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Abstract

In this thesis, we study algebraic geometry in characteristic one from the perspective of semirings
and hyperrings. The thesis largely consists of three parts:

(1) We develop the basic notions and several methods of algebraic geometry over semirings. We first
construct a semi-scheme by directly generalizing the classical construction of a scheme, and prove
that any semiring can be canonically realized as a semiring of global functions on an affine semi-
scheme. We then develop Cech cohomology theory for semi-schemes, and show that the classical
isomorphism Pic(X) ~ ﬁl(X, O%) is still valid for a semi-scheme (X, Ox). In particular, we derive
Pic(X) ~ ﬁl(X ,0%) ~ Z when X = Pg . Finally, we introduce the notion of a valuation on a
semiring, and prove that an analogue of an abstract curve by using the (suitably defined) function
field Qpae(T') is homeomorphic to Py, .

(2) We develop algebraic geometry over hyperrings. The first motivation for this study arises from
the following problem posed in [9]: if one follows the classical construction to define the hyper-scheme
(X = Spec R, Ox), where R is a hyperring, then a canonical isomorphism R ~ Ox (X) does not hold
in general. By investigating algebraic properties of hyperrings (which include a construction of a
quotient hyperring and Hilbert Nullstellensatz), we give a partial answer for their problem as follows:
when R does not have a (multiplicative) zero-divisor, the canonical isomorphism R ~ Ox(X) holds
for a hyper-scheme (X = Spec R,Ox). In other words, R can be realized as a hyperring of global
functions on an affine hyper-scheme.

We also give a (partial) affirmative answer to the following speculation posed by Connes and Consani
in [7]: let A = k[T] or k[T, ], where k = Q or F,. When k = F,, the topological space Spec A
is a hypergroup with a canonical hyper-operation * induced from a coproduct of A. The similar
statement holds with & = Q and Spec A\{0}, where ¢ is the generic point (cf. [7, Theorems 7.1
and 7.13]). Connes and Consani expected that the similar result would be true for Chevalley group
schemes. We prove that when X = Spec A is an affine algebraic group scheme over arbitrary field,

then, together with a canonical hyper-operation * on X introduced in [7], (X, *) becomes a slightly
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general (in a precise sense) object than a hypergroup.

(3) We give a (partial) converse of S.Henry’s symmetrization procedure which produces a hyper-
group from a semigroup in a canonical way (cf. [21]). Furthermore, via the symmetrization process,
we connect the notions of (1) and (2), and prove that such a link is closely related with the notion

of real prime ideals.

Readers: Dr. Caterina Consani (advisor), Dr. Jack Morava
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Introduction

The study of algebraic geometry in characteristic one was initiated from two com-
pletely separated motivations; (1) an interaction between algebraic geometry and
combinatorics, and (2) an analogy between functions fields and number fields. In
what follows, all semirings and hyperrings are assumed to be commutative.

The combinatorial approach to algebraic geometry often makes computations simpler.
For example, a toric variety can be fully understood from the combinatorial structure
of an associated fan, which is a more tractable object than a variety itself. More
recently, it was noticed that one could build (combinatorial) geometry from algebraic
geometry by means of a valuation of a ground field, which is known as tropical ge-
ometry. One of the main motivations of [F{-geometry stems from such interaction.
The notion of ‘the field F; of characteristic one’ first appeared in Jacques Tits” pa-
per [45]. His goal was to give a geometric interpretation of a (split and semisimple)
algebraic group G(K) over an arbitrary field K, which was constructed by C.Chevalley
in an algebraic way (cf. [5]). Tits’ idea was to associate a projective geometry I'x (over
K) to G(K) so that G(K) can be realized as a group of automorphisms of I'k. In his
construction of a projective geometry I'x for a finite field K = F,, Tits observed that
even though the algebraic structure of the field K vanishes as ¢ — 1, the projective
geometry ['x associated to G(K) does not degenerate completely. Thus, he thought

that this limiting geometry should be built on the degenerate (mysterious) algebraic



structure and referred it to ‘the field of characteristic one’, which is now known as FF;.
This indicates that an algebraic group G(K) contains a (combinatorial) core, and the
study of this limiting geometry is closely related to combinatorial geometry via the
notion of [F;.

Another (but entirely different) motivation for Fj-geometry arises from the follow-
ing observation (first appeared in [31]): by finding a proper notion of the geometry
over F; and by developing relevant tools, one looks for a way to interpret the affine
scheme SpecZ as ‘the curve’ over [F;. Then, for example, the surface C' xp, C, where
C' is a (smooth, projective) algebraic curve over a finite field F,, used in the geo-
metric proof of Weil’s conjecture for a curve C' could be replaced with ‘the surface’
SpecZ Xy, SpecZ over Fy and apply a similar argument to approach the Riemann
Hypothesis.

In [41], C.Soulé gave the first mathematical definition of an algebraic variety over Iy
by noticing that in order to realize SpecZ as ‘a curve’ over Fy, one has to develop
algebraic geometry over various algebraic objects rather than commutative rings. His
idea was to replace the category of commutative rings with the category of finite
abelian groups by considering a scheme as a functor of points. He then introduced a
zeta function of an algebraic variety over F; when a counting function is given by a
polynomial with integral coefficients. However, in [6], Connes and Consani pointed
out that Soulé’s definition is not compatible with the geometry of Chevalley groups
as defined by Tits. They gave a more refined definition by imposing a graduation
on Soulé’s definition. This construction is compatible with Tits’ geometry. More
generally, Connes and Consani showed that Chevalley group schemes can be realized
as algebraic varieties over (suitably defined) Fy2. Note that, in their subsequent pa-
per [8], Connes and Consani merged their previous work [6], A. Deitmar’s [16], and the
functorial approach of B.Toén and M.Vaquié [46] (cf. [8]). The main idea is to replace
the category of (graded) finite abelian groups with the category of pointed monoids.

They also proved that there exists the real counting function N(q) (¢ € [1,00)) (as a



distribution) for the completed ‘curve’ Spec Z over Fy, whose corresponding (Hasse-
Weil type) zeta function is the complete Riemann zeta function. What makes the
story more interesting is the recent result [12] of the same authors; they construct the
algebro-geometric space whose counting function (as a distribution) of points fixed by
the (suitably defined) Frobenius action provides the complete Riemann zeta function.
As we have seen, algebraic geometry over monoids has been initially the main inter-
est (cf. [6], [8], [16], [17], [41], [46]). Another approach to the notion of F;-geometry,
discovered later, is to consider algebraic structures which maintain an addition rather
than loosing it completely. From this point of view, recently algebraic geometry over
semirings has been studied in [11], [25], and in [18] in connection with tropical ge-
ometry. Also note that, in [29], Oliver Lorscheid unified monoids and semirings by
means of his newly introduced structures, blueprints.

Our main goal in this thesis is to develop algebraic geometry over semirings and over
somewhat exotic objects called ‘hyperrings’ (cf. §1.2 for the historical note on hyper-
rings). The main body of the thesis consists of five chapters. In the first chapter, we
give a brief overview of the basic definitions and properties of semirings and hyper-

rings which will be used in the sequel.

Algebraic geometry over semirings

We investigate the basic notions of algebraic geometry over semirings. First, we
define a (Hasse-Weil type) zeta function of a tropical variety. It has been known that
all roots of a counting function (of lattice-points) of a special polytope have real part
—2 and a counting fuction itself satisfies some functional equations (cf. [2, §2 and §4]).
Since a tropical variety is a support of a polyhedron complex (moreover, sometimes it
is a polytope), one is led to consider a possible link between a counting function of a
polytope and a tropical variety. In [11], the authors initiated the study of semifields
extension of the semifield Z,,,,. In subsequent work [47], Jeffrey Tolliver proved that

any semifield extension of Z,,q, is of the form F™ := {q € Qe | n¢ € Z}. These



results suggest that a classical counting function (of lattice-points) can be understood
as a (Hasse-Weil type) zeta function of a tropical variety. In this view point, we define

a two variable zeta function Z(X,t,v) of a tropical variety X and prove the following:

Theorem 1. (cf. Proposition 2.1.27) Let X be a tropical variety. Suppose that X is
a rational polytope. Then the zeta function Z(X,t,v) of X is a rational function of t

and v.

Moreover, in Example 2.1.29, we provide evidence that an analogue of functional
equation in characteristic one is valid for P".

Next, we introduce the notion of a semi-scheme and a Picard group of a semi-scheme
by directly generalizing the classical construction. We then generalize Cech cohomol-

ogy to semi-schemes by using the result of [37]. We prove the following:

Theorem 2. (c¢f. Proposition 2.2.4, Remark after Proposition 2.2.16, Proposition
2.8.22, Theorem 2.3.34, Example 2.3.35)

1. Let (X = Spec M, Ox) be an affine semi-scheme, where M is a semiring. Then
we have the following canonical isomorphism:
M ~ Ox(X). (0.0.1)
In particular, the category of semirings and the category of affine semi-schemes
are equivalent via the functors Spec and I'.

2. For a semi-scheme (X, Ox), the set Pic(X) of invertible sheaves of Ox-semimodules

on X is a group.
3. For a semi-scheme (X, Ox), we have I'(X, Ox) ~ ﬁO(X, Ox).

4. Let X be the projective line P}@mm over the semifield Q0. Then we have,

1°(X,0x) ~ Quaes, H'(X,0x) =0 forn>2, Pic(X)~H(X,0%) ~Z.



In particular, an invertible sheaf L of Ox-semimodules on X is isomorphic to

Ox(n) for some n € Z.

Finally, we define the notion of a valuation of a semiring and ‘the function semifield’
Qumaz(T). Then we construct an abstract curve associated to a pair (Quuae(T), Qumaz)

and prove the following:

Theorem 3. (¢f. Remark 2.4.25) Let k = Quaz and K = Qpae(T). Then the set
Ck of valuations on K which are trivial on k is homeomorphic (with suitably defined

topology) to the projective line IP’IlFl over Fy introduced in [16].

From semi-structures to hyper-structures

In [21], Simon Henry constructed a procedure which produces a hypergroup Mg
from a semigroup M in a canonical way via a map s : M — Mg which is called the
symmetrization. We generalize Henry’s construction to semirings (cf. Lemma 3.1.6,
Proposition 3.1.10). Moreover, by implementing the notion of a good ordering (cf.
Definition 3.1.2), we prove that a partial converse of Henry’ construction holds as

follows:

Theorem 4. (c¢f. Proposition 3.1.8) Let R be a hyperring such that
r+rx=z VYreR, z+yec{r,y} Vo#-yeR (0.0.2)

Let P be a good ordering on R. Then
1. P is a totally ordered semiring (with a canonical order).

2. Under the symmetrization process, Ps is a hyperring with a multiplication given

component-wise and Pg is isomorphic to R as hyperrings.

We also investigate several properties of a symmetrization process. In particular, a

symmetrization commutes with a localization (cf. Proposition 3.1.14).

Algebraic geometry over hyperrings



We first study algebraic properties of hyperrings. A construction of a quotient
hyperring has been known only for a special class of (hyper) ideals of a hyperring
(cf. [15]). We prove that, in fact, such construction works for any (hyper) ideal (cf.
Proposition 4.1.6). Furthermore, we define the notion of a congruence relation on a

hyperring and prove the following:

Theorem 5. (c¢f. Propositions 4.1.15 and 4.1.17) There exists a one-to-one corre-
spondence between the set of (hyper) ideals of a hyperring R and the set of congruence

relations on R.

We note that such a one-to-one correspondence is valid in the case of commutative
rings; however, it is not in the case of semirings (cf. Example 4.1.10).

In [50], Oleg Viro tried to recast a tropical variety in the framework of hyper-
structures. To realize his goal, we define an algebraic variety over a hyperring in
the classical sense; a set of solutions of polynomial equations. As a byproduct, we

obtain the following description of a tropical variety in terms of hyper-structures.

Theorem 6. (cf. Proposition 4.2.31) Let R := (Ryaz)s be the hyperring sym-
metrized by the tropical semifield R,q.. Let us define the map, s" @ (Rye)” —
(R)",  (a1,...,an) — (s(a1),...,8(a,)). Let X be an n-dimensional tropical variety
over Ry, Then there exist a (suitably defined) algebraic variety Xg over the hyper-

ring R, and the following set bijection:

¢+ X ~ (Img(s") N Xg).

Next, we take the scheme-theoretic point view. The main obstacle is that, as Connes
and Consani pointed out in [9], a canonical isomorphism as in (0.0.1) is no longer
true for hyperrings (cf. Example 4.3.12). In fact, a priori if one follows the classical
construction of a structure sheaf, such sheaf does not even have to be a sheaf of hy-
perrings (cf. Remark 4.3.8). However, we prove that when a hyperring does not have

a (multiplicative) zero-divisor, the classical construction and results can be directly



generalized to hyperrings. More precisely, we prove the following:

Theorem 7. (c¢f. Theorem 4.3.11) Let R be a hyperring without a zero-divisor,
K = Frac(R), and X = Spec R. Let Ox be the sheaf of multiplicative monoids on X
as in (4.3.6), equipped with the hyper-addition (4.3.9). Then, the following holds

1. Ox(D(f)) is a hyperring isomorphic to Ry. In particular, if f = 1, we have

2. For each open subset U of X, Ox(U) is a hyperring. More precisely, Ox(U) is

isomorphic to the following hyperring:
Ox(U)~Y((U) ={ue K|VpeUu= % for some b ¢ p}.
Moreover, by considering the canonical map Ry — K, we have

Ox(U)~ () Ox(D(f)).
(nHeu

3. For each p € X, the stalk Ox, ewists and is isomorphic to R,.

Note that (co)limits do not exist in the category of hyperrings in general, therefore
one can not presume the existence of stalks in Theorem 7.

Next, we define a zeta function of an affine hyper-scheme (cf. Definition 4.3.39) and
prove that a zeta function is invariant under ‘the scalar extension’” — ®7 K, where K

is the Krasner’s hyperfield. More precisely, we show the following:

Theorem 8. (c¢f. Theorem 4.3.44) Let k be a field, G = k*, and A be a reduced
finitely generated (commutative) k-algebra. Let R := A/G be the quotient hyperring.
Then, R is a finitely generated hyper K-algebra. Furthermore, if X := Spec A and
Y := Spec R, then we have the following:

Z(Yt) = J] (=)= = T (1 — tdes@) =, (0.0.3)

yel|Y| z€e|X|



where | X| and |Y| are the sets of closed points of X andY respectively. In particular,
when k is a finite field of odd characteristic, we have Z(Y,t) = Z(X,t), where Z(X,t)

18 the classical Hasse- Weil zeta function attached to the algebraic variety X = Spec A.

To link algebraic geometry over semirings and hyperrings, we first generalize the
notion of real prime ideals in real algebraic geometry (cf. Definition 4.3.67). Then,

an affine hyper-scheme is linked to an affine semi-scheme in the following sense:

Theorem 9. (c¢f. Propositions 4.3.66, 4.5.68, and 4.3.69) Let M be a semiring and
assume that M produces the hyperring Mg via the symmetrization process. Then
Spec Mg is homeomorphic to the subspace of Spec M which consists of real prime

ideals. Moreover, any (hyper) prime ideal of Mg is real.

Finally, we give a (partial) affirmative answer to the speculation posed in [7]. For an
affine group scheme X = Spec A over a field k, the set Hom(A, K') of homomorphisms
has the canonical group structure induced from a coporudct of A for any field exten-
sion K of k. However, the underlying space Spec A itself does not carry any algebraic

structure in general. In [7], the authors found the following identification (of sets):
Hom(A, K) = Spec A, (0.0.4)

where K is the Krasner’s hyperfield. In other words, one can realize the underlying
space Spec A as the set of ‘K-rational points’ of X. A natural question which arises
from this perspective is whether Spec A is a hypergroup or not. Connes and Consani
proved that the answer is affirmative when A = k[T] or k[T, 7] and k = Q or F,,
and expected that the similar development would hold when X is a Chevalley group

scheme. We answer their expectation; to an affine algebraic group scheme, a similar

argument can be applied. More precisely, we prove the following:

Theorem 10. (c¢f. Theorem 5.1.12) Any affine algebraic group scheme X = Spec A
over a field k has a canonical hyper-structure x induced from the coproduct of A which

satisfies the following conditions:



1. * is weakly-associative, i.e. f*(gxh)N(f*xg)xh#DVf g he X.
2. x is equipped with the identity element e, i.e. fxe=ex f=fVfe X.

3. For each f € X, there exists a canonical element f € X such that e € (f * f) N
(f*f).

4. For f,g,h € X, the following holds: f € g« h < f € h*g.



Background and historical note

In the first subsection, we provide the basic definitions and properties of semirings
and hyperrings, which are to be used in the subsequent chapters. Then we give a

historical overview on theory of hyperrings.

1.1 Background on semi-structures and hyper-structures

1.1.1 Basic notions: Semi-structures
We introduce the basic notions and properties in semiring theory.

Definition 1.1.1. A set M equipped with a binary operation - is called a semigroup
if for a,b,c € M, we have (a-b)-c = a-(b-c) and there exists 1 € M such that
l-a=a-1=a. Whena-b=>b-aVa,be M, we say that M s a commutative

Semigroup.

Definition 1.1.2. A semiring (M,+, ) is a non-empty set M endowed with an ad-

dition + and a multiplication - such that
1. (M,+) is a commutative semigroup with the neutral element 0.
2. (M,-) is a semigroup with the identity 1.

3.r(s+t)=rs+rt and (s+t)r =sr+tr Vr,s,t € M.

10



4.7-0=0-r=0 VreM.
5. 0+#1.

If (M,-) is a commutative semigroup, then we call M a commutative semiring. If

(M\{0},-) is a group, then a semiring M is called a semifield.

Definition 1.1.3. (c¢f. [19]) Let My, My be semirings. A map f : My — My is a

homomorphism of semirings if f satisfies the following conditions: Ya,b € My,

fla+b) = fla)+ f(b), flab) = fa)f(b), [f(0)=0, [f(1)=1.

Definition 1.1.4. Let R be a semiring and T be a semigroup. We say that T is a
R-semumodule if there exists a map ¢ : R x M — M which satisfies the following

properties: Nr,ri,19 € R, Vt, t1,to €T,
1. o(1,r)=r.
2. Ift=0 orr =0, then p(t,r) =0.
3. o(ty +ta, ) = p(t1,r) + @(ta, ), @t +12) = 0(t, 1) + ©(t, 12).

4- (P(tlt27 T) = @(tla @(t% T))a gD(t,?”ﬂ“Q) = (p(t7 Tz)?”g.

In what follows, we always assume that all semirings are commutative. We review

the notion of (prime) ideals of a semiring M.
Definition 1.1.5. (c¢f. [19]) Let M be a semiring.

1. A non-empty subset I of M is an ideal if (I,+) is a sub-semigroup of (M,+)

and for a € I,r € M, we haver-a € I.

2. An ideal I C M 1is prime if 1 satisfies the following property: if xy € I, then

xeloryelVe,yel.

3. An ideal I C M is maximal iof I satisfies the following property: if J C M is an
tdeal and I C J, then I = J.

11



Proposition 1.1.6. (cf. [19, §6]) Let M be a semiring.
1. Any maximal ideal m of M is prime.
2. Any proper ideal I of M (i.e. 1 # M) is contained in a maximal ideal of M.

Let M be a semiring and X = Spec M be the set of prime ideals of M. Then, as in the
classical case, one can impose the Zariski topology on X as follows: a subset A of X is
closed if and only if A = V() for some ideal I of M, where V(1) :={pe X | I Cp}
(cf. [19, §6]). Moreover, the following Hilbert’s Nullstellensatz holds: for an ideal /
of M, we have

ﬂ p={ae M]|a" €I for some n € N}. (1.1.1)
peV(I)

The notion of localization can be directly generalized to a semiring. Let M be a
semiring and S be a multiplicative subset of M, equivalently, S is a (multiplicative)
submonoid. Then, as a set, S™'M is (M x S/ ~), where ~ is a congruence relation

on M x S such that
(mq,71) ~ (Mg, ry) <= ds € S such that smisy = smas;. (1.1.2)

Note that by a congruence relation ~ on a semiring M we mean an equivalence relation
which satisfies the following condition: if x ~ y and 2’ ~ ¢/, then x + 2’ ~ y + ¢/
and zz’ ~ yy' Vo, 2',y,y € M. We denote by ™ the equivalence class of (m, s) under
the congruence relation (1.1.2). Then, S~'M is a semiring and a localization map
S=t: M — S7'M sending m to T is a homomorphism of semirings. Moreover,
as in the classical case, for a (prime) ideal I of M such that I NS = (), the set
ST :={t]ielseS}tisa (prime) ideal of S~'M. Finally, when S = M\p for
some prime ideal p of M, the semiring S~'M has the unique maximal ideal, namely

S~1p (cf. [19, §10]).

By an idempotent semiring, we mean a semiring M such that * +x =z Vx € M.
Example 1.1.7. Let B := {0,1}. We define an addition as: 1+1=1,140 =

12



0+1=1, and 04+ 0 = 0. A multiplication is defined by 1 -1 =1,1-0 =0, and

0-0=0. Then, B becomes the initial object in the category of idempotent semirings.

Example 1.1.8. The tropical semifield R, is R U {—oc0} as a set. An addition
@ is given by: a @b := max{a,b} Va,b € Ry, where —o00 < a Va € Ry, A
multiplication © s defined as the usual addition of R as follows: a ® b := a + b,
where + s the usual addition of real numbers and (—o0) ® a = a ® (—00) = (—00)
Va € R,,0.. We denote by Quaw, Zimae the sub-semifields of R,,q. with the underlying

sets QU {—oo}, Z U {—o0} respectively.

When M is an idempotent semiring, one can impose the following canonical partial
order on M:

a<b << a+b=0>b Va,be M. (1.1.3)
Note that by a partial order on M we mean a binary relation < on M which is
reflexive, transitive, and antisymmetric.
1.1.2 Basic notions: Hyper-structures
In this subsection, we introduce the basic definitions and properties of hyperrings.

Definition 1.1.9. (¢f. [9]) A hyper-operation on a non-empty set H is a map
+:HxH—PH),

where P(H)* is the set of non-empty subsets of H. In particular, VA, B C H, we

also denote

A+ B = U (a+0).

a€A,beB
Definition 1.1.10. (c¢f. [9]) A canonical hypergroup (H,+) is a non-empty pointed

set with a hyper-operation + which satisfies the following properties:

l.x+y=y+az Vo,y€ H. (commutativity)

13



2. (x+y)+z=ac+y+2) Vr,y,z€ H. (associativity)
3.0+x=a0=a0+0 VreH (neutral element)

4. NVee H 3y(t=-z)eH st 0c€zx+y. (unique inverse)
S.re€yt+z=z€x—y. (reversibility)

Remark 1.1.11. The uniqueness of (4) rules out the trivial choice of the inverse,
e.g. the full set H as an inverse of any element. The reversibility property is meant

to be the ‘hyper’-subtraction.

Note that a hypergroup is, in fact, more general object than a canonical hypergroup.
However, throughout the thesis, by a hypergroup we will always mean a canonical

hypergroup.

Definition 1.1.12. (¢f. [9]) A hyperring (R, +,-) is a non-empty set R with a hyper-

addition + and a usual multiplication - which satisfy the following conditions:
1. (R,+) is a canonical hypergroup.
2. (R,-) is a monoid with 1r (not necessarily commutative).

3. A hyperaddition and a multiplication are compatible, i.e. Vx,y,z € R, z(y+2) =

xy +xz, (x+y)z =x2+ yz.
4. 0 4s an absorbing element, i.e. Ve € R, x-0=0=0"z.
5 041,
When (R\ {0},-) is a group, we call (R,+,-) a hyperfield.

Definition 1.1.13. (cf. [9]) For hyperrings (R, +1,1), (Ra, +2,2) a map f: Ry —

Ry is called a homomorphism of hyperrings if
1. fla+1b) C f(a) +2 f(b) Va,be Ry.

2. f(a1b) = fla)» f(b) Va,be R,.
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3. We call f strict if f(a+1b) = f(a) +2 f(b) Va,b € R;.

4. We call f an epimorphism if
w4y = J{fla+10) | fla) ==z, f(b) =y} Va,y€ R,

Example 1.1.14. (cf. [9]) Let K := {0,1}. A (commutative) multiplication of K is
given by
1-1=1, 0-1=1-0=0,

and a (commutative) hyperaddition is given by
0+1={1}, 0+0={0}, 1+1=1{01}

Then (K, +, ") is a hyperfield called the Krasner’s hyperfield.

Let R be a hyperring. For x,y € R, if x 4+ y consists of a single element z, we let
x 4+ y = z rather than x + y = {z}. Another interesting example is the hyperfield of

signs.

Example 1.1.15. (cf. [9]) Let S = {—1,0,1}. A multiplication is commutative and

given by

040 =0, 140=1+1=1, (=1)40=(=1)+(=1)=(=1), 1+(=1)={=1,0,1}.

In other words, a hyperaddition is given by the rule of signs and hence we call S the

hyperfield of signs.

We review the notion of (prime) ideals for hyperrings. In the sequel, all hyperrings

are assumed to be commutative.
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Definition 1.1.16. (c¢f. [9]) Let R be a hyperring.

1. A non-empty subset I of R is a hyperideal if: Ya,b € [ = a —b C I and

Vae I,Nre R—=r-a€l.

2. A hyperideal I C R is prime if I satisfies the following property: if xy € I, then

xeloryelVe,yel.

3. A hyperideal I C R is mazximal if I satisfies the following property: if J C R is
a hyperideal of R which contains I, then I = J.

Proposition 1.1.17. (¢f. [15]) Let R be hyperring.

1. Let I be a proper hyperideal of R (i.e. I # R). Then there exists a maximal

hyperideal m such that I C m.
2. Any mazimal hyperideal m is prime.

Definition 1.1.18. (cf. [39]) Let R be a hyperring. We denote by Spec R the set
of prime hyperideals of R. One can impose the Zariski topology on Spec R as in the

classical case. In other words,
a subset A C Spec R is closed <= A =V (I) for some hyperideal I of R, (1.1.4)

where V(I) :={p € SpecR | I C p}.
Proposition 1.1.19. (c¢f. [39]) Let R be a hyperring and X = Spec R.

1. Let {I;}jes be a family of hyperideals of R. Then we have

Avuy) =vi<JL>) (1.1.5)

jeJ jeJ

where < |J..; I; > is the smallest hyperideal containing Uje, I;. Note that such

jeJ

hyperideal exists since an arbitrary intersection of hyperideals is a hyperideal.
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2. Let I and I' be hyperideals of R, then we have

v vy =vunr). (1.1.6)

Next, we review the notion of a localization of a hyperring. This construction has
been promoted by R.Procesi-Ciampi and R.Rota (cf. [39]).
For a (multiplicative) submonoid S of a hyperring R, one defines the localization

STIR as follows: as a set, S™'R is the set (R x S/ ~) of equivalence classes, where
(r1,81) ~ (12, 82) <= Jxr € S s.t. xr189 = TTre8;. (1.1.7)

Let [(r,s)] be the equivalence class of (r,s) € R x S under the equivalence relation

(1.1.7). A hyperaddition of S™'R is given by

(71, 51)] + [(72, 82)] = [(1182 + s172), s152] = {[(y, $152)] | y € r159 + s172}.

A multiplication is naturally given as follows:

(11, 81)] - [(r2, s2)] = [(r172, 5182)].

We denote by = a element [(r, s)]. Note that as in the classical case, the localization

map, S™' : R — S7'R sending r to %, is a homomorphism of hyperrings.

Proposition 1.1.20. (cf. [15]) Let R be a hyperring and S be a multiplicative subset
of R.

1. For a hyperideal I of R, the following set:
S = {EHEI,SES}
s

is a hyperideal of ST'R.
2. If p is a prime hyperideal of R such that S Np = (), then S~'p is a prime

17



hyperideal of S~'R.

3. If S = R\p for some prime hyperideal p of R, then S™'R has the unique mazimal

hyperideal given by S~1p.

The following theorems provide a useful way to construct hyperrings from classical

commutative algebras.

Theorem 1.1.21. (cf. [9, Proposition 2.6]) Let A be a commutative ring and G C A*
be a subgroup of the multiplicative group A*. Then, the set A/G is a hyperring with

the following operations:

1. 2G - yG = zyG Vz,y € A. (multiplication)

2. G+ yG = {2G | z = za+ yb for some a,b € G} Vz,y € A. (hyperaddition)
A hyperring which arises in this way is called a quotient hyperring.

Note that, for a field k with |k| > 3, we can identify the Krasner’s hyperfield K with

the quotient hyperring k/k*. We recall the following interesting fact.

Theorem 1.1.22. (cf. [9, Proposition 2.7]) Let A be a commutative ring, and let
G C A be a subgroup of the multiplicative group A*. Assume further that |G| > 2.

Then, the quotient hyperring A/G is an extension of the Krasner’s hyperfield K if
and only if {0} UG is a subfield of A.

1.2 Historical note on hyperrings

The notion of a hypergroup was first introduced by F.Marty in [34] and subsequently,
in 1956, M.Krasner introduced the notion of hyperrings as a technical tool in his paper
[24] on the approximation of valued fields. However, for decades, hyper-structure has
been better known to computer scientists or applied mathematicians than those who
work in pure mathematics; this is due to uses of hyper-structures in connection with

fuzzy logic (a form of multi-valued logic), automata, cryptography, coding theory via
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associations schemes, and hypergraphs (cf. [13], [52]).

In [50], Oleg Viro wrote: “Probably, the main obstacle for hyperfields to become a
mainstream notion is that a multivalued operation does not fit to the tradition of set-
theoretic terminology, which forces to avoid multivalued maps at any cost. I believe
the taboo on multivalued maps has no real ground, and eventually will be removed.”
In recent years, hyper-structure theory has been revitalized in connection with various
fields. For example, in connection with number theory, A.Connes’ adele class space
Hg = Ag/K* of a global field K is a hyperring extension of the Krasner’s hyperfield
K (cf. [9]). Moreover, the use of hyper-structures is essential in the archimedean
(isotypical) Witt construction introduced in [10]. Also, in [50], the author found
a link between hyper-structures and tropical geometry via dequantization. Finally,
in [32], M.Marshall generalizes the Artin-Schreier theory for fields to hyperfields.
Note that the weakness of semirings is that they do not posses additive inverses. This
problem can be fixed by considering hyper-structures via Henry’s symmetrization
process (cf. [21]). Therefore, one might benefit by using both semi-structures and

hyper-structures.
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Algebraic geometry over

semi-structures

We develop algebraic geometry over semi-structures in this chapter. In the first sec-
tion, we take an elementary approach to investigate an algebraic variety over various
sub-semifields of R,,,, considered as a set of solutions of polynomial equations. In
the second section, we introduce the notion of a semi-scheme generalizing a scheme
in such a way that a underlying algebra is that of semirings and develop Cech co-
homology theory of semi-schemes. As a byproduct, we confirm that any invertible
sheaf on ]P’(%l)mz is isomorphic to Ox(n) for some n € Z. Finally, in the last section,
we introduce the notion of valuations over semirings and prove that the analogue of
an abstract curve by using (suitably defined) Q,,4.(T) is provided by the projective

: 1
line Py, .

2.1 Solutions of polynomial equations over semi-structures

2.1.1 Solutions of polynomial equations over Z,,,,

In recent years, tropical geometry has become a young and popular subject of math-
ematics. Tropical geometry is, briefly speaking, the study of a tropical variety which

is a set of ‘solutions’ of polynomial equations over the semifield R,,,, (cf. Example
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1.1.8).

In the recent paper [11], A.Connes and C.Consani studied arithmetics of the sub-
semifield Z,,q, of R,,.:. This suggests that one might study arithmetics of tropical
varieties based on Z,,.,. In this section we will briefly introduce the basic theorems
and definitions of tropical geometry and explain how one can naturally replace R,,q.
with Zyee. We will follow notations and definitions in [30]. The only difference be-
tween this section and [30] is that we use the maximum convention instead of the
minimum convention, but such choice makes no difference in developing the theory.
Recall that the semifield Z,,,, is a subsemifield of R,,,, with the underlying set
Limaw = Z U {—00}. We also note that the set R,,q.[x1, ..., z,] of polynomials with
coefficients in R,,,, is also a semiring with the operations induced from R,,,.. To
be specific, an element F' of R,qz[21, ..., z,] is a finite formal sum of monomials us-
ing @ and ®. Furthermore, one defines x; & —oc0 = x;, ©; © 0 = x;. Then, for

F € Ryuz|21, .., ], one defines the following set:
V(F) :={w € R" | the maximum in F is achieved at least twice}. (2.1.1)

In what follows, we fix an algebraically closed field K with a nontrivial valuation v.
For f =3 ,cpm Cua® € K[z, ...,x], one defines the tropicalization trop(f) of f as

follows:
trop(f) = ®ueznv(Cy) ® 2% = max{v(C,) + u -z} € Rpz|r1, ... 70). (2.1.2)

With the above notations, one has trop(V(f)) = V(trop(f)).

Example 2.1.1. Let us compute an easy example. Let F:= 0@ x &y € Ryau(z, vl
be a tropical linear polynomial. It follows from the definition that V(F) is the subset
of R? where the mazimum in F = 0® x @y is achieved at least twice. Thus one can
observe that V(F) is the union of the sets X1, Xs, X3 by choosing each two of terms

x,y, and O to be a mazximum as follows:
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X1 ={(a,b) €eR? |0 < a=b}

X ={(a,b) €R?* | a < b= 0}

X3 ={(a,b) e R* | b< a =0}

Figure 2.1: Tropical Line in R?

Example 2.1.2. (cf. [30]) Let K = C{{t}} be the field of Puiseuz series over C.

Then K can be written as

K =C{{t}} = | J C((t")).

n>1

where C((tn)) is the field of Laurent series in the formal variable t=. Note that K
has a natural valuation v such that for c¢(t) € K*, v(c(t)) is the lowest exponent
that appears in the series expansion of c(t). For example, the valuation v(cy(t)) of
co(t) := lt—_gt =12+ 3+ t*... is 2. Suppose that f(x1,xs) =5+ co(t)xy + x139. Then,
we have

trop(f) ==v(5) & v(c(t) Or1 e r(l) @z © 29
= max{v(5),v(co(t)) + x1,v(1) + 21 + 23} = max{0,2 + 1, 21 + x2}.

For f € K[zf,...,x%], one defines the tropical hypersurface trop(V(f)) as the

n

following set:
trop(V(f)) := {w € R"| the maximum in trop(f) is achieved at least twice}.

Example 2.1.3. Let f be as in Ezample 2.1.2. Then, trop(V(f)) is a union of the
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sets X1, Xo, X3, where
X, ={(z,y) €eR*| 0 < 242, = z1+12}, Xo:={(2,9) € R?| 242, <0 = 21 +25},

and X3 :={(z,y) ER?* | z1 + 2 < 2+ 1, = 0}.

