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Abstract

Spiral galaxy evolution is frequently considered in the context of environment,

but internal processes may also play an important role. One such process, called

“radial migration”, rearranges the angular momentum distribution of the disk without

causing kinematic heating. Should radial migration be efficient, it could cause a

substantial fraction of disk stars to move large radial distances over the lifetime of

the disk, thus having significant impact on its kinematic, structural and chemical

evolution. However, clues to its efficiency from observational and simulated data are

inconclusive and insight from analytic studies is limited. We here aim to build an

analytic framework for understanding the physics important to the efficiency of radial

migration. In order for a star to migrate radially, it must first be in a “trapped” orbit

(a family of orbits that occurs near corotation) due to a transient spiral pattern. The

efficiency of radial migration depends on both the duty cycle for transient patterns

and the RMS change in orbital angular momentum from each pattern, ⟨(∆Lz)
2⟩1/2.

This work focuses on the physics that determines the magnitude of ⟨(∆Lz)
2⟩1/2, which

increases with increasing fraction of and radial excursions for stars in trapped orbits.
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ABSTRACT

In this work, we derive both an expression for the maximum radial excursion of a

trapped orbit and an analytic “capture criterion” that predicts whether or not a disk

star with finite random orbital energy is in a trapped orbit. We then use the capture

criterion, in a series of disk galaxy models, to find the fraction of stars in trapped

orbits.

We show it is primarily a star’s orbital angular momentum that determines whether

or not it is in a trapped orbit. For an ensemble of stars, the trapped fraction decreases

with increasing radial velocity dispersion as e−σ2
R . Further, the maximum radial excur-

sions for trapped orbits is smaller than excursions expected from the random motions

of stars in MW-like spirals. We conclude that radial migration may play a role in the

evolution of disk galaxies, but it is not important enough to form major structural

components.

Primary Reader: Rosemary F. G. Wyse

Secondary Reader: Alexander Szalay

iii



Acknowledgments

First and foremost, I would like to express my deepest gratitude to Rosemary

Wyse. I have not met a more brilliant person than Rosie and it has been a privilege

to grow as a scientist under her tutelage. She encouraged my curiosity and guided me

toward finding my own answers. From Rosie, I have learned how to successfully be an

independent thinker, what it takes to be a leader in the field, how to clearly express

my thoughts, and how to challenge the status quo with grace. More than anything

else, perhaps, she taught me to believe in myself. Her support over the years was

more than I ever could have asked for. Thank you, Rosie, for giving me more than I

can say in this small space.

It truly takes a village to raise a doctoral student, especially a doctoral student who

is raising two elementary school students. To all my parents, thank you for feeding me

Cosmos for breakfast, self evaluation for lunch, and a healthy dose of unconditional

love for dinner. Thank you for bailing me out when my graduate student salary wasn’t

enough to make ends meet, for providing a loving “second home” for my children when

I had a deadline, and for Granpa Summer Camp. To my two sisters, Heather and

iv



ACKNOWLEDGMENTS

Sarah, your love, support in all things, and humor was more necessary than you can

know. To the entire Daniel-Allison-Miller-Adams-Stamis-Hertz entourage, thank you

for supporting me on this academic journey.

To the administrative staff, especially Carm and Pam, thank you for picking up

my slack when I was too self-absorbed as an aspiring academic to care for myself.

Jennifer, Johti, my teacher and dearest friend, thank you for always being there

when I needed you. Whether our lives remain parallel or diverge dramatically, I’m

sure we will remain the best of friends for the rest of our days.

Cathy, your generosity in all things is unmatched. Your homemade meals and

honest conversations were always an oasis in a land of hard numbers and careful

diplomacy.

Christopher Paul, you are my Sun and stars, my soul mate. Thank you for keeping

me warm when I was cold and for bringing lightness into my life while I trudged to

the finish line. I’m so excited to embark on the next chapter of life with you.

Finally, Rowan and Nyala, you have never known a time when Mom wasn’t in

school. Many nights, I worked in the hall between your bedrooms (and between

lullabies) while you fell asleep. Thank you for tolerating my strange schedule. I hope

you find the dedication I have to my work to be inspiring rather than neglectful! I

love you both with every fiber of my being and I am more in awe of you two each day

than I ever could be of something so simple as astrophysics.

v



Dedication

This thesis is dedicated to my two children. Rowan and Nyala, you are my heart

of hearts. May your inquisitive minds carry you toward discovering your greatest

dreams.

vi



Contents

Abstract ii

Acknowledgments iv

List of Tables xi

List of Figures xii

1 Introduction 1

1.1 Introduction to Radial Migration . . . . . . . . . . . . . . . . . . . . 3

1.2 Theoretical Exploration . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Observational Signatures . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 Motivation for Analytic Work . . . . . . . . . . . . . . . . . . . . . . 14

2 Underlying Physics for Radial Migration 17

2.1 Definition of a Trapped Orbit . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Underlying Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

vii



CONTENTS

3 The Model 27

3.1 Model for the Disk Potential . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Models for the Kinematics of the Disk . . . . . . . . . . . . . . . . . 29

3.2.1 Gaussian Velocity Distribution . . . . . . . . . . . . . . . . . . 29

3.2.2 Distribution Function for a Warm Disk . . . . . . . . . . . . . 33

4 Analytic Criterion for Capture at Corotation 35

4.1 Stars with Zero Random Orbital Energy . . . . . . . . . . . . . . . . 35

4.1.1 Capture Region . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 Stars with Non-Zero Random Orbital Energy . . . . . . . . . . . . . 40

4.3 Special Case: Power-Law Potential . . . . . . . . . . . . . . . . . . . 43

4.4 Numerical Exploration . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4.1 The Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4.2 Testing the Capture Criteria . . . . . . . . . . . . . . . . . . . 52

4.4.3 Scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.5 Capture for a Non-Steady Spiral Pattern . . . . . . . . . . . . . . . . 65

5 The Amplitude of Radial Excursions 75

5.1 Analytic Evaluation of the Radial Excursions from a Spiral . . . . . . 78

5.2 Important Observational Constraints . . . . . . . . . . . . . . . . . . 83

6 Modeling the Distribution of Trapped Orbits 87

6.1 The Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

viii



CONTENTS

6.2 Trapped Fraction for a Constant Radial Velocity Dispersion . . . . . 91

6.2.1 Radial Distribution of the Fraction of Stars in Trapped Orbits 92

6.2.2 The Integrated Fraction of Stars in Trapped Orbits . . . . . . 98

6.2.3 The Functional Dependencies of the Integrated Fraction . . . 104

6.2.4 Comparison to Previous Work . . . . . . . . . . . . . . . . . . 109

6.3 Trapped Fraction for Radially Dependent Velocity Dispersion . . . . 111

6.3.1 Prescriptions for the Radial Velocity Dispersion . . . . . . . . 112

6.3.2 Orbital Angular Momentum Distributions . . . . . . . . . . . 114

6.3.3 Trapped Fraction for a Given Normalization of Velocity Dispersion117

6.3.4 Trapped Fraction for a Given Radius of Corotation . . . . . . 121

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7 Summary & Conclusions 141

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.1.1 Capture Criterion . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.1.2 Amplitude of Radial Excursions . . . . . . . . . . . . . . . . . 144

7.1.3 Mixed Fraction . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

8 Future Work 150

A Two Capture Criteria 153

A.1 Criterion used by Sellwood & Binney . . . . . . . . . . . . . . . . . . 154

ix



CONTENTS

A.2 Criterion derived by Contopoulos . . . . . . . . . . . . . . . . . . . . 157

Curriculum Vitae 168

x



List of Tables

3.1 Adopted parameter values . . . . . . . . . . . . . . . . . . . . . . . . 27

6.1 Linear best-fit parameters for the integrated fraction . . . . . . . . . 106
6.2 Gaussian best-fit parameters for the integrated fraction . . . . . . . . 106
6.3 Important parameters for the models presented in §6.3 . . . . . . . . 112

xi



List of Figures

2.1 Capture region and the trajectory of a trapped orbit . . . . . . . . . 25
2.2 Lindblad diagram. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.1 Significance of higher order term in generalized capture criterion . . . 46
4.2 Capture criterion in phase space . . . . . . . . . . . . . . . . . . . . . 68
4.3 Relation between orbital trajectory and capture criterion: Un-trapped 69
4.4 Relation between orbital trajectory and capture criterion: Un-trapped 70
4.5 Relation between orbital trajectory and capture criterion: Trapped . 70
4.6 Azimuthal dependence of capture criterion . . . . . . . . . . . . . . . 71
4.7 Properties of a trapped orbit that is not scattered . . . . . . . . . . . 72
4.8 Properties of a trapped orbit that is scattered away from resonance . 73
4.9 Properties of a trapped orbit that is scattered from resonant overlap . 74

5.1 Maximum radial excursions for trapped orbits . . . . . . . . . . . . . 86

6.1 Capture region for potential with parameter values from Table 3.1. . 127
6.2 Contour maps of fG(v)x for two different radial coordinates . . . . . 128
6.3 Random azimuthal velocity distributions . . . . . . . . . . . . . . . . 129
6.4 Radial distributions of trapped orbits: Asymmetric drift . . . . . . . 130
6.5 Integrated fraction and associated measures: Asymmetric drift . . . . 131
6.6 Trapped mass ratios: Asymmetric drift . . . . . . . . . . . . . . . . . 132
6.7 Best fit curves for F1, F2, and FFWHM . . . . . . . . . . . . . . . . . 133
6.8 Integrated fraction and associated measures: Spiral strength . . . . . 134
6.9 Integrated fraction and associated measures: Radius of corotation . . 135
6.10 Prescriptions for the radial velocity dispersion profile . . . . . . . . . 136
6.11 Radial distribution of Lz: Three models presented in Table 6.3 . . . . 137
6.12 Integrated fraction and associated measures: Normalization of σR(R) 138
6.13 Radial distribution of Lz: Normalization of σR(R) . . . . . . . . . . . 139
6.14 Integrated fraction and associated measures: Radius of corotation . . 140

xii



Chapter 1

Introduction

Spiral galaxies in the local universe have several common characteristics. These in-

clude thick and thin disk components, both of which have an exponential surface den-

sity profile (e.g. van der Kruit, 1987; Jurić et al., 2008; de Jong et al., 2010). Thick

disks are composed of old stars and have an exponential scale height a few times that of

the thin disk (e.g. Gilmore & Reid, 1983; Gilmore & Wyse, 1985; Allende Prieto et al.,

2006). Thin disks are composed of gas and stars in all stages of evolution and host

spiral patterns that have a range of morphologies. Beyond the radius at which star

formation is expected to take place, there frequently exists an outer disk that is

populated with old stars and can have one of a range of surface density profiles

(e.g. Pohlen & Trujillo, 2006). Although these characteristics are observed to ex-

ist, many fundamental questions remain unanswered. A few of these are: What is

the origin of the thick and outer disks? What is the origin of the exponential sur-
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

face density profile? What is the nature of spiral structure (Goldreich & Lynden-Bell,

1965; Lin & Shu, 1966; Julian & Toomre, 1966; Sellwood & Carlberg, 2014) and what

causes spiral disruption (e.g. D’Onghia et al., 2013; Sellwood & Carlberg, 2014)? Each

of these outstanding questions represents a topic that is central to understanding

galaxy evolution and each will be explored in this work.

Galaxies are known not to evolve in isolation, but rather under the influence

of external effects such as interactions with neighbors, or gas infall/outflow (see

Somerville & Davé, 2014, for a review). In addition, galaxies are also subject to secu-

lar internal processes (see Sellwood, 2014a; Kormendy, 2013, and references therein).

As such, a wide range of processes have been identified that drive the evolution of

spiral galaxies, each producing a set of kinematic and chemical signatures. These

processes include, but are certainly not limited to, major and minor mergers, smooth

and clumpy accretion, feedback, close encounters, the chemical evolution of the gas

and stars in and around galaxies, and kinematic heating via inhomogeneities in the

density of the thin disk.

In a groundbreaking work, Sellwood & Binney (2002) proposed that transient

spiral arms could permanently change the mean orbital radii of stars and gas clouds

in the disk, without increasing their random motions. This “radial migration” across

the disk would mix stellar populations and gas without inducing kinematic heating,

thus challenging the following two long held assumptions: a permanent change in

the mean orbital radius of a star requires an increase in its random motions, and a

2



CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

population of stars primarily maintains the mean orbital radius of its birth. Should

radial migration be important to galaxy evolution, the interpretation of the chemical

abundance patterns and kinematics in the disk of spiral galaxies would have to be

reevaluated.

Since its introduction, radial migration has been invoked as a formation mecha-

nism for thick and outer disks, as being responsible for the origin of the exponential

surface density profile, and to explain the distribution of chemical abundances of so-

lar neighborhood stars. (We discuss each of these points in detail below.) This work

aims to place constraints on the importance of radial migration, and thus to assist in

understanding the evolution of spiral galaxies.

1.1 Introduction to Radial Migration

Sellwood & Binney (2002) identified the process resulting in what is now com-

monly referred to as “radial migration”. They used both analytic and numerical

techniques to demonstrate that under certain circumstances a transient spiral arm in

a two-dimensional disk can permanently change the orbital angular momentum of a

star without causing a significant change in its orbital random energy, ∆Eran. They

showed that in the epicyclic approximation, the increase in orbital random energy of

a star due to an encounter with a spiral of pattern speed Ωp, is related to its change

3



CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

in orbital angular momentum, ∆Lz, as follows:

∆Eran ∝ (Ωg − Ωp)∆Lz (1.1)

where Ωg is the orbital frequency of the star’s guiding center. Thus a star that is on a

nearly circular orbit with guiding center radius approximately equal to the corotation

radius (RCR, at which the circular orbital frequency, Ωc(RCR), equals the pattern

speed of the spiral) can experience a finite change in orbital angular momentum with

negligible accompanying increase in random motions.

The change in orbital angular momentum corresponds to a change in guiding

center radius. As proposed by Sellwood & Binney (2002), such radial excursions

induced through “resonant scattering” across corotation by a transient spiral could

be permanent, leading to “radial migration”, whereby stars move radially within the

disk without experiencing a significant change in their orbital circularity, i.e. the

stellar disk remains kinematically cold. Note this restricted application of the term

“radial migration”, excludes a change of guiding center radius that is associated with

heating; there is no consensus on the usage of this term in the literature, but was

named “churning” by Schönrich & Binney (2009a).

The importance of radial migration to galaxy evolution depends on both the duty

cycle for transient spiral arms and the efficiency of radial migration from each tran-

sient spiral arm. Should a disk’s history include the occurrence of multiple, transient

4



CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

spiral arms with a distribution of pattern speeds (and hence a distribution of coro-

tation radii across the extent of the disk), radial mixing of stellar populations - and

of gas - due to the induced radial migration could have a substantial impact on the

chemical, kinematic and structural evolution of disk galaxies (e.g. Sellwood & Binney,

2002; Debattista et al., 2006; Sellwood, 2014a). However, the physical parameters

that determine the efficiency of radial migration, and therefore its importance to

galaxy evolution, have not yet been rigorously explored.

1.2 Theoretical Exploration

Schönrich & Binney (2009a,b) pioneered an exploration of how radial migration

could affect disk evolution by including a prescription for the probability of radial

migration within a chemical evolution model for a spiral galaxy. In their model

they assumed disks of gas and stars with fixed exponential scale lengths and derived

an expression for the probability for radial migration of stars and gas for a given

annulus of the disk that scaled simply with the surface mass density of that annulus.

This probability was independent of the properties of the spiral perturbations or of

the stellar populations.1 Schönrich & Binney assumed that the vertical energy of a

migrating stellar population (characterized by the vertical velocity dispersion, σz) is

conserved. Their model led to the emergence of a stellar thick disk-like structure

1Their expression for the probability of radial migration was based on a dimensional argument
considering a random walk within a self-gravitating disk.
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

as stars that migrated outward from the inner regions of the disk, where velocity

dispersions are higher, experienced a weaker vertical restoring force from the lower

surface-density outer disk.

In a 3D N-body simulation, Solway, Sellwood, & Schönrich (2012) found that it is

not the vertical energy of a population that is conserved but rather the vertical action

and that outwardly migrating stars do not thicken the disk enough to produce a thick

disk-like structure. Assuming the conservation of vertical action in a self gravitating

exponential disk, Minchev et al. (2012) showed analytically that the vertical velocity

dispersion (σz) for a population of migrating stars decreases exponentially with radius

as the square root of the disk surface density, though not as rapidly as the underlying,

non-migrating population.

One might appeal to high-resolution N-body/SPH simulations for clarification on

how radial migration could affect disk evolution. However, such simulations published

to date show evidence for varying degrees of importance for radial migration, rang-

ing from negligible to significant. Bird, Kazantzidis, & Weinberg (2012) performed a

comparative analysis of a suite of simulations of disk galaxies evolved over 2.5 Gyr

with various initial conditions. They concluded that in the absence of satellite bom-

bardment (which imparts changes in orbital angular momentum as well as vertical

energy), the number and strength of transient spiral arms is correlated with greater

changes in orbital radii, but appears to have little effect on the vertical distribution
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

of stars. In a separate suite of fully cosmological simulations2 that follow the evolu-

tion of galaxies over ∼ 10 Gyr, radial migration appears to be much more efficient

and is arguably responsible for the formation of a dual radial exponential surface

density profile (i.e. an outer disk, Roškar et al., 2008) and a thick disk-like structure

(Loebman et al., 2011). While these ideas are exciting, it should be noted that for-

mation mechanisms other than radial migration have been proposed for both outer

disks (e.g. Elmegreen & Hunter, 2006; Peñarrubia et al., 2006) and thick disks (e.g.

Jones & Wyse, 1983; Abadi et al., 2003; Brook et al., 2004; Hayashi & Chiba, 2006;

Wyse et al., 2006; Villalobos & Helmi, 2008).

Chemical abundances could provide a means to probe the past importance of

radial migration. In the classical “closed-box” (i.e. isolated) model of galactic chem-

ical evolution (Schmidt, 1963; Searle & Sargent, 1972), lower metallicities3 are pre-

dicted in older stars because a well mixed ISM is steadily enriched with time. Stars

formed after the initial onset of star formation (SF) are expected to be α-enhanced4

since they formed from gas that has predominantly been enriched by Type II SNe

(Matteucci & Francois, 1989; Gilmore & Wyse, 1991).5 Generations of stars that

form ≳ 108−109 yrs after the onset of SF have lower [α/Fe] ratios as these stars form

from an ISM that has been steadily enriched by Type Ia SNe ejecta. Assuming that

2Galaxies in these simulations are “fully cosmological” in the sense that they form from collapsing
gas inside a live dark matter halo.

3Metallicity is defined to mean the abundance of chemical elements heavier than helium.
4A star that is α-enhanced has a ratio of α-elements such as Mg, Si, Ca, and Ti to iron that is

high compared to solar abundance ratios, denoted [α/Fe].
5The ejecta from Type II SNe have a high [α/Fe] ratio, whereas the [α/Fe] ratio for ejecta from

Type Ia SNe is low because they are relatively iron rich.
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the annular star formation rate (SFR) is a function of gas surface density (Schmidt,

1959; Wyse & Silk, 1989), the central regions of an exponential disk will have rapidly

converted gas into stars, while the outer regions of the disk will have maintained a

lower SFR. In this manner, the closed-box model predicts that the disk builds from

the inside-out. Consequently, stars of a given age should be more metal rich to-

ward the galactic center, the outer disk should be populated by relatively younger,

metal-poor stars, and the oldest stars at a given radius should be [α/Fe] rich.

Schönrich & Binney (2009a,b) included a chemical evolution prescription in their

semi-analytic model where SF depends on the surface density of cold gas (as does the

closed-box model), but they included gas infall and flows to maintain the disk scale

lengths (for the gas and stellar components). Outwardly migrating stars gradually

thickened the disk, where the oldest stars (α-rich and metal poor) had the most time

to migrate and thus composed the thickest component of the disk. Consequently,

the radial migration scenario for thick disk formation (Schönrich & Binney, 2009a,b;

Loebman et al., 2011) predicts that in the solar neighborhood there should be a pos-

itive vertical gradient in age and [α/Fe] abundances, and a negative vertical gradient

in [Fe/H] abundances. This picture does not support two distinct disks (thick and

thin).

Recent theoretical work favors a scenario where the disk(s) primarily forms from

the inside-out, but includes satellite bombardment, gas flows in the disk and gas

infall (Bird et al., 2013; Minchev et al., 2013, 2015). In this revised picture, heavy

8



CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

satellite bombardment (taking elements from the models proposed by Abadi et al.,

2003; Brook et al., 2004; Villalobos & Helmi, 2008; Kazantzidis et al., 2008) perturbs

the disk at early times. These older populations of stars, therefore, have higher

velocity dispersions, shorter scale-lengths, and longer scale-heights. At later times,

when the merger history is relatively quiescent (in this model), forming stars maintain

a lower velocity dispersion (because they are not perturbed by satellites) and their

evolution is dominated by secular processes, like scattering and radial migration.

Simulations rely on star particle ages and birth radii since sub-grid chemical evolution

and SF models remain controversial. It is therefore difficult to make strong predictions

for the observed chemical abundance patterns from the simulated data.

The origin of the range in the inferred importance for radial migration to disk

evolution is poorly understood, in large part because of the many parameters in the

simulations and the fact that it is unknown what physical parameters underlie the

efficiency of radial migration. Thus, it is uncertain how time- and mass-resolution,

integration time, the presence or not of a live, dark-matter halo, the initial conditions

and assumed sub-grid physics may affect the evolution of simulated disks in this

respect (see also Sellwood, 2014a). As a result, it is unclear how the efficiency of

radial migration in these simulations relates (or not) to that of real disk galaxies.
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1.3 Observational Signatures

In principle, there should be observable signatures of the past importance of ra-

dial migration in the properties of solar neighborhood stars. In practice, however,

observational uncertainties currently make it difficult to determine the amplitude (if

any) of such signatures.

It is well established that stellar orbits evolve as stars interact with fluctuations

in the underlying galactic potential (like GMCs Chandrasekhar, 1943). These scat-

tering processes6 can permanently change the mean orbital radius, RL, of a star

(and thus its orbital angular momentum via Lz ∝ RL vc(RL)) while simultaneously

increasing the amplitude of radial excursions from RL (related to an increase in ran-

dom orbital energy, Eran, and orbital eccentricity). The velocity dispersion of an

ensemble of stars will therefore increase over time (Spitzer & Schwarzschild, 1953;

Barbanis & Woltjer, 1967; Wielen, 1977; Lacey, 1984; Carlberg & Sellwood, 1985;

Fuchs, 2001; De Simone et al., 2004). A sample of the solar neighborhood stars will

inevitably be contaminated by stars that have distant birth radii, an effect that will be

more exaggerated for older stars. Given that the velocity dispersion has a measurable

(e.g. Nordström et al., 2004) and possibly predictable (eg. Spitzer & Schwarzschild,

1953; Carlberg & Sellwood, 1985) growth rate, one can assume a prescription for the

6It should be understood that our use of the term “scattering” is distinct from the term
“resonant scattering” used by Sellwood & Binney (2002) in reference to the changes in or-
bital angular momentum at corotation with no associated heating. It is also distinct from
the redirection of random motions without heating as is expected from interactions with coro-
tating GMCs (Spitzer & Schwarzschild, 1953; Lacey, 1984; Sellwood, 2014a) or transient spirals
(Carlberg & Sellwood, 1985).
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expected radial excursions of stars for a given velocity dispersion to place a time

dependent upper limit on the expected degree of contamination to the local stellar

population (eg. Wielen et al., 1996; Schönrich & Binney, 2009a; Hayden et al., 2015).

In the paradigm of a closed-box model, it is not clear that the chemical abun-

dance patterns in the the local stellar population can be completely explained by

contamination by stars on non-circular orbits that were born at distant galactocen-

tric radii. Should radial migration be an efficient process, a sampling of stars with

a mean orbital radius near solar would include stars that have significantly different

radii. This could give rise to a scatter in stellar metallicity in the solar neighborhood

as a function of age (i.e. a scatter in the age metallicity relationship - AMR) beyond

what is expected from scattering processes (Wielen et al., 1996).

To what degree the AMR necessitates radial migration has been somewhat contro-

versial. The Geneva-Copenhagen Survey (GCS) (Nordström et al., 2004; Holmberg et al.,

2009) found a scatter in metallicity of σ[Fe/H]∼0.2 in the local stellar population,

with little to no age dependence. Casagrande et al. (2011) performed a careful recali-

bration of the GCS temperature scale and found an intrinsic spread of ∼0.1 dex in the

[Fe/H] ratio and ∼ 1 Gyr uncertainty in their sample of stars with “well-determined”

ages. Indeed, the large uncertainty inherently associated with stellar age determi-

nation gives rise to significant difficultly in making strong conclusions about age

dependent trends in stellar properties. As such, although Casagrande et al. do see

an increase in the scatter of metallicity with age, they are unable to determine if the
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trend can be completely explained by the age dependent velocity dispersion or if it re-

quires a further mechanism such as radial migration. In an effort to lower the internal

random error in individual stellar properties (including metallicity), Burnett et al.

(2011) used a Bayesian method developed by Burnett & Binney (2010) to analyze

data from the RAVE (Radial Velocity Experiment) survey (Steinmetz et al., 2006).

