCB and in that case o = 1/2. Further, in the setting
of infinite arms, A; can be instantiated as OFUL (Abbasi-Yadkori et al., 2011), in
which case & = 1. Both @ = 1/2 and a = 1 govern the min-max optimal rates in
the respective settings. Our algorithm is now a simple modification of Algorithm 10.

2c
di

At every time-step ¢, we update Li=1Li 1+ Zt +d, where d; = Nk Intuitively, our

modification creates a gap between the losses of A;» and any A; for ¢ > ¢* of the
order d?*. On the other hand for any i < i*, perturbing the loss can result in at
most additional d?%v/T regret. With the above observations, the bound guaranteed
by Theorem 3.8.1 implies that the modified algorithm should incur at most O(d2*v/T)

regret. We arrive at the statement of Theorem 3.2.1.

Theorem 3.10.1 (Theorem 3.2.1). Assume that every base learner A;, i > i*, admits
a O(df‘\/T) regret. Then, there exists a corralling strategy with expected regret bounded
by O(dff‘\/f + K\/T) Moreover, under the additional assumption that the following

holds for any i < i*, for all (z,a) € X x A

o 2o — g2
E[(8;, i(x, a))] — {fg}E[(@ , Gis(7,a))] > 277
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the expected regret of the same strategy is bounded as O(df‘*ﬁ + K\/T)

Typically, we have K = O(log (7)) and thus Theorem 3.2.1 guarantees a regret
of at most @(d?“ﬁ ). Furthermore, under a gap-assumption, which implies that
the value of the smallest loss for the optimal embedding ¢* is sufficiently smaller
compared to the value of any sub-optimal embedding ¢ < ¢*, we can actually achieve
a corralling regret of the order R;«(7T). In particular, for the setting of Foster et al.
(2019), our strategy yields the desired O(y/d;=T) regret bound. Notice that the regret
guarantees are only meaningful as long as d; = o(Tl/ (2a)). In such a case, the second
assumption on the gap is that the gap is lower bounded by o(1). This is a completely

problem-dependent assumption and in general we expect that it cannot be satisfied.

3.10.1 Proof of Theorem 3.2.1

Since the losses might not be bounded in [0,1] as dx = O(T") we need to slightly
modify the bound for the Stability term in Lemma 3.9.4 and the term Dy, (wy, wy41) in
Lemma 3.9.6. Recall that we need to bound the term E [maxwe[whv\pz(vqlt(wi)E+a1k)] 14; ||2v2\11;1(w) :

The argument is the same as in 3.9.4 up to

E max Wt”v?\p <E Zml 3/2 (0r:) ]
wE[we, VI (V¢ (we)—Le+aly)]
Let gt,i = <6it7 ¢it (xty ait,jt> + ét)a then we have
Z e, d}e di
= V; wil? (0r)? ] < E | miX = z)w?fz;t,z + 1wy 7| SE e 1 + 28 [/

where in the last inequality we have used the fact that w,; > wt/ together with the

our assumption that & is zero-mean with variance proxy 1. Following the proof of
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Lemma 3.9.9 with the bound on the stability term we can bound
T T

E [; Ce(ai, j,) — ft(a*)] =Y E[l(apj) — G(a®)]+D_E [(E +d,w; — u>}

t=1 t=1

—ZEKd,wt—u}]—l—l

IA
M=
=
S
|
AN

(a*)} +QZZ [ntzm+ntzwtsza]

t=1 t=1 1=1

EE(L o)

Mi  Mhi—1,

=Y E[{d,wy—u)]— > E|2

t=1 teTomp

+VK +1

L ( L1 )
\/ @t—i-l,i* Nt i+ Nt+1,i
T E 1 T K d4a

0 t=1i=1

— Y E[{d, w; — u)] + 36E[R;+(T)].

t=1

For a fixed t we have

d%a dZa d?*a d?a d2a d2a
—w ’L w Z w ’L w Z

First we consider the terms i > 7*. Assume WLOG that d3* < T'/4, as otherwise the

—(d,w; — u) =

learning guarantees are trivial. For these terms we have

w1 w mzd‘la d2e o [ s a2 VT
t my \/_ T \/T - t 7711 “2\/— tdiont;

Since 7,; = O(1/d$") we have that the above is further bounded by O(v/T /t).

2a _d2a

Next we consider the terms for ¢ < ¢* given by wtvidi*Ti. Here we use our assump-
tion that the regret E {Zle Ce(ag, j,) — &(a*)] > E [wy;A;], where A; = E[(5;, ¢i(x, a))]—
minge4 E[(8*, ¢i«(z,a))]. Using the self-bounding trick we can cancel out the terms

an _d2a 2

_ ]2«
Wy = ﬁi as soon as 4\; > thﬂ»%, which holds by the gap assumption in the

theorem. All other terms in the regret bound are bounded by O(d%+/T). Thus we

have shown that the regret of the corralling algorithm is bounded as
th ai,j,) )] < O (E[Ry(T)] + KVT).
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3.11 Empirical results

In this section, we further examine the empirical properties of our algorithms via
experiments on synthetically generated datasets. We compare Algorithm 9 and
Algorithm 10 to the Corral algorithm (Agarwal et al., 2016)[Algorithm 1], which is
also used in (Pacchiano et al., 2020b). We note that Pacchiano et al. (2020b) also
use Exp3.P as a corralling algorithm. Recent work (Lee et al., 2020a) suggests that
Corral exhibits similar high probability regret guarantees as Exp3.P and that Corral
would completely outperform Exp3.P. One of the corralling algorithms in (Pacchiano
et al., 2020b) is precisely the Corral algorithm. The second algorithm considered in
(Pacchiano et al., 2020b) is the Exp3.P (Auer et al., 2002b) algorithm. We do not
compare against Exp3.P as we already expect that the performance will be worse than
the Corral algorithm. Our intuition is guided by the fact that the Corral algorithm
already comes equipped with high-probability regret guarantees, which match the once

provided by Exp3.P, without the need for additional exploration (Lee et al., 2020a).

Experimental setup. The algorithms that we corral are UCB-I, Thompson
sampling (TS), and FTRL with $-Tsallis entropy reguralizer (Tsallis-INF). We chose
these algorithms as they all come with regret guarantees for the stochastic multi-
armed problem and they broadly represent three different classes of algorithms, i.e,
algorithms based on the optimism in the face of uncertainty principle, algorithms
based on posterior sampling, and algorithms based on online mirror descent. When
implementing Algorithm 10 and Corral, we make an important deviation from what
theory prescribes: we mewver restart the corralled algorithms and run them with
their default parameters. Even though, there are no theoretical guarantees for this
modification of the corralling algorithms, we will see that the regret bounds remain
meaningful in practice. In all of the experiments we corral two instances of UCB-

I, TS, and FTRL for a total of six algorithms. The best algorithm plays over 10
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arms. Every other algorithm plays over 5 arms. Intuitively, the higher the number
of arms implies higher complexity of the best algorithm which would lead to higher
regret and a harder corralling problem. The rewards for each algorithm are Bernoulli
random variables setup according to the following parameters: BASE__REWARD,
IN__GAP, OUT__GAP, and LOW__ REWARD. The best overall arm has expected reward
BASE_ REWARD+IN__GAP+OUT__GAP. Every other arm of Algorithm 1 has expected
reward equal to LOW__REWARD. For all other algorithms the best arm has reward
BASE REWARD -+ IN_ GAP and other arms have reward BASE REWARD. In all of
the experiments we set BASE_ REWARD = 0.5,IN__ GAP = 0.01, LOW__REWARD = 0.2.
While a small IN__GAP implies a large regret for the algorithms containing sub-optimal
arms, it also reduces the likelihood that said algorithms would have small average
reward. Combined with setting LOW__REWARD = 0.2, this will make the average
reward of A; look small in the initial number of rounds, compared to the average
reward of A;,7 > 1 and hence makes the corralling problem harder. We run two set
of experiments, an easy set for which ouT__GAP = 0.19, which translates to gaps
A; = 0.2 in our regret bounds, and a hard set for which ouT__GAP = 0.01 which

implies A; = 0.02. Finally time horizon is set to T = 10°.

Large gap experiments. Figure 3-1 reports the regret (top) and number of
plays of each algorithm found in our experiments when A; = 0.2. The plots represent
the average regret, in blue, and the average number of pulls of each algorithm (color
according to the legend) over 75 runs of each experiment. The standard deviation is
represented by the shaded blue region. The algorithm that contains the optimal arm
is A; and is an instance of UCB-I. The red dotted line in the top plots is given by
4VKT + E[R;(T))], and the green dotted line is given by 43, hi log ) + E[Ry(T)].
These lines serve as a reference across experiments and we believe they are more
accurate upper bounds for the regret of the proposed and existing algorithms. As

expected, we see that, in the large gap regime, the Corral algorithm exhibits Q(\/T )
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regret, while the regret of Algorithm 10 remains bounded in O(log (7')). Algorithm 9
admits two regret phases. In the initial phase, its regret is linear, while in the second
phase it is logarithmic. This is typical of UCB strategies in the stochastic MAB

problem (Garivier et al., 2018).
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Figure 3-1: UCB-I contains best arm,A; = 0.2, ALG;, = UCB-I,ALG34 =
TsALLIS-INF, ALGs. = TS.

Small gap experiments Figure 3-2 reports the results of our experiments for
A; = 0.02. The setting of the experiments is the same as in the large gap case. We
observe that both Corral and Algorithm 10 behave according to the O(v/T') bounds.
This is expected since, when A; = 0.02, the optimistic bound dominates the v/T-bound.
The result for Algorithm 9 might be somewhat surprising, as its regret exceeds both

the green and red lines. We emphasize that this experiment does not contradict
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Theorem 3.6.2. Indeed, if we were to plot the green and red lines according to the

bounds of Theorem 3.6.2, the regret would remain below both lines.
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Figure 3-2: UCB-I contains best arm,A; = 0.02, ALG;», = UCB-I,ALG34 =
TsALLIS-INF, ALGs. = TS.

Our experiments suggest that Algorithm 10 is the best corralling algorithm. A
tighter analysis would potentially yield optimistic regret bounds in the order of
@) (Z#i* %gi(’f) -|—IE[R,(T)]) Furthermore, we expect that the bounds of Theo-
rem 3.6.2 are tight. In Section 3.11.1 and Section 3.11.2 we show experiments from
the same setup as just described, however, the algorithm containing the best arm is

1/2-Tsallis-INF and Thompson Sampling respectively.
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3.11.1 Tsallis-INF contains best arm

Experiments can be found in Figure 3-3 for A; = 0.2 and in Figure 3-4 for A; = 0.02.
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Figure 3-3: Tsallis-INF
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Figure 3-4: Tsallis-INF  contains best arm,A; =  0.02,ALG;, =
TsALLIS-INF, ALG34 = UCB-I, ALGs.¢ = TS.
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3.11.2 Thompson sampling contains best arm
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Experiments can be found in Figure 3-5 for A; = 0.2 and in Figure 3-6 for A; = 0.02.

10
—— Algorithm1
800000 Aigorithm2 0.8
— Algorithm3 —— Algorithm1
600000 | — Algorithm4 Algorithm2
—— Algorithms 0.6 . Algorithm3
a00000 | Aenme 0.4 —— Algorithm4
- —— Algorithms
—— Algorithm6
200000 02
0 0.0
0 200000 400000 600000 800000 1000000 0 200000 400000 600000 800000 1000000
rral number of pull S I
(b) Corral number of pulls ¢) Corral distribution
1000000
—— Algorithm1 10
Algorithm?2
8000009
Algorithm3 0.8
— Algorithma — Algorithm1
600000 | — Aigonthms Algorithm?2
wooon| oo — Algorithm3
04 T i
200000 P
0.2 o
0
0 200000 400000 600000 800000 1000000 0.0

T T T v v T
0 200000 400000 600000 800000 1000000

(e) Algorithm 10 number of

pulls (f) Algorithm 10 distribution

—— Algorithm1 10

600000 Algorithm? - — Algorithm1

—— Algorithm3 0.8 Algorithm2

400000 { — Algorithms - Algonthms3

—— Algonithms 0.6 —— Algonthm4

200000 | — Aseritms —— Algrithms

0.4 —— Algorithmé
0 0.2
—200000 0.0
0 200000 400000 500000 800000 1000000 _g 2

0 200000 400000 600000 800000 1000000

(h) Algorithm 9 number of
pulls (i) Algorithm 9 distribution

Thompson sampling (TS) contains best arm,A; = 0.2, ALG, =
TS, ALG3.4 = UCB-I, ALG;4 = TSALLIS-INF.
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Figure 3-6: TS contains best arm,A; = 0.02,ALG;, = TS, ALG3y =
UCB-I, ALGs.6 = TsALLIS-INF.
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Chapter 4

Policy regret in repeated games

We first show that there are online learning settings in which policy regret and external
regret are incompatible: any sequence of play that achieves a favorable regret with
respect to one definition must do poorly with respect to the other. We then focus
on the game-theoretic setting where the adversary is a self-interested agent. In that
setting, we show that external regret and policy regret are not in conflict and, in
fact, that a wide class of algorithms can ensure a favorable regret with respect to
both definitions, so long as the adversary is also using such an algorithm. We also
show that the sequence of play of no-policy regret algorithms converges to a policy
equilibrium, a new notion of equilibrium that we introduce. Relating this back to
external regret, we show that coarse correlated equilibria, which no-external regret
players converge to, are a strict subset of policy equilibria. Thus, in game-theoretic
settings, every sequence of play with no external regret also admits no policy regret,
but the converse does not hold. The main contributions of this chapter are based
on Arora et al. (2018). This work was done in collaboration with Dr. Raman Arora,

Dr. Michael Dinitz, and Dr. Mehryar Mohri.
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4.1 Incompatibility of policy regret and external
regret

Arora et al. (2012a) show that there exists an adaptive adversary against which any
online learning algorithm admits linear policy regret, even when the external regret
may be sublinear, we ask if no policy regret implies no external regret. One could
expect this to be the case since policy regret seems to be a stronger notion than
external regret. However, we show that this in fact is not the case and that the two
notions of regret are incompatible: there exist adversaries (or sequence of utilities) on
which action sequences with sublinear external regret admit linear policy regret and

action sequences with sublinear policy regret incur linear external regret.

Theorem 4.1.1. There exists a sequence of m-memory bounded utility functions
(ug)y, where u; : A — R, such that for any constant m > 2 (independent of T'), any
action sequence with sublinear policy regret will have linear external regret and any

action sequence with sublinear external regret will have linear policy regret.

Proof sketch. The proof of the above theorem constructs a sequence for which no
reasonable play can attain sublinear external regret. In particular, the only way the
learner can have sublinear external regret is if they choose to have very small utility.
To achieve this, the utility functions chosen by the adversary are the following. At
time ¢, if the player chose to play the same action as their past 2 actions then they
get utility % If the player’s past two actions were equal but their current action is
different, then they get utility 1, and if their past two actions differ then no matter
what their current action is they receive utility 0. It is easy to see that the maximum
utility play for this sequence (and the lowest 2-memory bounded policy regret strategy)
is choosing the same action at every round. However, such an action sequence admits
linear external regret. Moreover, every sublinear external regret strategy must then

admit sublinear utility and thus linear policy regret. O]
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4.2 Policy regret in strategic environments

The incompatibility result rests on the fact that the player is facing a completely
malicious adversary. In many realistic environments we can instead think of the
adversary as a self-interested agent trying to maximize their own utility, rather than
trying to maximize the regret of the player. This more strategic environment is better
captured by the game theory setting, in particular a 2-player game where both players
are trying to maximize their utility. Even though we have argued that external regret
is not a good measure, our next result shows that minimizing policy regret in games
can be done if both players choose their strategies according to certain no external
regret algorithms. More generally, we adapt a classical notion of stability from the
statistical machine learning setting and argue that if the players use no external regret
algorithms that are stable, then the players will have no policy regret in expectation.

To state the result formally we first need to introduce some notation.

Definition 4.2.1 (Game definition). We consider a 2-player game G, with players
1 and 2. The action set of player ¢ is denoted by A;, which we think of as being
embedded into Rl in the obvious way where each action corresponds to a standard
basis vector. The corresponding probability simplex is AA;. The action of player 1 at
time ¢ is a; and of player 2 is b;. The observed utility for player i at time ¢ is w;(ay, b;)
and this is a bi-linear form with corresponding matrix P;. We assume that the utilities

are bounded in [0, 1].

Algorithm of the player. When discussing algorithms, we take the view of
player 1. Specifically, at time ¢, player 1 plays according to an algorithm which can
be described as Alg; : (A; x As)' — AA;. We distinguish between two settings:
full information, in which the player observes the full utility function at time ¢ (i.e.,
uy1(+, b)), and the bandit setting, in which the player only observes u;(as, b;). In the

full information setting, algorithms like multiplicative weight updates (MWU Arora
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et al. (2012b)) depend only on the past ¢ — 1 utility functions (u; (-, b))i_}, and thus
we can think of Alg; as a function f; : AL — AA;. In the bandit setting, though, the
output at time ¢ of the algorithm depends both on the previous ¢ — 1 actions (a)i_}

and on the utility functions (i.e., the actions picked by the other player).

But even in the bandit setting, we would like to think of the player’s algorithm
as a function f; : AL, — AA;. We cannot quite do this, however we can think of
the player’s algorithm as a distribution over such functions. So how do we remove
the dependence on A7 Intuitively, if we fix the sequence of actions played by player
2, we want to take the expectation of Alg; over possible choices of the t actions
played by player 1. In order to do this more formally, consider the distribution p over
ALt x ALY generated by simulating the play of the players for ¢ rounds. Then let i,
be the distribution obtained by conditioning p on the actions of player 2 being bg..
Now we let f;(bo.;—1) be the distribution obtained by sampling ag;_1 from gy, , and
using Alg(ao.;—1,bo¢—1). When taking expectations over f;, the expectation is taken
with respect to the above distribution. We also refer to the output p;, = fi(bo.t—1)
as the strategy of the player at time ¢t. Now that we can refer to algorithms simply
as functions (or distributions over functions), we introduce the notion of a stable

algorithm.

Definition 4.2.2. Let f; : AL — AA; be a sample from Alg; (as described above),
mapping the past ¢t actions in A, to a distribution over the action set A;. Let the
distribution returned at time ¢ be p; = fi(by,...,b). We call this algorithm on
average (m, S(T)) stable with respect to the norm ||-||, if for any b,_ . .,,..., b, € Ay
such that P} = f;(b1, ..+, by—m, Uity - - -, ) € AAy, it holds that E[Y7, [|[pf —pr]] <
S(T), where the expectation is taken with respect to the randomization in the

algorithm.

Even though this definition of stability is given with respect to the game setting, it

is not hard to see that it can be extended to the general online learning setting, and in
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fact this definition is similar in spirit to the one given in Saha et al. (2012). It turns
out that most natural no external regret algorithms are stable. In particular we show,
in the supplementary, that both Exp3 (Auer et al., 2002b) and MWU are on average
(m, m\/T) stable with respect to ¢; norm for any m < o(/T). It is now possible
to show that if each of the players are facing stable no external regret algorithms,
they will also have bounded policy regret (so the incompatibility from Theorem 4.1.1

cannot occur in this case).

Theorem 4.2.1. Let (a;)L_, and (b)), be the action sequences of player 1 and 2 and
suppose that they are coming from no external regret algorithms modeled by functions
fi and gy, with regrets Ry(T) and Ry(T') respectively. Assume that the algorithms are

on average (m, S(T')) stable with respect to the ly norm. Then

< |[P1[|S(T) + Ru(T)

E [Z; ui(a, g(ags—m, @, ..., a)) —uy(as, g(aops—1))

E [;m(ft(bo:t_m,b,...,b>,b> —s(fibos ), b >] < IPolIS(T) + Ro(T),

The above holds for any fived actions b € Ay and a € Ay. Here the matriz norm || - ||

is the spectral norm. !

Proof.

T
E lUQ(ft(bOJ"' 7bt—m+17b7' Z ft bOJ 7bt—27bt—1)7bt)‘|

=1
T
=E [u2(ft(b07"' 7btfm+17b7" Z ft bO) 7bt27bt1)7b)]

T
+E lUQ(ft<b07 N Z (fi(bo, - ,bt—zabt—l),bt)]

T
S Z ||bTP2||2||ft(b07' ot Jbt—m+17b7” : Jb) - ft(bOJ e 7bt—27bt—1>||2 +R2(T)

< [ IPLl|S(T) + RaT) = [Po]|S(T) + Ra(T)

"'We would like to thank Mengxiao Zhang (USC) for suggesting how to improve on the above
theorem and discovering a small error in one of our proofs, which has been corrected.
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where the first inequality holds by Cauchy-Schwartz, the second inequality holds by
using the m-stability of the algorithm, together with the inequality between [; and Iy

norms. L]

In Theorem 4.2.1 the quantity E {Zthl ur(a, ge(aog—m, @, - .., a)) — uq(ay, gt(agzt_l))}
is precisely the m-memory bounded policy regret with respect to the fixed action
a € A;. To see this, consider the m-memory bounded reward function r,(-) :=
u1(+, g¢(aot—m, ) = A — [0, 1].

The next result shows that both Exp3 and MWU are on average (m, m+/T) stable

algorithms.

Theorem 4.2.2. MWU is an on average (m,m\/T) stable algorithm with respect to
(4, for any m < o(N'T). Further, Exp3 is an on average (m,m\/T) stable algorithm

with respect to {1, for any m < o(v/T).

Proof sketch. The proof idea is to show that consecutive iterates p;, p;41 of Exp3 and
MWU do not differ by more than % in /; norm. This allows us to reason about
the drift in iterates induced by two different loss sequences which differed at time

t—m. O

Combining the above results together, we can show that both players will also

have no-policy regret for any m < o(v/T).

Corollary 4.2.3. Let (a;)L; and (b)), be the action sequences of players 1 and 2
respectively and suppose that the sequences are coming from MWU or Exp3. Then for

any fixed m, it holds:
T
E u2(ft(b0:t—m+17 b) e 7b)7 b) - ZUQ(ft(bO:t—l)7 bt) S O(HPQHmﬁ))
t=1

for any fized action b € As, where f; are the functions corresponding to the MWU

algorithm used by player 1.
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Proof. From Theorem 4.2.2 it follows that MWU and Exp3 are on average (m, m\/T)
stable and have regret at most O(v/T). O

4.3 Detailed proofs for Section 4.1 and Section 4.2

Proof of Theorem 4.1.1. Define the following reward functions

1 Gomsi = @iy = Lorie {1,..m—2} Nay_1 # o
Te( @ity -y Q) = % A —mri = Qgmriv1 = 1 fori e {1,..,m—1}
0 otherwise

Let (a;)L_; be a sequence with sublinear policy regret. Then this sequence has
total reward at least £ — o(T') and so there are at most o(T") actions in the sequence
which are not equal to 1. Let the subsequence consisting of all a; = 0 be indexed
by Z. Define T = {t,t +1,---,t+m —1:t € T} and consider the subsequence of
functions (r;),4z. This is precisely the sequence of functions which have reward 1 with
respect to the sequence of play (a;)7_,. Notice that the length of this sequence is at
least T'— mo(T) = T — o(T'). The reward of this sequence is 3,57 7(ar—ms1, -, ar) =
Sigrri(l, ., 1) = T=oD) Yowever, this subsequence has linear external regret, since

2

Stz Tt(@omit, s at-1,0) = Y0z 7e(1,..,1,0) = T — o(T). Thus the external regret of

(@)= is
T
Z[Tt(at—m-i-la 0 0) - Tt(a't—m—i-la 0 at)] = Z[Tt(a’t—m-l—la 0 0) - Tt(a't—m—i-la 0 at)]
t=1 t¢L
+ Z[Tt(atfm+l> ) 0) - Tt<atfm+1> ) at)]
teZ
T —o(T
> 2() + Z[Tt(at—m—l-l; -0 0) - Tt(at—m—i-la X3 at)]
teZ
T
Z 5 - O(T)7

where the last inequality follows from the fact that the cardinality of Z is at most
o(T) and thus Y ,c7[ri(@—m+1, -, 0) — re(@—mi1, -, ar)] = —o(T).
Assume that (a;)]_, has sublinear external regret. From the above argument, it

follows that the reward of the sequence is at most o(7") (otherwise if the sequence has
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reward w(7T"), we can repeat the previous argument and get a contradiction with the
fact the sequence has no-external regret). This implies that the the policy regret of

the sequence is >3/_[re(1,1,- -+, 1) = re(@—mei1, ., )] = T — o(T). O

Proof of Theorem 4.2.2. We first show the result for MWU. We think of MWU as
Exponentiated Gradient (EG) where the loss vector has i-th entry equal to the negative
utility if the player decided to play action i. Let the observed loss vector at time j
be ZAJ and the output distribution be p;, then the update of EG can be written as
pj+1 = arg minpec<lAj,p> + %D(p,pj), where C' is the simplex of the set of possible
actions and D is the KL-divergence. Using Lemma 3 in Saha et al. (2012), with
f(p) = (ZAJ, p) + %D(p, p;) and the fact that the KL-divergence is 1-strongly convex

over the simplex C with respect to the ¢; norm, we have:

~

1 1
%Hpj —pinll} < f(pj) = F(pi1) = (pj — P41, ;) — 5D<pj+17pj)

< lps = pivallalilslloe < Mlps = pjsally,

where the second inequality follows from Holder’s inequality and the fact that
D(pj11,p;) > 0. Thus with step size n ~ %, we have ||p; — pjti1l1 < ﬁ Us-
ing triangle inequality, we can get ||[pj—1 — pj+1lli < [pj—1 —pjlli +lpj —piilh < 557
and induction shows that ||p;_m+1 — pjt1l1 < %1. Suppose for the last m iterations,
a fixed loss function [, was played instead and the resulting output of the algorithm be-
comes P, 1. Then using the same argument as above we have ||p; i1 —P; i1l < OV
and thus [pj+1 = P41 < . Summing over all 7" rounds concludes the proof.

Now we show the result holds in expectation for Exp3. The update at time ¢,

k 3
e: - and for

i Y i J
Wy exp(kp%- ut) +Zj7£7,‘ Wy

conditioning on the the draw being 4, is given by pj,, =

J
wy

: : - where u; is the utility vector at time ¢, w; is the
w} exp(ﬁpiu%) +Zj;£i wl

weight vector at time ¢ i.e. wj,; = wjexp (klp;%) ,wi,; = w{, and k is the number of

.]#17 p{—f—l =
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actions. We have the following bound:

wtop () g | _[wilew () - 1
wtesp () + Sywd ol < Dl

i i io Vi Y
= p; (eXp (k U ) 1) Sthkfpéut < 2%’

where the first inequality uses the fact that p},, > p! and the second inequality uses

i1 — P =

the choice of v together with exp (z) < 2z + 1 for x € [0, 1]. Similarly for j # i, we

have:
J J J
j W wy wy wy 1
i —pil = ; ~ I 7| = j 1—7Wi
wiexp (ghuf) + Sywi - Sywp| | X0 exp (1)

i i j
o wt>> vl pl
=p; |1 —exp (— ) <P <57
! ( k’pt tk kpt

where we have used p! 41 < p} and exp (—z) > 1 — z for all z. We can now proceed to
bound E;, [||pi+1 — pel|1li1.4-1], where 4; is the random variable denoting the draw at
time ¢:
Ei, [Ipes1 — pellaline—1] = ZPiHPtH —pilli = ZP; (’piﬂ —pﬂ + Z |p{+1 —pﬂ)
i ' j#i

. Dl
< 27+Zptktﬂ—3v

Setting v ~ % finishes the proof. O]
4.4 Policy equilibrium

Recall that unlike external regret, policy regret captures how other players in a game
might react if a player decides to deviate from their strategy. The story is similar when
considering different notions of equilibria. In particular Nash equlibria, Correlated
equilibria and CCEs can be interpreted in the following way: if player ¢ deviates
from the equilibrium play, their utility will not increase no matter how they decide

to switch, provided that all other players continue to play according to the
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equilibrium. This sentiment is a reflection of what no external and no swap regret
algorithms guarantee. Equipped with the knowledge that no policy regret sequences
are obtainable in the game setting under reasonable play from all parties, it is natural
to reason how other players would react if player ¢ deviated and what would be the

cost of deviation when taking into account possible reactions.

Let us again consider the 2-player game setup through the view of player 1. The
player believes their opponent might be m-memory bounded and decides to proceed
by playing according to a no policy regret algorithm. After many rounds of the game,
player 1 has computed an empirical distribution of play ¢ over A := A; x Ay. The
player is familiar with the guarantees of the algorithm and knows that, if instead, they
changed to playing any fixed action a € Aj;, then the resulting empirical distribution
of play a,, where player 2 has responded accordingly in a memory-bounded way, is
such that E, 5 [ui(a,0)] > E, 4.5, [u1(a,b)] — €. This thought experiment suggests
that if no policy regret play converges to an equilibrium, then the equilibrium is not
only described by the deviations of player 1, but also through the change in player 2’s
behavior, which is encoded in the distribution &,. Thus, any equilibrium induced by no
policy regret play, can be described by tuples of distributions {(o, 4, 03) : (a,b) € A},
where o, is the distribution corresponding to player 1’s deviation to the fixed action
a € A; and o, captures player 2’s deviation to the fixed action b € Ay. Clearly o,

and o, are not arbitrary but we still need a formal way to describe how they arise.

For convenience, lets restrict the memory of player 2 to be 1. Thus, what player 1
believes is that at each round t of the game, they play an action a; and player 2 plays
a function f; : A1 — Ay, mapping a;_1 to by = fi(a;—1). Finally, the observed utility
is uy (ay, fi(a;—1)). The empirical distribution of play, &, from the perspective of player
1, is formed from the observed play (ay, fi(a;—1))L_,. Moreover, the distribution, &,,
that would have occurred if player 1 chose to play action a on every round is formed

from the play (a, fi(a))L_,. In the view of the world of player 1, the actions taken

149



by player 2 are actually functions rather than actions in A,. This suggests that the
equilibrium induced by a no-policy regret play, is a distribution over the functional

space defined below.