For a subset X C R"™, let X be the (topological) closure of X in R™. One of the

main theorems in tropical geometry is the following:

Theorem 2.1.4. (Kapranov’s theorem) Let K an algebraically closed field with a

valuation v. Suppose that f =3, ;. Cua® € K[z, ...,xE]. Then,

.oy n

trop(V(f)) ={(w(y1), -, v(ya) ER™ [y = (y1,...,4n) € V(f)}.

Example 2.1.5. ( [30, Example 3.1.4]) Let K be an algebraically closed field with a

valuation v. Let 1+ z +y € K[zt y*]. Then,
V(f)={(z,-1-2) € K*| 2 #0,-1}.

Moreover, we have

ifv(z) >0

)
), v(z)  ifv(z) <0 (2.1.3)
(
)

(
(

(W(2),v(=1-2)) =
0,v(—=1—2)) ifv(z)=0,v(—1—2)>0
(

otherwise.

Since K s algebraically closed, the value group of v is dense in R. It follows from
(2.1.3) that the closure of the set {(v(z),v(—1 —2) | z # 0,—1} is same as the set
V(F) in Example 2.1.1.

Remark 2.1.6. The set trop(V(f)) is also same as a support of some Grobner com-
plex, however, we will not use that result in this chapter. For details we refer the

readers to Chapter 3 of [30)].
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Let X be the algebraic variety defined by an ideal I C K[xf,...,x;7]. One defines

the tropicalization trop(X) of X as follows:

trop(X) := mtrop(V(f)) CR".

fel

There are two main theorems in tropical geometry.

Theorem 2.1.7. (Fundamental theorem of tropical algebraic geometry) Let I be an
ideal of K[z}, ...,xE] and X := V(I). Then,

trop(X) ={(v(y1), -, v(yn)) ER" |y = (Y1, ..., yn) € X}. (2.1.4)

Theorem 2.1.8. (Structure theorem for tropical varieties) Let X be an irreducible d-
dimensional subvariety of a torus T™ over K. Let ' be the value group of a valuation
v on K. Then, trop(X) is the support of a balanced, weighted T'-rational polyhedral
complex which is pure of dimension d. Moreover, the polyhedral complex is connected

through codimension one.

Example 2.1.9. From Ezxample 2.1.1, one observes that trop(X) is the support of a
polyhedral complex pure of dimension 1 connected through codimension 1, i.e. trop(X)

1s a connected finite graph.

When we replace R,,q, with a subsemifield M of R,,,,, the most naive definition

of a tropical variety over M is the following:
Definition 2.1.10. Let M be a subsemifield of Rya. and My := M\{—occ}(= M™*).

1. For F € M|xy,...,x,|, we define the set Vi (F) of solutions of F' over M as

follows: Vi (F) :={w € M | the mazimum in F is achieved at least twice}.

2. For an ideal I € M|z, ..., x,), we define the set Vis(I) as follows:

V(1) = () Vu(F).

Fel
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Example 2.1.11. Let M = Zyar and F = 0D 2 @ y € Zpas|x,y]. Then, the set
Vi (F) is the intersection of V(F) in Ezample 2.1.1 with Z*.

In fact, for a subsemifield M of R,,,, and an ideal I € M|z, ..., z,], we obtain
V() =V ()N M7, (2.1.5)

where V(1) is a tropical variety defined by I. In the sequel, by the set of M-rational
points of V() or a tropical variety defined by I over M, we mean Vj,(I) in (2.1.5).
In [18], Jeffrey Giansiracusa and Noah Giansiracusa proved that there is a (semi)
scheme structure which one can associate to a tropical variety, and the set Vi, (F)
can be understood as the set of M-rational points of that (semi) scheme. We explain
their result succinctly here.

Fix a subsemifield M of Ry, and let Sy = M|z}, ..., x]. For F = max,(a, +x-u) €
Swy, one defines the set supp(F) = {u € Z" | a, # —o0}. For v € supp(F’), one

defines

F; = mgx(au + - u).

The bend relation of F' is defined by: B(F') := {F ~ F; : v € supp(F)}. For example,

if F:=1®x®y=max{l,z,y}, then we have
B(F)={F~1®z,F~1®y,F~axduy}.

For an ideal I of Sy, the scheme-theoretic tropicalization of I is the congruence on
Sy generated by {B(trop(f)) : f € I} which they denote by Trop(l). Then, the

quotient Sy /Trop(I) is a semiring and we have

V(1) = Hom(Sy /Trop(I), M), (2.1.6)
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where homomorphisms are semiring homomorphisms. In other words,
V() = VII)N(M\{—00})" = {w € (M\{—oo})" | F(w) = Fy(w) VF €1, ve supp(F)}.

Thus, Vs (I) can be considered as the set of M-rational points of Spec(Sy/Trop(I)).

This justifies our notation.

Remark 2.1.12. When the value group ' is a subgroup of Q, a polynomial F' in
[[x1, ..., x,] always has a solution over Q.. since tropical polynomials are piecewise

linear functions. Hence, the semifield Q.. can be considered as ‘algebraically closed’.

We close this subsection by claiming that the naive generalization of Galois theory

does not behave well in this setting.

Proposition 2.1.13. The only automorphism of R,,ae fixing Zma. 1S the identity

map.

Proof. Let ¢ be an automorphism of R, fixing Z,,... Then, ¢ also has to fix Q4.
Indeed, for § € Qpaz, we have a = ¢(a) = (b-¢) = (3 + 5+ ...+ %) =b-0(}). It
follows that ¢(§) = ¢. Furthermore, since ¢ and ¢~ ! are order-preserving functions,
they should be continuous with respect to Euclidean topology. Hence, ¢ also has to

fix R0z O

Remark 2.1.14. Proposition 2.1.13 suggests that if one wants to understand the set
of ‘rational points’ as the set of elements which are fixed by the action of a ‘Galois

group’, then one needs to develop Galois theory which is not as naive as the above.

2.1.2 Counting rational points

In the view of Theorem 2.1.8 (the structure theorem) and (2.1.6), algebraic geometry
over R,,.. is the geometry of polyhedral complexes and algebraic geometry over Z,,q.
is the geometry of lattice points (or integral points) of such polyhedral complexes.

In [11], the authors showed that for each n > 1, there is a Frobenius map Fr, :
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Linar — Limaz such that the image of F'r, is isomorphic to the semifield extension
F ~ {q € Quae | 70 € Zmaz} Of Zppge of (suitable defined) degree n. Moreover,
in [47], Jeffrey Tolliver showed that any finite semifield extension of Z,,,, of degree n
is isomorphic to F(™. In the sequel, we denote F := Z, 4z

In the sense that F and F(™ are characteristic one analogues of finite fields F, and
F,n, one might be interested in counting the number of ‘F(™-rational’ points of a
given tropical variety X over Z,,... However, in general, a cardinality of a set of
‘F(™_rational’ points is not finite. In this subsection, we pose two different counting
problems to overcome such obstruction.

Throughout this section, let K be an algebraically closed, complete non-archimedean
field with a non-trivial valuation v such that the value group I'k is a subgroup of Q.
Let X be an irreducible algebraic variety over K of dimension d defined by an ideal
I C K[XT, ..., X, Let trop(I) := {trop(f) | f € I} C T[XF, ..., XE] and Trop(X)
be a tropical variety over 'y defined by trop(I). Note that we consider I'x U {—o0}
as the subsemifield of Q,,,, by imposing the idempotent operation induced from
Rynaz- From the structure theorem of tropical geometry (cf. Theorem 2.1.8 or [30,
Theorem 3.3.6] for details), Trop(X) is the support of a polyhedral complex of pure
dimension d. Since X is a subvariety of a torus, counting F-points or F(™-points is
indeed equivalent to counting Z-points or %Z—points of Trop(X). By introducing such
notions, our goal is to find a proper definition of a (Hasse-Weil type) zeta function of

a tropical variety.

The first counting problem

Let X and K be as above. For [ € R, we define the following number:
No(X, 1) == #{(z1, ..., xm) € Trop(X) N (F("))m | max(|zy|, ..., |zm|) <1}

In other words, N,(X,!I) is the number of F(™-rational points x = (1, ...,Z,,) of

Trop(X) such that |z;| is bounded by [. In particular, Ni(X,!) is the number of
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F-points of Trop(X) which are bounded by [. In general, N, (X,[) goes to infinity as
[ goes to infinity. Therefore, we will focus on the asymptotic behavior of the following
(suitably normalized) number:

N

When N, (X,l) = Ni(X,1) = 0 V] € Ry, we define R(X,n) := 0. The main result
in this subsection is Proposition 2.1.19: for an irreducible curve X in a torus over a
suitable field, we have R(X,n) = n for infinitely many n € Z.

As an example, consider X = 7™ = (K*)™, an m-dimensional torus. We then have
Trop(X) = R™. In fact, let Y := {(v(z1), ..., v(x,) | z; € K*} =T, where 'k is the
value group of K. Since K is algebraically closed, [' is dense in R. It follows from
Theorem 2.1.7 that Y = R™ = Trop(X). Then, for | € Zwq, Ni(X,1) = (2l + 1)™
and N, (X,l) = (2nl + 1)™. Thus, if we follow the sequence of natural numbers, the
limit R(X,n) will be n™. What is interesting is that if we consider an m-dimensional
torus over a finite field Fy, then the number of IF-rational points is (¢ — 1)" and the
number of F »-rational points is (¢" —1)™. Then, we observe that the following limit

gt —1
q—1

lim —(qn - m(

=1 (g—1)m  g¢>1 )" =n

gives the same number. In the above example, we computed R(T™,n) only with
l € Z~q. In fact, we have the following:

Proposition 2.1.15. Let X = T™ be an m-dimensional torus over K. Then the

limit R(X,n) ezists and is equal to n'™.

Proof. For I € Ry, let |[] be the greatest integer which is less than or equal to ! and

let By :={x = (z1,...,x) € R™ | |z;] < [l]}. Consider the following sets:

Mi(n) = #{x = (z1, ..., zp) € FO)™ | max(|zy], ..., |z.]) < 1]},
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My(n) = #{z = (21, ..., x,,) € FO)™ | |1] < |z <1 for some 7}.

Then, My(n) = (2n [I] +1)™ and N, (X,1) = M;i(n)+ Ms(n). Since (I —[I]) < 1, the
number of F(™-points in the closed interval [|],[] is less than or equal to n. Because

the number of facets of B; is 2™, we have the following bound:
0 < My(n) < 2™n(2nl + 1)™ 1.
In particular, for n = 1, we have
Ni(X, 1) = My(1) + My(1), My(1)= 2] +1)™, 0< My(1)<2™(20+ 1)

It follows from the definition that

~—

. NJ(X, D) Mi(n) 4+ Ma(n
X,n) = lim =2 .
R(X,n) = lim NU(X, D) i5ee My(1) + Ma(1)

Since m is a fixed number and M, is bounded by the polynomial in [ of degree (m—1),

we have
M. Msy(1 M (1 2 )™ 1
lim 2(n>zlim 2(>:0, im 1():imw:_.
l—o00 My (n) l—oo My (n) I—oo My (n) l—o00 (2n LZJ + 1)m nm
Hence we have
L Nu(XD) L
REGn) =l ey = B ana =7

Mi(n)

]

Next, we consider the case of a plane tropical curve V. In fact, V' is a finite (planar)

graph in this case; the following is known.

Remark 2.1.16. ( /30, Proposition 1.8.1]) A plane tropical curve V' is a finite graph
which is embedded in the plane R?. It has both bounded and unbounded edges, all edge

slopes are rational, and this graph satisfies a balancing condition around each node.
Unlike the torus case, when we deal with plane curves, a choice of n should be
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general enough as the following example illustrates.

Example 2.1.17. Let V be the plane tropical curve defined by X' @Y @ 1, where
t > 1. Then V is the graph with the three unbounded edges in R*; X = {(z,1) | v <
1Y ={(1,y) |y < 3}, and Z = {(2,2) | + < z}. Suppose that n = t. Then,
on the edge X, we have infinitely many F" -points, but no F-point. Thus, we have
R(V,;n) = oo in this case. On the other hand, if we choose n so that t {1 n, then on
edges X andY , there is no F or F™ -point. On the edge Z, the similar computation as

in the torus case shows that R(V,n) =mn. Thus, as long ast{n, we have R(V,n) = n.
In fact, this is true for any plane tropical curve.

Proposition 2.1.18. Let V' be a plane tropical curve. Then, for infinitely many
integers n, R(V,n) exists. Furthermore, we have R(V,n) = n if at least one of the

following conditions is satisfied:
1. 'V has an unbounded edge which is not parallel to a coordinate axis.
2. Each vertex of V is an element of Z2.

Proof. This is actually an easy consequence of Remark 2.1.16. We examine each

case of edges. Let Y = r be a horizontal edge (i.e. parallel to the first coordinate

axis) with a vertex (a,7) in Q2. If r is an integer, then we have R(Y = r,n) = n

Vn € N as in the case of torus. If r € FW\F, for an integer n such that ged(n, t)

L,
we have no F-point and F(-point. Therefore, in this case, R(Y = r,n) = 0. For
the case of a vertical edge X = r, the exact same argument works. Finally, for an
unbounded edge Z with a rational slope which is not parallel to a coordinate axis,
we have infinitely many F-points (hence, F (”)—points). Moreover, since Z has a slope
which is not zero nor infinity, Z passes an integral point in finite length. However, the
finite line segment of Z does not change the limit R(Z, n) since Z has infinitely many
F and F(™-points. It follows that we may assume that the vertex (a,b) of the edge Z

is in Z? for computing the limit R(Z,n). We may further assume that (a,b) = (0,0)
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since this will not change the number of F or F(")-points. Therefore, we assume that
Z ={(z,£2) | 0 < x}, where m, k € Z\{0}. If m | k, then the counting argument is
same as the torus case. Hence, we assume that ged(m, k) = 1. Suppose that |k| < |m].
Then, for [ € R.q, the F-points on the ray Z are (0,0), (m, k), (2m, 2k), (3m, 3k).....
Since |k| < |m|, we have (Ny(Z,1) — 1)|m| <. Hence, Ny(Z,1) < (ﬁ +1):=1+1
and Ny(Z,1) = m + 1. Similarly, we can find F("-points. In fact, since £(2) =
(£) <= m | a, one observes that F(™-points are given by (0,0), (2, £) (2= 2k)

n

Since |k| < |m|, we have (N, (Z,1) — )™ < [ and N,(Z,1) < (L)n+1=In+ 1.

In| |

This implies that
No(Z,1) = VnJ t1= M n+C, |C]<n+l.

Thus, we have

L NJZD)
R(Z,0) = lim T N

Now, let
V=PU.UPUfU..Uf,

where P, are unbounded edges and f; are bounded edges. Assume that for each
i=1,...,s, the limit R(P;,n) exists and R(P;,n) = n for at least one i. Then, since
fi are all bounded edges, there exists 0 < ¢ such that Vo € f;, |z| <o Vi =1,...,t
Let Gy := fiU...U fy and G5 := P, U...U P,. Then, we have N, (V1) = N, (Gy,1) +
N, (G2,1) — C, where C'is a finite number which is less than or equal to the number
of vertices of V. Since (G; is a union of bounded edges, for a large [, we have some
finite numbers A and B such that

=1 — lim =2
R(V.n) = i G (G ) = C 2 B Ny (G )
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If R(P;,n) exists, then
INL(P,1) —nNy(PL D) < 2n Vi=1,..,s. (2.1.7)

In fact, suppose that R(P;,n) exists. Then, the numbers N, (P;,[) and Ni(P;,[) are
either both zero or both non-zero for [ >> 0. Therefore, the only difference between
N, (P;,1) and nN;(P;, 1) happens at each side of the edge. Thus, we obtain (2.1.7).
However, we proved that, in any case, R(P;,n) exists and is equal to either 0 or n.

Thus, for [ >> 0, we have

(A—nB) + > (Va5 1) — nN1 (P, 1)) |
B+ Z?:l Nl(Piv l)
< (A—nB) + 2ns
=Ip + 22 NP 0)

. (2.1.8)

Since we assumed that R(P;,n) = n for some i, RHS of (2.1.8) goes to zero when [
goes to infinity. It follows that R(V,n) = n.

To sum up, when V' has only unbounded edges which are parallel to coordinate axises,
there are two possible sub-cases. The first is when at least one edge is emanated from
an integral point. In this case, the above computations show that R(V,n) = n. The
second case is when all edges are emanated from non-integral points. In this case,
for infinitely many integer n, we have R(V,n) = 0. The last case is when V' has an
unbounded edge which is not parallel to a coordinate axis. In this case, the above
computation shows that R(V,n) = n for infinitely many integer n. This proves our

proposition. O
In fact, Proposition 2.1.18 can be generalized as follows:

Proposition 2.1.19. Let K be an algebraically closed field with a complete, nontriv-
1al, non-archimedean valuation with a value group 'y C Q. Let X be an irreducible
curve over K in T™ and 'V := Trop(X). Then, for infinitely many integer n, the limit

R(V,n) exists. In particular, R(V,n) = n if V satisfies at least one of the following
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conditions:
1. V' has an unbounded edge which is not parallel to a coordinate axis.
2. Each vertex of V' is an element of Z™.

Proof. The proof is similar to the proof of Proposition 2.1.18. From Theorem 2.1.8
(the structure theorem), V' is a finite graph in R™. We investigate the possible cases
of the edges of V. Let P be an unbounded edge which is not parallel to a coordinate
axis. Then, P will both have infinitely many F and F(™-points ¥n € N since P is
emanated from a point in Q™ and has a rational slope. Fix [ € Ry and consider the

following box B with the side length 2[:
B = {z = (21, 0m) ER™ | || <1},

Let ¢ := BN P be a line segment in B. Suppose that [ is large enough so that
has more than two of F and F("-points. This is possible since 1) contains infinitely
many F and F(™-points. Let Z, W be the integral points of ¢ such that the distance
between them is the largest among all pairs of integral points of ¥. We label the
integral points on the line segment ¢ as Z = Ay, A1, ..., Aq_1 = W so that there is no
integral point between A; and A;y1. In particular, Ni(P,l) = d. We claim that for
each sub-segment A; A, we have (n+ 1) of F™-points including both ends. For the

notational convenience, let A; = R and A;;;y = T. Then, we have
S:=RT={(1—-t)R+1tT |t e€[0,1]}.

Since R and T are F-points, it follows that S contains at least (n + 1) of F(-points
given by t = %, where k € {0,1,...,n}. Suppose that S contains more than (n+ 1) of
F(™-points. Then, there exist F™-points u = (1 —t,)R+t,T and v = (1 —t5)R+t,T

such that [t5 —t1] < 1. Let t3 :=n(t> — ;). It follows that

(1 — t3)R+t3T = R—l—tg(T — R) =R+ n(tg — tl)(T — R)
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We observe that
u—v=(1=t)R+t,7T—(1—ta)R—tT = R(to—t1) +T(t1 —ta) = (ta—t1)(R—T).

Since u and v are F(™-points, the point v — u = (t, — t;)(T — R) is also an F™-
point and hence n(v — u) = n(ty — t1)(T" — R) is an F-point. This implies that
(1 —t3)R+t3T is an F-point between R and T, and this gives a contradiction. Thus,
there are exactly (n 4 1) of F(™-points on RT. Therefore, if Ni(P,l) = d, then
N, (P,l) =n(d—1)+ 1+ C(l), where C(I) is a constant such that |C'(])| < 2(n + 1)
VI € Ryy. It follows that

R(P,n) := lim Nu(P 1) = lim n(d - 1(; +C0) = n.

l—00 Nl(P, ) d—o0

The second case is when P is parallel to some coordinate axises. There are three
sub-cases. The first case is when all coordinates x; which are parallel to coordinate
axises are of the form x; = m; € Z. In this case, the same argument as above gives us
the number R(P,n) = n. The second case is when z; = m; € F(¢)\F for some ¢; € N.
Then, by a choice of n such that ged(n,e;) = 1, we have R(P,n) =n or R(P,n) = 0.
The case of R(P,n) = 0 happens when all such ; are in m; € F(¢)\F. The final case
is when none of ; is in F(¢). Then, we have R(P,n) = 0. For the general case of V,
we can compute in the exact same way as in the plane curve case.

To sum up, if V' has no unbounded edge, then R(V,n) exists ¥n € N. If V' has an
unbounded edge which is not parallel to a coordinate axis, then for infinitely many
(positive) integer n, we have R(V,n) = n. If V has unbounded edges and all of such
edges are parallel to some coordinate axises with x; = m;, then as we analyzed above,
for infinitely many n € N, the limit R(P,n) exists and equal to 0 or n depending on

values m;. This completes our proof. O

If a dimension of an algebraic variety X is greater than 1, in general, it seems hard

to compute above number R(X,n). Also, as we computed above, computing R(V,n) is
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closely related to computing F-points or, in general, F(™-points of polytopes. Thus, in
the next subsection, we pose the second counting problem which measures asymptotic

behavior of the numbers of rational points by using a filtration of polytopes.

The second counting problem

For a bounded subset X of R™, we define the following number:
No(X) = #(X 0 (F™)™).

In particular, N;(X) is the number of integral points of X. In this subsection, we
investigate a sequence {X;} of subsets of a tropical variety V' which satisfies the

following properties:

i>1

2. The limit

R(V.{X;},n) :== lim N (X)

lim S (2.1.10)

makes sense.

The main result of this subsection is Corollary 2.1.22; if V' = Trop(X) is a support
of a polyhedral fan which is pure of dimension d, then there exists a sequence {X;}
of subsets of V' which satisfies (2.1.9) and (2.1.10). In particular, R(V,{X;},n) = n?.
In the case when X is a rational polytope, a counting of lattice (i.e. integral) points
has been studied and named Ehrhart theory (cf. [2], [44]). We briefly review the
classical results of Ehrhart theory. Recall that by a quasi-polynomial f of degree d

we mean a function f : Z — C of the following form:
f(n) = cam)n® 4 co_1(n)n™* + ... + co(n),
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where ¢;(n) is a periodic function with an integer period and c¢4(n) is not identically
zero. Equivalently, f is a quasi-polynomial if there exists N > 0 (namely, a common
period of ¢y, ..., ¢z) and polynomials f, ..., fx—1 such that f(n) = f;(n) if n = i(mod
N). An integer N (which is not unique) is called a quasi-period of f. Let P be a
convex rational polytope in R™. For M € N, we define the following nonnegative
integer:

W(P,M)=#(MPNZ™),

where M P := {Muz | x € P}. Then, for each convex rational polytope P, there exists
a quasi-polynomial f such that f(M) = i(P, M). Furthermore, the leading coefficient
cq is known to be the (suitably normalized) volume of P. In particular, ¢, is indeed
a constant. Let us further recall some definitions. By a polyhedral cone P in R™ we

mean a set of the following form:

k
P = {Z Aiv; | 0 < \;} for some fixed vy, ..., v, € R™.

i=1

A polyhedral cone P is called a rational polyhedral cone if vy,...v, € Q™. The

following result can be easily derived.

Lemma 2.1.20. For a d-dimensional rational polyhedral cone P in R™, there exists
a sequence {P;} of convex rational polytopes in P such that P; C Pjiq, szl P, =P,
and

L NJ(P)
R(P,{F;},n) = lim Ni(P;) d

Proof. By the definition, there exist vy, ...,v; € Q™ such that P = {Zle Aivi | 0 <

Ai}. Consider the following subset of P:

k
=1

We then have P, C P. One can further clearly observe that P; is a convex rational
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polytope. Fix an integer NV > 1 and for each j € N, we define the following set:
Pj:= NP ={N""a|aec P}

Since P; is a rescaling of P, by a natural number, we know that P; is a convex rational
polytope Vj € N. We claim that P; C P;;. In fact, it is enough to show that P, C P.
We have o € P, <= o = Zle A\v; for some 0 < \; < 1. Let 8 := %a = Zle ’\sz
Since \; < 1 < N, we have AN < 1 and g € P;. Therefore, N3 = a € P, and hence
P, C P,. For the second assertion, for a = Zle Av; € P, there exists j such that
Ai < NV71Vi =1, k. Tt follows that o € P; and hence | J,», P; = P. For the last
assertion, we first observe that for a bounded set ) of R™, there is a set bijection ¢
as follows:
p: X =(@QnN (Z[%])m) — Y =nQNZ"), a— na.

In fact, ¢ is well-defined since for o € X, we have na € Y. Clearly, ¢ is an injection,

and the inverse map ¢! is given by sending 3 to % (. From this bijection, we obtain
i(Pj,n) = Nn(F;).

It follows from Ehrhart’s theory that there exists a quasi-polynomial f(x) = agz? +
ag_17% 1 + ... + ag such that f(M) = i(P;, M) = Ny (P1). Since P; = N77'Py, we
have

i(Pj,n) = i(N""'Py,n) = i(P,nN77).

Nn(PJ) . ’L(P],n) . i(Pl, Nj_ln) . ad(Nj_ln)d + (ld,1<Nj_1n>d_1 + ...+ ag
NP~ i(P1)  i(PLNITY T ag(NI D g (NI T+ ag
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Since a4 and n are fixed, a; are bounded, and N > 1, we have

. N.(P;)  ag(NT7'n)d 4 a4 (NT7In)d=1t + .+ aq d
im = . A n.
j—oo Ni(P;) ag(NI=1)d 4 a4 (NI71)d=1 + . 4 qq

This proves our lemma. O

Recall that by a finite polyhedral fan > we mean a finite collection of polyhedral
cones such that the intersection of any two is a face of each. The support 2| of ¥ is
the set, {& € R™ | @ € P for some P € ¥}. A polyhedral fan ¥ is said to be pure of
dimension d if every polyhedral cone in ¥ that is not the face of other cones in ¥ has

dimension d.

Theorem 2.1.21. Let X be a finite rational polyhedral fan which is pure of dimension
d in R™. Then, there exists a sequence of subsets X; C |X| such that X; C X,
szl X; =[x, and

Nu(X5) 4

lim —d)

Proof. Let Py, ..., P, be all of d-dimensional rational cones in ¥. Fix an integer N > 1.
For each P, = {Zle Aiv; | 0 < A}, we define a sequence of polytopes @Q;; C P as
follows:

k
Qig = {Z Nvi | 0< N <1}, Qi = N'Q;, for j > 2.

i=1

We then define the following set:
Xj = U Q%J
i=1

Clearly, we have X; = N7~'X;. By the exact same argument as in Lemma 2.1.20, we
have X; C X1 and J;5, X; = |X]. Thus, all we have to prove is the last assertion.
Let f;(z) be the quasi-polynomial of degree d associated to @);; as in Lemma 2.1.20.

Then, we have

i(X17M> = (Z f%(M)) +9(M)7
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where g(x) is a quasi-polynomial of degree less than or equal to (d — 1) which we
obtain from an inclusion-exclusion computation by using Lemma 2.1.20 since a face

of a cone is a cone. It follows that
i(Xj,m) = i(N7 Xy n) = (X0, N7 'n) = (OO fi(N77'n)) + g(N7 ).
i=1
Since the degree of g(z) is less than or equal to (d — 1) and N > 1, we have

i il ™)) + (N7 In)

=nn.

g V(X)X N )
1m = 111Mm —— = 111 - -
i=oo N1(X;)  g=oo (X, NI7Y)  gooo (D07 fi NI71Y)) 4 g(NI-Y)

]

Corollary 2.1.22. Let X be an irreducible algebraic variety contained in a torus T™
over K. Suppose that Trop(X) is a support of polyhedral fan . Then, there exists a
sequence of subsets X; C Trop(X) such that X; C X1, U5, Xj = Trop(X), and

NJ(X))
1 n\*3; _ d

Proof. This is straightforward. O]

Example 2.1.23. Let SLy be the algebraic variety defined by a polynomial xy — zw —
1 € K[z,y,z,w]. Consider X := SLyNT*, where T* is a torus. Then, Trop(X)

consists of the following three cones:
X, ={(z,y,z,w) ER* |0 <z +y =2 +w},

Xy ={(z.y,zw) R |z +w <z +y=0}
X3 :={(z,y,z,w) ER* |z +y < z+w =0}

Each X; is indeed a cone since we can write them in the matriz form. For example,
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X1 can be written as follows:

X, ={a=(2,y,2,w) € R'| Ao < 0}, where A = 1 1 -1 —1

-1 -1 1 1

It follows that Trop(X) is a support of polyhedral fan and hence we can apply our

corollary to X.

Example 2.1.24. The tropicalization Trop(X) of an irreducible curve X in T™ over
K s a finite connected graph, and this is a special case of a polyhedral fan. Therefore,
we can apply our corollary to Trop(X).

m
d

Example 2.1.25. Consider the Grassmannian X := G(d, m)ﬂT( ) (in a torus) as an
algebraic variety defined by the Pliicker ideal 14,,. Let Trop(X) be the tropicalization

m
2

of X. Then, for d =2, Trop(X) is a polyhedral fan in R(%) (cf. [12, Corollary 3.1]).

Remark 2.1.26. 1. Let X be a hypersurface defined by f = 3" ym
If the values v(cy) of co occurring in f are all same, then Trop(V(f)) is a poly-
hedral fan. Furthermore, if a valuation of a field K is trivial, then for any

irreducible (algebraic) subvariety X of T™, Trop(X) is a finite polyhedral fan
(cf. [30]).
2. In some cases, a collection of convex rational polytopes P, ..., P. totally deter-

mines Trop(X). Since the number of F() -points in a convex rational polytope P;

is finite, one is induced to consider a generating function of the following type:
FO)=14) ) Nu(P)A™.
j=1 n>1
Since P; is a convex rational polytope, we have i(Pj,n) = N,(F;), hence

FO\) =1+ Z > (P m)A"

j=1 n>1
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In fact, the function of the type g(A) = 1+ > -, i(P,n)A" is known to be a
rational function for any polytope P (cf. Theorem 4.6.25, [44]). For example, if
Trop(X) is defined by x ©y @ 1, this is a union of three rays; Q1 = {(z,0) | v <
0}, Q2 :={(0,y) | y <0}, Q3 :={(z,2) | 0 < z}. Thus, three integral vectors
vy = (—1,0), vo = (0,—1), v3 = (1,1) contain all information about Trop(X).
Let P; be a line segment connecting the origin and v; and P = Py U P, U Ps.
Then, i(P,n) = (3n+ 1) and

. 3 A
F(A)_1+n§>:l(3n+1)A _1+1_A+(1_A)2.

We will explain more about this idea in the next subsection.

2.1.3 A zeta function of a tropical variety

Recall that all finite semifield extensions of F = Z,,.. are of the forms F® := %Z U
{—o0} for some positive integer n (cf. [47]). Intuitively, the relation between F and
F(™ is the characteristic one analogue of the relation between a finite field F, and its
finite extension Fy». Therefore, one might consider a zeta function, in characteristic
one, of a tropical variety V as a generating function of numbers of F(™-points of
V. However, a tropical variety is a support of a polyhedral complex; hence it has
infinitely many F(-points in general.

In this section, we define a two variable (Hasse-Weil type) zeta function which encodes
all information about F(™-points of a tropical variety. Then we compute toy examples.

Fix an integer d € N. For m € N, we define B,, := [-m, m]¢ C R%. For a subset S of

R, we let S,, := (S Bm) and define the following number:

i(Smy 1) = #{Sm [ JE™)} = #{nS [ JE))}.

41



Furthermore, we define the following function ®g:

Og: Zog — Q[f]], m> 14 i(Sp,n)t"

n>1

Finally, for a subset S C R? we define a two variable zeta function Z(S,v,t) as a

formal series as follows:

Z(S,v,t) = Bs(mp™ =D (D i(Sm,n)t")0™,  i(S,0) = 1.

m>1 m>1 n>0

Proposition 2.1.27. Let P be a convex rational polytope in RY. Then, Z(P,t,v) is

a rational function of t and v.

Proof. Since P is a polytope, there exists mg € N such that P,, = P Vm > myq. Then,

for m > mg, we have

m) =1+ i(Pn)t"

n>1
However, ®(m) is named the Ehrhart series of P and known to be a rational function

(cf. [44]). Let us denote this function by Ehrp(t). Then, we have

mo—1
Z(P,v,t) = Z O (m)v™ + Z Ehrp(t)v
m=1 m2>mo

Since Ehrp(t) is a rational function and

pmo

> Ehrp(typ™ = Ehrp(t) Y v™ = Ehrp(t)(

m>mg m>mg

),

1—vw

we observe that Z(P,v,t) is a rational function if and only if 7 " ®(m)v™ is a

rational function. However, we have

mo—1 mo—1
> o Z Ehrp, (t)v™. (2.1.11)
m=1

It follows from Ehrhart theory that each Ehrp, (t) is a rational function. Since only
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finitely many m are involved, (2.1.11) is a rational function. O

The next example shows that not only for polytopes but also for some polyhedra

P, a zeta function Z(P,t,v) is a rational function.

Example 2.1.28. A d-dimensional tropical torus is R, Let P = R%. Then, the zeta
function Z(P,t,v) is a rational function. Indeed, for each m € N, we have P,, = B,,
and i(Pp,n) = (2nm + 1)%. Since (3,5, n*t") = 37 o ot = 257 o nFt,
from the induction argument, we can see that, for each k € N, the series Zn21 nktn

is a rational function. We denote this function by fr(t). We then have

O(m) =1+ (2nm+1)%" = 1+ZZ —1+Zz’“ BN ke

n>1 n>1 k=0 n>1
(2.1.12)

The last term of (2.1.12) is equal to ZZ:O 28m* fi.(t). Hence, we have

d

Z(P,t,v):Z(l—i-Z kfk’ ZU +222k kfk:

m>1 k=0 m>1 m>1 k=0

ODIN 1f—v + 325 i) fulw).

m>1

Thus, in this case, Z(P,t,v) is a rational function.

Example 2.1.29. The tropicalization of the projective space P™ can be thought as
the standard simplex A in dimension n (cf. [40]). In this case, it is known that

Ehra(t) = m Therefore, one obtains that

1 1 1
Z(Av,t) =Y Da(m)o™ = vam = A o) (2.1.13)

m>1 m>1

Let X be smooth, geometrically connected, projective variety of dimension n over a

finite field F,. Let Z(X,t) = Z(t) be the classical Hasse-Weil zeta function of X.
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Then one has the following functional equation:
1 i g
Z(—)=+q2t"Z(t), (2.1.14)
q

where E 1s the Fuler characteristic of X.

From (2.1.13), one also obtains the following functional equations:

Z(A, l,t) = —vZ(A v t), Z(Aw, %) = (=)™ Z(A v, t). (2.1.15)
v

In characteristic one, we would have ‘g =1". Since n+1 is the Euler characteristic of

P, (2.1.15) can be thought as a characteristic one analogue of (2.1.14) for X = P".