They found a FWHM spread of [M/H] in thin disk stars (z< 300 pc) of all ages to be

∼ 0.15 dex where the median individual internal error was 0.17 dex, implying a very

narrow distribution in thin disk metallicities. Hayden et al. (2015) independently

confirm the trends in the chemical abundances of solar neighborhood stars found by

Casagrande et al. (2011) and Burnett et al. (2011) using APOGEE/SDSS-III Data

Release 12 data. Nonetheless, Kordopatis et al. (2015) recalibrated the metallicities

of the RAVE DR4 data and found that the solar neighborhood has a significant con-

tribution of low eccentricity (e ≤ 0.15) stars with super-solar metallicities, consistent

with radial migration from the inner disk.

Should radial migration be responsible for forming the thick disk (Schönrich & Binney,

2009a,b; Loebman et al., 2011), it is expected that there should be a vertical metal-

licity gradient (see §1.2). Observational data support a vertical metallicity gradi-

ent (Ivezić et al., 2008; Bond et al., 2010; Kordopatis et al., 2011; Katz et al., 2011;

Ruchti et al., 2011; Bovy et al., 2012b), but whether this is an intrinsic property of

the thick disk (Ivezić et al., 2008; Bond et al., 2010; Bovy et al., 2012a) or the re-

sult of integrating over the smooth transition between disk and halo components
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

(Katz et al., 2011; Kordopatis et al., 2011) is a matter of debate.

Hayden et al. (2015) probe the chemical properties of stars across the MW disk,

not just in the solar neighborhood, and find that the skew in the metallicity distribu-

tion function is a function of galactocentric radius. They are only able to fit the skew

in the metallicity distributions for the outer disk when they include radial migration

in their models.7 They find two distinct sequences in [α/Fe]-[Fe/H] space, which is not

in good agreement with the disk formation model presented by Schönrich & Binney

(2009b)8 and Loebman et al. (2011).

Wielen et al. (1996) used chemical abundances as a tracer for the radial migration

of the Sun. They found the solar metallicity to be higher than that of the averaged

local, solar aged F- and G-type stars by +0.17 ± 0.04 dex. Wielen et al. (1996)

adopted a radial gradient in [Fe/H] (they used ∂[Fe/H]/∂R found in thin disk open

clusters by Friel & Janes (1993)) and assumed it has not changed in the lifetime of

the Sun. They concluded that the Sun originated ∼ 2 kpc closer to the galactic

center than our current position. This study has been used to support the possibility

that radial migration may play a large role not only in the distribution of stars in

the MW, but in our own origins. However, since both Casagrande et al. (2011) and

Burnett et al. (2011) found that all stars in the solar neighborhood show a peak nearly

at solar abundance, making the Sun a typical solar neighborhood star rather than

7Hayden et al. (2015) use a simple diffusion of guiding center radii for their model for the prob-
ability of radial migration.

8Schönrich & Binney (2009b) found that a thickened disk that formed via radial migration, rather
than distinct thick and thin disk components, had a continuous distribution in [α/Fe]-[Fe/H] space.
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

an exception, the data suggest that radial migration is not important to the Sun’s

history.9

Observational data suggest that radial migration may play a role in the evolution

of the MW, particularly in the outer disk at later times (see Kordopatis et al., 2015;

Hayden et al., 2015). Nonetheless, uncertainties in the observational data make it

difficult determine whether or not radial migration is necessary to explain trends in

solar neighborhood metallicity distributions (Wielen et al., 1996; Casagrande et al.,

2011; Burnett et al., 2011).

1.4 Motivation for Analytic Work

Analytical arguments offer an alternate means to gain insight into the physical

parameters important to the efficiency of radial migration. The published analytic

derivations of the requirements for radial migration offer limited insight because they

are applicable only to stars on purely or nearly circular orbits (Contopoulos, 1978;

Binney & Tremaine, 1987; Sellwood & Binney, 2002). It is generally expected that

the effectiveness of radial migration must decrease with increasingly non-circular or-

bits, since stars in non-circular orbits cannot keep station with the perturbing pattern

speed (Sellwood & Binney, 2002). Indeed, Solway et al. (2012) found a decrease in

the RMS change in the orbital angular momenta of a population of star particles in

9In contrast, Mart́ınez-Barbosa et al. (2015) do a statistical analysis of solar neighborhood dy-
namics to find that the Sun likely did not migrate.
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

the presence of a transient spiral, as the value of the radial velocity dispersion (σR) of

the population increased (see their Figure 10). In a separate N-body simulation of a

sub-maximal disk, Vera-Ciro et al. (2014) found that radial migration preferentially

affected stellar populations with low vertical velocity dispersion. The impact of spiral

strength, lifetime, and pitch angle on the efficiency of radial migration remains largely

unexplored (but will be addressed in this study).

This study is intended to identify the important factors contributing to the effi-

ciency of stellar radial migration and to determine simple scaling relations which can

be implemented within models of disk evolution. It should be noted that gas is also

affected at the corotation resonance, but we do not address the migration of gas or,

indeed, any dissipative physics here. Our analysis of the efficiency of radial migration

is simplified to only include stellar radial migration that is induced by a single spiral

pattern in a 2D disk. We use the following three measures of the efficiency of radial

migration: (1) the fraction and distribution of disk stars captured in trapped orbits;

(2) the RMS change in orbital angular momentum of migrating stars; and (3) the

time-scale to reach the maximum value of the RMS change in orbital angular mo-

mentum for the ensemble of migrating stars. In Chapter 2, we review the underlying

physics for radial migration. In Chapter 3, we give the model parameters, underlying

potential and distribution functions assumed throughout this work. In Chapter 4,

we derive an analytic criterion to determine whether or not a star with some finite

random orbital energy is captured in a trapped orbit. In Chapter 5, we explore the
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CHAPTER 1. INTRODUCTION TO RADIAL MIGRATION

parameters important to the amplitude of radial excursions of stars in trapped or-

bits, a component to understanding measure (2). Chapter 6 focuses on measure (1)

by applying the capture criterion to models of stellar populations with a given dis-

tribution function in a disk galaxy. In Chapter 7, we discuss our conclusions and in

Chapter 8 we give an outline for future work toward understanding the efficiency of

radial migration in spiral galaxies.
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Chapter 2

Underlying Physics for

Radial Migration

2.1 Definition of a Trapped Orbit

The first step of the process that can lead to radial migration is for an object

(star, asteroid, planet, etc.) to be captured onto a particular family of resonant

orbits that can occur near the radius of corotation with a non-axisymmetric potential.

Members of this family of orbits are uniquely characterized by periodic changes in

orbital angular momentum with negligible accompanying change in random orbital

energy. A star on an orbit that is a member of this family will henceforth be referred

to as being in a “trapped” orbit (the name proposed by Barbanis, 1976). Trapped

orbits were predicted as a solution to the three-body problem for an asteroid in the
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CHAPTER 2. UNDERLYING PHYSICS

orbital path of Jupiter around the Sun (Brown, 1911), and were dubbed “tadpole” or

“horseshoe” orbits, because these approximate the shape of the orbital path in the

rotating frame (see Goldreich & Tremaine, 1982, for a discussion of these orbits in

planetary systems). The shapes of stellar orbital paths about the galactic center in

the presence of a spiral or bar perturbation are slightly different, but the physics is

the same (see below).

2.2 Underlying Physics

In order to understand the periodic changes in orbital angular momentum of

a star in a trapped orbit, it is instructive to restrict the analysis to an initially

circular orbit in a 2D disk with a flat rotation curve. In this case the star’s initial

orbital radius, R, equals its guiding center radius, Rg, and its azimuthal velocity, vϕ,

equals the circular velocity, vc. Assume that a steady m-armed perturbation to the

potential is imposed, with pattern speed Ωp = vc/RCR and that the star is located

close to the radius of corotation, RCR. Further, assume that the strength of the

perturbation is approximately constant across corotation. The net force on the star,

in the frame that rotates with the pattern is then predominantly in the azimuthal

direction (F ≈ Fϕϕ̂). The resulting torque (τ = dLz/dt ∝ RCRFϕẑ) will alter the

star’s z-directional angular momentum (Lz), which results in a change in the star’s

orbital radius. The time-dependent torque a star experiences during a trapped orbit
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CHAPTER 2. UNDERLYING PHYSICS

(see the physical explanation in Sellwood & Binney, 2002, §3.4) will cause the star’s

guiding center to oscillate radially. Should the perturbation be transient, the star

will likely not complete this oscillation, its orbital angular momentum and guiding

center radius will then be permanently changed (Sellwood & Binney, 2002) and the

star will have migrated radially.

The analysis of orbits in a steadily rotating, non-axisymmetric disk is most conve-

niently carried out in the frame rotating with the pattern. As discussed in standard

textbooks e.g. Binney & Tremaine (2008), in such a potential neither energy nor

angular momentum (measured in the non-rotating frame) is conserved, and conse-

quently, there are no circular orbits in a non-axisymmetric potential. A combination

of orbital energy in the inertial frame, E, and orbital angular momentum (Lz) is given

by the Jacobi integral, EJ , where the EJ is the Hamiltonian in a time-independent,

non-axisymmetric potential. Hence EJ is conserved only in the rotating frame and is

given by (Binney & Tremaine, 2008, equations 3.113)

EJ = E − ΩpLz =
1

2
|ẋ|2 + Φeff (x), (2.1)

with

Φeff (x) ≡ Φ(x)− 1

2
|Ωp × x|2 (2.2)

being the effective potential (Binney & Tremaine, 2008, equations 3.114), Φ(x) the

actual potential, and x and ẋ being, respectively, the position and velocity of the star
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in the rotating frame. It is evident that a star with a given value of EJ will have zero

velocity at locations where Φeff (R, ϕ) = EJ , and thus the contour of Φeff with this

value traces the Zero Velocity Curve (ZVC) for such stars.

Figure 2.1 shows an example of contours of Φeff (x) near the radius of corotation

of a m = 4 armed spiral pattern superposed on an underlying logarithmic potential

(we describe our model in detail in §3). The parameters are chosen such that for

the spiral RCR = 10 kpc, pitch angle θ = 35◦ (measured from the line of azimuth,

such that spirals with small θ are ring-like), amplitude at corotation |Φs(RCR)| =

322 km2 s−2, and with circular speed in the underlying potential vc = 220 km s−1.

The zero of the azimuthal coordinate, ϕ, is taken to be halfway between the maxima

of the spiral pattern and in the figure is along the direction of the positive x-axis,

and ϕ increases in a counter-clockwise direction. There exist m = 4 local maxima

in the effective potential at R = RCR and with azimuthal coordinates located at

the mid-points between the spiral arms, i.e. at ϕ = {0, π/2, π, 3π/2}.1 There also

exist m = 4 local minima (saddle points) in the effective potential at RCR and ϕ =

{π/4, 3π/4, 5π/4, 7π/4}, at the peak of the spiral potential. We define ϕmax and

ϕmin to be the azimuthal coordinates of the maximum and minimum of the effective

potential nearest the star to be considered, respectively.

As may be seen in Figure 2.1, the local maxima in the effective potential are

surrounded by contours in the effective potential that encircle these maxima, rather

1These local maxima correspond to the Lagrange points L4 and L5 in the three-body problem.
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than encircling the galactic center. The solid, black boundary of the grey shaded

region in Figure 2.1 is where the Jacobi integral of a star with zero random energy

in the inertial frame will be equal to the value of the effective potential at the local

minima at the radius of corotation, and very nearly follows the closed contours of the

effective potential that encircle the local maxima. The shaded region will henceforth

be called the “capture region” for reasons that will become apparent in §4.1.1. The

areas enclosed by the contours around the maxima in the effective potential and of

the capture region are larger for higher amplitude spiral patterns (we explore this

in Chapter 5); note that we have chosen a high-amplitude spiral for the purpose of

illustration.

Sellwood & Binney (2002) (their equations 1-4) used the conservation of EJ (equa-

tion 2.1 for a star moving in a 2D non-axisymmetric potential to derive the relation-

ship, in the epicyclic approximation, between the change in a star’s orbital random

energy, expressed in terms of the radial action, JR, and the change in its orbital

angular momentum. They found that

∆JR =
∆Eran

κ
=

(Ωp − Ωg)

κ
∆Lz, (2.3)

where κ is the epicyclic frequency of radial oscillations for a star with small excursions
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from a circular orbit (Binney & Tremaine, 2008, equation 3.80),

κ2(RL) =

(
R
dΩ2

c

dR
+ 4Ω2

c

)
RL

, (2.4)

with guiding center radius given by

RL = R

(
vϕ
vc

)
, (2.5)

where vϕ is the instantaneous azimuthal velocity of the star in the inertial frame. The

random orbital energy in the inertial frame,

Eran = E∗ − Ec(RL), (2.6)

is evaluated in the underlying axisymmetric potential, where E∗ is the total stellar

energy in the inertial frame, and Ec(RL) is the energy of a star in a circular orbit at

RL (Dehnen, 1999a).

In Figure 2.2, we show a Lindblad diagram similar to Figure 1 from Sellwood & Binney

(2002) to illustrate how changes in orbital angular momentum relate to changes in

orbital energy (equation 2.3) through the Jacobi integral (equation 2.1). Circular

orbits lie along the solid curve. Orbits are therefore restricted to the unshaded region

in the upper, left-hand side of the diagram. The Jacobi integral for a star (EJ) is con-

served along lines with slope equal to the pattern speed, Ωp. Note that at corotation
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(Ωg = Ωp), changes in orbital angular momentum are not accompanied by changes in

random energy.

The orbital path of a star with nearly zero random orbital energy that is captured

in a trapped orbit is visualized in Figure 2.1. The star has initial position 1.1 kpc

beyond corotation (causing it to lag the pattern in the rotating frame), mid-way

between trailing spiral arms, which places it inside the capture region at t = 0. The

trajectory of the star is plotted in rainbow colors, beginning with red and ending with

violet. The star has a low value of the initial velocity in the rotating frame and since

Ωg ≈ Ωp, little increase in random motions (see equation 2.3). The star therefore

remains on a trajectory that closely follows its ZVC, the contour for Φeff (x) = EJ

(dashed contour in Figure 2.1). Note that the star sensibly does not cross into the

forbidden region where Φeff (x) > EJ .

Any star on an orbit with Jacobi integral less than the value of the effective

potential at the local saddle point (the lowest value of the effective potential within

the shaded grey area in Figure 2.1) i.e. EJ < Φeff (RCR, ϕmin), will not be able to

cross the corotation radius and will therefore not be able to oscillate around the local

maximum in Φeff , i.e. is not trapped and will instead have an orbital path in the

rotating frame that encircles the galactic center.

In contrast, a star with EJ > Φeff (RCR, ϕmin) can cross the corotation radius.

Should such a star have zero random orbital energy in the inertial frame, i.e. the

orbital energy of a star in circular orbit in the underlying axisymmetric potential at
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that radius, it would have coordinates that are inside the capture region (shown in

the next section). Its orbital path would closely follow a contour in Φeff (x) that

encloses a local maximum, as shown in Figure 2.1.2

2In the special case that a star with zero random energy has EJ = Φeff (RCR, ϕmin), it can cross
RCR and may be in a heteroclinic orbit (e.g Martinet, 1974).
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Figure 2.1: Effective potential, Φeff , for a trailing, m = 4 spiral pattern with pitch
angle θ = 35◦, RCR = 10 kpc and amplitude at corotation |Φs(RCR)| = 322 km2 s−2

superposed on an underlying logarithmic potential with vc = 220 km s−1. The peak of
the spiral perturbation is shown as thick, dashed magenta curves. The local maxima
in Φeff (between spiral arms) are marked with the symbol ⊙ and the saddle points
(the deepest part of the spiral potential at corotation) are marked with ⊗. The
capture region has a thick, black outline and is shaded grey. The orbital path in the
rotating frame of a captured star (shown in solid rainbow colors that begin red and
end violet) that was launched with (vR, vϕ) = (0, 220) km s−1 in the inertial frame
with initial position 1.1 kpc outside corotation and ϕ = 0 (marked with a red star)
was followed for 1 Gyr. The ZVC for the star, where Φeff (R, ϕ) = EJ , are indicated
by the dashed line.
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Figure 2.2: Lindblad diagram similar to Figure 1 from Sellwood & Binney (2002)
illustrating how changes in orbital angular momentum relate to changes in orbital
energy via the Jacobi integral. The solid, black curve represents circular orbits, the
shaded region is inaccessible since an orbit cannot have energy less that circular.
Vertical distance from the solid curve represents random orbital energy. The ‘X’
marks the radius of corotation and the dashed line has slope equal to the pattern
speed (Ωp) of the spiral pattern. Since the Jacobi integral is conserved along lines
with slope Ωp, stars near corotation that have changes in orbital angular momentum
will have little to no changes in random energy. For illustrative purposes this diagram
uses units where vc = Lz/R = 1.

26



Chapter 3

The Model

In this section we describe our approach and models for the disk and stellar pop-

ulations that will be used throughout this work. Unless otherwise stated, we use the

values given in Table 3.1 when quantitative calculations are required.

Table 3.1: Adopted parameter values when a quantitative analysis is required, unless
otherwise stated.

Parameter Symbol Value

Circular velocity vc 220 km s−1

Scale length for underlying potential Rp 1 kpc
Radius of corotation RCR 8 kpc
Number of spiral arms m 4
Spiral pitch angle θ 25◦

Fractional amplitude of spiral surface density ϵΣ 0.3
Surface density normalization Σ(R = 8 kpc) 50 M⊙ pc−2

Scale length for surface density Rd 2.5 kpc
Radial size of an annulus dR 0.1 kpc
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3.1 Model for the Disk Potential

We assume a 2D disk potential, Φ(R, ϕ), in cylindrical coordinates, resulting from

an underlying axisymmetric potential, Φ0(R), plus a spiral perturbation, Φ1(R, ϕ, t).

The axisymmetric potential that gives rise to a flat rotation curve,

Φ0(R) = v2c ln(R/Rp), (3.1)

where vc is the circular velocity and Rp is the characteristic scale length of the po-

tential. We superpose an m-armed spiral density wave (Lin & Shu, 1964; Lin et al.,

1969; Binney & Tremaine, 2008) given by

Φ1(R, ϕ) = |Φs(R)| cos[m cot θ ln(R/RCR) +m(Ωpt− ϕ)], (3.2)

which in the frame that rotates with the spiral pattern speed, Ωp, is

Φ1(R, ϕ) = |Φs(R)| cos[m cot θ ln(R/RCR)−mϕ]. (3.3)

Here RCR = vc/Ωp is the radius of corotation and θ is the pitch angle of the spiral

arm (measured counter-clockwise from a line of constant azimuth). The amplitude of

the spiral potential is given by

Φs(R) =
2πGΣ(R)ϵΣ

k(R)
, (3.4)
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where Σ(R) is the surface density of the disk, ϵΣ is the fractional amplitude in surface

density of the spiral pattern, and k(R) is the radial wave-number of the spiral pattern.

The radial wave number is

k(R) =
m

R tan θ
. (3.5)

We assume that the spiral may be modeled as a density wave for two reasons; the

pattern speed is invariant with radius and its form is analytic.

3.2 Models for the Kinematics of the Disk

In conjunction with the potential, Φ, the phase space distribution function, f(x,v),

and its moments determine the dynamical properties of a stellar population. In order

to explore the parameters important to determining the spatial distribution of stars

in trapped orbits, we use two prescriptions for the distribution function in this work.

3.2.1 Gaussian Velocity Distribution

The 4D phase space distribution function for a 2D disk has the form (the 6D form

is given by Binney & Tremaine, 2008, equation 4.22),

f(x,v) = Σ(x) f(v)x, (3.6)
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where f(v)x is the velocity distribution function at coordinate x and Σ(x) is the

surface density of the disk.

We model the velocity distribution function using a 2D Gaussian velocity distri-

bution, fG(v)x. The velocity and random velocity, vran, are defined in the inertial

frame and are related by,

v = vRR̂+ vϕϕ̂

= vran,RR̂+ (vc + vran,ϕ)ϕ̂

= vran + vc.

(3.7)

The radial velocity distribution is centered on ⟨vran,R⟩ = 0 with standard deviation

given by the assumed radial velocity dispersion, σR, at that the coordinate of evalua-

tion (x). The azimuthal velocity distribution is centered at vc+ ⟨vran,ϕ⟩ = vc− va (we

discuss this offset of the centroid toward slower rotation, due to a simple model for

asymmetric drift, in §6.2). In order to determine the distribution of azimuthal veloc-

ities we adopt solar neighborhood values for the ratio of azimuthal to radial velocity

dispersions (Nordström et al., 2004),1

σϕ/σR = 0.63 (3.8)

1One can also derive this ratio for a flat rotation curve using the Oort constants
(Binney & Tremaine, 2008, equation 3.100), which gives σϕ/σR = 0.71.
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and (Dehnen & Binney, 1998)

va = σ2
R/(80 km s−1). (3.9)

By using constant ratio, σϕ/σR, we assume that the shape of the velocity ellipsoid is

the same everywhere. The 2D probability distribution for velocity at a given spatial

coordinate is,

fG(v)x =
1

2πσRσϕ
exp

{
−(vR − ⟨vR⟩)2

2σ2
R

− (vϕ − ⟨vϕ⟩)2

2σ2
ϕ

}
=

0.63

2πσ2
R

exp

{
−
v2ran,R
2σ2

R

− (vc + vran,ϕ + σ2
R/(80 km s−1))2

2(0.63σR)2

}
.

(3.10)

This prescription defines the velocity distribution as a function of σR only, since

we have assumed σϕ = σϕ(σR) and va = va(σR). At any spatial position in the

disk the shape of velocity distribution (fG(v)x), the distribution of orbital angular

momentum and orbital energy, and thus the fraction of stars in trapped orbits, is

entirely dependent on the radial velocity dispersion (σR).

Our chosen prescription, fG(x,v), is a close approximation to the Schwarzchild

distribution function (Binney & Tremaine, 2008, equation 4.156) for a 3D disk in the

2D plane. We here impose a prescription for the lag in azimuthal velocity in the 2D

disk that is dependent on the radial velocity dispersion rather than derive it from

first principles. The advantage to our choice of distribution function (fG) is that we

are able to isolate how asymmetric drift affects the fraction and spatial distribution
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of trapped stars (see §6.2). Under the assumption of an exponential disk and a given

radial velocity dispersion, the normalized integral of the Schwarzchild distribution

function over coordinate space and radial velocity produces an azimuthal velocity

distribution that well describes that of the solar neighborhood (Nordström et al.,

2004) (for further details see Binney & Tremaine, 2008, Figure 4.17). We therefore

impose an exponential surface density profile for the stellar disk,

Σ(R) = Σ0e
−R/Rd , (3.11)

with radial scale length Rd.

The full Gaussian distribution function we use in this study has the form

fG(x,v) = Σ(x) fG(v)x

= Σ0e
−R/Rd

0.63

2πσ2
R

exp

{
−
v2ran,R
2σ2

R

− (vc + vran,ϕ + σ2
R/(80 km s−1))2

2(0.63σR)2

}
.

(3.12)

Models that adopt a Gaussian velocity distribution cannot include the skew in the

observed azimuthal velocity distribution. The azimuthal velocity distribution at a

given radius is directly related to the orbital angular momentum distribution at that

radius through the relation Lz ∝ Rvϕ. We are therefore implicitly modeling the

orbital angular momentum distribution in the disk. In Chapter 4, we show that

orbital angular momentum is the most important parameter for determining whether

or not a star is in a trapped orbit. Therefore the predictive power of these models
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is limited insofar as it holds true that the fraction of stars in trapped orbits depends

more on the shift of the peak of the azimuthal velocity distribution and than on its

low velocity tail.

The reader should note that stellar populations with different values for σR will

also have different orbital angular momentum distributions. We discuss this last point

in more detail in §6.3.2.

3.2.2 Distribution Function for a Warm Disk

We use the following expression for the distribution function for a dynamically

warm disk, fnew (Dehnen, 1999b),

fnew(E,Lz) =
Σ(RE)√
2πσ2

R(RE)
exp

{
Ω(RE)[Lz − Lc(RE)]

σ2
R(RE)

}
, (3.13)

where Lz represents orbital angular momentum about the z-axis, E is orbital energy,

and Ω is the circular orbital frequency. RE is the orbital radius or a star at in a

circular orbit with energy E is in a circular orbit and Lc(R) is the orbital angular

momentum (Lz) of a star in a circular orbit at radius R. In a disk with a flat rotation

curve (equation 3.1), a star in a circular orbit has energy

E =
1

2
v2c + v2c ln(RE/Rp), (3.14)
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and thus,

RE = Rp exp

{
E − v2c

2

v2c

}
. (3.15)

This distribution function (fnew) is an extension of the Shu distribution function,

fS
2, for a warm disk (Shu, 1969; Binney, 1987; Dehnen, 1999b) modified to more

closely approximate properties of disk populations. Dehnen (1999b) finds that at

radii greater than a disk scale length, the surface density generated from fnew is well

approximated by an exponential surface density profile (equation 3.11).

2In these distribution functions (fS or fnew), the radial excursions of stars on non-circular orbits
from the inner disk naturally give rise to asymmetric drift and a low velocity tail in the azimuthal
velocity distribution (Shu, 1969).

34



Chapter 4

Analytic Criterion for

Capture at Corotation

4.1 Stars with Zero

Random Orbital Energy

The criterion for whether or not a star with zero random energy in the inertial

frame is captured in a trapped orbit (henceforth called the “capture criterion”) has

been previously explored in the literature (Contopoulos, 1973, 1978; Papayannopoulos,

1979a,b; Sellwood & Binney, 2002; Binney & Tremaine, 2008). For both the reader’s

convenience and to highlight the physics relevant to this study, we will briefly sum-

marize these analyses, but defer to those papers for a more thorough treatment. The

35



CHAPTER 4. ANALYTIC CRITERION FOR CAPTURE AT COROTATION

requirements for a star to be in a trapped (or “horseshoe”) orbit that are derived

in Binney & Tremaine (1987) (Ch. 3.3b) and discussed in Sellwood & Binney (2002)

use a different set of assumptions from the capture criterion outlined in this section.