Definition 4.4.1. Let Fy := {f : A3" — A} and F, := {g : AT — Ay} denote the
functional spaces of play of players 1 and 2, respectively. Denote the product
space by F := F; X Fo.

Note that when m; = my = 0, F is in a one-to-one correspondence with A,
i.e. when players believe their opponents are oblivious, we recover the action set
studied in standard equilibria. For simplicity, for the remainder of the paper we
assume that m; = my = 1. However, all of the definitions and results that follow can
be extended to the fully general setting of arbitrary m; and ms; see the supplementary

for details.

Let us now investigate how a distribution 7 over F can give rise to a tuple of
distributions (&, 7,, 7).

We begin by defining the utility of 7 such that it equals the utility of a distribution
o over A i.e., we want E(sgr [u1(f,9)] = Eap~o [u1(a,b)]. Since utilities are not
defined for functions, we need an interpretation of Es gy~ [u1(f, g)] which makes sense.

We notice that 7 induces a Markov chain with state space A in the following way.

Definition 4.4.2. Let 7 be any distribution over . Then 7 induces a Markov pro-
cess with transition probabilities IP [(az, b2)|(a1, b1)] = 3 (1.0)e7 x Far f(b1)=as,g(ar)=bs T(f5 )
We associate with this Markov process the transition matrix M € RMI*MI with

Mz, 2y = Plzo|z1] where z; = (a;, b;).

Since every Markov chain with a finite state space has a stationary distribution, we
think of utility of 7 as the utility of a particular stationary distribution o of M. How
we choose o among all stationary distributions is going to become clear later, but for

now we can think about ¢ as the distribution which maximizes the utilities of both
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players. Next, we need to construct o, and o, which capture the deviation in play,
when player 1 switches to action a and player 2 switches to action b. The no-policy
regret guarantee can be interpreted as Esgor [u1(f, 9)] > E(f.g)~n [w1(a, g(a))] ie.,
if player 1 chose to switch to a fixed action (or equivalently, the constant function
which maps everything to the action a € A;), then their utility should not increase.
Switching to a fixed action a, changes 7 to a new distribution 7, over F. This turns

out to be a product distribution which also induces a Markov chain.

Definition 4.4.3. Let m be any distribution over F. Let §, be the distribution
over F; putting all mass on the constant function mapping all actions b € A, to
the fixed action a € A;. Let mx, be the marginal of m over F,. The distribution
resulting from player 1 switching to playing a fixed action a € A, is
denoted as 7, = d, X mx,. This distribution induces a Markov chain with transition
probabilities P [(a, b2)|(a1,b1)] = X(4.9):g(a1)=b» T(f; 9) and the transition matriz of
this Markov process is denoted by M,. The distribution 7, and matrix M, are

defined similarly for player 2.

Since the no policy regret algorithms we work with do not directly induce distribu-
tions over the functional space F but rather only distributions over the action space
A, we would like to state all of our utility inequalities in terms of distributions over
A. Thus, we would like to check if there is a stationary distribution o, of M, such
that Efg)wr [u1(a, g(a))] = E(ap)~o, [u1(a,b)]. This is indeed the case as verified by

the following theorem.

Theorem 4.4.1. Let w be a distribution over the product of function spaces Fy X F.
There exists a stationary distribution o, of the Markov chain M, for any fixed a € A,
such that E pyo, [u1(a,b)] = Esg9~r [u1(a, g(a))]. Similarly, for every fized action

b € Ay, there exists a stationary distribution o, of My such that E, p)~s, [ug(a, b)] =

E( g)~r [ua(f(0),)].
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Proof. The proof is constructive and we include it below.

Note that, by definition (M,) @h.@p = 0ifa # a and ManGh = 2fg0) 7(f,9)
if @ = a. Consider the distribution & over A, where 7;; = 01if @ # a and 7,3 =

Xt oo@=s ([, 9) if @ = a. We now show that & is a stationary distribution of M,:

(M) = 2 760 003505 = Mo

= >, w(f9) ( > 7T(f,g))

f,9:9(a)=b

=(z )zz (5.

f.9:9(a)=b b fg:9(a)=b
= Z 7T(fa g) = 5-((1,7))'
f.9:9(a)=b

Finally, notice that:

E(fgyor [u1(a,g(a))] = > ui(a,b)P[g(a) =b] = > wla,b) > =(f.9).

be A be Az f,g:9(a)=b
]

With all of this notation we are ready to formally describe what no-policy regret

play promises in the game setting in terms of an equilibrium.

Definition 4.4.4. A distribution 7 over F; x Fy is a policy equilibrium if for
all fixed actions a € A; and b € Ay, which generate Markov chains M, and M,
respectively, with stationary distributions o, and o}, from Theorem 4.4.1, there exists

a stationary distribution o of the Markov chain M induced by 7 such that:

IE:(a,b)NU [ul (a, b)] > E(a,b)~oa [ul (CI,, b)]
(4.1)
E(ap)~o [U2(a, b)] > E(qp)me, [u2(a,b)] .
In other words, 7 is a policy equilibrium if there exists a stationary distribution o
of the Markov chain corresponding to 7, such that, when actions are drawn according

to o, no player has incentive to change their action. We present a simple example of a

policy equilibrium see Section 4.4.4.
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4.4.1 Convergence to the set of policy equilibria

We have tried to formally capture the notion of equilibria in which player 1’s deviation
would lead to a reaction from player 2 and vice versa in Definition 4.4.4. This definition
is inspired by the counter-factual guarantees of no policy regret play and we would like
to check that if players’ strategies yield sublinear policy regret then the play converges
to a policy equilibrium. Since the definition of sublinear policy regret does not include
a distribution over functional spaces but only works with empirical distributions of
play, we would like to present our result in terms of distributions over the action space
A. Thus we begin by defining the set of all product distributions o x o, x 7}, induced
by policy equilibria 7 as described in the previous subsection. Here o, and o}, represent
the deviation in strategy if player 1 changed to playing the fixed action a € A; and
player 2 changed to playing the fixed action b € Ay respectively as constructed in
Theorem 4.4.1.

Definition 4.4.5. For a policy equilibrium m, let S, be the set of all stationary
distributions which satisfy the equilibrium inequalities (4.1), S; := {0 X 0, X 0y :

(a,b) € A} . Define S = U,err Sx, where II is the set of all policy equilibria.

Our main result states that the sequence of empirical product distributions formed
after T" rounds of the game ¢ x 7, X 7, is going to converge to S. Here 6, and g,
denote the distributions of deviation in play, when player 1 switches to the fixed action
a € A; and player 2 switches to the fixed action b € A, respectively. We now define

these distributions formally.

Definition 4.4.6. Suppose player 1 is playing an algorithm with output at time ¢
given by f; : A — AA; i.e. p; = fi(bo4—1). Similarly, suppose player 2 is playing an
algorithm with output at time ¢ given by p? = g;(ag;_1). The empirical distribution
at time T is 0 := %ZtT:l pi, where p; = p} x p? is the product distribution over A

at time ¢. Further let (p?); = ¢¢(ao:t—m,a,...,a) denote the distribution at time ¢,
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provided that player 1 switched their strategy to the constant action a € A;. Let d,
denote the distribution over A; which puts all the probability mass on action a. Let
(Pa)t = 04 X (p?): be the product distribution over A, corresponding to the change of
play at time ¢. Denote by o, = %Zle(pa)t the empirical distribution corresponding

to the change of play. The distribution &, is defined similarly.

Suppose that f; and g; are no-policy regret algorithms, then our main result states

that the sequence (G X G, X )1 converges to the set S.

Theorem 4.4.2. If the algorithms played by player 1 in the form of f; and player 2
in the form of g, give sub-linear policy regret sequences, then the sequence of product

distributions (G X 0, X 0p)F., converges weakly to the set S.

In particular if both players are playing MWU or Exp3, we know that they
will have sublinear policy regret. Not surprisingly, we can show something slightly
stronger as well. Let &, 6, and 6, denote the empirical distributions of observed play
corresponding to &, , and 7y, i.e. 6 = %5,5, where §; denotes the Dirac distribution,
putting all weight on the played actions at time ¢. Then these empirical distributions

also converge to S almost surely.

Corollary 4.4.3. The sequence of product distributions (6 X &, X &p)3_, converges

weakly to the set S almost surely.

We would like to emphasize that the convergence guarantee of Theorem 4.4.2 does
not rely on there being a unique stationary distribution of the empirical Markov chains
ﬁ, M\a and Mb or their respective limits M, M,, M. Indeed, Theorem 4.4.2 shows
that any limit point of {(7,d,,0p)r}72, satisfies the conditions of Definition 4.4.4.
The proof does not require that any of the respective Markov chains have a unique
stationary distribution, but rather requires only that ¢ has sublinear policy regret.

We would also like to remark that {(7,d,, 7,)r}7%; need not have a unique limit and
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our convergence result only guarantees that the sequence is going to the set .S. This
is standard when showing that any type of no regret play converges to an equilibrium,

see for example Stoltz and Lugosi (2007).

4.4.2 Proof sketch for Theorem 4.4.2

The proof of Theorem 4.4.2 has three main steps. The first step defines the natural
empirical Markov chains M, Ma and Mb from the empirical play (p;)!_; and shows that
the empirical distributions &, 7, and &, are stationary distributions of the respective
Markov chains. The next step is to show that the empirical Markov chains converge
to Markov chains M, M, and M, induced by some distribution © over F. The final

step is to show that 7 is a policy equilibrium.

We begin with the definition of the empirical Markov chains.

— — 1T 23)pe (@
Definition 4.4.7. Let the empirical Markov chain be M, with M; ; = £ Xlzt—zlft( ’)(p g 1)
T 2up=1 Pt\Ti

if % ST pi(z;) # 0 and 0 otherwise, where p; is defined in 4.4.6. For any fixed a € A,
let the empirical Markov chain corresponding to the deviation in play of player 1 be

r r isT z;)(Pa)t(x5) . .
M,, with (M,);; = £ Z;—é@?)}; Z)),(fz-))t( 2 if + 3 1—1(pa)i(x;) # 0 and 0 otherwise, where
T Lat=1Fa/ti

(pa)s is defined in 4.4.6. The Markov chain M, is defined similarly for any b € As,.

The intuition behind constructing these Markov chains is as follows — if we were
only provided with the observed empirical play (), = (a¢, b;)L_, and someone told
us that the x;’s were coming from a Markov chain, we could try to build an estimator of

the Markov chain by approximating each of the transition probabilities. In particular

ST i1(2i)8e(xj)
%Zthl S¢(xs) ’
where §;(x;) = 1 if x; occurred at time ¢ and 0 otherwise. When the players are

the estimator of transition from state i to state j is given by 1\71” =

playing according to a no-regret algorithm i.e. at time ¢, x; is sampled from p,, it is
possible to show that M; ; concentrates to M” (see section 4.5.1). Not only does M
arise naturally, but it turns out that the empirical distribution ¢ defined in 4.4.6 is

also a stationary distribution of M.
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Lemma 4.4.4. The distribution of play 6 = %Zthl e 1S a stationary distribution of
M. Similarly the distributions &,06,, 74,0, and &, are stationary distributions of the

Markov chains M,/Mm M., /Mb and M, respectively.

Proof. We show the result for ¢ and M. The rest of the results can then be derived in

the same way.

\A\ T , \«4\ T

where the first equality holds because the i-th entry of the vector & is exactly

—~ 1 \T 2:)pe (25
1> pe(x;) and the (i, )-th entry of M by definition is = thlTpt( ’)(ptg 1) and the
T z 1 Pl

last equality holds because p; is a distribution over actions so ZZ V() = 1. O

Suppose that both players are playing MWU for T' rounds. Then Lemma 4.4.4
together with Theorems 4.2.1 and the stability of MWU imply that E, ;) 5 [ui(a,b)] >
E i)~z [u1(a,b)] — O(m/ VT). A similar inequality holds for player 2 and &,. As
T — o0, the inequality above becomes similar to (4.1). This will play a crucial role in
the proof of our convergence result, which shows that 7,5, and &, converge to the set
of policy equilibria. We would also like to guarantee that the empirical distributions
of observed play 7,6, and 3 also converge to this set. To show this second result, we

are going to proof that & approaches ¢ almost surely as T" goes to infinity.

Lemma 4.4.5. Let ¢ = %Zlept be the empirical distribution after T rounds of
the game and let 6 = %Zthl 0; be the empirical distribution of observed play. Then
limsup,_, ||6 — 7|1 = 0 almost surely. Similarly, for the distributions corresponding
to deviation in play we have lim supy_, . ||6, — 4|1 = 0 and limsup;_, . ||6y —Gpl|1 = 0

almost surely.

Our next step is to show that the empirical Markov chains M converge to a Markov
chain M induced by some distribution 7 over the functional space F. We do so by

constructing a sequence of empirical distributions 7 over F, based on the players’
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strategies, which induce M. We can then consider every convergent subsequence

—

of (7)%—, with limit point 7 and argue that the corresponding sequence (M)3_; of

Markov chains converges to the Markov chain induced by 7.

Definition 4.4.8. Let 7 be the distribution over F, such that the probability to

> pe(@i)pe(yi)
Doy pel(zi)

where z; = (a;,b;) and y; = (f(b;), g(a;)). Similarly, let 7, and 7, be the distributions

sample any fixed f : Ay — A; and g : A — Ay is 7(f,9) = [Ticia

over F constructed as above but by using the empirical distribution of deviated play

induced by player 1 deviating to action a € A; and player 2 deviating to action b € A,.

The next lemma checks that 7 is really a probability distribution.

Lemma 4.4.6. The functionals 7,7, and 7, are all probability distributions.

Proof. Consider the space of all transition events for a fixed (a,b) pair i.e. Siop) =

{((a",0) x (a,b)) : (a’,b') € A}. There is an inherent probability measure on this set,

given by P [(a/,0') x (a,b)] = W. It is easy to see that this is a probability
,pe(a,

measure, since the measure of the whole set is exactly

=1.

Z > pi(a, b)pi(a’, V') _ > pi(a,b) Z(a’,b/)eA pi(a’,0)
(a/,b’)GA Zt pt(aa b) Zt pt(a7 b)

The set of all F can exactly be thought of as X (44)c4S(,p) and the function 7 defined
in 4.4.8 is precisely the product measure on that set. Similar arguments show that 7,

and 7, are probability distributions. O

The proof of the above lemma reveals something interesting about the construction
of 7. Fix the actions (a,b) € A. Then the probability to sample a function pair
(f,g) which map (a,b) to (a’,V') i.e. a’ = f(a) and ¥/ = f(b) is precisely equal to the
entry M(a,b%(a/,b/) of the empirical Markov chain. Since every function pair (f,g) € F
is determined by the way A is mapped, and we have already have a probability

distribution for a fixed mapping (a, b) to (a’,’), we can just extend this to 7 by taking
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the product distribution over all pairs (a,b) € A. This construction gives us exactly

that M is induced by 7.

Lemma 4.4.7. Let /1\/\[, 1/\/1\(1 and ﬁb be the empirical Markov chains defined in 4.4.7,
then the induced Markov chain from T is exactly M and the induced Markov chains

from 7, and 7, are exactly Ma and Mb.
Proof sketch. The proof is by direct computation. O

The last step of the proof is to show that any limit point 7 of (7)r is necessarily a
policy equilibrium. This is done through an argument by contradiction. In particular
we assume that a limit point 7 is not a policy equilibrium. The limit point m
induces a Markov chain M, which we can show is the limit point of the corresponding
subsequence of (/1\/\[)T by using lemma 4.4.7. Since 7 is not a policy equilibrium, no
stationary distribution of M can satisfy the inequalities (4.1). We can now show that
the subsequence of ()7 which are stationary distributions of the corresponding /1\/\1’57

converges to a stationary distribution of M. This, however, is a contradiction because

of the next theorem.

Theorem 4.4.8. Let P be the set of all product distributions o X o, X oy, which satisfy

the inequalities in Equation 4.1:
I[‘E(a,b)NU [ul (CL, b)] > E(a,b)NUa [ul(av b)]
E(a,b)wa [UQ(CL, b)] Z E(a,b)NU;, [UQ(G) b)] .
Let 6T be the empirical distribution of play after T rounds and let 1 be the empirical

distribution when player 1 switches to playing action a and define Gf similarly for

player 2. Then the product distribution 67 x 61 x Gl converges to weakly to the set P.

Proof sketch. The proof is by contradiction. We assume that there is a convergent
subsequence of (67 x 61 x ). The existence of such a subsequence implies that one

of the inequalities in Equation 4.1 is violated which is a contradiction. O
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We now sketch how the rest of proof of Theorem 4.4.2. The proof again goes by
contradiction. Assume 7 is not a policy equilibrium, this implies that no stationary
distribution of M and corresponding stationary distributions of M, and M, can satisfy
inequalities (4.1). Since the empirical distributions &, 6, and & of the play satisfies
inequalities (4.1) up to an o(1) additive factor, we can show, in Theorem 4.4.8, that
in the limit, the policy equilibrium inequalities are exactly satisfied. Combined
with the convergence of /M, /Ma and ﬁb to M, M, and M,, respectively, this implies
that stationary distributions of M, M, and M,, satisfying Equation 4.1, giving a

contradiction.

4.4.3 Relation of policy equlibria to CCEs

So far we have defined a new class of equilibria and shown that they correspond to no
policy regret play. Furthermore, we know that if both players in a 2-player game play
stable no external regret algorithms, then their play also has sublinear policy regret.
It is natural to ask if every CCE is also a policy equilibrium: if o is a CCE, is there a
corresponding policy equilibrium 7 which induces a Markov chain M for which o is a
stationary distribution satisfying (4.1)? We show that the answer to this question is

positive:

Theorem 4.4.9. For any CCE o of a 2-player game G, there exists a policy-equilibrium

m which induces a Markov chain M with stationary distribution o.

Proof sketch. To prove this, we show that for any CCE we can construct stable no-
external regret algorithm which converge to it, and so since stable no-external regret
algorithms always converge to policy equilibria (Theorem 4.2.1), this implies the CCE

is also a policy equilibrium. O

However, we show the converse is not true: policy equilibria can give rise to

behavior which is not a CCE. Our proof appeals to a utility sequence which is similar
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in spirit to the one in Theorem 4.1.1, but is adapted to the game setting.

Theorem 4.4.10. There exists a 2-player game G and product distributions o X o, X
op, € S (where S is defined in Definition J.4.5 as the possible distributions of play

from policy equilibria), such that o is not a CCE of G.

In the next section, Section 4.4.4, we give a simple example of a policy equilibrium

which is not a CCE.

4.4.4 Simple example of a policy equilibrium

We now present a simple 2-player game with strategies of the players which lead to
a policy equilibrium, which in fact is not a CCE. Further these strategies give the
asymptotically maximum utility for both row and column players over repeated play
of the game. The idea behind the construction is very similar to the one showing

incompatibility of policy regret and external regret. The utility matrix for the game is

Table 4-I: Utility matrix

Player 1\Player 2 | ¢ d
a (3/4.1) | (0,1)
b (1,1) (0,1)

given in Table 4-1. Since the column player has the same payoff for all his actions they
will always have no policy and no external regret. The strategy the column player
chooses is to always play the function f : A; — As:

ﬂm):{d b

In the view of the row player, this strategy corresponds to playing against an adversary

which plays the familiar utility functions:

1 a_1=a,a, =0
_J)3
Ut(at—laat) =3y1 G®-1=0at=2a
0 otherwise.
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We have already observed that on these utilities, the row player can have either no
policy regret or no external regret but not both. What is more the utility of no policy
regret play is higher than the utility of any of the no external regret strategies. This
already implies that the row player is better off playing according to the no policy
regret strategy which consists of always playing the fixed function g : Ay — A; given
by g(x) = a. Below we present the policy equilibrium 7= € AF, corresponding Markov
chain M € RMXI and its stationary distribution o € AA satisfying the no policy

regret requirement.

(a,c¢) (a,d) (b,c) (b,d)

(a,c) 1 0 0 0

T o= d 1 0 0 0
W(f7g) = 5(f,g)> M= <(Cl]; C)) 0 1 0 0 70—(-177 y) = 5(a,c)~

bd\o 1 0 o0

Suppose the row player was playing any no policy regret strategy, for example one
coming from a no policy regret algorithm, as a response to the observed utilities (-, -).
Since the only sublinear policy regret play for these utilities is to only deviate from
playing a a sublinear number of times we see that the empirical distribution of play
for the row player converges to the dirac distribution d,. Together with the strategy of
the column player, this implies the column player chooses the action d only a sublinear
number of times and thus their empirical distribution of play converges to .. It now
follows that the empirical distribution of play converges to d, x 0. = 0(ac) € AA.
We can similarly verify that the empirical Markov chain will converge to M and the
empirical functional distribution 7 converges to m. Theorem 4.4.2 guarantees that
because both players incur only sublinear regret 7 is a policy equilibrium. It should
also be intuitively clear why this is the case without the theorem — suppose that the

row player switches to playing the fixed action b. The resulting functional distribution,
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Markov chain and stationary distributions become:

(a,¢) (a,d) (b,c) (b,d)

(a,c) 0 0 1 0
- d)| 0 0 1
([ 9) = Oy 5=p)s My = ((Z C)) 0 0 0 . ,0b(2,Y) = Ob,a)-
(b,d) \ 0 0 0 1

The resulting utility for the row player is now 0, compared to the utility gained from

playing according to 7, which is 3/4.

4.5 Detailed proofs from Section 4.4

— T b a
Proof of Lemma 4.4.7. Consider M, (o’ 1) = Zf—zl;;t( ’b()p;)( ’b). The transition prob-
.1 pt(a,

ability induced by 7 is exactly

P{(a’,)|(a,b)] = > #(f,g) = 3 = pi(i)pe(y:)

(£,9):(f(b),9(a)=(a’b") (Fo(f g ) ey t=1 Pe(T3)
_ Do pt(a7 b)pt(a’, b/) H Do pt(xi>pt(yi)
Garg@—@y) == Pl@D) i e @by 2ot=1 Pe(i)
_ Xupi(a, b)pi(d’, V) 3 1 2 pel(wi)pe(yi)

2=t PUOD) (g1 10y g = (o) el Al (o) At ) 2t=1 Pr()
_ Zt pt<a7 b)pt(a/7 b/)
D=1 Pt(% b) ’

where the last equality holds, because for fixed (f,g) with z; = (a;,b;) and y; =
<f<b2)7 g(CLJ), the pI'OdUCt Hie“A”7(%,%)#((%[))7((1/’[)/) % is exactly the conditional
probability 7((f, 9)|(f(b),g(a)) = (a’,V')). The result for 7, and 7, is shown similarly.

]

Proof of Theorem 4.4.8. Theorem 4.4.8 follows from the fact that convergence in the
Prokhorov metric implies weak convergence. First notice that by Prokhorov’s Theorem
P(A) is a compact metric space with the Prokhorov metric. Thus by Tychonoff’s
Theorem the product space P(A)? is compact in the maximum metric. Suppose for

a contradiction that the sequence (67 x 61 x 5! )r does not converge to the set S.
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This implies that there exists some subsequence (% x 6% x 6F), converging to some
G X0,x0, &S IfGx0,x0, €S, then either E(qp)s [u1(a,b)] < Epyao, [t1(a,d)]
or Eqpyeo [U2(a,0)] < Eqpyme, [U2(a,b)]. WLOG suppose the first inequality holds.
From our assumption, the continuity of u; and the definition of the maximum metric
we have limg 0 B, )50 [u1(a, )] = E, .5 [u1(a, b)] and limyg 00 B, 40 [u1(a, b)] =
E(4p)~s, [u1(a,b)]. Notice that by the fact oy is the average empirical distribution
if player 1 changed its play to the fixed action a € A, and &% being the average
empirical distribution it holds that E, ;) s« [u1(a,0)] —E, )5 [u1(a, b)] = —o(1) and

thus limy, s {E(a,b)NEk [ui(a,b)] = E, pan [u1(a, b)]} > 0. The above implies:

0 < lim [E, 5 [ua(a,0)] = B,y [ua(a, b)]]

k—o0

= lim E, ) G [ur(a, )] — lim B, ) 5 [ui(a, b)]

k—o0 k—o0

= E(p~z (@, 0)] = Eqpz, [ui(a, b)] <0,

which is a contradiction. Since A4 x A x A is separable then convergence in the
Prokhorov metric in P(A x A x A) is equivalent to weak convergence. Again we can
argue by contradiction — if we assume that (67 x 61 x 6{ ) doesn’t converge to the
set S in the Prokhorov metric, then there exists some subsequence (% x 6% x %),
which converges to some p € P(A?) such that p ¢ S. First we argue that p must
be a product measure i.e. = (¢ X &, x 63). Let (67 x 6] x &]); be a convergence
subsequence of (% x 6% x 55); in P(A)3, with limit (7 x &, X 7), then each of 57, 54
and &} converge weakly to &, &, and &, respectively and thus (67 x 57 x &} ), converges
weakly to & X &, X 0, and thus it converges in the Prokhorov metric of P(A?%). This
implies that (6% x 6% x ') also converges weakly to & X 7, X 03 and so p is a product
measure. Again since yu ¢ S, assume WLOG E, ;.5 [ui(a,0)] < E, ;) 5, [ui(a,b)].
Define f : A% - R, f(a,b,c,d, e, f) =ui(a,b) —ui(c,d). fis continuous and from the

k

no-policy regret of the pair 6%, 6% we have:

0 < lim IE:’(a,b,c,d,e,f)N(glc xok ng)k [f(a'7 ba ¢, da €, f)] = E(a,b,c,d,e,f)wu [f(a7 b7 ¢, d7 €, f)] <0,

k—o0
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which is again a contradiction. O]

Proof of Theorem 4./.2. We consider the sequence of empirical distributions 77 de-
fined in 4.4.8, over the functional space F; x F3 and show that this sequence must
converge to the set of all policy equilibria IT in the Prokhorov metric on P(F; x F3).
First, notice that since the functions f : Ay — A; are from finite sets of actions to
finite sets of actions, we can consider the set F; as a subset of a finite dimensional
vector space, with the underlying field of real numbers and the metric induced by
the [y norm. Similarly, we can also equip F» with the [; norm. Since both F; and
Fo are closed sets with respect to this metric and they are clearly bounded, they
are compact. Thus the set F; x F3 is a compact set with the underlying metric d
being the maximum metric. By Prokhorov’s Theorem we know that P(F; x F3) is a
compact metric space with the Prokhorov metric. Suppose that the sequence (77)r
does not converge to II. This implies that there is some convergent subsequence (7'),
with a limit 7 outside of II. Let M be the Markov chain induced by 7 and let M7 be

the Markov chain induced by 77

First we show that lim,_,.. | M!—M]||; = 0. Recall that Ma,p), (@) = 2o(£.9):F(B)=a’ g(a)=tr T(f> G)
and that by lemma 4.4.7 M\’Eam(a,,b,) = Y (f.0):f(b)=a'g(a)=tr T (f,g). Notice that f,g
are continuous functions on JF; and JF3, since the topology induced by the [; met-
ric on both sets is exactly the the discrete topology and every function from a
topological space equipped with the discrete topology is continuous. Since con-
vergence in the Prokhorov metric implies weak convergence, we have that for any
fixed f, g, limy o 7(f, 9) = 7(f, g). Since the sum 3 ;). p(p)=ar.g(a)=t T (f,g) is finite
this implies that lime e 30 (f.g). r0y=a’ gyt T (f+9) = X(1.9):f0)=a’ g(a)= T(f> g) and so
limy_,o0 || M — M|y = 0.

Next we show that any convergent subsequence (%) of (5'); in the Prokhorov

metric, converges to a stationary distribution o of M. First notice that (%), exists,
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since P(A) is compact. Next, suppose o is the limit of (%), in the Prokhorov metric.
This implies that limy_.o 6*(a, b) = o(a,b), in particular if we consider A C RM! and

ko € RMI as vectors, then the above implies that limy_, |0 — ||; = 0. Next we

o
construct the following sequence (oy,, )k, of stationary distributions of M — choose
k, large enough, so that |[M — M| < L. Such a k, exists, because (MF), is a
subsequence of (Mt)t which converges to M. By lemma 4.4.4, there exists a stationary
distribution o, of M such that ||Gy, — ok, |1 < £, for some constant c¢. We show
that oy, converges to 0. Fix some € > 0, we find an N, such that for any n > N
we have ||oy, — o||1 < e. Notice that ||og, — o1 < ||ok, — Ok, ||1 + ||k, — cll1. Since
ok, — Ok, [l < £ and by convergence, we know that for ¢, there exists N’ such
that for any n > N’, |64, — 0|1 < §, we can set N = max (i,Nl). Suppose, for a
contradiction, that o is not a stationary distribution of M. Then there exists some ¢

such that [[c"M — o, > €. This implies:
e< o™ —ollz < [lo"M o M|z + [lof M — 0|2 < 2[|oy, — o,

where the last inequality holds by the fact o — oy, is not a stationary distribution of
M and thus M can only shrink the difference as a stochastic matrix. The inequality
2||lok, — o|l2 > € is a contradiction since we know that oy, converges to o and thus o
is a stationary distribution of M. Since strong convergence, implies weak convergence,
which in hand implies convergence in the Prokhorov metric for separable metric spaces,
we have shown that every convergent subsequence of (5;); converges to a stationary

distribution of M in the Prokhorov metric.
Next, we show that (7!), converges to m,. By assumption (7*); converges weakly
to m. Since we are are in a finite dimensional space, we also have strong convergence.

In particular, for any g € F5, we have

lim Y 7(f,g)= > lima'(f,g)= > 7(f9)

i— t—
= fer feF
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and so the sequence of marginal distribution also converges to the respective marginal
of . Since 7! is exactly the product distribution of the dirac distribution over JF;
putting all weight on the constant function mapping everything to the fixed action
a and the marginal of 7 over F;, by the convergence of marginals we conclude that
(7l); converges to 7, in the strong sense and thus in the Prokhorov metric. In the

same way we can show that (7}); converges to .