2.2 Construction of semi-schemes

In this section, we show that the classical construction of schemes can be directly
generalized to the category of commutative semirings. Throughout this section, all
semirings are assumed to be commutative. Also, by a semiring of characteristic one
we mean a semiring M such that z +y € {z,y} Vz,y € M.

Recall that for a semiring M, by a prime ideal p of M we mean an ideal p of a
semiring M such that if xy € p, then z € p or y € p. The set X = Spec M is a
topological space equipped with Zariski topology. Then, as in the classical case, we
can implement the structure sheaf Ox of X. For more details, see §1.1.1.

The first main result in this section is Proposition 2.2.4 stating that Ox(X) ~ M for
an affine semi-scheme (X = Spec M, Oy).

Recall that a (multiplicatively) cancellative semiring M is a semiring such that:
Vr,y,z € M, xy = xz implies y = z if x # 0j,. Note that this is different from
that M has no (multiplicative) zero-divisor due to the lack of additive inverses.

The second main result is that, when M is a multiplicatively cancellative semiring of
characteristic one, the structure sheaf Oy of the semi-scheme (X = Spec M, Ox) is

a sheaf of semirings of characteristic one.
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Finally, we show that several notions of Ox-modules can be generalized to Ox-
semimodules. In particular, we show that the classical construction of a Picard group

can be generalized to semi-structures.

Lemma 2.2.1. Let M be a semiring and S be a multiplicative subset of M. Let
N := S M and S™' : M — N be a localization map (cf. §1 for the definitions).
Then, we have the following universal property: let L be a semiring and p : M — L
be a homomorphism of semirings such that each element of ¢(S) is multiplicatively
invertible in L. Then, there exists a unique homomorphism h : N — L of semirings

such that o = ho S~Y. Furthermore, if M is of characteristic one, then so is N.

Proof. The proof of the universal property is well known in the theory of semirings.
For example, see page 116 of [19]. For the last statement, if M is of characteristic

one, then we have x +y € {z,y} Vo,y € M. Therefore, for £, ¥ € N, we have

T bx + a bx a
EJFQ_ y Y

b ab {bab}_{ }

O
Lemma 2.2.2. Let M be a semiring and p be a prime ideal of M. Let S := M\p.
Then, the semiring S~ M (:= M,) has a unique mazimal ideal, namely S™'p.
Proof. This is well known in the theory of semirings. For example, see [19, §10]. O

Lemma 2.2.3. If ¢ : N — M is a homomorphism of semirings, then for a prime

ideal p of M, ¢ induces a homomorphism of semirings ¢, as follows:

o(a)

— . where q = o 1(p).
-0) qa=¢ " (p)

S|

Furthermore, if my is the mazximal ideal of M, and my is the mazimal ideal of Ny,

then o, ' (my) = my.

then we have sad = sbc in N for

Jo(b)p(c), and p(s) & p. Thus, we

Proof. First, ¢, is well defined. In fact, if 7=,
p(s

some s € N\q. It follows that ¢(s)p(a)p(d) =
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pla) _ o(c)
have 25y = S

last assertion, we know that ¢, (my) C my. However, from Lemma 2.2.2, my = S™q,

. Furthermore, ¢, is clearly a homomorphism of semirings. For the

where S = N\qg. Suppose that § € m;, where a € q and b € S = N\q. Then, we can
write a = ¢~ 1(c) for some ¢ € p and b = ¢~(d) for some d € M\p since q = ¢~ *(p).

It follows that ¢ € ¢, "(my) and hence ¢, ' (my) = m,. O

Let M be a semiring and X = Spec M. We follow the classical construction of a

structure sheaf. For an open subset U of X, we define

Ox(U):={s:U — | | M,}, (2.2.1)

pelU

where s € Ox(U) are sections such that s(p) € M, which also satisfies the following
condition: for each p € U, there exists an open neighborhood V, C U of p and
a, f € M such that

Vg eV, f¢qands(q) = % in M,. (2.2.2)

Clearly, Ox is a sheaf of sets. In fact, Ox(U) is a semiring under the following

operations: for s,t € Ox(U),
sct:U—| | My, pres(p)tp), s+t:U—| M, pr>sp)+tp). (2.23)

By an affine semi-scheme we mean a pair (X = Spec M, Oy) for a semiring M. Note
that for a non-zero element f € M, we let M; := S~'M, where S = {1, f, /%, ..., }.
Recall that, for an ideal I of M, we denote V(I) := {p € SpecM | I C p} and
D(f):={p € Spec M | f & p}. In the sequel, by an affine semi-scheme X = Spec M
we always mean a pair (X = Spec M,Ox) of a topological space Spec M and a

structure sheaf Ox unless otherwise stated.

Proposition 2.2.4. Let M be a semiring and X = Spec M be an affine semi-scheme.

Then, for a non-zero element f € M, we have M; ~ Ox(D(f)). In particular,
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M ~ Ox(X). Furthermore, if M is (additively) idempotent, then so is Ox(U) for

an open subset U of X.

Proof. The proof is similar to the classical case. For example, as in the classical case,

if we take f =1 then M ~ M;. Indeed, consider the following map:

o M —s My, al—>%.

Then, ¢ is clearly a homomorphism of semirings and injective since % if and only

=
if there exits some n € N such that f"*'a = f"*'b. This implies that a = b since
f = 1. Furthermore, ¢ is surjective; 77 = $ = ¢(a) since f = 1. It follows that once
we prove that My o~ Ox(D(f)), then the isomorphism M ~ Ox(X) follows.

We first define the following map ¢ from M to Ox (D(f)):

Vi My — Ox(DU), s, (2.2.4)

where s(p) = % in M,. Then, ¢ is well defined. Indeed, from the definition, we

Fn
have s(p) € M, for each p € D(f) and s as in (2.2.4) clearly satisfies the local
representability condition (2.2.2). Furthermore, ¢ is a homomorphism of semirings.
Next, we claim that 1 is injective. Suppose that ?ﬂ(ﬁ) = 1/J(fim) Then, fin = fim
in M, Vp € D(f). This implies that 3 h ¢ p such that hf™a = hf"b in M for each
p € D(f). Let J ={a € M | afa = af"b}. Then J is an ideal of M, and for
p € D(f), we have J Z p. It follows that V(J) N D(f) = (). However, for an ideal
I of M, we have (\;c,p = VT (cf. [19, Proposition 6.19]). Thus, V/(J)D(f) = 0
implies that V(J) C (D(f))® = V(f). In particular, f € v/J and hence f' € J
for some [ € N by Hilbert’s Nullstellensatz for semirings (cf. Equation (1.1.1)). It
follows that f'*™a = f*"b and == % in M;. This shows that 1 is injective. The
proof of surjectivity is also similar to the classical case since basic algebras of ideals

of semirings are same as those of commutative rings (cf. [19]). The last assertion

follows from the fact that if M is (additively) idempotent, then so is any localization
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of M. O

Recall that as in the category of commutative rings, direct limits and inverse limits
exist in the category of semirings. For details, we refer the readers to [19]. It follows

that the notion of stalks can be directly generalized to semi-structures.

Proposition 2.2.5. Let M be a semiring. Then, for p € X = Spec M, the stalk
Ox,p of the sheaf Ox is isomorphic to the local semiring M,. Furthermore, if M is

of characteristic one, then so is Oxp.

Proof. The proof is exactly same as the classical case, but we include the proof here
for the completeness. For an open neighborhood U of p, we define the map ¢y :
Ox(U) — M, sending s to s(p). Clearly, ¢y is a homomorphism of semirings
which is compatible with restriction maps. Since Ox, is the direct limit of the
directed system {Ox(U)}usy, there exists a unique homomorphism ¢ : Ox, — M,
of semirings. We observe that ¢ is surjective. Indeed, from Proposition 2.2.4, each
element § of M, for which f ¢ p can be understood as an element of Ox(D(f)).
Thus, all we have to prove is that ¢ is an injection. For an open neighborhood U of p
and s,t € Ox(U), suppose that s(p) = t(p) at p. Then, by shrinking U if necessary,
we may assume that s = % and t = § on U, where a,b, f,g € M and f,g &€ p. Since
% = g in M, there exists h € M\p such that hag = hbf in M. Hence, s and ¢ are
equal on U N D(f) N D(g) N D(h) which contains p. This implies that s =t on some
neighborhood of p and hence they have the same stalk at p. The last assertion follows

from the isomorphism ¢ and Lemma 2.2.1. O

Let M be a semiring. An affine semi-scheme (X = Spec M,Ox) is a locally
semiringed space in the sense that it is a pair of a topological space X and the
structure sheaf Ox of semirings such that Ox, is a local semiring V p € X. A semi-
scheme is a locally semiringed space covered by affine semi-schemes. A morphism
from a semi-scheme (Y, Oy) to a semi-scheme (X, Oy) is a pair (f, f#); a continuous

map f :Y — X and a map 7 : Ox — f.Oy of sheaves of semirings such that
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the induced map of local semirings is local as in the classical case. Then one obtains

the following:

Proposition 2.2.6. Let M, N be semirings and let X = (Spec M, Ox), Y = (Spec N, Oy)

be affine semi-schemes. Then, we have the following set identification:
Hom(M, N) = Hom(Y, X), (2.2.5)

where Hom(M, N) is the set of homomorphisms of semirings and Hom(Y, X)) is the

set of morphisms of semi-schemes.

Proof. Let ¢ : M — N be a homomorphism of semirings. From Lemma 2.2.3, ¢
induces a local homomorphism ¢, : M,-1,y — N, for each p € Spec N. Moreover,
¢ induces a continuous map f : Spec N — Spec M such that p — ¢~ (p). Then f
induces a morphism f# : Ox — f.Oy of sheaves. Indeed, for an open subset V of
Spec M, we have Ox (V) ={s|s:V — | |,cy My} and f.Oy(V) := Oy (f~1(V)) =
{t|t: f[FY(V)— Lge -1y Na} such that s and ¢ satisfy the local condition (2.2.2).

Consider the following maps:

¢3:|_|90p' |_| Mep-1(p) — |_| Ny,

pev pef~1(V) pef~1(V)
fEV): 0x (V) — Oy (fH(V)), sr>t:=vosof.

We first claim that f# (V) is well defined. We have t(p) = os(f(p)) = vos(¢~(p)).
However, s(¢~(p)) € My-1¢) and ¢(My-1(p)) C Ny, thus t(p) € N,. Moreover, ¢
satisfies the condition (2.2.2). In fact, let p € f~1(V) such that f(p) = q € V.
Since s € Ox(V), there exists a neighborhood V; C V of q and elements a, f € M
which satisfy the following: V v € V; with f ¢ ¢, we have s(t) = ¢ in M. We de-
fine V5 := f~1(V}) C f~%(V) which is a neighborhood of p. Then V u € V, such that
©(f) & u, we have t(u) = yos(f(u)) = tos(p~"(u)). However, since f & o~ (u) € V4,
we have t(u) = o s(p~t(u)) = ¥(g) = Z;’;g in M, by Lemma 2.2.3. It follows that ¢
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is in Oy (f~1(V)) and hence f#(V) is well defined.

Secondly, we show that f# (V) is compatible with an inclusion V < U of open sets
of Spec M; this is clear from the construction.

Thirdly, we show that f# (V) is indeed a homomorphism of semirings. Let s; — t; for
i = 1,2. Suppose that s;se +— t. Then, since 1) is a homomorphism, we have t(p) = 1o
so f(p) = v(s1s2(¢7'(p))) = D(s1(7 (p))s2(¢7 (p)) = Y(s1(™ ' (p))U(s2(7 (b)) =
t1(p)t2(p). The addition can be similarly checked.

Finally, we show that f#(V) is local; this directly follows from Lemma 2.2.3 since
£#¥ = ¢,. This shows that an element of Hom(M, N) induces an element of Hom(Y, X).
Conversely, let (f, f#) : Y — X be a morphism of affine semi-schemes. By Propo-
sition 2.2.4, we have the homomorphism f#(X) : Ox(X) = M — Oy(f (X)) =
Oy(Y) = N of semirings. Let ¢ := f#(X). We only have to show that the map
(g,9") induced from ¢ is equal to (f, f#). Since ¢ = f#(X), ¢ is compatible with

local homomorphisms of stalks. In other words, we have

N
f.ffl

Mf(p) — N

M—— (2.2.6)
|

k=3

In particular, we have o ~!(p) = f(p). But, our previous construction of (g, g*) from
© also gives g(p) = ¢ '(p). It follows that g and f agree and g# = ff vV p € Spec N.

This means that ¢# and f# locally agree and hence ¢ = f#. O

The condition  + x = x on a semiring M is transfered to a structure sheaf
Ox as we have observed in Proposition 2.2.4. On the other hand, the condition
x4y € {x+y} on M does not have to be transfered to Ox. In the next proposition,
we prove that if M is a multiplicatively cancellative semiring of characteristic one,
then for X = Spec M, the structure sheaf Oy is a sheaf of semirings of characteristic
one. In other words, the condition z +y € {x,y} on M can be transfered if M is

multiplicatively cancellative.
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Lemma 2.2.7. If M is a multiplicatively cancellative semiring, then Spec M is irre-

ducible.

Proof. Let X = Spec M and H = ﬂpexp. Then H is a prime ideal. Indeed, clearly
H is an ideal. As in the classical case, we have H = {a € M | a™ = 0 for some
n € N} (cf. [19, Proposition 6.21]). Suppose that a"b" = (ab)™ = 0. Since M is
multiplicatively cancellative, we have a = 0 or 0™ = 0. This shows that H is a prime
ideal. Next, suppose that X = V(I)|JV(J) for some ideals I, J of M. Since H is a
prime ideal, we have H € V(J) or H € V(I). This implies that J C H or I C H.
Therefore, X = V(1) or X = V(J). O

Proposition 2.2.8. Let M be a multiplicatively cancellative semiring of characteristic
one. Let X = (Spec M, Ox), an affine semi-scheme. Then, for an open subset U of

X, Ox(U) is a semiring of characteristic one.

Proof. Since Ox (U) is a semiring, all we have to show is that Ox(U) is of character-
istic one. Since M is multiplicatively cancellative, K := Frac(M) is a semifield and
for an non-zero element f € M, M/ can be considered as a subsemiring of Frac(M).

Under this identification, we claim that

Ox(U)~ () M, C Frac(M). (2.2.7)
D(f)cU

Once we prove (2.2.7), since K is of characteristic one, the conclusion follows. In fact,

for s € Ox(U), we can find a cover U = |J D(h;) such that s = 3£ on D(h;). Since M

is multiplicatively cancellative, X = Spec M is irreducible from Lemma 2.2.7. Hence,

U is also irreducible and D(h;)(\D(h;) # 0 Vi,j. This implies that % = % on

hi hj
D(h;)(\D(h;), therefore, s;;a;h; = s;jajh; for some non-zero elements s;; € M. It

follows that % = 7 as elements of K and each s € Ox(U) uniquely determines an

@
hi — hy

element of K. Consider the following map:

0:0x(U)— X(U):={ue K |Vpel, Wecanwriteu:%forsomebgp}gl(,

o1



where ¢(s) is a unique element § of K determined by s as we discussed above. Then
¢ is well defined; for each p € U, p is in some D(h;) and § = 7=, thus u = § € X(U).
Moreover, ¢ is a bijection. Indeed, each element 7 of X(U) can be considered as an
element s of Ox(U) by letting s(p) = 7 in M,. Therefore, ¢ is surjective. Also, ¢ is
clearly injective since Ox is a sheaf. From the definition of ¢, it follows that ¢(st) =
o(s)e(t), e(s+t) = v(s) + ¢(t). This shows that Ox(U) ~ X(U). Furthermore,
for D(f) € U, we have X(U) € X(D(f)) € K. Thus X(U) € Np(pecr X(D(f)).
Conversely, suppose that u = § € (\p;cp X(D(f)) and p € U. Then p is in some
D(f). Thus, u € X(D(f)) implies that u € X (U). This completes our proof. O

Remark 2.2.9. In the papers, [25], [26], [27], Paul Lescot considered a topological
space of prime congruences instead of prime ideals. Let M be a semiring. A con-
gruence on M is an equivalence relation preserving operations of M. More precisely,
if © ~y and a ~ b, then xa ~ yb and x +a ~ y+ b Vr,y,a,b € M. A prime
congruence is a congruence ~ which satisfies the following condition: if xy ~ 0, then
x~0 oryn~ 0. In the theory of commutative rings, there is a one to one correspon-
dence between congruences on a commutative ring A and ideals of A. However, such
correspondence no longer holds for semirings (cf. Example 4.1.10). In general, one

only obtains an ideal from a congruence as follows:
I..={aeM|an~0}. (2.2.8)

The main advantage of a congruence over an ideal is that in the theory of semirings a
quotient by an ideal does not behave well, however, a quotient by a congruence behaves
well.

Similar to the construction of a prime spectrum Spec M, one can define the set X of
prime congruences and impose Zariski topology on X. FEach ideal I arises from a
congruence ~ as in (2.2.8) is called a saturated ideal. In his papers, Paul Lescot had

not considered a structure sheaf on the topological space X. However, one can mimic
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the construction of a structure sheaf on semi-schemes by using saturated prime ideals.
This gives the notion of a congruence semi-scheme (X, Ox). It seems, however, that
a semiring Ox(X) of global sections of an ‘affine congruence semi-scheme (X, Ox)’
might not be isomorphic to a semiring M since Hilbert’s Nullstellensatz which is the
main ingredient in the proof of the classical case does not hold in the case of congru-
ences. If every ideal of a semiring M s saturated, then an affine semi-scheme induced
from M and an affine congruence semi-scheme induced from M are isomorphic as

locally semiringed spaces. For example, this is the case when M is a commutative

Ting.

For a given semi-scheme X, one defines a sheaf of O x-semimodules to be a sheaf F
of sets on X such that F(U) is an Ox (U)-semimodule, and restriction maps F(U) —
F(V)and Ox(U) — Ox (V) are compatible for open sets V' C U of X. A morphism

of sheaves of Ox-semimodules is also defined in the same way as in the classical case.

Example 2.2.10. Clearly, a structure sheaf Ox is a sheaf of Ox-semimodules. Fur-
thermore, let F,G be sheaves of Ox-semimodules. Then, as in the classical case, the

sheaf Hom(F,G) becomes a sheaf of Ox-semimodules.

For a semimodule M over a semiring A, one can associate a sheaf of O y-semimodules

M as in the classical theory as follows:

MU) = {s:U— | | My},
peU
where s(p) € M, and s is locally representable by fractions as in (2.2.2). Then,
clearly M is a sheaf of O x-semimodules. Furthermore, by the exact same arguments
in the classical case, one obtains (M)p = M, and ]T](D(f)) = M;. In particular,

['(X, M) = M when X is an affine semi-scheme.

Definition 2.2.11. Let (X, Ox) be a semi-scheme. A sheaf F of Ox-semimodules is
called quasi-coherent if each x € X has an affine neighborhood U ~ Spec A such that
Flo ~ M for some Ox (U)-semimodule M .
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Next, we construct the tensor product F ®p, G of sheaves of Ox-semimodules.
Note that when we define a tenor product of semimodules, we need to be careful.
There are several ways one can generalize the classical construction of a tensor product
to semimodules, and some generalizations might not work well. For example, the
generalization as in the Golan’s book [19] is not a proper generalization. In fact, if
we follow the generalization in [19], for a semiring A and an A-semimodule M, we
have

A@u M~ (M) ~), (2.2.9)

where ~ is a congruence relation on M such that a ~ b if and only if 3 ¢ € M
such that a + ¢ = b+ ¢. When A is an idempotent semiring in which our main
interest lies, the tensor product of [19] does not behave well. For example, we have

ZLomaz @7,,40 Rinae = {0}. Furthermore, we have

{O} - Hom(Zmam ®Zmam Zmaxa Zmax) 7é Hom(Zmaaz7 Hom(Zmaxa Zmax)) = Zmaa:'

This implies that we can not have the Hom-Tensor duality at the level of sheaves of
Ox-semimodules with the Golan’s notion. Therefore, one can not generalize directly
the construction of Picard groups. To this end, we use the definition of a tensor
product which is proposed in [36]. Then we recover usual isomorphisms which one
can expect from a tensor product. More precisely, we have R®Qr M ~ M Qg R ~ M
and Hom(M ®g N, P) ~ Hom(M, Hom(N, P)) for a semiring R and R-semimodules,
M, N, P. By appealing to such results, we can define the Picard group Pic(X) of a
semi-scheme X. The construction is exactly same as the classical case, but we include

the proof here for the completeness.

Lemma 2.2.12. Let X be a semi-scheme. Let F,G be sheaves of Ox-semimodules.

Then, for each p € X, we have

(F ®ox G)p = Fp 0y, Gp- (2.2.10)
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Proof. This follows from the corresponding fact of semimodules. Let U be an open
neighborhood of p. Since F, ®o, Gy is an Ox p-semimodule, via the homomorphism
Ox(U) — Ox, we know that F, ®o, , G, carries the Ox (U)-semimodule structure.

One can observe that the following map
ou: F(U)x GU) — F, @ox, Gp,  (5,1) = 5, @1

is Ox (U)-bilinear. Thus, from the universal property of a tensor product (cf. [36, §6]),

we have the following induced homomorphism (also, denoted by ¢y ):
(,OUI.F(U)(@OX(U)Q(U)—>fp®oxypgp, S®tl—>sp®tp.

Let H be the presheaf such that U — F(U) ®o @) G(U). Then, by the definition of

stalks, ¢y induces the following homomorphism:
h:H, — Fy ®oy, Gp-
Consider the following map:
Vi Fy x Gy — Hy,  (Spityp) = (Slunv @ tuav)y,

where s € F(U), t € G(V), and p € UNV. Then, clearly ¢ is Ox p-bilinear and

hence v induces the following homomorphism (also, denoted by 1)):
¢ : fp ®(9X7p gp — Hp, Sp &® tp — (S|U[“|V &® tlUﬁV)p-

It is clear that h and 1 are inverses to each other. Moreover, (F ®o, G)y >~ H, as in

the classical case. This completes the proof. O

By an invertible sheaf £ of Ox-semimodules we mean a sheaf of O x-semimodules

which is locally isomorphic to Ox.

55



Lemma 2.2.13. Let X be a semi-scheme. Let L be an invertible sheaf of Ox-

semimodules on X. Then, we have
Home, (£,0x) ®o, £ ~ Homo, (L, L). (2.2.11)
Proof. Let G be a presheaf of Ox-semimodules defined by
G(U) := Homo, |, (Llv, Ox|v) ®oy @) L(U) for an open subset U C X.
For an open subset U of X, we define
v : G(U) — Homoy, (Llu, Llv), B®ar b,

where B(V) : L(V) — L(V), t = a|y - B(V)(t) for an open subset V of U. One
can easily check that § € Homoe, |, (L|v, £|r) and hence ¢y is well defined. Since the
construction is functorial, ¢y and ¢y agree on U N'V. Thus, we can glue {py}ucx
to construct a morphism, ¢ : G — Home, (£, L£). Let G be the sheafification
of G together with a morphism « : G — G*. In fact, by the definition, we have
G = Homp, (£,0x) ®o, L. Then, there exists a unique morphism ¢* : G* —

Home, (£, £) which satisfies the following diagram:

G—2 Gt
wl . +
2
HOIII@X (E, E)

However, ¢ induces a homomorphism on stalks. It follows from Lemma 2.2.12 that,

for each p € X, we obtain

90; : (HOHI@X (£7 OX) ®ox E)P = (HOIIl@X (Ev OX)P ®(9X,p ‘CP) — (HOIH(QX <£> £>)P
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Since L is an invertible sheaf, equivalently, we have
@y - (Homp, (Ox, Ox), ®oy, Oxp) — (Homo, (Ox,0x))p,  fo @ ap = fp - ap.

From [36, Theorem 7.6, ¢, is an isomorphism. In other words, we have the morphism
¢ : Home, (£, Ox)®0y L — Homo, (£, £) such that the induced map ¢, on stalks

is an isomorphism Vp € X. Hence, ©" is an isomorphism. O

Proposition 2.2.14. Let X be a semi-scheme. Then we have an isomorphism
¢ : Home, (Ox,Ox) ~ Ox.

Proof. Let U be an open subset of X. For a morphism [ : Ox|y — Ox|y, we have
f(U) : Ox(U) — Ox(U). In particular, each f determines an element f(U)(1) €

Ox(U). Consider the following map:

YU - H0m0X|U(OX|U= OX|U> — OX<U)7 QOU(f> = f(U)(l)

We claim that ¢y is injective. In fact, suppose that f(U)(1) = ¢(U)(1). Then,
for an open subset V' C U, we have f(V)(1) = g(V)(1). Since f(V) and g(V') are
homomorphisms of Ox (V')-semimodules, we have f(V') = g(V'). This implies that f =
g. Furthermore, for t € Ox(U), we define a homomorphism ¢ : Ox(U) — Ox(U)
of Ox(U)-semimodules by sending 1 to ¢t. Let f : Ox|y — Ox|y be a morphism
of Ox-semimodules such that for an open subset V- C U, f(V): Ox(V) — Ox(V)
defined by 1 — t|yy. Then, clearly ¢y (f) = t. This proves that ¢y is a surjection
and hence an isomorphism. Moreover, one can observe that for open sets U,V of X,
isomorphisms ¢y and ¢y agree on W := U N V. Hence, we can define a morphism
¢ : Homp, (Ox,0x) — Ox such that p(U) := ¢y and ¢ becomes our desired

isomorphism. O

Proposition 2.2.15. Let X be a semi-scheme. Let L be an invertible sheaf of Ox-
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semimodules on X. Then we have an isomorphism

HOIII@X (L, /;) ~ Ox.

Proof. Let ¢ : Ox — Homp, (£, £) be a morphism of sheaves such that for an open
subset U of X, we have ¢(U) : Ox(U) — Homo, |, (L|v, L]y), o+ &, where for

an open subset V C U,

a(V): L(V) — L(V), t—aly-t.

Then, clearly & € Home,, (£|v, £|v) and ¢ is compatible with the restriction maps.
Hence, ¢ is well defined. For p € X, there exists an open neighborhood U, of p such
that L|y, ~ Ox|y,. We can further assume that U, = Spec M for some semiring M.
Then, we have

¢lu, : Ox|y, — Homo, (Ox, Ox)|u,.

It follows from Proposition 2.2.14 that

o(Uy) : M — Homp (M, M) ~ M, m+— m.

Therefore ¢, : M, ~ M, and hence ¢ is an isomorphism. [

Proposition 2.2.16. Let X be a semi-scheme. Let L be an invertible sheaf of Ox-
semimodules on X. Then the sheaf Home, (L£,Ox) is also an invertible sheaf of

Ox-semimodules. Furthermore, we have the following isomorphism:

Homep (ﬁ, Ox) Koy L~0Oyx.

Proof. We first claim that Home, (£, Ox) is an invertible sheaf of Ox-semimodules.

In fact, we can find an open cover U = {U;} of X such that for each i, L|y, ~ Ox|y,
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and U; = Spec R; for some semiring R;. It follows from Proposition 2.2.14 that

HOIDOX (,C, OX)|UZ- ~ HOIHOX (Ox, Ox)

v, ~ Oxlu,.

For the second assertion, from Lemma 2.2.13, we have
Homo, (£,0x) ®o, L ~ Home, (L, L).

Then, the conclusion follows from Proposition 2.2.15. O]

The set Pic(X) of isomorphism classes of invertible sheaves (of O x-semimodules)
on a semi-scheme X is indeed a group with a group operation ®o,. In fact, the
isomorphism class of O is the identity. The inverse of the isomorphism class of £
is the isomorphism class of Home, (£, Ox). The associativity of the group operation
follows from the associativity of the tensor product (cf. [36, Theorem 7.6]). In the
next subsection, we will construct Cech cohomology theory for a semi-scheme X, and

derive the following classical result:

Pic(X) ~ ' (X, 0%).

2.3 Cohomology theories of semi-schemes

In this section, we investigate the notion of cohomology theories of semimodules. In
the first subsection, we construct an injective resolution of an idempotent semimodule.
When we work over semi-structures, one of the main flaws is that a kernel being zero
does not give the full insight of a map being injective. For example, consider the

following sequence:

00— Zaw —2— B, where f(z) =0<+<= 2z =0. (2.3.1)
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Then, we have Img(i) = {0} = Ker(f), but clearly f is not one-to one. Furthermore,
for a semimodule homomorphism f : A — B, the semimodule Img( f) does not have
to be the kernel of the projection B — B/Img(f) as one can see in Lemma 2.3.3.
Therefore, to define the notion of exactness over semi-structures, one might not want
to simply impose the condition Img = Ker. To this end, we introduce three possible
definitions.

In the second subsection, we generalize Cech cohomology to semi-structures. We
will make use of the idea in [37] which interprets an alternating sum as the sum of
two sums such that one represents the positive sums and the other represents the
negative sums. Then, we compute the Cech cohomology of the projective line ]P’}@mm
over Q4. Furthermore, we show that the classical cohomological interpretation of

a Picard group holds, i.e. for a semi-scheme X, we have Pic(X) =H'(X, O%).

2.3.1 An injective resolution of idempotent semimodules

In the first subsection, we test several possible definitions of exactness over semimod-
ules. Then, in the second subsection, we construct an injective resolution of an idem-
potent semimodule and sheafify the construction. Finally, we explain the difficulty of

the derived functors approach toward a cohomology theory over semi-structures.

Exactness of semimodules

To correct the problems we explained (for example, (2.3.1)), we introduce the follow-

ing definition from the paper [1].

Definition 2.3.1. (¢f. [1]) Let R be a semiring. Let A, B be R-semimodules, and

f:A— B be a homomorphism of semimodules.

1. f is k-uniform if for x,y € A such that f(x) = f(y), there exists t1,ty € Ker(f)
such that v+t = y + ts.

2. Img(f) :={y € B | 3t1,ts € A such that y+ f(t1) = f(t2)}.
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Remark 2.3.2. The first part of Definition 2.3.1 is designed to fix the injectivity

issue and the second part is to fix the surjectivity issue.

Lemma 2.3.3. Let R be a semiring. Let A, B be R-semimodules, and f : A — B be

a homomorphism of semimodules. Then B/Img(f) ~ B/Img(f) as R-semimodules.

Proof. 1t is enough to show that the congruence relations induced by Img(f) and

Img(f) are same. Let ~; and ~75 be the congruence relations induced by Img(f)

and Img(f) respectively. Suppose that « ~; y. Then x + f(t1) = y + f(t2) for some
t1,ty € A. Since Img(f) C Img(f), this implies that = ~7 y. Conversely, suppose that
x ~7y. Then, x+ry =y+ry for some rqy,7; € m However, by the definition of
Img(f), we have r1 + f(d1) = f(d2) and r2+ f(g1) = f(g2) for some dy, d2, g1, g2 € A.

Hence, z +r1+ f(di + q1) =2+ f(de+ 1) =y +ro+ f(di + 1) =y + f(d1 + g2).

Therefore, x ~; y. [

Lemma 2.3.4. Let R be a semiring. Let A, B be R-semimodules and f : A — B be
a semimodule homomorphism. Then the canonical projection © : B — B/ Img(f) is

k-uniform.

Proof. Suppose that m(x) = m(y). Then we have x ~; y. This means that there exists
t1,to € A such that x + f(t1) = y + f(t2). However, clearly f(t1), f(t2) € Ker(w) and

hence 7 is k-uniform. O

Definition 2.3.5. Let R be a semiring. Let A, B, C' be R-semimodules. Consider

the following sequence of R-semimodules.

ALl (2.3.2)

1. We say that (2.3.2) is weak exact at B if Img(f) = Ker(g).
2. We say that (2.3.2) is half exact at B if Img(f) = Ker(g).

3. We say that (2.3.2) is strong ezxact at B if it is weak exact at B and g is k-

uniform.
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If Img(f) = Ker(g), then we have Img(f) = Ker(g). Indeed, for y € Img(f), we
have y + f(t1) = f(t2), thus g(y) = 0 and y € Ker(g). Hence, half exactness implies
weak exactness. This implies that if ¢ is k-uniform, then half exactness implies strong
exactness. However, strong exactness does not imply half exactness in general. For

example, consider the following sequence:

i

Nmax — Zmax é 07 (233)

where 7 is an injection and ¢ is the zero map. Clearly, ¢ is k-uniform. We can see
that Img(i) is a proper subset of Z,, and Ker(g) = Zqaz, thus (2.3.3) is not half

exact at Z,q.. On the other hand, we have

Img(z) - {y € Zmaz | Eltlth € Nmaac such that Y+ Z(tl) = Z(tQ)} = Zmax-

Therefore, (2.3.3) is strong exact at Zq-

Proposition 2.3.6. Let R be a semiring. Let A, B, C' be R-semimodules. Consider

the following sequence:

AL, (2.3.4)

Then (2.3.4) is strong exact at B if and only if the homomorphism g induces the
(well-defined) injection ¢ : B/Img(f) — C defined by g(x) = g(x), where T is the

equivalence class of x € B in B/Img(f).

Proof. Suppose that (2.3.4) is strong exact at B. We first show that the map ¢ is well
defined. Indeed, if @ = 3, then a +t; = B+ ty for some t1,t, € Img(f). Since (2.3.4)
is strong exact at B, we have Img(f) C Ker(g). It follows that g(«) = ¢g(/3) and hence
g is well defined. Clearly, ¢ is an R-semimodule homomorphism. Moreover, suppose
that §(@) = §(B). Then we have g(a) = g(53). Since g is k-uniform, this implies that

a+1t; = B+t for some tq,t € Ker(g). However, since Ker(g) = Img(f), there exists

71,72, 81,2 € A such that t; + f(r1) = f(re) and ta + f(s1) = f(sq). It follows that
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a+ti+ f(ri+s1) =B +ta+ f(ri+s1) and a + f(s1 +712) = B+ f(r1 + s). This
implies that @ = 8 and hence § is one-to-one.

Conversely, assume that (2.3.4) satisfies the given condition. We first show that
(2.3.4) is weak exact at B. If y € Img(f), then y + f(t,) = f(t2) for some t,,t, € A.
It follows that 77 = 0 in B/ Img(f). We also have that §(7) = g(y) = §(0) = g(0) = 0.
Hence, Img(f) C Ker(g). On the other hand, if y € Ker(g), then §(7) = g(y) = 0.
Since g is one-to-one, we have ¥ = 0 in B/ Img(f). This implies that y+ f(t1) = f(t2)

for some t1,t2 € A, hence y € Img(f). This proves that (2.3.4) is weak exact at B. We
next claim that g is k-uniform. Indeed, if g(a) = g(f), then §(@) = §(B). Since § is
one-to-one, we have @ = 3 and hence a+t, = B-+t, for some ty,t5 € Img(f) C Ker(g).

This proves that (2.3.4) is strong exact at B. O
Definition 2.3.7. Let R be a semiring.