In appendix A, we explore the relationship between these two criteria.1

Contopoulos (1978) derived an analytic capture criterion for stars with zero ran-

dom energy in a 2D disk where the potential, Φ(R, ϕ), was composed of an underlying

axisymmetric potential, Φ0(R), plus a perturbation, Φ1(R, ϕ), that varied sinusoidally

in the azimuthal direction. In the frame rotating with the pattern, the perturbation

to the potential near the radius of corotation is given by:

Φ1(R, ϕ) = |Φs(R)| cos(mϕ), (4.1)

with |Φs(R)| being the amplitude of the potential and m the number of spiral arms.

Contopoulos simplified the equations by introducing the constant quantity de-

noted here by hCR, being the value of the Jacobi integral for a star in a circular orbit

at RCR in the underlying axisymmetric potential. He then used a 2nd order expan-

sion of the Jacobi integral (EJ) of a star near the maximum in Φeff , at (RCR, ϕmax),

in terms of action-angle variables (re-expressed by Papayannopoulos, 1979b, equa-

tion 37),

1The capture criterion of Binney & Tremaine (1987) emerges from the equations of motion for a
star in a trapped orbit. Sellwood & Binney (2002) used the equations of motion from this analysis
to approximate the maximum radial excursion during, and the minimum peroid for, a trapped orbit
(their equations (11) and (12)).
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EJ = hCR + κCRJR + aCRJ
2
R + 2bCRJRJϕ + cCRJ

2
ϕ + Φs,CR cos(mϕ1), (4.2)

where the coefficients (Contopoulos, 1975, Appx. A),

aCR =
1

16
κ2CR

[
Φ′′′′

0,CR +
60Φ′

0,CR

R3
CR

− 5

3κ2CR

(
Φ′′′

0,CR −
12Φ′

0,CR

R2
CR

)2
]

bCR =
ΩCRκ

′
CR

RCRκ2CR

cCR =
ΩCRΩ

′
CR

RCRκ2CR

(4.3)

where prime indicates the radial derivative, ϕ1 is the azimuthal angular distance from

(RCR, ϕmax) (i.e. ϕ1 = ϕ − ϕmax), Jϕ = Lz(R) − vcirc(RCR)RCR is the azimuthal

action in the rotating frame and the subscript “CR” denotes evaluation at the radius

of corotation.

Setting JR = 0 in equation 4.2, as appropriate for a star with zero orbital random

energy, yields a simple quadratic equation:

J2
ϕ =

1

cCR

[EJ − hCR − |Φs|CR cos(mϕ1)] . (4.4)

As Contopoulos noted, real solutions (requiring that the right-hand side be greater

than zero) exist for all values of the angle ϕ1 only if EJ−hCR < −|Φs|CR (Contopoulos,

1978, equation 16). Real solutions exist for only a restricted range in ϕ1 when (see
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also Contopoulos, 1978, equation 17)

− |Φs|CR < EJ − hCR ≤ |Φs|CR. (4.5)

Such stars are captured in trapped orbits, oscillating about the maximum in the

effective potential (recall that the approximate expression for the Jacobi integral was

valid only near the maximum).

Both EJ and hCR are time-independent, so that the quantity,

Λc ≡
EJ − hCR

|Φs|CR

(4.6)

is also conserved, (where the subscript “c” denotes that the analysis assumes a star

on a circular orbit in the underlying axisymmetric potential). Substitution for this

parameter reduces the statement of the criterion for a star with zero random orbital

energy to be trapped (equation 4.5) to the more compact form:

− 1 < Λc ≤ 1. (4.7)

A star (with zero orbital random energy) that meets the capture criterion - and is

therefore in a trapped orbit - could migrate radially if the perturbation were transient.

Should the star have random energy, however, equation 4.7 would no longer be a valid

criterion to determine whether or not the star is in a trapped orbit. We turn to this
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more realistic situation in §4.2.

4.1.1 Capture Region

We use the criterion from equation 4.7 to derive the location and boundaries of the

“capture region” introduced in Chapter 2. Here we show an example for the derivation

for the case of a disk with a flat rotation curve. The maximum and minimum values

for the effective potential at the radius of corotation can be expressed as,

Φeff (RCR, ϕmax) = hCR + |Φs|CR (4.8)

and

Φeff (RCR, ϕmin) = hCR − |Φs|CR. (4.9)

The Jacobi integral (equation 2.1) for a star with zero random energy in a disk with

a flat rotation curve can be explicitly written,

EJ,flat =
1

2
Ω2

p(RCR −R)2 + Φ(R, ϕ)− 1

2
Ω2

pR
2, (4.10)

where the first term (Erot =
1
2
v2rot =

1
2
Ω2

p(RCR − R)2) is an expression for the energy

associated with the circular orbital velocity of a star in the rotating frame at some

radial distance from corotation. Equation 4.5 describes the criterion for stars with zero

random energy to be captured in trapped orbits. We can therefore use equation 4.10
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to re-express equation 4.5 as,

Φeff (RCR, ϕmin) <
1

2
Ω2

pR
2
CR − Ω2

pRRCR + Φ(R, ϕ) ≤ Φeff (RCR, ϕmax). (4.11)

The coordinate-space solutions to the following equation

Φeff (RCR, ϕmin) =
1

2
Ω2

pR
2
CR − Ω2

pRRCR + Φ(R, ϕ) (4.12)

define the boundary to the region of the disk wherein a star with zero random energy

will be captured in a trapped orbit. This expression describes the “capture region”

introduced in §2, which is shaded grey in Figure 2.1. The value of the difference

Φeff (RCR, ϕmax)−Φeff (RCR, ϕmin) is set by the amplitude of the spiral potential (via

equation 3.4) at corotation. Higher amplitude spirals will, therefore, lead to a larger

area for the capture region. We investigate how the area of the capture region affects

the efficiency of radial migration for a population of stars in Chapter 6.

4.2 Stars with Non-Zero

Random Orbital Energy

Stars always have finite random orbital energy. It is well established that a star’s

orbital angular momentum and random orbital energy can be altered together when
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the star encounters a fluctuation in the underlying disk potential away from coro-

tation, particularly at the Lindblad resonances (eg. Spitzer & Schwarzschild, 1953;

Barbanis & Woltjer, 1967; Wielen, 1977; Carlberg & Sellwood, 1985; Sellwood & Binney,

2002). As mentioned in §1.3, we refer to any event that changes both a star’s ran-

dom orbital energy and its orbital angular momentum as a “scattering” event. (We

give a detailed discussion of scattering and the consequences of scattering for stars in

trapped orbits in §4.4.3.) While stars are, in general, born on nearly circular orbits,

scattering events lead to non-circular orbits. Therefore, the above capture criterion

(equation 4.7) has limited utility in a disk galaxy and it is necessary to derive a

capture criterion for stars on orbits that have random energy.

Equation 4.2 can be re-written in the standard quadratic form:

0 = AJ2
ϕ +BJϕ + C (4.13)

by making the following substitutions,

A = cCR

B = 2bCRJR

C = −EJ + hCR + |Φs|CR cos(mϕ1) + κCRJR + aCRJ
2
R.

(4.14)
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Real solutions for Jϕ exist when

B2 − 4AC ≥ 0 (4.15)

is satisfied. Provided that the disk is not in solid body rotation, A = cCR is inherently

negative so that −cCR = |cCR| and we can rewrite equation 4.15 to give:

EJ − hCR − κCRJR −
(
aCR +

b2CR

|cCR|

)
J2
R ≤ |Φs|CR cos(mϕ1). (4.16)

Real solutions for Jϕ exist for all values for ϕ1 - and hence the star circulates about

the galactic center in the rotating frame - when,

Λnc ≡
1

|Φs|CR

[
EJ − hCR − κCRJR −

(
aCR − b2CR

cCR

)
J2
R

]
≤ −1, (4.17)

where the subscript “nc” indicates that Λnc sets the criterion for stars in non-circular

orbits in the unperturbed potential.

Solutions are real for only a restricted range of values for ϕ1 - and hence the orbit

oscillates in azimuthal angle - for Λnc in the range

− 1 < Λnc ≤ 1. (4.18)

A star that meets this criterion (equation 4.18) will be captured in a trapped orbit
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librating around the local maximum in the effective potential (e.g. L4). Note that

when JR = 0, the quantity Λnc = Λc.

The value of Λnc is a time-dependent quantity (in contrast to Λc which is time-

independent) since both JR and Lz are time-dependent (and related through the

Jacobi integral) in a non-axisymmetric potential. A star that meets the criterion in

equation 4.18 (and is therefore in a trapped orbit) will experience changes in its value

for JR as its orbital angular momentum oscillates (see equation 2.3), unless the star

also has an instantaneous orbital angular frequency equal to the pattern speed of

the perturbation. Consequently, a star that initially meets the capture criterion in

equation 4.18 may not indefinitely continue to do so and could begin to orbit around

the galactic center in the rotating frame. We discuss how the time-dependence of

radial action and of angular momentum affect trapped orbits in §4.4.3.

4.3 Special Case: Power-Law Potential

Consider the special case of a star moving in a 2D plane under the influence of an

unperturbed potential described by a spherical power law (see also Dehnen, 1999a,

Appx. B) (an approximation for the multi-component galactic system - halo, bulge
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and disk), plus an imposed spiral pattern

Φ0 =


Φ00

(
r
rp

)2−β

if β ̸= 2

v2c ln(r/rp) if β = 2

(4.19)

where rp is the scale length of the potential, Φ00 is a constant, and the index β (related

to the index used by Dehnen (1999a) - here denoted βDehnen - by β = 2(1− βDehnen))

can take a value between 0 (corresponds to solid body rotation) and 3 (Keplerian

motion). The unperturbed circular frequencies in the plane of the disk vary with

cylindrical coordinate R as

Ωc ∝ R−β/2. (4.20)

The guiding center radius, RL is given by equation 2.5. The epicyclic frequency of

radial oscillation, κ (equation 2.4), can now be expressed in terms of the parameter

β and the circular orbital frequency:

κ2(RL) = (4− β)Ω2
c(RL). (4.21)

With these approximations, equations 4.3 can be expressed in terms of β for a given

normalization.

The equations leading to the capture criterion may now be expressed in terms of
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β, after substituting for κ. In particular, aCR in equation 4.17 reduces to:

aCR =



[
vc(RCR)

4

R6
CR

(4− β)(2− β)

16

]
×

[(1− β)(β)(1 + β) + 60− 5
3
(4− β)(2− β)(3 + β)2] if β ̸= 2

− 11v4c
3R6

CR

if β = 2,

(4.22)

where the circular velocity at radial coordinate R is given by vc(R) ≡
√
RΦ′ for β ̸= 2

and vc is constant for β = 2.

The ratio −b2CR/cCR in equation 4.17 can be expressed as

− b2CR

cCR

=
β

2R2
CR

. (4.23)

Figure 4.1 shows the value of the last term in equation 4.17, (aCR − b2CR/cCR) J
2
R,

as a function of RCR, adopting the normalization so that vc,⊙ = 220 km s−1 at

R⊙ = 8 kpc for all rotation curves and using equation 2.3 to express JR in terms of

random orbital energy in the epicyclic approximation. We use equation 2.3 to express

(aCR − b2CR/cCR) J
2
R in units of energy given by [E2

ran/v
2
c,⊙]. For RCR/R⊙ ≳ 0.1,

the value of (aCR − b2CR/cCR) J
2
R is of order unity for all allowed values of β. In

comparison, the third term in equation 4.17 (i.e. κCRJR) is equal to v2c,⊙/Eran, in

units of [E2
ran/v

2
c,⊙].

2 This ratio is large for the epicyclic approximation to be valid.

For example, if one assumes that the disk has vc,⊙ of order 102 km s−1 and random

2From equation 2.3, κCRJR = Eran = v2c,⊙/Eran [E
2
ran/v

2
c,⊙].
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Figure 4.1: Value for (aCR − b2CR/cCR) J
2
R at RCR/R⊙ for β = 0 (solid; solid body

rotation),1 (short-dash) 2 (long-dash; flat rotation curve), and 3 (medium-dash; Ke-
plerian motion), normalized so that vc,⊙ = vc(R⊙) = 220 km s−1, where R⊙ = 8 kpc.

velocity associated with the random energy (i.e. vran =
√
2Eran) of order 10 km s−1,

then κCRJR is of order 103, while (aCR − b2CR/cCR) J
2
R is of order unity. We therefore

omit the last term ((aCR − b2CR/cCR) J
2
R) from equation 4.17 and write,

Λnc,β =
1

|Φs|CR

[EJ − hCR − κCRJR] . (4.24)

The subscript, β, signifies that equation 4.24 is a good approximation within an

underlying potential set by equation 4.19 for 0 ≤ β ≤ 3.

Combining equations 4.24 and 4.18 we find the capture criterion for a star near
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the corotation resonance of a spiral that has pattern speed Ωp and amplitude at

corotation, |Φs|CR, to be,

− |Φs|CR < EJ − hCR − κCRJR ≤ |Φs|CR. (4.25)

Substituting Eran/κ for the radial action (as above) gives the following expression:

− |Φs|CR ≤ EJ − hCR −
(
RL(t)

RCR

)β/2

Eran(t) ≤ |Φs|CR, (4.26)

where we have explicitly shown the time dependent quantities in the non-axisymmetric

potential.

Equation 4.26 gives the criterion for a star to be captured in a trapped orbit,

in terms of orbital energy and orbital angular momentum (via RL(t)), for all disk

stars on orbits for which the epicyclic approximation holds. We expect the criterion

in equation 4.26 to break down for highly eccentric orbits or for excursions in radius

beyond the validity of the approximation of constant density in the underlying matter

distribution. Rearranged and in a potential with a flat circular velocity (rotation)

curve (β = 2),

Λnc,2(t) ≡ Λc −
(
RL(t)

RCR

)(
Eran(t)

|Φs|CR

)
, (4.27)

The capture criterion for stars in orbits that are not highly eccentric is, in this case,

47



CHAPTER 4. ANALYTIC CRITERION FOR CAPTURE AT COROTATION

to a very good approximation,

− 1 < Λnc,2(t) ≤ 1. (4.28)

As expected, Λnc,2 → Λc, the criterion for stars with zero radial action, in the limit

that Eran → 0. The physical parameters that determine whether or not a star is

captured in a trapped orbit are embedded in equation 4.28.

We showed in §4.1.1 that a star with zero random energy must have physical

coordinates (R, ϕ) in the capture region (i.e. the grey region in Figure 2.1) to be in

a trapped orbit. Solutions to equation 4.12 define the size, location, and shape of

the capture region in a flat rotation curve. We now explore the significance of this

capture region for stars with non-zero random orbital energy.

The direction of vran for a star at a given coordinate is important for determining

whether or not that star meets the capture criterion, −1 < Λnc,2 ≤ 1. Figure 4.2

illustrates values of a star’s random velocity (in the inertial frame) that satisfy the

capture criterion for a spiral with RCR = 10 kpc, θ = 10◦, and ϵΣ = 0.2 in an

underlying potential with a flat rotation curve and vc = 220 km s−1. Shaded panels

indicate coordinates within the capture region (note that a star with vran = 0 satisfies

the capture criterion only in the capture region). The curves in Figure 4.2 show values

of Λnc,2, within the range −1 < Λnc,2 ≤ 1, for vran entirely in the radial direction

(solid, red) and entirely in the azimuthal direction (dashed, blue). Note that in the
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capture region, the solid (red) curve spans a broad range of random radial velocities,

indicating that the value of Λnc,2 is not sensitive to radial random motion. This

contrasts with the dashed (blue) curve, which satisfies the capture criterion for only a

restricted range of velocities, illustrating that Λnc,2 is sensitive to azimuthal random

motion. The direction of the random velocity is important because the azimuthal

velocity determines the angular momentum of the star, and therefore its guiding

center radius, RL (equation 2.5), whereas a star with random motion solely in the

radial direction will have R = RL.

Consider the situation of two stars (Star A and Star B) that have the same instan-

taneous position (x) and instantaneous angular momentum (RL,A = RL,B), but have

different values for their instantaneous random energy (Eran). Star A has Eran,A = 0

and Star B has some finite random energy, Eran,B. The value of EJ for Star B will

therefore be greater than that of Star A (EJ,B > EJ,A). All the instantaneous ran-

dom energy must be in the form of radial motion at that time and therefore the

rotational (Erot) and random (radial) components of ẋ2 in equation 2.1 are orthogo-

nal, and EJ,A = EJ,B − Eran,B. With the capture region defined as in equation 4.10

(Φeff (RCR, ϕmin) = Erot(R) + Φeff (R, ϕ)), and given that the velocities leading to

Erot and Eran are orthogonal, the capture criterion (equation 4.26) can be written as:

Φeff (RCR, ϕmin) < Erot(R)+Φeff (R, ϕ)+

(
1− RL(t)

RCR

)β/2

Eran(t) ≤ Φeff (RCR, ϕmax).

(4.29)
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Should Star A be within the capture region at the time under consideration then

RL ≈ RCR. In that case, even though Star B may have a different value for Eran,

given that RL,B = RL,A, the value of the random energy is of little consequence as

to whether or not the star meets the capture criterion.3 For example, the solid (red)

curve in the panel of Figure 4.2 where R = 10.2 kpc and ϕ = −15◦ shows that the

value of Λnc,2 has little dependence on the value of the random energy.

The case of a star with random velocity in the azimuthal direction is more com-

plex. The rotational (vrot) and random (vran) velocities in the rotating frame are not

orthogonal, and therefore the random orbital energy and the angular momentum are

not independent. The dashed, blue curve in Figure 4.2 shows the value of Λnc,2 in

the limiting case of a star particle that has its random motion entirely in the az-

imuthal direction. In every panel in Figure 4.2, it is clear that the value of Λnc,2 has

a strong dependence on the value of the random velocity in the azimuthal direction.

In combination with the above discussion on radial motion, one can conclude that

whether or not a star is in a trapped orbit is primarily determined by its orbital

angular momentum (RL(t)), and less so by Eran(t).

Finally, when a single star is scattered (i.e. it has changes in angular momentum

with associated changes in random energy by equations 2.3), the value of Λnc,2(t)

may change to such a degree that the star no longer meets the capture criterion

(equation 4.28). This arises since a star’s value of EJ (and therefore Λc) is conserved,

3For RL away from corotation, other gravitational processes, like interactions with the Lindblad
resonances, become important. We discuss this in more detail in §4.4.3
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while Eran(t) and RL(t) are time dependent. We discuss this in more detail in §4.4.3.

In the next section we carry out numerical tests of the predictive power of equa-

tion 4.28, in a 2D disk with an imposed spiral perturbation.

4.4 Numerical Exploration

4.4.1 The Approach

We use an orbital integrator4 to follow the orbits of test particles in an underlying

potential. We follow each particle for 2 × 109 yr using 102 yr fixed time-steps. We

verified that differences of 1 km s−1 in the initial orbital velocity did not lead to

largely divergent orbital paths in the underlying axisymmetric potential; we therefore

conclude that our choice for the length of the time-step is sufficient for this analysis.

The mean fractional deviation in the value of the Jacobi integral per time-step is of

order ∼ 10−5.

We adopt the underlying potential given by equation 4.19 with β = 2 and param-

eter values given in Table 3.1. Therefore the rotation curve in the plane of the disk

is flat. Our chosen value for the potential scale length renders changes in Φ0(R) for

stars in trapped orbits (usually moving a radial distance < 1 kpc around RCR) to be

|∆Φ0|/|Φ0| < 10% between 4 < RCR < 15 kpc.

We adopt an exponential radial surface density for the disk given in equation 3.11

4We use a 2nd order leapfrog orbital integrator.
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with normalization constant and scale length as given in Table 3.1.

We superimpose a perturbation to the underlying potential corresponding to an

m-armed Lin-Shu spiral density wave (Lin & Shu, 1964; Lin, Yuan, & Shu, 1969;

Binney & Tremaine, 2008) with pattern speed, Ωp discussed in §3.1. Consequently

the spiral amplitude (Φs) is larger for small wavenumber (k) in our model. Further,

the spiral amplitude for fixed pitch angle (θ) peaks at the disk scale length (Rp), since

Σ(R)/k(R) ∝ Re−R/Rd for an exponential disk. Note that the choice for the radius of

corotation, fractional amplitude in surface density, spiral wave number, and pitch an-

gle of the spiral pattern therefore affects the the size, shape and location of the capture

region (§4.1.1). We will investigate the effects of these choices in Chapters 5 & 6.

For illustrative purposes we adopt a spiral amplitude that is typically higher (e.g.

θ = 25◦ and ϵΣ = 0.3) than estimates from observations of external disk galaxies

(e.g. Rix & Zaritsky, 1995; Seigar & James, 1998; Ma, 2002). Our choice of spiral

amplitude causes the capture region to be larger than one would expect from a more

modest choice and consequently a larger fraction of stars in the disk will meet the

capture criterion.

4.4.2 Testing the Capture Criteria

We model stars as test particles and compute the orbits assuming a range of initial

conditions. We adopt parameter values for the spiral patterns such that 0.1 ≤ ϵΣ ≤

0.5, 5◦ ≤ θ ≤ 45◦, 0 ≤ m ≤ 4 and 4 ≤ RCR ≤ 15 kpc. Each test particle is launched
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with an initial position in the rotating frame (R(t0), ϕ1(t0)) ≡ (R0, ϕ1,0) that is within

5 kpc of corotation and at a range of azimuthal positions5. Each initial velocity

v0 = vran,0 + vc (4.30)

has a speed in any direction up to 50 km s−1.

For each set of initial conditions, we test (1) the validity of the appropriate capture

criterion (equations 4.7 or 4.28) and (2) the importance of orbital angular momentum

and random energy to determining whether or not a star is in a trapped orbit. We do

not show the results from our exploration across the entire range of initial conditions,

but rather a representative subset, where we have adopted parameter values given in

Table 3.1, unless otherwise stated.

The choice of direction for the initial random velocity of a star determines the

phase on its epicyclic orbit and thus the coordinate of its guiding center at t = 0.

Therefore, the primary difference between launching a star at (R0,ϕ1,0) with given

random energy and initial random velocity (Eran,0 ≡ Eran(t = 0) = 1
2
v2ran,0 per unit

mass) either entirely in the R̂-direction or entirely in the ϕ̂-direction is that the former

corresponds to an orbit with RL,0 ≡ RL(t = 0) = R0, while the latter corresponds to

an orbit with RL,0 = R0(vran,0,ϕ + vc)/vc (equation 2.5).

Figure 4.3 shows an orbit for a test particle that does not meet either capture

5We set the azimuthal coordinate ϕ = 0 at the position of the minimum surface density, which is
located between the spiral arms
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criterion (Λc = −2.8 and Λnc,2(t = 0) = −2.6, as printed in panel (b)) at the time

of launch and is therefore expected not to be in a trapped orbit (§4.3).6 The test

particle has initial coordinate (R0, ϕ1,0) = (6.5 kpc, 0) and initial random velocity

|vran,0| = 0 km s−1. This orbit is not circular, despite having zero initial random

velocity, since neither angular momentum nor random energy is conserved in a non-

axisymmetric potential. Note that neither R0 nor RL,0 is in the capture region and the

star orbits around the galactic center. Panel (a) shows the orbital path in the rotating

frame (solid, rainbow) for a star with initial position marked with a red star. The

solid dark-green curve in both panels indicates the radius of corotation. The shaded

grey area shows the capture region, and the curved lines (thin, magenta) show the

location of the spiral arms. The epicyclic phase at launch is shown in the inset of

panel (a) (positioned arbitrarily so as not to obscure the figure). Panel (b) shows

RL(t) − RCR (dotted, black) and R(t) − RCR (solid, red) as a function of time. A

star that is in a trapped orbit will have a guiding center radius, RL(t), that oscillates

about the radius of corotation.

Figure 4.4 shows a test particle launched with the same set of initial conditions

used to produce the orbit in Figure 4.3, except that the initial random motion in the

radial direction is modified so that vran,0,R = 50 km s−1. A test particle in this orbit

has the same guiding center radius as the star in Figure 4.3, but its value for Eran,0 is

higher. The discussion at the end of §4.3 would suggest that this test particle should

6Recall that the capture criteria (equations 4.7 & 4.28) predict that a star is in a trapped orbit
only for stars with a value of Λc or Λnc,2(t) (respectively) between −1 and 1.
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not be in a trapped orbit, even when its orbital trajectory enters the capture region.

Indeed, panel (a) of Figure 4.4 shows that the test particle orbits the galactic center

in the rotating frame, and panel (b) shows that the guiding center radius does not

oscillate about the radius of corotation (both indicating that it is not in a trapped

orbit). The two capture criteria (equations 4.7 & 4.18) give different predictions;

the capture criterion for a star with zero random energy suggests that the star is in

a trapped orbit (Λc = 0.5), whereas the capture criterion we derive is not satisfied

(Λnc,2(t = 0) = −2.0), suggesting that the test particle is not in a trapped orbit. We

conclude that the capture criterion derived in §4.2 accurately predicts whether or not

this is a trapped orbit.