With a similar argument as for () we show that every convergent subsequence of
(G!); converges to a stationary distribution of M, and any convergent subsequence
of (7}); converges to a stationary distribution of M. Because of the construction in
Theorem 4.4.1 and the convergence of 7, to 7,, we can guarantee that (5%), converges

precisely to o,:

oa(a,b) = > m(f,9)= > lim@(f,g)

f.9:9(a)=b f.g:9(a)=b
— |1 ~t S ~t
_tliglo Z Tra(f7g) _tllgloo-a(au b)
[:9:9(a)=b

Similarly &} converges to 7,. However, we assumed that 7 is not a policy equilibrium
and thus no stationary distributions of M, M, and M, can satisfy the policy equilibrium
inequalities. We now arrive at a contradiction since by Theorem 4.4.8 and the above,
we have that any limit point of (6%); and the corresponding distributions for fixed
actions a and b are stationary distributions of M, M, and M,, respectively, which

satisfy the policy equilibrium inequalities. O
4.5.1 Concentration of the estimated Markov chain

Lemma 4.5.1. With probability at least 1—|.A|6 exp (—TTGQ) it holds that |4 3°[_y pe—1(z:)p(z;)—

L G (@a)0e())| < € and |2 X1 pe(xi) — £ S0, 6u(2)| < €, simultaneously for

all 1.

Proof. We consider the random variable Z; = 0,(z;)—p;(x;), notice that E[Z;|p1,- -+ , pi—1] =

0 so that {Z;}; is a bounded martingale sequence with |Z;| < 1 and thus by Azuma’s
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inequality we have P H% T Zt’ > e} < 2exp (—%62> which shows that %Zthl o¢(a;)
concentrates around 7 Y/ py(x;). Let Ry = 8,1 (;)0:(2;) — pe—1(x;)pe(x;) and con-
sider the filtration {F;};, where F; = (), F;, = 3(d1,-- - ,d;) is the sigma algebra gener-
ated by the random variables d; to §;. Then |Ry| < 1 and E[Ry|Fi, -+, Fau2] =0,
LS Ry

2 exp (—%62) A similar argument allows us to bound the sum of the Ry 1’s and a

so {Ra }4 is also a bounded martingale difference and thus P > ;} <

union bound gives us P H% >, Rt‘ > e} < 4dexp (—TTeg). A union bound over all ¢

finishes the proof. O
Definition 4.5.1. Define the perturbed distribution of player i at time ¢ to be
iy o\ VA

pr=(1- V |Alé)p; +1 Al

Lemma 4.5.2. The difference of expected utilities from playing according to (p.)
instead of (pi)L_, is at most 2T/|.A|¢

T
t=1

Proof. From lemma 4.5.4 at each time step the difference of expected utility is bounded

by 4/|.A|¢ in absolute value. O

Theorem 4.5.3. If at time t player i plays according to p. , where ¢ = T(T}‘M and

pe = pH(p2)T, then the regret for playing according to pi is at most O(T™/®). Further
limsup,_, . |[M — M|, = 0, almost surely. Additionally if 5 = 31 0 s the
stationary distribution of M corresponding to the observed play and & = %Zthl Dy 1S
the stationary distribution of M corresponding to the averaged empirical distribution,

then limsupy_, || — 7|1 = 0 almost surely.

Proof. Set € = T@M. The regret bound of the no-external regret algorithms now

becomes O(T7/®). We can, however, now guarantee that 3.7, p,(z;) > T‘Z‘M and

thus, combining this with the high probability bound we obtain that with probability

at least 1 — C'exp (—TTEQ) it holds that |M;, — M”\ < 26%. To see this, let x =

L pea(@)pe(y), @ = 250 Sma(a)de(2y),y = L o), 5 = £ 00, 6u(y).
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Then

Ed N 2]
Y| 11/y —1/7]

IxHyA— 7l <o
lyy| é

€
< -+
€

where the last inequality holds because Z < 7. Setting € = 7'/3 and a union bound
we arrive at P “\M M|y > T~ 1/12} < Cexp ( d B) By Borel-Cantelli lemma we
have limsup;._, | M — M||> = 0 almost surely. From lemma 4.5.1 and a union bound
we know that with P[||6 — 7|1 > €] < 2|A| exp ( ) Setting € = T~1/% and again

using Borel-Cantelli’s lemma we see that limsup,_, |6 — al[; = 0. O

4.5.2 Auxiliary results

Lemma 4.5.4. Let 0 and o’ be two distributions supported on a finite set and let f
be a utility/loss function uniformly bounded by 1. If || — o’'||; < € then |Eouws [f(a)] —
Eavo [f(a)]| <e.

Proof.

Bsno [£(5)] = Egnor [f ()] [ =D o =20 (s)f(s)|

seS SES
=1 f(s)(a(s) ) <D lo(s) s)f=lo—d'lh <e
SES seS

]

Lemma 4.5.5. Let M € R4 gnd M € R4 be two row-stochastic matrices, such that

M — MH < ¢, then for any stationary distribution & of M, there exists a stationary

distribution o of M, such that ||o — ol|; < 465526-

Proof. Let U € R¥F be the left singular vectors corresponding to the singular value 1
of M and let U € R¥! be the left singular vectors corresponding to the singular value

1 of M. First notice that

MM — MM < [[MMT = MM+ MM = MMT[| < (M| + [M])|M - M| < 2
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Denote the eigen-gap of M by 4, then by Wedin’s theorem (see for example lemma
B.3 in Allen-Zhu and Li (2016)) we have

IMMT — MMT|| 2
< —

UTUt| < .
| | < 3 <5

WLOG assume ¢ = H(%U))i” . This implies that [|[g" U]y < 2% and thus:
ill1

. . N - 2de
[UU75 = 6llo = (T — UUT)6llo = JUHUH) 51l < 57U < 25

Let 0, = ||I}I-i||1 be the stationary distribution of M, corresponding to the i-th left
2d2e

singular vector and let a; = (U'5),[|U;||; > 0. Then we have || 3; a;0; — 71 < 22<,

where the inequality follows from the derivation above and the inequality between [;

. ;04
o

and [y norms. Let o0 = T waln This is a stationary distribution of M, since
i 1Y
1 OGO
oTM=— Y a0 M= 20 — o
|32 qioili 5 | 32; ciillx

Notice that by reverse triangle inequality we have

R 2d%e
Il Z%‘Uz'Hl — &[] < 5
1

or equivalently

2d?
I3 ol = 1] < ==

Thus we have:

. A N 2d%e 4d%e
lo =3l < 1Y aioi =Gl + llo = D aioi — 6]l < -~ T lofli]l =1 aqioilh| < 5

]

Corollary 4.5.6. Let the empirical distribution of observed play be 67 = %Zthl 0y,
the empirical distribution of play if player 1 deviated to playing fized action a € Ay
be 61 and the empirical distribution of play if player 2 to action b € Ay be 51 . The

sequence (67,6T 61 converges to the set P almost surely.
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Proof. Lemma 4.5.4, together with Theorem 4.5.3 imply that
i sup (B st (1 (0.D)] — By e [ B)) | = 0
almost surely i.e.
P |lim sup [E,p)s7 [u1(a, )] — Eq pzr [i(a,0)] | = 0| = 1.

T—o00

Since

i Sup (-7 (010, )] — By a0} 2

lim inf [B, ). 5r [ui(a,0)] = B, p)5r [ua(a, )] [ 20,
this implies that
P i [Buuy-sr [u3(0.8)] = By e [ua(a, D] = 0] = 1.

On the other hand this implies

P| lim Tigf;o By [U1(a,0)] = By 57 [ua(a,b)] | = 0

lim 7§UP B pynor [Ur(a, 0)] = By pr [ua(a, b)] [ =0 =1
—00
and so
B[ im [y pyer i (0,0)] ~ Bz s 0.5]] =0] = 1
In a similar way we can get imr_ o0 [E¢qp)sr [t1(a,0)] — E, 457 [ui(a, 0)] | = 0 as.

The above imply that limr e E¢p)s7 [u1(a, )] — Eg,p 57 [u1(a,0)] = 0 a.s. and

70 B, pyor [U1(a, )] — Egp)sr [ui(a,b)] = 0 a.s. and thus:

0= TIE}(}O E(apy~or [tr(a,b)] — E(apy~ar [u1(a, b)] + Thfolo E(apy~ar [ui(a, b)] — Eqpynsr [ur(a, )]

= Jim By [10(0,8)] — Egupyesy [ia(0, )] + i By g7 [i1(0, )] = By e [oa(a, )]

T—o00

a.s.. Since E, ) sr [u1(a,0)] — E, ;) 5r [ui(a,b)] < o(1), this implies that

0<— lim B, 5r [u1(a, b)] — Eapy~ar [u1(a, b)]

T—o00

= lim E, )57 [u1(a, )] = Eqpmsr [ui(a, b)]

T—o0

a.s.. Now we can proceed as in the proof of Theorem 4.4.8. ]
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Chapter 5

Limits of learning in Tabular
Reinforcement Learning

We provide improved gap-dependent regret bounds for reinforcement learning in finite
episodic Markov decision processes. Compared to prior work, our bounds depend
on alternative definitions of gaps. These definitions are based on the insight that,
in order to achieve a favorable regret, an algorithm does not need to learn how to
behave optimally in states that are not reached by an optimal policy. We prove
tighter upper regret bounds for optimistic algorithms and accompany them with new
information-theoretic lower bounds for a large class of MDPs. Our results show that
optimistic algorithms can not achieve the information-theoretic lower bounds even in
deterministic MDPs unless there is a unique optimal policy. The main contributions of
this chapter are based on work carried out during my internship at Google Research,
New York. This work was done in collaboration with Dr. Christoph Dann, Dr. Mehryar

Mobhri, and Dr. Julian Zimmert.

5.1 Instance dependent bounds in prior work and
limitations

While the performance of RL algorithms in tabular Markov decision processes has

been the subject of many studies in the past (e.g. Fiechter, 1994; Kakade, 2003;
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Osband et al., 2013; Dann et al., 2017; Azar et al., 2017; Jin et al., 2018; Zanette
and Brunskill, 2019; Dann, 2019), the vast majority of existing analyses focuses on
worst-case problem-independent regret bounds, which only take into account the size

of the MDP, the horizon H and the number of episodes K.

Recently, however, some significant progress has been achieved towards deriving
more optimistic problem-dependent guarantees. This includes more refined regret
bounds for the tabular episodic setting that depend on structural properties of the
specific MDP considered (Simchowitz and Jamieson, 2019; Lykouris et al., 2019; Jin
and Luo, 2020; Foster et al., 2020b; He et al., 2020). Motivated by instance-dependent
analyses in multi-armed bandits (Lai and Robbins, 1985), these analyses derive gap-
dependent regret-bounds of the form O (Z(s,a)e SxA %), where the sum is over
state-actions pairs (s, a) and where the gap notion is defined as the difference of the
optimal value function V* of the Bellman optimal policy 7* and the @-function of
7 at a sub-optimal action: gap(s,a) = V*(s) — Q*(s,a). We will refer to this gap
definition as value-function gap in the following. We note that a similar notion of
gap has been used in the infinite horizon setting to achieve instance-dependent bounds
(Auer and Ortner, 2007; Tewari and Bartlett, 2008; Auer et al., 2009; Filippi et al.,
2010; Ok et al., 2018), however, a strong assumption about irreducability of the MDP

is required. We discuss such bounds in Section 5.3.

While regret bounds based on these value function gaps generalize the bounds
available in the multi-armed bandit setting, we argue that they have a major limitation.
The bound at each state-action pair depends only on the gap at the pair and treats
all state-action pairs equally, ignoring their topological ordering in the MDP. This can
have a major impact on the derived bound. In this paper, we address this issue and
formalize the following key observation about the difficulty of RL in an episodic MDP

through improved instance-dependent regret bounds:
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Value-function gap (prior) Return gap (ours)

Regret = gap(s,a) o gap(s,a)

bounds Q( ) log(K)> Q(Z log (K)

General O(ZHIOg(I()) O(Z log(K))

)

s,a: seET* gap(& a) s,a H@(Sa a)
gap(si, az) =
Example ¢ 7@(31, ag) =c
on the gap(sz, (14) = gap(sg, a4) = CT-J__; ~ C
left €
O(SHlog(K)> O(SHlog(K))
€ c

Figure 5-1: Comparison of our contributions in MDPs with deterministic transitions.
Bounds only include the main terms and all sums over (s,a) are understood to only
include terms where the respective gap is nonzero. gap is a our alternative return
gap definition introduced later (Definition 5.4.1).

Learning a policy with optimal return does not require an RL
agent to distinguish between actions with similar outcomes (small
value-function gap) in states that can only be reached by taking
highly suboptimal actions (large value-function gap).

To illustrate this insight, consider autonomous driving, where each episode corre-
sponds to driving from a start to a destination. If the RL agent decides to run a red
light on a crowded intersection, then a car crash is inevitable. Even though the agent
could slightly affect the severity of the car crash by steering, this effect is small and,
hence, a good RL agent does not need to learn how to best steer after running a red
light. Instead, it would only need a few samples to learn to obey the traffic light in the

first place as the action of disregarding a red light has a very large value-function gap.

To understand how this observation translates into regret bounds, consider the
toy example in Figure 5-1. This MDP has deterministic transitions and only terminal
rewards with ¢ > ¢ > 0. There are two decision points, s; and sy, with two actions
each, and all other states have a single action. There are three policies which govern
the regret bounds: 7* (red path) which takes action a; in state s;; m which takes
action ap at s; and ag at se (blue path); and my which takes action as at s; and ay4 at

So (green path). Since 7* follows the red path, it never reaches s, and achieves optimal
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return ¢ + €, while m; and my are both suboptimal with return € and 0 respectively.
Existing value-function gaps evaluate to gap(si,as) = ¢ and gap(ss,as) = € which
yields a regret bound of order Hlog (K) (1/c+ 1/¢€). The idea behind these bounds is
to capture the necessary number of episodes to distinguish the value of the optimal
policy 7* from the value of any other sub-optimal policy on all states. However,
since 7* will never reach s, it is not necessary to distinguish it from any other policy
at so. A good algorithm only needs to determine that as is sub-optimal in s;, which
eliminates both 7; and m, as optimal policies after only log (K) /c* episodes. This
suggests a regret of order O(log (K) /c¢). The bounds presented in this paper achieve
this rate up to factors of H by replacing the gaps at every state-action pair with the
average of all gaps along certain paths containing the state action pair. We call these
averaged gaps return gaps. The return gap at (s, a) is denoted as gap(s, a). Our new
bounds replace gap(s2, as) = € by gap(ss, as) ~ 1 gap(s1,a2) + 5 gap(s2, as) = Q(c).
Notice that € and ¢ can be selected arbitrarily in this example. In particular, if we
take ¢ = 0.5 and ¢ = 1/v/K our bounds remain logarithmic O(log (K)), while prior
regret bounds scale as VK.

This work is motivated by the insight just discussed. First, we show that improved
regret bounds are indeed possible by proving a tighter regret bound for STRONGEULER,
an existing algorithm based on the optimism-in-the-face-of-uncertainty (OFU) principle
(Simchowitz and Jamieson, 2019). Our regret bound is stated in terms of our new
return gaps that capture the problem difficulty more accurately and avoid explicit
dependencies on the smallest value function gap gap,,,. Our technique applies to
optimistic algorithms in general and as a by-product improves the dependency on
episode length H of prior results. Second, we investigate the difficulty of RL in episodic
MDPs from an information-theoretic perspective by deriving regret lower-bounds.
We show that existing value-function gaps are indeed sufficient to capture difficulty

of problems but only when each state is visited by an optimal policy with some
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probability. Finally, we prove a new lower bound when the transitions of the MDP
are deterministic that depends only on the difference in return of the optimal policy

and suboptimal policies, which is closely related to our notion of return gap.

5.2 Problem setting and notation

We now recall some of the notation and the RL setting introduced in Section 1.5.

We consider reinforcement learning in episodic tabular MDPs with a fixed horizon.
An MDP can be described as a tuple (S, A, P, R, H), where S and A are state- and
action-space of size S and A respectively, P is the state transition distribution with
P(:|s,a) € A®7! the next state probability distribution, given that action a was
taken in the current state s. R is the reward distribution defined over S x A and
r(s,a) = E[R(s,a)] € [0, 1]. Episodes admit a fixed length or horizon H.

We consider layered MDPs: each state s € S belongs to a layer x(s) € [H]
and the only non-zero transitions are between states s, s’ in consecutive layers, with
k(s") = k(s) + 1. This common assumption (see e.g. Krishnamurthy et al., 2016)
corresponds to MDPs with time-dependent transitions, as in (Jin et al., 2018; Dann
et al., 2017), but allows us to omit an explicit time-index in value-functions and
policies. For ease of presentation, we assume there is a unique start state s; with
k(s1) = 1 but our results can be generalized to multiple (possibly adversarial) start
states. Similarly, for convenience, we assume that all states are reachable by some

policy with non-zero probability, but not necessarily all policies or the same policy.

We denote by K the number of episodes during which the MDP is visited. Before
each episode k € [K], the agent selects a deterministic policy mx: S — A out of a
set of all policies IT and 7 is then executed for all H time steps in episode k. For
each policy m, we denote by w”(s,a) = P(Skw) = 5, Aus) = a | A = 7(Sh) Vh € [H])

and w™(s) = >, w™(s,a) probability of reaching state-action pair (s,a) and state s
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respectively when executing 7. For convenience, supp(m) = {s € §: w™(s) > 0} is the
set of states visited by 7 with non-zero probability. The Q- and value function of a

policy 7 are

Q" (s,a) = E,

"
> r(Sh, Ap) ‘ Sats) = 8, A(s) = a], and V7 (s) = Q" (s,m(s))

h=r(s)
and the regret incurred by the agent is the sum of its regret over K episodes

K K

R(K)=>Y v"—v™=> V*(s1) = V™(s1), (5.1)

k=1 k=1
where v™ = V7 (s;) is the expected total sum of rewards or return of 7 and V* is the
optimal value function V*(s) = max,en V™ (s). Finally, the set of optimal policies is
denoted as IT* = {mw € [1 : V™ = V*}. Note that we only call a policy optimal if it
satisfies the Bellman equation in every state, as is common in literature, but there may
be policies outside of IT* that also achieve maximum return because they only take
suboptimal actions outside of their support. The variance of the ) function at a state-
action pair (s,a) of the optimal policy is V*(s,a) = V[R(s,a)] + Vyp((s,a)[V*(s)],
where V[X]| denotes the variance of the r.v. X. The maximum variance over all
state-action pairs is V* = max(, ) V*(s,a). Finally, our proofs will make use of the
following clipping operator clipa|b] = x(a > b)a that sets a to zero if it is smaller

than b.

5.3 Related work

Instance dependent regret lower bounds for the MAB were first introduced in Lai and
Robbins (1985). Later Graves and Lai (1997) extend such instance dependent lower
bounds to the setting of controlled Markov chains, while assuming infinite horizon
and certain properties of the stationary distribution of each policy. Building on their
work, more recently Combes et al. (2017) establish instance dependent lower bounds

for the Structured Stochastic Bandit problem. Very recently, in the stochastic MAB,
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Garivier et al. (2019) generalize and simplify the techniques of Lai and Robbins (1985)
to completely characterize the behavior of uniformly good algorithms. The work of Ok
et al. (2018) builds on these ideas to provide an instance dependent lower bound for
infinite horizon MDPs, again under assumptions of how the stationary distributions
of each policy will behave and irreducibility of the Markov chain. The idea behind
deriving the above bounds is to use the uniform goodness of the studied algorithm to
argue that the algorithm must select a certain policy or action at least a fixed number
of times. This number is governed by a change of environment under which said
policy/action is now the best overall. The reasoning now is that unless the algorithm
is able to distinguish between these two environments it will have to incur linear regret

asymptotically. Since the algorithm is uniformly good this can not happen.

For infinite horizon MDPs with additional assumptions the works of Auer and Ort-
ner (2007); Tewari and Bartlett (2008); Auer et al. (2009); Filippi et al. (2010); Ok et al.
(2018) establish logarithmic in horizon regret bounds of the form O(D?S?*Alog (()T')/9),
where ¢ is a gap-like quantity and D is a diameter measure. We now discuss the works
of (Tewari and Bartlett, 2008; Ok et al., 2018), which should give more intuition about
how the infinite horizon setting differs from our setting. Both works consider the
non-episodic problem and therefore make some assumptions about the MDP M. The
main assumption, which allows for computationally tractable algorithms is that of
irreducibility. Formally both works require that under any policy the induced Markov
chain is irreducible. Intuitively, the notion of irreducibility allows for coming up with
exploration strategies, which are close to min-max optimal and are easy to compute.
In (Ok et al., 2018) this is done by considering the same semi-infinite LP 5.27 as in
our work. Unlike our work, however, assuming that the Markov chain induced by the
optimal policy 7* is irreducible allows for a nice characterization of the set A(6) of
"confusing" environments. In particular the authors manage to show that at every

state s it is enough to consider the change of environment which makes the reward
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of any action a : (s,a) € 7 equal to the reward of @' : (s,a’) € 7*. Because of the
irreducability assumption we know that the support of P(:|s,a) is the same as the
support of P(:|s,a’) and this implies that the above change of environment makes
the policy m which plays (s,a) and then coincides with 7* optimal. Some more work
shows that considering only such changes of environment is sufficient for an equivalent
formulation to the LP5.27. Since this is an LP with at most S x A constraints it is
solvable in polynomial time and hence a version of the algorithm in (Combes et al.,
2017) results in asymptotic min-max rates for the problem. The exploration in (Tewari

and Bartlett, 2008) is also based on a similar LP, however, slightly more sophisticated.

Very recently there has been a renewed interest in proposing instance dependent
regret bounds for finite horizon tabular MDPs (Simchowitz and Jamieson, 2019; Lyk-
ouris et al., 2019; Jin and Luo, 2020). The works of (Simchowitz and Jamieson, 2019;
Lykouris et al., 2019) are based on the OFU principle and the proposed regret bounds
scale as O (X (5 a)gr+ H 1og () T')/ gap(s, a) + SHlog (() T')/ gapy,), disregarding vari-
ance terms and terms depending only poli-logarithmically on the gaps. The setting in
(Lykouris et al., 2019) also considers adversarial corruptions to the MDP, unknown to
the algorithm, and their bound scales with the amount of corruption. Jin and Luo
(2020) derive similar upper bounds, however, the authors assume a known transition
kernel and take the approach of modelling the problem as an instance of Online Linear
Optimization, through using occupancy measures (Zimin and Neu, 2013). For the
problem of @-learning, Yang et al. (2020); Du et al. (2020), also propose algorithms
with regret scaling as O(SAH®log () T)/ gap,,,). All of these bounds scale at least
as Q(SHlog (()T)/ gapym)- Simchowitz and Jamieson (2019) show an MDP instance

on which no optimistic algorithm can hope to do better.

5.4 Novel upper bounds for optimistic algorithms
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5.4.1 Optimistic algorithms and StrongEuler

We begin this section by describing one approach to solving the RL problem in the
above setting which is through optimistic algorithms. Optimistic algorithms maintain
estimators of the Q)-functions at every state-action pair such that there exists at least
one policy 7 for which the estimator, Q", overestimates the Q-function of the optimal
policy, that is Q" (s,a) > Q*(s,a),¥(s,a) € S x A. During episode k € [K], the
optimistic algorithm selects the policy 7 with highest optimistic value function V.
By definition, it holds that V4(s) > V*(s). The optimistic value and Q-functions
are constructed through finite-sample estimators of the true rewards r(s,a) and the
transition kernel P(-|s,a) plus bias terms, similar to estimators for the UCB MAB
algorithm. Careful construction of these bias terms is crucial for deriving min-max
optimal regret bounds in S; A and H (Azar et al., 2017). Bias terms which yield
the tightest known bounds come from concentration of martingales results such as
Freedman’s inequality (Freedman, 1975) and empirical Bernstein’s inequality for

martingales (Maurer and Pontil, 2009).

STRONGEULER is the optimistic algorithm proposed by Simchowitz and Jamieson
(2019). The algorithm satisfies a stronger notion of optimism called strong optimism.
To define strong optimism we need the notion of surplus which roughly measures the
optimism at a fixed state-action pair. Formally the surplus at (s, a) during episode k

is defined as

Ek<3>a) = Qk(saa) - 7’(5, a) - <P("S>a)a Vk> . (52)

We say that an algorithm is strongly optimistic if Ej(s,a) > 0,V(s,a) € Sx A,k € [K].
Surpluses are also central to our new regret bounds and we will carefully discuss their

use in Section 5.4.3.
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5.4.2 Prior optimistic regret bounds and opportunities for
improvement

As hinted to in the introduction, the way prior regret bounds treat value-function
gaps independently at each state-action pair can lead to excessively loose guarantees.
Bounds that use value-function gaps (Simchowitz and Jamieson, 2019; Lykouris et al.,

2019; Jin and Luo, 2020) scale at least as

D 2

s,a: gap(s,a)>0 gap(s, a) s,a: gap(s,a)=0 8aPmin

Hlog (K) Hlog (K)
where state-action pairs with zero gap appear, with gap,;, = ming q. gap(s,)>0 8ap(s, @),

the smallest positive gap. To illustrate where these bounds are loose, let us revisit the

Hlog(K) + SHlog(K)

€ € ’

example in Figure 5-1. Here, these bounds evaluate to +

Hlog(K)
C
where the first two terms come from state-action pairs with positive value-function
gaps and the last term comes from all the state-action pairs with zero gaps. There

are several opportunities for improvement:

0.1 State-action pairs that can only be visited by taking optimal actions:
We should not pay the 1/ gap,;, factor for such (s,a) as there are no other

suboptimal policies 7 to distinguish from 7* in such states.

0.2 State-action pairs that can only be visited by taking at least one
suboptimal action: We should not pay the 1/gap(ss,as) factor for state-
action pair (sq, ag) and the 1/ gap,;, factor for (ss, a4) because no optimal policy
visits sy. Such state-action pairs should only be accounted for with the price to
learn that as is not optimal in state s;. After all, learning to distinguish between

m, and 7y is unnecessary for optimal return.

L__ or —1— that each state-action pair

Both opportunities suggest that the price ) p—

(s,a) contributes to the regret bound can be reduced by taking into account the regret

incurred by the time (s, a) is reached. Opportunity O.1 postulates that if no regret can
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be incurred up to (and including) the time step (s, a) is reached, then this state-action
pair should not appear in the regret bound. Similarly, if this regret is necessarily large,
then the agent can learn this with few observations and stop reaching (s, a) earlier than
gap(s, a) may suggest. To illustrate Opportunity O.2 better we consider an additional

example. Our example can be found in Figure 5-2. The MDP is an extension of the

Figure 5-2: Example for Opportunity O.2

one presented in Figure 5-1 with the new addition of actions as and ag in state s;3
and the new state following action ag. Again there is only a single action available at
all other states than si, so, s3. The reward of the state following action ag is set as
r = ¢+ €/2. This defines a new sub-optimal policy 73 and the gap gap(ss,as) = 5.
Information theoretically it is impossible to distinguish w3 as sub-optimal in less than
Q(log (K) /€*) rounds and so any uniformly good algorithm would have to pay at
least O(log (K) /e) regret. However, what we observed previously still holds true,
i.e., we should not have to play more than log (K) /c® rounds to eliminate both m;
and 7y as sub-optimal policies. Prior work now suffers Opportunity O.2 as it would
pay log (K) /e regret for all zero gap state-action pairs belonging to either m or m,
essentially evaluating to SAlog (K) /e. On the other hand our bounds will only pay

log (K) /e regret for zero gap state-action pairs belonging to 3.

Since the total regret incurred during one episode by a policy 7 is simply the
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expected sum of value-function gaps visited (Lemma 5.5.1 in Section 5.5),

vt — " =K, [i gap(Sy, Ah)] , (5.3)

h=1

we can measure the regret incurred up to reaching (S;, A;) by the sum of value function
gaps Yh_, gap(Sy, Ay) up to this point t. We are interested in the regret incurred
up to visiting a certain state-action pair (s,a) which 7 may visit only with some
probability. We therefore need to take the expectation of such gaps conditioned on
the event that (s,a) is actually visited. We further condition on the event that this
regret is nonzero, which is exactly the case when the agent encounters a positive

value-function gap within the first x(s) time steps. We arrive at

K(s)
> gap(Sh, Ap) | Sk(s) = 8, Aps) = a, B < K(s) |,

h=1

Er

where B = min{h € [H + 1]: gap(Sh, An) > 0} is the first time a non-zero gap
is visited. This quantity measures the regret incurred up to visiting (s,a) through
suboptimal actions. If this quantity is large for all policies 7, then a learner will stop
visiting this state-action pair after few observations because it can rule out all actions
that lead to (s,a) quickly. Conversely, if the event that we condition on has zero
probability under any policy, then (s,a) can only be reached through optimal action
choices (including a in s) and incurs no regret. This motivates our new definition of
gaps that combines value function gaps with the regret incurred up to visiting the

state-action pair:

Definition 5.4.1 (Return gap). For any state-action pair (s,a) € S x A define
B(s,a) = {B < K(s), Su(s) = 5, Ax(s) = a}, where B is the first time a non-zero gap is
encountered. B(s,a) denotes the event that state-action pair (s,a) is visited and that

a suboptimal action was played at any time up to visiting (s,a). We define the return

gap as
K(s)
> gap(Sh, An) ‘ B(s,a)

gap(s,a) =gap(s,a) V. min —E;
12BN et

mell:
P~ (B(s,a))>0
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if there is a policy m € II with P,(B(s,a)) > 0 and gap(s,a) = 0 otherwise.