1. A cochain complex A" of R-semimodules is a family {A'}icz of R-semimodules,
together with R-semimodule maps 0° : A® — A" such that each composition

00 O is the zero map.

2. The semimodule of i-cocycles of A', denoted by Z' = Z'(C"), is the kernel of
0'. The semimodule of i-coboundaries of A is W and denoted by B* =
B'(A"). Furthermore, we define the n-th cohomology semimodule as H"(A’) :=
Ker(")/Tmg (7 7).

3. A morphism between two cochain complezes A = (A',0"), B = (B!, d") is a family
of R-semimodule homomorphisms f* : A® —s B® such that d' o f* = f*1 o O'.

We similarly defines chain complexes of semimodules and a map between them.

Remark 2.3.8. In Definition 2.5.7, i-coboundaries B'(A’) is not ITmg(d0"1), but
Img(0—1). Hence, one might wonder whether the condition ' 0 0 = 0 is enough to
force BY(A") to be a sub-semimodule of Z'(A’). However, the condition "™ o d" = 0
implies that Img(9'~1) C Z'(A"). Then, fory € Img(di~1), we have t1,t, € A" such
that y + 0" (1) = 0" 1(t5). Hence, d'(y) = 0 and Img(d'~1) C ZI(A).
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As in the classical case, we say that a sequence of (co)chain complexes,

0 AL .p_9. ¢ 0

is weak, half, strong exact if and only if the corresponding sequence, for each n,

n

0 An I opgn 9" om ' 0

is weak, half, strong exact respectively.

Definition 2.3.9. Let R be a semiring. Let (A,0"), (B',d) be cochain complexes of
R-semimodules. Let f = (f*), g = (¢°) be morphisms from (A,d) to (B',d). We
say that f and g are homotopic, denoted by f ~ g, if there exist two collections of

homomorphisms h = (h' : A* — B'™), s = (s' : A* — B"1) such that

W od +d tohi+ fl=sto0d +dtos 4 4. (2.3.5)

Remark 2.3.10. It is clear that Definition 2.3.9 generalizes the classical notion by

considering h — s or s — h as a homotopy.

Proposition 2.3.11. Let R be a semiring. Let (A,0), (B',d") be cochain complexes
of R-semimodules. Let f = (f") : (A,0) — (B',d) be a morphism. Then, f

induces the following homomorphism for each n:

H"(f): H"(A) — H"(B’), =+ f(z

~—

Y

where T is the equivalence class of x € Z™(A’) in H"(A"). Moreover, if f ~ g, then
H™(f) = H"(9).

Proof. First, we show that H"(f) is well defined. In fact, we have @ = b <= a +
" H(t1) = b+ 0" (t2). Tt follows that f*(a) + f" 0 0" '(t1) = f"(b) + f" 0 0" (t2)

for some t,t5 € A" !. Since f is a chain map, we have f" 09" ! = d" o f*! and

therefore fm(a) = f™(b). It is clear that H™(f) is a homomorphism. If f ~ g, then
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for z € H"(A"), we have
"o 0™ (z) +d* o hM(x) + f(x) = s" T 0 0" (x) + d" o s (x) + g"(x). (2.3.6)
Since = € Ker 0", (2.3.6) is equivalent to the following:

d" o h"(x) + f(x) = d" o s™(z) + ¢g"().

Hence, it follows that H"(f)(z) = f*(z) = g"(z) = H"(9)(Z). O

In the classical theory, the global sections functor I' is left exact. The following
proposition is an analogue of that fact over semi-structures. We fist define the notion

of exactness of a sequence of sheaves in terms of stalks.

Definition 2.3.12. Let R be a semiring, and F,G,H be sheaves of R-semimodules

on a topological space X. We say that the sequence,

F—2 0" u

s weak, half, strong exact at G if the following induced map

x T,le

1s weak, half, strong exact at G, Vx € X in the sense of Definition 2.3.5.

Proposition 2.3.13. Let R be a semiring and let

02 F—*,¢g- Y,y (2.3.7)

be a sequence of sheaves of R-semimodules on a topological space X. Then the fol-

lowing holds.

1. If (2.3.7) is strong ezact at F and G, then for an open subset U of X, the homo-

morphism gy : F(U) — G(U) of R-semimodules is one-to-one and Img(yy) C
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Ker(¢y).

2. If (2.3.7) is strong ezxact at F and G, and also half exact at F and G, then the

following sequence of R-semimodules, for an open subset U of X,

0 —2C F(U) -2 G(U) —22 H(U) (2.3.8)

is half exact at at F(U) and G(U).

Proof. Suppose that (2.3.7) is strong exact at F and G, then for x € U, we have the

following commutative diagram:

M FU) 2 GU) —2s HU)

T T

G — s,

such that the second row is strong exact at F, and G,. Assume that oy (s) = pu(t).
Then ¢,(s:) = p.(t;). However, @, is one-to-one because the second row is strong
exact. It follows that s, = t,. This implies that, for x € U, there exists an open
neighborhood V,, of = in U such that s|y, = t|y,. Thus {V,}.cv form an open cover
of U. Hence, s =t since F is a sheaf. This proves that oy is injective. If ¢t = @y (s),
then ¢(s,) = t,. Since m = Ker,, we have 1, (t,) = 0. This implies that
if ¢ = Yy(t), then ¢, = 0 at each o € U. Therefore, ¢ = 0. This shows that
Img(py) € Keryy. In particular, Img(py) C Ker .

For the second part, suppose that (2.3.7) is both strong and half exact at F and
G. From the first part of the proposition, ¢y is injective and thus (2.3.8) is half
exact at F(U). Also, the same argument shows that Img(¢y) C Kervy. Conversely,

if t € Keryy, then t, € Kervy, = Imgy,. It follows that there exists an open
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neighborhood V,, of x in U satistying the following commutative diagram:

Vv,

PV

8|y, ¢ tly, ¢ T
Sy ! Px tm \ Y O

We know that for an open subset V', ¢y is one-to-one. It follows that ¢y, qy; is one-
to-one Vz, 2" € U. Therefore, we can glue s|y, to obtain a section s € F(U) such that

wu(s) =t. Thus, Keryy C Img(py). O

Remark 2.3.14. In Proposition 2.3.13, the failure of Ker ¢y C Img(py) in the first
part comes from the definition; y € Img(¢,) <= y+@.(t) = pe(t2). In other words,

such local data t; can not be glued in general since a choice is involved.

An injective resolution of an idempotent semimodule

Let us recall the definition of an injective semimodule. Let R be a semiring. A
R-semimodule [ is injective if and only if, for any pair (M, N) of a semimodule M
and its sub-semimodule N, any R-homomorphism from N to I can be extended to a
R-homomorphism from M to I. It is known that a semimodule over an (additively)
idempotent semirings can be embedded in an injective semimodule (cf. [51]). In other
words, for an idempotent semiring R, the category of R-semimodules has enough

injectives. In fact, we have the following:

Proposition 2.3.15. Let R be an (additively) idempotent semiring. Then, for an

R-semimodule M, we have a strong exact sequence,

0 yM—s £ ,p_d &, 3 (2.3.9)

such that each I’ is an injective R-semimodule.

Proof. The proof is exactly same as the classical construction. We only emphasize

that (2.3.9) is strong exact. First, since each R-semimodule can be embedded in
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an injective R-semimodule, we have an injective R-semimodule I° and a sequence of

R-semimodules as follows:

0 s M — o T

» 10/ Img(eg) — 0. (2.3.10)

Since € is one-to-one, ¢ is k-uniform and (2.3.10) is strong exact at M. Let M; :=
I°/Tmg(eg). Then, since M is an R-semimodule, there exists an injective semimodule
I' and an one-to-one R-homomorphism €; which satisfy the following commutative

diagram:

0—= M- 70 19/ Tmg(eg) 1= My —=0
€1

dO

Py

Il/Img(el) = MQ

0

Hence, we derive the following sequence of R-semimodules:

do

0 M —= s 0 1" =2 1V Tmg(ey) == My —— 0. (2.3.11)

At I°, we can first observe that Img(ey) € Ker(P,), hence Img(ey) € Ker(P,). On the
other hand, for x € Ker(F,), we have Py(xz) = 0. It follows that x 4 t; = ¢ for some
t; € Img(e), hence = € Img(ey). Therefore, we have Img(ey) = Ker(P). However,
since d° = €; o Py and ¢ is injective, we have Ker(P) = Ker(d®). This shows that
(2.3.11) is weak exact at I°. Furthermore, for x,y € I°, suppose that d°(z) = d°(y).
Then, we have €;(Py(z)) = e1(Fo(y)). Since €; is one-to-one, it follows that Py(z) =
Py(y). This implies that x + €y(t1) = y + €o(t2) for some t1,t, € I°. However, since
Img(eo) € Ker(Py), we have €y(ty), eo(ts) € Ker(Py) € Ker(d®). This shows that d° is
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k-uniform and hence (2.3.11) is strong exact at Iy. One can inductively define I7 and

this gives the desired (strong) injective resolution. O
Next, we construct an injective resolution of a sheaf of idempotent semimodules.

Proposition 2.3.16. Let R be a semiring. Let F, G be sheaves of R-semimodules on
a topological space X. Then a morphism ¢ : F — G is an isomorphism if and only
if the induced map p, : Fr — G, is an isomorphism for each x € X. In particular,

if @ is ingective, then p, is injective for each x € X.
Proof. The proof is identical to the classical case. m

Let R be a semiring. For sheaves F, G of R-semimodules, the sheaf hom Hom(F, G)
is again a sheaf of R-semimodules. A subsheaf and a quotient sheaf are defined as
in the classical case. We define a sheaf Z of R-semimodules is injective if Z satisfies
the following condition: let (G, F) be a pair of a sheaf G and a subsheaf F. Then,
for any morphism ¢ : F — Z of sheaves, there exists a morphism ¢ : G — Z such

that ¢ o i = ¢, where 7 is an inclusion from F to G. We have the following:

Proposition 2.3.17. Let (X, Ox) be a locally semiringed space such that Ox , is an
tdempotent semiring for each x € X. Let F be a sheaf of Ox-semimodules. Then,

we have the following strong exact sequence of Ox-semimodules:

0 s F— g0 o _d g2 & g3

such that each I7 is an injective sheaf of Ox-semimodules.

Proof. Since the category of idempotent semimodules has enough injectives (Propo-
sition 2.3.15) and has limits, products, the proof is same as the classical case. More
precisely, each stalk F, can be embedded in an injective Ox ,-semimodule I, from
Proposition 2.3.15. As in the classical construction of an injective resolution, we de-
fine 7° := [],cx j«(Is), where j,(I,) is the sheaf such that j.(I,)(U) = I, if x € U

and 0 otherwise. The exact same argument as in the classical case shows that Z° is
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an injective sheaf of Ox-semimodules and the sequence

0 F—=1

is a strong exact sequence from the definition and Proposition 2.3.15. By using
the quotient sheaf Z°/F, we can define inductively Z’ and hence obtain the desired

injective resolution which is strong exact. O]

Corollary 2.3.18. Let X is a topological space. Then, the category of sheaves of

idempotent semigroups on X has enough injectives.

Proof. One can impose the constant sheaf B of the idempotent semifield B on X.
Then, (X, B) satisfies the condition of Proposition 2.3.17 and the category of sheaves

of idempotent semigroups is indeed the category of sheaves of B-semimodules. m

Remark 2.3.19. Assume that a sheaf F of Ox-semimodules has an injective reso-
lution which is both strong and half. Then, it follows from Proposition 2.3.13 that
H(X,F)=T(X,F). However, by far, Proposition 2.5.17 is the best result we have.
Moreover, even if we can find an injective resolution which is both strong and half,
we have to show that two such resolutions are homotopic in order to properly define
the sheaf cohomology. There is some evidence that the derived functors approach to
sheaf cohomology might not be a good way to pursue. More precisely, in [28], Oliver
Lorscheid computed the sheaf cohomology of the projective line IF’Ilpl over Fy wvia an
imjective resolution, however, the computation is not in accordance with the classical
result. For example, HI(IP’}Fl, Op%l) is an infinite-dimensional F1-vector space whereas
classically, we have H (P, Op1) = 0. Although this is the case of a monoid scheme,
this suggests that one might have to look for other possible approaches.

In the next subsection, we directly generalize Cech cohomology theory and show that
several classical properties are still valid in such framework. In particular, the general-
ized Cech cohomology of the projective line ]Pﬂbmz over Quaz 18 stmilar to the classical

case. Moreover, for a semi-scheme (X, Ox), we verify the classical cohomological
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interpretation of a Picard group; Pic(X) ~ HY(X, 0%).

2.3.2 Cech cohomology

In [37], Alex Patchkoria generalized the notion of a chain complex of modules to
semimodules. The main idea is that one may consider an alternating sum as the sum
of two sums for which stand for a positive sum and a negative sum respectively. In
this subsection, we use this idea to define Cech cohomology with values in sheaves of

semimodules. Then we compute the simple example of the projective line I%mz over

@max .

Definition 2.3.20. (¢f. [37])

1. Let R be a semiring. One says that a sequence of R-semimodules and R-

homomorphisms,
arf—2 a:—l fong a;r+1
X:"'ﬁXn_l — X" — Xn+1 — HR TLEZ,
an72 anfl 8” anJrl

written X = {X™,0;,0,} for short, is a cochain complex if

aJr

100 +0,,,00, =0,,,00f+0,,00,, necl. (2.3.12)

2. For a cochain complexr X, one defines the following R-semimodule:
Z"(X) ={zr € X" | 0y (x) = 0, (x)}
as n-cocycles, and the n-th cohomology as an R-semimodule
H(X) = 2"(X) /",
where p™ is a congruence relation on Z"(X) such that xp™y if and only if

v+ 0" (uw)+0, (v)=y+0" ,(v)+0, (u) for some u,v € X" . (2.3.13)
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Suppose that X = {X" . dF d } and Y = {Y™ 01, 0, } are cochain complexes of

semimodules. Then, by a +-morphism from X to Y one means a collection f = {f"}

of homomorphisms of semimodules which satisfies the following condition:
fhody =t o f", fod, =09, o f". (2.3.14)

In [37], it is proven that a £-morphism f = {f"} from X = {X".d}.d } to Y =
{Y™ 0F, 0.} induces a canonical homomorphism H"™(f) of cohomology semimodules

as follows:

H"(f): HY(X) — H™"(Y), [z]— [f"(x)], n€Z, (2.3.15)
where [z] is the equivalence class of z € Z"(X) in H"(X).

Remark 2.3.21. As pointed out in [37], a sequence G = {G™,d},d} of modules is
a cochain complex in the sense of Definition 2.53.20 if and only if G' = {G™,0" =
dt —d} is a cochain complex of modules in the classical sense. Clearly, in this case,

the cohomology semimodules of G as in Definition 2.3.20 is the cohomology modules

of G' in the classical sense.

By means of Definition 2.3.20, we introduce Cech cohomology with values in
sheaves of semimodules which generalizes the classical construction. Let R be a
semiring, X be a topological space, and F be a sheaf of R-semimodules on X. Sup-
pose that U = {U; };cr is an open covering of X, where [ is a totally ordered set. Let

Uip,ir...i, = Uiy N ... N U;,. Then, as in the classical case, we define the following set:

c"=C"UF) = [] FWUii..i), neN (2.3.16)
7,()< <ln
Let ;.. i, be the coordinate of x € C" in F (U, 4,...i,). The differentials are given
as follows:
n+1
(d;_(x))io,h ,,,,, intl Z xio,,..i}C ,,,,, in1 1 Uigyigsing1? (2317)
k=0,k=even
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n+1

(d;(x))io,il ,,,,, int1 — Z Ligritesenying

k=0,k=o0dd

Uigir i sn? (2.3.18)

where the notation i, means that we omit that index. One can directly use the
classical computation to show that C' = {C™,d},d;} is a cochain complex in the

)N 'n

sense of Definition 2.3.20. We denote the n-th cohomology semimodule (with respect

to an open covering U) of C' by H"(U, F).

Proposition 2.3.22. Let R be semiring, X be a topological space, and F be a sheaf

of R-semimodules on X. Let U be an open covering of X. Then we have
AU, F) = F(X).

Proof. By the definition, we have HO(U, F) := Z°(U,F)/p°. Moreover, zp’y <=
r+dt(u) +d-;(v) = y+d(v) + d_ (u) for some u,v € C~L. Since C~1 := 0, we
have 2p%y <= x =y. It follows that HO(U, F) = Z°(U, F). Consider the following;

+
dO

Cl = Hi<jel ]:(Uij) )

where d{ is the product of maps F(U;) — F(U;;) induced by the inclusion U;; —
U, and d; is the product of maps F(U;) — F(U;;) induced by the inclusion U;; —
U;. Clearly, we have Z°(U, F) C C°. Tt follows from the inclusion U; < X that we

have a homomorphism r; : F(X) — F(U;), hence the following homomorphism:
r=(r;): F(X) — C°
Since F is a sheaf, we have Img(r) C Z°(U, F). Conversely, suppose that

y=(y) € Z°UF)={yeC"=[[FU) | dj(y) = dg ()}

el

Then we have yi|v,, = yjlv,;. It follows that there exists a unique global section
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yx € F(X) such that (yx)|v, = y;. Consider the following map:
s: Z2°U, F) — F(X), y~ yx.

Then s is clearly an R-homomorphism. Furthermore, ros and sor are identity maps.

This shows that HO(U, F) = F(X) for an open covering U of X. O

Proposition 2.3.23. Let R be semiring, X be a topological space, and F be a sheaf
of R-semimodules on X. Let U be an open covering of X which consists of n proper

open subsets of X. Then H' (U, F) =0 ¥Ym > n.
Proof. The proof is identical to that of the classical case since C" =0 for m >n. O

We say that a covering V = {V;},c; of a topological space X is a refinement of
another covering U = {U,}ics if there exists a map o : J — I such that V; C U,
for each j € J. Suppose that X" := C"(U,F) and Y" := C"(V,F). Then the map

o induces the following +-morphism:

0" X" —= Y 0™M()jorn = Totio)olin) [Vig. .o (2.3.19)
In fact, let X = {X", d},d } and Y ={Y™ 0F 0 } We have
(" o di (2))jorinis = (3 () oGo), oG Vi
n+1
- ( Z IU(jO)ﬂ---ﬁ(}k)J(jnﬂ)|Ud(j0) ~~~~~ O(jn+1))|vjo ~~~~~ Jn+1
k=0,k=even
n+1 n+1
- ( Z xﬂ(j0)7~--70(3k)70(3'n+1))’Vf ----- ng1l Z Un(x)jo’-wj}m---vjnﬂ Viossin1
k=0,k=even k=0,k=even
= (0 2 0™(%))jorjuss-

Hence, we obtain 0" od! = 9 oo™ Similarly one can prove that 9" od, = 0, co™.

The £-morphism ¢ = {¢"} induces a homomorphism, H"(U, F) — H*(V, F).
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The collection of open coverings of a topological space X becomes a directed sys-
tem (with a refinement as a partial order). Since (co)limits exist in the category of

semimodules, the following definition is well defined.

Definition 2.3.24. Let R be a semiring. Let X be a topological space and F be a
sheaf of R-semimodules on X. We define the n-th Cech cohomology of X with values
i F as follows:

H (X, F) = lim H" (U, F).
u
Note that from Proposition 2.3.22, we have H(X, F) = F(X).

Example 2.3.25. Consider the projective line X = ]P’(bmm over Qpaz. More precisely,
we consider X as the semi-scheme with two open affine charts Uy := Spec Qpaz[T] and
U, := Spec Qmax[%] glued along T — % As in the classical case, one observes that
Ox(X) = Quaz- From Proposition 2.5.22, we have ﬁO(X, Ox) = Quaz- Furthermore,
since X has the open covering U = {Uy, U1} which consists of two proper open subsets
of X, we have Hn(X, Ox) =0 forn > 2 from Proposition 2.5.23. Finally, with respect
to the covering U = {Uy, Uy}, we have

dg df
C: Ox(Uy) ® Ox(Uy) = Ox (Uo1) - 0.
0 1
In other words, we have
dg dff
C : Qmaaz [T} ¥ Qmaaz[%] ? Qmax [T, %} a- 0 )
0 1

where df (a,b) = b and dy (a,b) = a. It follows that Z*(U,Ox) = Quas|T, =]. Let

T
x,y € ZYU,Ox). Then, we can write v = xo+1,y = Yo+y1, where o, Yo € Quaz|T]

and x1,y1 € Quaa[7). Let u = (w9, y1),v = (yo,x1). Then, we have

x +dg (u) + dy (v) = y + dj (v) + dg (u).
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It follows that xp'y and hence ﬁl(L{,OX) = 0. However, this computation depends
on the specific covering U since different from the classical case, we do not know yet
whether I:II(X, Ox) = Hl(u, Ox) or not. We remark that the above computation is

also valid when we replace Q4 with other totally ordered semifields.

Next, we prove that the Picard group Pic(X) of a semi-scheme X is isomorphic
to the first Cech cohomology group of the sheaf O%. The proof is not much different
from the classical case, however, we include the proof for the completeness. Note that
O% is the sheaf such that O%(U) = {a € Ox(U) | ab = 1 for some b € Ox(U)} for
an open subset U of X. Even though Ox is a sheaf of semirings, O% is a sheaf of
(multiplicative) abelian groups. Hence, H' (U, 0%) is an abelian group. We use the
multiplicative notation for O%.

In what follows, let X be a semi-scheme, £ be an invertible sheaf of O x-semimodules

on X, and U = {U;};cr be a covering of X such that ¢; : Ox|y, =~ L

U; Vi € I. Let
e; € L(U;) be the image of 1 € Ox(U;) under ¢;(U;). Through the following lemmas,

we define a corresponding cocyle in H'(X, O%) for an invertible sheaf £ on X.

Lemma 2.3.26. Fori < j € I and U;; = U; N Uj, there exists f;; € O%(U;;) such

that

CilUy; = (ej Uij)fij‘
Proof. This is clear since e;|y;; and e;|y,, are invertible elements in O% (Uy;). O
We fix f;; in Lemma 2.3.26. We have the following:

Lemma 2.3.27. Let f = (f;;) € C'(U,0%). Then we have df (f) = di (f) and

hence f € ZY(U,O%). In particular, [ has the canonical image in ﬁl(Z/{, 0%).

Proof. For i < j <k, we have e;|v,; = (ej]v,;) fijs €ilv, = (erlu,,) fie- Thus we have
€ilvs. = (€3lu) (i) lvge = (enluy) Fim)los, (fid) o, = erlvg, (fi) o,

This implies that (fjr)|u,,, (fij)lv.,, = (fit)|v,,.- It follows that (df (f))ije = (d7 (f))lijk
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and hence f = (f;;) € Z'(U, O%). Therefore, f has the canonical image in H'(U, O%).
[

Lemma 2.3.28. The canonical image of f € C'(U, O%) in Hl(u, O%) as in Lemma

2.3.27 does not depend on the choice of e;.

Proof. Let {e}}ier be another choice with {f};}. We can take {g;}ics, where g; €

o

/ !/
Ox(U;) such that e; = gie;. Then, we have e;|v,, = fijejlv,;, €ilv, = fi;€]

vy Tt

follows that g;

_ / _
Usyj — fz‘jgj Uijej Uy; — fz'jgj Usj and Gi Uijfijej

v,,- This implies that f-dg (9) = f'-dg (g). In other words,

U;; €i U;; €j U;; €ilU;; = Gi Uij-

Therefore, fi;g:

.
Uij — ing

f and f’ give the same canonical image in H' (U, O%). O

We denote the canonical image of f € C'(U,O%) in H'(U, O%) by éu(L). Let
U = {Ui}ier and U' = {V}},es be two open coverings of X such that L]y, ~ Ox

Ui
and L]y, ~ Oxly, Vi € I, j € J. We define a new covering U NU" := {U; NU; } i jyerxs
of X. Then, clearly Y NU'" is a refinement of U. It follows that ¢,(L) has a canonical
image in I:II(Z/{ nu',O0%).

Lemma 2.3.29. Let U = {U;}icr and U = {V;}jes be two open coverings of X
such that L]y, ~ Ox|y, and Lly, ~ Ox|y, Vi € I, j € J. Let f € C'(U,0%) and
e CYU',O%) (as in Lemma 2.5.27). Then the canonical images of f and f' are

same in HI(L{ NU',O%). In particular, each invertible sheaf L determines a unique

element ¢(L) in ﬁl(X, 0%)-

Proof. Let {ei}ier, {fij}ijer for U and {€}jer, {fii}ries for U as in Lemma 2.3.26.
We claim that the images of ¢y (L) and ¢y (£) in HY (U NU', O%) are equal. Indeed,

we can find g € O%(U; N'Vy) such that e,

vinvie = (9ik)eilu,nv,. Hence, from the

relation e},

UijVig = (flgl) UiV -~ 62 UijMVis W€ have that (gzk)

Uijﬂvkl © € UijﬂVkl =
(fl/cl) Ui iV -~ 62 UijnViy — (fllcl) U;ijNViy -~ (gjl) UijnVig * €51UsjNVig - It follows that
(gik) UijNVig -~ (flj) UijNViy — (fI::l) UijNVi -~ (gjl) Ui iV - (2'3'20)
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Let g = (gi1,) for i € I,k € J. Then, we have g € CO(U NU', O%). Give the set T x J

a dictionary order. Then we have

(dg (9w <G = Gitlugrvie and (dg (9))| 6% Gy = Giklugnvia- (2.3.21)

Let a : Z'(U,0%) — Z' U NU',O%) be the £-morphism as in (2.3.19). Then «

induces the map & :H' (U, O%) —H U NU', O%). Similarly, for U, we obtain
B Z\U,0%) — ZXUNU,0%), BH WU, 0% —H UNU,0%).

In particular, if ¢y (L) = [f], then &([f]) = [a(f)], where [f] is the equivalence class of
f ez U,0%) in H (U, O%). To complete the proof, we have to show that [a(f)] =

1B(f")]. We know that a(f)umxuy = fij
follows from (2.3.20) and (2.3.21) that

UiV and B(f/)(i,k)x(j,l) = fli:l UMV + It

((f) - dy (9))

vyovia = (B - dg (9))

Uijﬁvkl'
This proves that [o(f)] = [8(f')]. Thus, f and f’ have the same image in H'(X, O%).
We denote this image by ¢(L). O

Consider the following map:
¢ : Pic(X) — H'(X,0%), [£] ~ (L),

where [£] is the isomorphism class of £ in Pic(X).
Lemma 2.3.30. ¢ is well defined.

Proof. Suppose that £ ~ £'. We have to show that ¢(£) = ¢(L'). Let us fix an
isomorphism ¢ : £ — £’. We can find an open covering U = {U,;};c; of X such that
on U; both £ and £’ are isomorphic to Ox. Let {e;} and {f;;} be as in Lemma 2.3.26

for £. Then we have oy, (e;) u,;- Since ¢(L") does not depend on

v, = fij - @Uij(ej)
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the choice of {e}, we let e, = yy,(e;) as in Lemma 2.3.26 for £’. Then the desired

property follows. n
Lemma 2.3.31. ¢ is a group homomorphism.

Proof. Suppose that £ and £’ are invertible sheaves of Ox-semimodules. Then, so is
LRe, L (directly follows from Lemma 2.2.12). Therefore, we can find an affine open
covering U = {U; = Spec R; }ie; of X such that (£ ®o, L')(U;) ~ Ox(U;) ~ L(U;) ~
L'(U;) ~ R;. In particular, we have (L®o, L')(U;) ~ (L(U;) ®o, L'(U;)). Let {e;}ier,
{fij}ijer for £ and {€}}jers, {fii}xies for L as in Lemma 2.3.26 on the open covering
U. Then, we can take {e; ® e;} as a basis for (£ ®p, L')(U;) and the corresponding
transition map is F' = (fi; - fi;). It follows that ¢(L ®0, L) = ¢(L)H(L). O
Lemma 2.3.32. ¢([L]) = 1 if and only if [L] is the isomorphism class of Ox. In

particular, ¢ is injective.

Proof. Suppose that ¢(L£) = 1. Let U = {U,};cr be an open covering of X such that
Lly, ~ Ox|y, Vi € I and let f and e; be as in Lemma 2.3.26. Since the canonical
image of f does not depend on the choice of an open covering U, we may assume
that [f] = [1] €H'(U, O%). This implies that there exists g € C°(U, O%) such that
dy (9) = [~ dy(g9). Hence, (d§(g))i; = (f - dy (9))ij and fij - gilv,, = gjlu,,;- It follows
that (g;e;)

U; — 9iluCiluy; = Gi Uijfijej Ui — 95lU;€51U; = (gj€j>|Uij‘ Thus, e;g;
and e;g; agree on U;; and hence we can glue them to obtain the global isomorphism
¢ L — Ox. Conversely, if £ ~ Oy, then clearly ¢(L£) = 1. In fact, one can take

e; = e|y,, where e is the identity in Ox(X). O
Lemma 2.3.33. ¢ is surjective.

Proof. Notice that o €H' (X, O%) comes from [f] €H'(U, O%) for an open covering
U = {U}icr of X. Let L; := Ox|y, for each i € I. Let f = (fi;) € Z' (U, O%). Then,

for i < j, each f;; defines the following isomorphism:

Gij  L;

Uy — ‘Cj

Uij» S > fij - S.
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We define ¢;; := id. Since f € ZYU,O%), we have df (f) = dy(f). It follows
that (df (f))ijx = fix - fij = (&5 (f))ijr = fir, and fi; - fix = fir. This implies that
Gir = @ji © ¢i; and therefore one can glue £; to obtain the invertible sheaf £. Let
e; be the image of 1 under the isomorphism Ox(U;) ~ L(U;). Then, we obtain the

corresponding f = (f;;). This implies that ¢([£]) = a, hence ¢ is surjective. ]
Finally, we conclude the following theorem via the isomorphism ¢.
Theorem 2.3.34. Pic(X) ~HY(X, 0%) for a semi-scheme (X, Ox).

Example 2.3.35. Consider the semifield Q,q.(T). We first compute the invertible
elements of the semiring B := Qo |T). If f(T) =Y 1y a;T" is an invertible element
of B, then there exists g(T) = > 7" b/T" such that

n+m
f(T)©g(T) = ;(gg{% L HNT =15 = 0.
This implies that max,—i{a, + b} := ¢; = —oo for 1 > 1. Hence, a; = b; = —o0 for

j>1and f(T) € Q.

Next, let A := Quae[T, %] and A* be the set of elements in A which is multiplicatively
invertible (In particular, A* is an abelian group). If f(T) € A*, then there ezists
k € N such that T*f(T) € B. This implies that T*f(T) € Q from the first case.
Since T* for k € Z is invertible in A, we conclude that A* = {¢T" | g € Q,n € Z}.
Let X = ]P’(b)mz and U = {Uy,Us} be an open covering of X such that Uy ~
Spec Qunaz[T] and Us =~ Spec Qmm[%]. From the above computation, we have O% (U;) =

Q and O (U, NUy) = A* = {¢qT" | ¢ € Q,n € Z}. Then, we have the following Cech

complex:
dg dff
C:C°=QxQ——=C'=A*——=0,
d() dl

where dg (a,b) = b, dy (a,b) = a. Clearly, we have C* = ZY(U,O%). Two elements

qT™ and ¢T™ in A* are equivalent if and only if there exist ¢ = (a,b), ¢ = (a', V') € C°
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such that

¢I" © di(c) O dy (<) = ¢T © df(d) o dj(c). (2.3.22)

Howewver, (2.3.22) holds if and only if n = n’. Therefore, we have
H U,0%) =Cp ={T" |neZ}~17.

This is coherent with the classical result.

Example 2.3.36. Note that, different from the classical case, Qpq.|T] is not multi-
plicatively cancellative. Therefore the canonical map, S~ : Quaz|T] — S Quae|T]
does not have to be injective. In tropical geometry, rather than working directly with
Quaz|T], one works with the semiring Quaz|T] = Qmas[T]/ ~, where ~ is a con-
gruence relation such that f(T) ~ g(T) <= f(x) = g(x) Vo € Quaz (see, §2.4.2

for details about Qua.[T] together with the classification of valuations on it). Let

B = Qua[T). If f(T) € B is multiplicatively invertible, then there exists g(T') such
that W = 15 = 0. However, for | € Quaea, the set | consists of a single
element . It follows that f(T) ® g(T) = 0. From Ezample 2.3.35, this implies that
f(T) € Q and hence B* = Q. Let S = {1,T, 72, ...} be a multiplicative subset of B,
and A := S7'B. Since B is multiplicatively cancellative (cf. Corollary 2.4.17), B is
canonically embedded into A. Moreover, similar to Example 2.3.35, one can observe
that A* = {qT" | ¢ € Q,n € Z}.

Suppose that the projective line X = P! over Qua. s the semi-scheme such that

two affine semi-schemes Spec Quq.[T] and Spec Qmax[%] are glued along Spec A. The

exact same argument as in Example 2.53.35 shows the following:
' (X,0%) =Z.

Remark 2.3.37. One can observe that Example 2.3.35 also shows that any invertible
sheaf L on ]P’@maz should be isomorphic to Ox(n) for some n € Z. This classifies all

invertible sheaves on I%mw as in the classical case.
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Remark 2.3.38. Since differential maps of many (co)homology theories are defined
by alternating sums, it seems that many of those theories can be directly generalized by
using the above framework. For example, if k is a semifield, then Hochschild homology

can be computed via the above framework and the result is same as classical case, i.e.

HHy(k) =k and HH, (k) =0 for all n > 0.

2.4 Valuation theory over semi-structures

As in the classical case, one might expect that a theory of valuations over semi-
structures provides some geometric information. To shape a theory of valuations
over semi-structures, one first needs to find proper definitions. We will provide three
possible approaches and compute toy examples for each. The first definition directly
extends the definition of classical valuation. The second definition comes from the
observation that for a valuation v, we have v(a + b) € {v(a),v(b)} if v(a) # v(b).
In the last approach, we shall make use of hyperfields instead of the field R of real
numbers. This is related with the probabilistic intuition: when v(a) = v(b), the value
v(a + b) is not solely determined by v(a) and v(b). In the sequel, by an idempotent
semiring we mean a semiring S such that x +x = x Vo € S. An idempotent semiring

S has a canonical partial order < such that x <y < x+y=yVr,y € S.

Remark 2.4.1. In fact, a theory of valuations over semirings has been introduced
in [22], but has not been studied in the perspective of Fy-geometry. Our goal in this
section is to find an analogue of abstract curves in characteristic one. Furthermore,
the authors of [22] had more concentrated on supertropical semirings which are more

generalized objects than semirings.

Definition 2.4.2. Let S be an idempotent semiring. A valuation on S is a function

v:S — RU{oo} which satisfies the following conditions:
1. v(z) = 00 <=z = 0.
2. v(xzy) = v(z) + v(y), where + is the usual addition of R.
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3. min{v(z),v(y)} <v(x+y) Vo,y € S.