Figure 4.5 shows a test particle that is launched with the same set of initial con-

ditions used to produce the orbit in Figure 4.3 except that the initial random motion

in the azimuthal direction is modified so that vran,0,ϕ = 30 km s−1. A test particle

in this orbit has both higher random orbit energy and orbital angular momentum

(RL,0 = 7.4 kpc) than the test particle in Figure 4.3. The capture criterion for a star

with zero random energy suggests that the star is not in a trapped orbit (Λc = 1.7),

whereas the capture criterion we derived is satisfied (Λnc,2(t = 0) = −0.3), leading

to the expectation that the test particle is in a trapped orbit. The figure confirms

the prediction given by our capture criterion (Λnc,2(t = 0)), as the test particle os-

cillates about the corotation radius and between the spiral arms indicating that it

is in a trapped orbit. Again, the capture criterion derived in §4.2 accurately predict
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whether or not this is a trapped orbit. In this case, the guiding center radius is within

the capture region, while the orbital trajectory is not confined to it.

In Figure 4.6, we explore how the azimuthal position of a star affects whether

or not it is in a trapped orbit, given the same initial radius (R0 = 9.1 kpc), ran-

dom orbital energy and orbital angular momentum. With these things held con-

stant between test particles, the value of Φeff is not the same for different ini-

tial azimuthal coordinates, because Φeff = Φeff (R, ϕ). Consequently, the value

of Jacobi integral, and thus the value of Λnc,2(t = 0), for each test particle is

different and therefore two test particles under these conditions might not both

have the same trapped status. The m = 2 spiral perturbation used in Figure 4.6

has RCR = 9.5 kpc and is otherwise the same prescription used in Figure 4.3.

The initial conditions are modified from Figure 4.3 such that each test particle is

launched from the apocenter of its epicycle with the value of the initial velocity being

(vran,0,R, vran,0,ϕ) = (0,−10) km s−1. The initial azimuthal coordinates in the three

sets of panels in Figure 4.6 are ϕ1,0 = {ϕmax, ϕmin/2, ϕmin} = {0, π/4, π/2} (from top

to bottom). In the left panels, we plot the contour for which Φeff = EJ (the ZVC)

as a thin, dashed line, when a ZVC exists. In the top and middle sets of panels, the

capture criterion is met (Λnc,2(t = 0) = 0.8 and 0.0, respectively) and the test particle

is in a trapped orbit. In the bottom set of panels, Λnc,2(t = 0) = −1.1 and the test

particle is not in a trapped orbit and instead circles the galactic center in the rotating

frame. We again note that in all cases where the test particle is in a trapped orbit,
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the guiding center radius (thick, dotted, black curve) is within the capture region,

and in all cases where the test particle is not trapped it is not in the capture region.

The results in Figure 4.6 demonstrate that the range in RL for which a star meets

the capture criterion is dependent on azimuthal position, as one might expect from

the radial thickness of the capture region as a function of azimuth. This matches the

prediction of the capture criterion (equation 4.28) at t = 0 printed in the panels on

the right.

The value of the quantity Λnc,2(t = 0) in Figures 4.3-4.6 is much better at pre-

dicting (via equation 4.28) whether or not a test particle with some finite value for

Eran is in a trapped orbit than is Λc (criteria for stars with Eran = 0), as is expected.

In the case that Eran = 0, Λnc,2(t = 0) = Λc and both are valid capture criteria.

Although the derivation of Λnc,2 assumes the epicyclic approximation, our tests (not

all shown) suggest that the value of Λnc,2(t) is a valid predictor of “trapping” for

stars on non-circular orbits where the unperturbed orbital trajectory would not be

well described by the epicyclic approximation (e.g. radial excursions in Figure 4.4

are on order of a scale length). We therefore conclude that the value of Λnc,2(t) (via

equation 4.28) is a robust indicator for whether or not a star is in a trapped orbit,

while Λc (via equation 4.7) is only able to predict whether or not a star on an orbit

with no random energy is in a trapped orbit. We further explore our capture criteria

in the event of scattering in the next subsection (§4.4.3).

In all the cases we tested numerically (not all of which are shown), a star is
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captured in a trapped orbit when its guiding center radius (not the star itself) is

within the capture region. Further, a test particle that is not captured in a trapped

orbit has its guiding center radius outside the capture region. In the limit that a star

has zero random energy (i.e., R = RL) it is in a trapped orbit when the star itself

is positioned in the capture region. There is no such requirement for the trajectory

of test particles with some finite random orbital energy since the guiding center of

the star is not equal to its coordinate position. A trapped test particle may have a

trajectory that physically leaves the capture region, while its guiding center radius

remains within the capture region (e.g. Figure 4.5). A test particle that is not captured

in a trapped orbit may enter the capture region (e.g. Figure 4.4), while its guiding

center radius does not enter the capture region. We, therefore, confirm our earlier

prediction (§4.3) that it is largely orbital angular momentum that determines whether

or not a star is in a trapped orbit.

4.4.3 Scattering

We defined scattering in §1.3 & §4.2 as any process that changes both a star’s

orbital angular momentum and random orbital energy (e.g. Spitzer & Schwarzschild,

1953; Barbanis & Woltjer, 1967; Wielen, 1977). This is in contrast to the oscillatory

changes in the orbital angular momentum of a star in a trapped orbit, that are not

accompanied by significant changes random orbital energy. Up to this point we have

not discussed what happens to a star that is in a trapped orbit when it is scattered.
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A star is in a trapped orbit when the amplitude of the quantity Λnc(t) (equa-

tion 4.17) is less than unity (by equation 4.18). This quantity depends on both a

star’s orbital angular momentum and random orbital energy, and is not conserved. A

star on an orbit that initially meets the capture criterion (equation 4.26) will continue

to do so unless it is scattered such that |Λnc,β(t)| becomes greater than unity, at which

time the star will no longer be in a trapped orbit.

Our orbital integrator uses a smooth underlying potential, with a superposed spiral

perturbation that has constant amplitude for the duration of the orbital integration.

This is appropriate for testing the validity of equation 4.28, but such a potential is also

somewhat unrealistic. It is well established that small-scale fluctuations in the galactic

potential (such as GMCs) (Spitzer & Schwarzschild, 1953; Wielen, 1977; Lacey, 1984)

as well as short lived, physically extended fluctuations (such as transient spiral arms)

(Barbanis & Woltjer, 1967; Carlberg & Sellwood, 1985; De Simone, Wu, & Tremaine,

2004) lead to scattering of stellar orbits, altering random orbital energies and orbital

angular momenta. It is therefore important to understand that stars we find to re-

main in trapped orbits indefinitely may not be representative of stellar behavior in

a lumpy (i.e. small scale-length fluctuations in the potential), time-dependent under-

lying potential, where we expect that many of these stars would be scattered out of

their trapped orbits.

Despite the rather smooth potential we assume, we are able to observe the effects

of scattering on the orbital trajectory of a test particle and its value of Λnc,2(t). We
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observe two processes by which stars are scattered (illustrated below).

First, a star in a non-axisymmetric potential is scattered whenever it is not in

instantaneous corotation with the perturbing pattern (by equation 2.3, and equation 4

in Sellwood & Binney, 2002). There is a range of values for the guiding center radius,

RL(t) (and therefore a range in Ωg), that satisfies the capture criterion (equation 4.28),

not simply the 0th order assumption that RL = RCR. Indeed, a star in a trapped orbit

has an oscillating value for RL(t) (i.e. Ωg(t)). Therefore, other than when a star’s

guiding center radius equals the radius of corotation - which happens twice during its

trapped orbit - the star will experience changes in its orbital angular momentum that

are accompanied by changes in random orbital energy (see equation 2.3). This type

of scattering becomes particularly important when the spiral wave number is large

(i.e. the radial spacing between spiral arms is small) and a star particle that is in a

trapped orbit has a close approach to a spiral arm away from corotation. Through

such interactions away from corotation, a star particle that is initially captured in

trapped orbits may begin circling the galactic center in the rotating frame (i.e. no

longer in a trapped orbit).7 We defer a discussion of the time-scale for this type of

scattering out of a trapped orbit to future work (see Chapter 8).

Second, changes to a star’s random orbital energy (Eran(t)) are most dramatic at

7The first order change to a phase space distribution function tends to zero away from spiral
resonances (Carlberg & Sellwood, 1985).
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the Lindblad resonances, the radii at which

κ = ±m(Ωp − Ωϕ), (4.31)

where the star passes (or is passed by) the perturbation at the star’s epicyclic fre-

quency. One would expect enhanced scattering should a star in a trapped orbit cross a

Lindblad resonance. The capture region can overlap with a Lindblad resonance when

either, (1) the radial range of the capture region is large (e.g. the amplitude of the

spiral potential is high), or (2) the Lindblad resonances are close to corotation (e.g. for

values of RCR that are close to the galactic center). We observe erratic changes in the

motion when the guiding center radius (RL(t)) of a star in a trapped orbit encounters

a Lindblad resonance (including the ultra-harmonic Lindblad resonances, where

κ = ±2m(Ωp − Ωϕ). (4.32)

Chirikov (1979) predicted that chaotic behavior would emerge when an object enters

a region of resonant overlap in phase space (i.e. the region in a surface of section where

two resonances occupy the same space). Irregular orbital motions (sometimes called

“wild” or ergodic) have been observed to arise in simulations when stars pass through

regions of resonant overlap in phase space (eg. Martinet, 1974; Athanassoula et al.,

1983; Pichardo et al., 2003); where Pichardo et al. (2003) used a Lyapunov exponent

analysis to identify these motions as chaotic.
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In the present case, we are observing resonant overlap in coordinate space. The

boundary between orbits that circle the galactic center in the rotating frame and

orbits that are trapped is called the “separatix” in a surface of section diagram. In

the case of zero random energy, the separatix can be projected onto coordinate space

as a contour that encloses the capture region. As per the discussion in §4.4.2, stars

with some finite random orbital energy that are in trapped orbits have guiding center

radii that are inside the capture region. We do not quantitatively prove that we

are observing the emergence of chaotic behavior at resonant overlap, however, our

tests are consistent with this theory as there is a sudden increase in random energy

and change in orbital trajectory when the guiding center radius of a trapped star

encounters a Lindblad resonance (equations 4.31 & 4.32).

Figures 4.7, 4.8, & 4.9 show the orbits of test particles for three sets of initial

conditions. Each test particle initially meets the capture criterion (equation 4.28)

and is launched with initial random velocity (vran,0,R, vran,0,ϕ) = (10, 10) km s−1 at

an initial radius 1 kpc inside the radius of corotation for RCR = {8.5, 8.0, 6.0} kpc

respectively. For each set of initial conditions, panel (a) shows the orbital path in the

rotating frame, as in Figure 4.3. Panel (b) shows the time evolution of Λnc,2(t) (solid,

red). The horizontal black lines at Λnc,2(t) = 1 and −1 are the upper and lower limits

for trapped orbits. Panel (c) shows the random orbital energy normalized by its initial

value (Eran(t)/Eran,0) (solid, blue). The horizontal black line at Eran(t)/Eran,0 = 1

indicates the initial value. Panel (d) shows (RL(t) − RCR) (solid, black). In both

62



CHAPTER 4. ANALYTIC CRITERION FOR CAPTURE AT COROTATION

panes (a) and (d), dashed, dark-green curves show the inner and outer Lindblad

resonances (ILR/ORL, equation 4.31), and the dotted dark-green lines show the first

ultra-harmonic Lindblad resonances (these are the 2m:1 resonances for an m-armed

perturbation, equation 4.32). Figure 4.7 shows a star particle in a trapped orbit

that is not significantly scattered. Figures 4.8 & 4.9 show star particles that are

initially in a trapped orbit but are scattered such that they no longer meet the

capture criterion. The vertical black line in panels (b)-(d) marks the time when

|Λnc,2(t)| > 1, and thus the star particles are no longer in trapped orbits. The star

particle in Figure 4.8 is scattered out of a trapped orbit when the star approaches

a spiral arm away from corotation (instantaneous RL ̸= RCR). As can be seen in

panel (d), the vertical black line does not correspond to a time when the guiding

center radius crosses a Lindblad radius, but rather when the star has an increase in

random orbital energy as it approaches the peak density of the spiral perturbation

away from corotation. Figure 4.9 shows a star particle that initially meets the capture

criterion but is scattered out of a trapped orbit (marked by the vertical black line in

the right-hand panels). In panel (d), it is clear that this corresponds to the time when

the guiding center radius (RL(t)) crosses the ultra-harmonic OLR (dotted, horizontal

line). These plots illustrate that a star with some finite random orbital energy, which

is initially in a trapped orbit, can be scattered leading to |Λnc,2(t)| > 1. Although

we do not show an example here, it is possible that a star that is not initially in a

trapped orbit could be captured in a trapped orbit if it is scattered in such a way
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that equation 4.28 is satisfied.

A capture region with a larger area, which grows with spiral strength (see discus-

sion in §4.1.1), will be able to support trapped orbits for stars with guiding center

radii farther from corotation. The radial range of the capture region is important

since a star’s random energy slowly increases with radial distance from corotation

and since a broad capture region is more likely to overlap with a Lindblad resonance.

Therefore the amplitude of our chosen spiral perturbation to the potential (equa-

tion 3.4) is greater for spirals that have a high fractional amplitude in surface density

(ϵΣ), in regions of the disk that have a small wave number (k(R) = m cot(θ)R−1),

and as |R−Rd| → 0 in a disk with an exponential surface density since Φs ∝ RΣ(R).

In a lumpy underlying potential (unlike the one we use), a star that is in a trapped

orbit will also have gravitational interactions with fluctuations in the potential other

than the spiral pattern. These interactions will cause the star to have changes in its

orbital angular momentum and random energy (see Sellwood, 2014a, and references

therein) that may cause the star to no longer meet the capture criterion.

Finally, resonant overlap can also occur when there are two (or more) perturba-

tions to the underlying axisymmetric potential with different pattern speeds. Minchev & Famaey

(2010) simulated (further explored by Minchev et al., 2011) a disk with both a bar

and spiral perturbation. They found that when resonances of the two patterns over-

lapped, the changes to the orbital angular momentum of disk stars were greater than

the sum of the separate changes in orbital angular momentum from the individual
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non-axisymmetric patterns. In the context of the present work, we would expect

irregular orbits to emerge in the case that the OLR of a central bar pattern overlaps

the capture region from the spiral pattern.

4.5 Capture for a Non-Steady

Spiral Pattern

Thus far in this work, we have considered the case of a spiral perturbation with a

pattern speed that is independent of radius and time. However, N-body simulations

of disk galaxies frequently exhibit spiral arms that appear to have pattern speeds that

are radially dependent (e.g. Grand, Kawata, & Cropper (2012), Baba et al. (2013),

Roca-Fàbrega et al. (2013); but see Sellwood & Carlberg (2014) for an alternative

interpretation) or that evolve in time (e.g. Roškar et al., 2012). We now explore how

radial migration would differ from the analysis in this work should either scenario be

the case.

In Appx. A, we explore the difference between two different capture criteria for

stars with zero random energy. Equations A.6 and A.9 relate the radial range for a

star with zero random orbital energy to be in a trapped orbit (and therefore the size of

the capture region) to the shape of the rotation curve given the spiral has a constant

pattern speed. The nature of this relationship is most transparent in equation A.5,

but can be obtained from equation 4.24 or equation A.8 with appropriate choice of
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the functional form of ẋϕ. Equation A.5 can be rearranged to solve for the radial

range of the capture region (ie. the maximum value for |R(t)−RCR|) in the effective

potential for a given shape of the rotation curve. For the same amplitude of the

perturbation (|Φb|) and pattern speed (Ωp), a central point potential has the smallest

radial range for the capture region, while stars in solid body rotation are in corotation

at all R and therefore are captured at all radii. The corollary is that the radial

range of the capture region is determined by the rate of divergence with distance

from corotation between the possibly radially dependent pattern speed (Ωp(R)) and

the circular orbital frequency (Ωc(R)). Should the functional form of the pattern

speed approach that of the circular orbital frequency, the radial range for capture

would include the entire disk. In support of this interpretation, Grand et al. (2012)

found that in a 3D N-body simulation of a disk with transient spiral arms with

Ωp(R) ≈ Ω(R), stars from a wide range of initial radii migrated along the spiral

arms, sometimes having 10− 20% changes in angular momentum.

In the case of steady spiral patterns, very efficient radial migration requires mul-

tiple transient spiral patterns, with a random distribution of pattern speeds, over

the lifetime of the disk. In such a scenario, a star will migrate radially as a random

walk, where the size of any step is determined by the amplitudes of the perturbations

(Sellwood & Binney, 2002, see Chapter 5 and) and the number of steps is related

to the duty cycle of transient spirals. However, should a spiral pattern speed be

time-dependent, a small amplitude spiral could cause a star to migrate over a large

66



CHAPTER 4. ANALYTIC CRITERION FOR CAPTURE AT COROTATION

radial distance. To understand this, consider a disk with a flat rotation curve and a

spiral pattern speed that decreases in time, thus causing the radius of corotation to

increase with time and the location of the capture region to move to ever larger radii.

Should the guiding center radius of a trapped star be increasing at the same rate as

the radius of corotation, the star could continuously migrate outward for the lifetime

of the spiral pattern. In the same scenario, a star which had a different initial phase

in its trapped orbit such that its guiding center radius is decreasing might only be

trapped briefly as the capture region moves outward. Such time dependent pattern

speeds could cause the ensemble of disk stars to migrate longer distances preferen-

tially outward (or inward in the case of a pattern speed that increases with time),

and even a low amplitude spiral could lead to large radial excursions for such stars.

There are examples of time-dependent spiral structure in simulations of spiral galax-

ies (e.g. Roškar et al., 2012; Sellwood & Carlberg, 2014), but it is unclear whether or

not these patterns host stars that migrate large radial distances.
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Figure 4.2: Each panel shows the value of the random velocity in the inertial frame
(vran) on the x-axis and its associated value of Λnc,2 on the y-axis, (within the range
−1 < Λnc,2 ≤ 1, which satisfies the capture criterion), for a star at a given coordinate.
The coordinate corresponding with each panel falls in the range 9 kpc≤ R ≤ 11 kpc in
0.2 kpc intervals (horizontal direction) and −45◦ ≤ ϕ ≤ 45◦ in 15◦ intervals (vertical
direction). The coordinate grid is labeled on the exterior of the plot. We have assumed
a spiral with RCR = 10 kpc, θ = 10◦, and ϵΣ = 0.2, in an underlying potential with
a flat rotation curve and circular velocity vc = 220 km s−1. Solid (red) curves show
the value of Λnc,2 corresponding to vran = |vran|R̂, and the dashed (blue) curves

are for vran = |vran|ϕ̂. The capture region is defined as the locus within which a
star with zero random motion in the inertial frame (vran = 0 marked by a vertical,
dotted line) satisfies the capture criterion. Panels for coordinates that are within the
capture region have a shaded background. For a star with coordinates within the
capture region, there is a large range in radial random motion that gives rise to orbits
that satisfy the capture criterion (solid, red), suggesting that random orbital energy
alone is not a significant determining factor for trapped orbits. The range of random
motion in the azimuthal direction - associated with orbital angular momentum as well
as random orbital energy - for a star to satisfy the capture criterion (dashed, blue) is
relatively small, leading to the conclusion that whether or not a star is captured in
a trapped orbit is sensitive to the value of that star’s orbital angular momentum. A
star with coordinates that is outside the capture region may still satisfy the capture
criterion. For example, the panel with R = 9.2 kpc and ϕ = 30◦ illustrates that over
a narrow range of random velocities in either direction |Λnc,2| < 1.
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Figure 4.3: Orbital trajectory and properties for a star that is not in a trapped orbit.
The potential is modified from that shown in Figure 2.1 by setting RCR = 8 kpc and
θ = 25◦. The test particle is launched with zero random energy (|vran,0| = 0 km s−1)
at (R0, ϕ1,0) = (6.5 kpc, 0) (red star). Panel (a) shows the orbital trajectory in the
rotating frame (solid, rainbow) for 2 Gyr (≳ 2 orbital periods). The shaded area
shows the capture region and the inset shows the phase of the star’s epicyclic orbit at
the time of launch. The solid dark-green line marks the radius of corotation, RCR, in
both panels. Panel (b) shows the time-dependent guiding center radius, RL(t)−RCR

(black, dotted), and radial coordinate R(t)−RCR (solid, red). The value for Λc and
the initial value for Λnc,2(t = 0) are printed in panel (b).
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Figure 4.4: The panels and plotted colors and curve patterns have the same meaning
have the same as in Figure 4.3. Initial conditions are the same except the initial radial
velocity is modified so that vran,0,R = 50 km s−1. This star’s orbital trajectory enters
the capture region but its guiding center does not. As expected from the capture
criterion, this star is not in a trapped orbit.
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Figure 4.5: The panels and plotted colors and curve patterns have the same meaning
as in Figure 4.3. Initial conditions are also the same except the initial azimuthal
velocity is modified so that vran,0,ϕ = 30 km s−1. The orbital trajectory leaves the
capture region, but RL remains within the capture region. This star is in a trapped
orbit.
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Figure 4.6: The panels and plotted colors and curve patterns have the same meaning
as in Figure 4.3. Initial conditions are modified so that m = 2, RCR = 9.5, vran,0,ϕ =
−10 km s−1 and from top to bottom ϕ1,0 = {0, π/4, π/2}. Each particle is launched
at R0 = 9.1 kpc, the apocenter of its epicycle. The top and middle panels show a
star that is in a trapped orbit, and the bottom panels show a star that is not in a
trapped orbit.
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Figure 4.7: Orbital properties of a star particle launched at 1 kpc inside corotation
with (vran,R,0, vran,ϕ,0) = (10, 10) km s−1 (RL,0 = 7.8 kpc) in a potential modified from
Figure 4.3 so that RCR = 8.5 kpc. Panel (a) is the same as in Figure 4.3. Panel (b)
shows Λnc,2(t) as a solid red line. The horizontal, grey lines at 1 and −1 are the
upper and lower limits for Λnc,2(t) for the star to be in a trapped orbit. Note that
the star is in a trapped orbit for the entire integration and therefore |Λnc,2(t)| < 1 at
all times. Panel (c) shows the ratio (Eran(t)/Eran,0) as a solid, blue line. Panel (d)
shows (RL(t) − RCR) [kpc] as a solid, black line. In panels (a) and (d), the dashed
and dotted dark-green curves show the Lindblad resonances (equation 4.31) and the
ultra-harmonic Lindblad resonances (equation 4.32), respectively. This star is in a
trapped orbit.
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Figure 4.8: Panels as in Figure 4.7. Orbital properties of a star particle with
the potential modified from that in Figure 4.7 so that RCR = 8 kpc. The radial
coordinate of the star at t = 0 is 1 kpc inside corotation and its guiding center radius
is RL,0 = 7.3 kpc. This star is initially in a trapped orbit, but as Eran(t) increases,
the star scatters early in the integration interval such that Λnc,2(t) < −1 marked with
vertical line and is no longer in a trapped orbit likely corresponding to the star’s close
approach to the spiral arm away from corotation.

73



CHAPTER 4. ANALYTIC CRITERION FOR CAPTURE AT COROTATION

øø

-5 0 5

-5

0

5

-5

0

5

x HkpcL

y
Hk
pc
L

HaL

-1

0

1

Λ
n
c,
2(
t)

(b)

0

1

2

3
E
ra
n
(t
)

E
ra
n
,0

(c)

0.0 0.5 1.0 1.5 2.0

t (Gyr)

-2

-1

0

1

2

3

R
L
(t
)−

R
C
R

k
p
c

(d)

(A) (B)

Figure 4.9: Panels as in Figure 4.7. Orbital properties of a star particle with initial
conditions modified from those in Figure 4.7 so that RCR = 6 kpc. The test particle
is launched 1 kpc inside corotation and its guiding center radius is at RL,0 = 5.2 kpc.
This star initially meets the capture criterion, but rapidly scatters when the star’s
guiding center radius crosses the first ultra-harmonic outer Lindblad resonance. A
vertical line indicates the time when the star is no longer captured in a trapped orbit.
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Chapter 5

The Amplitude of Radial

Excursions

The RMS change in orbital angular momentum for a single transient spiral due to

radial migration depends on the amplitude of radial excursions for stars in trapped or-

bits. The analytic amplitude for radial excursions used in the literature (Sellwood & Binney,

2002, their equation 12) is based on a 2D weak bar potential and otherwise circular

orbits (zero random orbital energy) (Binney & Tremaine, 2008; Sellwood & Binney,

2002). The radial excursions in the limit of zero random orbital energy can be taken

to approximate a parent orbit, defining the orbital path of the guiding center for stars

with some finite random orbital energy.

We briefly summarize the derivation of the amplitude for radial excursions of

stars with zero random orbital energy in the presence of a 2D bar, but refer the
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reader to Binney & Tremaine (2008), Sellwood & Binney (2002) and the discussion

in Appendix A.1 for a more thorough treatment.

Assume a small perturbation in the total potential, such that Φ(R, ϕ) = Φ0(R) +

Φ1(R, ϕ) and |Φ1/Φ0| ≪ 1. In Binney & Tremaine (2008) (Chapter 3.3b), they show

a derivation for the 1st order amplitude radial oscillations about corotation, R1(t)

(R = RCR + R1(t)). They find that the oscillatory behavior about the maximum in

the effective potential (see Figure 2.1) obeys,

R1 =
2RCRΩCR

(κ2 − 4Ω2
CR)

√
Ep + p2 cos(2ϕ1) (5.1)

where ϕ1 is the azimuthal excursion from the local maximum, Ep is the total energy

associated with the oscillatory behavior in the rotating frame (equation A.1) and p is

the potential amplitude associated with the oscillatory behavior (equation A.2). (see

also Binney & Tremaine, 2008, eqn. 3.157)).