The additional 1/H factor in the second term is a required normalization suggesting
that it is the average gap rather than their sum that matters. Equipped with
this definition, we are ready to state our main upper bound which pertains to the

STRONGEULER algorithm proposed by Simchowitz and Jamieson (2019).

Theorem 5.4.1 (Main Result (Informal)). The regret R(K) of STRONGEULER s
bounded with high probability for all number of episodes K as

V*(s,a)

(s,0)ESXA: m(sa CL)
gap(s,a)>0

R(K) log (K) .
In the above, we have restricted the bound to only those terms that have inverse

polynomial dependence on the gaps.

Comparison with existing gap-dependent bounds. We now compare our
bound to the existing gap-dependent bound for STRONGEULER by Simchowitz and

Jamieson (2019, Corollary B.1)

HV*(s,a HV*
# log (K) +

(s,0)ESXA: gap(s, a) (s,0)eSx A: S3Pmin

gap(s,a)>0 gap(s,a)=0

R(K) 5

log (K) . (5.4)

We here focus only on terms that admit a dependency on K and an inverse-polynomial
dependency on gaps as all other terms are comparable. Most notable is the absence
of the second term of Equation 5.4 in our bound in Theorem 5.4.1. Thus, while
state-action pairs with gap(s,a) = 0 do not contribute to our regret bound, they
appear with a 1/gap,,;, factor in existing bounds. Therefore, our bound addresses
Opportunity O.1 because it does not pay for state-action pairs that can only be
visited through optimal actions. Further, state-action pairs that do contribute to our

bound satisfy —— < —— A —— and thus never contribute more than in the

gap(s,a) — gap(s,a) ' gapmin

existing bound in Equation 5.4. Therefore, our regret bound is never worse. In fact, it

is significantly tighter when there are states that are only reachable by taking severely
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suboptimal actions, i.e., when the average value-function gaps are much larger than
gap(s,a) or gap,,;,. By our definition of return gaps, we only pay the inverse of these
larger gaps instead of gap,;,. Thus, our bound also addresses O.2 and achieves the
desired log (K) /c regret bound in the motivating example of Figure 5-1 as opposed

to the log (K') /e bound of prior work.

Regret bound when transitions are deterministic. We now interpret Defini-
tion 5.4.1 for MDPs with deterministic transitions and derive an alternative form of
our bound in this case. Let II;, be the set of all policies that visit (s,a) and have

taken a suboptimal action up to that visit, that is,
[, = {7T €1l : 55 = s,a5,) = a,3 h < k(s), gap(sy, ap) > 0}.

where (s7,a7,s3,...,s7,af;) are the state-action pairs visited (deterministically) by
7. Further, let v , = max,em, , v™ be the best return of such policies. Definition 5.4.1

now evaluates to gap(s,a) = gap(s,a) V 4 (v* — vZ,) and the bound in Theorem 5.4.1

can be written as

Hlog (K)

Kk gk
v Vi

REK)S X

s,a: Is o #Q

(5.5)

We show in Section 5.4.6, that it is possible to further improve this bound when the
optimal policy is unique by only summing over state-action pairs which are not visited

by the optimal policy.

5.4.3 Regret analysis with improved clipping: from minimum
gap to average gap

In this section, we present the main technical innovations of our tighter regret analysis.
Our framework applies to optimistic algorithms that maintain a Q)-function estimate,

@, (s,a), which overestimates the optimal Q-function Q*(s,a) with high probability
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in all states s, actions a and episodes k. We first give an overview of gap-dependent

analyses and then describe our approach.

Overview of gap-dependent analyses. As already alluded to in Sec-
tion 5.4.1 the central quantity in regret analyses of optimistic algorithms are the
surpluses Ey(s,a). Worst-case regret analyses bound the regret in episode k as
Y (s.a)esx A Wn, (8,a) Ei(s,a), the expected surpluses under the optimistic policy m
executed in that episode. Instead, gap-dependent analyses rely on a tighter version
and bound the instantaneous regret by the clipped surpluses (e.g. Proposition 3.1

Simchowitz and Jamieson, 2019)

1 .
V*(s1) = V™(s1) < 2> w™(s,a)clip [Ek(s, a) iH gap(s,a) V ga;)}r}“] . (5.6)

Using concentration arguments one can show that Ej(s, a) shrinks at a rate of m,
with ny(s,a) the current number of times (s,a) has been visited. Thus, roughly
speaking, after (%)_2 visits to (s, a), the surplus falls below the threshold
and does not contribute any more to the regret. Since each visit incurs at most
% regret, this leads to a m dependency on gaps for each state-
action pair.

Sharper clipping with general thresholds. Our main technical contribution

for achieving a regret bound in terms of return gaps gap(s, a) is the following improved

surplus clipping bound:

Proposition 5.4.2 (Improved surplus clipping bound). Let the surpluses Ex(s,a) be
generated by an optimistic algorithm. Then the instantaneous regret of m is bounded

as follows:

V*(s1) — VT (s1) < 4210”’“(5, a) clip [Ek(s, a) ‘ igap(s, a) V eg(s, a)] ,

where e,: S x A — Ry is any clipping threshold function that satisfies

H 1 H
Er, [Z €r(Sh, An)| < 51[‘3@ [Z gap(Sh,Ah)] :
h=B h=1
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Compared to previous surplus clipping bounds in Equation 5.6, there are several
notable differences. First, instead of gap,;, /2H, we can now pair gap(s, a) with more
general clipping thresholds €x(s,a), as long as their expected sum over time steps

after the first non-zero gap was encountered is at most half the expected sum of gaps.

8aPmin

We will provide some intuition for this condition below. Note that ex(s,a) = #52

satisfies the condition because the LHS evaluates to £PunP, (B < H) and there
must be at least one positive gap in the sum Y., gap(Sy, Ay,) on the RHS in event
{B < H}. Thus our bound recovers existing results. In addition, the first term in our
clipping thresholds is igap(s, a) instead of ﬁ gap(s,a). Simchowitz and Jamieson
(2019) are able to remove this spurious H factor only if the problem instance happens
to be a bandit instance and the algorithm satisfies strong optimism where surpluses
have to be non-negative. Our analysis does not require such conditions and therefore

generalizes these existing results.!

Intuition for threshold condition in Proposition 5.4.2. The key to proving
Proposition 5.4.2 is the following self-bounding trick for the instantaneous regret
V*(s1) — V™(s1). The self-bounding trick works in the following way. If we have a
p > 0 which is upper bounded by v > p and lower bounded by 0 < 8 < p, we can
further bound (1 — ¢)p < v — ¢ for any constant ¢ € [0, 1]. We can now use this trick
twice with p = V*(s1) — V™(s1), v = Er, [S52, Ex(Sh, Ap)], ¢ = 1/4 and 3 equal to
either the expected sum of gaps or the assumed lower bound with clipping functions,
that is 8 = E,, [ 1, gap(Sh, Ap)] or B = Ex, [ZF, €1(Sh, Ap)]. This implies that one
half of the instantaneous regret is bounded as

H
(V*(s1) = V™(s1)) < 3 Eny | Bi(Sh, Ap) — gap<5h7Ah>4+ € (Sh, An) |
h=1

1
2
Using the fact that the clip operator satisfies a — b < clip[a|b] gives the desired

statement. This implies that, in order to achieve the tightest regret bound, we should

LOur layered state space assumption affects the H dependencies in lower-order terms in our final
regret compared to Simchowitz and Jamieson (2019). However, Proposition 5.4.2 directly applies to
their setting without any penalty in H.
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clip Ex(Sh, Ap) to the largest possible value. Thus, the goal is to lower bound the
expected sum of gaps as tightly as possible by the clipping function. Besides this
insight, introducing the stopping time B in the condition is key to addressing O.1

and requires a careful treatment laid out in the full proof in Section 5.5.

Choice of clipping thresholds for return gaps. The condition in Propo-
sition 5.4.2 suggests that one can set €x(Sy, An) to be proportional to the average

expected gap under policy 7y:

ex(s,a) = 22 . [z oap Sh,Ah)‘B(s,a)]. (5.7)

if Py, (B(s,a)) > 0 and €(s,a) = oo otherwise. Lemma 5.5.5 in Section 5.5 shows
that this choice indeed satisfies the condition in Proposition 5.4.2. If we now take the
minimum over all policies for 7, then we can proceed with the standard analysis and
derive our main result in Theorem 5.4.1. However, by avoiding the minimum over
policies, we can derive a stronger regret bound that depends on the actual policies

executed by the algorithm. We present this bound in the next section.

5.4.4 Policy-dependent regret bound

We will now show how our results from the previous sections translate into a stronger
regret bound on the concrete example of STRONGEULER. Ignoring lower-order terms,

Simchowitz and Jamieson (2019) showed that the surpluses of this algorithm are

bounded as Ej(s,a) < \/V*(S’aglio(i(g)k(s’a)) where 7i,(s,a) = Y1 w™ (s,a) are the
expected number of samples for (s,a) up to episode k and V*(s,a) = V[R(s,a)] +
Vep(|s,aV*(s")] is the one-step variance term w.r.t. the optimal value function. In

this case, Proposition 5.4.2 with the clipping to the average gap gives:

ZZw s,a) clip

k=1 s,a

J V*(s, a) log (s, a))

nk(s,a)

gap(s,a) V (s, a)] )

(5.8)
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An existing analysis now translates such a clipping bound into a log (K) regret bound
using an integration argument (e.g. Simchowitz and Jamieson, 2019). However, we
cannot rely on these arguments since our clipping thresholds may not be constant
across episodes. To address this technical challenge, we derive the following lemma

based on an optimization view on such terms

Lemma 5.4.3. For any sequence of thresholds 71, ...vk > 0, consider the problem

with o =1

SPLC D)) tog (Zf0)

maximize T s.t. for all ke [K]: > V-
*1,..cx €[0,1] kzl Z?:o T (K] Z§:0 z;
The optimal value is bounded for any t € [K| from above as log(t) + \/ t)log (K).

Applying this lemma for each (s, a) with z;, = w™ (s, a) and appropriate clipping

thresholds . ~ (gap(s,a) V €x(s,a))/y/V*(s,a) we can derive our main result:

Theorem 5.4.4. When StrongEuler is run with confidence parameter §, then with
probability at least 1 — 0, its regret is bounded for all number of episodes K as

* V*(s,a)log(M/d)
V (S a) IOg ( ) 10g (gap(s,a)Vet(s,a)
gap(37 a) \ 6,5(5, CL)

MK MH
+52AH410g< 5 >10g< >,
ga‘pmln

) + V(5 0)(K(oa) — t)} log (K)

where M < (SAH)?, gapy;, = ming q) 8ap(s,a) and K q) is the last episode during

which a policy that may visit (s,a) was played.

A slightly more refined version of this bound is stated Theorem 5.5.11 in Section 5.5
Note that our regret bound depends through €(s, a), the average gap encountered by
7, on the policies that the algorithm played. We can smoothly interpolate between
the worst-case rate of VK achieved for t < K when all gaps and average gaps are

O(4/V*(s,a)K) and the gap-dependent regret rate achieved when ¢ &~ K that scales
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inversely with gaps. Our bound depends on the gaps in all episodes and can benefit

from choices for ¢ that yields a large gap or average gap in late episodes.

Comparing with the bound in Simchowitz and Jamieson (2019). We now
proceed to compare our bound directly to the one stated in Corollary B.1 (Simchowitz
and Jamieson, 2019). We will ignore the factors with only poly-logarithmic dependence
on gaps as they are are common between both bounds. We now recall the regret

bound presented in Corollary B.1, modulo said factors:

HV* HV*
R(K)g()( 3 0"’“"’509<M/6,K,gap<s,a>>+|zopt|ng(M/a,K,gapmm)),

(.00 BOP(5,0) £8P min
where V* = max(s ) V(s,a), Zop is the set on which gap(s, 7*(s)) = 0, i.e., the set of
state-action pairs assigned to m* according to the Bellman optimality condition, and

Zoup is the complement of Z,,, and

M 16V*(s,a)log (M/§
LOG(M/6, 1, gap (s, a)) = log (5) log <M1 N é;pi)(soi§2 /)>'

If we take t = K in Theorem 5.4.4, we have the following upper bound:
RK) < O( s V(5.0L0G(M/8. K gap(s,a)) | HVISm|£OGM/5, K, gapmm>) |

(5,0)EZsup gap(57 CL) mink,s,a €k<S, a)

where S, is the set of all states for s € S for which gap(s, 7*(s)) = 0 and there exists
at least one state s’ with k(s") < s for which gap(s’, 7*(s)) > 0. We note that this set
is no larger than the set Z,, and further that even the smallest € (s, a) can still be
much larger than gap, ., as it is the conditional average of the gaps. In particular, this
leads to an arbitrary improvement in our example in Figure 5-1 and an improvement

of SA in the example in Figure 5-2.

5.4.5 Nearly tight bounds for deterministic transition MDPs

We recall that for deterministic MDPs, €x(s, a) = w, Va and the definition

of the set II; ,:
o ={m €1l : s = s,a5 = a,3 h < k(s), gap(sy, ay) > 0}
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We note that V(s,a) < 1 as this is just the variance of the reward at (s,a). Theo-

rem 5.5.11 immediately yields the following regret bound by taking ¢t = K.

Corollary 5.4.5 (Explicit bound from Equation 5.5). Suppose the transition kernel
of the MDP consists only of point-masses. Then with probability 1 — 9, StrongEuler’s

regret is bounded as

HLOG (M/$, K, gap(s, a))

* gk
v Via

R(K)gO( >

(s,a):11s,a7#0

MK MK MH
H1 <> in {1 () log [ 21
+§S og 5 mln{ og 5 , log (5, 0)
M
+ SAHA(S V H) log (5> ) ,

where v}, = maXqer, , V.

We now compare the above bound with the one in (Simchowitz and Jamieson, 2019)

again. For simplicity we are going to take K to be the smaller of the two quantities

H(log(KM/$)))

v¥—v¥
(s,a)

in the logarithm. To compare the bounds, we compare 3=, o)., .20 to

> (5.0)€ 2 aH;zi((ii\f/ ) 4 f;;’:ﬂlf. Recall that « € [0, 1] is defined as the smallest value

such that for all (s,a,s’) € S x A x S it holds that
P(s'|s,a) — P(s'|s, 7" (s)) < aP(s'|s,a).

For any deterministic transition MDP with more than one layer and one sub-optimal
action it holds that @ = 1. We will compare V*(s1) — V™ (s1) to gap(s,a) =
Q*(s,m(s)) — Q*(s,a). This comparison is easy as by Lemma 5.5.1 we can write

V*(s1) — VﬂZs,a)(Sl) = Z Wre (o) gap(s',a’) = Z gap(s',a’) > gap(s,a).

(s’,a/)Eﬂ'E‘Sﬂ) (s’,a’)Eﬂ'E‘S’a)
Hence, our bound in the worst case matches the one in Simchowitz and Jamieson
(2019) and can actually be significantly better. We would further like to remark that

we have essentially solved all of the issues presented in the example MDP in Figure 5-1.
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In particular we do not pay any gap-dependent factors for states which are only visited
by 7*, we do not pay a gap,,;, factor for any state and we never pay any factors for
distinguishing between two suboptimal policies. Finally, we compare this bound to
the lower bound derived Theorem 5.6.4 only with respect to number of episodes and

gaps. Let 8* be the set of all states in the support of an optimal policy

Hlog (K)

* __ ok
v Vs.a

> LelK)  ruy< X

(sayesns xa H(v* =0 e (s1)) — (s.0):01,.0 40

The difference between the two bounds, outside of an extra H? factor, is in the sets
S* and the set {s,a : II,, = 0}. We note that {s,a : II,, = 0} C S*. Unfortunately
there are examples in which {s,a : II;, = 0} is O(1) and §* = Q(S) leading to a
discrepancy between the upper and lower bounds of the order Q2(S). As we show in

Theorem 5.6.7 this discrepancy can not really be avoided by optimistic algorithms.

5.4.6 Tighter bounds for unique optimal policy.

If we further assume that the optimal policy is unique on its support, then we can
show STRONGEULER will only incur regret on sub-optimal state-action pairs. This
matches the information theoretic lower bound up to horizon factors. The formal

regret bound is found below:

Corollary 5.4.6. Suppose the transition kernel of the MDP consists only of point-
masses and there exists a unique optimal 7*. Then with probability 1—6, StrongEuler’s

regret is bounded as

LOG (M5, K, gap(s, a))
RE) <0 ( 2 gap(s, a)

e 3 oM s (241 s (01 )

(s,a)gm*

+ SAHY(S V H) log (A(f) ) .

191



Comparing terms which depend polynomially on 1/gap to the information theoretic

lower bound in Theorem 5.6.4 we observe only a multiplicative difference of H2.

5.5 Detailed proofs for Section 5.4

5.5.1 Useful decomposition lemmas

We start by providing the following lemma that establishes that the instantaneous
regret can be decomposed into gaps defined w.r.t. any optimal (and not necessarily

Bellman optimal) policy.

o~ ~

Lemma 5.5.1 (General policy gap decomposition). Let gap™ (s, a) = V7 (s) — Q7 (s, a)

for any optimal policy @ € 11*. Then the difference in values of T and any policy

me Il is
o~ H ~
VT(s) = V™(s) =E; | Y gap™(Sh, Ap) | Ses) = S (5.9)
h=r(s)
and, further, the instantaneous regret of w is
vt =0T =Y w(s,a) gap?(s, a). (5.10)

Proof. We start by establishing a recursive bound for the value difference of 7 and 7

for any s

~

V(s) = V™(s) = V7 (s) — Q" (s,m(s)) + Q" (s,m(s)) — V7 (s)
= gap%, 7(s)) + Q" (s,m(s)) — Q" (s,7(s))
— gap” (s, 7(s)) + ZPQ s, m(s))[VT(s) — V().

Unrolling this recursion for all layers gives

H

Z gapﬂsh, Ap)

h=k(s)

VT(s) = V™(s) = E,

SH(S) = S] .

To show the second identity, consider s = s; and note that v™ = V™ (s;) and v* =

v = V?(sl) because 7 is an optimal policy. O
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For the rest of the paper we are going to focus only on the Bellman optimal policy
from each state and hence only consider gap™ (s, a) = gap(s,a). All of our analysis
will also go through for arbitrary gap?, 7 € II*, however, this did not provide us with
improved regret bounds.

We now show the following technical lemma which generalizes the decomposition

of value function differences and will be useful in the surplus clipping analysis.

Lemma 5.5.2. Let ¥ : S - R, A: S x A — R be functions satisfying ¥(s) =0 for
any s with k(s) = H+1 and m: § — A a deterministic policy. Further, assume that

the following relation holds
W(s) = A(s, m(s)) + (P(]s, m(s)), ¥),

and let A be any event that is Hp-measurable where Hy = o(S1, A1, Ry, ..., Sh) is the
sigma-field induced by the episode up to the state at time h. Then, for any h € [H]
and h' € N with h < h' < H + 1, it holds that

Ex[x (A) ¥(Sh))] = E

A) (hE:l A(Sy, Ay) + ‘I’(Sh'+1))
t=h

Proof. First apply the assumption of ¥ recursively to get

W—1
\I/(S) =E, Z A(St,At) + \P(Sh/) S,i(s) = S] .
t=k(s)
Plugging this identity into E,[x (A) ¥(Sy))] yields
- -
Ex[x (A) ¥(Sh))] = Ex | x (A) Ex Z A(St, Ar) + ¥(Sw) ”
i =0

O, X (A)E; %: A(Sy, Ar) + ¥ (Sw) ”

3 %
Yg |E. (ZASt,At )+ U( sh,> ‘Hh”
t=h
(4i7) Wl
9 | (z A A W@h,))]
t=h
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where H;, = 0(S1, A1, Ry, ..., Sy) is the sigma-field induced by the episode up to the
state at time h. Identity (z) holds because of the Markov-property and (i) holds
because A is Hp-measurable. The final identity (iii) uses the tower-property of

conditional expectations. O

5.5.2 General surplus clipping for strongly optimistic algo-
rithms

Clipped operators. One of the main arguments to derive instance dependent bounds
is to write the instantaneous regret in terms of the surpluses which are clipped to the
minimum positive gap. We now define the clipping threshold ¢, : S x A — R{ and

associated clipped surpluses

By(s,0) = clip [By(s,a) | ex(s,)] = x (Ba(5,0) > ex(s,)) By(s, ). (5.11)
Next, define the clipped Q- and value-function as

Qu(s,a) = Ex(s,a) +r(s,a) + (P(-]s,a),Vi,) and Vi(s) = Qu(s, m(s)).
(5.12)

The random variable which is the state visited by 73 at time h throughout episode
k is denoted by S;, and A, is the action at time h.

Events about encountered gaps Define the event &, = {gap(Sy, An) > 0} that
at time h an action with a positive gap played, the Py, = 027:11 Epr that only actions
with zero gap have been played until A and the event A, = &, NPy, that the first
positive gap was encountered at time h. Let Ay 1 = Pi1.g be the event that only zero

gaps were encountered. Further, let
B =min{h € [H + 1]: gap(Sh, An) > 0}

be the first time a non-zero gap is encountered. Note that B is a stopping time w.r.t.

the filtration Fj, = o(S1, A1, ..., Sk, Ap).
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The proof of Simchowitz and Jamieson (2019) consists of two main steps. First show
that for their definition of clipped value functions one can bound Vi (s1) — V™(s;) >
L(Vik(s1) = V™(s1)). Next, using optimism together with the fact that m; has highest
value function at episode & it follows that V(sy) — V™ (sy) > V*(s;) — V™(s;). The
second main step is to use a high-probability bound on the clipped surpluses to relate
them to the probability to visit the respective state-action pair and the proof is finished
via an integration lemma. We now show that the first step can be carried out in greater
generality by defining a less restrictive clipping operator. This operator is independent
of the details in the definition of gap at each state-action pair but rather only uses a
certain property which allows us to decompose the episodic regret as a sum over gaps.
We will also further show that one does not need to use an integration lemma for the
second step but can rather reformulate the regret bound as an optimization problem.
This will allow us to clip surpluses at state-action pairs with zero gaps beyond the

gap,,, rate.
5.5.2.1 Clipping with an arbitrary threshold and proof of Proposition 5.4.2

Recall the definition of the clipped surpluses and clipped value function in Equation 5.11
and Equation 5.12. We begin by showing a general relation between the clipped value
function difference and the non-clipped surpluses for any clipping threshold ¢, : S — R.

This will help in establishing Vj(s1) — V™ (s;) > L(Vi(s1) — V™ (s1)).

Lemma 5.5.3. Let ¢, : S x A — R be arbitrary. Then for any strongly optimistic

algorithm it holds that

H
Vk( ) VT k 81 ZEM Z gap Sh,Ah —Ek(Sh,Ah)) (513)

h=B
Proof. We use W(s) = Vi(s) — V™ (s) in the following and first show that W (s,) >

E,, [Wk(Sg)]. As a precursor, we prove
Er, [X (Prn) Wi(Sk)] > Er, [X (Ans1) We(Shi1)] + Eny, [X (Prng1) We(Shia)] . (5.14)
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To see this, plug the definitions into Wy (s) which gives Wi (s) = Vi(s) — V™ (s) =
Ey(s, m(s)) + (P(-|s, mx(s)), Wi) and use this in the LHS of Equation 5.14 as

Ex, [X (Pr:a) Wil Si)] = En [x (Pra) Ei(Sh, An) | + B, [x (Pra) EIWi(Shs) | Sil]

>0

> Er, [X (Prn) Exy [Wik(Shs1) | Hall

(i1)

= En, [Ex, [X (Prn) Wi(Sht1) | Hal] = Exy, [X (Pr:n) Wi (Shy1)]
where H;, = 0(S1, A1, Ry, ..., Sy) is the sigma-field induced by the episode up to the
state at time h. Step (i) follows from strong optimism and the Markov property and

(73) holds because Py, is Hp-measurable. We now rewrite the RHS by splitting the

expectation based on whether event £,,; occurred as

Er, X (Prn) Wi(Shi1)] = Ex, [X (Prngs) Wi (Shyr)] + Eny [X (Anta) Wi(Shia)] -

We have now shown Equation 5.14, which we will now use to lower-bound Wi(s;) as

Wi(s1) = Ex, [x (E0) Wi (S1)] + Ex, [x (E7) W1(S1)]
= E,,[x (Al)Wl(Sl)HJEM[ (Pra) Wi (S1)]
> By, [x (Ay) Wi(S)] +ZEW,€ (An) Wi(Sp)]

h=2

=" Er, [x (An) Wi(Sh)] = Er, [Wi(S5)].

Wi(s1) > iEwk [X (An) i Ek(Sthh')]

h=1 h'=h
H H H H

> S°E, [ () 3 Bl Ah']—ZEm[ )3 S Ah/]
h=1 hi= - —h

where we applied the definition clipped surpluses which gives £ (s, a) = clip[Ex(s, a) |

ex(s,a)] > Ex(s,a) — €x(s,a). It only remains to show that

Er, [X (An) > Er(Sw, Aw)

h'=h

> Er, lx (An) Y. gap(sh/,Ah’)] -

h'=h
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To do so, we apply Lemma 5.5.2 twice, first with A = Ay, ¥ =V, — V™ and A = E},
and then again with A = Ay, ¥ = V* — V™ and A = gap which gives

H

Ery | X (An) 32 Bi(Sw, Aw)| = Eny [X (An) (Vi(Sh) = V()]

h'=h

> B, X (An) (V7(Sh) = V™(5n))]

=E, |x(Ax) > gap(Shf,Ah/)] .

h'=h

Thus, we have shown that

Vk(sl) — Vﬂk(Sl) = Wk(Sl)

Er, lX (An) Y gap(Sh',Ah')] - En, lX (An) > Ek(Sh/,Ah/)]

h'=h h'=h

M=

>

>
Il

1

I
NE

E., [x (An) > (gap(Sw, Aw) — €k(5hw4h’))]

h h'=h

E,, [Z (gan(Sh, An) — ek<sh,Ah>>]

h=B

1

where the last equality uses the definition of B, the first time step at which a non-zero

gap was encountered. O

Lemma 5.5.4 (Optimism of clipped value function). Let the clipping thresholds

er: S x A — R used in the definition of V. satisfy

H 1 H
Er, [Z € (Sh, An)| < 5En, [Z gap(sh,Ah)]
h=B h=1
for some optimal policy . Then scaled optimism holds for the clipped value function,
i.e.,
. - 1 . -
Vi(s1) =V™(s1) 2 5 (VZ(s1) = V™(s1)).
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Proof. The proof works by establishing the following chain of inequalities:

V(1) = V™ (s1)
2

=

DO | —

E, [i gap(Sh,Ah)] 0 ;Eﬂk [i gap(Sh,Ah))]

h=B

—

) l gap(Sh, Ap)) — ;gap(Sh, Ah)))]

~

H
g, [ (gap(Sh, Ar)) ek<sh,Ah>>>]
h=B

< Vi(s1) = V™(s1).

Here, (a) uses Lemma 5.5.1 and (b) uses the definition of B. Step (c) is just algebra
and step (d) uses the assumption on the threshold function. The last step (e) follows

from Lemma 5.5.3. O
We are now ready to present Proposition 5.4.2.

Proof of Proposition 5.4.2. Applying Lemma 5.5.4 which ensures scaled optimism of

the clipped value function gives
V*(s1) — V™ (s1) < 2(Vi(s1) — = 2Zw s,a)Ey(s, a),

where the equality follows from the definition of Vk(sl) and Lemma 5.5.2. Subtracting

$(V*(s1) — V™(s1)) from both sides gives
[y ™ gap(s,a)
§(V (s1) = V™(s1)) < 2Zw )| Er(s,a) — =

because Lemma 5.5.1 ensures that $(V*(s1) — V™(s1)) = 32, , w™(s,a) gap(s, a).

Reordering terms yields
V*(s1) — V™ (s1) < 4Zw (Ek(s a) — gapgf"”)
= 4Zw (chp [Ek(s a) ek(s,a)] - gap(s,a))

4
< 4Zw s,a) clip lEk(s a)

ex(s,a) Vv

Y
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where the final inequality follows from the general properties of the clipping operator,
which satisfies

a—c<a fora>bVe
cliplal) —c=<0—c<0 fora<b  <cliplalbV .
a—c<0 fora<c

5.5.3 Definition of valid clipping thresholds ¢,

Proposition 5.4.2 establishes a sufficient condition on the clipping thresholds ¢, that
ensures that the penalized surplus clipping bounds holds. We now discuss several
choices for this threshold that satisfy this condition.

Minimum positive gap gap,,;,: We now make the quick observation that taking
e = ¥Jmin will satisfy the condition of Proposition 5.4.2, because on the event
B = A$,, there exists at least one positive gap in the sum /", gap(Sh, Az), which,

by definition, is at least gap,,;,- This shows that our results already can recover the

bounds in prior work, with significantly less effort.

Average gaps: Instead of the minimum gap which was used in existing analyses,
we now show that we can also use the marginalized average gap which we will define
now. Recall that B = min{h € [H + 1]: gap(Si, An) > 0} is the first time a
non-zero gap is encountered. Note that B is a stopping time w.r.t. the filtration

Fn=0(S1,A1,...,Sh Ap). Further let
B(s,a) = {B < K(s), Sks) = 8, A(s) = a} (5.15)

be the event that (s, a) was visited after a non-zero gap in the episode. We now define

this clipping threshold

s Eme [ Al 8aD(Shs An) ’ B(s,a)] if Pr, (B(s,a)) > 0 (5.16)

€x(s,a) =
00 otherwise
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As the following lemma shows, this is a valid choice which satisfies the condition of

Proposition 5.4.2.