Remark 2.4.3. The third condition is redundant in some cases. For example, if S is
a semiring of characteristic one, i.e. x+y € {x,y} Yo,y € S, then the third condition

15 automatic.

Definition 2.4.4. ( [22, Definition 2.2]) Let S be an idempotent semiring. A strict

valuation on S is a function v : S — R4 which satisfies the following conditions:
1. v(z) = —00 <=z = 0.
2. v(xy) = v(z) + v(y), where + is the usual addition of R.
3. v(z +y) = max{v(z),v(y)} Yo,y € 5.

In other words, a strict valuation v is a homomorphism of a semiring S to the semi-

fields R,,qe which has a trivial kernel.

As we mentioned earlier, Definition 2.4.4 can be justified in the sense that v(a+b) €
{v(a),v(b)} for v(a) # v(b) for a valuation v on a commutative ring. Classically, the
third condition is a subadditivity condition. However, we force the third condition to
be an additivity condition and hence it is named a strict valuation. One can think of
the similar generalization over a hyperfield. To this end, we introduce the following

hyperfield.
Definition 2.4.5. The hyperfield R, ., has an underlying set as R U {—oo}. The

addition © is defined as follows: for v,y € Ry yq,

max{z,y} iz #y
rdy =
[—00, 7] ifr=uy

The multiplication ® is given by the usual addition of real numbers with a ® (—o0) =

—00 fora € RU{—o0}.

The addition of Ry ,4 is designed to capture the information we loose when v(x) =
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v(y) since, in this case, v(z+y) can be any number less than or equal to v(x). We first

have to show that the above definition makes sense, i.e. R} ,q is indeed a hyperfield.
Proposition 2.4.6. R, ,, is a hyperfield.

Proof. To avoid any notational confusion, let us use @, ® for the addition and the
multiplication of R, 4. First, we show that R, ,, is a canonical hypergroup. The

addition is clearly commutative. We show that

(z@y)@2=20 (yd2).

The first case is when © = y = z; this is clear. The second case is when x,y, z are
all different. Then we have LHS = RHS = max{xz,y,z}. The third case is when
x = y is different from z. In this case, we have LHS = [—o00,z] @ z. As the first
sub-case of this, if < z, then we have LHS = z. On the other hand, in this case,
we have RHS =2 ® (y® z) = © @ z = z. As the second sub-case of this, if z < z,
then LHS = [—o0,z] and RHS =2 ® (y® 2) = x By = [—00, z]. The fourth case is
when y = z is different from x; this is similar to the third case. The last case is when
x = z is different from y. As the first sub-case, if + < y, then LHS =y = RHS.
As the second sub-case, if y < x = z, then we have LHS = [—o0,x] = RHS. This
shows that @ is associative. One can observe that —oo is the additive identity, and
the additive inverse of = is z itself. For the reversibility property, let us assume that
xr €ydz If y+# z then y ® z = max{y, z}. Hence, we may assume that y < z.
Then, x € y ® z means that x = z. Therefore, we have z € x @y = x. If y = 2, then
we have x € [—o0,y]. This implies that x < y. In this case, we have z € z @ y. This
shows that R, ,, is a canonical hypergroup. From the definition, ©® is invertible. All

we have to show is the following:

rOW®2) =0y e (0o 2).

This is trivial if z = —oo, hence we may assume that x # —oo. The first case is when
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y®z is a single element. We may assume that y < z. Then LHS = x®z. On the other
hand, if y < z, then we have xt©Oy < x®z. It follows that RHS = xOydrOz =xOz.
The second case is when y = z, then we have y @ z = [—o0,y]. Hence, we have
LHS =20 (y® z) = [—00,z ®y|. On the other hand, since z ® y = x ® z in this

case, we have RHS = [—00,z ® y|. Therefore, Ry .4 is a hyperfield. O
Next, we define a valuation of an idempotent semiring with values in R, ;.

Definition 2.4.7. Let S be an idempotent semiring and H = Ry 4. A valuation of

S with values in H is a function v : S — H which satisfies the following conditions:

vix+y) eviz)drv(y), vizy)=v(r)ov(y), v(r)=-oco<=x=_0s5 (2.4.1)

We next define absolute values on an idempotent semiring which has values in

hyperfields. First, we recall the following three hyperfields (cf. [50]).

Definition 2.4.8. 1. The hyperfield TR has an underlying set as R. The addition
is defined as follows: for x,y € TR,

(
T if |z| > |y
y if |z < |yl
r+y=
Yy ifr=y
| [—|z|, [2]] ifr=—y

and the multiplication is the usual multiplication of R.
2. The hyperfield Ry o has the underlying set Rso. The addition is defined as
follows: for x,y € Ry A,

zty={ceRiallz—yl<c<z+y},

and the multiplication is the usual multiplication of real numbers.

3. The hyperfield Ry y has the underlying set Rso. The addition is defined as
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follows: for x,y € Ry,

max{z,y} ifx#y
[07 ‘T] fo =Y

r+y=

and the multiplication is the usual multiplication of real numbers.

Definition 2.4.9. Let H be any of hyperfields in Definition 2.4.8 and S be an idem-
potent semiring. An absolute value on S with values in H is a function |—|: S — H

which satisfies the following conditions:

|| =0y <= 2 =0g, |ay|=|zlly], |z+y|€lz|+|yl Vr,yeSs. (2.4.2)

Note that in Definition 2.4.2, 2.4.4, and 2.4.7, we say that two valuations vy, v, are
equivalent if there exists p > 0 such that vi(x) = ps(z) Vo € S, where pry(x) is the
usual multiplication of real numbers. For Definition 2.4.9, since the second condition
is multiplicative, we say that two absolute values | — |1, | — |2 are equivalent if there
exists p > 0 such that |z|; = |z|; Vo € S, where |z]§ is the usual exponent of real
numbers.

Next, we let M = Qa0 o Qpax(T) and classify valuations and absolute values on

M up to equivalence.

2.4.1 The first example, Q,,q.

Proposition 2.4.10. Let M = Q4. Then,

1. With Definition 2.4.2, the set of valuations on M is equal to R. There are exactly

three valuations on M up to equivalence.

2. With Definition 2.4.4, the set of strict valuations on M s equal to Rsy. There

are exactly two strict valuations on M up to equivalence.

3. With Definition 2.4.7, the set of valuations on M with values in Ry ,q s equal

to R>q. There are exactly two valuations on M up to equivalence.
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4. With Definition 2.4.9 together with any hyperfield in Definition 2.4.8, the set of
absolute values on M s equal to R>y. There are exactly two absolute values of

M up to equivalence.

Proof. To avoid any possible confusion, let us denote by @, ® the addition and the

multiplication of M respectively.

1. In this case, as we previously remarked, the third condition is redundant since
M is of characteristic one. We claim that any valuation » on M only depends on
the value v(1). In fact, since Z is (multiplicatively) generated by 1 in Q,,a, it
follows from the second condition that the value v(1) determines v(m) Vm € Z.
Moreover, for £, we have v(1) = v(2 ©...® 1) = nv(2) and hence v(1) = L1(1).
This implies that for ™ € Q, we have v(™*) = Zv(1). Conversely, let v : M —
RU{oc} be a function such that v($) := $1/(1) for some v(1) # oco. Then, clearly
v is a valuation on M. It follows that the set of valuations on M is equal to R.
Next, suppose that 14, vy are valuations on M such that v(1) > 0,v(2) > 0, then
they are equivalent. In fact, if we take p := Z;—EB, then for x € Qs \{—00},
we have v (z) = z11(1) = xpra(1) = pre(z). Similarly, valuations vy and v, on

M with v;(1) < 0 are equivalent. Finally, v(1) = 0 gives a trivial valuation.

Therefore, we have exactly three valuations up to equivalence.

2. In this case, we claim that a strict valuation v is an order-preserving map.
Indeed, we have x < y <= x &y = y. Suppose that x < y. Then we have
viy) = v dy) = v(z) +rv(y) < v(r) < v(y). On the other hand, as in
the above case, a strict valuation v only depends on v(1). Since v is an order-
preserving map and v(0) = 0, it follows that v(1) > 0. Therefore, the set of
valuations on M is equal to Rs¢. Moreover, if v(1) = 0, then we have a trivial
valuation and strict valuations v on M such that v(1) > 0 are equivalent as in
the above case. Thus, in this case, there are exactly two strict valuations on M

up to equivalence.
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3. In this case, a valuation v on M is determined by v(1) and v(1) > 0. In fact,

suppose that x < y. Then we have
v(a & y) = v(y) € V() + v(y). (2.4.3)

Assume that v(y) < v(z). Then we have v(z) + v(y) = v(x) and it follows
from (2.4.3) that v(z) = v(y) which is a contradiction. This shows that v is
an order-preserving map. Furthermore, we have v(0) = 0 since v(0 ® 0) =
v(0) = v(0) + v(0) (- is the usual addition of real numbers). It follows that
v(1) > 0(= 1g,,,). Finally, similar to the first case, we have v(3) = Fv(1).
Conversely, it is clear that all maps which satisfy such properties are valuations
on M. Hence, the set of valuations on M is equal to Rsy. Furthermore, two
valuations vy, vo on M with v1(1), 12(1) > 0 are equivalent as in the first case.

Hence, there are exactly two valuations on M up to equivalence.

4. First, consider when H = TR. Let | — | be an absolute value on M with
values in H. One can observe that |1| > 0. Indeed, if [1|] = ¢ < 0, then we
have |3 ® 5| = |3]> = |1| = ¢ < 0. However, this is impossible since |3| is a
real number. Thus, |1| > 0. This implies that for € Q0. \{—00}, we have
|z| > 0. Next, we claim that the condition |z ® y| € |z| + |y| forces | — | to
be an order-preserving map. Indeed, if z < y, then |x & y| = |y| € |z]| + |y].
From the reversibility property of a hyperfield, we have |z| € |y| — |y|, where
ly| = |yl = [—|yl, |yl]. Since |z|,|y| > 0, it follows that |z| < |y|. Finally, we
claim that 1 < |1]. In fact, let |1| = o. Then we have a = |1| < |n| = a™. From
the first condition of the definition, we have o # 0 and hence 1 < «. Therefore,
as in the first case, an absolute value | — | on M is totally determined by the
value |1|. Conversely, any map | — | : M — H which satisfies the following
conditions: [1| > 1, |Z] := [1|= for € Q, and |0y| = 0 is an absolute value

on M. Two absolute values on M with |1|; = a > 1,|1|s = § > 1 are equivalent
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with p = When [1| = o = 1, we have the trivial absolute value. Thus,
there are exactly two absolute values on M up to equivalence.
Next, consider when H = R, A. In this case, the third condition implies that if

x <y, then |y| = |z ® y| € |z| + |y|. From the reversibility property, we have

|z] € [yl — |yl = [0, 2[y]. In particular,
lz] <2ly| ifzx<y. (2.4.4)

Let [1] = o and 0 < m < n for m,n € Z. Then, we have |m| = o™, |n| = o™
Moreover, it follows from (2.4.4) that |m| = a™ < 2|n| = 2a™ and hence 3 < a”
Vr > 0. This implies that |1| = o > 1. Conversely, any such map is an absolute

value on M. Thus, the set of absolute values on M is equal to R>;. Furthermore,

two absolute values with |1|; = a > 1,|1]; = 8 > 1 are equivalent with p = }ggg
Similarly, when |1| = 1, we obtain the trivial absolute value. Therefore, there

are exactly two absolute values on M up to equivalence.

When H = R, y, it is similar to the above cases. For example, an absolute
value | — | on M is an order-preserving map and |1| > 1. Furthermore, the exact
same argument shows that any two absolute values with |[1|; > 1,|1]s > 1 are
equivalent. Similarly, when |1| = 1, we have the trivial valuation. Therefore,

there are exactly two absolute values up to equivalence.

]

Remark 2.4.11. Note that the hyperfields TR and Ry y are defined to recast the

archimedean information on M and the hyperfield Ry A is defined to recast non-

archimedean information on M.

2.4.2 The second example, Q,,..(7T)

We begin with investigating Q,,4.[T], the idempotent semiring of polynomials with

coefficient in Q,,,,. In the sequel, we use the notations 4+ and - for the usual operations
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of Q. We use the notations @, ® for the operations of Q,,q.[T] and +, -, for Q ez
For f(T) = Y1 yaiT", g(T) = Y7o bT" € Quas|T], suppose that n < m. The

addition and the multiplication of Q,,,.[7] are given as follows:

(f+9)(T) = Zmax{ai, bi}T" + Z b T, (2.4.5)
(f9)(T) = D _( Z'arbz)T" = > (max{a, +b})T" (2.4.6)

Note that we can consider the semifield Q,,,, as an algebraic closure of Z,,,, since
any polynomial equation with coefficients in Z,,,, has a (tropical) solution in Q.-
However, different from the classical case, any polynomial in Q,,,.[7] does not have

to be factored into linear polynomials. Consider the following example.

Example 2.4.12. Let P(T) = T*® T @ 3 € Quas[T]. Then, T = 3 is a tropical
solution of P(T). Suppose that T** & T &3 = (T ®a) ® (T ®b). Then, we have
(T®a)®(T®b) =T @ max{a,b} ©T @& (a +b). Thus, for P(T) to be factored

into linear polynomials, we should have max{a,b} = 1 and a + b = 3, however, this

is impossible. Hence, P(T') can not be factored into linear polynomials.

To remedy this issue, in tropical geometry, one imposes a functional equivalence
relation on Qyq. [T (cf. [18]). Recall that polynomials f(T),g(T) € Qua.|T] are
functionally equivalent, denoted by f(T') ~ g(T), if f(t) = g(t) Vt € Quae-

Proposition 2.4.13. For M = Q,..[T], a functional equivalence relation ~ on M

15 a congruence relation.

Proof. Clearly, ~ is an equivalence relation. Suppose that f(T") ~ ¢(T") and h(T) ~
q(T). Then, we have to show that f(T) ® h(T) ~ g(T) @ ¢(T) and f(T) ® h(T) ~
g(T)®q(T). Let f(T) =" a;T", g(T) = >~ bT". It is enough to show that

(f@&g)(x) = f(2) +r9(x), (fOg(x)=[f(x)+g(x) Ve Qna
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We may assume that n < m. Then we have
(f ®g)(T ZmaX{az,b}Tz@ Z bT.
i=n-+1

For x € Q,,42, we have, by letting a; = —oco fori =n+1,...,m,

(f®g)(x) = max {max{a;b;} +iz}.

.....

However, f(z) = max;—o,_,{a; +izr} and g(z) = max;—__,{b; + iz}, thus

f(x) 4+ g(x) = max{f(x),g9(z)} = max{ max {otZ +m} max {b +iz}}

..........

= max {max{a,,b } +ZIE} = (f@g)( )

-----

This proves the first part. Next, we have

n+m n+m
(FOT) =D (3 ab)T' =Y (max{a, + h}T"
=0 r+l=i 1=0

It follows that for x € Q,,,42, We have
(f®g)(r) = max {max{ar + b} +ir} = max {max{ar +rx+b +lz}}

0<i<n4+m r+l= 0<i<n+m r+il=

On the other hand, we have
f(x) ¢ g(x) = Orgiaé{ai +ix} + O%ag)’r(n{b]’ + jz}.
Thus, if f(z) = a;, + i0x and g(z) = b;, + jox for some iy and jo, then we have
f(@) v g(x) = (i, +i0x) + (bjy + Jox) = (@i, + bjy) + (i0 + Jjo)-

It follows that f(z) - g(z) < (f®g)(x). But, if (f © g)(x) = (ar, + 10x) + (b, + loz),
then (f © g)(x) < f(x) -+ g(x). Hence, (f © g)(x) = f(x) -+ g(). O
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From Proposition 2.4.13, the set Qpnaz|T] := Quaz[T]/ ~ is an idempotent semir-

ing. In fact, Q,q.[7T] is a semiring since ~ is a congruence relation. Furthermore,
for f(T) € Quaz|T], we have f(x) +; f(z) = f(x) Vo € Qpar. This implies that
f(T)® f(T) ~ f(T) and hence Q4.7 is an idempotent semiring. It is known that,

for Quae[T], the fundamental theorem of tropical algebra holds. i.e. a polynomial

P(T) € Qunaz[T] can be uniquely factored into linear polynomials in Q4. (1] (cf. [43]

or [48]). In particular, this implies that the notion of a degree of f(T') € Quaz|T]

is well-defined. Furthermore, Q,,q.[T] does not have any multiplicative zero-divisor.

Indeed, suppose that f(T') - g(T) = (fg)(T) ~ (—o0). Then, for z € Qy4q, we have
f(z) 1 g(x) = f(x)+ g(x) = —oo. In other words, for € Q,,4., we have f(x) = —o0

or g(x) = —oo. However, this only happens when f(7') = —oo or ¢g(T') = —oo. Thus,

Qumaz[T] does not have a multiplicative zero-divisor. In fact, in Corollary 2.4.17, we

shall prove that Q,,..[T] satisfies the stronger condition: Q.. [T] is multiplicatively
cancellative.

Next, we prove several lemmas to classify valuations on Q. (7).

Lemma 2.4.14. Let M := Q0. [T]. For f(T') € M, let vy be the mazimum natural

number such that T’ can divide f(T). Then, for f(T),g(T) € M, we have

Tfeg = min{rf77’g}, Tfog =Tf +Tg-

Proof. Let f(T),9(T) € Quaz[T]. We first claim that if f(7') has a constant term
and ¢(T') does not have a constant term, then f(7T") and ¢(T') are not functionally
equivalent. Indeed, if f(T) = > ;7% and g(T) = >_ b1, then f(—00) = ag # —00 =
g(—00). One can further observe that if f(7') ~ T, then f(7') = T. In fact, from the
fundamental theorem of tropical algebra, we know that the degree of f(7) should be
one. Hence, f(T) =a® T ® b for some a,b € Q,4.. Then b = —o0 since, otherwise,
f(—00) = b # —oo and therefore f(T') ¢ T. Furthermore, a = 0 since, otherwise, we

have f(—a) = 0. However, this is different from the evaluation of 7" at —a.
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Next, we claim that W € M has the factor T if and only if any representative of
m does not have a constant term. To see this, suppose that m has the factor
T. Then, f(T) ~ T ® g(T) for some ¢g(T) € Quaz[T]. Since T ® g(T) does not
have a constant term, from the first claim, f(7) also does not have a constant term.
Conversely, suppose that any representative of W does not have a constant term.
We can write f(T') = T @ g(T') for some g(T) € Quqe. Hence, f(T') has a factor T
From the fundamental theorem of tropical algebra, ry is well defined. Moreover, for
F(1),9(T) € M, we can write f(T) = T O h(T), g(T) =T" ® p(T) for some h(T),

p(T) such that h(T) and p(T) do not have T as a factor. From our previous claim,

this is equivalent to that A(7") and p(T") do have a constant term. Assume that [ < m,

then we have

Since h(T) has a constant term, it follows that h(T) @ A p(T) has a constant
term and therefore h(T") & T(m_l)p(T) does not have a factor T. This shows that
ey = min{ry, r,}. The second assertion rfo, = 7 +7, is clear from the fundamental

theorem of tropical algebra. ]

Remark 2.4.15. Lemma 2.4.1/ is different from the classical case. Essentially, this
is due to the absence of additive inverses. In the classical case, if f(T) = T'h(T),
g(T) = Tmp(T) € Q[T) with I < m, then f(T) + g(T) = T'(h(T) + T Dp(T)).
Hence, we have vy, = min{rs,r,}. The problem is when | = m. For example, if
f(T)=T(T+1), g(T) =T(T—1) € Q[T], thenr; =r, = 1. However, f(T)+g(T) =
2T% and hence 14y = 2 > min{ry,r,} = 1 from the additive cancellation which is

impossible in the case of idempotent semirings.

Lemma 2.4.16. Let M := Q.[T]. Then, for f(T) € M, deg f(T) is well defined.

Furthermore, for f(T), g(T) € M, we have

deg(f(T)®g(T)) = max{deg f(T'),deg g(T)}, deg(f(T)©g(T)) = deg f(T')+deg g(T).
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Proof. This is straightforward from the fundamental theorem of tropical algebra and
the fact that no additive cancellation happens when we add two tropical polynomials.

]

Corollary 2.4.17. Let M := Qu4.[T]. Then M is multiplicatively cancellative.

Proof. For f(T)® h(T) = ¢g(T)® h(T) with h(T) # —oo, we have to show that

f(r g(T). We keep using the notation as in Lemma 2.4.14. We know that
(T

) =
)© h(T) = g(T) ® h(T) is equivalent to the following condition:
f(@)+h(z) =g(z)+ h(x) Vo€ Qua, (2.4.7)

where + is the usual addition. Thus, if h(z) # —oo, we have f(z) = g(z). Since
h(x) = —oo happens only when x = —oo, it follows that f(z) = g(z) as long as
x # —oo. Hence, all we have to show is that f(—o0) = g(—o0). From Lemma 2.4.14,
we have r; +r, = r, + 1, and therefore r; = r,. Fix a representative f(T) =Y a;T"
of f(T). We then have f(—o00) = ag if 7y = 0 and f(—00) = —oco if 7y # 0. Thus,
we may assume that 7 = r, = 0. Fix a representative g(T) = S b;T" of g(T).
From [48, Lemma 3.2], there exists a real number M such that if x > M, then
f(z) = ap and g(z) = by. Since we know that f(7") and ¢g(T") agree on all elements of

Qumaz but —oo, we conclude that f(x) = ag = by = g(z) for + > M. Therefore, we

have f(—o00) = ag = by = g(—o00) and hence f(T') = g(T). O

Let M := Quuaz|T], S := M\{=00}, and Q0.(T) := S~ M. Tt follows from Corol-
lary 2.4.17 that the localization map S™!: M — S™1M is injective and Qa0 (7)) is

an idempotent semifield.

Proposition 2.4.18. Let M be a multiplicatively cancellative idempotent semiring.
Let S := M\{0y} and N := S™'M. Let v be a valuation (or an absolute value) on N
in the sense of any of Definitions 2.4.2, 2.4.4, 2.4.7, and 2.4.9. Then, a valuations (or
an absolute value) v on N only depends on the image i(M) of the canonical injection

i:M— ST'TM=N,m— 2.
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Proof. Since i is an injection, one can identify an element m € M with 7 € S 1M =
N under the canonical injection 7. We have 1y = & Va € S = M*. Then, with
Definitions 2.4.2, 2.4.4, and 2.4.7, we have v(1y) = v(a) + v(1) = 0, where + is
the usual addition of real numbers. It follows that v(2) = —v(a) and hence v($) =

v(a) —v(b). In the case of Definition 2.4.9, we have v(1y) = v(a)v(2) = 1. Tt follows

that v(1) = ﬁ and hence v(§) = Ua) O

Remark 2.4.19. In the theory of commutative rings, to be multiplicatively cancella-
tive and to have no (multiplicative) zero divisors are equivalent conditions whereas, in
the theory of semirings, the first condition implies the second condition and not con-
versely in general. However, even when M is only a semiring without (multiplicative)
zero divisors, one can derive the statement as in Proposition 2.4.18 in the following
sense. Let M be a semiring without (multiplicative) zero divisors and Val(M) be the
set of valuations on M (with respect to Definition 2.4.4 or 2.4.7). Then, there ezists
a set bijection between Val(M) and Val(S™'M). Indeed, for v € Val(M), one can
define a valuation v € Val(S™'M) such that 0($) = v(a)v(b)~". Conversely, for
v € Val(S™'M), we define v =voi € Val(M), where i : M —s S~'M. One can
easily check that these two are well defined and inverses to each other. For absolute

values (Definition 2.4.9), one also derives the similar result.

Proposition 2.4.20. Let M := Q4.[T], S := M\{—=0oc}, and Q4.(T) := S~ M.
Then, with Definition 2.4.4, the set of strict valuations on Q,q.(T) which are trivial
on Quaz 15 equal to R. There are exactly three strict valuations on Q,q.(T) which

are trivial on Q.. up to equivalence.

Proof. From Proposition 2.4.18 and Corollary 2.4.17, a strict valuation v on Q4. (7))

only depends on values of v on M. Let f(T) € M. Then, from the fundamental

theorem of tropical algebra, we have

FO) =L(T) @ L(T) o ...0 L,(T),
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where [;(T) = a;T @ b; for some a; € Q,b; € Qpaz. It follows that

v(f(T)) =v(l(T)) +v(l2(T)) + ... +v(lu(T)).
Let us first assume that v(T) < 0. If b; # —o0, since v is trivial on Qnee, we have
v(a;T @ b;) = max{(v(a;) + v(T)),v(b;)} = max{v(T),0} = 0.

Thus, we have

v(f(T)) = ri((T)), (2.4.8)

where 7 is as in Lemma 2.4.14. Conversely, any map v : Q4 (1) — R0, satisfying

the following conditions:

v(g)=0 VYqgeQ, v(-o00)=-00, v(T)<0, v(f(

SN—
SN—
~
—
<
—
~
SN—
SN—

is indeed a strict valuation. In fact, from Lemma 2.4.14, we know that rsg, =

min{r;,r,}. Since v(T) < 0 and r;,7, € N, this implies that

v(f(T) & g(T)) = v(f(T) & g(T)) = r4agv(T) = min{ry, re}v(T)

= max{rv(T),r,v(T)} = max{v(f(T)), v(g(T))}.

Moreover, v(F(T) © (7)) = v(FIT) ® g(T)) = 10qt(T) = (g + rg)o(T) = row(T) +
rv(T) = v(f(T)) +v(g(T)). Furthermore, all such valuations on Q,,q,(T) are equiv-
alent. Indeed, let 11,5 be strict valuations on Qe (T) such that v (T) = o and

vo(T) = B. Since o, are negative numbers, p = g is a positive number and

v(f(T) =rif = (rep)a = pra(f(T)).
Secondly, suppose that v(T) = 0. Then, we have
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In other words, v is a trivial valuation since 0 = 1y, . Clearly, this is not equivalent
to the first case.

The final case is when v(T") > 0. Then we have
v(a;T ®b;) = max{(v(a;) + v(T)),v(b;)} = max{v(T),0} = v(T).

It follows that

v(f(T)) = deg(f(T))v(T).
Conversely, any map v : Qpuaz(T) — R0 satisfying the following conditions:

v(g) =0 YgeQ, v(-o0)=—o0, v(T)>0, v(f(T))=deg(f(T))¥(T))
is indeed a strict valuation from Lemma 2.4.16. Furthermore, suppose that vy, v, are
strict valuations on Q. (7") such that v1(f(T)) = a > 0,1(f(T)) = 8 > 0. Then,
with p = g, vy, vy are equivalent. Furthermore, this case is not equivalent to any of
the above. To sum up, the set of strict valuations on Q,,4,(7) which are trivial on

Qumaz 1s equal to R (by sending v to v(T')). There are exactly three strict valuations

depending on a sign of a value of T m

Proposition 2.4.21. Let M = Q,,2[T], S := M\{=0cc}, and Quu.(T) := S71M.
Then, with Definition 2.4.7, the set of valuations on Qe (1) with values in Ry 4
which are trivial on Qpq, is equal to R. There are exactly three valuations on Qua.(T)

which are trivial on Q.. up to equivalence.

Proof. To avoid the notational confusion, we denote by @, ® the addition and the
multiplication of idempotent semirings and by V, - the addition and the multiplication
of Ry 44- From Proposition 2.4.18, a valuation v on Q4. (7") only depends on values

of v on M. Let v be a valuation on Q,,4.(7") which is trivial on Q,,4.. For f(T) € M,

from the fundamental theorem of tropical algebra, we have f(T) = I[;(T) ® Ir(T) ®

. © L,(T), where [;(T) = a;T @ b; for some a; € Q,b; € Q0. Hence, v is entirely

97



determined by values on linear polynomials. Similar to Proposition 2.4.20, we divide
the cases up to a sign of v(T). The first case is when v(T) < 0. Since v is trivial on

Quaz, if b # —0o0, we have
v(aT &b) € v(aT)V v(b) = (v(a) - v(T)) V v(b) = max{v(T),0} = 0.

With the same notation as in Lemma 2.4.14, we have

v(f(T)) =rv(T). (2.4.9)
Conversely, any map v : Qua(T) — Ry, given by (2.4.9) is indeed a valuation.
Indeed, from the fundamental theorem of tropical algebra, we have v(f(T)® g(T)) =

(ry+r)v(T) =r;v(T) +r,v(T) = v(f(T))- (m) Moreover, from Lemma 2.4.14,

we have v(f(T) @ g(T)) = r(seqv(T) = min{ry,ry}v(T) = max{rsw(T),rgv(T)} =
max{v(f(T)),v(g(T))} € v(f(T)) V v(g(T)). Similar to Proposition 2.4.20, all these

cases are equivalent.

The second case is when v(T') = 0. Then we have v(a;T + b;) = 0 and this case gives
us a trivial valuation since 0 = 1g, . Clearly this is not equivalent to the first case.
The final case is when v(T) > 0. Then, as in Proposition 2.4.20, we have v(f(T)) =
deg(f(T))(v(T)). Conversely, any map v : Quee(T) — Ry u given in this way is
indeed a valuation by Lemma 2.4.16. These are all equivalent from the exact same

argument in Proposition 2.4.20. O

Proposition 2.4.22. Let M := Qua.|1], S := M\{=00}, and Ques(T) :== S~ M.
Then, with Definition 2.4.9 and the hyperfield R, y, the set of absolute values on
Qunaz(T) which are trivial on Qua, is equal to R~q. There are exactly three absolute

values on Quuaq(T) which are trivial on Qe up to equivalence.

Proof. To avoid the notational confusion, we denote by @, ® the addition and the
multiplication of idempotent semirings and by V, - the addition and the multiplication

of Ry y. From Proposition 2.4.18, an absolute value | — | on Q,,q,(7") only depends
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on values on M. There are three possibilities. The first case is when |T| = a > 1.
Let ;T @ b; be a linear polynomial. i.e. a; # —o0. Since | — | is trivial on Q4 if

b; # —oo, we have
la,T @ b;| € |ag| - |T|V |bi| =|T|VI=aVl.

Since a > 1, we have aV1 = a and hence |a;,T®b;| = a. In other words, for f(T) € M,

we have |f(T)| = ads(T) . Conversely, any map | — | : Quae(T) — R, y given in

this way is an absolute value which is trivial on Q,,,,; since a > 1, it directly follows

from Lemma 2.4.16. Furthermore, any two absolute values | — |1, | — |2 such that
IT|, = a > 1,|T|; = 3 > 1 are equivalent with p = %.

The second case is when |T| = o < 1. In this case, for a € Q4. \{—00}, we have

T®aleT|IVI=aVvl=1.

This implies that for f(7') € M, we have |f(T)| = o'f, where r; is as in Lemma

2.4.14. Conversely, one can observe that this condition defines an absolute value

which is trivial on Q4. Indeed, from Lemma 2.4.14, we have |f(T) @ g(T)| =

aries = o™Mrrrad - Since o < 1, we have a™™rs79t = max{a’s, o’} € a’F Vv =

|f(T)|V|g(T)|. Furthermore, clearly |f(T) ® g(T)| = |f(T)| - |g(T)|. In this case, for

absolute values | — |1, | — |2 such that |T|; = ,|T|; = 8 and «a, 8 < 1, since loga,
log f < 0, we have p := izgg >0 and | — |5 = | — |;. This shows that all such | — |;
and | — |9 are equivalent.

The final case is when |T| = 1. We have |T @ a| € [T|V |a| =|T|V1=1Vv1=]0,1]
for a # —o0. Since T @ (T @ a) =T @ a, we have

T@al=|To T ®a)e|T|VIT®al (2.4.10)

Suppose that [T @ a| = 8 < 1. Then, since |T| = 1, the right hand side of (2.4.10) is

equal to 1V 3 = 1. This implies that |T @ a| = 1 which is a contradiction. Therefore,
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IT @ a| = 1. Tt follows that for f(T) € M, we have |(f(T)| = 1. In other words, this

is the case of a trivial absolute value. O

Our motivation in developing a valuation theory of semi-structures is to make an
analogue of abstract curves in characteristic one. To explain this connection, let us
recall several classical definitions and results of abstract curves (cf. [20, §1.5]).

Let k be an algebraically closed field and K be a finitely generated field extension of
k of transcendence degree 1, i.e. a function field of dimension 1. By a valuation v of
K/k is a valuation on K which is trivial on k. In other words, v is a valuation on K
such that v(z) = 1 Vo € k\{0}. A valuation v is discrete if the value group of v is
isomorphic to the abelian group Z of integers, and the corresponding valuation ring
is called a discrete valuation ring. Let Ck be the set of all discrete valuation rings
of K/k. For p € Ck, we denote by R, the discrete valuation ring corresponding to
p. One makes the set C'x into a topological space by defining the closed sets to be
the finite subsets of C'x and Ck itself. Furthermore, if U is an open subset of C,
one defines the ring of regular functions on U to be O(U) = ﬂpeU R,. Note that
this is motivated by the same property when X is an integral scheme. An element
f € O(U) defines a function f : U — k such that f(p) is the residue of f modulo
the maximal ideal of R,.

An abstract nonsingular curve over k is an open subset U C Ck with the induced
topology and the induced notion of regular functions. A morphism between two
abstract nonsingular curves X and Y over k is a continuous function ¢ : X — Y
such that for each open subset V' C Y and every regular function f: V — k, fo
is a regular function on p~!(V). The following theorem is one of the main theorems

in the theory of abstract curves.

Theorem 2.4.23. ( [20, Theorem 6.9, §1.5/) Let K be a function field of dimension
1 over an algebraically closed field k. An abstract nonsingular curve defined above is

1somorphic to a nonsingular projective curve over k.
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Since two valuations are equivalent if and only if they have the same valuation
ring, the set Cx can be considered as the set of discrete valuations of K/k up to
equivalence. From Propositions 2.4.20 and 2.4.21, the direct analogue of the set C
with K = Quuaa(T) and k = Qs is the set Val(Quaz(T)) := {v4,v_}, where vy

is the class of valuations v such that v(7T) > 0 and v_ is the class of valuations v
such that v(T) < 0. Furthermore, since their image is the integers as a set, they
can be considered as discrete valuations. In the spirit of the construction of abstract
curves, one can expect that the set of valuations Val(Q,.. (7)) gives some geometric
information about the projective line P! over Q,,.,. However, one can observe that
X := Spec(Quaz[T]) contains many points. For example, in [18], the authors proved
that there is one-to-one correspondence between principle prime ideals of @T;;:[T]
and points of Q,,,4,. Hence, the points of P! over Q,,q; are a lot more than the points
of Val(Qpaz(T)). It seems more interesting connection of Val(Qa.(7")) is with the

projective line P! over F; rather than over Q,,.,. Let us first recall the construction

of the projective line P! over .