Sellwood & Binney (2002) used this derivation, in conjunction with horseshoe

orbit theory, to describe the radial migration of stars in the presence of transient spiral

structure. Assuming stars are in an extreme trap (ie. Ep ≪ p2), Sellwood & Binney

(2002) drop Ep and find that a first order radial excursion for stars in a disk with a flat

rotation curve is proportional to the square root of the amplitude of the perturbing
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potential (Sellwood & Binney, 2002, their equation 12)

∆Rmax = 2

√
|Φb|
AB

(5.2)

where A and B are Oort’s constants for galactic shear

A ≡ −1

2
R
dΩ

dR
(5.3)

and vorticity

B ≡ −(Ω +
1

2
R
dΩ

dR
). (5.4)

The derivation of equation 5.2 assumes that the random orbital energy of the

oscillating star is negligible and that the bar is perpendicular to the direction of

circular motion. The oscillatory changes in orbital angular momentum of a star in a

trapped orbit are driven by the torque induced by the perturbation to the underlying

potential. If a perturbation is in the form of a spiral, rather than a bar, then the

strength of the torque must scale with the pitch angle (θ) of the spiral arm. The

assumption of a bar (Sellwood & Binney, 2002; Binney & Tremaine, 2008) implies

that the torque provided by the potential perturbation is maximized.
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5.1 Analytic Evaluation of the

Radial Excursions from a Spiral

Trapped orbits can be induced by low pitch angle spiral perturbations, but since

the capture region is small for low amplitude spiral patterns (see equation 3.4 to

relate pitch angle to the size of the capture region in our model, §4.1.1), the maximum

amplitude for changes in guiding center radii (and therefore orbital angular momenta)

are expected to be small.

We assume the potential described in §3.1. In the rotating frame, the motion of

a star in a trapped orbit can be approximated by the time dependent coordinates

R = R(t) = RCR + R1(t) and ϕ = ϕ(t) = ϕmax + ϕ1(t). We derive the equations of

motion in the rotating frame from the Lagrangian,

R̈ + (κ2 − 4Ω2
CR)R1 − 2RCRΩCRϕ̇1 = −

(
∂Φ1

∂R

)
CR

= Φs
α

RCR

sin[α lnR/RCR +−mϕ(t) +mΩpt]CR

(5.5)

and

ϕ̈1 + 2ΩCR
Ṙ1

RCR

= − 1

R2
CR

(
∂Φ1

∂ϕ

)
CR

= −Φs
m

R2
CR

sin[α lnR/RCR +−mϕ(t) +mΩpt]CR

(5.6)

By adopting the same order of magnitude assumptions as Binney & Tremaine
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(2008) for a bar, where Φs ∝ ϵ, ϕ1 ∝ 1 and R1 ∝ ϵ1/2, and time derivatives are

multiplied by ϵ1/2, we arrive at the same result (eqn.5.1) modified by
√
tan θ in the

final term,

R1 =
2RCRΩCR

(κ2 − 4Ω2
CR)

√
Ep + p2 cos(2ϕ1) tan θ (5.7)

However, it is not clear that these assumptions are valid for a spiral pattern, because

the geometry of trapped orbits induced by a bar pattern is different from that induced

by a low to moderate pitch angle spiral pattern. Indeed, as long as the pitch angle is

small, R1 can be solved explicitly. We show this below.

Integrating equation 5.6 over time gives the following equation:

ϕ̇1 + 2ΩCR
R1

RCR

= −Φs
m

R2
CR

∫
dt sin[−ϕ1(t)] (5.8)

In order to continue, we must assume a form for ϕ1(t). Contopoulos (1973, 1978)

found that most stars in trapped orbits in a perturbed 2D disk librate in the rotating

frame in banana shaped orbits on Gyr time-scales. The frequency of oscillation for

these orbits is given by (Contopoulos, 1973),

ω2 =
4|Φs|(4Ω2

CR − κ2CR)

R2
CR(κ

2
CR − |Φs|k2)

(5.9)

where |Φs| is the amplitude of the perturbation (given by equation 3.4 in our model).

A star that is in a stable trapped orbit will librate about the local maximum in
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the effective potential with period, P = 2π/ω. Trapped orbits are unstable in the

case that the value of the period is less than zero. The highest amplitude azimuthal

excursion for a star in a trapped orbits cannot exceed the distance between the local

minima on either side of the local maximum. To first order assumption, azimuthal

excursions can therefore be described by,

ϕ1(t) = |ϕ1| cos(ωt+ δ) (5.10)

where the amplitude |ϕ1| = 2π/m in an m-armed spiral pattern. We here assume the

phase constant δ = 0. This sinusoidal approximation becomes less appropriate for

increasing values for the spiral pitch angle as high pitch angle spiral patterns diverge

from the underlying assumption of near axisymmetry for a spiral density wave.

We plug equation 5.10 into equation 5.8 to get,

ϕ̇1 + 2Ω0
R1

R0

= −Φs
m

ωR2
0

∫
dτ sin(−|ϕ1| cos τ) (5.11)

where τ = ωt. Equation 5.11 can be explicitly solved from the expansion of sin x,

sin x =
∞∑
k=0

(−1)k x1+2k

(1 + 2k)!
(5.12)

so,

sin(−|ϕ1| cos τ) =
∞∑
k=0

(−1)1+k |ϕ1|1+2k cos1+2k τ

(1 + 2k)!
. (5.13)
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The integral,

∫
dτ sin(−|ϕ1| cos τ) =

∞∑
k=0

(−1)1+k |ϕ1|1+2k

(1 + 2k)!

∫
dτ cos1+2k τ (5.14)

has the solution,

∫
dτ sin(−|ϕ1| cos τ) =

∞∑
k=0

(−1)k |ϕ1|1+2k cos2+2k τ

(2 + 2k)!
2F1[

1

2
, 1+k; 2+k; cos2 τ ] (5.15)

where the hypergeometric function 2F1 is defined as

2F1(a, b; c; z) =
∞∑
n=0

(a)n (b)n
(c)n

zn

n!
(5.16)

and

(x)n =


1 if n = 0

x(x+ 1)...(x+ n− 1) if n > 0

(5.17)

Keeping the first two terms of order sin τ of the integral series we find equation 5.11

becomes,

ϕ̇1 ≈ m

R2
CRω

Φs sin τ
(
|ϕ1| − |ϕ1|3

3!
+ ...

)
− 2Ωp

R1

RCR

≈ m

R2
CRω

Φs sin τ sin |ϕ1| − 2Ωp
R1

RCR

(5.18)

Plugging this result into equation 5.5, we find that a star in a trapped orbit will have
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radial excursions that follow,

R1 ≈
Φs

RCR(κ2 − ω2)

{
−α sin(|ϕ1| cos τ) + 2m

Ωp

ω
sin τ sin |ϕ1|

}
(5.19)

The first term in equation 5.19 arises from the radial force associated with the

radial gradient in the effective potential near the local maxima. It represents a trapped

orbit’s diversion from circular around these maxima. The second term comes from

the time integral of the azimuthal force, aka. the impulse or change in orbital angular

momentum. This change in orbital angular momentum becomes the dominant term

in determining maximum radial excursions for a trapped orbit as the pitch angle of

the spiral pattern increases.

The maximum radial excursions for stars in trapped orbits, R1,max,EOM = max(R1),

predicted by our derivation via the equations of motion (equation 5.19), give signifi-

cantly smaller values than those predicted by the accepted approximation, R1,max,SB02 =

∆Rmax/2 (equation 5.2). In Figure 5.1, we compare the maximum radial excursions

for R1,max,EOM (solid, black) and R1,max,SB02 (dashed, red) for several select cases.

The amplitude of the potential in all cases is given by equation 3.4. For illustrative

purposes, we show the expected radial excursions due to epicyclic motion (dotted,

blue), where we approximate this as R1,epi =
√
2σR/κ. We adopt the same exponen-

tial radial velocity dispersion profile described for Model fG(σR ∝ e−R/Rσ) (see §6.3.1

for a detailed description). In Figure 5.1, we show the resulting curves for models
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that adopt the potential from §3.4 with values for the model parameters given in Ta-

ble 3.1, a fractional amplitude for the spiral surface density ϵΣ = {0.1, 0.3, 0.5}, and

spiral pitch angle θ = {7◦, 12◦, 20◦, 30◦}. The radial excursions given by R1,max,EOM

for stars in trapped orbits (recall, this can be taken to approximate the guiding cen-

ter radius for a trapped orbit) are less than or equal to excursions expected from

epicyclic motions (R1,epi) for low to moderate pitch angle spirals. On the other hand,

the radial excursions given by R1,max,SB02 are greater than R1,epi in all but the weak-

est amplitudes for the spiral perturbation. Note that trapped orbits with values for

R1,max,EOM ≤ 0 are not stable.

5.2 Important Observational Constraints

Observations of external galaxies find a range in pitch angle, θ, between 8◦ and 49◦,

with median θmed = 8◦−22◦ (Ma et al., 1999; Block & Puerari, 1999; Seigar & James,

1998). The spiral arms in our own Milky Way appear to be of intermediate type

between grand design and flocculent (Elmegreen, 1998) with pitch angles found to

be between 12◦ (Vallée, 2002, 2015) and 18◦ (Drimmel, 2000). This is in agreement

with the mean pitch angle, ⟨θ⟩ = 15◦, found for a sample of 51 MW-like (Sbc type)

galaxies (Ma et al., 1999).

It is difficult to determine the fractional amplitude of the surface density of an

observed spiral pattern, ϵΣ. Assuming density change in the galactic disk goes as the
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near infrared surface brightness, Rix & Zaritsky (1995) findm = 2 Fourier amplitudes

between∼ 0.15 and∼ 0.6. Elmegreen et al. (1999, 2011) extend this analysis to define

the fractional amplitude (ϵΣ) of the spiral arms by assuming a sinusoidal variance in

the azimuthal direction. They find, ϵΣ = (Imax/Imin − 1)/(Imax/Imin + 1) where

Imax/Imin = 10Ar/2.5 and Ar is twice the Fourier amplitude. As discussed below,

optically identified flocculent spirals have low density near infrared perturbations (if

any), with ϵΣ between 0.15 and 0.26 (Elmegreen et al., 1999, 2011). Elmegreen et al.

(2011) used 46 galaxies from the Spitzer Survey of Stellar Structure in Galaxies (S4G)

to illustrate a trend in spiral amplitude with type. They found that grand design,

intermediate and flocculent galaxies have an average ⟨ϵΣ⟩ = 0.25 ± 0.09, 0.16 ± 0.06

and 0.15±0.07 respectively, with the fractional amplitude, ϵΣ, increasing with Hubble

type. For Sb type galaxies, like the MW, ϵΣ = 0.24, 0.16 and 0.10. These values are

less than the values typically adopted in this work.

Flocculent spirals are not associated with large amplitude density disturbances

as are grand design spirals (Elmegreen & Elmegreen, 1984; Elmegreen et al., 2003,

2011), but have colors and pitch angles consistent with star formation regions that

have been sheared to create short spiral-like structures (Elmegreen & Elmegreen,

1984). The mechanism for radial migration via such sheared spirals is not true radial

migration in the sense described by Sellwood & Binney (2002) where the perturba-

tion has a single pattern speed. Rather, sheared perturbations follow Ωp(R) ∝ Ω. In

agreement with the discussion in §4.5, Grand et al. (2012) find that a strong spiral
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perturbation where Ωp(R) ∝ Ω produces large amplitude excursions. However, as

flocculent spirals do not likely represent strong perturbations in the potential, it is

probable that the radial migration induced by flocculent spirals is insignificant.

Grand design spirals have the largest pitch angles and the strongest perturbing

potentials. However, grand design spirals (stimulated by external interactions and/or

a bar) are likely stable modes (e.g. Elmegreen & Elmegreen, 1984), estimated to have

lifetimes on the order of several Gyr (e.g. Elmegreen & Elmegreen, 1983; Struck et al.,

2011). This is an important point, as multiple transient spiral patterns with a large

range in pattern speeds are necessary for radial migration to effectively mix the galac-

tic disk at all radii.

The above is an important exercise for understanding the realistic efficiency of

radial migration in MW-like galaxies. The observed pitch angle values for MW-like

galaxies suggest that the changes in guiding center radii (and thus orbital angular

momentum) around the radius of corotation are well described by the low pitch angle

regime (equation 5.19). A low pitch angle lessens the value of the amplitude of

the spiral amplitude, |Φs|, thus decreasing the range of values of orbital angular

momentum and energy that meet the capture criterion. In Chapter 6, we discuss how

the amplitude of the spiral potential affects the fraction of stars in trapped orbits.
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Figure 5.1: Maximum radial excursions for stars in trapped orbits evaluated by
equation 5.19, R1,max,EOM = max(R1) (solid, black), and equation 5.2, R1,max,SB02 =
∆Rmax/2 (dashed, red). Also shown for comparison are the expected radial excursions
from epicyclic motion (dotted, blue). We show the resulting curves for models that
adopt the potential from §3.4 with values for the model parameters given in Table 3.1,
a fractional amplitude for the spiral surface density ϵΣ = {0.1, 0.3, 0.5}, and spiral
pitch angle θ = {7◦, 12◦, 20◦, 30◦}.
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Chapter 6

Modeling the Distribution of

Trapped Orbits

The radial migration of an ensemble of disk stars due to a single transient spiral

pattern is most efficient when the RMS change in the orbital angular momenta of

those stars, over the spiral lifetime, is maximized. The efficiency of radial migration,

and thus its importance to disk evolution, is therefore directly related to the fraction

of disk stars that are initially in trapped orbits. Should multiple transient spiral pat-

terns with a random distribution of pattern speeds, and thus corotation radii, occur

over the lifetime of the disk, and should radial migration be efficient for each spiral

pattern, the resulting radial migration of stars could have a substantial influence the

chemical, kinematic and structural evolution of the disk (Sellwood & Binney, 2002;

Schönrich & Binney, 2009a; Roškar et al., 2008; Loebman et al., 2011; Berrier & Sellwood,

87



CHAPTER 6. MODELING THE DISTRIBUTION OF TRAPPED ORBITS

2015).

In Chapter 4, we derived an analytic “capture criterion” to determine whether

or not a given disk star is in a trapped orbit. In this chapter, we apply our capture

criterion to a model of a disk galaxy with the aim to isolate and examine the physical

parameters of a populations of stars that determine the distribution and fraction

of stars in trapped orbits. We model each disk with an exponential surface density

profile (equation 3.11) and a spiral potential (§3.1), where the phase space distribution

of stars is described by one of several chosen distribution functions (§3.2). Unless

otherwise stated, we used parameter values listed in Table 3.1 when a quantitative

analysis is required. Figure 6.1 illustrates the capture region for this specific spiral

pattern as a shaded region outlined with a thick, black line. The contours of the

effective potential, Φeff , are shown as thin lines. The peaks of the spiral perturbation

are indicated by thick, dashed (magenta) curves.

The capture criterion can be applied to any disk star given its 4D phase space

coordinate (R,ϕ, vR, vϕ), the amplitude of the spiral perturbation to the potential at

the radius of corotation, |Φs|CR, and the slope of the rotation curve at the radius of

corotation (equation 4.24). We here adopt a flat rotation curve (β = 2) and therefore

use the form of the capture criterion from equation 4.27. The reader should note that

while it is both informative and convenient to express the capture criterion in terms of

orbital energy and orbital angular momentum, it requires we adopt a relation between

these values and action variables. Equation 4.27 assumes the epicyclic approximation,
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which describes mildly non-circular orbits as simple harmonic oscillations about a

circularly orbiting guiding center.

At any given position in the disk, the width of the velocity distribution for a

stellar population is characterized by the velocity dispersion, σ. A stellar population

that has a high value for the velocity dispersion has high random energy. Should the

ratio of the velocity dispersion to the circular velocity (σ/vc) be large, the population

is kinematically hot. The guiding center radius (RL from equation 2.5) of a star,

and its orbital angular momentum, is determined by its radial coordinate (R) and

azimuthal velocity (vϕ). Thus for a disk with a given surface density profile and

rotation curve, the velocity dispersion is the observable related to the distribution

of individual orbital angular momenta of stars that compose the population. This

chapter is dedicated to understanding how the random orbital energy of a population

relates to the fraction of disk stars that satisfy the capture criterion.

6.1 The Approach

In the method described below, we solve numerically for the fraction of stars in

trapped orbits given a particular disk potential and form for the distribution function.

The numerical integration is carried out as follows – At a given radial coordinate

(R), we integrate the distribution function over azimuth (ϕ) and the range of velocity

values (v) that satisfy the capture criterion (equation 4.27). We set the absolute
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upper and lower limits of integration in velocity space to be ±100 km s−1 from the

value of v that corresponds to the peak value of f(v). The solution to this integral,

divided by the same integral over all values (not just those that meed the capture

criterion), is the fraction of stars in trapped orbits at radius R. We calculate the

fraction of stars in trapped orbits for all radial positions between RCR ± 4 kpc in

dR = 0.1 kpc intervals for each choice of initial conditions. We thus find the radial

distribution for the fraction of stars in trapped orbits.

We perform all integrations using the Wolfram Mathematica v.8.0.4.0 software

function NIntegrate with the parameters AccuracyGoal set to 8 significant digits

and MinRecurrsion set to 8. We chose the values of these parameters to ensure

convergence to a solution within a reasonable amount of time.1

The method outlined above calculates the fraction of stars that meets the capture

criterion for a given model (i.e. choice for the distribution function and adopted

potential). It is known that transient spirals change the distribution function that

describes the stellar disk (e.g. Carlberg & Sellwood, 1985; Berrier & Sellwood, 2015),

that the amplitude of the spiral perturbation must fluctuate in order for stars to

migrate radially (Sellwood & Binney, 2002), and that stars which initially (t = t0)

meet the capture criterion (equation 4.27) may be scattered out of trapped orbits (at

some time t > t0) even when the spiral potential has constant amplitude (§4.4.3).

In this chapter we do not evaluate the time evolution of the captured fraction (see

1This is on order of an hour of computing time per set of initial conditions with a 1.8 GHz
processor.
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§6.4 for further discussion), and therefore refer to the fraction of stars that meets

the capture criterion for a given model as the “initial” fraction (t = t0). The initial

fraction is equal to the instantaneous fraction of stars that could migrate radially

should the perturbation be transient.

Our primary focus here is to understand the relationship between the fraction of

stars initially in trapped orbits and the stellar velocity dispersion (σ) for the popu-

lation. In the process we explore how the fraction of stars in trapped orbits within a

chosen radial range depends on the functional form of the distribution function and

the parameters values of the spiral potential.

6.2 Trapped Fraction for a Constant

Radial Velocity Dispersion

In this section, we assume the phase space distribution function fG(x,v) (equa-

tion 3.12, described in §3.2.1), a radial velocity dispersion (σR) that is constant at

all radii, and a fixed ratio of radial and azimuthal velocity dispersions, σϕ/σR (equa-

tion 3.8). In the next section (§6.3), we explore other prescriptions for the distribution

of stars in phase space and allow the velocity dispersion to vary with radius. Under

the assumption that a population is characterized by a constant velocity dispersion,

we are able to isolate and evaluate how asymmetric drift affects the fraction of stars

in trapped orbits.
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Asymmetric drift refers to the observed shift in the mean azimuthal velocity of

a stellar population (va), as well as a skew in its velocity distribution toward slower

rotation, with increasing velocity dispersion (e.g. Dehnen & Binney, 1998). It is de-

scribed by the radial Jeans equations for an axisymmetric disk (Binney & Tremaine,

2008, §4.8.2a) as arising from the balance between rotational and pressure support

within the system (a kinematically heated population rotates more slowly). It may

be conceptually understood as resulting from the non-circular motions of stars in a

disk with surface density increasing toward the galactic center. In such a scenario,

a sample of stars at a given radial coordinate will contain more stars with guiding

center radii toward inner disk that are near the apocenter of their orbits (and thus

have slower rotation due to conservation of orbital angular momentum) than stars

from the outer disk that are near pericenter.

6.2.1 Radial Distribution of the

Fraction of Stars in Trapped Orbits

The fraction of stars in trapped orbits will be radially dependent. In Figure 6.2,

we present two examples of a contour map of fG(v)x. Each map is for a different

radial coordinate (given in the inset), while the azimuthal coordinate in both maps

is taken to be at an azimuthal maximum in the same effective potential. We have

assumed the radial velocity dispersion is σR = 35 km s−1, setting the azimuthal lag
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due to asymmetric drift to be va ≈ 15 km s−1 (see equation 3.9). The contour maps

are presented in random velocity space (related to velocity space by equation 3.7)

and are masked so that only the region of random velocity space that satisfies the

capture criterion (equation 4.27, at t = 0) are shown. The trapped fraction at each

coordinate is given in the inset.

The range of values for the random velocity in the azimuthal direction (vran,ϕ,

and thus vϕ) that satisfies the capture criterion is sensitive to the value of the radial

coordinate, R, since whether or not a star meets the capture criterion is primarily

a function of orbital angular momentum (Lz ∝ Rvϕ). The range of values for the

random velocity in the radial direction (vran,R, and thus vR) that satisfies the capture

criterion is comparatively broad and insensitive to the coordinate at which the capture

criterion is evaluated. In Figure 6.3, we show the distribution of random velocities

in the azimuthal direction (vran,ϕ) only for the same model and spatial coordinates

used for the right hand side of Figure 6.2, where the radial velocity is set to be zero,

vran,R = 0. Each curve represents the velocity distribution for a stellar population

characterised by a value for the radial velocity dispersion (σR) that ranges between

5−80 km s−1, in 5 km s−1 increments. The case where the radial velocity dispersion is

the same as in Figure 6.2 (σR = 35 km s−1) is shown as a black line. The shaded area of

Figure 6.3 indicates the range of azimuthal velocities that meet the capture criterion.

Note that as the radial velocity dispersion increases, the peak of the azimuthal velocity

distribution shifts toward slower rotation (due to asymmetric drift), affecting the
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fraction of that population that meets the capture criterion at a given coordinate.

Each curve also represents the distribution of guiding center radii (RL – and thus

orbital angular momentum); therefore, the peak in the orbital angular momentum

distribution shifts toward lower orbital angular momentum with increasing radial

velocity dispersion.

In order to to derive the capture criterion in equation 4.27 (§4.3), we used the

epicyclic approximation. The epicyclic approximation inherently assumes that non-

circular motions can be described as small oscillations about a guiding center and

therefore is valid for the low random velocity regime. Although we tested and found

the capture criterion to be robust for orbits with random velocities up to ∼ 50 km s−1,

we have not thoroughly tested it above this threshold. We find the high velocity

dispersion regime to be instructive, but these model realizations should be taken

with caution. For this reason we use either shading or thin lines to indicate model

realizations that use radial velocity dispersion σR > 50 km s−1 in figures in this

chapter.

Figure 6.4 shows the fraction of stars in trapped orbits, at a range of radial

coordinates, as a function of the radial velocity dispersion, σR, for the same model

used in Figure 6.2 (the potential is described in §3.1 with parameters set to the

values listed in Table 3.1 and the distribution function described in §3.2.1). As we

are interested in understanding how asymmetric drift affects the radial distribution

of trapped stars, we ignore the effects of asymmetric drift in the left-hand panel by
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setting va = 0, thus forcing the mean azimuthal velocity to equal the circular velocity

(⟨vϕ⟩ = vc). In the panel on the right we include the prescription for asymmetric drift

described above so that ⟨vϕ⟩ = vc − va. Each curve represents the fraction of stars

in trapped orbits as a function of radius for a value of the radial velocity dispersion

(σR) that ranges between 5− 80 km s−1, in 5 km s−1 increments.

The fraction of disk stars that meets the capture criterion at a given coordinate

is dependent on the velocity dispersion, which is a measure of the random energy

of the stellar population.2 In the limiting case that σR → 0, all orbits approach

circular (in an axisymmetric potential), R → RL for all stars, and va → 0. The

radial distribution of the fraction of stars in trapped orbits saturates at 100% near

corotation since these stars meet the capture criterion (primarily determined by their

guiding center radii, RL from equation 2.5). At radii far from corotation, stars do not

meet the capture criterion and the fraction of stars in trapped orbits goes to zero.

In comparison, a population of stars with finite velocity dispersion has a range of

values in its orbital angular momentum distribution at any given coordinate. Note

that the surface density is fixed while the radial velocity dispersion is treated as a

variable input condition between realizations of our model. We are therefore implicitly

making changes to the orbital angular momentum distribution between realizations.

Figures 6.2 & 6.3 show that the fraction of stars that meets the capture criterion

at a given coordinate depends on the velocity dispersion. With increasing values for

2This statement should not be confused with the fact that whether or not an individual disk star
is in a trapped orbit is largely independent of its random orbital energy (§4.3 & §4.4.2).
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the velocity dispersion, the effects of including (or not) a prescription for asymmetric

drift in our evaluation of the fraction of stars in trapped orbits becomes important.

A prescription for the velocity distribution (fG(v)x) at a given radius R that ignores

asymmetric drift will have a distribution in guiding center radii (RL) that peaks at

R. When asymmetric drift is included, high velocity dispersion populations have

a distribution of guiding center radii that shifts toward the galactic center at any

given radius; therefore, the peak of the distribution of stars that meets the capture

criterion (Rpeak) shifts to a radius greater than the corotation radius (Rpeak > RCR).