Lemma 5.5.5. The expected sum of clipping thresholds in Equation (5.16) over all
state-action pairs encountered after a positive gap is at most half the expected total

gaps per episode. That is,

H 1 H
E., [Z €r(Sh, Ap) | < zEn, [Z gap<5h>Ah)] ~
h—B 2 h=1

Proof. We rewrite the LHS of the inequality to show as E,, {Zthl X (B < h) € (Sh, Ah)}
and from now on consider the random variable fy,(B, Sy, Ap) = x (B < h) €,(Sh, An)
where f;,(b,s,a) = x (b < h) €x(s,a) is a deterministic function?. We will show below
that Ex, [f1(B, Sh, An)] < 357Ex, [ZthB gap(Sh, Ah)}. This is sufficient to prove the

statement, because

[i ShaAh] = iEm [fu(B, Sh, Ap)]

Eﬂk [Z gap(Sh,Ah)] = ;Eﬂk [Z gap(Sh,Ah)] .

To bound the expected value of f;,(B, Sy, Ay), we first write f, for all triples b, s,a
such that P, (B =b,A, =a,5,=s) >0 as

1 H
fh(b,S, ) (b < h) oH ﬂ-k [Z gap(Sh/,Ah/) ) B S h, Sh = 57Ah = CL]

h'=1
1 h
@ X (b<h)—E, Z gap(Sp, Ap) | B< h, S, =s,4,=a
2H ™ | &
1
x(b<h)— Z gap(Sy, Ap) |Sh =8, A = a|,
2H h'=h+1

where (i) expands the definition of €, and (i7) decomposes the sum inside the conditional

expectation and uses the Markov-property to simplify the conditioning for terms after

2Tt may still depend on the current policy m; which is determined by observations in episodes 1
to k — 1. But, crucially, f;, does not depend on any realization in the k-th episode
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h. Before taking the expectation of f,(B, Sk, Ay), we first rewrite the conditional

expectation in the first term above, which will be useful later.

h
Eﬂ'k [Z gap(Sh/,Ah/) | B < h7 Sy, = S,Ah _ CL]

h'=B
) B | Sh_p 84D (S, Aw)x (An = a, S = 5) X (B < h)]
N Pﬂk[BSh, Sh:s,Ah:a]
(i) By |Zh—p 83D (Sw, Aw)X (A = a, Sy = 9)]
Pﬂk [B S h, Sh = S,Ah = a]
Er, [22/23 gap(Sh/, Ah') ‘ Sp =58, A = a]
- P, [B<h | Sh=s, A, =d

Here, step (i) uses the property of conditional expectations with respect to an event
with nonzero probability and (i7) follows from the definition of B: When B > h, the

sum of gaps until & is zero. Consider now the expectation of fj,(B, Sy, Ap)

]E’Tl'k [fh(Ba Sha Ah)]

E,, [ZZ!B gap(Sy, Ap) | ShaAh]

1
=—FE, B<h 5.17
o o (X (B =) P, [B<h | Sh A (5.17)
1 H
+ﬁ]E7rk X(BSh)Eﬂk Z gap(Sh/,Ah/) Sh,Ah (518)
W =h+1

The term in (5.18) can be bounded using the tower-property of expectations as

1 H
ﬁEﬂ-k X (B S h) ]Eﬂ-k Z gap(Sh/, Ah/) Sh, Ah
h'=h+1
1 H ] 1 H
S ﬁEﬂ'k Ewk Z gap<Sh/, Ah’) Sha Ah = ﬁEﬂk Z gap(sh’> Ah’)
h/=h+1 ] h'/=h+1

201



For the term in (5.17), we also use the tower-property to rewrite it as

S _p gap(Swr, Ap) ‘ Sh7Ah‘|

[
—Er |x(B<h)

o2H Tk P, [B<h | Sp A
1 Eﬂk [ZZ/B gap(Sh/,Ah/) | Sh,Ah]

= —FE_|E B < A
o Tk | X (B < h) P, [B<h | Sh A Shy A
1 r Eﬂ'k lZZ/:B gap(Sh'7 Ah') Sh7 Ah

- __E.|E. |x(B<h A ]
oH T | _X( ) ‘Sh h] P, [(B<h | Su Ay

1 M h
= EEW;C Eﬂ‘k [ Z gap(Shla Ah’) ‘ Sh? Ah]]
L h'=B

_ 1
- 92H

r ok
En, | > gap(Sh’aAh’)] :
=B

Summing both terms yields the required upper-bound ﬁEﬁk [ZhHZ 5 gap(Sh, Ah)} on
the expectation E;, [fn(B, Sk, An)]. ]

5.5.4 Policy-dependent regret bound for StrongEuler

We now show how to derive a regret bound for STRONGEULER algorithm in Simchowitz
and Jamieson (2019) that depends on the gaps of the played policies throughout the

K episodes.

To build on parts of the analysis in Simchowitz and Jamieson (2019), we first
define some useful notation analogous to Simchowitz and Jamieson (2019) but adapted

to our setting:
k
ng(s,a) =Y w™(s,a),
j=1
M = (SAH)?,
V7(s,a) = V[R(s,a)] + Vyup(sa V()]

Vi(s,a) = V™(s,a) AN V*(s,a)
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We will use their following results:

Proposition 5.5.6 (Proposition F.1, F.9 and B.4 in Simchowitz and Jamieson
(2019)). There is a good event A that holds with probability 1 — 6/2. In this event,
STRONGEULER s strongly optimistic (as well as optimistic). Further, there is a

universal constant ¢ > 1 so that for allk > 1, s € S, a € A, the surpluses are bounded

as
1 H
0< ~Ei(s,a) < Bi(s,a) + Y By [BE(Sh, An) | (Sute), Ante) = (5,0)]
h=k(s)

where B B qre defined as

Vi(s,a)log (Mng(s,a)/0)

nk(s,a)

)

Br*d(s,a) = H A $

2
Bl (s,a) = H* A HP Slog (Mng(s,a)/0) N S'log (Mny(s,a)/0) .
ni(s, a) nk(s,a)
Lemma 5.5.7 (Lemma B.3 in Simchowitz and Jamieson (2019)). Let m > 2,

ai,...,an >0 and e > 0. Then clip [ T a; (—:} <23™, clip [a,|ﬁ}

Equipped with these results and our improved surplus clipping proposition in Propo-

sition 5.5.6, we can now derive the following bound on the regret of STRONGEULER

Lemma 5.5.8. In event A", the regret of STRONGEULER is bounded for all k > 1
as

<8ZZw s, a) clip [cBlead( a) | ga“pk(s,a)]

k=1 s,a 4

1 1 Bfut
—I—GZZM sacm[ck(sa) S A

k=1 s,a

gap k(s,a)l

with a universal constant ¢ > 1 and gap (s, a) = W Voeg(s,a).

Proof. We now use our improved surplus clipping result from Proposition 5.4.2 as a

starting point to bound the instantaneous regret of STRONGEULER in the kth episode
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as

V*(s1) — V™(s1) < 4> w™(s,a)clip [Ek(s, a)

s,a

gD (5, a) ] G
Next, we write the bound on the surpluses from Proposition 5.5.6 as

Ei(s,a) < cB(s, a)

+c Z X )) P [S (s) — S/, An(s’) = (l, | (Sn(s)y A/@(s)) - (87 CL):| Blffut<8/7 d)

and plugging it in Equation 5.19 and applying Lemma 5.5.7 gives

V*(s1) = VT (s1) < 8Zw s, a) clip chllcead(S a) gap,il(s,a)]
1 lip [cB™ gab y(s.a) |
" 6Zw o) elip [C (s:a) | =592

The statement to show follows now by summing over k € [K]. The form of the second

term in the previous display follows from the inequality

Zw”’“(s, X (K(5) 2 K(5) P™ [Suie) = 5, Auey = @' | (Sue)s Aue)) = (5,)]

< Zw S, a IEDTUC {S (s") — = A (s") — =d | ( K(s)s An(s)) = <5>a)} = wﬂk<sl7a/>‘
]

We note that if 7, = 7 for any 7 € II* then V*(s1) — V7™ (s1) = 0, and WLOG we

can disregard such terms in the total regret.

The next step is to relate ng(s, a) to ng(s, a) via the following lemma.

Lemma 5.5.9 (Lemma B.7 in Simchowitz and Jamieson (2019)). Define the event

Asamp

AP — {V(s,a) €S x AVE > 71(s,a): ng(s,a) > nk(z,a)} :

where 7(s,a) = inf{k : nk(s,a) > Heamp} and Hemp = ¢'log (M/§) for a universal

constant . Then event A™™P holds with probability 1 — & /2.
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Proof. This can be proved analogously to Lemma B.7 in Simchowitz and Jamieson
(2019) and Lemma 6 in Dann et al. (2019) with the difference that in our case, there
can only be at most one observation of (s, a) per episode for each (s,a) due to our
layered assumption. Thus, there is no need to sum over observations accumulated for

each h € [H| and our Hg,pp = O(log (H)) as opposed to O(H log (H)). O

Lemma 5.5.10. Let f,: N — R be non-increasing with sup,, fsaq(u) < f < oo for

all s,a € S x A. Then on event AP in Lemma 5.5.9, we have

Zzw 3 a fsa nk<s a)) < SAstamp+Z Z S a)fsa(nk(s a>/4)

=1 s,a $,a k=1(s,a)

Proof.

ZZw s,a) fsa(ni(s,a))

k=1 s.a

s,a)—1 K
Z Z (s,0) fsa(ni(s,a)) + > Y. w™(s,a)fsa(ni(s, a))
s,a $,a k=r1(s,a)

7(s,a)—1
. Z( S )f+z S w™(5,a) foalie(s.a)/4)

5,a k=1 $,a k=r(s,a)

:ZnTsa Saf-i-z Z (s, a) fsa(nin(s,a)/4)

$,a k=r(s,a)

< SAHsampf+Z Z 3 a)fsa(”k(s CL)/4)

$,0 k=7(s,a)

O

Theorem 5.5.11 (Regret Bound for STRONGEULER). With probability at least 1 — 9,

the regret of STRONGEULER s bounded for all number of episodes K € N as

{V*(S, a)»COg(M/57 t, gffp t(S, CL))

R(K) < Z min 2ip (5. 0)

~Y
s,a t€[K (s,0)]

+ \/ EOQ(M/é Ksa gapK( (870’))}

MK MK MH
31 () inJ1 <> log [
* Sza: SH' log 5 )M { v\ )8 gap in(s, a)

M
+ SAH?*(S Vv H)log (6) .
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Here, K54 is the last round during which a policy ™ was played such that w™(s,a) > 0,
gap,(s,a) = gap(s,a) V €(s,a), gap i, (5, a) = Milge[k]: gap , (s,0)>0 8P (5, ) is the

smallest gap encountered for each (s,a), and

16V*(s, a)log (M/(S))
gap (s, a)? '
Proof. We here consider the event A" N A4%™P which has probability at least 1 — ¢

M
LOG(M/6,t,gap,(s,a)) = log (5) log (t A1+

by Proposition 5.5.6 and Lemma 5.5.9. We now start with the regret bound in

Lemma 5.5.8 and bound the two terms individually in the following:

Bounding the B term. We have

ZZ@U s, a) clip [cBlead( a)

k=1 s,a

4

gap k(s,a)l

< SAHHsamp + Z Z (s,a)clip
$,a k=T(s,a)
K(s,0)
< SAHHsamp +> > w™(s,a)clip

$,a k=r(s,a)

Jélvk(s,a) log (M (s, a)/46) ’ gap (s, a)
ni(s,a)

)

log ( nksa gapksa
nk(s,a)

20\/12* (s,a log

where step (i) applies Lemma 5.5.10 and (i¢) follows from the definition of Vk(s a)

the definition of K4y and

log (W) log <i§> + log (nx(s,a))

< (log <i§> + 1) log (ng(s,a)) = log (]Z:) log (nk(s,a)) <log (M/d)log (nk(s,a)) .

We now apply our optimization lemma (Lemma 5.5.14) with x; = w™(s,a), vy =

20\/V*(s, a)log (M/4), and ¢, = gau%(:’a) to bound each (s,a)-term in Equation 5.20

for any t € [K] as

1
410g<t/\1—|— +4vtdlog KA1+ — (K—t))

e €%
_3202V*(s, a) log (%) log 1+ 161}2;,‘?(1:5)(5\4/5))
gap (s ,a)

16V*(s,a)log (M/(S))

M
K — " 1 — )1 KA1
—{—SC\J( t)V (s, a) og( 5) 095( M T i (s 0
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We have

K
Z w™ (s, a)clip

k=7(s,a)
32021)*(3 a)LOG(M/o,t,gap (s, a))
gap (s, a)

20\/V* (s,a)log (M/40) long:(l;(Z)a)) ‘ gap Z(Saa)]

+8cy/(K — 1)LOG(M/6, K, gap (s, a)).

Plugging this bound back in Equation 5.20 gives

ZZU} s, a) clip [CBlead( a)

k=1 s,a

< SAH log (]\;)

S i {v*<s,a)wg(M/é,t,ga“pt<s,a>>

gap (s, a)
4

s,a (K (s,a)] ga:‘pt(sv CL)

+/(K(s.a) — )LOG(M/6, K, gD ., , (5, a))}

where < only ignores absolute constant factors.

Bounding the B™ term. Consider the second term in Lemma 5.5.8 and event

Acre N AP Then by Lemma 5.5.10

ZZw s, a) clip chfut(s a)

k=1 s,a

< SAH?Hopnp + > Z (5,0) fsa(nn(s, a))

$,a k=r(s,a)

ga:‘p k(57 CL)
8SA

where f;, is

fS,a(ﬁk’(Sa a)) =

N (J Slog (Mny(s,a)/0) | Slog <Mnk<s,a>/5>)2 | gams,a)} |

nk (s, a) nk(s, a) 4

clip

We now apply Lemma C.1 by Simchowitz and Jamieson (2019) which gives

8SA

ZZU} s,a) clip [ Bi"(s,a)

k=1 s,a

gaD 4 (s, a)]

nk(s,a)

< SAH?Hemp + " H foa(H) + Z / w)du

< SAH*clog (M/6) + Z/ o f&a(u)du.
s,a H
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The remaining integral term is bounded with Lemma B.9 (b) by Simchowitz and
Jamieson (2019) with C" = S, C' = H® and € = gap (5, @) = mingex, ,1: gap ,(s.0)>0 84D 1, (5, @)
as follows.

> > w™(s, a)clip [cB,i“t(s, a)

k=1 s,a

M M
< SAH*log <5> +3 (SH3 log (5)

+ SH?log <A/[K) min {log (M> , log <V‘MH> })
6 6 gap min(87 CL)

< SAHY(S V H)log (5) + 3 SH? log <5> min {k’g <5) log <gap(3a>> } '

gEin k(sa CL)
8SA

]

5.5.5 Proof of Corollary 5.4.6

We begin by showing a different type of upper bound on the expected gaps by the
surpluses. Define the set f; = range(B) where B is the r.v. which is the stopping
time with respect to 7. For any 7*, define the set

Or(m*) = | {(s,a) € 8 x A :Pre((Sh, An) = (5, 0)|Sw(sy) = Sb)

5,E Bk
2 Pr, ((Shy An) = (5,0)[Sk(s) = ) }-
This set has the following intuitive definition — whenever Ag occurs we restrict our
attention to the MDP with initial state Sg. On this restricted MDP, Oy, is the set of
state-action pairs which have greater probability to be visited by the optimal 7* than

by 7.

Lemma 5.5.12. Assume strong optimism and greedy V', i.e., Vi (s) > max, Q4(s,a)

for all s € §. Then there exists an optimal 7* for which

H
Eﬂ'k [Z ga’p(Sha Ah)

h=B

< En, lz X(Sh, An & Ox(77)) By (Sh, An) | -

h=B
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Proof. One can write the optimistic value function for any s and 7 as follows

H
V'(s) =Ex | > Ei(Sh, An) + (S, An)
h=k(s)

= Ei(s,m(s)) + 7(s,7(s)) + (P(-|s, 7(s)), V).

k(s) = S

By backwards induction on H we show that for any s, s(s) < H V" < V. The base
case holds from the fact that on all s : k(s) = H, V(s) is just the largest optimistic

reward over all actions at s. For the induction step it holds that

V() = By(s, w(s)) + (s, m(s)) + (P(|s,7(s)), V")
+r(s,m(s)) + (P(]s,7(s)), Vi)

where the first inequality holds from the induction hypothesis and the second inequality

holds by definition of the value function. We now have

B, [z gap (S, Ah>] _E,, [V*(Sa) - Vil(Sa)]

h=B
< E., [Vi(Sp) — Vi(Sp)| — Ex, [V'(S5) = V*(S5)] -

Let us focus on the term E,, [V*(SB) - V*(SB)}

Er, [V'(S) = V*(S5)| = Ex, [En [f/ SB V*(Sp)|Ss]]

-k

— |2 5 T s =)

her(s) & Shy Ap)|Sk(s) = s
:]EWk Z [Z )W gjéBh_ :))| ©) }X(SB:S)]'

s

We can similarly expand the term E,, [Y_/k(SB) - Vk(SB)] By the definition of O (7*)

it holds that for any h > £(s)

Eﬂk [Ek(sh,AhNSﬁ(s) = S] - EW* {Ek(sh,Ah”S,{(s) = S]

< Bry [X(Sh, An & Ok(7) Br(Sh, An)|Suis) = 5]
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This implies

E., [V'(S5) — V*(S5)]

Eﬂ’k [ZhHZH(S) X(Sh7 Ap g Ok<ﬂ'*))Ek(Sh7 Ah)’SH(S) = 8}
Z Pwk(SB == S)

S

]Eﬂ-k [Z X(Sh7Ah Q Ok(ﬂ'*))Ek(Sh,Ah) .

h=B

We next show a version of Lemma 5.5.3 which takes into account the set Oy (7).

Lemma 5.5.13. With the same assumptions as in Lemma 5.5.12, there exists an
optimal 7™ for which
) H H
Vi(s1) = Vi(s1) > Eq, [Z gap(Sh, An) — > X (Sh, An & Ok(ﬁ*))ﬁk(SmAh)] ,
h=B h=B

where € is arbitrary.

Proof. Since E; is non-negative on all state-action pairs we have

Vilsn) = VoH(s1) = Ex, |2 il A

> E,, lz Ek(ShaAh)]

L=t h=—B
> B, | > x ((Sh, Ap) € Oy) Ek(SmAh)]
=B

> E,, Z X((Sh, An) & Ok)Ek(Sh,Ah)]

Lh=B

—E, [Z X((Sh, Ap) ¢ Ok)ek(Sh,Ah)]

h=B

>E, [i gap(Sh AH>] - E, [i X((Sh Ar) & Op)ex(Sn Ar) |

h=B h=B

where the second to last inequality follows from the definition of £ and the last

inequality follows from Lemma 5.5.12. ]

Next, we define €, in the following way. Let

& (s.a) = {ek(s, a) if (s,a) & O(7*) (5.21)

00 otherwise,
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where € is the clipping function defined in Equation 5.16. Lemma 5.5.13 now implies

that
) H H
Vi(s1) = Vi(s1) > Ex, | Y gap(Sn, An) — Y €(Sh, An)| -
h—B h—B

This is sufficient to argue Lemma 5.5.8 with gap,(s,a) = w V € (s, a) and hence
arrive at a version of Corollary 5.4.5 which uses €, as the clipping thresholds. Let
us now argue that €(s,a) = oo for all (s,a) € 7* whenever 7* is the unique optimal
policy for the deterministic MDP. To do so consider (s,a) € 7* and m, # 7*. Since the
MDP is deterministic, . is a singleton and is the the first state s, at which 7, differs
from 7*. We now observe that if k(s) < k(sp), this implies €x(s,a) = oo as B(s,a)
does not occur. Further, the conditional probabilities P« ((Sk, An) = (8, a)|Sk(s,) = Sb)
and Pr, ((Sh, An) = (5,a)|Sk(s,) = s») are both equal to 1 if x(s) > k(sy) and so
(s,a) € O(7*) which implies €(s,a) = oo. Thus we can clip all gaps at (s,a) € 7 to

infinity and they will never appear in the regret bound.

5.5.6 Alternative to integration lemmas

Lemma 5.4.3 is a simplified version of the following stronger result:

Lemma 5.5.14. Consider the following optimization problem

i VpTy/log <E§:1 xj>

mazrimize

T1yeeny T =1 I?: T
= (5.22)
log (251 7;)
s.t. 1<z, 0<ux,<1, = > € vV k€ [K],
j=1Lj

with (v;)ier) € RE and (€;)icr) € RE. Then the optimal value of Problem 5.22 is

bounded for any t € [K] as

v 1 1
€; €

€t K

where V; = maXyep vy and U] = MaXg>g>s V-
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Proof. Denote by X, = Zle x; the cumulative sum of z;. The proof consists of

splitting the objective of Equation 5.22 into two terms:

zt: ”uk:ck\/log Xk K vka:m/log (Xk) (5.24)

k t+1

and bounding each by the corresponding one in Equation 5.23 respectively.

Before doing so, we derive the following bound on the sum of f’“— terms:

Z z: Z X\/ﬁk Ak~ Akt XM\/_ 2(\/)TM \/E)’ (5.25)

k=m+1 k=m+1

where the inequality is due to X} being non-decreasing.
Consider now each term in the objective in Equation 5.24 separately.

Summands up to t: Since X}, is non-decreasing, we can bound

where (i) follows from Equation 5.25 using the convention X, = 0 and (i7) from
the optimization constraint \/m > ¢,/ X;. It remains to bound log (X;) by
2log (t A1+ %) Since all increments x; are at most 1, the bound log (X;) < log (¢)
holds.

We claim the following:

Claim 5.5.15. For any x s.t. log(x) < log(log(z)/a) it holds that log(z) <

2log (14 1/a).

Proof. First, we note that if 0 < x < e, then log (log ()) < 0 and thus the assumption

of the claim implies log (z) < log(1/a). Next, assume that z > e. Then we have

log(log(x))
log(w)

1/elog (z)+log (1/a) or equivalently log (z) < -% log (1/a). Noting that e/(e—1) < 2

< 1/e, which together with the assumption of the claim implies log (x) <

O

completes the proof.
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The constraints of the problem enforce /X < -~ log(Xk), which implies after squar-

€k

ing and taking the logarithm: log (X}) < log (log (X},) /€2). Thus, using Claim 5.5.15

yields:
log (X) < 2log (kA1+1/}) . (5.26)

Summands larger than ¢: Let v; = maxy. ;«x<x vx. For this term, we have

K uvapy/log (X1) 5.26 K
S rlog (X1) <o flog (KA1 +1/6) S —%
k—t+1 2.0 ka1 V Xk
5.25
< 40\ Jlog (K AT +1/6) (X i — /X0)
< 47 \flog (K A1+ 1/€%)(\/ Xic — Xo)

< 4v7\/log (K A 1+1/é)(VE — 1),

where we first bounded log (X}) < log (X ), because X}, is non-decreasing, and used
the upper bound on log (Xk). Then we applied Equation 5.25 and finally used

5.6 Instance-dependent lower bounds

We here shed light on what properties on an episodic MDP determine the statistical
difficulty of RL by deriving information-theoretic lower bounds on the asymptotic
expected regret of any (good) algorithm. To that end, we first derive a general result
that expresses a lower bound as the optimal value of a certain optimization problem
and then derive closed-form lower-bounds from this optimization problem that depend

on certain notions of gaps for two special cases of episodic MDPs.

Specifically, in those special cases, we assume that the rewards follow a Gaussian
distribution with variance 1/2. We further assume that the optimal value function is
bounded in the same range as individual rewards, e.g. as 0 < V*(s) < 1 for all s € S.

This assumption is common in the literature (e.g. Krishnamurthy et al., 2016; Jiang
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et al., 2017; Dann et al., 2018) and can be considered harder than a normalization of

V*(s) € [0, H] (see Jiang and Agarwal (2018)).

5.6.1 General instance-dependent lower bound as an opti-
mization problem

The idea behind deriving instance-dependent lower bounds for the stochastic MAB
problem (Lai and Robbins, 1985; Combes et al., 2017; Garivier et al., 2019) and infinite
horizon MDPs (Graves and Lai, 1997; Ok et al., 2018) are based on first assuming that
the algorithm studied is uniformly good, that is, on any instance of the problem
and for any « > 0, the algorithm incurs regret at most o(7*), and then argue that, to
achieve that guarantee, the algorithm must select a certain policy or action at least
some number of times as it would otherwise not be able to distinguish the current

MDP from another MDP that requires a different optimal strategy.

Since comparison between different MDPs is central to lower-bound constructions,
it is convenient to make the problem-instance explicit in the notation. To that end,
let © be the problem class of possible MDPs and we use subscripts ¢ and A for value
functions, return, MDP parameters etc., to denote specific problem instances 0, A € ©
of those quantities. Further, for a policy m and MDP 6, P} denotes the law of one
episode, i.e., the distribution of (Sy, A1, Ry, S2, Aa, Ra, ..., Su11). To state the general
regret lower-bound we need to introduce the set of confusing MDPs. This set consists
of all MDPs X in which there is at least one optimal policy 7 such that © ¢ 113, i.e.,

is not optimal for the original MDP and no policy in IIj has been changed.

Definition 5.6.1. For any problem instance § € © we define the set of confusing

MDPs A(0) as
AO) :={ e O: I} \II; # @ and KL(Py,P}) =0 Vr € II;}.

We are now ready to state our general regret lower-bound for episodic MDPs:
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Theorem 5.6.1 (General instance-dependent lower bound for episodic MDPs). Let
be a uniformly good RL algorithm for ©, that is, for all problem instances 8 € © and
exponents a > 0, the regret of 1 is bounded as E[Ry(K)] < o(K®), and assume that

vy < H. Then, for any 0 € O, the regret of 1 satisfies

o B[Ry (K]
hKIIlgOI(l)fW > C(9),

where C(0) is the optimal value of the following optimization problem

mintmize: Z n(m) (vy — vg)

n(m)>0 rell (5.27)
subject to: > n(m)KL(PF,P}) > 1 for all X e AB) .
well

The optimization problem in Theorem 5.6.1 can be interpreted as follows. The
variables n(7) are the (expected) number of times the algorithm chooses to play policy
7 which makes the objective the total expected regret incurred by the algorithm. The
constraints encode that any uniformly good algorithm needs to be able to distinguish
the true instance 6 from all confusing instances A € A(f), because otherwise it would
incur linear regret. To do so, a uniformly good algorithm needs to play policies 7 that
induce different behavior in A and 6 which is precisely captured by the constraints
Yren N(m) K L(PG, PX) > 1.

Although Theorem 5.6.1 has the flavor of results in the bandit and RL literature,
there are a few notable differences. Compared to lower-bounds in the infinite-horizon
MDP setting (Graves and Lai, 1997; Tewari and Bartlett, 2008; Ok et al., 2018), we
for example do not assume that the Markov chain induced by an optimal policy 7*
is irreducible. That irreducability plays a key role in converting the semi-infinite
linear program Equation 5.27, which typically has uncountably many constraints,
into a linear program with only O(SA) constraints. While for infinite horizon MDPs,
irreducibility is somewhat necessary to facilitate exploration, this is not the case for
the finite horizon setting and in general we cannot obtain a convenient reduction of

the set of constraints A(6). See Section 5.7.2 for a more in-depth discussion.

215



5.6.2 Gap-dependent lower bound when optimal policies visit
all states

To derive closed-form gap-dependent bounds from the general optimization problem
Equation 5.27, we need to identify a finite subset of confusing MDPs A(f) that each
require the RL agent to play a distinct set of policies that do not help to distinguish
the other confusing MDPs. To do so, we restrict our attention to the special case of
MDPs where every state is visited with non-zero probability by some optimal policy,
similar to the irreducibility assumptions in the infinite-horizon setting (Tewari and
Bartlett, 2008; Ok et al., 2018). In this case, it is sufficient to raise the expected
immediate reward of a suboptimal (s, a) by gap,(s,a) in order to create a confusing

MDP, as proven in the following lemma.

Lemma 5.6.2. Let O be the set of all episodic MDPs with Gaussian immediate
rewards and optimal value function uniformly bounded by 1 and let § € © be an MDP
in this class. Then for any suboptimal state-action pair (s, a) with gapy(s,a) > 0 that

is visited by some optimal policy with non-zero probability, there exists a confusing

MDP ) € A(6) with
o A\ and 6 only differ in the immediate reward at (s,a)

o KL(P5,PT) < gapy(s,a)? for all € 1L

By relaxing the problem in Equation 5.27 to only consider constraints from the
confusing MDPs in Lemma 5.6.2 with K L(P5,PT) < gap,(s, a)?, for every (s,a), we

can derive the following closed-form bound:

Theorem 5.6.3 (Gap-dependent lower bound when optimal policies visit all states).
Let © be the set of all episodic MDPs with Gaussian immediate rewards and optimal
value function uniformly bounded by 1. Let 6 € © be an instance where every state

is visited by some optimal policy with non-zero probability. Then any uniformly good
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algorithm on © has expected regret on 6 that satisfies

lim inf M > Z #
Koo IOg (K> s,a: gapg(s,a)>0 gap9<s’ CL)

Theorem 5.6.3 can be viewed as a generalization of Proposition 2.2 in Simchowitz

and Jamieson (2019), which gives a lower bound of order ) ) for a

s,a: gapgy(s,a)>0 gape%
certain set of MDPs.?> While our lower bound is a factor of H worse, it is significantly
more general and holds in any MDP where optimal policies visit all states and with
appropriate normalization of the value function. Theorem 5.6.3 indicates that value-

function gaps characterize the instance-optimal regret when optimal policies cover the

entire state space.