Example 2.4.24. (An example from [16]) One constructs the projective line P! over
Fy as follows. Let Co = {...,t7,1,t,...} be an infinite cyclic group generated by
t and let Coy = {1,t,1%, ..}, O = {1,t71,t7% ...} be sub-monoids of Cw,. Let
Ut == Spec(Cuo4), U- == Spec(Cx.—), and U := Spec(Cw,) (see [16] for the notion
of monoid spectra). One defines the projective line P1 over Fy by gluing Uy and U_
along U. The space Uy has two points, a generic point ¢y and a closed point c
containing t. Similarly, the space U_ has two points, a generic point cy and a closed

point c_ containing t~1. Hence, the projective line IP%FI over IFy consists of three points
{cy,co,c_}.

Remark 2.4.25. We can observe that the number of closed points of ]P’Ilg1 s ezactly
same as the number of points of Val(Quar(T)) = {ve,v_}. Furthermore, v, corre-

sponds to cy which is the prime ideal containing t and v_ corresponds to c_ which

is the prime ideal containing t='. In fact, one may consider that vy, which is an
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equivalence class of a trivial valuation, corresponds to co which is the prime ideal
consists of {1 =t°}. This correspondence can be justified since Theorem 2.4.23 only
concerns closed points of a projective nonsingular curve. Hence, Val(Qax(T)) can
be considered as the projective line ]P’]}1 understood as an abstract curve.

On the other hand, one can think of an absolute value with the hyperfield R, y as
an analogue of a non-archimedean absolute value. In fact, from the definition of the
hyperfield Ry y and Definition 2.4.9, we have an analogue of the ultrametric inequal-
ity: |z +y| € |x| + |y| = max{|z|, |y|} if |x| # |y|. Furthermore, classically there is a
natural one-to-one correspondence between the set of equivalence classes of valuations
and the set of equivalence classes of non-archimedean absolute values. Hence, the set
of absolute values of Quar(T) as in Definition 2.4.9 with the hyperfield R, y might
be considered as the set of equivalence classes of valuations of Quuay(T) with values in
the hyperfield. Let X (Qumaz(T)) be a set of equivalence class of such absolute values
such that the image is isomorphic to the integers. Then, from Proposition 2.4.22, we

have X (Quaz(T)) = {p+, p—}, where ur((T)) > 1,u—((T)) < 1. Therefore, in this

case, we are also able to give a similar correspondence to IP’I%I = {cy,co,c_}.
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From semi-structures to

hyper-structures

In this chapter, we first review the symmetrization process introduced in [21], then we
investigate some algebraic properties of this process which will be applied in the next
chapter to link geometries over semi-structures and hyper-structures. Throughout

this chapter, by a semiring of characteristic one we mean a semiring M such that
r+y€{x,yt Vo,ye M. (3.0.1)
We recall that B = {0, 1} is the smallest semifield of characteristic one such that
1+1=1, 0+1=0=1+0, 1-1=1, 1-0=0.

We denote by S the hyperfield of signs (cf. §1.1.2).

3.1 The symmetrization functor — ®p S

In his paper [21], S.Henry introduced the symmetrization process which generalizes
in a suitable way the construction of the Grothendieck group completion of a multi-

plicative monoid. This process allows one to encode the structure of a B-semimodule

103



as the ‘positive’ part of a hypergroup interpreted as a S-hypermodule.
Next, we briefly recall this symmetrization process. Let B be a commutative monoid
denoted additively and endowed with a neutral element 0. One can define the follow-

ing canonical partial order on B:
r<y<=zcr+y=y. (3.1.1)

By a partial order on B we mean a binary relation on B which is reflexive, transitive,
and antisymmetric. A partial order is said to be total if for any z,y € B, we have
x <yory <z Weclaim that when B satisfies the condition (3.0.1), such order is
total. In fact, we know that x +y =z orx+y =y Vo,y € B, hence x <y or y < x.

We introduce the following notation

s(B) = {(s,1), (5,—1),0 = (0,1) = (0, 1) | s € B\{0}}.

To minimize the notation we denote (s,1) := s, (s,—1) := —s, and [(s,1))] =
|(s,—1)| = s. For any X = (z,p) € s(B), we define sign(X) = p. s(B) is a hy-

pergroup (cf. §1.1.2 for the definition) with the addition given by

x if |z] > |yl orz =y
THy=19 vy if |z] <|y|lorz =1y (3.1.2)
—aa]= {(t 1) | £ < [a)} ify=—a

We denote with s : B — s(B), s+ (s, 1) the associated map.
Let H be a hypergroup and B be a commutative monoid. We say that a map
f B — H is additive if

f(0)=0and f(a+b) € f(a)+ f(b) C H Va,b, € B.

We claim that the construction of s(B) determines the minimal hypergroup associated

to a commutative monoid B as the following universal property states.
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(Universal Property): Let B be a commutative monoid such that the canonical order
as in (3.1.1) is total. Then, for any hypergroup K and an additive map g : B — K,
there exists a unique homomorphism h : s(B) — K of hypergroups such that
g=hos.

In fact, such h : s(B) — K is given by h(X) = sign(X)g(z), VX = (x,p) € s(B)
(cf. [21, Theorem 5.1]).

Remark 3.1.1. 1. Let B be a commutative monoid such that the canonical or-
der as in (3.1.1) is total. Assume also that B is equipped with a smallest ele-
ment. Then B can be upgraded to a semiring by defining the addition law as
the mazximum (with respect to the canonical order) and the multiplication as the
usual addition. For example, R4, is the semifield obtained from the (multiplica-

tive)commutative monoid (R U {—oo}, +).

2. The symmetrization process can be applied to a general class of monoids (cf. [21,
Theorem 5.1]). In fact, for a commutative monoid B, s(B) is a hypergroup if
and only if B satisfies the following condition: for all x,y,z,w € B,

r+b=z b+w=y,
r+y=z4+w=— 3bE B s.t. (3.1.3)

orr=z+b, w=b+y
In [21], it is also proved that when B is an idempotent monoid, B fulfills the
condition (3.1.3) if and only if the canonical order of B as in (3.1.1) is total
(cf. [21, Proposition 6.2]).
Let (B,+,-) be an idempotent semiring. It follows that the additive monoid
(B,+) allows for the symmetrization process if and only if (B,+,-) is, in fact,
of characteristic one. Since our main interest lies in idempotent semirings, to

this end, we will mostly focus on a semiring of characteristic one.

As Connes and Consani pointed out in [11], the symmetrization process can be un-

derstood in terms of the functor “extension of scalars”. In this section we investigate
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how this process relates some algebraic properties of semirings to those of hyperrings.
To begin with, we shall provide (cf. Proposition 3.1.8) a partial converse of Henry’s

construction.

Definition 3.1.2. (¢f. [32, §5]) Let R be a hyperring. A good ordering on R is a

subset P C R satisfying the following properties:
P+PCP, PPCP, PU—P=R, and PN—P ={0}.

Example 3.1.3. Let R = TR be Viro’s hyperfield of real numbers as in Definition
2.4.8. A good ordering on R is provided by the subset P ={x € TR |z > 0} C R.

The easiest example of a good ordering on a hyperfield is given by choosing R = S,
the hyperfield of signs, then P := {0, 1}.

Remark 3.1.4. 1. In general, the definition of an ordering P C R on a commuta-
tive ring R only requires PN —P to be a prime ideal of R. In the above definition
this condition is replaced by imposing that PN—P = {0}. This is done to encode
P as the ‘positive’ part of R. Note that if P is a good ordering on R, then —P

1$ also a good ordering on R.
2. The conditions PU—P =R, PN —P = {0} mean: © = —x <=z = 0.

3. One can easily see that a hyperring R has a good ordering if and only if there
exists a hyperring homomorphism g : R — S such that g=*(0) = {0}. Indeed,
suppose that R has a good ordering P. We define g : R —> S such that

1 ifz e P\{0}
g(x) =< =1 ifz e —P\{0}
0 ifz=0

Clearly this is a homomorphism of hyperrings such that g=*(0) = {0}. Con-
versely, suppose that g : R — S is a homomorphism of hyperrings such that

g 1(0) = {0}. Then the set P := g=*({0,1}) becomes a good ordering on R.
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If B = (B,+,-) is a semiring such that the symmetrization process can be ap-
plied to the additive monoid (B,+), the multiplicative structure of B induces the
corresponding multiplicative structure on s(B) in the component-wise way. In other

words, one can define the multiplication law on s(B) such that:

(z,p) - (y,q) = (zy,pq), pge{-11} 1-1=(-1)-(-1)=1, 1-(-1)=-1L

Remark 3.1.5. Let M be a semiring allowing for the symmetrization process. We
will prove in Lemma 3.1.6 that under the component-wise multiplication, s(M) is
not a hyperring but only a multiring(cf. [32]). A multiring is a weaker version of a
hyperring in the sense that a hyperring fulfills the distributive law z(y+ z) = zy + xz

whereas the notion of a multiring only assumes the weak distributive property

x(y +2) Cxy + xz.

For example, let M be the semiring whose underlying set is Z>o with the addition given
by x+y := max{x,y}, and the multiplication given by the usual multiplication. Then
s(M) does not satisfy the distributive law. For example, 2(3 — 3) # 6 — 6 = [—6,06].
Indeed, we have 5 € 6—6 = [—6, 6], but 5 can not be an element of 2(3—3) = 2-[—3, 3]
because 2 can not divide 5 in usual sense. For s(M) to satisfy the distributive law it
seems necessary to add a suitable divisibility condition on the multiplication of s(M).

A particular case will be studied in Proposition 3.1.10.

Let M be a semiring. Since s(M) can be understood as a scalar extension M ®g S,
we denote Mg := s(M) from now on. If Mg is not just a multiring but a hyperring,
then Mg together with ¢ : M — Mg is indeed a universal pair among all hyperrings

in the sense of [21].

Lemma 3.1.6. Let B be a semiring of characteristic one. Then Bg is a multiring with
the component-wise multiplication. In particular, if B is a semifield of characteristic

one, then Bg is a hyperfield.
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Proof. We first note that x <y implies zz < yz for all z € B. In fact, it follows from
r<y<=x+y=uythat xz 4+ yz = yz <= xz < yz. For the first assertion, all we
have to show is that X(Y + Z) C XY 4+ XZ for all X,Y,Z € Bg. If X = 0, then
there is nothing to prove. Therefore we may assume that X # 0. Let Y = (y,p),
Z = (2,q9), X = (z,7). When #(Y + Z) = 1, it follows from (3.1.2) that there
are three possible cases. The first case is when Y = Z. In this case, we have
XY+ Z7Z)=XY = XY + XY = XY 4+ XZ. The second case is when p = ¢, but
y # z. Since B is of characteristic one, we may further assume that y > z. Therefore,
we have zy > zz and X(Y + Z) = XY € XY + XZ. The final case is when p # ¢
and y # z. But, in this case, the similar argument as the second case shows that
XY +2Z)C XY+ XZ When #(Y + Z) # 1, from (3.1.2), we may assume that
Y =(y,1), Z=(y,—1), and X = (z,r). Take any T' = (t,p) € (Y + Z). It follows
from (3.1.2) that t < y, hence xt < zy. Therefore we have XT = (zt,pr) € XY +XZ.
When B is a semifield, each non-zero element of Bg has a multiplicative inverse.
Therefore Bg is a multifield and it is well-known that any multifield is a hyperfield(and

vice versa). O

Lemma 3.1.7. Let R be a multiring and H be a hyperring. Suppose that there exists
an isomorphism ¢ : (R,+) — (H,+) of hypergroups such that p(zy) = o(x)e(y)

Vz,y € R. Then R is a hyperring and ¢ is an isomorphism of hyperrings.

Proof. First we claim that xy+zz C x(y+2z) for all z,y, 2 € R. We have p(xy+zz) =

pley) + vlzz) = e@)e(y) + o(@)e(z) = e(@)(e(y) + ¢(2)) = e(@)ely + 2) =
o(z(y+2)). By taking ¢!, we obtain our claim and so R is a hyperring. To show that
¢ is an isomorphism of hyperrings, we have to prove that p=!(ab) = ¢~ '(a)p 1 (D).

This is clear by taking a = ¢(z),b = ¢(y). O

Proposition 3.1.8. Let R be a hyperring such that

r+x=x VYreR;, x+ye{r,y} Vr#-yeR. (3.1.4)
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Let P be a good ordering on R. Then

1. P is a semiring such that the canonical order deduced from the addition as in
(3.1.1) is a total order and v +x = x for all x € P. i.e. P is a semiring of

characteristic one.

2. Under the symmetrization process, Ps is a hyperring with the multiplication given

component-wise and Ps is isomorphic to R as hyperrings.

Proof. We first prove that P is a semiring satisfying the properties stated in 1. Triv-
ially we have 0 € P. If 1 ¢ P then —1 € P and since PP C P, this implies
(—1)(—1) = 1 € P which is a contradiction. Hence 1 € P. Furthermore, the addition
on P induced from R is single-valued since we assumed that for any z,y € R with
xr # —y, x +y is a single element. As we mentioned in Remark 3.1.4, if z,y are
non-zero elements of P then they can not be the additive inverse of each other. The
first two conditions of a good ordering imply that the induced addition and multi-
plication are closed. Thus P is a semiring. Furthermore, we have z + x = z for all
x € P. Since x +y € {x,y}, it follows that the canonical order is total. Moreover,
this order is compatible with the multiplication. In fact, <y <= x4+ y = y. Then
for any z € P we have zx + zy = zy = zx < zy. This proves the first part of the
proposition.

Because P satisfies the sufficient condition of having the symmetrization, Ps is a hy-
pergroup. In fact, it follows from Lemma 3.1.6 that Ps is a multiring. We claim that
together with the inclusion map i : P < R, (R, ) is the universal pair. Indeed, let K
be a hypergroup and g : P — K be an additive map. Define h : R — K such that

hr) — g(x) ifxeP
—g(—x) ifxe—-P

This is well-defined since PU —P = R, PN —P = {0}, and ¢(0) = 0. We observe
that A(0) = 0. If x,y € P, then h(x +y) = g(z +y) € g(z) + g(y) = h(z) + h(y). If
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z,y € —P, then so is for z +y, hence h(z +y) = —g(—z —y) € —(9(—z) + g(—y)) =
—g(—x) — g(—=y) = h(z) + h(y). Finally, if z € P, y € —P, then let t = —y € P.
If 2 € x4y, we want to show that h(z) € h(xz) + h(y). The first case is when
z € P. Then we have z € x +y = —t = —t 4+ x. From the reversibility property
it follows that x € z — (—t) = 2z +t. Since z,2,t € P we can use the property of g
to deduce that g(z) € g(z +t) € g(z) + g(t). Again from the reversibility we derive
that g(z) € g(x) — g(t), equivalently we have that h(z) € h(x)+ h(—t) = h(z)+ h(y).
The second case is when z € —P. We let 2 = —w,w € P. Then we have z € x +y =
r—t<= —wer—t<=wet—xr=—xr+t. Again from the reversibility we have
t € w+ z, then since t,w,x € P, it follows that g(t) € g(w) + g(z) = g(z) + g(w).
From the reversibility, g(w) € ¢(t) — g(z) <= —g(w) € g(x) — ¢g(t). Therefore, we
conclude that h(—w) € h(z) + h(—t), or h(z) € h(xz) + h(y). This shows that h is a
homomorphism of hypergroups.

It follows from the construction that ¢ = hoi, and such A is unique. Indeed, suppose
that g = f oi. Then for any x € P, we have g(x) = f(i(x)) = f(x) = h(z). For any
x € —P we know that —z € P and 0 € x — 2. Hence f(0) =0 € f(x —z) € f(z) +
f(—x). From the uniqueness of the inverse, f(x) = —f(—z) = —g(—x) = h(z). Since
(R, 1) is also the universal pair, as hypergroups, R is isomorphic to Ps. Furthermore,
this isomorphism is also a homomorphism of multirings which is an isomorphism of
hypergroups. Thus, from Lemma 3.1.7, it follows that Pg is a hyperring which is

isomorphic to R. O

Remark 3.1.9. The above proposition has an easier interpretation when we restrict
to the case of a hyperfield R satisfying the condition (3.1.4). In fact, in this case, the
notion of a good ordering on R given in Definition 3.1.2 coincides with the notion
of an ordering on R given in [32]. In that paper, M.Marshall defined real hyperfields
as hyperfields F such that —1 & >_ F? and proved that F is a real hyperfield if and
only if F' has an ordering. Let M be a semifield of characteristic one, then we have

—1 & Y M2, Thus it follows that Mg is a real hyperfield. Conversely, suppose
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that R is a real hyperfield satisfying the condition (3.1.4). Since any real hyperfield
has a good ordering P C R, it follows that R ~ Ps from Proposition 3.1.8. If we
let — ®p S be a functor from the category of semifields of characteristic one to the
category of hyperrings, it follows that the category of real hyperfields satisfying the

condition (3.1.4) is the essential image of the functor — ®p S.

Proposition 3.1.10. Let M be a semiring of characteristic one such that

r<y=wz<yz Va,y,z€ M\{0y}, (3.1.5)

where < is the canonical order as in (3.1.1). Suppose that M satisfies the following

condition

Ve,y e M, da,fe M s.t. xa=y, xz=1yp. (3.1.6)

Then Mg is a hyperring. Conversely, let us further assume that 1y, < x for all

x € M\{Ox}. If Mg is a hyperring then M satisfies the condition (3.1.6).

Proof. From Lemma 3.1.6, we know that Mg is a multiring. Therefore, to prove that
Mgy is a hyperring under the condition (3.1.6), it is enough to show that XY 4+ X Z C
XY+ 2)VX,Y,Z € Mg. If |Y]| # |Z] or |Y| = |Z] and sign(Y') = sign(2),
then it is straightforward. In fact, in this case, we would only have single-valued
operations. Hence, an inclusion is indeed an equality. The only nontrivial case is
when Y| = |Z]|, sign(Y) # sign(Z), and X # 0. Therefore, we may assume that
Y =(y,1), Z = (y,—1), and X # 0. Let X = (z,r) and T = (¢,p) € XY + XZ,
then ¢ < zy. It follows from the divisibility condition (3.1.6) on M that t = x5 for
some 5 € M. Then we have § < y. Otherwise we would have y < 3, but from the
condition (3.1.5), this implies that zy < z = ¢ which is a contradiction(we assumed
that © # 0). Thus T' = (t,p) = (z8,p) € X(Y + Z).

For the second assertion, for any z,y € M, let X = (x,1), Y = (y,1), =Y = (y,—1).
Since we assumed that Mg is a hyperring we know that X(Y —Y) = XY — XY

Furthermore, since 1); < z for all  # 0, we have y < xy. This implies (y,1) €
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(XY = XY)=X(Y —Y), and y = za for some o < y. Similarly we can find 5 such
that z = yf using Y(X — X) = YX — YX. Therefore, M satisfies the condition
(3.1.6). O

Remark 3.1.11. Any semifield M of characteristic one always satisfies the condition
(3.1.5) and the divisibility condition (3.1.6). Hence it follows from the above proposi-
tion that Mg is a hyperfield. One can observe that this agrees with the statement of
Lemma 3.1.6.

Surprisingly, if Mg is a hyperring then Mg automatically satisfies the following

stronger condition.

Proposition 3.1.12. Let M be a semiring of characteristic one. Suppose that Mg s

a hyperring. Then Mg is doubly distributive. i.e. for any X,Y,Z W € Mg we have

(X+Y)Z+W)=XZ+XW+YZ+YW. (3.1.7)

Proof. In general, one only has

(X +Y)Z+W)CXZ+XW +YZ+YW.

Thus we have to show the other inclusion. There are two possible cases depending
upon the cardinalities of (X 4+ Y) and (Z + W). The first case is when at least
one of (X +Y) and (W + Z) consists of a single element. If #(X +Y) = 1, then
we may assume that X +Y = X(cf. (3.1.2) for the definition of the addition in
Mg). Then XW + YW = (X +Y)W = XW and XZ+YZ = (X +Y)Z = XZ,
hence XZ + XW +YZ+YW =XW+XZ=XW+2)=(X+Y) W+ 2). If
#(W+Z) = 1, then the argument is similar. The second case is when neither (X +Y)
nor (W + Z) consists of a single element. Hence we may let that X = =Y, Z = —W,
and X = (z,1),Z = (#,1). Thus we have (X+Y) = [-X, X] and (Z+W) = [-Z, Z].
It follows that (X +Y)(Z+ W) = [-X, X|-[-Z,Z]. U T € XZ+XW +YZ +
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YW = X(Z+ W)+ Y(Z+ W) then there exist o, 8 € Z + W = [-Z, Z] such that
T € Xa+YpS. Since X = =Y we can rewrite ' € Xa — X = X(a — ). We
know that X € (X +Y) = [-X, X]|. Furthermore, for o, 8 € (Z+ W) = [-Z, Z], we
have —f € [—Z, Z] since |5| < |Z]. In particular, (o« — 8) C [-Z, Z]. We conclude
Te(X+Y)Z+W), therefore XZ + XW+YZ+YW C (X +Y)(Z+W). O

The following corollary shows that Mg has many Frobenius endomorphisms.

Corollary 3.1.13. Let M, Mg be the same as in Proposition 3.1.12. Then for any
m € N we have

(X+Y)"=X"4+Y™ VX,Y € M. (3.1.8)

Proof. Let X = (z,p), Y = (y,q). We prove this by induction. If m = 1, then there
is nothing to prove. Let us assume that (3.1.8) holds for m = n. For n+ 1, it follows

from the above proposition and the inductive assumption that

(X +Y)" = X" 4 X"Y + V"X + YL (3.1.9)

If we have #(X +Y) = 1 then it is clear. In fact, one of the following X = Y,
x < vy, y < x should hold. When z < y we have X +Y = Y. Therefore the left
hand side of (3.1.8) is Y™™, On the other hand we have (X" 4+ Y") = Y™, thus
the right hand side of (3.1.8) is Y™, The case when y < z is similar. When
X =Y the outcome is trivial. It follows that the only non-trivial case is when x = y,
p = —q. We may assume that p = 1, hence Y = —X. Then the left hand side
of (3.1.9) is [ X, X]"*L. Moreover, we have that X" + X"Y + Y"X + Y+l =
Xt Xl oyl yntl = [ XL XL g [ XL XL Therefore the
right hand side of (3.1.9) is that [—X"™!, X" 4+ [- X" X", We claim that
[—X, X" = [~ X" X Let ¢t € [—X, X]"™!. This means ¢ = tyty...t, 41 for
some t; € [—X, X]. Since each |t;| < X, we have |t| < X" and t € [-X"T1 X"F1].
Conversely, let ¢ € [-X"™, X" Then [t| < X"™!. Since Mg is a hyperring,

we have [—X7T1 X" = X+l — X"t = X (X™ — X™). Therefore, we can find

113



t; € X" — X" = [- X", X"] such that t = Xt;. Inductively we can write t = X"t,
with |¢,] < X. This means t € [-X, X]""!. This proves our claim. All we have to

show to complete our proof is the following:
-2, 2+ |-2,Z]=[-2,7Z] VYZ=(z,1) € Mg.

By choosing 0 € [—Z, Z] we clearly have [—-Z,Z] C [-Z,Z] + [-Z, Z]. Conversely,
if o € [-Z,Z]+ [-Z,Z] then o € t + ¢ for some t,q € [-Z,Z]. But for « € t +¢
we have |a| < max{|t],|q|} < Z. It follows that o € [—Z,Z]. This completes the

proof. O

The next proposition shows that the localization commutes with the symmetriza-

tion.

Proposition 3.1.14. Let M be a semiring of characteristic one and s : M — Mg
be the symmetrization map. Assume that Mg = s(M) is a hyperring. Suppose S
is a multiplicative subset of M. Then S := s(S) is a multiplicative subset of Ms.

Furthermore, the following conclusions hold.

1. S7YM is a semiring of characteristic one.

2. s(STIM) ~ S71(Msy).

Proof. The fact that s(S) = S is a multiplicative subset of Mg is straightforward.
For the first assertion, since clearly S™'M is a semiring, all we have to prove is that
S~1M is of characteristic one. In other words, we have to show that a + 8 € {a, 8}
Va,f € ST'M. In fact, for any £,% € S™'M, we have 2 + ¥ = % Since

at + sy € {at, sy} it follows that =¥ € {£ 2} — {Z ¥} Therefore S™'M is a

semiring of characteristic one.

For the second assertion, we prove that the map

7 SilM — gil(Ms)
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is a well-defined additive map and that (i, S~'(Ms)) is the universal pair. Then it

follows from the universality that s(S~'M) ~ S~'(Mg) as hypergroups. We will

prove that such isomorphism is also an isomorphism of hyperrings. We first show

that ¢ is well-defined. In fact, if ¢ = ﬁ € S7'M then we have gat = gfs for some

g € S. Tt follows that (g,1)(a, 1)(¢,1) = (gat,1) = (gB8s,1) = (g,1)(B8,1)(s,1). Since
1

(9,1) € S, we have i(%) = ( D @ = z(é) Therefore, i is well-defined. One can

xt +ys

’ (xt+ys, 1)  (x,1) N (y,1) _ Z(z) +i(y).

Gt S D ey ST

iS4+ 2) = i(——5) =

t

This shows that 7 is an additive map. Next, we prove that (i, S~*(Ms)) is a universal
pair. Let K be a hypergroup and ¢g : S™'M — K be an additive map. We have to
show that there exists a unique homomorphism #h : S’*l(MS) — K of hypergroups
such that g = hoi. Let us define a map h: S~'(Mg) — K as

(r.p)y o) Hp=1 (3.1.10)

(5:1) —g(%) ifp=—

In other words, h(%) =sign(p)g(%). Then h is well-defined. In fact, for any %,
(1,9)

we may assume that ¢ = 1 by multiplying 1 = (+q. Thus the definition makes sense.

We claim that if & 1; = (if ) then p = 1. This is because (( )) = (—)) is equivalent to
the statement that (g,1)(¢,1)(z,1) = (gtx,1) = (gys,p) = (g, 1)(y,p)(s, 1) for some
Y,

(I’I; = % Then for some (g,1) € S, we

(9,1) € S. Furthermore, suppose that o

have (gtz,1) = (gys, 1). But since the symmetrization map is injective we have that

gtr = gys, hence £ = ¥ and h((z’li) =g(%) = g(¥) = h(((y—l)) The exact same

t
argument shows that for any % = (1(/271;)

h is well-defined. Next, we prove that h is a homomorphism of hypergroups. We

we have h( 1)) h( ) Therefore

have to show that h(X +Y) C h(X) + h(Y) for all X,Y € S~ (Ms). We divide

cases depending upon the signs of elements X,Y. The first case is when X = ((ﬁ)),
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Y = WU In this case X +Y is a single element, Z = % Since g is additive, it

D)
follows that h(X +Y) = h(Z) = g(2E) = g(£ + ¥) € g(£) + g(¥) = h(X) + h(Y).

st
(f;;), Y = % But the exact same argument

shows that we also have h(X +Y) C h(X) + h(Y) in this case. The third case is

The second case is when X =

when X = E“ﬁ)) LY = (%;_1)1 ) with tx # sy. Since M is totally ordered, it follows that

either tx < sy or tx > sy. We may assume that tx > sy since the argument would

be symmetric. Since tz > sy we have (tz,1) + (sy,—1) = (tz,1). It follows that
X+Y=X-Y =X, hence h(X+Y) =h(X —Y) = h(X). What we want to show
is that h(X) = h(X +Y) € h(X) + h(Y'), equivalently g(£) € g($) — g(¥). It follows
from the reversibility property of K that it is again equivalent to g(2) € g(£) + g(¥).

But since g is additive and tx > sy, we have g(%) = g(¥ + %) € g(%) + g(¥). The

fourth case is when X = %ﬁ;, Y = % with tz = sy(:= d). We want to show

h(X +Y) C hX)+h(Y), where h(X) = g(%),h(Y) = —g(¥). We have

(stc,l) | c € (tx,1) + (sy,—1)} = {(stc, D

X+Y=H{ | ce[(d,—1),(d,1)]}.

The first sub-case of this case is when ¢ = (f,1), f < d, Z = (stcl) € X+Y. Let

W=-Y= % It follows from the reversibility property of S—'(Mg),

ZeX4+Y=X-"W=-WH+X<=XecZ-(-W)=Z+W.

Since X, Z, W all belong to the first case, we know

f

st

)+g(Y).

h(X) € h(Z) + h(W) <= g(=) € g t

It follows again from the reversibility of &, the above is equivalent to g(£) € g(2) —
g(¥). Hence we have h(Z) € h(X) 4+ h(Y’). The second sub-case is when ¢ = (f, —1),

f<d Z=%¢e€X+Y. Similarly let W = -Y = % D=-7-= gt»}g. It follows

~
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from the reversibility property,
ZeX4+Y <= -DeX-W=DeW-X=-X+W<=WeD+X.

Since X, D, W belong to the first case we know

Ty e g%y — g

W) € h(D) + h(X) <= g() € g( L st t

t st

).

) +9(5) = g -

The above is equivalent to the following.

V) o n(2) € b0 +h(Y).

) e W

(s, 1)

o) € oY) =

st (st, 1)

This proves h is a homomorphism of hypergroups. One can observe that from
the construction and the condition ¢ = h o4, h is unique. It follows from the
uniqueness of a universal pair, when K = s(S™'M), h is an isomorphism of hy-

pergroups. From Lemma 3.1.7, all we have to prove is that h also preserves mul-

tiplicative structure. Indeed, for any X = ((if and Y = ((ﬁ—lq), it follows from

(3.1.10) that h(XY) = h( xy pq ) =sign(pq)s(Y) =sign(pq)(%,1). But we know that
(

sign(pq) (5}, 1) ISign(p)Slgn(Q)(fjl)( 1) = (sign(p)(%, 1)(sign(a) (4, 1)) = A(ERA(ED) =
h(X)h(Y). Thus we have that s(S~'M) ~ S—'(Ms) as hyperrings. O

Corollary 3.1.15. Let M be a semiring of characteristic one. Suppose that s(M) =
Ms is a hyperring. For any non-zero element f € M, let f = (f,1) € Mg. Then we

have the following isomorphism of hyperrings.
S(Mf) ~ (Mg)f

Proof. This is straightforward from Proposition 3.1.14 with S = {1, f, f2,...}. H
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Algebraic geometry over

hyper-structures

This chapter consists of three parts. In the first section we study congruence rela-
tions on a hyperring and introduce the notion of a quotient hyperring. Unlike the
case of commutative rings, there is no one-to-one correspondence between ideals and
congruence relations on a semiring while such correspondence is valid in the case of
hyperrings (cf. Example 4.1.10, Proposition 4.1.15 and 4.1.17).

The second section is devoted to the development of algebraic geometry over hyper-
structures. We take the view point of an algebraic variety as the set of solutions of
polynomial equations and study several basic notions. Then we use the symmetriza-
tion process described in Chapter 3 to interpret in a suitable way a tropical variety
as the ‘positive part’ of an algebraic variety over hyper-structures (cf. Proposition
4.2.31). Finally, we study an analogue in characteristic one of the analytification of
an affine algebraic variety.

In the third section, we continue our development of algebraic geometry over hyper-
structures. This time, we take the scheme theoretic point of view. We prove that
some classical results, which are essential in development of the scheme theory, are
still valid. Then we define the notion of an integral hyper-scheme. We observe that

in the case of hyperrings, the construction of a structure sheaf is subtle (cf. Remark
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4.3.8).

In Theorem 4.3.11, we prove that for any hyperring R without (multiplicative) zero
divisors, one recovers the important result: I'(Spec R, Ogpec r) = R.

In the second subsection, we provide a notion of Hasse-Weil zeta function attached to
an algebraic variety over hyper-structures and prove that it agrees with the classical
Hasse-Weil zeta function in some special case (cf. Theorem 4.3.44). Finally, in §4.3.4,
we use the symmetrization process to link algebraic geometry over semi-structures
and hyper-structures in the scheme theoretic sense.

Throughout this chapter we follow basic definitions in the hyperring theory given in

§1.1.2. Also we use the term ideals for hyperideals if there is no possible confusion.

4.1 Quotients of hyperrings

In algebra, the construction of a quotient object is usually essential to develop an
algebraic theory. A particular case of quotient construction for hyperrings has been
studied by means of the notion of normal hyperideals (cf. [14], [15]). Next, we review

the definition of a normal hyperideal.

Definition 4.1.1. (c¢f. [15]) Let R be a hyperring. A non-empty subset I C R is a
hyperideal if
a—bClI, rael Vabel VreR.

A hyperideal 1(# R) is prime if

xyel =axeloryel Vz,yecR.

A hyperideal s normal if
z+I1—-xCI VzeR.

Remark 4.1.2. In [15], B.Davvaz and A.Salasi introduced the notion of a normal
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hyperideal I of a hyperring R so that the following relation

r=y<= (r—y)NI#0 (4.1.1)

becomes an equivalence relation. One may observe that when R is a commutative ring,
any ideal of R is normal. In other words, in the classical case, the normal condition

18 redundant.

The definition of a normal hyperideal looks too restrictive for applications. For
example, suppose that R is a hyperring extension of the Krasner hyperfield K. Then
for any € R we have z + x = {0, 2}, therefore x = —z. It follows that the only
normal hyperideal of R is R itself.

In the following subsection, we prove that the relation (4.1.1) is, in fact, an equivalence
relation without appealing to the normal condition on a hyperideal /. Furthermore,
we show that one can canonically construct a quotient hyperring R/I for any hyper-

ideal I of a hyperring R.

4.1.1 Construction of quotients

Let R be a hyperring and I an ideal of R. We introduce the following relation on R
(cf. [15])
r~y<s—=zc+l=y+1I (4.1.2)

where v+ 1 := | J,,;(z+a) and the equality on the right side of (4.1.2) is meant as an
equality of sets. Clearly, the relation (4.1.2) is reflexive and symmetric. Also z ~ y
and y ~ zimply x +1 =y +1 and y+ I = 2z + I, therefore v + I = z+ I. Hence

x ~ z. This shows that ~ is an equivalence relation.

Remark 4.1.3. When R is a commutative ring, (4.1.2) is the classical equivalence

relation obtained from an ideal I: x ~ y <= x —y € I.

The following lemma provides an equivalent description of (4.1.2).
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Lemma 4.1.4. Let R be a hyperring and I be an ideal of R. Let ~ be the relation
on R as in (4.1.2). Then

v~y (r—y)NI#0, Vz,y€eR. (4.1.3)

Proof. Notice that (z —y)NI # 0 < (y—xz)NI # (. Suppose that x ~ y. Then by
definition we have x +1 = y+ I. By choosing 0 € I, it follows that t+0=x € y+ I.
Thus, x € y + a for some a € I. By the reversibility property of R, we know that
x € y + a is equivalent to a € z —y. Thus we derive that a € (z — y) N I, hence
(x—y)NT#0.