It follows that, with increasing values for the velocity dispersion, the fraction of stars

in trapped orbits decreases for all coordinates within the capture region and the radial

range within which stars are in trapped increases. The shift in the location of the

peak of the radial profile, Rpeak, towards larger radius reflects the fact that the ratio

of the initial fraction of stars in trapped orbits that have R > RCR to R < RCR

increases with increasing velocity dispersion. This is discussed in more detail below.

The radial position of the peak of the distribution of the fraction of stars in trapped

orbits (Rpeak) is set by the velocity distribution (and thus the distribution of guiding

center radii). Our prescription for the velocity distribution at any given coordinate

(fG(v)x) is a Gaussian with peak azimuthal velocity set to va (equation 3.9). In the

case that all phase space coordinates are valid (i.e. without placing bounds via the

capture criterion), Rpeak is the radius at which a star with mean azimuthal velocity

⟨vϕ⟩ = vc − va has a guiding center radius at corotation (RL = RCR). Therefore
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Rpeak can be determined by the relation Rpeak ⟨vϕ⟩ = RCR vc. We derive the following

equation for the radial offset between the radius of corotation and the radius at which

the distribution of the fraction of stars in trapped orbits peaks,

Rpeak −RCR = RCR

(
vc

vc − va
− 1

)
(6.1)

Equation 6.1 well describes our model as long as the peak in the velocity distribution

at corotation meets the capture criterion. Should the value of the radial velocity

dispersion be greater than some critical value, σcrit, the shift in the azimuthal velocity

distribution due to asymmetric drift at the radius of corotation would cause the peak

in the distribution of guiding center radii (at corotation) to be closer to the galactic

center than the innermost radial range of the capture region (Rmin). Given our

prescription for asymmetric drift (equation 3.9) and the relation Rmin vc = RCR ⟨vϕ⟩,

we quantify this limit as,

σcrit =

√
80 km s−1 vc

(
1− Rmin

RCR

)
(6.2)

At this limit (σR > σcrit), the distribution of the fraction of stars in trapped orbits

is dominated by the tail of the velocity distributions from radial coordinates within

the capture region, and by velocity distributions with a broad range of velocities

from radial coordinated outside the capture region. Thus, the shift in the peak of
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the distribution of stars in trapped orbits (Rpeak −RCR) plateaus at a radius nearly3

equal to the maximum radial range of the capture region. In the top, right panel of

Figure 6.5, we plot our approximation for Rpeak−RCR (equation 6.1) as a dashed (red)

curve against data from all realizations of our model. The critical velocity dispersion,

σcrit is shown as a thin, vertical line.

6.2.2 The Integrated Fraction of

Stars in Trapped Orbits

We henceforth call the total initial fraction of a stellar population that is in trapped

orbits the “integrated fraction”, F∆R. The fraction of stars initially in trapped orbits

is a function of radius (see Figure 6.4), and it is therefore valuable to understand

how the integrated fraction scales with the size of the radial range. We define the

radial range (∆R) within which we evaluate the integrated fraction (F∆R) using five

different radial restrictions. Two of the measures, F1 and F2, have fixed radial range

and evaluate the fraction of stars in trapped orbits within an annulus defined by

(1) RCR ± 0.5 kpc (∆R1) and (2) RCR ± 1 kpc (∆R2). We also apply radial

restrictions that may not center on corotation. These are the radial ranges within

which the fraction of stars in trapped orbits in every annulus of width dR (given in

Table 3.1) is (3) > 5% (∆R5%), (4) > 25% (∆R25%) and (5) greater than half the

3As the capture region and the velocity distributions each have some width, the transition between
these two regimes is not abrupt.
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maximum fraction captured (∆RFWHM). The radial ranges defined by each of these

criteria are shown as functions of the radial velocity dispersion in the middle panels

of Figure 6.5. The lower panels of Figure 6.5 show the curves for the integrated frac-

tions F1, F2, F5%, F25%, and FFWHM that correspond to evaluation of the integrated

fraction within radial ranges ∆R1, ∆R2, ∆R5%, ∆R25%, and ∆RFWHM . For refer-

ence, we use a horizontal, dashed (dark-green) line to show the distance between the

Lindblad resonances (radii at which equation 4.31 holds), and a horizontal, dotted

(dark-green) line to show the ultra-harmonic Lindblad resonances (the radii at which

equation 4.32 holds) in the middle panels of Figure 6.5.

Measures of F∆R are valid in cases where scattering is not important within the

associated radial region, ∆R (see §4.4.3 and §6.4, for a thorough discussion). Note

that ∆R5% (long-dashed, orange), ∆R25% (dashed, green) and ∆RFWHM (dot-dashed,

black) can be quite large. A star in a trapped orbit that is distant from the capture

region has large excursions from its guiding center and thus samples a large fraction of

the disk potential. In a realistic disk, such a trajectory would likely lead to scattering

via interactions with inhomogeneities in the disk potential that are associated with

objects such as dark matter substructure and giant molecular clouds. When modeling

radial migration in the disk, one should also take care that the choice for ∆R is less

that the radial distance between spiral arms (here λ(R) = 2π/k(R)). Recall, the

various curves for F∆R represent the initial integrated fraction of stars in trapped

orbits within ∆R. The time dependent nature of the integrated fraction of stars in

99



CHAPTER 6. MODELING THE DISTRIBUTION OF TRAPPED ORBITS

trapped orbits will be discussed in more detail in future work (see Chapter 8).

At low velocity dispersion, the radial range ∆R1 (solid, red) is on the order of the

radial range where the fraction of stars in trapped orbits approaches 100%. There is

therefore a plateau at F1 = 100% in Figure 6.5 in the low velocity dispersion regime.

Likewise, when including a prescription for asymmetric drift, there is not a measurable

shift in the peak of the distribution of stars in trapped orbits (Rpeak − RCR) at low

velocity dispersion since there is a range of radii centered around corotation for which

the trapped fraction is 100% in this regime (top, right panel of Figure 6.4).

At high velocity dispersion, there is a noticeable difference between the radial

ranges (∆R) plotted in the left and right hand side of the middle panels in Fig-

ure 6.5. When asymmetric drift is ignored, the radial ranges with unconstrained size

(i.e. ∆R5%, ∆R25% and ∆RFWHM) grow with growing velocity dispersion. When

asymmetric drift is included, these radial ranges decrease in size when σR ≳ σcrit,

and the peak of the distribution of guiding center radii at corotation no longer meets

the capture criterion (see equation 6.2). In this high velocity dispersion regime the

radial distributions of the fraction of stars in trapped orbits decrease at all radii

with increasing velocity dispersion (Figure 6.4), and consequently the radial ranges

that have unconstrained size decrease. There is a corresponding decrease in the in-

tegrated fraction for F5%, F25%, and FFWHM . Since F1 and F2 are both evaluated

with a smaller radial range than the unconstrained measures of ∆R and have set

radial ranges that are centered on the radius of corotation, their values decline more
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rapidly with increasing velocity dispersion at σR ≳ σcrit. It is important to note that

the measures ∆R1 and ∆R2 are both smaller than the maximum radial range of the

capture region in this model. Should they be larger than the maximum range of

the capture region, the decrease in the values of F1 and F2 with increasing velocity

dispersion would be less rapid (as on the left hand side of Figure 6.5).

The radial mass profile for stars in trapped orbits is calculated using the adopted

exponential radial surface density profile, where we assume solar mass for all stars. We

evaluate the ratio of the mass initially in trapped orbits with radial positions inside

corotation (R < RCR) to those with radial positions outside corotation (R > RCR),

and we denote this ratio, (Min/Mout)R, with the subscript R. Figure 6.6 shows

(Min/Mout)R adopting the requirements for F1 and F2 as thin curves with line styles

that correspond to those used in Figure 6.5. We also show (Min/Mout)R for the

integrated fraction measured over the disk from R = 0 to 20 kpc as a long-dashed

(black) curve.

The ratio (Min/Mout)R is informative about the distribution of stars in trapped

orbits, but should not be interpreted as the ratio of stars that could migrate outward

versus inward. This is because a star that has radial position outside corotation

(R > RCR) may have a guiding center radius that is inside corotation (RL < RCR),

and vice versa. Indeed, it is the guiding center radius (RL) of a star in a trapped

orbit that oscillates about corotation. The ratio of stellar mass initially in trapped

orbits with guiding center radii inside corotation (RL < RCR) to the initial mass
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of stars in trapped orbits with guiding center radii outside corotation (RL > RCR),

(Min/Mout)L, is denoted with the subscript L. This ratio is a measure of the initial

mass that may migrate outward to inward. In Figure 6.6, (Min/Mout)L for F1, F2,

and over the whole disk are plotted as thick lines with line style coded to correspond

to those used for (Min/Mout)R. Whether or not asymmetric drift is included in our

model, (Min/Mout)L > 1 for all σR, reflecting the initial distribution of orbital angular

momentum around corotation in our model.

In the left panel of Figure 6.6, where ⟨vϕ⟩ = vc, the mass ratio (Min/Mout)R is

slightly greater than unity for all velocity dispersions, where the curve that includes

the entire disk (long-dashed, thin, black) increases gradually with increasing velocity

dispersion. This is simple to understand as the distribution of the fraction of stars in

trapped orbits is symmetric about the radius of corotation. The increase in surface

density toward the galactic center is small over the ranges sampled by ∆R1 and

∆R2, leading to (Min/Mout)R ≳ 1. For the curve that includes the entire disk,

the radial range of the fraction of stars in trapped orbits increases with increasing

velocity dispersion and therefore the mass ratio (Min/Mout)R will increase due to the

surface density profile. The increase in all measures of (Min/Mout)L with increasing

velocity dispersion in the left panel of Figure 6.6 reflects the distribution of orbital

angular momentum in the disk. The surface density of stellar guiding centers increases

toward the galactic center (we give a more thorough discussion of the orbital angular

momentum distribution in §6.3.2).
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In the right panel of Figure 6.6, where ⟨vϕ⟩ = vc − va, the distributions for

(Min/Mout)R and (Min/Mout)L diverge. For increasing values of the velocity disper-

sion greater than the low velocity dispersion regime (discussed above), the location

of the peak of the radial distribution of stars in trapped orbits (Rpeak) shifts to radii

greater than corotation (Rpeak > RCR), it follows that there is more mass initially in

trapped orbits has R > RCR than R < RCR, and (Min/Mout)R < 1. However, the

mass ratio (Min/Mout)L increases with increasing velocity dispersion. We illustrated

in Figure 6.3, that the distribution of guiding center radii (and thus the distribution

of orbital angular momentum) at any given coordinate shifts to lower values with

increasing velocity dispersion. Therefore, within the ranges given by ∆R1 and ∆R2,

there is more stellar mass that meets the capture criterion with RL < RCR than with

RL > RCR; this ratio increases with increasing shift in the orbital angular momentum

distribution at any given coordinate due to asymmetric drift.

It is informative to consider the mass ratio around corotation over a disk. In the

case of an exponential surface density profile (equation 3.11), the total mass is given

by,

Mtot =

∫ ∞

0

Σ(R′)R′ dR′ dϕ′ = 2πΣ0R
2
d. (6.3)

The mass inside the radius of corotation is

Min =

∫ RCR

0

Σ(R′)R′ dR′ dϕ′ =Mtot [1− e−b(b+ 1)], (6.4)
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where b = RCR/Rd is the ratio of the radius of corotation to the scale length of the

surface density of the disk. Similarly, the mass outside corotation is given by

Mout =

∫ ∞

RCR

Σ(R′)R′ dR′ dϕ′ =Mtot e
−b(b+ 1). (6.5)

The ratio of the mass inside to outside corotation over the disk is then,

(
Min

Mout

)
tot

=
eb

(b+ 1)
− 1. (6.6)

In our model, b = 8kpc/2.5 kpc ≈ 3.6, giving a value for (Min/Mout)tot ≈ 7.0. The

value of the mass ratio for stars in trapped orbits over the entire disk (long-dashed,

black curve in Figure 6.6) does not approach that of the ratio of the total mass,

whether or not we include a prescription for asymmetric drift.

6.2.3 The Functional Dependencies of the

Integrated Fraction

We are interested in understanding the functional dependence of the integrated

fraction of stars in trapped orbits (F) on the radial velocity dispersion (σR). To this

end we used the function NonLinearModelFit from Wolfram Mathematica’s built-in

library to find the line of best-fit4 for the decrease in F with increasing σR. We

4We set the fit “method” to “Automatic”, thus allowing Mathematica to select from its library
to minimize fitting residuals.
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tested linear, exponential, polynomial, and Gaussian functional forms for all cases

when asymmetric drift is included. The curves for F are best fit with a line when

5 ≤ σR ≤ 50 km s−1, so that

F = ξµσR + ξβ, (6.7)

where the values of the slope (ξµ) and y-intercept (ξβ) are given in Table 6.1. For

all tested models (5 ≤ σR ≤ 80 km s−1) the curves for F have a best-fit form that

follows a Gaussian profile,

F(σR) = ξ1 exp

{
−(σR − ξ3)

2

ξ22

}
, (6.8)

where the values of the fitting constants, ξ1 (normalization), ξ2 (standard deviation)

and ξ3 (mean of distribution), are given in Table 6.2. We emphasize that we fit the

data with a Gaussian function since it best fits the data; there is not a compelling

physical reason these data should follow a Gaussian profile rather than a straight

line, or any other functional form. We show best-fit curves for F1, F2, and FFWHM

in Figure 6.7 with line styles set to match those of Figure 6.5, and data points for

F1 (diamonds, red), F2 (squares, blue), and FFWHM (circles, black) are plotted as

symbols. Thick lines represent the best linear fit and thin lines show the best fit

with a Gaussian form. We expect the values of the fitting constant, ξ1,2,3 and ξµ,β,

to be model dependent, and, as we show below, to be some function of the radius of

corotation (RCR) and the amplitude of the spiral potential at corotation (|Φs|CR).
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Table 6.1: Linear best-fit parameters for the integrated fraction of stars in trapped
orbits for a restricted range of radial velocity dispersions (5 ≤ σR ≤ 50 km s−1).
Parameter values are given in Table 3.1.

Integrated Fraction Slope y-intercept
F∆R ξµ ξβ

F1 -1.3 119
F2 -1.0 100

FFWHM -0.8 99

Table 6.2: Gaussian best-fit parameters for the integrated fraction of stars in trapped
orbits for equation 6.8 for the full set of radial velocity dispersions (5 ≤ σR ≤
80 km s−1). Parameter values are given in Table 3.1.

Integrated Fraction Normalization Standard Deviation Mean
F∆R ξ1 ξ2 ξ3

F1 111 73 -12
F2 97 82 -16

FFWHM 134 138 -78
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We expect the integrated fraction of stars in trapped orbits (F∆R) to increase

with increasing spiral strength (|Φs|CR) since the size of the capture region is larger

for stronger spiral strengths (see §4.1.1). In our model, spiral strength (equation 3.4)

depends on the radius of corotation (RCR), spiral pitch angle (θ), number of spiral

arms (m), the surface density profile (Σ(R)), and the fractional surface density of the

spiral potential (ϵΣ). In Figure 6.8, we vary the value of the fractional surface density

(ϵΣ) to show that, for a given velocity dispersion (σR = 25 km s−1 in this example), the

integrated fraction of stars in trapped orbits (F∆R) scales roughly monotonically with

the amplitude of the spiral potential at corotation (|Φs|CR). A similar relationship

is expected for any linear change in the spiral strength (e.g. changes in m or tan θ).

The slopes of F(ϵΣ) in panel (d) of Figure 6.8 suggests that at least one of the values

of the fitting constants are indeed dependent on |Φs|CR.

Note that panel (c) of Figure 6.8 shows that the radial ranges ∆RFWHM and ∆R2

are equal at ϵΣ ≈ 0.3 (although ∆RFWHM is centered at Rpeak, not RCR). Above this

threshold in the size of the radial ranges, there is a difference in the shape of the slopes

for the integrated fraction (F∆R). The measures F1 and F2 evaluate the integrated

fraction over a fixed radial range and at a fixed position. Thus, F1 and F2 increase

more rapidly with increasing spiral amplitude than do measures that evaluate the

integrated fraction over a range that also increases with spiral amplitude (F5%, F25%

and FFWHM). The mass ratio, (Min/Mout)R, changes from values that are less than

one to greater than one with increasing spiral amplitude. This reflects the fact that
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with stronger spiral amplitude, the fraction of stars in trapped orbits near corotation

approaches saturation at 100%. A similar relationship is shown in Figure 6.6, where

the fraction of stars in trapped orbits saturates at low velocity dispersion. The shift

in the value of Rpeak −RCR in panel (b) between 0.2 kpc for ϵΣ ≤ 0.3 and 0.1 kpc for

ϵΣ ≥ 0.4 is of order dR (Table 3.1), and is a numerical anomaly.

The prescription for the amplitude of the imposed spiral pattern (equation 3.4)

in our model depends on the exponential surface density profile (equation 3.11) and

the wave number (equation 3.5) and goes as ∝ RCR e
−RCR/Rd . We therefore explore

how the fitting parameters (ξ1,2,3 and ξµ,β) depend on the radius of corotation (RCR).

In Figure 6.9, we set σR = 25 km s−1 and ϵΣ = 0.3 and vary the value of RCR. The

shape of the slopes for F5%, F25%, and FFWHM increase toward the galactic center

with increasing peak amplitude for the distribution of the fraction of stars in trapped

orbits and decreasing radial ranges for evaluation (∆R5%, ∆R25%, and ∆RFWHM).

The curves for F25% (dashed, green) and FFWHM (dot-dashed, black) converge at

corotation radii distant from the galactic center, as do the corresponding curves for

∆R25% and ∆RFWHM . By comparing the shape of these curve to the slightly divergent

behavior of the curve for ∆R5% (long-dashed, orange), it follows that the convergence

of ∆R25% and ∆RFWHM is a consequence of the skew in the distribution of the trapped

fractions at these radii. At corotation radii RCR ≲ 2Rd,
5 the width of the distribution

for the trapped fraction decreases such that the (fixed) radial ranges ∆R1 and ∆R2

5We do not explore the trapped fraction at RCR/Rd < 1.5.
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sample a greater portion of the distribution (including the tails of the distribution),

leading to a decrease in F1 and F2 toward the galactic center. Panel (b) shows that

the offset between the radial peak of the distribution of the trapped fraction and the

radius of corotation decreases toward the galactic center. Equation 6.1 predicts that

the value for Rpeak−RCR scales as RCR. As in panel (b) of Figure 6.8, we see numerical

noise in the curve for Rpeak − RCR in panel (b) of Figure 6.9 as the changes in the

values for Rpeak−RCR between realizations are less than or on order of dR (Table 3.1).

The values for the mass ratio (Min/Mout)R ≪ (Min/Mout)tot (equation 6.6) at all radii.

While further investigation into fitting ξ1 = ξ1(|Φs|CR) gave inconclusive results, it is

clear that the values of the fitting constants depend on RCR.

In summary, there is a clear trend that the integrated fraction of stars in trapped

orbits depends on the velocity dispersion of stars and goes as F ∝ e−σ2
R when fitting

all realizations of this model (i.e. 5 ≤ σR ≤ 80 km s−1). The fitting coefficients for

equation 6.8 (ξ1,2,3) and for the linear model (ξµ,β) depend on parameters that describe

the underlying potential (e.g. adopted radius of corotation and spiral strength), but

the exact form is unclear and evidently model dependent.

6.2.4 Comparison to Previous Work

The efficiency of radial migration for a single spiral pattern is maximized in the

case that the RMS change in orbital angular momentum for the ensemble of stars

in trapped orbits, ⟨(∆Lz)
2⟩1/2, is maximized over the spiral lifetime. In a simulation
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of seven tagged populations of test particles in a Mestel disk with two spiral arms,

where each population had a different scale height and initial velocity dispersion,

Solway et al. (2012) found that the value for ⟨(∆Lz)
2⟩1/2 for a given stellar population,

decreases exponentially with linearly increasing values for that population’s initial

velocity dispersion. It is encouraging that we find a similar relationship between the

integrated fraction of stars in trapped orbits F∆R and the radial velocity dispersion

(F∆R ∝ e−σR) in §6.2.2, strengthening the argument that the efficiency of radial

migration depends on the velocity dispersion.

It is not obvious how to further compare our results to the trend found by

Solway et al. (2012). The value of ⟨(∆Lz)
2⟩1/2 is a time dependent quantity (thus

including the effects of scattering) for the entire population of stars. Solway et al.

(2012) measured ⟨(∆Lz)
2⟩1/2 over the lifetime of the simulation in order to evaluate

the final ⟨(∆Lz)
2⟩1/2 induced by a transient spiral pattern from initial growth through

final decay. The value of F∆R is a measure only of the initial fraction of stars that

may migrate radially. We therefore interpret the fall off in the initial fraction of stars

in trapped orbits with increasing velocity dispersion as a first step in isolating the

physics important to understanding the value of ⟨(∆Lz)
2⟩1/2.

Solway et al. (2012) found an exponential fall in ⟨(∆Lz)
2⟩1/2 with increasing scale

height of the test population. In the current study, we cannot make any predictions

about whether or not the vertical position or motion of a star affects its trapped

status because we have assumed a 2D disk on the premise that vertical action and
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radial action are separable (see §3 & §4.1). However, should the ratio σR/σz be

constant, we expect a similar trend in the initial fraction of stars in trapped orbits as

in equation 6.8.

6.3 Trapped Fraction for Radially

Dependent Velocity Dispersion

In §6.2, we assume that σR is independent of radius. This may be a reasonable

assumption for the integrated fraction of stars in trapped orbits within a restricted

radial range (e.g. ∆R1 and ∆R2), but over a large radial range one might prefer

to adopt a prescription for the velocity dispersion that is dependent upon radius

(σR = σR(R)). In this subsection, we explore how the initial fraction of stars in

trapped orbits depends on the prescription for σR(R). Throughout this analysis we

assume the disk potential described in §3.1 with parameter values given by Table 3.1,

unless otherwise stated. We also compare results obtained under the assumption of a

Gaussian velocity distribution, fG (§3.2.1), with those obtained using a modified Shu

distribution function, fnew (§3.2.2).
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Table 6.3: Important parameters for the models presented in §6.3.

Name DF σR(R) Rσ

fG(σR ∝ e−R/Rσ) fG Σ ∝ σ2
R 2Rd

fG(σR ∝ Re−R/Rσ) fG Q = 1.5 Rd

fnew(σR ∝ e−R/Rσ) fnew σR ∝ e−R/Rσ 3Rd

6.3.1 Prescriptions for the

Radial Velocity Dispersion

We use three prescriptions to describe the distribution of stars in the disk. Below

we describe each of these and provide an outline of the important parameters (see

also Table 6.3).

Our first model, fG(σR ∝ e−R/Rσ), uses a prescription for σR(R) that is based on

the theoretical prediction that a locally isothermal, self gravitating disk with scale

height independent of radius and with fixed ratio σR/σz, will have σ
2
R(R) ∝ Σ(R)

(van der Kruit & Searle, 1981; Lewis & Freeman, 1989). Given that we have assumed

an exponential surface density profile, we adopt σR(R) = σR,0 e
−R/Rσ , where Rσ =

2Rd and the radial velocity dispersion is normalized such that σR(R = 8 kpc) =

40 km s−1 in order to approximate solar neighborhood values. In this model, we

adopt a Gaussian distribution function, fG(x,v) (described in §3.2.1).

In the second model, fG(σR ∝ Re−R/Rσ), which also uses a Gaussian velocity

distribution (fG(x,v)), we set the Toomre Q parameter (Toomre, 1964) for local
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stellar disk stability to 1.5, i.e.,

Q ≡ σR(R)κ(R)

3.36GΣ(R)
= 1.5, (6.9)

with the intention of modeling a kinematically warm disk that is locally stable but

may support global instabilities at all radii (see Sellwood, 2014b, for a thorough

discussion).6 In a disk with a flat rotation curve, κ(R) ∝ R−1. Therefore, σR(R) ∝

Re−R/Rd for constant Q in our model, where the surface density is normalized such

that Σ(R = 8 kpc) = 50 M⊙ pc−2 (Table 3.1).

We construct the third model, fnew(σR ∝ e−R/Rσ), under the assumption of a kine-

matically warm disk using a modified Shu distribution function, fnew(x,v) (described

in §3.2.2). Dehnen (1999b) finds that the radial velocity dispersion profile produced

by the second moments of fnew may be well approximated by an exponential radial

profile, σR(R) = σR,0 e
−R/Rσ , where Rσ = 3Rd. In this model, the value of σR,0 is also

normalized such that the radial velocity dispersion σR(R = 8 kpc) = 40 km s−1.

The radial profiles for σR(R) for each scenario are illustrated in Figure 6.10, to-

gether with values for σR(R) for the MW that are inferred from observation (Lewis & Freeman,

1989; Pasetto et al., 2012). We also plot a curve for a model identical to fG(σR ∝

Re−R/Rσ), with the exception that we set Q = 2 so that the disk is comparatively

stable to all instabilities. Note that the shape of the curve for the model of σR(R)

6We are interested in modeling a disk that could have transient instabilities at all radii.
Sellwood & Carlberg (2014) found that transient modes can occur in their N-body simulations even
as the disk is heated to Q > 1.5 by spiral activity.
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where Q = 2 is a good fit in the solar neighborhood at latitudes −0.5 < z ≤ −0.3 kpc

below the Galactic plane (magenta, squares) (Pasetto et al., 2012), while shape is

not a good fit to the observational data over the disk. The shape of the model with

Q = 1.5 is a better fit to the data.