5.6.3 Gap-dependent lower bound for deterministic-transition
MDPs

We expect that optimal policies do not visit all states in most MDPs of practical
interest (e.g. because certain parts of the state space can only be reached by making an
egregious error). We therefore now consider the general case where Unen; supp(m) € S
but restrict our attention to MDPs with deterministic transitions where we are able to
give an intuitive closed-form lower bound. Note that deterministic transitions imply
Vr,s,a: w™(s,a) € {0,1}. Here, a confusing MDP can be created by simply raising

the reward of any (s, a) by

v, — max v, , 5.28
0 7 wj(s,a)>0 0 ( )

the regret of the best policy that visits (s,a), as long as it is positive and (s, a)
is not visited by any optimal policy. Equation 5.28 is positive when no optimal
policy visits (s,a) in which case suboptimal actions have to be taken to reach (s, a)

and gap,(s,a) > 0. Let T(sq) be any maximizer in Equation 5.28, which has to act

3We translated their bound and construction to our setting where V* < 1 which reduces the
bound by a factor of H.
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optimally after visiting (s,a). From the regret decomposition in Equation 5.3 and the

fact that 7, ) visits (s, a) with probability 1, it follows that v; — v;(s’“) > gapy(s,a).

a

We further have vj — v;r % < Hgapy(s,a). Equipped with the subset of confusing
T (s.a)

MDPs A that each raise the reward of a single (s, a) as r\(s,a) = ro(s, a) + vy — vy,

we can derive the following gap-dependent lower bound:

Theorem 5.6.4. Let © be the set of all episodic MDPs with Gaussian immediate
rewards and optimal value function uniformly bounded by 1. Let 6 € © be an instance
with deterministic transitions. Then any uniformly good algorithm on © has expected

regret on 0 that satisfies

. E[Re(K)] 1
hKHi}o%f log (K) = 2 = 2

,ﬂ,*
s,a€ 2y : gapy(s,a)>0 H- (U; — Ue(s’a)) s,a€Zg: gapy(s,a)>0

1
H? - gapy(s, a)’

where Zg = {(s,a) € S x A: Vr* € II;  w] (s,a) = 0} is the set of state-action pairs

that no optimal policy in 6 wvisits.

We now compare the above lower bound to the upper bound guaranteed by
STRONGEULER in Equation 5.5. The comparison is only with respect to number of

episodes and gaps®

log (K)
H?gap,(s, a)

log (K)

<SE[REK)]< ) (5. a)

s,aEX: gapg(s,a)>0 s,a: gapg(s,a)
The difference between the two bounds, besides the extra H? factor, is the fact that
(s,a) pairs that are visited by any optimal policy (s,a # Z4) do not appear in the
lower-bound while the upper-bound pays for such pairs if they can also be visited after
playing a suboptimal action. This could result in cases where the number of terms

in the lower bound is O(1) but the number of terms in the upper bound is (SA)

leading to a large discrepancy.

4We carry out the comparison in expectation, since our lower bounds do not apply with high
probability.
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Figure 5-3: Deterministic MDP instance for optimistic lower bound

5.6.4 Lower bounds for optimistic algorithms in MDPs with
deterministic transitions

In this section we show a lower bound on the regret of optimistic algorithms, demon-
strating that optimistic algorithms can not hope to achieve the information-theoretic
lower bounds even if the MDPs have deterministic transitions. While the result might
seem similar to the one proposed by Simchowitz and Jamieson (2019) (Theorem 2.3)
we would like to emphasize that the construction of Simchowitz and Jamieson (2019)
does not apply to MDPs with deterministic transitions, and that the idea behind our
construction is significantly different.

Consider the MDP in Figure 5-3. This MDP has 2n + 9 states and 4n + 8 actions.
The rewards for each action are either 1/12 or 1/12 4 ¢/2 and can be found next to
the transitions from the respective states. We are going to label the states according

to their layer and their position in the layer so that the first state is s;; the state
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which is to the left of s;; in layer 2 is s5; and to the right s, 5. In general the i-th
state in layer £ is denoted as sp ;. The rewards in all states are deterministic, with a
single exception of a Bernoulli reward from state s41 to s52 with mean 1/12. From the
construction it is clear that V*(s11) = 1/2 + €. Further there are two sets of optimal
policies with the above value function — the n optimal policies which visit state s 9
and the n optimal policies which visit s5;. Notice that the information-theoretic lower
bound for this MDP is in O(log (K) /¢) as only the transition from state s;; to s52
does not belong to an optimal policy. In particular, there is no dependence on n.
Next we try to show that the class of optimistic algorithms will incur regret at least
Q(nlog (671) /e).

Class of algorithms. We adopt the class of algorithms from Section G.2 in
(Simchowitz and Jamieson, 2019) with an additional assumption which we clarify
momentarily. Recall that the class of algorithms assumes access to an optimistic
value function Vi (s) > V*(s) and optimistic Q-functions. In particular the algorithms

construct optimistic Q and value functions as

Vi(s) = max Qy(s, a)

acA

Qk(sa CL) = ?k(sa CL) + bql;w(sa CL) +ﬁk(87 a)T‘_/k + bk(57 CL).

We assume that there exists a ¢ > 1 such that

¢ |log (M(1V ng(s,a)))/d
2 (1Vng(s,a))

log (M(1V ng(s,a)))/é
(1Vng(s,a)) ’

< b;"(s,a) < c$

where M = 0(n) and by (s, a) ~ V'S fi(s,a)bi* (s, a), where f; is a decreasing function
in the number of visits to (s,a) given by ng(s,a). For ng(s,a) = Q(nlog(n)), we
assume by (s, a) < b3¥(s,a). One can verify that this is true for the the Q and value

functions of StrongEuler.

Lower bound. Let € > 0 be sufficiently small to be specified later and let NV be
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such that

c*nlog (MN/(nd))
16€2

N=| ].

Lemma 5.6.5. There exists ng, €9 such that for any pair of n > ng and € < ¢y and
any k < N, with probability at least 1 — 0, it holds that either ny(s51) < N/4, or

Qk($4,1> 1) < Qk(54,1>2)-
We can show the same for the upper part of the MDP.

Lemma 5.6.6. There exists ng, €9 such that for any pair of n > ng and € < €y and
any k < N, with probability at least 1 — 0, it holds that either ny(s12) < N/4, or
Qr(51.1,2) < Qp(s11,1).

Theorem 5.6.7. There exists an MDP instance with deterministic transitions on
which any optimistic algorithm with confidence parameter § will incur expected regret
of at least Q(Slog (671 /€)) while it is asymptotically possible to achieve Q(log (K) /¢)

regret.

Proof of Theorem 5.6.7. Taking the MDP from Figure 5-3. Applying Lemma 5.6.5
and 5.6.6 shows that after N episodes with probability at least 1 — 24, the visitation
count of sy and s5; each do not exceed N/4. Hence there are at least N/2 episodes in
which neither of them is visited, which means an e-suboptimal policy is taken. Hence

the expected regret after N episodes is at least

(1—28)eN/2 = Q) (W> .

€

]

Theorem 5.6.7 has two implications for optimistic algorithms in MDPs with

deterministic transitions.

« It is impossible to be asymptotically optimal if the confidence parameter 0 is

tuned to the time horizon K.

221



Figure 5-4: Issue with restricting LP to II*

o It is impossible to have an anytime bound matching the information-theoretic

lower bound.
5.6.4.1 Issue with deriving a general bound

We now try to give some intuition regarding why we could not derive a generic
lower bound for deterministic transition MDPs. We have already outlined our general
approach of restricting the set I and A(#) to finite subsets of manageable size and then
showing that the value of the LP on these restricted sets is not much smaller than the
value of the original LP. One natural restriction of II is the set IT* from Theorem 5.6.4.
Suppose we restrict ourselves to the same set and consider only environments making
policies in IT* optimal as the restriction for A(6). We now give an example of an
MDP for which such a restriction will lead to an Q(SA) multiplicative discrepancy
between the value of the original semi-infinite LP and the restricted LP. The MDP
can be found in Figure 5-4. The rewards for each action for a fixed state s are equal
and are shown in the vertices corresponding to the states. The number of states in
the second and last layer of the MDP are equal to (SA — 3)/2. The optimal policy
takes the red path and has value V™ = 3. The set II* consists of all policies 7,
which visit one of the states in green. The policies 7 ;, in blue, visit the green state
in the second layer of the MDP and one of the states in the final layer, following
the paths in blue. Similarly the policies 7y ;, in orange, visit one of the state in the

second layer and the green state in the last layer, following the orange paths. The
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value function of 7;; is V™ = 3 — & —ie, where 0 < i < (SA —4)/2. We claim
that playing each ;; n(m;;) = Q(SA) times is a feasible solution to the LP restricted
to II*. Fix i, the A, , must put weight at least 1/SA on the green state in layer 2.
Coupling with the fact that for all ¢ the rewards m ; are also changed under this
environment we know that the constraint of the restricted LP with respect to A,
is lower bounded by >, n(m1+)/(SA)?. Since there are Q(SA) policies {my i}, this
implies that n(m ;) = Q(SA) is feasible. A similar argument holds for any ms,;. Thus

the value of the restricted LP is at most O(SA), for any ¢ < SA.

However, we claim that the value of the semi-infinite LP which actually characterizes
the regret is at least Q(S?A?). First, to see that the above assignment of 7 is not
feasible for the semi-infinite LP, consider any policy © ¢ II*, e.g. take the policy
which visits the state in layer 2 with reward 1 — 1/SA — € and the state in layer
4 with reward 1 — 2/SA — e. Each of these states have been visited O(SA) times
and 7(m) = 0 hence the constraint for the environment A, is upper bounded by
SA ((51,4 + e>2 + <(52A + 6)2)> ~ 1/SA. In general each of the states in black in
the second layer and the fourth layer have been visited 1/SA times less than what
is necessary to distinguish any 7 & II* as sub-optimal. If we define the i-th column
of the MDP as the pair consisting of the states with rewards 1 — 1/SA — ie and
1—2/SA—ie then to distinguish the policy visiting both of these states as sub-optimal
we need to visit at least one of these Q(S5?A?) times. This implies we need to visit
each column of the MDP §2(S?A?) times and thus any strategy must incur regret at
least (Zi SZAQﬁ) = Q(S?A?), leading to the promised multiplicative gap of Q(SA)
between the values of the two LPs.

Why does such a gap arise and how can we hope to fix it this issue? Any feasible
solution to the LP restricted to IT* essentially needs to visit the states in green ©(S52A?)
times. This is sufficient to distinguish the green states as sub-optimal to visit and

hence any strategy visiting these states would be also deemed sub-optimal. This is
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achievable by playing each strategy in IT* in the order of ©(SA) times as already
discussed. Now, even though IT* covers all other states, from our argument above
we see that we need to play each 7 € IT* in the order of ©(S5%A?) times to be able
to determine all sub-optimal states. To solve this issue, we either have to increase
the size of II* to include for example all policies visiting each column of the MDP
or at the very least include changes of environments in the constraint set which
make such policies optimal. This is clearly computationally feasible for the MDP
in Figure 5-4, however, it is not clear how to proceed for general MDPs, without
having to include exponentially many constraints. The following interesting questions
arises: is it possible to come up with a relaxation of the LP, computable in polynomial
time, with solution which is at most o(SA) multiplicative constant away from what is
optimal. We show in Section 5.7.3.2 that this is indeed possible for the special case of

deterministic transition, tree-structured MDPs.

5.7 Proofs from Section 5.6

Let Ny (k) be the random variable denoting the number of times policy 7 has been
chosen by the strategy 1. Let Ny (sq)(k) be the number of times the state-action pair

has been visited up to time k by the strategy .

5.7.1 Proof of Theorem 5.6.1

We begin by formulating an LP characterizing the minimum regret incurred by any

uniformly good algorithm 1.

Theorem 5.7.1. Let ¢ be a uniformly good RL algorithm for ©, that is, for all problem
instances 0 € © and exponents o > 0, the regret of 1 is bounded as E[Ryg(K)] < o(K®*).

Then, for any 6 € ©, the regret of 1 satisfies

B[R (K)]
lin inf log (K) = C0),
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where C(0) is the optimal value of the following optimization problem

minimize: —
imize: - 2 n(m) (% = v5)
, (5.29)
subject to: Z n(m)KL(P;,PT) > 1 for all X € A(0)
well

where N'(0) = {\ € ©: II; N1} = @,KL(IP’;FS,]P’I;) = 0} are all environments that
share no optimal policy with 6 and do not change the rewards or transition kernel on

.

Proof. We can write the expected regret as E[Ryg(K)] = Y cr Eo[ Ny (K)](vg — vg).
We will show that n(7) = Eg[Ny . (K)]/log (K) is feasible for the optimization problem
in Equation 5.27. This is sufficient to prove the theorem. To do so we follow the
techniques of Garivier et al. (2019). With slight abuse of notation, let P;* be the law

of all trajectories up to episode k. We have

KL(IP)ék+1 : PikJrl) KL(]P)YRH i, PYkH Ik)

= KL(Py,Py) + E |E vy
0

log ]P’g(fk)(YkH) ‘ I
PLU (Vig) (5.30)

= KL(Py, PY¥) +E ZX Y(I) = 1)K L(P5, PT)| .

| eIl

Tterating the argument we arrive at 3,cy Eg[Ny - (K)|K L(P, PY) = K L(Py<, Pi¥)
where Ey denotes expectation in problem instance 6. Next one shows that for any
measurable Z € [0, 1], it holds that K L(P<, Pi¥) > kl(Ee[Z], EA[Z]) where kl(p, q) =
plog (p/q) + (1 — p)log ((1 —p)/(1 — q)) denotes the KL-divergence between two
Bernoulli random variables p and ¢. This follows directly from Lemma 1 by Garivier
et al. (2019). Finally we choose Z = Ny (K)/K as the fraction of episodes where
an optimal policy for A was played (here we use the short-hand notation Ny m; (K) =

Yorern; Ny.(K)). Evaluating the kl-term we have
Eo| Ny (K)| E)[Ny = (K Eg| Ny 1= (K
o (B 00 B UOT) () BN (K )
K K K K — B\[Ny ii; (K)]
—log (2).
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Since ¢ is a uniformly good it follows that for any o > 0, K — E\[Ny iz (K)] = o(K*®).
By assuming that [Ty N 1T} = @, we get Eg[Ny 1z (K)] = o(K). This implies that for
K sufficiently large and all 1 > a > 0

1l (Ee[Nw,H; (K] Ex[Ny,m; (K]

= , - ) > log (K) — log (K®) = (1 — a)log (K) 2=% log (K).

]

The set A’(#) is uncountably infinite for any reasonable © we consider. What is
worse the constraints of LP 5.27 will not form a closed set and thus the value of the
optimization problem will actually be obtained on the boundary of the constraints.

To deal with this issue it is possible to show the following.

Proof of Theorem 5.6.1. For the rest of this proof we identify A'(f) = {\ € © :
I3 N 1L = @,KL(IF’;T",IP’;F") = 0,Vr; € II;} as the set from Theorem 5.7.1 and
AB) = {N € ©: vj\ri > vg“’,ﬂ:“\ 4 H;,KL(IF’;FQ,IP’;@) = 0}. From the proof of
Theorem 5.7.1 it is clear that we can rewrite A’(f) as the union U, A (), where
A(0)={\€O: KL(IP’g;,IPz\r;) =0,v"™ > U;r;, 75y = m} is the set of all environments
which make 7 the optimal policy. This implies that we can equivalently write LP 5.27
as

miggr)gioze: 7%%77 —vg)

. 5.31
subject to: mf Z n(m)KL(Py,PY) > 1 for all 7' €1l (5:81)

The above formulation now minimizes a linear function over a finite intersection of
sets, however, these sets are still slightly inconvenient to work with. We are now going
to try to make these sets more amenable to the proof techniques we would like to
use for deriving specific lower bounds. We begin by noting that A, () is bounded
in the following sense. We identify each A with a vector in [0, 1]5°4 x [0, 1]%4 where
the first S?A coordinates are transition probabilities and the last SA coordinates
are the expected rewards. From now on we work with the natural topology on

[0, 1]5°4 % [0, 1]%4, induced by the £; norm. Further, we claim that we can assume that
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K L(Pj,P7) is a continuous function over A,/ (#). The only points of discontinuity are
at A\ for which the support of the transition kernel induced by A does not match the
support of the transition kernel induced by 6. At such points the K L(Pj,P}) = oc.
This implies that such A does not achieve the infimum in the set of constraints so
we can just restrict A (f) to contain only A for which K L(Pj,P%) < co. With this

restriction in hand the KL-divergence is continuous in A.

Fix a 7" and consider the set {n : infxca_,0) X ren 7(7) K L(PF, PY) > 1} correspond-
ing to one of the constraints in LP 5.31. Denote A (8) = {\ € O : KL(IP’g;,IP’:;) =
0, vi\ri > vg;ﬂr;‘\ ¢ IT5, 5 = 7'}, A () is closed as KL(Pg;,PZZ) and v:; —v;rg are both
continuous in A. To see the statement for v;\r;, notice that this is the maximum over the
continuous functions v§ over 7 € I. Take any n € Ar/(0) and let {\;}52,,\; € An(0)
be a sequence of environments such that Y eqn(m)KL(PG,PY) > 1+ 277, If
there is no convergent subsequence of {\;}32, in A (f) we claim it is because
of the constraint vf\r; > vg;. Take the limit A\ of any convergent subsequence of
{Aj}52, in the closure of Ar(¢). Then by continuity of the divergence we have
0 = lim, KL(IP’;F;,IF’KE) = KL(]P’Z;,IP’;;), thus it must be the case that vj\ri < vg;.
This shows that A () is a subset of the closure of A (6) which implies it is the
closure of Ay (6), i.e., Ap(0) = Aw(6).

Next, take n € {n : minyc; g Xrenn(m)KL(PF, PY) > 1} and let Aw, be the
environment on which the minimum is achieved. Such A, exists because we just
showed that A (#) is closed and bounded and hence compact and the sum con-
sists of a finite number of continuous functions. If A\., € Ay (f) then n € {n :
infrea,0) Zren () K L(PG, P%) > 1}. If A,y & A (0) then A, must be a limit point
of A (6). By definition we can construct a convergent sequence of {\;}32,, \; € Ar(0)
to Ary such that 3o e n(m) KL(PF, PY ) > 1. This implies 3> ey n(m) KL(PF, PY) >
infaea_, 0) Xnen 1(m) K L(IPF,P%). Using the continuity of the KL term and taking

limits, the above implies that the minimum upper bounds the infimum. Since we
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argued that A (6) is bounded and ¥ ey n(m) K L(PF, PY ) is also bounded from be-
low this implies A (6) contains the infimum infyea ,(9) Spen 7(7) K L(PF, PY). This
implies infyen , 0) Cren 7(m) KL(PF, PY) > miny g ) Xren n(m) K L(PF, PY) , and so
the infimum over A,(f) equals the minimum over A,(#). Which finally implies that
n € {n :infaen_ 9) Xren n(m) K L(PF,P%) > 1}. This shows that LP 5.31 is equivalent

to

minimize: Z n(m) (vg — vg)
n(m)=0 =

subject to:  min Y n(r)KL(P§,P5)>1  forall 7/ €Il
XA (0) rert

or equivalently that we can consider the closure of A() in LP 5.27, A(f) = {\ €
O: v:; > v;rz, m & 115, K L(IP’;T;,IP’I;) = 0} i.e. the set of environments which makes

any 7 optimal without changing the environment on state-action pairs in 7. O

5.7.2 Proof of Theorem 5.6.3

Proof of Lemma 5.6.2. Let X\ be the environment that is identical to 8 except for the
immediate reward for state-action pair for (s,a). Specifically, let Ry(s,a) so that
ra(s,a) = ro(s,a) + A with A = gapy(s,a) . Since we assume that rewards are

Gaussian, it follows that
KL(]P)g7 ]P);‘\-) = w;\T(S? CL)KL(R@(S, a)a R)\<87 a)) < KL<R9(S7 a)? RA(S7 a))
< gapy(s, a)’

for any policy 7 € II. We now show that the optimal value function (and thus return)
of A\ is uniformly upper-bounded by the optimal value function of #. To that end,
consider their difference in any state s’, which we will upper-bound by their difference

in s as

Vi (s') = Vi (s') < X((5) > K()Pp (su) = sliswery = 8)[Vi(5) = Vi (s)]
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Further, the difference in s is exactly

Vi(s) = Vi (s) = rals,a) + (By(tls, ), Vg) — Vi'(s)

= T9(S7a) + <P9('|87 CL), VG*> + gap0(57 CL) - VG*<S> =0.

Hence, Vi =V <1 and thus A € ©. We will now show that there is a policy that is
optimal in A but not in #. Let 7* € II; be any optimal policy for 6 that has non-zero
probability of visiting s and consider the policy
#(3) = {”*(5) e
a ifs=3
that matches 7* on all states except s. We will now show that 7 achieves the same

return as 7 in A. Consider their difference

where (7) and (i7) follow from the fact that 7 and 7* only differ on s and hence, their
probability at arriving at s and their value for any successor state of s is identical. Step
(i77) follows from the fact that A and 6 only differ on (s, a) which is not visited by 7*.
Finally, step (iv) applies the definition of optimal value functions and value-function
gaps. Since A = gap,(s, 7(s)), it follows that v§ = v} =v] = v}. As we have seen
above, the optimal value function (and return) is identical in § and A and, hence, 7 is
optimal in A.

Note that the we can apply the chain of equalities above in the same manner to

v — ] if we consider A = 0. This yields

vy —vf = —wj (s,7(s)) gapy(s,a) <0
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because wj (s,7*(s)) > 0 and gap,(s,a) < 0 by assumption. Hence 7 is not optimal

in 0, which completes the proof. n

Lemma 5.7.2 (Optimization problem over S x A instead of II). Let optimal value
C(0) of the optimization problem Equation 5.27 in Theorem 5.6.1 is lower-bound by
the optimal value of the problem

minimize s,a) gapy(s,a
linimiz ;ajn( ) gapy(s, a)

s.t. Y n(s,a) KL(Ry(s,a), R\(s,a)) (5.32)

s,a

+ > n(s,a) KL(Py(-|s,a), PA(|s,a)) > 1 for all X € A(0)

Proof. First, we rewrite the objective of Equation 5.27 as

277 6 — Vp) 1)277 ngsa)gapesa Z(ZU wgsa)gapg(s,a)

mell mell s,a s,a \mwell

where step (i) applies Lemma 5.5.1 proved in Section 5.5. Here, wj(s,a) is the
probability of reaching s and taking a when playing policy 7 in MDP 6. Similarly,

the LHS of the constraints of Equation 5.27 can be decomposed as

> n(m) KL(Pg, )

= 2;177(7?) > wj(s,a) (KL(Rg(s,a), Rx(s,a)) + KL(Py(-|s,a), PA(|s,a)))
= Z [Z n(m)wg (s,a) | (KL(Ry(s,a), Rx(s,a)) + KL(FPy(+|s,a), P\(:|s,a)))

where the first equality follows from writing out the definition of the KL divergence.
Let now 7(7) be a feasible solution to the original problem Equation 5.27. Then the two
equalities we just proved show that 7(s,a) = 3. n(m)wj(s,a) is a feasible solution
for the problem in Equation 5.32 with the same value. Hence, since Equation 5.32 is
a minimization problem, its optimal value cannot be larger than C'(6), the optimal

value of Equation 5.27. O

Proof of Theorem 5.6.3. Let A(6) be a set of all confusing MDPs from Lemma 5.6.2,

that is, for every suboptimal (s,a), A(f) contains exactly one confusing MDP that
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differs with € only in the immediate reward at (s, a). Consider now the relaxation of
Theorem 5.6.1 from Lemma 5.7.2 and further relax it by reducing the set of constraints
induced by A(#) to only the set of constraints induced by A(6):

minimize S, a)gapy(s,a
linimniz gn( ) gapy (s, a)

st. Y n(s,a)KL(Ry(s,a), R\(s,a)) > 1 for all A € A(6)

Since all confusing MDPs only differ in rewards, we dropped the KL-term for the
transition probabilities. We can simplify the constraints by noting that for each A,
only one KL-term is non-zero and it has value gapy(s,a)?. Hence, we can write the
problem above equivalently as
minimize Y _n(s,a) gapy(s, a)
n(s,a)>0 s
s.t. n(s,a)gapy(s,a)® > 1 for all (s,a) € S x A with gapy(s,a) >0

Rearranging the constraint as n(s,a) > 1/ gap,(s,a)?, we see that the value is lower-

bounded by
1
don(s,a)gapy(s,a) = Y ns,a)gapy(s,a) = D] o)
s,a s,a: gapy(s,a)>0 s,a: gapy(s,a)>0 gapPy\ s, a
which completes the proof. O

We note that because the relaxation in Lemma 5.7.2 essentially allows the algorithm
to choose which state-action pairs to play instead of just policies, the final lower bound
in Theorem 5.6.3 may be loose, especially in factors of H. However, it is unlikely that
the gap,,;, term arising in the upper bound of Simchowitz and Jamieson (2019) can
be recovered. We conjecture that such a term can be avoided by algorithms, which do
not construct optimistic estimators for the Q-function at each state-action pair but
rather just work with a class of policies and construct only optimistic estimators of

the return.

5.7.3 Lower bounds for deterministic MDPs

We will show that we can derive lower bounds in two cases:
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1. We show that if the graph induced by the MDP is a tree, then we can formulate
a finite LP which has value at most a polynomial factor of H away from the

value of LP 5.27.

2. We show that if we assume that the value function for any policy is at most 1
and the rewards of each state-action pair are at most 1, then we can derive a
closed form lower bound. This lower bound is also at most a polynomial factor

of H away from the solution to LP 5.27.

We begin by stating a helpful lemma, which upper and lower bounds the K L-
divergence between two environments on any policy 7. Since we consider Gaussian re-
wards with o = 1/4/2 it holds that K L(Ry(s,a), Rx(s,a)) = (re(s,a) —ri(s,a))?. Fur-
ther for any 7 and A it holds that KL(0(7), \(7)) = X (s a)ex K L(Ro(s,a), Rx(s,a)) =

Y (s.ayer (To(s,a)—7a(s, a))*. We can now show the following lower bound on K L(6(7), A(7)).

\%

Lemma 5.7.3. Fir © and suppose X\ is such that 75 = m. Then (v* — v™)?

KL(O(r), \(m)) > W=

H

Proof. The second inequality follows from the fact that the optimization problem

e . 2
A, 2 ol a) =l a)
subject to: > ra(s,a) —re(s,a) > v — o™
(s,a)em
¥ —p™

admits a solution at #, A for which 75(s,a) — re(s,a) = *5*=,V(s,a) € m. The first

inequality follows from considering the optimization problem

o _ 2

aximize (S%:eﬂ(re(s, a) —ra(s, a))

s.t. > ra(s,a) —ro(s,a) > v =0T,
(s,a)em

and the fact that it admits a solution at #, A for which there exists a single state-action
pair (s,a) € m such that ry(s,a) — ra(s,a) = v* —v™ and for all other (s,a) it holds

that ry(s,a) = re(s,a). O
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Using the above Lemma 5.7.3 we now show that we can restrict our attention
only to environments A € A(f) which make one of T(s,a) Optimal and derive an upper
bound on C(#) which we will try to match, up to factors of H, later. Define the set
AB) ={\ e A(A) : I(s,a) € S x A, 7} = Tlsat and II" ={m € Il,m £ 7 : 3(s,a) €
Sx A=} Wehave

Lemma 5.7.4. Let C'(6) be the value of the optimization problem

minimize: Y n(m)(v* — ")

77(77)20 rell*
o (5.33)
subject to: > n(m)KL(O(r),\(7)) > 1,V € A(6)
mell*

Then Yper =2 > C(6) > 9.

—pT =

Proof. We begin by showing C'(0) > @ holds. Fix a m ¢ II* s.t. the solution
of LP 5.27 implies n(r) > 0. Let A € A(f) be a change of environment for which
KL(O(m),A(m)) > 0. We can now shift all of the weight of n(7) to n(r}) while still

preserving the validity of the constraint. Further doing so to all 7 ) for which

Tisa) T 7 () will not increase the objective by more than a factor of H as v* —v™ >
% D (s,a)en VT — v"(s@ . Thus, we have converted the solution to LP 5.27 to a feasible

solution to LP 5.33 which is only a factor of H larger.

Next we show that > cp- > C(0). Set n(m) = 0,¥m € II \ II* and set

n(mw) = W,Vﬂ € IT*. If 7 is s.t. n(m) > 0 then for any A which makes 7 optimal

it holds that

H % (U* — Uﬂ;‘)2 H T *
LS TS = o) ) )
= n(m)ELO(), M) < 3 n(@)KLO(), Ax)),

where the second inequality follows from Lemma 5.7.3. Next, if 7 is s.t. n(7) = 0 then
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for any A which makes 7 optimal it holds that

> (@) KLO(), A7) = 3, 0wl ) KLO((0), AT 0)

' €Il (s,a)emy

= Z —*KL(Q(WEKS,a))’ )\(71'2;’&)))

(s, a)€7r* (U* - UW(S’G))2

Z KL sa)) )‘<7TE<s,a)))

(sa €ny

> KL(Rg(s,a), R\(s,a))

(s,a)emy,

= (vr —v™)2
H
= (U* _vﬂ;)Z

__H RLeE ) > 1,

(’U* _ ’UW/\)Q

where the second inequality follows from the fact that v™ < vﬂzs’@,‘v’(s, a)emy. O
5.7.3.1 Proof of Theorem 5.6.4

Lemma 5.7.5. Let © be the set of all episodic MDPs with Gaussian immediate
rewards and optimal value function uniformly bounded by 1. Consider an MDP 6 € ©
with deterministic transitions. Then, for any reachable state-action pair (s,a) that is

not visited by any optimal policy, there exists a confusing MDP X\ € A(0) with

o A\ and 0 only differ in the immediate reward at (s,a)

*

o« KL(P;,PT) =wj(s, a)(v’g—vg(s‘“))Q for allm € I where v;r<5‘“) = MaXr: wr(s,a)>0 Uf -

Proof. Let (s,a) € S x A be any state-action pair that is not visited by any optimal

(s.0)

policy. Then v, = MaXr: 7 (s,a)>0 Vg < Uy is strictly suboptimal in 0. Let 7 be any

™(s,0)

policy that visits (s, a) and achieves the highest return v, in € possible among such

policies.