Conversely, suppose that (z —y) NI # . We need to show that © +1 = y + I.
Since the argument is symmetric, it is enough to show that x +1 C y + I. For any
t € x + I, there exists o € I such that ¢t € x + a. Since (x —y) NI # 0, it follows
that there exists 8 € (r —y) N 1. From the reversibility, this implies that x € y + f.
Therefore, we have t € v+ o C (y + ) + @ = y + (a + ). This implies that there
exists v € (a + ) such that t € y + . But since o, € I we have v € I, thus

tey+ 1. O

Next, we use the equivalence relation (4.1.2) to define quotient hyperrings. We will
use the notations [z] and = + I interchangeably for the equivalence class of z under
(4.1.2). We will also use frequently the reversibility property of a hyperring without

explicitly mentioning it.

Definition 4.1.5. Let R be a hyperring and I be an ideal of R. We define

R/I := {[z]|z € R}

to be the set of equivalence classes of (4.1.2) on R. We impose on R/I two binary

operations: an addition:

a@b]=(a+1)®Ob+1):={c+Ilcca+b} (4.1.4)
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and a multiplication:

a] © b :=a-b+ 1. (4.1.5)

Proposition 4.1.6. With the notation as in Definition 4.1.5, R/I is a hyperring

with an addition ® and a multiplication ©.

Proof. We first prove that operations @ and © are well-defined. For the addition, it
is enough to show that (a+ 1)@ (b+ 1) = (o' +1) @ (b+ I) for any [a] = [¢/]. In
fact, we only have to show one inclusion since the argument is symmetric. Thus, we
show that [a] ® [b] C [ @ [b]. If 24+ 1 € (a+ 1)@ (b+ I), then we may assume
z € a+b. We need to show that there exists w € a’ + b such that [z] = [w]. But if

z€a+b=>b+a then a € z —b. In particular,

(a—d)C(2—b)—d =2z—(d +0). (4.1.6)

Since [a] = [d], it follows from Lemma 4.1.4 that there exists § € (a —a’) N 1. Tt
also follows from (4.1.6) that we have § € z — w for some w € @’ + b and this implies
(z —w) NI # 0. Therefore, we have [z] = [w]. For the multiplication, we need to
show that a-b+1 =a’'-b+1. Since (a—a')NI # 0, wehave § € (a—d')NI C (a—a’)
which implies that (a — a’)b N I # (. Therefore, [a - b] = [a’ - b] from Lemma 4.1.4.
Hence, @ and ® are well-defined.

Next, we prove that (R/I,®) is a (canonical) hypergroup. Clearly @ is commutative.

We claim that

X:=(al@b)®c={d=d+Ildca+b+c}:=Y.

If [w] € X, then [w] € [r] @ [¢] for some [r] € [a] & [b]. We may assume w € r + ¢ and
r € a+b. Then we have w € r+¢ C (a+b)+c¢ = a+b+c. Thus [w] € Y. Conversely,
if [2] € Y then we may assume z € a+b+c = (a+b)+c. This means z € t+c for some
t € a+b. In turn, this implies [z] € [t]®]c], [t] € [a|B[b]. Hence [z] € X. It follows from

the same argument with [a] @ ([b] @ [c]) that the operation @ is associative. The class
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[0] is the unique neutral element. In fact, we have [0]® [z] = {[d]|d € 0+2 = x} = [z].
Suppose that we have [w] such that [w] & [z] = [z] for all [x] € R/I. For z € I, we
have v € w+ 2 = x + w. Hence w € x —x C I. But one can see that [w] = [0]
for all w € I from Lemma 4.1.4. Therefore, the neutral element is unique. Next, we
claim that [0] € [z] ® [y] <= [y] = [—x]. Since 0 € (z — x) we have [0] € [z] ® [—z].
Conversely, suppose that 0+ 1 € (z 4+ I) ® (y + I) for some y € R. We need to
show that y +1 = —x 4+ [. Since 0+ 1 € (x + 1) & (y + I), there exists c € v + y
such that ¢+ I = I. It follows that ¢ € I. Moreover, from ¢ € 2 +y = y — (—x),
we have that ¢ € (y — (—z)) N I. Thus (y — (—x)) NI # 0 and [y] = [—z]. For the
reversibility property, if [x] € [y] @ [z], then we need to show that [z] € [z] & [—y].
But [z] e y®[z] <= (e +1) € (y+ 1)@ (¢ + 1) <= x+ I = ¢+ I for some
¢ € y+ z. From the reversibility property of R, z € ¢ —y. Thus [2] € [¢] ® [~y]. But
we have [z] = [c], hence [z] € [x] @ [~y]. Finally, we only have to prove that &, ® are

distributive. i.e.

But this directly follows from that of R. This completes the proof. O

In the sequel, we consider R/I as a hyperring with the addition & and the multi-
plication ®.
Next, we recall (from §1.1.2) the definition of a strict homomorphism of hyperrings.
By a strict homomorphism f : R — H of hyperrings we mean a homomorphism of

hyperrings such that

flz+y)=f(z)+ f(y) Vz,y € R. (4.1.7)

Proposition 4.1.7. Let R be a hyperring and I be an ideal of R. The projection map

7:R— R/I, xw ]
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is a strict, surjective homomorphism of hyperrings with Kerm = 1.

Proof. Clearly, 7 is surjective and 7(zy) = w(x)n(y). By the definition of a hyper-
addition (4.1.4), we have w(x +y) = [xr +y| C [z] ® [y]. This shows that 7 is
a homomorphism of hyperrings. For the strictness, take [c] € [x] @ [y]. Then there
exists z € x+y such that [z] = [¢]. It follows that 7w(z) = [z] = [¢], thus 7 is strict. For
the last assertion, suppose that 7(z) = [0]. This implies that [z] = x+1 = 0+1 = [0],

hence z € I. Therefore Kerm = I. O

The next proposition shows that a quotient hyperring satisfies the universal prop-

erty as in the classical case.

Proposition 4.1.8. Let R and H be hyperrings and ¢ : R — H be a homomorphism
of hyperrings. Suppose that I is an ideal of R such that I C Kery. Then there exists
a unique hyperring homomorphism ¢ : R/I — H such that ¢ = 7 o @, where

7w : R — R/I is the projection map as in Proposition 4.1.7.

Proof. Let us define

¢:R/I — H, ¢([z]) =¢(x) V[z] € R/I.

We first have to show that ¢ is well-defined. Let [z] = [y] for z,y € R. Then we have

x+1I=y+1, hence z € y+ c for some c € I. Since c € [ C Keryp, it follows that

o(r) € p(y +c) C o(y) +olc) = p(y) +0 = o(y).

Therefore, p(z) = ¢(y) and ¢ is well-defined. Furthermore, since ¢ is a hyperring
homomorphism, ¢ is also a hyperring homomorphism. By the construction, we have

@ = 1o @. The uniqueness is clear. [

Remark 4.1.9. One can easily see that if f and g are strict homomorphisms, then so
1s fog. In particular, in Proposition 4.1.8, if p is a strict hyperring homomorphism,

then so is ¢, since m s strict.
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4.1.2 Congruence relations

In this subsection, we define a congruence relation on a hyperring R and prove that
there is a one-to-one correspondence between ideals and congruence relations on R.
Note that in the theory of semirings, this correspondence fails in general as the fol-

lowing example shows.

Example 4.1.10. Let M := Q> be the semifield of nonnegative rational numbers
with the usual addition and the usual multiplication. Since M is a semifield, {0} and
M are the only ideals of M. One can easily see that {0} corresponds to the congruence
relation:

=0 Vee M

and M corresponds to the congruence relation:

T=Yy&s=Szr=Yy Vz,y € M.

However there are more congruence relations. For example, one may consider the

following relation:

r=y<=3dke€2Z+1st k(xr—y)e€2Z Vr,yec M.

Clearly, =5 is reflexive and symmetric. Furthermore, suppose that x =, y and y =5 z.
Then there exist odd integers ky and ko such that ky(z —y), ka(y — 2) € 2Z. One can
easily check that kiko(x — 2) € 2Z. Therefore =5 is an equivalence relation. Next,
when © =9 y and o =9 B, 3 odd integers k and t such that k(z — y),t(a — ) € 2Z.
It follows that

kt((z 4+ a) — (y + B)) = th(z — y) + kt(a — ) € 2Z.
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Also, one can easily see that kt(xa — yB) € 2Z. Hence, we conclude that

r=yada=p=c+a=y+pF and va =, yp.

Therefore =5 is a congruence relation on M which does not have a corresponding
ideal of M. This example shows that a one-to-one correspondence between ideals
and congruence relations fails in this case. In fact, it is well-known that if M is a

semaring having no nontrivial proper congruence relations then either M = B or a
field (cf. [19, §7)).

We notice that in hyperring theory, a sum of two element is no longer an element
in general but a set. Therefore, to define a congruence relation on a hyperring R, we
need a suitable notion stating when two subsets of R are equivalent. The following

definition provides such notion.
Definition 4.1.11. Let R be a hyperring and = be an equivalence relation on R. Let
A, B be two subsets of R. We write A = B when the following condition holds:

Va € A,Vb € B Jda' € A and 3V € B s.t. a=10b" and a’ = b. (4.1.8)

Definition 4.1.12. Let R be a hyperring. A congruence relation = on R is an

equivalence relation on R satisfying the following property:
Vo, 2o,y1,y2 € R, 1=y, 22 =Y = T2 =YY, L1+ T2 = Y1+ Y
(4.1.9)

The following proposition shows that when a congruence relation = is defined on
R, then there is a canonical hyperring structure on the set R/ = of equivalence classes.

We let [r] denote an equivalence class of r € R under =.

Proposition 4.1.13. The set (R/ =) := {[r]|r € R} is a hyperring, where the
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addition is defined by

2]+ =LAt [t ea’+y V'] =[z],[y] =[]} Va,y,2'y €R,  (41.10)

and the multiplication law is given by

[x] - [y] := [vy] Vz,y € R. (4.1.11)

Proof. Firstly, we prove that the addition and the multiplication are well-defined. One
easily sees that (4.1.10) does not depend on representatives since it is already defined
by all possible representatives. Also it follows from (4.1.9) that the multiplication is
well-defined.

Secondly, we claim that (R/ =,+) is a (canonical) hypergroup. We first show that +

is associative by proving the following equality

Xo=Alllt € 2’ + o' + 2, [2'] =[] [y] = W] [¢'] = [2]} = ([2] + W) + [2] := Y

Indeed, if t € 2’ + 3/ + 2/ then t € o + 2’ for some o € 2’ + y/. This implies that
[t] € [a] + [2] and [a] € [z] + [y], hence [t] € Y. Conversely, if [t] € ([z] + [y]) + [#]
then [t] € [a] + [z] for some [a] € [z] + [y]. From (4.1.10), we have t € o’ + 2’ for
some o/, 2" € R such that [o/] = [a],[2/] = [z]. Also [¢/] € [z] + [y] since [a] = [¢/].
This implies that o/ € 2/ + ¢’ and t € 2/ + ¢ + 2’ for some 2’,y € R such that
[2'] = [z], [¥'] = [y]. The operations are trivially commutative. The class [0] works as
the zero element. Indeed, if [t] € [z] 4 [0] then ¢ € 2’ 4+ ¢/ with 2’ =z and ¢/ = 0. It
follows from (4.1.9) that 2’ +v' = z, hence t = . Thus [z] + [0] = [z]. An additive
inverse of [z] is [—z]. Indeed, since 0 € o — x it is clear that [0] € [z]+[—x]. Next, we
show that an inverse is unique. If [0] € [z] 4 [y] then we have 0 € 2/ + ¢ with 2’ =«

and 3y = y. It follows that ¢ = —2’ and —x = —2/, therefore y = ¢y = —2'

= —u.
Thus an additive inverse uniquely exists. The reversibility property directly follows

from that of R and the fact that [x + y| C [z] + [y]. This proves that (R/ =,+) is a
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(canonical) hypergroups.
Finally, one can observe that [1] works as the identity element. Therefore, all we have

to show is the distributive property:

21([2] + [y]) = [2]le] + [2]ly] = [2a] + 9], Viz], Y], [z] € R/ =

If [o] € [z]+]y], then o € 2’ +y with [2/] = [z], [y/] = [y]. This implies za € 22’ + 2y’
But since [za] = [zz], [2y/] = [zy], it follows that [za] € [z2] + [zy]. Conversely if
[t] € [zx] + [2y] then t € o + 8 with [a] = [22], [8] = [2y]. Thus a+ = 22 + 2y =

z(x 4+ y), and t = 2z for some v € z + y. This completes the proof. O

In what follows, for a hyperring R and a congruence relation = on R, we always

consider R/ = as a hyperring with the structure defined in Proposition 4.1.13.

Proposition 4.1.14. Let R be a hyperring and = be a congruence relation on R.
Then the map
T:R— R/=, re—|r] VreR

18 a strict surjective hyperring homomorphism.

Proof. The map 7 is clearly a surjective hyperring homomorphism. We prove that 7
is also strict by showing that [z]+[y] C [x+y]. If [t] € [x]+[y] then t € 2’4y for some
2,y € R such that 2/ = z and 3/ = y. It follows from (4.1.9) that z +y = 2’ + ¢/.
From (4.1.8), there exists a € x + y such that [a] = [t|. Therefore, [t] = [a] € [z + ]

and 7 is strict. O]
Proposition 4.1.15. Let 7 : R — R/ = be the canonical projection as in Proposi-
tion 4.1.14. Let I = Kerm. Then

¢:R/I — R/ =, <r>—=][r] VreRr

is an isomorphism of hyperrings, where < r > is an equivalence class of r in R/I

under the equivalence relation (4.1.2) and [r] is an equivalence class of r in R/ =
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under =.

Proof. This follows from Proposition 4.1.14 and Proposition 2.11 of [15] which states
that the first isomorphism theorem for hyperrings holds when a given homomorphism

is strict. O

It follows from Proposition 4.1.15 that for a congruence relation = on R, one can
find an ideal I of R such that R/I ~ (R/ =). Conversely, in the next proposition,
we prove that for any hyperideal I, one can find a congruence relation = such that

R/I ~ (R/ =).

Remark 4.1.16. Note that some of the algebraic properties of a hyperring differ
greatly from those of a commutative ring. For example, a hyperring does not satisfy
doubly distributive property (cf. Remark 4.3.2). Thus one should be careful when

generalizing classical results of commutative rings to hyperrings.

Proposition 4.1.17. Let R be a hyperring and I be an ideal of R. Then the relation
= such that

r=y<s=cr+Il=y+1
is a congruence relation and R/I ~ (R/ =).

Proof. Clearly = is an equivalence relation. If 1 = y; and x5 = y, we have

v+ l=y+1, i=12 (4.1.12)

Thus we can find a, 8 € I such that 1 € y1 + o, 22 € yo + 3. By multiplying these

two, one obtains

1173 € (Y1 + a)(y2 + B) C y1ye +y18 + 1o+ af.

Therefore, for any ¢ € I, we have x1zy +t C y1y2 + (Y18 + yox + a5 + t). But since

a, f,t € 1, it follows that (y15 + yoa + af +t) C I. Hence, z129 +1t C 1192 + I and
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x1T9 + I C y1yo + 1. Since the argument is symmetric, we have

122+ 1 =y + 1 <= 1129 = Y195.

For the other condition of a congruence relation, we need to show (z14z2) = (y1+y2).
It is enough to show that V ¢ € x; + z9, there exists y € y; + yo such that t = y. We

can take «, B € I such that x; € y; + «, x5 € yo + [ from (4.1.12). It follows that

t € (x+x2) C (y1 +y2) + (a+ B).

Hence, t € y + v for some y € y; + y2, v € o+ 8 C [. This implies that ¢t = y
from (4.1.3) and the reversibility property of R. It is clear that in this case the
kernel of a canonical projection map 7 : R — R/ = is I. It follows from the first
isomorphism theorem of hyperrings (cf. [15, Proposition 2.11]) that R/I ~ R/ =

since 7 is strict. []
Remark 4.1.18. Let R be a hyperring and I be an ideal of R. In a quotient hyperring
R/I, we defined the addition as

a®b={[c|ce€a+b}

and we proved that x ~ y <= x + [ =y + I 1s a congruence relation. In this case,

we defined the addition as

at+b={[dlced+V Vd]=a, V] = b}

At first glance, a ® b and a + b seem different, but in fact they are the same sets.
Clearly a®b C a+b. Conversely, assume thatt' € o'+ for some [a'] = [a], [b'] = [b].
Sinced + I =a+ 1,0 +1=0b+1, we can find o, 5 € such that a’ € a+ o,V € b+ 5.
This implies that t' € o' +V C (a+b)+ (a+ ). But since (a+ ) C I, it follows that

t' € t+ for somet € (a+b),y € I. By the reversibility property of R, v € t' —t.
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In other words, (t —t') N1 # 0, hence [t| = [t']. This shows that [a] + [b] C [a] & [0].

4.2 Solutions of polynomial equations over hyper-structures

In this section, we study the set of solutions of polynomial equations over hyper-
structures. We also investigate on the notion, in characteristic one, of the analytifi-
cation of a classical algebraic variety. Two are the goals which motivate this study.
Firstly, we would like to link the classical geometric construction to hyper-structures,
while the second goal is to interpret a tropical algebraic variety, in a suitable way,
as the ‘positive part’ of an an algebraic variety over hyper-structures in view of the
symmetrization process described in §3.

In §4.2.1, we shall pursue the first goal. Let A be an integral domain and G be a
multiplicative subgroup of A*. To construct such link, we will use the projection
map 7 : A — A/G from A to the quotient hyperring A/G. Our construction is
motivated by the result, [9, Proposition 6.1], which states that for any commutative

ring A containing the field QQ of rational numbers, we have

A®zK =A/Q*, A®;S=A/Qx.

Therefore, when K and S are respectively the Krasner’s hyperfield and the hyperfield
of signs, and for G = Q*, solutions of polynomials equations over A/G can be roughly
considered as the definition of a suitable scalar extension or equivalently stated passing
from an algebraic variety over A to an algebraic variety over A/G.

In §4.2.2, we will investigate the second goal. In particular we shall study the basic
notion of a polynomial equation ‘f = 0’ in n variables and with coefficients in a

hyperring R. We will consider f as a function

fi L™ —s P*(L)
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(where P*(L) is the set of non-empty subsets of L) under a suitable equivalence
relation which depends on a hyperring extension L of R rather than considering f as
a polynomial (cf. Equation (4.2.21)). Then, we define the set of solutions of ‘f = 0’
on L as the set

{r =(21,...,2,) € L" | 0 € f(2)}

by defining an appropriate notion of values f(x) (cf. Definition 4.2.18). Using this
framework, we can reinterpret a tropical variety as the ‘positive part’ of an algebraic
variety over hyper-structures via the symmetrization procedure of Chapter 3.
Finally, in the last subsection, we define the notion of a multiplicative seminorm on
a commutative ring with values in either a semifield or a hyperfield (cf. Definitions
4.2.33, 4.2.35). By means of these definitions, we introduce the notion of the ana-
lytification, in characteristic one, of an affine variety X = Spec A over a field K. We
prove (cf. Proposition 4.2.38) that the underlying space of X can be understood as
the analytification of X in characteristic one over the semifield B or the hyperfield
S. We also prove that the analytification of X is equipped with a topology which is
stronger than the Zariski topology provided that B and S have the discrete topology
(cf. Proposition 4.2.39).

4.2.1 Solutions of polynomial equations over quotient hyperrings

In this subsection, we consider the quotient hyperring R = B/G for some fixed
commutative ring B and a multiplicative subgroup G of the group of units B* of B.
Through the implementation of the quotient hyperring R = B/G one can link classical
algebra and hyper-structure theory via the canonical projection map 7 : B — B/G.
We denote [b] = (D).

Let A be an integral domain and G < A* be a multiplicative subgroup. Let B be an
integral domain containing A. Then one can interpret the quotient B/G as a hyper-
ring extension of A/G: by that we mean that there exists an injective homomorphism

¢ : A/G — B/G of hyperrings.
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In the classical case, with f = Y a; X! € A[X1, ..., X,,] a polynomial, we define the

set of solutions of the equation f =0 over B as:
{b=(b1,....,0,) € B" | 0= f(by,....b,) }. (4.2.1)
To extend this classical definition for hyper-structures, we introduce the set:
ft):={a€eB/G|ac Z[al][tl], for all presentations of f = Za[XI}. (4.2.2)

In general, for f € A[Xy,..., X,], there are several ways to write f = > a; X! so
that they represent the same element of A[X7,..., X,,]. For example, one can write
r?—1¢€ Alr] as (x+1)(z — 1) or 2> +x —x — 1. Then the condition a € >_[a;][t!] in
(4.2.2) should hold for all these presentations. In the trivial case of G = {e}, we have

f(t) = {f(®)}. In other words, f(t) is the evaluation of f at ¢ in the classical sense.

Example 4.2.1. Let A = B=Q, G = Q*, and f(z,y) = 3x —y € Q[z,y]. Take
t = ([1],[1]), d = ([0],[1]), and r = ([1],]0]) in (B/G)* = K?. Then we have

Next, we provide two possible definitions for the notion of a solution of a polynomial
equation over a hyperring of type B/G and show that such definitions do not depend
on the choice of the generators of an ideal I C A[zy, ..., x,]. We shall also prove that
the two definitions agree under certain conditions. We keep the same notation as

above. In particular, A is an integral domain.

Definition 4.2.2. 1. Let f € A[X}, .., X,] be a polynomial. By a solution of f over
B/G we mean an element t = ([t1], ..., [tn]) € (B/G)" such that 0 € f(t). We
denote by V (f) the set of solutions of f over B/G.

2. For a subset X C A[Xq, ..., X,,], let < X > be the ideal generated by X. We say

that t = ([t1], ..., [tn]) € (B/G)™ is a common solution of X over B/G if for any
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finite subsets { fi1,..., fr} C< X > and {q1,...,g-} C A[X},...X,], the following

condition is satisfied:
0 € i) + o+ Fo(0)3. (1), (4:2.3)

We denote by V(X)) the set of common solutions of X over B/G .
Alternately, one can introduce the following definition:

Definition 4.2.3. 1. Let f € A[X},...X,,] be a polynomial, we say thatt = ([t1], ..., [tn]) €
(B/G)"™ is a solution of f over B/G if

i = tz and
Vi=1,...,n 3y, € B s.t. Iyl = [t (4.2.4)

f(yh ~--’yn> = 0.

We denote by V(f) the set of solutions of f over B/G.

2. For a subset X C A[Xy,...,X,], we say that t = ([t1],...,[tn]) € (B/G)" is a
common solution of X if for any finite subset {f1,..., fr} C X, the following

condition holds.

lyi]l = [t:] Yi=1,...,n and

filyr, o yun) =0 Vj=1,..,r

We denote by V(X)) the set of common solutions of X over B/G.

One may observe that a solution in the sense of Definition 4.2.3 is a classical
solution up to twists by the multiplication of elements of G. For example, consider
the polynomials f, = v — g € A[z] for g € G. Then the set of classical solutions of
f, consists of a single element g. However, the set of solutions of f, over A/G in the
sense of Definition 4.2.3 is {[1]} for all g € G. In other words, over A/G, all f, has

the same set of solutions in the sense of Definition 4.2.3.

Example 4.2.4. Let A= B =Q, G = Q, and f = 3z —y € Q|z,y]. Then
t = ([a], [b]) is a solution of f over B/G in the sense of Definition 4.2.3 if and only
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if there exist q1,qo € G = Q* such that 3qgia — q2b = 0. This holds if and only if a
and b are both non-zero. Hence t = ([1],[1]) is the only solution of f over B/G = K.
When G = QZ, the signs of a and b should coincide. It follows that t = ([1],[1]) and
t' = ([-1],[—1]) are the only solutions of f over B/QX = S.

Remark 4.2.5. 1. When a set X C A[X}, ..., X,] consists of a single polynomial
f, we have V(X)) =V (f), using either of Definition 4.2.2 and 4.2.3.

2. Let I be an ideal of A[X,...,X,] and X C I be a set of generators of I. Then
V(I) = V(X) in the sense of Definition 4.2.2 since it is already defined in terms
of an ideal of A[Xq, ..., Xp,].

3. Following Definition 4.2.3, the set of solutions of an ideal I of A[Xy,...X,] does
not depend on the choice of generators of I. Indeed, let I =< X > be the ideal
generated by X. Then, by the definition, V(I) C V(X). Conversely, let us
choose any finite subset {hy,...hs} of I and t = ([t1], ..., [tn]) € V(X). We need
to show that t is a common solution of {hy,...,hs}. Because I =< X >, there
ezist g;; € A[Xy,...,X,] and f; € X such that h; = Y, gijf;. However, since
there exist [y;] = [ti] such that f;(y1,...y,) = 0 V7, it follows that t is also a

common solution of {hi,...hs}. Therefore, t € V(I).

When G = {e}, both definitions recover the classical meaning of a solution of a
polynomial equation f = 0. In particular, they agree when G = {e}. While Definition
4.2.2 is more intuitive, Definition 4.2.3 can be easily linked to classical results and
is easier to work with. Our next goal is to investigate more in details these two
definitions. In Proposition 4.2.8, we will prove that they agree in a particular case.
In the sequel, we let A be an integral domain, B is an integral domain containing
A, and G is a non-trivial multiplicative subgroup of A*. We let R := B/G be the
quotient hyperring.

To start with, we associate a matrix M to each polynomial f € A[X;,...X,,]. Let us
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write f = ag+ a1 X™ + ... + ax X'¥ such that I; # I, if j # t. Then we define
M := (m;;) € Myxn(Z), where m;; is the power of X; in ;. (4.2.6)

Note that the rank of M is independent of the ordering of I; since a choice of a

different ordering will simply permute the rows of M.

Example 4.2.6. Let f =X Xo—X3X,—1¢€ A[Xl, XQ, Xg, X4] Note that f =0 can
be considered as the polynomial equation defining SLy. Then the matrix associated to

f s given by
1 100
0011

Example 4.2.7. Let f = X} X3+ X2X, — X1 X3 + 1 €€ A[Xy, Xo, X3, X4]. Then

2300
M=10 0 2 1
1 010

Proposition 4.2.8. Let f = ag+a; X' +...+a, X* € A[X, ..., X, such that I; # I
if 7 # t. Suppose that a matriz M associated to f as in (4.2.6) has full rank and that
k <n. If one of the following conditions holds then Definition 4.2.2 and 4.2.3 agree
on I =< f> over R= B/G.

1. For any q € G and u € N, there exists v € G such that v* = q.
2. M is a square matriz (k =n) and M~ € M, »n(7Z).

3. M is not a square matriz (k < n) and one can add more rows to M to make a

square matriz N so that N~1 exists and becomes an element of My,xn(Z).

Remark 4.2.9. Before we prove Proposition 4.2.8, we mention that the matrix M
of Example 4.2.6 satisfies the third condition, thus the two definitions agree for SLs

considered here as the set of solutions of the polynomial equation X; Xo—X3X4—1 = 0.
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It follows from Proposition 4.2.8 that the same conclusion fails for SL, with n > 3

since a matrix M will never be of full rank in this case.

Proof. We will use capital letters X, Y, and T to refer to multi-index notation. Take
f=>,a: X" € A[X1, ..., X,)], and let T = ([t1], ..., [tn]) € (B/G)™ be a solution of f

in the sense of Definition 4.2.3. Then:
For each i = 1,...,n, 3Jy; such that [y;] = [t;] and f(y1,...,yn) = 0. (4.2.7)

Thus, for any presentation > asX’ of f, we have f(y1,...,yn) = Y, a;Y" = 0.

Therefore,

0= [y, )] =D _a Y €Y [aY"] =) [a]Y*] =) la]IT"].

S S

It follows that 0 € f(T).
Conversely, let T' = ([t1], ..., [t]) € (B/G)" be a solution of f = >__as;X" in the sense

of Definition 4.2.2. This means that for any presentation f = > a, X, we have
0 € [ag) + [a][T™] + ... + [ax][T7*]. (4.2.8)
It follows that
3490, q1, ...qx € G such that 0 = qoag + T + ... + qrpap T . (4.2.9)

We may assume that ¢o = 1 by dividing both side of (4.2.9) by ¢o. We need to show

the following:
for each i = 1,...,n 3Jy; € B s.t. [y;] = [ti] and ag+a, Y 4. 4-a,Y'* = 0. (4.2.10)

Firstly, let us assume that the first condition is satisfied. Suppose that n = k. Since
M is of full rank with integer entries, it follows that M ! exists and has only rational

entries. Denote by q% any v € G such that v* = ¢ and also denote by ¢ an element
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~™ where g € GG. Such element exists for all ¢ € G and s, m € N by the assumption
of the first condition. Note that the choice of v is not canonical. Then, for M = (m;;)

and M ' = (b;;), we define

It follows that

k
m _ | | bij Mgi4M _ | | ZJms'L m _ | | mst 1] m
y E L a— ( q] ) szti s s s
Jj=1

Thus we have

n k n k
YIS —_ y yglsn _ tmsl tmsn H Hq;n%bw TIS H(H q‘;nsibij)'

i=1 j=1 i=1 j=1

Furthermore,

k n k k
51045 — sibij 55'
v TId e = qLa= ") = 71 a) = 7", = 0.7".
j=1 i=1 j=1 i1

In other words, for each s = 1, ..., k, we have Y!s = ¢,T% and [y;] = [t;] Vi. Therefore,
these y; satisfy the condition (4.2.10). It follows that T is a solution of f in the sense
of Definition 4.2.3.

When k£ < n, one can add more rows to make M into an invertible matrix /N since
we assumed that M has full rank. Then we apply the same change of variable to N
as above. This proves the proposition under the first condition.

When the second condition or the third condition holds, since we only have integer
entries, all such q?” are well-defined without the further assumption on G as in the first

case. The conclusion follows from the same argument. This completes the proof. [J

We remark that in the proof of Proposition 4.2.8, one can see that Definition 4.2.3

implies Definition 4.2.2 in general, but not conversely.
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The Hasse-Weil zeta function over hyper-structures

The Hasse-Weil zeta function is the generating function of solutions of polynomial
equations over finite fields extensions. More precisely, let X be an algebraic variety
over the finite field F, and | X (F;m)| be the number of solutions of X over the finite

field extension F,m. The Hasse-Weil zeta function Z (X, t) of X is defined by

2(X,1) = exp(Y %tm), Ny = [X(F ). (4.2.11)

m>1

To mimic (4.2.11) in hyper-structures, we need the appropriate notions of a ‘hyper’-
solution and a ‘finite hyperfield extension’. We use Definition 4.2.2 or 4.2.3 of the
previous subsection as the definition of a ‘hyper-solution’, however, there is no natural
analogue of Fm in hyper-structures. In fact, in the theory of hyperfields, finite hyper-
field extensions of the same (suitably defined) degree do not have to be isomorphic
(cf. [9, Remark 3.7]). In this subsection, we will mostly focus on finite extensions
of the Krasner’s hyperfield K of the type R, := Fyn/F by considering it as the
analogue of the finite extension Fym of F, of degree m. Then, either by applying
Definition 4.2.2 or Definition 4.2.3, the direct analogue of (4.2.11) would be to define

Zy(X,t) =exp() %m, N, = |X(Rn)|, (4.2.12)

m>1

where X (R,,) is the set of solutions of X over R,,.

Recall that a real-valued function N : R — R is said to be a counting function of
solutions of an algebraic variety X over F, when | X (F;m)| = N(¢™) for all m € Z-,.
Let p be an odd prime number, X be an affine algebraic variety over F,, and X (R,,)
be the set of solutions of X over R,, = Fym/F, in the sense of Definition 4.2.2 or
4.2.3 with A =F, and B = F,n. We shall restrict to the affine case since we do not

have yet defined the gluing notion in relation to our definitions.

Definition 4.2.10. Let X be an affine algebraic variety over F,. A real-valued func-
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tion N : R — R is called a counting function of X over the Krasner’s hyperfield K
(with respect to Definition .2.2 or 4.2.3) if

IX(Ro)| = N(|Ru|) Vm € Ty, (4.2.13)

Example 4.2.11. Suppose that X = A" or G}, over F,,. Then, with any of Definition
4.2.2 and 4.2.3, we obtain the counting functions N(y) = y™ and (y —1)" respectively.

These agree with the counting functions of A" and G}, in the classical case.

The next proposition shows that not only simple cases like A" and GJ.,, but also
for some case a counting function over K agrees with a classical one. Note that the

similar observation to the next proposition has been explained in §5.4 of [49].

Proposition 4.2.12. Let X be an affine algebraic variety defined by a polynomial

=yt gy — yll’l...yzn e F,ly1, s Ynl-

1. The counting function of X over K (with respect to Definition 4.2.3) exists and

agrees with the classical counting function of X over F,,.

2. Let ¢; = a; — b;. If the row vector [cy...c,)| satisfies one of the conditions given in
Proposition 4.2.8, then the counting function of X over K (with respect to any
of Definition 4.2.2 and 4.2.3) agrees with the classical counting function of X

over IF,.

Proof. We prove the first assertion. The second assertion directly follows from Propo-
sition 4.2.8 and the first assertion. We will compare ways to count solutions in each
case in terms of |G,,|. We divide the proof in two cases: when at least one of y; is 0
and when none of y; is 0.

If a (hyper)solution y = (y1,...yn) contains k zeros, the number s; of such (hy-

per)solutions is given by

Sk = (Z) t"* where t = |G,,,|.
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Therefore, in this case, both the numbers of hyper-solutions and classical solutions
agree in terms of t = |G, |.

Next, we compute sp, the number of (hyper)solutions without a zero. With respect
to multiplications, F,. and R, are cyclic groups of order ¢t = |G,,|. Let us first
consider the classical case. For notational convenience, let k = Fym, k* =< a >
with |a| = ¢t. Suppose that y = (y1,...,y,) is a solution such that y; # 0 Vi. Then
solving f = yi*...ysr — yi’l...yff is equivalent to solving yi'...yS» — 1. However, since
we are solving yi'...yS" — 1 over k, this is equivalent to finding A = (Ay, ..., \,,) with

1 < \; <t such that

> Xic; = 0( mod t). (4.2.14)
This is because we may write y; = a’ for each i = 1,...n. Then y'..y>» =

aMer aren = q2Ai¢ and |a| = t. Hence sq is the number of distinct solutions of
(4.2.14). In the case of hyper-solutions, we can count in the similar manner. Since we
are counting solutions do not contain zeros, in this case, solving f = y{*...y%" —yll’1 Lyl
is equivalent to solving yi*...y5*—1. One can easily observe that y = (y1,...yn) € (R})"
is a solution of y*...y5» —1 in the sense of Definition 4.2.3 if and only if 0 € yi*...yS» —1.
That is equivalent to solving yi'...ys* = 1. But we can write R}, =< [ > with
|| = t. Therefore, same as the classical case, it reduces to finding A = (Aq, ..., \,)

with 1 < \; <t such that > A\;je; = 0( mod ¢). This proves our proposition. O

Suppose that there exists a counting function N(y) of X over K. Then the Hasse-

Weil zeta function attached to X over K as in (4.2.12) becomes the following:

Zy(X,t) =exp() th). (4.2.15)

m
m>1

Example 4.2.13. Let X = G,, over F,. Then we have the counting function N(y) =
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y — 1 over K. One observes that |R,,| = p;__ll + 1. It follows that

pm—1

Zi(Gonst) = exp(3 L) — xp(30 ELm) —exp( (- BE_S7 )
1 1 1 1 1—t o
= expl( s () - () = ()

Remark 4.2.14. Example 4.2.13 shows that even if a classical counting function
and a counting function over K agree, their Hasse-Weil zeta functions do not have to
agree. Furthermore, it seems hard to derive interesting properties of Zy(X,t) due to
the difficulty in dealing with Definitions 4.2.2 and 4.2.3. Howewver, in §4.3, we define
an integral hyper-scheme and the Hasse-Weil zeta function attached to it. Then, we

generalize several properties of a classical Hasse-Weil zeta function.