6.3.2 Orbital Angular Momentum Distributions

As we showed in Chapter 4, the most important parameter for determining whether

or not a star is in a trapped orbit is its orbital angular momentum and thus its guiding

center radius. Stars in trapped orbits have guiding center radii that oscillate within

the capture region around corotation. In this chapter, we evaluate the initial (t = t0)

distribution of stars in trapped orbits, under a set of assumptions (e.g. the velocity

dispersion profile) in a given model. At some later time (t > t0), the distribution of

guiding center radii, and thus the orbital angular momentum distribution in the disk,

may be rearranged via radial migration and scattering (see §4.4.3). It is therefore

instructive to explore the differences in the orbital angular momentum distributions

for each of our models.

We calculate the initial radial distribution of orbital angular momentum by finding

the angular momentum in each annulus, i (with radial size dR, Table 3.1), of the disk

using the following equation:

Lz(Ri) =

∫ ∞

−∞

∫ ∞

−∞

∫ 2π

0

∫ Ri+dR

Ri

f(x,v)Lz(R)RdRdϕ dvR dvϕ, (6.10)
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where Lz(R) = Rvϕ. The orbital angular momentum in each annulus of an exponen-

tial disk with a flat rotation curve that is entirely composed of stars in circular orbits

is given by,

Lz,c(Ri) = 2π

∫ Ri+dR

Ri

Σ(R) vcR
2 dR. (6.11)

In Figure 6.11, we show the radial distribution of orbital angular momentum, Lz(Ri),

for each model (Table 6.3) normalized by Lz,c(Ri) in each annulus. This normalization

(Lz(Ri)/Lz,c(Ri)) is set under the assumption that the integral of each distribution

function over velocity space would give a surface density profile that is well approx-

imated by an exponential (equation 3.11), and that is maximised at all radii when

σR = 0 (no lag in ⟨vϕ⟩ due to asymmetric drift). Line styles correspond to those used

to represent the radial velocity dispersion profiles for each model in Figure 6.10, where

thin lines represent regions where the radial velocity dispersion σR > 50 km s−1.

The radial profile for the mean orbital angular momentum goes as ⟨Lz(R)⟩ ∝

Σ(R)R⟨vϕ⟩ = Σ(R)R(vc − va), where va ∝ σ2
R. The lag (va) in the mean orbital

velocity of a population is described by the radial Jeans equations, showing that

populations with higher random energy have a lower azimuthal streaming velocity (see

§6.2 for a brief discussion). It follows that the orbital angular momentum distribution

for each model shown in Figure 6.13 decreases toward the galactic center as the the

velocity dispersion increases. The shape of the normalized orbital angular momentum

distributions can therefore be understood by the relative differences in each model’s

radial velocity dispersion distribution.
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The shape of curve for each orbital angular momentum profile, Lz(Ri), also de-

pends on the adopted radial surface density profile. The two models that adopt a

Gaussian velocity distribution (fG(v)x) have, by construction, an exponential surface

density profile (equation 3.11), where we have adopted the parameter values given in

Table 3.1. Both of these models also have a velocity dispersion profile that goes to

zero at large radii, and thus each normalized orbital angular momentum profile con-

verges to unity with increasing radius. An analysis of the robustness of approximating

the integral of fnew(x,v) over velocity space, Σnew(R), as an exponential with scale

length Rd is given by Dehnen (1999b). We note that at radii Ri/Rd ≳ 4, the surface

density profile for Σnew(R) has values greater than approximated by the exponential

surface density profile used in our normalization and in models that adopt a Gaus-

sian velocity distribution. Consequently, the normalized orbital angular momentum

profile for Model fnew(σR ∝ e−R/Rσ) has values greater than unity at Ri/Rd ≳ 4.

A population characterised by radial velocity dispersion σR at radius R, will have a

mean azimuthal velocity ⟨vϕ⟩ that lags the circular orbital velocity by va. Therefore,

the stars that compose that population have a mean guiding center radius that is

closer to the galactic center than the coordinate radius, ⟨RL⟩ < R. For constant

surface density scale length (Rd), populations with higher velocity dispersion have

more centrally concentrated guiding center radii. The distribution of stars in trapped

orbits depends on the distribution of guiding center radii (and thus orbital angular

momenta) near corotation. The value of (Min/Mout)L (the ratio of stars in trapped
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orbits with guiding center radii inside corotation to those outside corotation) is a

measure of the the slope around corotation of the distribution of guiding center radii

for stars in trapped orbits. As stated above, this is relevant to understanding the

initial ratio of stars that may migrate outward to inward. The ratio (Min/Mout)R is

a measure of the slope of the radial orbital angular momentum profile for stars in

trapped trapped orbits.

6.3.3 Trapped Fraction for a Given Normalization

of the Radial Velocity Dispersion

We now focus on how the adopted normalization for a radially dependent radial

velocity dispersion profile (σR = σR(R)) affects the initial fraction of stars in trapped

orbits (F∆R). The assumed underlying potential is described in §3.1, where the spiral

has parameter values given in Table 3.1. In this section we use two models that adopt

an exponential radial velocity dispersion profile and which are outlined in Table 6.3:

fG(σR ∝ e−R/Rσ) and fnew(σR ∝ e−R/Rσ). The radial velocity dispersion (σR(R)) is

normalized such that it takes a value between σR(R = 8 kpc) = {5, 80} km s−1. The

results are illustrated in Figure 6.12, where panels show the (a) the radial distribution

of the initial fraction of stars in trapped orbits, (b) the distance between the peak

of the radial trapped fraction profile and the radius of corotation (Rpeak − RCR) for

a given population of stars, (c) the various radial ranges (∆R) within which the
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integrated fraction is evaluated, (d) the integrated fraction (F), and (e) the measures

of the two ratios (Min/Mout)L and (Min/Mout)R.

The fractions and distributions of stars in trapped orbits shown in Figure 6.12

have similar characteristics in both cases. As in Figure 6.5, we approximate offset of

the peak of the radial distribution of stars in trapped orbits, Rpeak − RCR, in panels

(b) with a dashed (red) curve. The radial position of Rpeak is well approximated by

the radius at which a star with mean azimuthal velocity ⟨vϕ⟩ would have a guiding

center radius at corotation. At radial velocity dispersions greater than some critical

value, σcrit (equation 6.2), the peak of the velocity distribution at corotation does

not meet the capture criterion, and equation 6.1 is not a good approximation for

Rpeak −RCR. Rather, at σR > σcrit, the offset Rpeak −RCR has a constant value close

to the maximum radial distance of the capture region from the radius of corotation.

There is not a significant difference between the plotted profiles for the model using

fG(σR(R)) (Figure 6.12, left-hand side) and the model using fG(σR) (Figure 6.5).

Both models have assumed RCR = 8 kpc and over a small radial distances the value

of σR(R) approaches constant. However, the choice for the distribution function,

fG or fnew, does yield important differences. First, the shape of the curves for the

integrated fraction (F∆R in panels (d) in Figure 6.12) that are evaluated over a radial

range (∆R) that is held constant (∆R1 and ∆R2 - solid (red) and short-dashed

(blue) lines, respectively) diverge between normalizations of the model that use fG

and those that use fnew at high values for the radial velocity dispersion. Second, the
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ratio (Min/Mout)L increases relatively slowly with increasing radial velocity dispersion

when using fnew compared to normalizations of the model that use fG. Finally,

panels (a) illustrate that with increasing velocity dispersion the radial distribution the

fraction of stars in trapped orbits broadens, although from panels (c) it is clear that

this broadening is greater when the velocity distribution is determined by fnew(x,v).

Each of these differences is linked to how the orbital angular momentum distribution

changes as function of the normalization of the radial velocity dispersion between

realizations of models using fG(x,v) or fnew(x,v) (see below).

Figure 6.13 shows curves for the normalized orbital angular momentum profiles

(Lz(Ri)/Lz,c(Ri), see equations 6.10 & 6.11) for each model and adopted normal-

ization. As discussed in §6.3.2, the orbital angular momentum in a given annulus

depends on both the radial velocity dispersion and surface density profiles. The sur-

face density profile is held constant (equation 3.11) between model normalizations of

fG(x,v). However, the surface density profile produced by integrating fnew(x,v) over

velocity space (Σnew(R)) diverges from an exponential profile with increasing velocity

dispersion (see Dehnen, 1999b, for a thorough analysis). The surface density Σnew(R)

exceeds that of an exponential at large radii, and leads to values of for the normal-

ized orbital angular momentum profile (Lz(Ri)/Lz,c(Ri)) that are greater than unity.

Additionally, a stellar population at radius R that is kinematically hot will have a

slower mean azimuthal velocity, and thus a lower value for the mean orbital angular

momentum, than a kinematically cold population. A slower mean azimuthal veloc-
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ity at radius R is indicative of a more centrally concentrated distribution of guiding

center radii for stars at R. Thus, for a fixed surface density profile, the total orbital

angular momentum of the disk increases with decreasing velocity dispersion. As the

surface density profile between normalizations of the model that uses fnew(x,v) is not

fixed, the slope of the normalized orbital angular momentum profiles are relatively

flat.

The total orbital angular momentum of the stellar disk is not constant between

models or normalizations. Rather, the total orbital angular momentum of the disk

decreases with increasing velocity dispersion as the guiding center radii of stars in the

disk become more centrally concentrated. As discussed in §6.3.2, the orbital angular

momentum in a given annulus decreases with increasing velocity dispersion for a

given surface density profile. Note that the slope of the orbital angular momentum

distribution around corotation (RCR = 8 kpc in this model) is highly dependent on the

normalization for Model fG(σR ∝ e−R/2Rd), and less so for Model fnew(σR ∝ e−R/3Rd).

The radial velocity dispersion in the model that uses fG(x,v) increases much more

rapidly toward the galactic center than it does in the model that uses fnew(x,v).

In Model fnew(σR ∝ e−R/Rσ), the curves representing the integrated fraction (F∆R)

and the ratio (Min/Mout)L are relatively flat at velocity dispersions higher than the

critical velocity dispersion (σR > σcrit), while the unfixed radial ranges for evaluation

(∆R) increase with increasing velocity dispersion. This reflects that fact that for

increasing velocity dispersion the distribution of guiding center radii remains fixed,
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for the modified Shu distribution function (fnew(x,v)), even as the radial excursions

for stars in the population become large. We also note that the slope for the ratio

(Min/Mout)L is related to the slope of the orbital angular momentum distribution

around corotation (Figure 6.13).

6.3.4 Trapped Fraction for a Given

Radius of Corotation

We now explore how the radial distribution for the initial fraction of stars in

trapped orbits is a function of the radius of corotation (RCR). In Figure 6.14, we

show our findings for the three models outlined in Table 6.3: (1) we adopt fG(x,v)

with σ2
R(R) ∝ Σ(R), (2) we adopt fG(x,v) with σR(R) set so that Q = 1.5, and

(3) we adopt fnew(x,v) with σR(R) ∝ e−R/3Rd (see Dehnen, 1999b, for an interesting

discussion). Each model adopts the parameter values in Table 3.1 and σR(R) is

normalized as outlined in §6.3.1.

Recall that the form of the capture criterion used here (equation 4.27) was derived

under the assumption of the epicyclic approximation (see discussion in §6.2.1). This

criterion was tested and found to be robust for stars with random velocities less than

50 km s−1 (§4.4.2). In Figure 6.14, we show the data in regions of the disk where

the radial velocity dispersions exceed σR > 50 km s−1, but omit a discussion about

trends in this region as any conclusions would be uncertain. However, in §6.4, we
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discuss how the integrated fraction may be interpreted in the high velocity dispersion

regime.

At all radii of corotation (in regions of the disk where σR ≤ 50 km s−1) trends in

the integrated fractions, F5%, F25%, and FFWHM , and the size of the unconstrained

radial ranges for evaluation (∆R5%, ∆R25%, and ∆RFWHM), primarily depend on the

adopted radial velocity dispersion profiles for each model. The radial velocity profile

for Model fG(σR ∝ Re−R/Rσ) approaches zero at large radii. Consequently, with

increasing radius, the shift in the peak of the distribution of the trapped fraction,

Rpeak − RCR, goes to zero, the unconstrained radial ranges converge to the size of

the capture region (as most of the stars in trapped orbits are in the capture region),

and the integrated fraction corresponding to evaluations that use an unconstrained

radial range increase (as most of the stars in that radial range are in trapped orbits).

Model fnew(σR ∝ e−R/Rσ) has the most shallow radial velocity dispersion profile, and

thus the shape of the curves for Rpeak − RCR, the unconstrained radial ranges for

evaluation of the integrated fraction, and the corresponding integrated fractions, are

relatively flat.

It has been stated (Roškar et al., 2008; Loebman et al., 2011) that radial migra-

tion may play a role in growing the disk. In our models, the ratio (Min/Mout)L signifies

the initial ratio of stars that may migrate outward (stars with initial guiding center

radii inside corotation) to stars that may migrate inward (stars with initial guiding

center radii outside corotation) should the spiral be transient. (Min/Mout)L is a mea-
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sure of the radial distribution of guiding center radii of stars in trapped orbits, which

is in turn a function of the distribution function (f(x,v)), and its moments (Σ(R)

and σR(R)). In panel (e) of Figure 6.14, we show that in all models tested, more

stars are in trapped orbits with guiding center radii inside corotation (RL < RCR)

than outside corotation (RL > RCR), with a higher (Min/Mout)L ratio toward the

inner disk. We emphasize that the choice of distribution function (f(x,v)) has an

important effect on the ratio (Min/Mout)L (see §6.3.2 & §6.3.3) for high radial ve-

locity dispersion, σR(R) (illustrated in Figure 6.10). The implication is that the net

change in orbital angular momentum of all stars captured in trapped orbits will be

positive should they migrate. This begs the question, what is the source of orbital

angular momentum and energy during radial migration? It is likely that this is a

multi-parameter problem that may include gas in-fall and motions in the disk (e.g.

Roškar et al., 2008; Schönrich & Binney, 2009a). In future work, we will explore how

the combination of radial migration and conservation of orbital angular momentum

and energy in an isolated disk could lead to spiral disruption (see Chapter 8). Again,

one should note that Figure 6.14 is only representative of the initial fraction of stars

in trapped orbits.
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6.4 Discussion

The fraction of stars in trapped orbits at any given coordinate or integrated over

the disk is an instantaneous quantity that assumes the imposition of a spiral pertur-

bation did not change the initial phase space distribution function. We here argue

that the initial distribution of stars in trapped orbits should be interpreted as an

upper limit.

First, Λnc,2(t) is explicitly a time-dependent quantity (equation 4.27). In §4.4.3, we

showed that stars which initially met the capture criterion could rapidly be scattered7

out of a trapped orbit before experiencing a significant change in orbital angular

momentum. Scattering events could affect the fraction of stars in trapped orbits over

time. This is an especially important point for stars in trapped orbits that have

either (1) large radial excursions from the guiding center, since such stars sample a

larger fraction of the underlying disk potential and are therefore are more likely to

scatter as they encounter inhomogeneities in the disk, or (2) a path for the guiding

center radius that crosses a Lindblad resonance. Stars may scatter into or out of

trapped orbits due to interactions with inhomogeneities in the potential, but the

later type of scattering can only happen when a star is in a trapped orbit. For this

reason we expect the integrated fraction to decrease as a function of time, ∂F/∂t ≤ 0.

Indeed, Barros et al. (2013) observe a region of decreasing surface density in their test-

7We define “scattering” as an event where a star’ s change in orbital angular momentum is
correlated with a change in random orbital energy, distinct from radial migration.
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particle simulation that grows in what appears to be the capture region, consistent

with scattering processes. In addition, Berrier & Sellwood (2015) found that transient

spiral arms smooth the orbital angular momentum distribution away from corotation,

thus lowering the fraction of stars with orbital angular momenta within the capture

region.

Second, Carlberg & Sellwood (1985) showed that a rapidly growing spiral pertur-

bation would cause a non-adiabatic response in the stellar disk over a broad radial

range and a second order change in the orbital angular momentum distribution (via

the action-angle distribution function). As we have shown, a heated population of

stars has a lower fraction of stars in trapped orbits. We propose that such heating

by the spiral would lead to fewer stars being captured in trapped orbits than would

be expected from the initial integrated fraction.

Third, our analysis assumes that all orbits are constrained to a 2D disk. This

approximation is valid for stellar orbits that are nearly circular since the vertical and

radial actions are separable (this an underlying assumption in the derivation of the

capture criterion).8 A star that has large random motions requires that vertical and

radial actions be coupled (and thus the validity of the capture criterion is untested),

but perhaps more importantly, it has excursions into the vertical dimension where the

azimuthal force from the spiral is weaker.9 By assuming a 2D disk, we are neglecting

vertical motions and thus overestimating how strongly stars in 3D orbits interact with

8Indeed, we expect the capture criterion to be less robust for stars with highly non-circular orbits.
9The azimuthal force from the spiral pattern is necessary for trapped orbits to exist

(Sellwood & Binney, 2002, see §2 and[).
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the spiral pattern. The fraction of stars in a disk population that has large random

motions increases with increasing velocity dispersion. We therefore expect there is a

systematic overestimate of the initial fraction of stars in trapped orbits with increasing

velocity dispersion. As mentioned in §6.2.4, Solway et al. (2012) found an exponential

decrease in the RMS change in orbital angular momentum for an ensemble of stars

due to a transient spiral with increasing scale height of the population.

We defer a more thorough discussion of the time-dependence of the fraction of

stars captured in trapped orbits to future work (Chapter 8).
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Figure 6.1: Contours of the effective potential, Φeff , for a trailing spiral pattern
with parameter values listed in Table 3.1. The peaks of the spiral perturbation are
shown as thick, dashed (magenta) curves. The local maxima in Φeff (between spiral
arms) are marked with the symbol ⊙ and the saddle points (the deepest part of the
spiral potential at corotation) are marked with ⊗. The capture region has a thick
(black) outline and is shaded grey. The parameter values that produce the capture
region and effective potential shown in this figure are used for much of the analysis
in this chapter.
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Figure 6.2: Contour maps of fG(v)x for two different radial coordinates (in the
upper left-hand insets) from the same model. The azimuthal coordinate is set to be
at a maximum in the effective potential. The spiral pattern is the same as illustrated
in Figure 6.1 with parameter values from Table 3.1. The radial velocity dispersion
is σR = 35 km s−1, thus setting the azimuthal lag due to asymmetric drift to be
va = σ2

R/(80 km s−1) ≈ 15 km s−1. We present the maps in random velocity space
(related to velocity by equation 3.7) so that the horizontal axes show the radial
random velocity, vran,R and the left-hand vertical axes show the azimuthal random
velocity, vran,ϕ. We mask the contour maps so that only the values of vran that satisfy
the capture criterion (equation 4.27, for t = 0) are shown. Note that the random
azimuthal velocities that satisfy the capture criterion shift with radial coordinate R,
while the capture criterion are much less sensitive to differences in radial velocity.
The integrated percent of the distribution that meets this criterion is given in the
upper right-hand inset for each case. The right-hand vertical axes show the guiding
center radius (RL) associated with vran,ϕ at R. In each plot we connect the centroid
of the velocity distribution to the right-hand axis with a horizontal, dashed (red) line.
Due to asymmetric drift, the peak in the random azimuthal velocity corresponds to a
guiding center radius that is closer to the galactic center than the coordinate radius.

128



CHAPTER 6. MODELING THE DISTRIBUTION OF TRAPPED ORBITS

-150 -100 -50 0 50

vran,φ (km s−1 )

10-3

10-2

10-1

100

lo
g(
f G

(v
ra
n
,φ
)) R=8.5 kpc

4.0 6.5 9.0 11.5
RL (kpc)

Figure 6.3: Random azimuthal velocity (vran,ϕ) distributions assuming the same
model and spatial coordinates as in the right hand panel of Figure 6.2. The ver-
tical axis shows the logarithmic value of fG(vran,ϕ) = fG(vran,R = 0, vran,ϕ)R=8kpc.
Each curve represents the azimuthal velocity distribution for a stellar population
characterised by a value for the radial velocity dispersion (σR) that ranges between
5 − 80 km s−1, in 5 km s−1 increments. The black line indicates the case where the
radial velocity dispersion is the same as in Figure 6.2 (σR = 35 km s−1). The shaded
(yellow) area indicates the range of azimuthal velocities that meet the capture crite-
rion. The upper horizontal axis shows the guiding center radius (RL) associated with
vran,ϕ. Due to asymmetric drift, the peak in the random azimuthal velocity distri-
bution shifts toward slower rotation with increasing velocity dispersion. In the same
manner, the peak of the probability distribution of guiding center radii shifts toward
radii that are closer to the galactic center than the coordinate radius, R. Thin lines
indicate model realizations that use radial velocity dispersion σR > 50 km s−1.

129



CHAPTER 6. MODELING THE DISTRIBUTION OF TRAPPED ORBITS

4 6 8 10 12

R(kpc)

0

20

40

60

80

100

T
ra
p
p
ed

(%
)

〈
vφ

〉
=vc

4 6 8 10 12

R(kpc)

0

20

40

60

80

100

〈
vφ

〉
=vc−σ 2

R /(80 km s−1 )

Figure 6.4: Radial distributions for the fraction of stars in trapped orbits for the
same model used in Figure 6.2, where we assume a Gaussian velocity distribution (fG),
and he perturbing spiral potential has parameters set to RCR = 8 kpc, m = 4,
ϵΣ = 0.3, and θ = 25◦. Radial velocity dispersions range between 5 ≤ σR ≤
80 km s−1 in 5 km s−1 increments. For reference, the radial profile for σR = 35 km s−1

is in bold. The panel on the left ignores the lag in mean azimuthal velocity due
to asymmetric drift (⟨vϕ⟩ = vc) and the panel on the right includes a correction
that is modeled as a simple offset to the mean azimuthal velocity (⟨vϕ⟩ = vc −
σ2
R/(80 km s−1)). Thin lines indicate model realizations that use radial velocity

dispersion σR > 50 km s−1.
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Figure 6.5: The upper panels show the offset of the peak in the radial distribution
(from Figure 6.4) for the fraction of stars captured in trapped orbits, (RCR−Rpeak), in
solid, black, and the approximated offset as a dashed (red) curve. The middle panels
show the radial range (∆R) used to evaluate the integrated fraction of stars (F∆R)
for RCR ± 0.5 kpc (∆R1) (horizontal, solid, red), RCR ± 1 kpc (∆R2) (horizontal,
short-dashed, blue), and the radial range within which the annular fraction of stars
in trapped orbits is > 5% (∆R5%) (long-dashed, orange), > 25% (∆R25%) (dashed,
green), and greater than half the maximum value (∆RFWHM) (dot-dashed, black).
For reference, the horizontal (dark-green) lines indicate the distances between the
Lindblad resonances (dashed) and ultra-harmonic Lindblad resonances (dotted). The
bottom panels show the corresponding integrated fraction of stars in trapped orbits,
F∆R (in corresponding line styles). As in Figure 6.4, the panels on the left ignore the
effects of asymmetric drift. A vertical line indicates the critical velocity dispersion,
σcrit. Shaded regions indicate model realizations that use radial velocity dispersion
σR > 50 km s−1.
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Figure 6.6: The ratio of the trapped mass (Min/Mout)R (thin) and (Min/Mout)L
(thick) for F1 (solid, red) evaluated within ∆R1, F2 (short-dashed, blue) evaluated
within DeltaR2, and the integrated fraction evaluated over the disk from 0 < R ≤
20 kpc (long-dashed, black). The panels on the left ignore the effects of asymmetric
drift. Shaded regions indicate model realizations that use radial velocity dispersion
σR > 50 km s−1.