Define A to be the MDP that matches € except in the immediate reward at (s, a),

which we set as Ry(s,a) = N(rg(s,a) + A, 1/2) with A = v} — Ua . That is, the
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expected reward of A in (s, a) is raised by A. For any policy , it then holds

KL(Py,PY) = wy(s,a) KL(Ry(s,a), Rx(s,a))

vy = wp (s, a)A + vy

due to the deterministic transitions. Hence, while v} = vj and all optimal policies of

0 are still optimal in A, now policy 7, which is not optimal in 6 is optimal in \.

By the choice of Gaussian rewards with variance 1/2, we have K L(Ry(s,a), Rx(s,a)) =
(v — v;ffs,a>)2 and thus K L(Pj,P}) = wj(s,a)(v) — v;r?s“‘))2 for all 7 € II.

It only remains to show that A\ € ©, i.e., that all immediate rewards and optimal

value function is bounded by 1. For rewards, we have

T

(e20) — U; — (Ugwa) - TH(Sa a)) < U; <1

>0

ra(s,a) =re(s,a) + A =ry(s,a) + vy — v;r

for (s,a) and for all other (s',a), ra(s',a’) = r¢(s’,a’) < 1. Finally, the value function
at any reachable state is bounded by the optimal return v = v; < 1 and for any
unreachable state, the optimal value function of A is identical to the optimal value

function of 6. Hence, \ € ©. n

Proof of Theorem 5.6./. The proof works by first relaxing the general LP 5.27 and
then considering its dual. We now define the set /V\(Q) which consists of all changes
of environment which make T(s,q) OPtimal by only changing the distribution of the

®

reward at (s,a) by making it vj — v;r “ Jarger. Formally, the set is defined as

R(8) = {Moar: A € A(B), KL(Ra(s, ), Ra(s,a)) = (v — v )2,

KL(Rg(s',d"), Rx(s',d")) = 0, KL(Py(s',d'), P\(s',a)) = 0,V(s',d’) # (s,a)}.

This set is guaranteed to be non-empty (for any reasonable MDP) by Lemma 5.7.5.
The relaxed LP is now give by

minimize: Z n(m)(vg — v3)
n(m)>0 €Il

v o 5.34
subject to: > n(m)KL(Pj,P}) > 1 for all A € A(6) (5:84)

mell
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The dual of the above LP is given by

maximize Z (A

#(A)>0 A (D)
(5.35)
s.t. > p(NKL(PF,P}) < vy —vf for all 7 € II.
AeA(0)

By weak duality, the value of any feasible solution to Equation 5.35 produces a lower

bound on C(#) in Theorem 5.6.1. Let
X ={(s,a) € S x A: wy(s,a) =0 for all 7 € IT; and wg (s,a) > 0 for some 7 € I\ II;}

be the set of state-action pairs that are reachable in # but no optimal policy visits.
Then consider a dual solution u that puts 0 on all confusing MDPs except on the |X|
many MDPs from Lemma 5.7.5. Since each such confusing MDP is associated with
an (s,a) € X, we can rewrite y as a mapping from &X' to R sending (s,a) — A(s,q)-

Specifically, we set
1 * —1
p(s,a) = T (v;f - ve<5’“)> for all (s,a) € X.
To show that this u is feasible, consider the LHS of the constraints in Equation 5.35

1 E3 s,a T Us
S (K LBy, PY) = }:H<% <>>KL@ PT )

AeA(6) (s,a)eX
]‘ s,a -1 T * ﬂ—*sa
= Z H (Ue - U(a( )) wg (s, a)(v; — vy )?
(s,a)eX
1 i * ﬂ-*sa
= Z ﬁwe(s,a)(vg —0,"")
(s,a)eX

where the first equality applies our definition of ;1 and the second uses the expression

(S a)

for the KL-divergence from Lemma 5.7.5. By definition of v, ", we have 1)9 ">

for all policies 7 with wj (s, a) > 0. Thus,

1 s * TrSU« 1 s * s
Z Ewe(s,a)(ve—va(’))g Z Ewe(&a)(ve—%)

(s,a)eX (s,a)€X

< vy — Vg
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where the second inequality holds because each policy visits at most H states. Thus
proves that u defined above is indeed feasible. Hence, its objective value
1 * 71?s,a)
Z n(A) = Z 7 \Ye — Ve
AEA(0) (s,a)eXx

is a lower-bound for C(#) from Theorem 5.6.1 which finishes the proof. O]
5.7.3.2 Tree-structured MDPs

Even though Lemma 5.7.4 restricts the set of confusing environments from A(6) to
A(@), this set could still have exponential or even infinite cardinality. In this section

we show that for a type of special MDPs we can restrict ourselves to a finite subset of

A(0) of size at most SA.

Arrange (, ., (s,a) € S x A according to the value functions v"G@) . Under
this arrangement let m > mo =, ..., >= m,. Let mp = m;. We will now construct
m environments Aq,...,\,,, which will constitute the finite subset. We begin by
constructing \; as follows. Let By be the set of all (s, a;) € m and (s, apn) € mo.
Arrange the elements in By in inverse dependence on horizon (Sp,, an,) = (Sp,, ap,) <

.= (shHl,ahHl), where H; = |By|, so that hy > hy >,... hy,. Let A\; be the

L
environment which sets

Ry, (sn,,an,) = min(1,v™ — v™)

RM (Shw ah2> = min(17 maX(R9(8h27 ah2)7 R9(Shz7 ahz) + 0™ — (Um - Re(shlvahl)) - 1)))

R>\1 (Sh“ CLm) = min(l, maX(R,g(shi, ahi), R@(Shi, CLhi) + UWO — (’Um — Z R@(Shz, CLhe)) — Z))
/=1

Clearly A\; makes 7; optimal and also does not change the value of any state-action pair
which belongs to 7 so it agrees with 6 on my. Further 7y, 73, . .., 7, are still suboptimal

policies under A;. This follows from the fact that for any ¢ > 1, v™ > v™ and there
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exists (s, a) such that (s,a) € m; but (s,a) € m so Ry, (s,a) = Ry(s,a). Further A\; only
increases the rewards for state-action pairs in 71 and hence v} > v{!. Notice that there
exists an index H; at which R,\l(shﬁ1 , ahﬁl) =™ — (v — Zezll Ry(sn,,an,)) — ffl) >
Ry(ag,,sg,). For this index it holds that for h < Hy, Ry, (sp,an) = 1 and for h > H,
Ry, (Sh,an) = Ro(Sh,an).

Let

Bi={(s,a) €mi:(s,a) ¢ Jm}

£<i

:{( a) € m : (s,a) € UW}-

1<

We first define an environment ); on (s,a) € B; as follows. Ry, (s,a) = Ry,(s,a),
where £ < i is such that (s,a) € By. Let vf be the value function of m; with respect

to )\l

Lemma 5.7.6. It holds that vj{? < ™o,

Proof. Let H; be the index for which it holds that for ¢ < H;, (Shysan,) € m =
(Sh,, an,) € B;. Such a H, exists as there is a unique sub-tree M;, of maximal depth,
for which it holds that if 7; N M; # 0 <= m; = m;. The root of this subtree is exactly
at depth H — hy . Let m; be any policy such that 7; = m; and El(shm,ahﬁi) € m;. By
the maximality of M; such a 7; exists. Because of the tree structure it holds that for
any h' > hg if (sp,an) € 1y = (sw,aw) € m; and hence Xi = \; up to depth hg,.
Since 7; and 7; match up to depth H — hg, and 7; = m; it also holds that

Z RA](‘SZZ?CL;TLZ) 2 Z RG(SZZ7GZZ) Z Z Re(‘szz’a/hg Z R}\ Shg7ah[

(<H; (<H; (<H; (<H;

Since 7; is optimal under A; the claim holds. O
For all (sy;,an,) € B; we now set

J
R,\i(shj, ahj) = min(1, maX(Rg(shj, ahj), Rg(shj, ah].) + ™ — (U;{Z — Z R;\i(shz, an,)) — 7)),

/=1
(5.36)
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and for all (sp,a,) € B; we set Ry, (sn,an) = Rs, (sn,ap). From the definition of B; it
follows that A; agrees with all A; for 7 < on state-action pairs in 7;. Finally we need
to show that the construction in Equation 5.36 yields an environment \; for which m;

is optimal.
Lemma 5.7.7. Under \; it holds that m; is optimal.

Proof. Let H; and 7; be as in the proof of Lemma 5.7.6. We now show that

Soci, By, (spl,ap)) < Xy, R, (shi, apt). We only need to show that 3, g Ry, (sh!, ap!) >

™0 7

v™—vy'. From Equation 5.36 we have Ry, (s, , an,) = min(1, 0™ —v{"). If Ry, (sn,, an,) =
v™ — o' then the claim is complete. Suppose R, (sn,,an,) = 1. This implies
v™ —of' > 1 — Rg(sp,,an,). Next the construction adds the remaining gap of
0™ — 03" + Ro(sp,, an,) — 1 to Ro(sn,, an,) and clips Ry, (sny,an,) to 1 if necessary.

Continuing in this way we see that if ever Ry, (sp,,an;) = Ro(sp,, an;) + 0™ — (v;\T —
S, R, (Shy, an,)) — j then v™ — Vil < X<, Ry, (sh,a,t). On the other hand if
this never occurs, we must have Ry, (s}, a;') =1 > Ry (s;, a;’) which concludes the

claim. O

Let A(6) = {\1,..., An} be the set of the environments constructed above. We
now show that the value of the optimization problem is not too much smaller than

the value of Problem 5.27.

Theorem 5.7.8. The value C(6) of the LP

minimaize: m)(v* —u"
g 5 o =7

subject to: > n(m)KL(O(m),\(7)) > 1,VA € A(6)

mell*

)

—

satisfies C(0) > L9 and C(9) > <2

H2

&

)

Proof. The inequality C'(0) > # follows from Lemma 5.7.4 and the fact that the

above optimization problem is a relaxation to LP 5.33.
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To show the first inequality we consider the following relaxed LP

minimize: Y n(m)(v* — o)

n(m)=0 rell
subject to: Y n(m)KL(O(r), M(m)) > 1,VA € A(G)
well

Any solution to the LP in the statement of the theorem is feasible for the above LP and

thus the value of the above LP is no larger. We now show that the value of the above

LP is greater than or equal to (’;1(,2). Fix A € A(f). We show that for any X € A(6)

such that 73 = 73, it holds that KL(6(r), \(7)) < H2KL(0(w), N (r)),¥w € II. This
would imply that if 7 is a solution to the above LP, then H?7 is feasible for LP 5.27

and therefore C/(0) > %.

Arrange m € I : KL(0(m), A(7)) > 0 according to K L(6(m), A\(7)) so that
T 3wy <= KL(O(m),\(m;)) > KL(0(m;), A(7;)).

Consider the optimization problem

C N V(o
mlArllelAm(ge. KLO(m;), N (mi))

subject to: ), = m)
If we let Ax(sn,an), (sn,an) € w5 denote the change of reward for (sp,ap) under
environment )\, then the above optimization problem can be equivalently written as

h

H;
minimize: Ay (8, an)?
NEA() =
H
subject to: Z (s, an) + Ay (sp,ap) > v
h=1

It is easy to see that the solution to the above optimization problem is to set (s, ap) +
Ax(sn,ap) = 1 for all h € [hg, + 1, H] and spread the remaining mass of v* —
H; — (v™ — ngl)Rg(she,ahZ) as uniformly as possible on Ay (sy,an), b € [1,hg ].
Notice that under this construction the solution to the above optimization problem
and A match for h € [hj + 1, H]. Since the remaining mass is now the same it
now holds that for any N, ZZZI Ay (sp,an)? > % ZZZI Ax(sp,ap)?. This implies

KLO(m;), N(m;)) > %KL(@(?T), A()) and the result follows as H; < H,Vi € [H]. O
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5.7.4 Omitted proofs for Theorem 5.6.7

Proof of Lemma 5.6.5. Assume ny(s51) > N/4, then we have

= 1

Qr(54,1,1) Z +me Sin, 1) + b(sin)
1 log (MN/(49)) 1 48¢
Z < Z i
4+6+6\l N/4 —4+6+\/ﬁ’

where we assume ¢ is sufficiently small such that by (s, a) < b3 (s, a) for ng(s,a) > N/4.

On the other hand, we have have with probability at least 1-d, that V& : 7y (s4.1,2) +
b (s41,2) > 1/12. Hence conditioned under that event, we have

6

a 1
Q1(541,2) = — + " (541,2) + bg(s41,2) + max Zb’"w Sijs 1)+ bi(sij, 1)
4 Jje{2,.. ntl 7
1 log (MN/(nd)) _ 1
> = > — +4e.
1 + \l NJn = + 4e
The proof is completed for ny = 482. O

Proof of Lemma 5.6.6. First we split Q(s1.1,2) into the observed sum of mean rewards
and bonuses from s ; to s52 and the value vk(55’2>. Then we upper bound Qk(slyl, 1)
by Vi(ss52) and the maximum observed sum of mean rewards and bonuses along the
paths passing by s3 ; for j € [n]. Finally analogous to the proof of Lemma 5.6.5, it is
straightforward show that the latter is always larger as long as the visitation count

for s99 exceeds N/4. O
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Chapter 6

Discussion and conclusion

We now discuss several open problems which follow from the studied problems in this

work. The discussion is followed by concluding remarks.

6.1 Future directions

Chapter 2: While the primary goal of the work presented in Chapter 2 was to
improve on known policy regret bounds when side observations are present, at the core
of the main approach was solving the problem of online learning with side observations
and switching costs. We had assumed that the switching costs are constant and equal
to one throughout the game. A natural direction for future work is to investigate the
problem when switching costs can vary both throughout the rounds of the game and in
between different actions. Is it possible to come up with strategies with regret which
depends on the total sum of the switching costs, similarly to first or second order
regret bounds in online learning games? Further, we assumed that the feedback graph
is fixed and known before the start of the game. Can we give meaningful regret bounds
if the feedback evolves throughout the rounds of the game and we only observe the
additional losses but not the topology of the graph? Further, can we provide improved
regret guarantees if additional feedback is not determined by a graph but rather by

a metric space in which the accuracy of the feedback is dependent on the distance
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from the selected action. Finally, our lower bounds showed an instance of the online
learning game in which the presented strategy is essentially optimal. The instance,
however, was for a fixed feedback graph. Can we extend the lower bounds for arbitrary
feedback graphs, that is can we create a lower bound instance for any feedback graph

G such that any player strategy has to suffer regret at least Q(v(G)/3T%/3)?

Chapter 3: The recent work of Cutkosky et al. (2020) and our experiments
suggest that the upper regret bounds for both algorithms proposed in Chapter 3

are not tight. In particular we expect that there exists a strategy which obtains a

regret bound of the order O (Z#i* logA(iT) + R (T)) It is unclear, however, if such a
regret bound is possible without a priori knowledge of the time horizon T'. Further,
the question of min-max regret bounds for the corralling problem has not yet been
investigated. Therefore two natural directions are to derive instance dependent regret
lower bounds in the stochastic setting with gap and derive min-max regret bounds
in the general adversarial setting. Another fundamental question which our work
fails to address is what would happen in the stochastic setting if there are multiple
base algorithms containing the best arm. Is there a regret bound which interpolates
between gap-dependent regret and worst case /T regret in this setting? We also
ask if corralling can be extended to policy regret algorithms so to create a strategy
which enjoys a o(T') regret bound for all memory bounded adversaries with m € o(T)
simultaneously? Finally, recent work (Zhu and Nowak, 2021) has shown that model
selection for linear stochastic bandits is impossible in the worst case. On the other
hand the work of Foster et al. (2019) shows that under some mild assumptions
model selection is possible. Algorithm 10 in Chapter 3 can also be used to solve the

model selection problem under certain assumptions. A natural question is what other

assumptions allow for model selection.

Chapter 4: The definition of Policy Equilibrium that was presented in Chapter 4

only holds for two-player games and constant (independent of time horizon) memory

243



m. It is non-trivial to extend the definition and the results beyond two-player games
as the interpretation of the view of each player becomes more involved. In particular,
it is not possible to reason that the opposing player is now choosing functions between
action sets as there are multiple opposing players. Having players with different
memory bounds complicates things further as there is no simple markovian structure
to the utilities. Can we extend our results for multiplayer games and m which is
sublinear in time horizon? It is possible to minimize policy regret against stronger
competitors, beyond the best fixed action for the history dependent losses, similar
to reductions between swap regret minimization and external regret minimization.
We know that when players decide their actions according to swap regret minimizing
algorithms then the average play converges to the set of Correlated Equilibrium. Can
we show similar results for players who are able to minimize notions of policy regret
induced by competing against a stronger type of memory bounded adversary? When
faced with a new extended class of equilibria it is natural to revisit some standard
questions in game theory pertaining to price of anarchy and price of stability. For
example there exist games in which the worse CCE is no worse than the worst Nash.
Is this also true about the worst PE? Further what is the social welfare of the best
PE compared to that of the best Nash? Are there natural algorithms which let us

achieve socially good PE?

Chapter 5: The results in Chapter 5 improve on prior work results about optimistic
algorithms, however, we know from Theorem 5.6.7 and the work of Simchowitz
and Jamieson (2019) that it is impossible for optimistic algorithms to achieve the
information theoretic optimal regret. The very recent work of Xu et al. (2021) makes a
step towards closing the gap to the information theoretic optimal bounds by proposing

a model-free, action-elimination type algorithm which can avoid the dependence on

SA
gaPmin

Unfortunately the proposed bounds suffer the same issues as described in

Figure 5-2. Our Definition 5.16 of the averaged clipping thresholds does not really rely
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on optimism. Can we use this or a similar definition to show an improved regret bound
for the algorithm proposed by Xu et al. (2021)7 In general we were not able to show
closed form lower bounds for non-deterministic MDPs or even derive a computationally
tractable approach to approximating the solution of the semi-infinite LP governing
the information theoretic optimal rates. We pose the following question: is it possible
to find a constant or even a o(SA) factor approximation to Problem 5.27, computable

in polynomial time. Answering this question to the affirmative will result in a new

min

algorithm with a regret bound which avoids the gaSA term. On the other hand a
negative answer will show that, in general, there is no hope of improving on existing

bounds.

Other open problems: We have already discussed several natural open problems
following from Chapter 3 and Chapter 5. We ask if it is possible to do corralling
in RL. One such example is the following. In Chapter 5 we discussed limitations of
current instance dependent bounds for the finite horizon tabular setting and proposed
a new notion of instance dependent bounds to tackle the problem. The new bounds
hold for most model-based optimistic algorithms. As we already discussed, the very
recent work of (Xu et al., 2021) tackles a slightly different problem with existing
regret bounds by proposing a model-free algorithm with an instance dependent regret
guarantee which has improved dependence on the size of the state-action space. Is it
possible to corral a model-free algorithm such as STRONGEULER and the algorithm in
(Xu et al., 2021) to achieve a best of both worlds instance dependent guarantee, that
is a regret bound which has the improved dependence on the size of the state-action
space and only depends on the averaged gaps? While policy regret is the de facto
notion of regret which is minimized in RL, as the comparator is the best policy for
the MDP, it is natural to ask what would happen if the MDP evolves through time,
depending on the policies which the player selects. Can we define and minimize a

notion of policy regret in RL which captures the notion of an evolving MDP where
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the transition kernel and rewards at a given episode depend on prior policies selected

by the player?

6.2 Conclusion

This thesis investigated four different problems related to a counterfactual notion of
regret called policy regret. The problems span the topics of online learning with side
information, corralling and model selection, algorithmic game theory, and reinforcement

learning.

In Chapter 2 we presented an extensive analysis of policy regret minimization in
the presence of graph feedback, a scenario relevant to several applications in practice.
We gave a new algorithm whose regret guarantee only depends on the domination
number of the feedback graph. We also presented a matching lower bound for a
family of graphs that includes disjoint unions of star graphs. The technical tools
introduced in our proofs are likely to help derive a lower bound for all graph families.
Our algorithms were based on a reduction to the problem of online learning with

feedback graphs and switching costs in the adversarial setting.

In Chapter 3 we presented an extensive analysis of the problem of corralling
stochastic bandits. Our algorithms are applicable to a number of different contexts
where this problem arises. There are also several natural extensions and related
questions relevant to our study. One natural extension is the case where the set of
arms accessible to the base algorithms admit some overlap and where the reward
observed by one algorithm could serve as side-information to another algorithm.
Another extension is the scenario of corralling online learning algorithms with feedback
graphs. In addition to these and many other interesting extensions, our analysis was
shown to exhibit a connection with the problem of model selection for linear contextual

bandits (Foster et al., 2019; Cutkosky et al., 2020; Pacchiano et al., 2020b; Zhu and
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Nowak, 2021).

In Chapter 4 we gave a new twist on policy regret by examining it in the game
setting, where we introduced the notion of policy equilibrium and showed that it
captures the behavior of no policy regret players. While our characterization is precise,
we view this as only the first step towards truly understanding policy regret and its
variants in the game setting. Further, we showed that coarse correlated equilibria
are a strict subset of policy equilibria by showing that policy regret minimization
is incompatible with external regret minimization. Finally, we leveraged stability of
natural external regret minimization strategies to show that the average play of such

strategies will also converge to a policy equilibrium.

In Chapter 5 we prove that optimistic algorithms such as STRONGEULER, can
suffer substantially less regret compared to what prior work had shown. We do
this by introducing a new notion of gap, while greatly simplifying and generalizing
existing analysis techniques. We further investigated the information-theoretic limits
of learning episodic layered MDPs. We provide two new closed-form lower bounds in
the special case where the MDP has either deterministic transitions or the optimal
policy is supported on all states. These lower bounds suggest that our notion of gap

better captures the difficulty of an episodic MDP for RL.

6.3 Other work

Outside of bandit algorithms and reinforcement learning which are the main focus of
this thesis, I have worked on several problems in the intersection of representation
learning and stochastic approximation. In (Arora et al., 2016, 2017), I investigate
the two related problems of Partial Least Squares (PLS) and Canonical Correlation
Analysis (CCA) from a learning perspective in which the observed data is coming

from some unknown distribution and the goal is to minimize the population risk. We
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propose streaming algorithms based on stochastic mirror descent which enjoy nice
convergence guarantees. In (Marinov et al., 2018), I investigate the problem of Online
Principcal Component Analysis (PCA) in the presence of corrupted or missing data
and propose two algorithms based on online mirror descent and Oja’s algorithm which
enjoy O(V/T) regret guarantees. In (Ullah et al., 2018), we propose an algorithm for
the problem of Kernel PCA with Random Fourier Features improving on all prior
bounds and achieving near optimal statistical rates. In (Arora and Marinov, 2019),
I investigate two convex relaxations for the streaming PCA problem and show that
SGD on one of the relaxations can indeed obtain comparable convergence rates to
Oja’s algorithm, which is considered min-max optimal. Finally, in (Arora et al., 2020),
we propose a simple differentially private algorithm which enjoys optimal rates both in
terms of statistical complexity and stochastic first-order oracle complexity whenever

the privacy parameter is inversely proportional to the number of samples.
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Appendix A

Convex optimization

A version of this appendix appeared in the lecture notes for the Optimization for

Machine Learning class (EN 601.481/681) in the Fall of 2018.

A.1 Convex sets

We begin by a review of basic terminology for convex sets.

Definition A.1.1 (Convex set). A set X C R? is said to be convex if for all x,y € X

the line segment [x,y] lies entirely in X, i.e., {ax+ (1 —a)y:0<a <1} C X.

Definition A.1.2 (Convex combination). Let X C R?. Then the point ¥ | ayx; such
that «; > 0 for all 7, and Zle a; = 1 is called a convex combination of x4, ..., x;.

If X is convex then Y% | a;x; € X.

Definition A.1.3 (Convex hull). The convex hull of a set of points X C R? is the
minimal convex set containing X', i.e., it is the intersection of all convex sets containing
X. It can be equivalently defined as the set of all (finite) convex combinations of

points in A’

conv(X) = {Z%Xi X, € X, 20,20@: 1}.

i=1 i=1

Definition A.1.4 (Probability simplex). The d-dimensional probability simplex is
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denoted as A%! and is the convex set

d
AT ={xeR": > x,=1,x; > 0Vi € [d]}.

i=1

A.2 Convex Functions

Before we begin our discussion of convex function we need the following useful definition

of a Lipschitz function.

Definition A.2.1 (Lower semi-continuity). A function f: X — R is lower semi-
continous at a point xg € X' if liminf ,, f(x) > f(x0). A function f is said to be

lower semi-continuous if it is lower semi-continuous at every point in its domain.
Definition A.2.2 (Lipschitz continuity). A function f : X — R is L-Lipschitz
continuous with respect to a norm || - || on X if for all x,y € X it holds that
1f(x) = f) < Llx =yl
Next, we review the definition and basic properties of convex functions.

Definition A.2.3 (Convex function). Let X C R? be a convex set. A function

f: X — Ris said to be convex if for all x,y € X and all a € [0, 1],
flax+ (1 —a)y) <af(x)+ (1 —a)f(y).
We say that f is concave if —f is convex.

Definition A.2.4 (Proper function). A convex function f : X — R is proper if for

all x € X, f(x) > —oo and further there exists at least one y € X s.t. f(y) < oo.

Definition A.2.5 (Subgradient, subdifferential). Let X C R? be a convex set, and
let f: X — R be a convex function. Then g € R? is a subgradient of f at x, if and
only if

f(x) > f(x0) + (g,x — x¢) for all x € X. (A.1)

The set of all subgradients is called a subdifferential: 0f(x¢) = {g | ¢ is a subgradient of f at x¢}.
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Theorem A.2.1 (Convexity: non-empty sub-differential). Let X C R be a convex
set. A function f: X — R is convex if and only if there exists a subgradient at each

x e X.

Further we have the following characterization of convex Lipschitz functions.

Theorem A.2.2 (Convexity: Lipschitz continous functions). A convex function
f: X = R is L-Lipschitz continuous with respect to a norm || - || iff for all xo € X

and all subgradients g at x¢ it holds that ||g|| < L.

Definition A.2.6 (Epigraph). The epigraph of a function f : X — R is defined as

epi [ ={(x,y):x € X,y > f(x)}.

Claim A.2.3 (Convexity: epigraph). A function f: X — R is convez if and only if

its epigraph is a convex set.

Definition A.2.7 (Sublevel sets). The a-sublevel set of a function f: X — R is

defined as
Su = x| f(x) < a}.

Claim A.2.4. If f: X — R is a convex function, then S, is a convex set for all c.

Proof. Let (x,y) € Sa. Then, f(x) < a and f(y) < a by definition. This implies, due
to convexity, f(Ax+ (1 = N)y) < Af(x) + (1 = A)f(y) < aforall 0 <\ < 1. Thus,
Ax+ (1 =Ny € S, for all A € [0,1]. O

A.2.1 Differentiable functions.

When a function f is differentiable we can characterize convexity in the following way.

Theorem A.2.5 (Convexity: first order condition). A differentiable function f : X —

R is convex if and only if X is convexr and

f(x) > f(x0) + Vf(x0) - (x —x0) for all x,x¢ € X. (A.2)
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The first-order condition states that the linear approximation given by the first-
order Taylor approximation gives a global underestimator of the function. Put
differently, the local information, i.e., the function value and gradient at that point,

provide global information about a convex function.

The first-order condition gives the following characterization of the globally optimal
point: if the gradient of a convex function f vanishes at some point xy € X', then xq

must be a global minimizer of f:
Vf(xo) =0 = Xo € arg min f(x).

The first-order condition states that the linear approximation given by the first-
order Taylor approximation gives a global underestimator of the function. Put
differently, the local information, i.e., the function value and gradient at that point,

provide global information about a convex function.

Theorem A.2.6 (Convexity: second order condition). If f is a twice continuously

differentiable on X C R%. Then, f is conver if and only if V2f(x) = 0 for all x € X.

Next, we show that a gradient (equivalently, a subgradient if f is not differentiable)

defines a supporting hyperplane to sublevel sets.
Claim A.2.7. Let f(x¢) = . If Vf(xq) # 0, then S, C {x | (Vf(x0),x —x0) < 0}.

Proof. Let x € S,. Then, f(x) < f(xo). Since f is convex, we have that f(x) >

f(x0) + (Vf(x0),x — x0). Rearranging the terms we get,

(Vf(x0),x) < (Vf(x0),%0) + (f(x) = f(x0))

< (V/(x0),%0),

which implies that x € {x | (V f(x¢),x —x0) < 0}. O
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This is a particularly important result, since if we are at xy and want to minimize
f, then the gradient excludes the halfspace {x | (V f(x0),x —x¢) > 0} from the search

space.

A.2.2 Strict convexity, strong convexity, and smoothness

We assume that the function f is differentiable. Strict convexity and strong convexity

can be defined for at points of non-differentiability through use of a sub-gradient.

Definition A.2.8 (Strict convexity). A function f : X — R is strictly convex iff
Vx,y € X it holds that

fy) > fx) +(Vf(x),y —x).

Strict convexity is similar to convexity, however, requires that the inequality is
strict in the lower bound. Strong convexity further requires that the function is lower

bounded by a quadratic.

Definition A.2.9 (Strong convexity). A differentiable function f : X — R is a-

strongly convex if for some a > 0, and all x,y € X,
a
F) 2 f6) + (VI (x),y = 2) + Sy = XI5 (A.3)

For twice differentiable functions, we can characterize these different notions in
terms of a condition on the directional second derivatives, or equivalently as a condition
on the eigenvalues of the Hessian, V2 f(x). Recall, that a twice differentiable function
is convex if and only if V2 f(x) = 0 for all x € X. A function is strictly convex if and

only if V2f(x) = 0, and strongly convex if and only if V2 f(x) = al.

Next, we quickly review different equivalent conditions for strong convexity.

Proposition A.2.8 (Equivalent conditions for strong convexity). Let X C R? be a
convex set. Then, a differentiable function f: X — R, is a-strongly convex, for some

a >0, if any of the following holds.
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Lfy) 2 )+ (V). y —2) + 5y —xIF ¥V x,y e X.

2. h(x) = f(x) — $[|x||* is convez.

3. (Vfx)— fly),x—y) >alx—y[? V x,yeX.

4o FOx+(1=X)y) S ME)+1=Nf(y) =22 alx—y|? ¥ x,y € X, A€ [0,1].
Further if f is twice differentiable then it is a-strongly convex iff

6. V2f(x) = al.

Next, we discuss properties of smooth convex functions. Smoothness is a dual
notion to strong convexity as we will shortly see. The notion intuitively states that

the function f is upper bounded by a quadratic.
Definition A.2.10 (Smoothness). A continuously differentiable function f: R — R
is f-smooth if the gradient map Vf: R? — R? is 3-Lipschitz, i.e, for all x,y € R?
IVf(@) = Vil < Blle -yl (A.4)
The following equivalence holds.

Theorem A.2.9 (Quadratic upper bound for smooth functions). A convez function

f:RT = R is B-smooth iff for all x,y € R? it holds that

F() < 1) + (VT Ge)y =)+ 5l — vl

Further all convex B-smooth functions satisfy for all x,y € R?
1) 2 169+ (V(.y ) + 2 V7 () — V1)

The second part of the above theorem is very similar to the strong convexity
definition. This inequality can actually be seen as a corollary of a result which
characterizes strong convexity and smoothness as dual properties. To state this result
formally we need to introduce the Fenchel conjugate of a convex function f, which

we do in Section A.3.3.
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A.2.3 Jensen’s Inequality

We now present a fundamental inequality for convex functions.

Theorem A.2.10 (Jensen’s Inequality). Let X be a random variable taking values in
a non-empty convex set X C R with a finite expectation E[X], and f a measurable
convex function defined over X. Then, E[X] is in X, E[f(X)] is finite, and the

following inequality holds:

fEX]) <E[f(X)].

A.3 Potential functions and Bregman divergence
and Mirror descent

Mirror descent is a generalization of the popular gradient descent procedure for finding
an approximate minimizer of a convex function. The gradient descent update for a

function f at a point x; can be summarized as follows

Xi41 = Xt — ﬁvf(Xt)a

where 7 is the step-size parameter. The motivation behind this update is that —V f(x;)
is a descent direction for f if f is a convex function, thus selecting a sufficiently small

step size n would result in an iterate x;.1 s.t. f(x;) > f(xe11)-

if we are working in a Banach space, i.e., with a geometry defined with respect
to a norm (or a distance function) that is not induced by an inner product, then we
cannot employ the gradient descent strategy. Instead, Nemirovsky and Yudin (1983)
propose the following method. We can first map the point x € X to the dual space
X*, then perform the gradient update in the dual space and finally map the resulting
point back to the primal space. At each update, the new point in the primal space X
might be outside the constraint set C C X in which case it should be projected into

the constraint set C. We will define a new geometry using a function which we will
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refer to as the potential function ®(x) and use Bregman projection based on Bregman

divergence to define this geometry.

A.3.1 The Geometry of /, Norms

We begin by recalling the definition of the gradient. Given a function f : X — R,

X C R? the gradient of f at xq is the linear operator Vf : R¢ — R such that

| f(x) = f(x0) = Vf[x — xq]|

=0.
X—X0, XEX ||X — XO”

The gradient is a continuous linear functional on R?, i.e., V f lives in the dual space X*
of X. A natural question to ask is how to identify elements of X with those in X*. The
canonical identification of X and X* is given as follows. Let {e;}%, be the standard
basis for X. Construct a basis {e; }¢_, for X* such that e}(e;) = (e}, e;) = d; ;. In fact,
this is the natural identification induced by the standard inner product on R (follows
from the Riesz Representation Theorem). Indeed, this is what motivated the gradient

descent update, i.e., identifying the descent direction with the negative gradient.

However, this also motivates the following question. If the standard inner product,
which induces the Euclidean geometry on X, gives us the canonical identification,
what identification would a different geometry yield? For example, what happens
if we consider the geometry induced by ¢, norms on X7 For simplicity, assume
that 1 < p < oo, so that the derivative of the ¢, norm is continuously differentiable.
Consider the ¢,-norm on X. Then the dual norm induced on X* is the ¢,-norm such
that %—I—% = 1. Consider ¢* : X* — R that maps ¢ € X* to *(¢) = 1[|¢|2. This map
is continuously differentiable and it induces the following identification V¢* : X* — X

that maps ¢ € X* to Vy*(¢) € X. We next show that the map V¢* is a one-to-one

correspondence. First, note that by convexity of || - ||+,

0= ¢l +(VI¢lls, 0= ¢) <= (Vo] ¢) =[]l
2[|[l = lolls + (V|olls, 20 — ¢) = (Vl|olls, o) < l9]l.
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Then, by definition of the dual norm we know that V|||, is the maximizer of the
linear functional ¢ over the || - ||-unit ball. We can also show that V||¢||. is the
unique maximizer (Using Corollary 1.3 from Brezis (2010) and the remark that
follows). Using the chain rule, we get Vy*(¢) = ||¢|.V]|@]l«. So ¢ is mapped
to the element which maximizes the linear functional ¢ over the ball of size ||¢||..
It remains to be shown that this mapping is a bijection. Define ¢ : X — R as
¥(x) = 1[|x[[%. By the exact same reasoning as for ¢* we have that Vi(x) is the unique
maximizer of (¢,x) over ||¢[l. < [|x||. We only need to show that Vi¢*(Vi(x)) =
x. Well V*(Vi(x)) = argmax|g=|vy@)|. (X, V(X)) = arg max g =< (X, Vi(x)),
sinceV(x) = arg maxs|,=||x| (¢, x). By corollary 1.4 from Brezis (2010) we know
that (Vi(x),x) = [|x||*. On the other hand (%, Vi) (x)) < [|Z]|[|[VY(x)|| = ||x]|? for all
|X|| = ||x]|. By the remark after Corollary 1.3 Brezis (2010) x is the unique maximizer
of maxjx) =< (%, Vi (x)).

We can now adapt our GD procedure to the identification induced by ¢* and ¢ in

the following simple way:

Xer1 = VY (VY(x) — nV f(x)). (A.5)

How can we adapt the analysis? Well we need to choose the appropriate potential
function with which to track the progress of our algorithm. Let us try to see why we
chose || - —x*||3 as our potential. Notice that by convexity we have that 2(V f(x),x* —
x) < 0, however, this is also the derivative of ||x — x*||? in the direction of V f(x).
Thus —V f(x) is a descent direction for the smooth function [|x — x*||2. Can we come
up with a similar smooth function for (V f(x),x* — Vi*(¢y)), where x = Vi* ().
Well we can get the term x* — V)*(¢y) as the derivative of (¢y,x*) — 1*(¢y). Being a

bit smarter we realize that

(VF(x),x" = Vip* (b)) = 8¢*(¢x—tvf(x))a—t (6 — tV f(x),x7) .

and thus a good candidate for a potential function becomes V(¢) = ¥*(¢) — (¢, x*).
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Let us see how we can analyze the update in A.5. First we use the fact that ¢* is
L-smooth for some L. This follows from the fact ¢* is the Fenchel conjugate of 1
and the fact that ¢ is % strongly convex. Let ¢, = Vo(x;). The smoothness of 1)*

implies that V' is also smooth with the same smoothness parameter L, since it is just

a translation of ¢*. We now have the following derivation:

V(pe1) = V(e =V f(x:) < V(ge) —n{Vf(xe), V™ () — X7) + L;?QHVJC(Xt)”z

< Vi) = n(f(x) = F(XT)) + LEQUZ

< V(61) = V() + THGE
- 2Tn

= f(¥) = f(x)

A.3.2 Mirror Maps

Let us dissect the above reasoning — there are two key parts to the proof. First the
function v needs to be such that Vi) is a bijection between X and X*. Secondly we
needed that this function is smooth so we can construct a smooth potential function
with which to track the progress of our algorithm. We used properties of ¢, norms
heavily when deriving these two statements, however, many other functions posses the
required properties. We are going to call any function which posses the first property
i.e. invertible continuous gradient a mirror map. Any mirror map is now going to
induce an identification of the primal and dual spaces. In what follows the focus is
only going to be on mirror maps 1, which are a-strongly convex functions. We note
that for the invertible property to hold we only need strict convexity, however, the
strong convexity is going to allow us to construct a i—smooth potential function with

which to track progress.

A.3.3 The Fenchel Dual

It the short exercise above we saw that when ¢ = 1| - [|2, then V¢ (¢) = V*(¢)

where ¢* = 1| - 12, % - % = 1. In particular the inverse of the gradient operator was
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given by the gradient of the dual norm. We are now going to show how to use duality

to get a similar result for general a-strongly convex functions 1.

Definition A.3.1. The Fenchel dual of a proper function ¢ : X — RU{co} is
* : X* — RUU{oo} such that:

() = sup(d,x) — ¢(x). (A.6)

XEX
By definition ¢* is convex and lower semi-continuous on A*. We now state two

results for completeness without proof.

Lemma A.3.1 (Proposition 1.10 Brezis (2010)). Assume ¢ : X — R is conver and
lower semi-continuous and that 1 # co. Then ¥* # oo. In particular v is bounded

from below by an affine continuous function.

Theorem A.3.2 (Fenchel-Moreau). Assume that ¢ is convez, lower semi-continuous

and Y #% oco. Then ** = 1.

In the example we saw in the beginning of this section 1 (x) = L||x||?> and ¥*(y) =

2
%Hny We also saw that the inverse of the gradient mapping Vi was Vi)*. Next we
are going to show that this is true not only for norms but for general ¢, which are

a-strongly convex and continuously differentiable.

Lemma A.3.3. If 1 is continuously differentiable and a-strongly convex then Vip*(Vih(x)) =

X

Proof. The proof is not much different from what we did in the case when 1 was the
squared norm. First notice that since v is strongly convex then the maximizer of
SUD, e (V, X) — ©(x) exists and is unique. Let this maximizer be x*. From first order
optimality we know that Vi (x*) = y. Now by definition we know that ¥ (x*)+*(y) =
(y,x*). On the other hand, using Fenchel-Moreau we have that ¢**(x*)+1*(y) = (y,x*)
and thus y is a maximizer of supy ¢ y.(y,x*) — ¢*(y). This implies that V¢*(y) = x*
and thus Vy* (Vi (x*)) = x*. O
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We note that the above lemma also holds true if we do not assume that i is
continuously differentiable or differentiable at all. We only need to assume v is lower
semi-continuous, strictly convex and v # oo. Recall that in the convergence proof of
mirror descent we used the fact that ¢* is a smooth function. We now show that such

an assumption is justified, provided that ¢ is a-strongly convex.

Lemma A.3.4. If v is continuously differentiable and a-strongly convex then * is

L _smooth.
(e}

Proof. Let x; and x5 be elements of the primal space which are maximizers of
SUDyex (Vi,X) — ¥(x) for @ = 1 and ¢ = 2 respectively. By strong convexity we

have:

bl) = v(x1) = (yi,% —x1) = Sl — x|

blx) = xa) = (2,31 = x2) 2 Sl — ol

Summing and using Holder’s inequality we have

[y1 = yallllxi — 2] = allxi — x|
Plugging in the fact x; = V*(y;) we conclude the proof. O

We note that the opposite relation between smoothness and strong-convexity also
holds, i.e., if ¢ is B-smooth, then ¥* is 1/S-strongly convex (Kakade et al., 2009). We
now have all the ingredients to repeat the proof of convergence for mirror descent

when the identification is induced by an a-strongly convex ).

A.3.4 Analysis in the primal space and Bregman divergence

Recall the potential function which tracked the progress of MD: V(y) = ¢*(y) — (y, x*).
This function tracks the progress of the algorithm in the dual space in the sense that

we bound V (V) (x441)) — V(V(x441)). Can we carry out the same analysis in the
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primal space i.e. is there a potential function W : & — R such that we can track the
progress of the algorithm via W (x;41) — W(x;)? We now show one such function as

follows. Let y = Vi)(x) so that ¢*(y) + ¢ (x) = (y,x). We have

V(y) = (v, x) = (x) = (v,x") = (VY (x),x = x) = ¥(x).

Let us "translate" the analysis from the dual to the primal space using this new

potential W (x) = (Vi) (x),x — x*) — ¥ (x).

W (i) = W(st) = 0x0) = ¥xesn) - (VW) 11 = ) = (Vah(3), 30— x7)
= U(x) = Vi) + (VO(xe) = 1V F(0), 1 = %) = (Vi) = )
= =V f () 31 =) F900) = ) + (V). X1 —x0)
< 0V ()i =) = G e — il
= (V). x" =) = (Y f ), e =) = Gllar =0

Sf@ﬂ—f@0+wvﬂ&NJ&—MHH—%

HXt —Xt+1|’2

772
< J@) = ) + IV A

where in the first inequality we have used the strong convexity of ¢ in the second
inequality we have used Holder’s inequality and the third inequality follows from the
fact that 2zy — y? < 22. To finish the analysis we only need to telescope the LHS and
take the average on the RHS.

Even though we now have an analysis in the primal space the potential function
we used seems a bit peculiar. If we didn’t have the potential in the dual space it is
very unlikely we come up with exactly W. Staring at the form of W we notice that
we are a single term away from the Bregman divergence induced by . In particular

W(x) 4+ (x*) = Dy(x*,x). Let us formally define the Bregman divergence induced
by .

Definition A.3.2. Let ¢ : X — R be a strictly convex function. The Bregman
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divergence associated with v is:
Dy(x1,%2) 1= ¥ (x1) — ¢(x2) — (0¥ (x2), x1 — X2). (A7)

We now list some useful properties of the Bregman divergence of a strictly /strongly

convex function :
1. D, is strictly convex in its first argument.
2. Dy(x,y) > 0,Vx,y and Dy(x,y) =0iff x =y.
3. In general Dy(x,y) # Dy(y,x) e.g. consider ¢ (x) = Y, x; log (x;).
4. In general Dy(x,y) is non-convex in its second argument e.g. ¢ (z) = —log ().
5. Linearity in ¢ i.e. Dytao(X,y) = Dy(x,y) + aDy(x,y).
6. 2PuC) = Ty (x) — V().

7. Dy(x,y) + Dy(y,2) = Dy(x,2) + {x =y, Vo (2) = Vi(y)).

8. If 4 is a-strongly convex with respect to || - || then Dy(x,y) > $[|x — y|*.
9. Dy(x,y) = Dy-(Vi(y), Vi (x))-

All of the above properties are easy to show by direct algebra and for the last property
using Lemma A.3.3. Let us look at 2 standard examples for Bregman divergences.
First consider the standard ¢ norm || - ||. The strongly convex function inducing the
Bregman divergence is given by () = $[|x[|*. Now using the definition for divergence

we have:
1 1
Dy (x,y) = 5l = SlIy* = v, x =)
1 1 1
= §HXHz + §HYH2 —(y,x) = iHX —y|*

Since we begun our discussion with wanting a different geometry on X than the

Euclidean one, let us look at what happens when we choose 1(x) = %, x; log (x;).
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We are also going to constrain our space to the set C'= {x € R} : |x||; = 1}. The
Bregman divergence in this case is known as Kullback-Leibler divergence and takes

the form:

Dy(x,y) = ;Xi log (x;) — Y _yilog (vi) — D> _(x; — yi) log (y:)

=1 i=1

d
= Z X lOg (XZ/Y’L) .
i=1

We now show a very useful property for analyzing proximal methods which use

Bregman divergence as the proximity map.

Lemma A.3.5. Let f be a convez function such that f % oco. Suppose f has domain

an open set containing the convex set C. Suppose ¢ is a-strongly convexr and let:

X" = argrréig{f(x) + Dy(x,%0)}-
For any y € C we have:

fF(¥) + Dy(y,xo0) > f(x*) + Dy(x",%0) + Dy(y,x").

Proof. By optimality for constraint optimization we have that there exists a subgradient
d of f(x*)+Dy(x*, x¢) such that for all x € C'it holds that (d,x—x*) > 0 or equivalently

there exists a subgradient g of f(x*) such that
{8+ VY (x") = Vi(xo),x — x*) > 0,
for all x € C'. Using the fact that f is convex we have:

) =2 F&) + (g, y —=x7) = f(x') + (Vi(x") = Vi (x0), y —X7)
= J(x") = (V(x0), x* = x0) + ¥(x") = ¥(x0) + (¥(x0),y — x0) = ¥(¥) + ¢(x0)
— (Vi(x7),y = x7) + ¢(y) — o(x7)

= [(x") + Dy(x",x0) — Dy(y,%0) + Dy (y,x").
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As a direct corollary we get the General Pythagorean Theorem:

Theorem A.3.6. If x* is the projection of Xy onto the convex set C' with respect to

the Bregman divergence induced by 1 i.e.

X" = argmin Dy(x, Xg),
xeC

then Dy (y,xo) > Dy(y,x*) + Dy(x*, %0).
A.3.5 Mirror descent as proximal gradient descent

Recall that one motivation for the gradient descent update came from the following
observation. If f is convex then —V f(x;) is the steepest direction of descent near an
infinitesimal region around x;. If we penalize moving away from x; via a term which
captures the geometry of the space, we are still likely to decrease the objective. This led
to choosing the next step x;1 as the minimizer of minye v (V f(x¢), x —x¢) + %HX —x¢||2.
Even though we now should be convinced that this is not really the correct reasoning
behind gradient descent, it is still natural to ask what would happen if we replaced
the Euclidean norm squared by the Bregman divergence of some strongly convex .
After all from the properties we have seen so far Bregman divergence almost acts like
a norm on X. We now show what happens when x;. is chosen as the minimizer of
(Vf(xe),x —x¢) + %Dw (x,%x¢). It turns out that this step exactly recovers the mirror

descent update.

Lemma A.3.7. Let x4y = argmingex{(Vf(x),x — x¢) + %Dw(x,xt)}. Then x;11 =
Vi*(Vip(x) — VI(x)).

Proof. Since Dy (x,x;) is strongly convex in x then (V f(x;),x —x;) + %D¢(X,Xt) is

strongly convex in x and thus has a unique minimizer. Using first order optimality
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condition we have:

va(xt) + (Vw(xtﬂ) - v¢(xt)) =0

= x40 = VY (V(x) =V f(xe)) = VO (Vip(xe) =V f(xe)).

A.3.6 Online projected mirror descent

In this section we discuss how to obtain regret guarantees for the online convex
optimization problem. Suppose instead of wanting to minimize a convex function
f(x¢) and observing its gradient V f(x;) we are given a sequence of convex functions
{f:(-)}, with gradients Vf;(-). We will further assume that our iterates x; are
constraint to be in a convex set C'. First we need to determine how the projection step
looks like. It does not make sense to project with respect to Euclidean geometry any
longer after all we came up with a different identification of primal and dual spaces
exactly because we wanted to consider a different geometry on the primal space. We
already know that the Bregman divergence plays the role of distance function in this
new geometry and it is strongly convex with respect to the first argument so a good
candidate for the projection of a point xo becomes X = argmin,ec Dy (x,%o). This

translates to the mirror descent update in the following way:

Xiy1/2 = V%U*(V@/)(Xt) - nvft(xt))
Xi41 = arg Ixrélg Dy (x, Xt+1/2)'
Let us have a quick sanity check. From our discussion about how mirror descent can
be interpreted as a proximal method the above update needs to be equivalent to x;,1 =
arg mineec{ng:(x) + Dy (x, %)}, where g;(x) = (V fe(x),x — x;). Using first order opti-
mality for constraint convex optimization we have that x;,1 = arg minyec Dy (X, X¢41/2)

is equivalent to:

(VY (xe41) = V(xp1/2), Y — Xeq1) = (VO (x041) — VU(xe) + 0V fi(xe),y — Xeq1) 2 0, Vy € C.
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On the other hand (Vi) (x¢41) — Vo(x¢) + 0V fe(xt), vy —x¢11) > 0,Vy € C'is exactly the
optimality condition for minycc{ng:(x) + Dy(x,%;)}. We now present the stochastic

projected mirror descent update:
Xt+1/2 = VY (Vip(xy) —nV fi(xt))
Xi41 = arg Ixrélg Dy (x, Xt+1/2)'

The above algorithm comes equipped with the following regret guarantee.

Theorem A.3.8. After T iterations of A.8 with step size n we have:

D ’*2 T2

;ft(XT) - filx") <

)

2n o

where « is the strong convezity parameter of ¥ and |V fi(x)||? < 0%Vt € [T],x € C,

and x* is any point in C.

Proof. Let us track the progress in the primal space using the Lyapunov function
Dy(-,x*). Using the equivalence of the update to the proximal step together with

lemma A.3.5 we have

UV fe(xe), X" = x1) + Dy (X", %¢) 2> (VY fe(xt), X1 — X¢)

+ Dy (Xe41,Xe) + Dy (X7, X¢11).
Shuffling terms around this gives us:

Dy (x", xp41) — Dy (x*, %) <V fie(xe), X° = Xep1) — Dy (X1, %)
= 77<Vft(Xt), X" — Xt> + 77<Vft<xt)7xt - Xt+1> - D¢(Xt+1, Xt)
<V fi(xe), X" — x0) + 0|V fe(xe) el xe = Xepal] — Dy (641, %¢)

2
< (Vi) X" =) + 5[V

Telescoping and using convexity we arrive at the conclusion of the theorem. O]
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Appendix B

Tools for lower bounds in bandit
games

In this chapter we discuss two types of lower bounds for bandit problems. For both
types of lower bounds we will fix a class of problem instances ©. An instance 6 € ©
describes precisely how the losses or rewards are generated over the T' rounds of the
bandit game. For example, in the stochastic MAB game 6 can just be thought of as a

distribution over the rewards of the arms at each round.

The first type of lower bound we consider is a min-max lower bound. Every regret
bound depends both on the problem instance # and the algorithm or policy which
the player follows. Let us denote the policy of the player by 7 and suppose that this
policy belongs to some fixed class of policies II. This class, for example, could consist
of all deterministic algorithms mapping observed rewards (or losses) to a new action.

The goal of the min-max regret lower bound is to establish an inequality of the type:

min max E[Ry . (T)] > f(T),

rell 0€0
where f(T') is some function of the time horizon. The interpretation of such bounds
is that there always exists a bandit problem 6 such that no matter what strategy
the player chooses to follow, she would necessarily incur regret at least C(T') (in

expectation).

The second type of lower bound is the so called instance dependent lower bounds.
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These bounds are the counter-parts of the instance dependent regret upper bounds
which we discussed for the stochastic MAB problem in Section 1.2.2.2. The instance
dependent bounds read in the following way — for a fixed bandit instance 6 and any
policy 7 the expected regret E[Ry (7] is bounded in the following way:

lim

lim. f@(T) > C(0),

where again f(7T) is some function of the horizon ( most often f(7") = log (7)), and
C'(0) is some instance dependent constant. We note that while instance-dependent
lower bounds might seem stronger than the min-max lower bounds, they are usually

asymptotic in nature, that is they only hold in the limit as T' goes to infinity, and

further it is usually harder to derive such bounds.

B.1 Min-max lower bounds

The basic principle behind showing min-max lower bounds is to exhibit two instances
of the bandit problem # and #" which are very close, in information theoretic terms,
however, have different best arms. On one hand if § and 6" are similar, information
theory tells us that we would need many observations from 6 and 6’ to be able to tell
the two instances apart. Let us consider the following simple example. Suppose that
0 is the distribution A(0, 1) and ¢’ is the distribution A/(e, 1). A sequence (X;)L, is
sampled from either 6 or #. How large does T need to be so that we can determine if
the sequence was sampled from 6 or #’? More formally we are trying come up with a
policy 7 which maps from the 7" samples to a binary space {0, 1}, where 0 denotes that
the samples came from 6 and 1 denotes that the samples came from #’. And so we are
interested in 7 such that w.p. at least 1 — ¢ determines correctly the distribution, that
is P(m(Xy,...,Xr) =0]0) >1—0 and P(n(Xy,...,Xr) = 1]¢') > 1 — . For short,
let us denote Py(-) = P(-|f) and Py (-) = P(-|#’), and the event 7(X7,..., Xr) =0 as A.

Answering the above question also implies that Py(A) — P1(A) > 1 — 2. Intuitively,
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however, the difference P;(A) — Py(A) should depend on € and so a small ¢ would
require more samples to distinguish between 6 and #’. The min-max lower bounds for
multi-armed bandits will follow the same overall idea, that is to show that P; and P,

are close for any event A.

To bound the difference between Py (A)—Py(A) we are going to need some tools from

information theory. We first give the definition of Kullback-Leibler (KL) divergence.

Definition B.1.1 (KL-divergence). The KL-divergence for two (absolutely continuous)

distributions P; and p, on a sample space €2 is defined as

KL(Py,P,) = Ex.p, llog (&gm = XZEQR(X) log (ﬁ;g;) .

Further, we define the KL-divergence between two Bernoulli random variables with

parameters p; and py respectively as

1 _
ki(p1, ps) = p1 log (“) +(1 —p1)log< ’“).
q1 1 —po

The KL-divergence enjoys two key properties which we will need. First, it decom-

poses over product distributions which follows from the chain rule, and second, it is

an upper bound on the difference |P; — Ps|, which is known as Pinsker’s inequality.

Theorem B.1.1 (Chain rule for relative entropy). Let P and Q be two probability

measures on ). Then
KLP(X,Y),Q(X,Y)) = KL(P(X),Q(X)) + KL(P(Y|X), Q(Y]X)).

Theorem B.1.2 (Pinsker’s inequality). Let P and Q be two probability measures on
Q. Then

sup [B(4) ~ Q)| < /3 KL(P,Q).

AeQ

Using the above two theorems we can finally derive a bound on the difference

between the distributions induced by # and 6" and determine the number of samples
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to distinguish the two. First we use Pinsker’s inequality to bound (P;(A) — Py(A))? <
K L(Py,Py). Next we use the chain rule to write

1),N(e, 1)) = T—GZ

K Pl,PQ — 2

IIMH

The above implies that there exists no policy which can distinguish 6 from ¢ with
probability 1 — 0 unless T" > 2(1%)2'

Standard MAB lower bound. We now show how to extend the above ideas to
the bandit game. For the K-armed bandit game we define K environments (6;)X
s.t. 0; is N'(u;, 1) where p; € RE is the vector with coordinate j # i equal to 1/2
and j-th coordinate equal to 1/2 — €. Let IP; be the associated probability measure
induced by the player’s strategy over the 7" rounds of the game when interacting with
losses generated by 6;. Further, let Py be the probability measure induced by the
player’s policy when interacting with a bandit game in which all losses are sampled
from N(1/2,1). Suppose the adversary selects which environment the player is going
to face in the beginning of the game, uniformly at random from all 6;’s. If N;(T')
denotes the random variable which is the number of times the player selected the i-th

arm then we can write the expected regret of the player as

1 & e K
E;ER[E(T_M(T))] ZGT_E;EIPZ'[N T

Let us now bound |Ep, [N;(T)] — Ep,[/V;(T')]| using the same techniques as we did when

trying to distinguish AV(0,1) from N (e, 1). First we write

ZEP iy =1 :zT:IP’Z (1, = 1),
t=1
where 7; denotes the random variable which denotes the arm selected by the player.
We can decompose Ep,[N;(T)] in the same way. Thus using Pinsker’s inequality and
AM-QM inequality the regret can be lower bounded as

B > 70 - 10~ 1 S EUEEL S T (1 1)

i=1
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The above inequality reveals the trade-off in selecting € by the adversary. On one
hand the smaller € is the harder it is to distinguish P; from Py. On the other hand the
K

regret from failing to distinguish the best arm also decreases with €. Setting € = /%

shows that the expected regret is lower bounded as E[R(T)] > Q(VTK).

For a similar exposition and more details on min-max lower bounds we refer the

reader to Slivkins (2019).

B.2 Instance dependent lower bounds

While min-max bounds provide a clear picture of what is possible to achieve in terms
of regret minimization for the bandit problem they do not tell the full story. After
all the player might not be faced with an adversary which has selected the worst
possible problem instance. In fact, if €, that is the gap between the best arm and
other arms is large, the approach we present above is going to fail. Further, there
exist algorithms for the stochastic MAB problem which achieve instance-dependent
bounds which evaluate to O(K log (T")) whenever ¢ is large. It is natural to ask if such

algorithms are optimal. Next we show how to attempt such a lower bound.

Similarly to the min-max lower bounds we begin with a lower bound on the KL-
divergence between the induced measures P and P’ by the policy of the player acting
on bandit instances € and ¢#’. We well specify how to choose 6’ given an instance € in

a bit. The key inequality states that
KL(P,?') > ki(Ep[X], Ep [ X]), (B.1)

where X is any measurable random variable with respect to P and P’ and kl is the
KL-divergence between two Bernoulli random variables with the respective means.

Using the chain rule we can also show that

KL(B.P) = 3" B [Nu(T)KL(O(K), 0'F).
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where we use 0(k) to denote the distribution of arm k under environment . Fix an
arm k which is sub-optimal under 6. Let X = Ny(T")/T and choose 6 so that it only

differs from 6 on arm k and arm k is optimal for § We have the following

B NTIK L0000 > (1= 2 oy (1T ) g,

We claim that this is sufficient for our desired lower bound, at least for player strategies
which enjoy instance-dependent guarantees. In particular, let © be such a strategy,
that is for any a > 0 the strategy has regret bounded by o(7®) for large enough

T on any instance problem instance. Then because k is sub-optimal for § we have

Eo [Nk (T)]

7 — 0 and further log (m) — log (T'). Let 6 be the environment

which minimizes the KL-divergence over all # which satisfy the above construction.

Then what we have shown above is that the regret of the player is lower bounded as

E[R(T)] > Y m’

k=1
for large enough T'. The work of Garivier et al. (2018) shows such instance dependent

bounds formally and further discusses lower bounds for small T" as well.
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