132



CHAPTER 6. MODELING THE DISTRIBUTION OF TRAPPED ORBITS

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

ì ì
ì

ì

ì

ì

ì

ì

ì

ì

ì

ì

ì

ì

ì

ì

10 20 30 40 50 60 70 80
20

40

60

80

100

ΣR Hkm s-1L

F
H%
L

Figure 6.7: Best fit curves for F1 (solid, red), F2 (short-dashed, blue) and FFWHM

(dot-dashed, black). Linear fits are shown as thick lines, whereas Gaussian fits are
shown as thin lines. The evaluations for F1, F2, and FFWHM from this study are
marked with diamonds (red), squares (blue) and circles (black), respectively. The
fitting parameters for equation 6.7 are given in Table 6.1 and the fitting parameters
for equation 6.8 are given in Table 6.2. The shaded region indicates a radial velocity
dispersion σR > 50 km s−1.
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Figure 6.8: Dependence of the integrated fraction on the spiral strength, measured
by ϵΣ. Panels show (a) the radial distribution of the fraction of stars in trapped orbits,
(b) the distance of the peak of the radial trapped fraction profile from corotation
(Rpeak − RCR), (c) the radial range (∆R) within which the integrated fraction is
evaluated, (d) the integrated fraction of stars in trapped orbits (F∆R), and (e) the
ratios for (Min/Mout), for ϵΣ = 0.1− 0.5 in 0.1 intervals where the initial conditions
are otherwise the same as in the scenario for Figure 6.4 with σR = 25 km s−1. The
line styles have the same definition as in Figures 6.4-6.6 with the exception that the
line in bold in panel (a) signifies the model realization where ϵΣ = 0.3.
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Figure 6.9: Dependence of the integrated fraction on the radius of corotation in
the adopted model. Panels show (a) the radial distribution of the fraction of stars
in trapped orbits, (b) the distance of the peak of the radial trapped fraction profile
from corotation (Rpeak−RCR), (c) the radial range (∆R) within which the integrated
fraction is evaluated, (d) the integrated fraction of stars in trapped orbits (F∆R),
and (e) the ratios for (Min/Mout) for RCR = 4 − 15 kpc in 1 kpc intervals where
the initial conditions are otherwise the same as in the scenario for Figure 6.4 with
σR = 25 km s−1. Line styles are the same as in Figures 6.4- 6.6 with the exception
that the line in bold in panel (a) signifies the model realization where RCR = 8 kpc.
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Figure 6.10: Prescriptions for the radial velocity dispersion profile, σR(R), used
in the three models outlined in Table 6.3 with parameter values given in Table 3.1.
The curves show σR ∝ Σ(R)1/2 ∝ e−R/2Rd (dashed, blue), σR ∝ e−R/3Rd (dot-dashed,
black), and σR(R) ∝ Re−R/Rd normalized so that Q = 1.5 (thick, red) and Q = 2
(thin, red) for a flat rotation curve. For reference, we have plotted observation-
ally derived σR(R) with error bars for the MW for K-giant stars (green, circles)
(Lewis & Freeman, 1989). We also show a selection of “thin disk” stars from the
RAVE survey with positions below the galactic plane −0.5 < z ≤ −0.3 kpc (magenta,
squares) (Pasetto et al., 2012), where values for σR(R) at other Galactic latitudes are
not significantly different but have been omitted from this plot for ease of reading.
The values for σR(R) that satisfy Q = 1.5 in our model are lower than observed at
all radii, suggesting that this model is a poor fit for our Galaxy. The shaded region
indicates a radial velocity dispersion σR > 50 km s−1.
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Figure 6.11: Radial distribution of orbital angular momentum for the following
three disk models: fG(σR ∝ e−R/2Rd) (blue, dashed), fnew(σR ∝ e−R/3Rd) (black, dot-
dashed), and fG(σR ∝ Re−R/2Rd) (red, solid), where Rd = 2.5 kpc. Each curve is
normalized the orbital angular momentum distribution for an exponential disk that
is entirely composed of stars in circular orbits (Lz(Ri)/Lz,c(Ri)). Each annulus has
radial range dR = 0.1 kpc. A vertical, green line indicates the radius of normalization
(R0 = 8 kpc). Thin lines indicate the radial region where each model has radial
velocity dispersion σR > 50 km s−1.
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Figure 6.12: Dependence of the integrated fraction on the normalization of the radial
velocity dispersion profile assumed to follow σR ∝ Σ(R) ∝ e−R/Rσ for two distribution
functions, fG and fnew. Panels show (a) the radial distribution of the fraction of stars
in trapped orbits, (b) the distance between the peak of the radial trapped fraction
profile and the radius of corotation (Rpeak − RCR), (c) the radial range (∆R) within
which the integrated fraction is evaluated, (d) the integrated fraction (F∆R), and (e)
the ratios for the various definitions of (Min/Mout). Line styles have the same meaning
as in Figures 6.4-6.6. For all scenarios, the velocity dispersion is normalized such that
σR(R = 8 kpc) = {5, 80 km s−1} shown in intervals of 5 km s−1. For reference, the
case with the velocity dispersion normalized such that σR(R = 8 kpc) = 35 km s−1 is
in bold in panels (a). Thin lines (panels a) and shaded regions (panels b-e) indicate
model realizations that use radial velocity dispersion σR > 50 km s−1.
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Figure 6.13: Radial distribution of orbital angular momentum for fG(σR ∝ e−R/2Rd)
and fnew(σR ∝ e−R/3Rd) where σ0 is set such that σR(R = 8 kpc) = {5, 80 km s−1},
shown in intervals of 5 km s−1. Each set of curves is normalized such that the value
of the orbital angular momentum equals unity in the annulus where R0 = 8 kpc. For
reference, the curves for normalizations that adopt σR(R = 8 kpc) = 35 km s−1 are
shown in black, and those when σR(R = 8 kpc) = 5 km s−1 are shown as black, dashed
curves. A vertical, green line indicates the radius of normalization (R0 = 8 kpc). Thin
lines indicate the radial region where each model realization uses a radial velocity
dispersion σR > 50 km s−1.
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Figure 6.14: Dependence of the integrated fraction on the radius of corotation in
models listed in Table 6.3. Each model assumes the radial velocity dispersion profile
is radially dependent. Panels show (a) the radial distribution of the fraction of stars
in trapped orbits, (b) the distance between the peak of the radial trapped fraction
profile and the radius of corotation (Rpeak − RCR), (c) the radial range (∆R) within
which the integrated fraction is evaluated, (d) the integrated (F∆R), and (f) the
various measures of the ratios for (Min/Mout). Line styles have the same meaning
as in figs 6.4-6.6. Shaded regions indicate where each model has a radial velocity
dispersion σR > 50 km s−1.
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Chapter 7

Summary & Conclusions

This work focuses on understanding the physical parameters important to the ef-

ficiency of radial migration in disk galaxies (i.e. changes to stellar angular momentum

around corotation without associated kinematic heating). A trapped orbit (defined

in §2.1), caused by changes in orbital angular momentum from gravitational torques

by spiral arms, describes the motion of a star’s guiding center radius as it oscillates

across and back through the radius of corotation of a spiral perturbation. Should the

spiral be transient, a disk star in a trapped orbit could migrate radially, i.e. have a

long-lived change in its mean orbital radius reflecting the change in orbital angular

momentum.

Should radial migration be an efficient process, it could have a significant impact

on the evolution of disk galaxies. Radial migration is most efficient for a single, tran-

sient spiral pattern when the RMS change in orbital angular momentum, ⟨(∆Lz)
2⟩1/2,
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for an ensemble of trapped stars is maximized.1 The value of ⟨(∆Lz)
2⟩1/2 from a single

spiral increases with increasing fraction of stars captured in trapped orbits and with

increasing changes in orbital angular momentum for each individual star. We address

both of these measures in this work. The following is a summary of our findings

and some concluding remarks on the importance of radial migration to spiral galaxy

evolution.

7.1 Summary

7.1.1 Capture Criterion

In Chapter 4, we derive the “capture criterion” that determines whether or not a

star with some finite radial action (which may be related to orbital random energy

by equation 2.3) in a 2D disk is in a trapped orbit (equations 4.17 & 4.18). This is in

contrast to the capture criterion for a 2D disk in the literature (Contopoulos, 1978),

which assumes zero random orbital energy. We further derive a general expression

for the capture criterion in terms of a star’s random orbital energy (Eran(t)) and

orbital angular momentum (Lz(t)) in a disk where the underlying potential leads to a

given rotation curve (equation 4.26). In a disk with a flat rotation curve the capture

criterion (Λnc,2) is well described by equation 4.28.

1Recall, for radial migration to be efficient over the disk, the duty cycle of transient spiral patterns
must be high and have a range of patterns speeds.
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We find that orbital angular momentum is the most important factor in deter-

mining whether or not a star in the disk is in a trapped orbit, while random orbital

energy is less influential. We use the capture criterion to derive an expression for the

region, called the “capture region” (§4.1.1), within which a star with zero random

orbital energy must be located in order to be captured in a trapped orbit. We propose

that whether or not a star is in a trapped orbit is closely approximated by whether or

not its guiding center radius (RL(t)) is within the capture region. Radial excursions

from random orbital energy may cause a star that is not in a trapped orbit to enter

the capture region, or a star that is in a trapped orbit to leave the capture region,

but the star’s status as captured or not in a trapped orbit is not influenced by these

excursions.

A star that is in a trapped orbit will remain in a trapped orbit indefinitely, unless

the star is scattered. We define scattering as any event that causes a star to experience

a change in it guiding center radius that is associated with a change in random orbital

energy. Thus, a scattering event can cause a star that is in a trapped orbit to no longer

meet the capture criterion. In an inhomogeneous potential with multiple, small-scale

length perturbations, as opposed to the potential we assume for the current study, it

is more likely that a star in a trapped orbit will be scattered. We find that when the

guiding center radius of a star in a trapped orbit approaches a Lindblad resonance,

the star is rapidly scattered out of a trapped orbit. Since the parameter Λnc(t) is a

time-dependent quantity, it is important to realize that a star which initially meets
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the capture criterion may not remain in a trapped orbit for long enough to migrate

radially.

7.1.2 Amplitude of Radial Excursions

The amplitude of the RMS change in orbital angular momentum for an ensemble

of trapped stars depends on the maximum amplitude change in orbital angular mo-

mentum for each individual star in a trapped orbit. In Chapter 5, we investigate the

relationship between the maximum amplitude of radial excursions for a star’s guiding

center radius (related to changes in orbital angular momentum through equation 2.5)

and properties of the spiral potential. We explicitly solve the equations of motion

to find the radial excursions of a star in a trapped orbit induced by a spiral den-

sity wave (equation 3.3) in a disk with a flat rotation curve. The time dependent

radial excursions from corotation for the guiding center radius of a trapped star is

given in equation 5.19. Maximum radial excursions are proportional to the fractional

amplitude (ϵΣ) and tangent of the pitch angle (∝ tan θ) of the spiral potential.

The radial excursions for the guiding center radius of a star in a trapped orbit

due to a spiral pattern are significantly smaller than those induced by a bar pattern

with the same the same fractional amplitude. This is a consequence of the differing

geometry between the two perturbations, and thus the assumptions allowed for each

solution. Further, we find that the maximum radial excursions from a spiral pertur-

bation with parameter values similar to those found in MW-like spiral galaxies, are
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smaller or on the order of excursions from epicyclic motions.

7.1.3 Mixed Fraction

The efficiency of radial migration, and thus its importance to the evolution of

a spiral disk, is directly related to the fraction of disk stars in trapped orbits. In

Chapter 6, we apply the capture criterion to a series of realizations of several models

of disk galaxies to investigate how properties of spiral patterns and the adopted

distribution function affect the initial distribution of the fraction of stars in trapped

orbits and the integrated fraction (F∆R) over one of several specified radial ranges

(∆R). In all models, we adopt a disk with an exponential surface density profile

and assume an underlying potential that gives rise to a flat rotation curve, with

a superposed spiral density wave perturbation (§3.1). The value of the integrated

fraction (F∆R) sets an upper limit on the migrating fraction stars in the disk (§6.4).

We find that the initial fraction of stars in trapped orbits depends on the radial

velocity dispersion (σR). At any given radial coordinate R, the velocity dispersion

characterizes the width of the azimuthal velocity distribution, and thus the distribu-

tion of orbital angular momentum (as Lz ∝ Rvϕ). The capture criterion specifies a

range of orbital angular momenta for a star to be in a trapped orbit. The fraction

of a stellar population that meets the capture criterion at a given radius therefore

depends on the velocity dispersion. For all models explored in this work, the ra-

dial distribution for the fraction of stars in trapped orbits grows in radial range but
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decreases in peak amplitude with increasing velocity dispersion. Consequently, the

integrated fraction of stars in trapped orbits is smaller for stellar populations with

higher velocity dispersion.

Under the assumption of a 2D Gaussian velocity distribution at any given co-

ordinate (fG(v)x), and assuming a shift in the centroid of the velocity distribution

toward slower rotation with increasing velocity dispersion (to account for the effects

of asymmetric drift, eqn. 3.9), we find that the integrated fraction of stars in trapped

orbits depends on the radial velocity dispersion as F(σR) ∝ e−σ2
R (§6.2). We compare

this result with the exponential decrease in ⟨(∆Lz)
2⟩1/2 with linearly increasing radial

velocity dispersion for an ensemble of stars in §6.2.4.

In all models we explored, a greater number of stars are initially in trapped orbits

that have guiding center radii inside corotation (RL < RCR) than outside (RL > RCR).

This is consistent with the idea that radial migration could have a net effect of moving

stellar orbital angular momentum outward. However, it must be noted that our result

is indicative only of the distribution of the initial fraction of stars in trapped orbits.

In realistic systems, the time-dependent influence of an evolving disk, gas motions,

substructure, and irregular and chaotic orbits must also be considered.
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7.2 Conclusions

Our results demonstrate that radial migration is not important for high velocity

dispersion populations, like old, inner and thick disk populations. Further, radial

migration would not have been important at early times, as the early disk likely had

a high velocity dispersion (e.g. Genzel et al., 2006; Glazebrook, 2013, and references

therein). We expect radial migration to be more important for low velocity dispersion

populations, like young disk or outer disk populations. These conclusions are in

agreement with the current inside-out formation scenario for disk galaxy evolution

(Abadi et al., 2003; Brook et al., 2004; Villalobos & Helmi, 2008; Kazantzidis et al.,

2008; Bird et al., 2013; Minchev et al., 2013, 2015) and with the recent interpretation

of APOGEE/SDSS-III Data Release 12 data (Hayden et al., 2015) of disk stars in the

MW. Hayden et al. (2015) find that the positive skew in the metallicity distribution

for stars in the outer disk may be explained by stars that have migrated radially,

but the high-α abundance stars (likely the earliest formed stars) in the inner disk

(R ≲ 11 kpc) do not have a skew in their metallicity distribution, suggesting radial

migration is less influential at early stages of disk formation. Our results are also

consistent with the recent finding of low eccentricity, super-solar metallicity stars in

the solar circle (Kordopatis et al., 2015).

This work has an interesting implication for the formation of outer disks should

they be produced through the process of radial migration. In this scenario, stars

born inside the truncation radius of the disk migrate radially outward and populate
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the outer disk. Recall that trapped stars with low random orbital energy do not

have large excursions from their guiding centers and that the guiding center of a star

in a trapped orbit is within the capture region. Disk stars that are distant from

the galactic center have a low velocity dispersion, and thus individual stars at high

galactocentric radii mostly have low random orbital energy. Should the outer disk

have formed via radial migration, trapped stars would have had a trajectory that

was largely restricted to the area inside the capture region. Therefore, a transient

spiral pattern would have had to have existed that produced a capture region which

overlapped (or very nearly overlapped) the truncation radius. Otherwise, trapped

stars would migrate, but they would not migrate beyond the truncation radius. Such

a spiral could not be a transient swing amplified density wave or spiral mode (see for

example Lin & Shu, 1964; Toomre, 1969; Sellwood & Carlberg, 2014, and references

therein), as these structures require both some finite surface density beyond corotation

and an associated bounding end (namely the outer Lindblad resonance). Rather, such

a spiral would likely be tidally produced (see Dobbs et al., 2010, for an interesting

discussion on the possible corotating nature of tidally induced spirals. As shown in

§4.5, transient corotating spirals would induce radial migration across the entire radial

range of the spiral pattern.). As it is known that tidally produced arms stimulate

star formation (e.g. Chromey et al., 1998; Elmegreen et al., 2007), an outer disk that

formed via radial migration would be populated by both old disk stars (that migrated

radially) and a generation of stars that formed at the time of closest approach. In the

148



CHAPTER 7. CONCLUSIONS

picture presented here, each population would be both chemically and kinematically

distinct. It would be interesting to search for dual populations in outer disks to place

constraints on the dynamical nature of tidally induced spiral arms and the role of

radial migration as a formation mechanism.
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Future Work

Having investigated the physics important to the distribution and fraction of stars

in trapped orbits, I now wish to explore the time-dependent nature of radial migration

for an ensemble of stars. For a given fraction of trapped stars, radial migration is

most efficient when the timescale for maximizing the value of ⟨(∆Lz)
2⟩1/2 equals the

spiral lifetime. It is therefore critical to understand what drives each timescale and

whether or not they may, in fact, be related to one another.

Simulated isolated disk galaxies frequently exhibit transient spiral structure, but

there is a large range in the lifetimes of spiral arms in different simulations and

no consensus on their dynamical nature much less on the mechanism for their dis-

ruption. There are two leading theories at this time: The first theory proposes

that a small perturbation to the underlying potential may be amplified through a

combination of self gravity, the differential rotation of a disk, and stellar random
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motions (Goldreich & Lynden-Bell, 1965; Julian & Toomre, 1966) . In the linear ap-

proximation (Julian & Toomre, 1966), such “swing amplified” spirals would rapidly

disrupt outside corotation. In high resolution N-body simulations of disk galaxies,

D’Onghia et al. (2013) found what they identify as swing-amplified spirals that are

self-perpetuating, a phenomenon not expected from the linear theory. The second the-

ory is that transient spirals are swing amplified modes (Sellwood & Carlberg, 2014)

with constant pattern speed. Sellwood & Carlberg (2014) propose that these local

modes disrupt as a direct consequence of the motions of stars in trapped orbits. In-

deed, they invoke the prediction of Sellwood & Binney (2002) that the amplitude

of a spiral should be limited by the size of the capture region. This suggests that

the same physics that leads to radial migration may also limit the spiral amplitude

(Sellwood & Binney, 2002). It is therefore possible that radial migration is a self

limiting process.

Whether the spirals produced by D’Onghia et al. (2013) are qualitatively differ-

ent from those produced by Sellwood & Carlberg (2014) has yet to be determined.

However, the role of horseshoe orbits in the disruption of these spirals could lead to

important insights about the nature of spiral structure in both simulations.

In future work, I propose to explore the relationship between radial migration

and spiral disruption in several stages. First, I will use Monte Carlo realizations of

a given distribution function to populate with test particles a disk galaxy that has a

single spiral pattern and integrate the orbits over several Gyr. The capture criterion
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will allow me to identify trapped stars and then calculate ⟨(∆Lz)
2⟩1/2 for only these

stars. I will identify a timescale for maximizing ⟨(∆Lz)
2⟩1/2, in the absence of any

complications that may arise from multiple spiral patterns or a spiral pattern with

radial- or time-dependent pattern speed. This stage will add important insight to

later stages of my proposed research as it will act as a control when I do the same

analysis on simulations with more complex spiral structure.

The next stages will include the use of snapshots from the above mentioned sim-

ulations (D’Onghia et al., 2013; Sellwood & Carlberg, 2014). I will use my capture

criterion to find the location and size of the capture region associated with each spiral

pattern as well as to identify star particles that are in trapped orbits, and therefore to

track the orbital properties of individual trapped stars. This method will enable me

to explore the time-dependent relationship between spiral arms and stars in trapped

orbits. Additionally, I will continue to devote time toward developing a theoretical

framework I have started for understanding spiral disruption due to the presence of

trapped orbits. This analytic approach is an extension of the theoretical work on

spiral structure by Lynden-Bell & Kalnajs (1972).

After the above steps are complete, I would like to build a suite of chemical

evolution models of a MW-like galaxy to explore the impact of radial migration on

spiral galaxies.
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Appendix A

Two Capture Criteria

In the literature, there are two separate criteria (Binney & Tremaine, 1987; Contopoulos,

1978) for whether or not a star with zero random orbital energy (Eran = 0) is

in a trapped orbit. The maximum radial excursion for a trapped orbit used by

Sellwood & Binney (2002) (their eqn. 12) comes from the the equations of motion

used to derive the capture criterion in Binney & Tremaine (1987). This is not the

criterion we discuss in §4.1 of this work, but it is related to our derivation of the radial

excursions for a trapped orbit due to a spiral pattern (Chapter 5). In this appendix,

we outline the set of assumptions used in the derivation of each capture criterion.
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A.1 Criterion used by Sellwood & Binney

The capture criterion in Binney & Tremaine (1987) (Chapter 3.3b) is derived using

perturbation theory. The disk potential (Φ(R, ϕ)) is assumed to be composed of an

underlying axi-symmetric potential (Φ0(R)) plus an m-armed perturbation to the

potential (Φ1(R, ϕ)). The effective potential, Φeff (equation 2.2), is the potential in

a frame that rotates with the pattern speed of the perturbation to the potential (Ωp).

Following the derivation from Binney & Tremaine (1987), a minimum in the effective

potential at the radius of corotation (RCR, where Ω(R) = Ωp) is located at azimuth

given by ϕ = 0. The local maxima in the effective potential (between the arms of the

perturbation) are at the radius of corotation and azimuth given by ϕ = π/m and at

consecutive intervals every 2π/m.

It is assumed that the guiding centre of a star in a trapped orbit is located at

a local maximum in the effective potential at position (R0,ϕ0) = (RCR, π/m). It is

further assumed that the equations of motion for a star in a trapped orbit can be

described as small, oscillatory excursions around its guiding centre such that R1(t) is

the time dependent radial distance from the radius of corotation (R1(t) = R(t)−RCR),

and the azimuthal excursions are described by ψ(t) = m(ϕ(t)− ϕ0). Orbital motions

around this guiding centre are thus assumed to be similar to an epicyclic excursion

in that there is no change in angular momentum.

They show that there is an integral of motion in the rotating frame for a star in
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a trapped orbit that is given by (Binney & Tremaine, 1987, equation 3.128),

Ep =
1

2
ψ̇(t)2 − p2 cosψ(t), (A.1)

where (Binney & Tremaine, 1987, equation 3.127b)

p2 = |Φb(RCR)|
4

R2
CR

(4Ω2
CR − κ2CR)

κ2CR

(A.2)

and |Φb(RCR)| is the amplitude of the perturbation to the potential evaluated at the

radius of corotation and ΩCR and κCR are the circular and orbital frequencies of a star

evaluated at R0 = RCR in the underlying axi-symmetric potential. In equation A.1,

1
2
ψ̇(t)2 is the ϕ̂-directional kinetic energy in the rotating frame and −p2 cosψ(t) is

the potential in this regime. A star with Ep < p2 will oscillate with simple harmonic

motion in the potential described by −p2 cosψ, whereas a star that does not satisfy

this criterion will circulate around the galactic centre in the rotating frame.

We re-express Ep < p2 by using equation A.1, so that,

1

2

ψ̇(t)2

(1 + cosψ(t))
< p2. (A.3)

By rearranging some constants and substituting for p,

1

2
(4Ω2

CR − κ2CR)
κ2CR

4Ω2
CR

R1(t)
2

(1 + cosψ(t))
< |Φb(RCR)|. (A.4)
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In a power law potential (e.g., equation 4.19), we can write the relation γ2Ω2 = κ2,

where the value of gamma must satisfy 1 ≤ γ ≤ 2 (γ is related to β from §4.3 by

γ =
√
4− β). Under this assumption, equation A.4 can be expressed,

1

2

(4− γ2)γ2

4
Ω2

CR

(R(t)−RCR)
2

(1 + cosψ(t))
< |Φb(RCR)|, (A.5)

where we have replaced R1(t) with R(t) − RCR as defined at the beginning of this

section. In a disk with a flat rotation curve (γ2 = 2), a star in libration around the

local maximum in the effective potential must satisfy

1

2
Ω2

CR

(R(t)−RCR)
2

(1 + cosψ(t))
< |Φb(RCR)|. (A.6)

A star that has a large value for R(t)−RCR may not satisfy equation A.5 and will

circulate about the galactic centre with a guiding centre radius R0 ̸= RCR. Indeed,

equation A.5 cannot be used to evaluate whether or not a star is in a trapped orbit if

Ω0 ̸= ΩCR because of the initial assumption that R0 = RCR and that all non-circular

motions come from oscillations about the star’s guiding centre, which is located at

the local maximum in the effective potential.

The capture criterion derived in Binney & Tremaine (1987) can be used only for

stars with zero random energy. It predicts that a star will either meet the capture

criterion or be on a circular orbit about the galactic centre. Non-circular motions are

produced by a star that meets the capture criterion as it oscillates about its guiding
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centre.

A.2 Criterion derived by Contopoulos

The capture criterion discussed in §4.1 and derived by Contopoulos (1978) assumes

that the star being evaluated has zero radial action, corresponding to zero random

orbital energy by equation 2.3. In this method, the motions of a star in a trapped

orbit around the local maximum in the effective potential are caused by changes in

that star’s angular momentum. Therefore, R(t) = RL(t). Contopoulos’s capture

criterion (equation 4.7) has both an upper and lower limit that must be satisfied in

order for the star to be in a trapped orbit and can be applied to all disk stars that

have zero random orbital energy. The lower limit,

Λc > −1 (A.7)

determines the boundary between stars in trapped orbits and stars that circulate

about the galactic centre in the rotating frame. We use this limit as the statement

that describes a scenario similar to the capture criterion in §A.1 (Ep < p2). One

should keep in mind that the capture criterion we now discuss (equation A.7) states

whether or not a star with any given angular momentum (and therefore any given

guiding centre radius) is in a trapped orbit; whereas, it is assumed in §A.1 that the

star has a guiding centre radius at RCR.
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We can evaluate equation A.7 by using the same perturbation to the potential

as in §A.1. The value of Λc is given by equation 4.6. Its evaluation requires one to

calculate the Jacobi integral of the star, EJ , given by equation 2.1. The velocity of

a star in the rotating frame is given by xϕ(t) = RL(t)(Ωc(RL(t))− ΩCR)ϕ̂+ vran. In

the limit that vran → 0 (zero random energy), we find that the capture criterion can

be expressed as,

[Φ0(RL(t))− Φ0(RCR)] +
1
2
RL(t)

2|Ωc(RL(t))− ΩCR|2 + 1
2
Ω2

CR(R
2
CR −RL(t)

2)

(1 + cosψ(t))

< |Φb(RCR)|.
(A.8)

In a flat rotation curve and in the limit that Φ0(R(t)) ≈ Φ0(RCR) and Φ1(RL(t)) ≈

Φ1(RCR), we find,

Ω2
CR

RCR|RL(t)−RCR|
(1 + cosψ(t))

< |Φb(RCR)|. (A.9)

The criterion in equation A.9 is neither an exact mathematical nor physical equiv-

alent to the criterion in equation A.6. In the current case (equation A.9) the star has

azimuthal motion that is associated with a circular orbit around the galactic centre,

where R(t) = RL(t) and Ωc(RL(t)) = vc/RL(t). This method does not assume a

priori that RL = RCR, as is the case in §A.1.
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