4.2.2 A tropical variety over hyper-structures

In this subsection, we recast a tropical variety as the ‘positive part’ of an algebraic
variety over hyper-structures. The basic notion of tropical geometry that we need in
this subsection is reviewed in §2.1.1. For more details about tropical geometry we
refer the reader to [30]. Note that we use the generalized notion of a tropical variety
in this subsection (cf. Equation (4.2.23), Remarks 4.2.30 and 4.2.32), and that such
choice makes no difference in further study.

The main motivation for the study proposed in this subsection comes from the fol-
lowing observation. The definition of a tropical variety does not seem natural in
the sense that it is not defined as the set of solutions of polynomial equations, but
as the set of points where a maximum is attained at least twice. Recently, there
have been several attempts to build an algebraic foundation of tropical geometry:
e.g. [18], [23], [35], [50].

Next, Proposition 4.2.31 shows that there exists a more natural description of a tropi-

cal variety by applying a symmetrization procedure and the definition of an algebraic
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variety over hyper-structures.
We use the multi-index notation: for I = (iy,...,i,) € N*, X! := ' ... zin Let us

first define the notion of a polynomial equation with coefficients in a hyperring R.

Definition 4.2.15. Let R be a hyperring.

1. By a monomial f with n variables over R we mean a formal sum consisting of
a single term:

f=aX", ar € R. (4.2.16)

2. By a polynomial f with n variables over R we mean a finite formal sum:

f= Z ar X', ar € R, ay =0 for all but finitely many I (4.2.17)
Tenn

such that there is no repetition of monomials with the same multi-index 1. We

denote by R|x1, ..., x,] the set of polynomials with n variables over R.

One can be easily mislead in hyperring theory. For example, (x — z) is not a poly-
nomial over the hyperfield of signs S since the term x is repeated. The reason why we
do not want (z—x) to be a polynomial is that whenever a repetition of a monomial oc-
curs, an ambiguity follows. For instance, we may have (r—z) = (1—1)x = {—=x,0, z}.
In other words, (z — ) does not represent a single element.

Furthermore, one can not perform the basic arithmetic in general. For example,
(z? — 1) differs from (z 4+ 1)(z — 1) as an element of S[z] (cf. Example 4.2.16).
Note that (z + 1)(z — 1) is not even a polynomial over S since it is not of the form
(4.2.17). However, in (4.2.18), we shall explain the meaning of such type. Therefore,

for f,g € R[xq,...,x,], we say f = g only if they are identical.

We directly generalize the classical addition and multiplication of polynomial equa-

tions to R[vy,...,x,]. For example, for f = 37" jaix’, g = D" (bja? € Rlx], the

143



addition and the multiplication of f and g are given by

n n n+m
f+g:= Z(ai + b))’ + Z bix', fg:= Z( Z a,b)r’. (n<m) (4.2.18)
=0 i=n+1 =0 r4l=i

However, (a; + b;) and ) 41— @by are not elements, but subsets of R in general.
Therefore, the addition and the multiplication defined in this way are in general

multi-valued as the following example shows.

Example 4.2.16. Let R = S, the hyperfield of signs. For x — 1,z + 1 € S[x], we

have
(z+D@-1)=2*+1-Dz—-1={2* 1,22 +r—1,2° —z — 1}.

+D)+@x-1D=@+2)+(1-1)={r,z+1,z—1}.

Remark 4.2.17. We emphasize that R[z1, ..., x,] is only a set with two multi-valued
binary operations. However it appears, in some circumstance, that R|xy, ..., x,] be-

haves like a hyperring as Example 4.2.26 shows.

Throughout this subsection, we will simply write a polynomial over R instead of

a polynomial with n variables when there is no possible confusion.

Definition 4.2.18. Let R be a hyperring and Rzy,...,x,] be the set of polyno-
mials over R. Let L be a hyperring extension of R. By an evaluation f(«) of

f=>,a:1X" € Rlzq, ...,z at a = (a4, ...,a,) € L™ we mean the following set:

fla) = Zafo/ CL. (4.2.19)

I

Example 4.2.19. Let R = L = S, the hyperfield of signs. Suppose that f = 2> —x €
Rlz]. Then: f(1) =8, f(0)={0}, f(-1)={1}.
Let L = TR, Viro’s hyperfield. Then: f(1) =[-1,1], f(0)={0}, f(-1)={1}.

An intuitive definition of a set of solutions of f € R[zy,...,x,] over a hyperring
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extension L of R would be the following set:

{a=(a1,...,a,) € L" | 0 € f(a)}. (4.2.20)

However, (4.2.20) may depend on the way one writes f (cf. [49, §5.2]). Moreover, for
two different elements f, g € R[x1,...,x,], we may have f(«a) = g(«a) Yoo € L™. For
example, suppose that f = 2?2 — 1, g = 2* — 1 € S[z]. Then f(a) = g(a) Va € TR,
but f # g as elements of S[z]. To resolve these issues, we introduce the following

relation on R[zy, ..., x,].

Definition 4.2.20. Let R be a hyperring and R[zy, ..., x,] be the set of polynomials

over R. Let L be a hyperring extension of R. For f,g € R[x1,...,x,], we define

f=r9< fla) =g(a) (as sets) Va € L". (4.2.21)

Remark 4.2.21. The relation (4.2.21) depends on a hyperring extension L of R.

However, we note that of H is a hyperring extension of L then f =5 g = f =L g.
The following statement is clear in view of the above definition.

Proposition 4.2.22. Let R be a hyperring and L be a hyperring extension of R.

Then the relation (4.2.21) on R[z1, ..., x,| is an equivalence relation.

Proof. This is straightforward since (4.2.21) is defined in terms of an equality of

sets. L]

Under the equivalence relation (4.2.21), we can consider each polynomial f €

Rlzy, ..., x,] as the following function:

f:L" — P*(L), a=(o,....,an) — f(a), (4.2.22)

where P*(L) is the set of non-empty subsets of L.

Definition 4.2.23. Let R be a hyperring and R[zy, ..., x,] be the set of polynomials

over R. Let L be a hyperring extension of R. By a solution of f over L we mean an
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element a = (ay,...,a,) € L" such that 0 € f(a) where we consider f as in (4.2.22)

under =;. We denote by V() the set of solutions of f over L.

Remark 4.2.24. Suppose that H is a hyperring extension of L. It clearly follows
from the definition that Vi,(f) C Vu(f).

Let R[zy,...,x,]/ =1 be the set of equivalence classes of R[zq,...,x,] under =.
When L is doubly distributive (hence, so is R), the multiplication on R[z1, ..., z,|/ =L
induced from the multi-valued multiplication on R[z1, ..., z,] is well-defined and single-
valued. In fact, suppose that f,g € R[zy,...,x,]. If h € f- g then it follows from
the doubly distributive property of L that h(a) = f(a) - g(a) for all « € L™ (cf. [50]
the remark after Theorem 4.B.). Therefore, under =, the set f - g becomes a single
equivalence class. This is one of the advantages of working with R[z1,...,x,]/ =L

rather than working directly with Rz, ..., z,].

Example 4.2.25. Let R =S, the hyperfield of signs and L = TR, Viro’s hyperfield.
Then L satisfies the doubly distributive property (cf. [50, Theorem 7.B.]). In Ezample
4.2.16, we computed (x + 1)(x — 1) = {2* — 1,2* + x — 1,2 — x — 1} in S[z]. One

can easily see that

a?  iflal > 1
Vae TR, (a®—1)=(a*+a—-1)=(®>—a—1)=<S [-1,1] ifla=1

1 iflal <1

Therefore (z* — 1) =g (2> +x — 1) = (#* — 2 — 1), and x = 1, -1 are the only

solutions of the equivalence class of (x® — 1) under =7x.

However, the following example shows that in general one can not expect R[x1, ..., z,|/ =L

to be a hyperring even when L satisfies the doubly distributive property.

Example 4.2.26. Let R = L = K, the Krasner’s hyperfield. Let [f] be the equivalence

class of f € K[z] under =x. Then any two non-constant polynomials over K with
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the same constant term are equivalent under =x. It follows that

(K[z]/ =x) = {[0], 1], [1 + 2], []}.

For the notational convenience, let 0 := [0],1 := [1],a := [1 + z], and b := [z]. Then

we have the following tables:

+10 1 a b O[1]|alb
010 1 a b 00101010
1]1]{0,1} {a,b} a 101 al|b
a | a|{ab}|{0,1,a,b} | {1,a} al0lalalbd
AR (1,a} | {0,0) blololblo

One can check by using the above tables that (K|x]/ =k, +) is a canonical hypergroup,

but it fails to satisfy the distributive law. For example, we have

a(l+b) ={a} Ca+ab=1{1,a}.

However, one sees that (K|x]/ =k, +, ) still satisfies the weak version of the distribu-
tive law we previously mentioned (cf. Remark 3.1.5). It follows that (K|[x]/ =k, +, *)
15 not a hyperring but a multiring.

We recall that if A and B are multirings, one defines a homomorphism of multirings

as a map @ : A — B such that

p(a+b) C pla)+p(d), w(ab) =p(a)p(), »(1a) =15, ¢(04) =05  Va,be A

Consider the set Ak (K) := Homu(Klz]/ =k, K) of multiring homomorphisms
from K[z]/ =k to K. If ¢ € AL (K) then one has p(a) = 1 since a+a = (K[z]/ =k).
One can also easily check that o(b) can be any point of K. It follows that Ak (K) =
{@o, 1}, where ©o(b) = 0 and ¢1(b) = 1. This suggests that one might consider

K[z]/ =k as the ‘coordinate ring’ of an affine line over K.
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In the sequel, we will always consider an element f of R[z1, ..., z,,| under the equiv-

alence relation (4.2.21) with a predesignated hyperring extension L of R.

We begin with the case of a hypersurface. Recall that a tropical variety (or tropical
hypersurface) trop(V(f)) defined by a polynomial equation f € Z4z[71, ..., ¥,] is the

following set:
{a € (Znaz)" | the maximum of f is achieved at least twice}. (4.2.23)

For the notational convenience, let M = Z,,4, and Mg = R = $(Zmaz), the sym-
metrization of M. Note that Mg is a hyperfield since M is a semifield (cf. Lemma
3.1.6).

Let f(z1,....,2,) € M|z, ...,x,]. Write f(xq,...,2z,) = Y. mi(z1,...,2,) as a sum of

distinct monomials and fix this presentation. Then we define

fi(xy, o xy,) = ij(xl, ey Ty) € M[xq,...,2,] for each i.
J#

By identifying an element a € M with the element (a,1) € Mg = R, we define

fiwr, o mn) = O _(my(@, o 20), 1)) + (my(21, o0 ), —1) € Rlan, ..., 2.
J#i

With these notations we have the following description of a tropical hypersurface.

Proposition 4.2.27. With the same notation as above, we let
V(f)={zeR"|0r € fi(x)}, HV()=JV()
Then, with ¢ = s" : M™ — R"™, we have a set bijection:

trop(V(f)) ~ (HV(f) NImg(y)),
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where trop(V (f)) is the tropical variety defined by f € M|z, ..., z,).

Remark 4.2.28. Even though we started by fizing one presentation of a polynomial
equation f € Mlxy, ..., x,|, the set trop(V (f)) does not depend on the chosen presen-
tation of f. Therefore, even though HV (f) may vary depending on a presentation
of f, the set HV (f)(Img(p) is invariant of the presentation as long as there is no

repetition of monomials.

Before we prove Proposition 4.2.27, we present an example to show how this pro-

cedure works.

Example 4.2.29. Let f(x,y) =x +y+ 1 € Zpaz|r,y]. Then trop(V(f)) consists of
three rays (cf. Example 2.1.1):

trop(V(f)) = {(x,y) € Zimax X Zinax | 1 <y=2x, ory<z=1, orxz <y=1}
With the above notations, we have
foley) =y+1, folzy) = (1,1)y+(1,1)+ (1, —-1)z. (4.2.24)

Since we only consider the ‘positive’ solutions, x and y should be of the form (t,1).

Therefore, in this case, we have

folzy)=(y, 1)+ (1,1) + (x,—-1) = (y+ 1,1) + (x,—1). (4.2.25)
By the definition of symmetrization (cf. Equation (3.1.2)), we have
Og € fx(x,y) < y+1=2xin Znae.
Thus, we obtain

{(2,9) € ZmazXlipaz | 1 <y=2x, ory<zxz=1}= V(fw(x,y)) ﬂ(s(me)xs(Zmaz)).
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Similarly with f,(xz,y) =z + 1 we have
Or € fy(x,y) < ax+1=y inZpna.
This time, we obtain
{(2,9) € ZimazXlipaz | 1 <z =79y, orx<y=1}= V(fy(x,y)) m(s(Zmax)XS(me)).
Finally, with fi(x,y) = x +y, we have
Op € fl(x,y) < rt+y=11inZna.
This gives
{(29) € ZonaexTonn | 9 < 7= 1, 072 < y = 1} = V(Fi (2,3)) [ 15(Bors) X5 (Zonas).

By taking the union of all three we recover
trop(V(f) =( | V@ 0) [ )6(Zmar) X 5(Zumaz))-
ze{z,y,1}

Now we give the proof of Proposition 4.2.27.
Proof. When f is a single monomial, the result is clear since 0, and Or will be
the only solution for each. Thus we may assume that f is not a monomial. If
z = (21,..., 2n) € trop(V(f)) then there exist m;(z1, ..., z,), m;(x1, ..., x,) with ¢ # j
such that the value m;(z) = m;(2) attains the maximum among all m,(z). Then we

have f(z) = m;(z) =m;(z) € M. It follows that

Or € (f(2),1) + (mi(2), =1) = (£i(2), 1) + (mi(2), =1) = fi(0(2)).

Thus we have ¢(z) € HV(f).
Conversely, suppose that p(z) € HV(f)NImg(p). Let o(z) = (p(2;)), where (z;,1) €
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M x {1} € R. Then, by the definition of HV(f) = JV(f:), ¢(2) is an element of

V( fl) for some 7. In other words,

0r € (Y (m;(2), 1) + (mai(=2), —1) = filp(2)).

J#i

Therefore, there exists some r # ¢ such that

Z(mj(z)ﬂ 1) = (mr(z), 1) = (mi<z)7 1) and mj(z) < mr(z) = mz(z) N4 7£ 1,7
JF

It follows that z € trop(V(f)). So far we have showed that

p(trop(V(f))) = HV(f) N Img(ep).

Since ¢ is one-to-one, we conclude that trop(V(f)) ~ HV(f) N Img(yp) as sets. In
other words, trop(V (f)) is the ‘positive’ part of HV (f). O

Remark 4.2.30. Our definition (4.2.23) of trop(V(f)) may contain a point a =
(a1, ...,a,) such that a; = —oo(= 0yr) for some i. This is little different from the
conventional definition of a tropical hypersurface in which one excludes such points.
However, from the proof of Proposition 4.2.27, one can observe that the subset of

trop(V (f)) which does not have 0y at any coordinate maps bijectively onto the subset

of HV(f)) N Img(y) which does not have O at any coordinate.

When [ is an ideal of Z,qz[%1, .., 2,,] one defines a tropical variety defined by I as

follows:

trop(V(I)) := ﬂtrop(V(f)). (4.2.26)

One has to be careful with (4.2.26) since the intersection is over all polynomials in [
not just over a set of generators of I (cf. [30]).
To understand (4.2.26) as the ‘positive’ part of an algebraic variety over hyper-

structures, we extend the previous proposition as follows.

151



Proposition 4.2.31. Let I be an ideal of Zpaz|[T1, .., Ts). Then, with the same nota-

tion as Proposition 4.2.27, we have a set bijection via ¢ = s™:

trop(V(I)) == [ trop(V () ~ ([VHV () [ )Img¢.

fel feI

Proof. Take any z € trop(V(I)) C (Zmaz)", then by definition, z € ﬂfel trop(V(f)).
That is z € trop(V (f)) Vf € I. It follows from the previous proposition that ¢(z) €
HV(f) Vf e, thus o(z) € (N, HV () N Img .

Conversely, if p(2) € (N;e; HV(f)) N Imgp then p(z) € HV(f) Vf € I. From the
previous proposition it follows that z € trop(V(f)) Vf € I, hence z € trop(V (I)).

Thus we have

p(trop(V(I))) = ((VHV(f)) () Img .

fel

The conclusion follows from the injectivity of . O

Remark 4.2.32. 1. One can replace Zpar with any semifield M of characteris-
tic one. Then the same statement holds with R = Mg. In particular, when
M = R4z, the subset of trop(V (1)) which consists of points without —oo at any

coordinate is exactly same as the tropical variety defined by I as in [30].

2. Let K be a field with a non-archimedean valuation v and a value group I'f.
Suppose that K is complete with respect to v. Since 'k is an additive subgroup
of R, we can consider T'ix U {—0o0} as the subsemifield of Ry, by defining an
addition law as the mazimum and a multiplication law as the usual addition (cf.
Remark 3.1.1).

Let f € K[xy,...,x,], F = trop(f) € Uklxy,...,x,] as in [30](or see §2.1.1).
Then the following is well-known (cf. Theorem 2.1.4).

trop(V(F)) = {(v(x1), ..., v(zn))|z = (21,...,2,) € V(f) C K"}.
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Thus, together with the above proposition, we have a set bijection:

{(v(z1), ..., v(xp))|x = (21, .0y zp) € V(f) T K"} ~ (HV(F)mImggo).

4.2.3 Analytification of affine algebraic varieties in characteristic one

Let us first review the definition of the Berkovich analytification X" of an affine
algebraic variety X over K, where K is an algebraically closed field which is complete
with respect to a non-archimedean absolute value v. Note that by an algebraic variety

over K we mean a reduced scheme of finite type over K (possibly reducible).

A multiplicative seminorm | — | on a commutative ring A is a multiplicative monoid
map | — | : A — Ry such that [04] = 0 and |a + b < |a| + |b] Va,b € A. We
call that a multiplicative seminorm | — | is non-archimedean if |a + b| < max{]|a|, |b|}

Va,b € A. When A is a commutative K-algebra, we say that | — | is compatible with
vif |k| =v(k) Vk € K.

The Berkovich analytification X" is a topological space whose underlying set consist-
ing of multiplicative seminorms on the coordinate ring Ox (X) which are compatible
with a non-archimedean absolute value v on the ground field K. The topology is given

by the coarsest topology such that Va € Ox(X), the following map is continuous.

evg : X" — Rsg, | — |+ ]al, (4.2.27)

where R>( is endowed with the Euclidean topology. For more details about multi-
plicative seminorms or the Berkovich analytification we refer the reader to the first
chapter of [3].

In this subsection, inspired by [18] where authors extended the notion of valuations
on a commutative ring so that a value group is no longer a group but an idempotent
semiring, we generalize the notion of a multiplicative seminorm on a commutative
ring A so that it has values in a semifield of characteristic one or a hyperfield with

a good ordering (cf. Definition 3.1.2). Furthermore, by appealing to such generaliza-
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tion, we construct the Berkovich analytificaiton, in characteristic one, of a (classical)
affine algebraic variety.

We remark that the situation is different from §2.4 where we investigate a valuation
of a semiring which has values in semifields or hyperfields. However, in this section,
we study a multiplicative seminorm of classical objects which has values in semifields
of characteristic one or hyperfields with good orderings.

Note that in what follows we use the canonical order < on a semifield S of charac-

teristic one reviewed in Chapter 3 unless otherwise stated.

Definition 4.2.33. A multiplicative seminorm on a commutative ring A with values

in a semifield S of characteristic one is a map | —|: A — S such that

0s <la|, |abl=|a|lb], |a+0b] <la|+ b, [04]=0g Va,be A, (4.2.28)

Let K be a field. When A is a commutative K-algebra and v : K — S is a multiplica-

tive seminorm on K with values in S, we say | — | is compatible with v if |a| = v(a)

Va € K.

Example 4.2.34. Let A be a commutative ring and ¢ : A — Rsq be a non-

archimedean multiplicative seminorm in the classical sense. Let S = R,,q.. Then

In(p): A — Ry, a—1In(p(a)), In(0):=—o00

18 a multiplicative seminorm with values in R, ;.

Conversely, suppose that 1 : A — Ry,4. 15 a multiplicative seminorm in the sense of

Definition 4.2.33. Then

exp(¢) : A — Rsg, aw exp(¥(a)), exp(—o0):=0

1 a non-archimedean multiplicative seminorm on A in the classical sense.

Definition 4.2.35. Let R be a hyperring which has a good ordering P. A multi-
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plicative seminorm on a commutative ring A with values in a pair (R, P) is a map

| — | : A — R such that Ya,b € A the following holds.
lal € P, |abl = lal[b], (la+b] + al +[b]) (\(lal + [6]) # 0, [0a] = 0. (4.2.29)

Let K be a field. When A is a commutative K-algebra and v : K — R is a multi-

plicative seminorm on K with values in a pair (R, P), we say that | — | is compatible

with v if |a| = v(a) Va € K.

We will say interchangeably a multiplicative seminorm with values in a pair (R, P)
and a multiplicative seminorm with values in a good ordering P when there is no

possible confusion.

Remark 4.2.36. 1. Since a classical multiplicative seminorm maps a commutative
ring to a monnegative real numbers, we impose the condition Os < |a| for a
semifield S of characteristic one and the condition |a| € P for a hyperring R
with a good ordering P. However, the condition Og < |a| is redundant since S is

totally ordered with the canonical order.

2. The semi-algebraic condition |a + b| < |a| + |b| is equivalent to the algebraic
condition |a + b| + |a| + [b] = |a| + |b| provided that |a + b] < maz{|al, |b|}
(cf. [18]). This motivates the condition (|a + b| + |a| + [b]) N(la| + 1b]) # 0 in
Definition 4.2.35.

Definition 4.2.37. Let X = Spec A be an affine algebraic variety over a field K. Let
P be either a semifield of characteristic one or a good ordering of a hyperfield R. Let
v be a multiplicative seminorm on K with values in P. We denote by X§,, the set of
multiplicative seminorms on A with values in P which are compatible with v. We call

Xp, the analytification of X with values in P with respect to v.

In the sequel, we will denote by X#" when there is no ambiguity about a multi-

plicative seminorm v on a ground field K with values in P. For example, when P is
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either B or the good ordering {0, 1} of the hyperfield S of signs, there exists a unique
non-trivial multiplicative seminorm on K with values in P. Therefore, in this case,

we simply denote by X"

Proposition 4.2.38. Let P be either B or the good ordering {0,1} of S, and A be
a commutative K-algebra. Then there exists a canonical one-to-one correspondence

between the set X¢" and the set of prime ideals of A where X = Spec A.

Proof. We first consider when P = B. Let ¢ be a multiplicative seminorm on A with
values in B. We claim that p := Ker(p) is the prime ideal of A. In fact, 0 € p. If

a,b € p then we have

0 < pla+b) <pla)+ b)) =0+0=0.

It follows that ¢(a 4+ b) = 0, hence a + b € p. Next, for r € A, a € p, clearly ra € p
from the multiplicative condition of ¢. Furthermore, for multiplicative seminorms
©, 1 with values in B, one sees that ¢ = v if and only if Ker(p) = Ker(y)) since B
consists of two points. Therefore, each ¢ uniquely determines the prime ideal of A.

Conversely, for p € Spec A, let us define ¢, to be the map from A to B such that
¢wp(a) = 0 if and only if @ € p. We claim that ¢, is a multiplicative seminorm
with values in B. In fact, we have ¢,(0) = 0. There are four possible pairs of
(pp(a), pp(b)); (1,1),(1,0),(0,1),(0,0). If it is (1,1) then a,b & p. Thus ab & p, and
we have p,(ab) =1 = ¢,(a)p,(b). Furthermore, since ¢,(a) + ¢,(b) = 1, the second
condition is satisfied. If it is (1,0) then we have ¢,(ab) =0=1-0 = py(a) = py(b).
Furthermore, since ¢, (a +b) is either 0 or 1, the second condition easily follows. The
case of (0,1) is same as that of (1,0). Finally, if the pair is (0, 0), it is straightforward.
The proof when P = {0,1} of S is similar. O

Classically, the Berkovich analytification X" of an affine algebraic variety X is
equipped with the topology induced from Euclidean topology of R (cf. (4.2.27)).

However, in Definition 4.2.37, we only define an analytification as a set. This is
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because we do not assume that a semifield of characteristic one or a hyperfield is
equipped with a topology in general. But, one can mimic the classical construction
of the Berkovich analytification to impose the topology on X7 as long as P is a
topological space. In other words, as in (4.2.27), we give the weakest topology on

X3, such that Va € Ox(X) the following map is continuous:
evg : Xpo, — P, | = |+ lal. (4.2.30)

Let P be either B or the good ordering {0,1} of S with the discrete topology and
X = Spec A be an affine algebraic variety over a field K. The topology on X#" as
above is the subspace topology induced from the product topology of [] ., P. Let us
denote this topology on X¢* as 7. Since we have X% = X = Spec A (as sets), one
may wonder the relationship between the Zariski topology on X&* and 7. In fact, T
is finer than the Zariski topology. In the next proposition, we use the correspondence

between X and X§" of Proposition 4.2.38.

Proposition 4.2.39. Let P be either B or the good ordering {0,1} of the hyperfield
S and X = Spec A be an affine algebraic variety over a field K. If U C XE" is a

Zariski open subset then U is open with the topology T .

Proof. For each a € A, we define

P ifi#a

B,=[[n R= .
i€A {1} ifi=a.

Then B, is an open subset of .., P with respect to the product topology. Since U

is Zariski open, U = D(I) for some ideal I of A. Let V :=J,.; B,. Then V is open

acl
with respect to the product topology. Therefore, it is enough to show that U = UNV.
In fact, clearly we have U NV C U. Conversely, if ¢ € U then I € Ker(p). It follows
that Ja € I\Ker(y). This implies that ¢(a) = 1, hence ¢ € B, C V. This proves the

other inclusion. ]

157



Remark 4.2.40. 1. The topology T and the Zariski topology are not same in gen-

eral. Let a, 8 C A be finite subsets. Let us define

1 ifiea
Bog=]]P, P=40 ifiep
icA
P otherwise.
Then Bog form a basis of [[,. 4 P with respect to the product topology. However,
we have B, g X = V(< S >)(D(«), and this is not an open set with respect

to the Zariski topology in general.

2. Let M be a semifield of characteristic one and R = Mg be the symmetrization
of M. The analytification of an affine algebraic variety X = Spec A with values
in R depends on the choice of a good ordering of R. However, by using the
symmetrization map s : M — R, we see that the analytification with values in
M and the analytification with values in (R, s(M)) can be identified (in fact, one

may choose —s(M) as a good ordering of R to identify).

For the rest of this subsection we fix the following notations: P = R,,,. and

R = Pg, the symmetrization of R,,4,.

Lemma 4.2.41. Let K be a field with a non-archimedean multiplicative seminorm
v:K* — Rsg. Then v can be uniquely extended to a multiplicative seminorm on K

with values in R,,u..
Proof. This is straightforward by the exact same argument in Example 4.2.34. n

Lemma 4.2.42. Let K be a field and A be a commutative K-algebra. Suppose that
fa g€ Homalg(A, K) Then

f =g <= Ker(f) = Ker(g).

Proof. f = g obviously implies the same kernel. Conversely, suppose that f # g.
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Then there exists a € A such that f(a) # g(a). Since f and g have the same kernel,
it follows that f(a) = b # 0. Then we have f(b~'a) =1 since b is a non-zero element
of K and f(1) = g(1) = 1. This implies that 1 — b~'a € Ker(f) = Ker(g), hence

g(a) = b. This contradicts our assumption, thus f = g. O

As in [38], we give the topology on R,,., which extends the topology of R by
defining the completed rays [—o00,a) for a € R as a basis of neighborhoods of —oco.
Let X = Spec A be an affine algebraic variety over a field K and v be a multiplicative
seminorm on K with values in P. We give the topology on X7 the weakest topology
such that all maps

wf:XI%Z)HRmama |_|H|f’

are continuous for each f € A (cf. (4.2.30)). We note that this topology is equivalent

to the topology induced by the product topology on [] ., Riaz-

a€A

Proposition 4.2.43. Let v be a non-archimedean multiplicative seminorm on a field
K and v be the multiplicative seminorm extending v as in Lemma 4.2.41. Let X =

Spec A be an affine algebraic variety over K. Then the following holds.
1. x7({—00}) is a proper prime ideal of A Vx € Xg.

2. There exists a canonical injection from X(K) into X, where X(K) is the set

of K-rational points of X.

Proof. 1. Let I := z7'({—o0}), then trivially 04 € I. Suppose that a, 3 € I,
v € A. It follows from z(a+ ) < max{z(«a),z(S)} = —oo that a+ € I. Since
z(yB) = x(vy) + () = —oo, we have v € I. This shows that I is an ideal.
Suppose that pg € I. Then x(pq) = x(p) + z(q) = —o0, therefore x(p) = —o0 or

x(q) = —oo. It follows that I is a proper prime ideal since 14 ¢ I.

2. Let us define the following map:
Y X(K) =Hom(A, K) — Xz, pruvop.
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We have to prove that v op : A — R, 1S an element of Xy Clearly
v(p(04)) = v(0g) = —oo and Og,,,. < v(p(a)). The multiplicative property is

also straightforward from the definition of p and v. Furthermore, we have

v(p(a+ b)) = v(p(a) + p(b)) < max{v(p(a)), v(p(b))}-

Therefore, all that remains is to show that v o p is compatible with v. However,
for a € K, we have v(p(a)) = v(a). Thus ¢ is well-defined.

Next, for the injectivity, suppose that z := vo P =vo@Q :=y € Xp|, with P,Q €
X(K) = Hom(A, K). It follows from the first assertion that J := 27 ({—o00}) =
y ' ({—o0}) is a proper prime ideal of A. We observe that Ker(P) C J because
x =vo P. Since P is a K-rational point of X, Ker(P) is a maximal ideal. Thus
Ker(P) = J and similarly Ker(Q) = J. Then Ker(P) = Ker(Q), hence P = Q

from Lemma 4.2.42.

4.3 Construction of hyper-schemes

In this section, we study several notions of algebraic geometry over hyper-structures
from the scheme theoretic point of view. In the first subsection, we prove that sev-
eral classical results in commutative algebra can be generalized to hyper-structures.
By means of these results, in the second subsection, we construct an integral hyper-
scheme and prove that ['(X, Ox) ~ R for an affine integral hyper-scheme (X, Ox).
Then, we propose a definition for the Hasse-Weil zeta function of an integral hyper-
scheme and explain how this definition generalizes the classical notion (cf. §4.3.3).

Finally, we link the theories of semi-schemes and hyper-schemes using the symmetriza-

tion process of §3.
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4.3.1 Analogues of classical lemmas

In this subsection, we reformulate several basic results in commutative algebra in
terms of hyperrings. Throughout this subsection, we denote by R a hyperring and by
V(I) the set of of prime hyperideals of R containing a hyperideal /. We also denote

by Nil(R) the intersection of all prime hyperideals of R.

Lemma 4.3.1. Let [ C R be a hyperideal. Then the following set:
V1 :={r e R|3neN such that ™ € I}

15 a hyperideal.

Proof. Trivially we have 0 € v/I. Suppose that a € v/I, then a” € I for some n € N.
Since I is a hyperideal, for r € R, we have r"a™ = (ra)™ € I. It follows that ra € V.
Clearly, (—a)" is either a™ or —a™. Since both a” and —a™ are in I, it follows that
—a € V/I. Finally, suppose that a,b € v/I and a™,b™ € I. Then, for I > (n 4 m), we
have (a + b)! C > (,i)akbl_k C I. This implies that (a + b) C VT; therefore, VI is a

hyperideal. [

Remark 4.3.2. In general, a hyperring does not satisfy the doubly distributive prop-
erty (cf. [50, pp 13-14]), in other words, the following identity:

(a+b)(c+d)=ac+ ad+ bc+ bd
1s in general not fulfilled. Instead, the following identity:
(a+b)(c+d) C ac+ ad + bc+ bd

holds.
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Lemma 4.3.3. Let R be a hyperring and I a hyperideal of R. Then

Vi= () ».
peV(I)
Proof. Suppose that a € /I, then a® € I C p for all p € V(I). Since p is a prime
hyperideal, it follows that a € p; hence, v/I C p for all p € V(I).
Conversely, suppose that f € ﬂpev( ppand f ¢ \/I. This implies that

Si={1,ff2..3n1=0.

Let X be the set of hyperideals J of R such that SNJ =0 and I C J. Then X # ()
since we have v/I € ¥. By Zorn’s lemma (ordered by inclusion), ¥ has a maximal
element q. Then q is a prime hyperideal. Indeed, by definition, q is a hyperideal.
Therefore, all we have to prove is that q is prime. One can easily check, for z € R,
the following set:

q+zR = U{a—l—b|a€ q,b € zR}

is a hyperideal. If 2,y & q then q is properly contained in q + zR and q + yR. Thus,
q+ xR, g+ yR ¢ % from the maximality of q in . It follows that f* € q + zR and
f™ € q+ yR for some n,m € N. In other words, f" € a; + xry, f™ € ay + yrs for

some ay,as € q and 71,79 € R. Therefore, we have
fr e (ag + ary)(as + yra) C aras + ayyrs + asxry + xyrirs C q + xyR.

This implies that zy € q because if zy € q then f"*™ € ¢, and we assumed that
ft' & q for all [ € N. It follows that q is a prime hyperideal containing I such that
S'Nq = (. However, this is impossible since we took f € Nyey(np. This completes

the proof. O

For a family {X,}aes of subsets X, C R, we denote by < X, >,c; the smallest

hyperideal of R containing (J,.; Xa). Note that < X, >,c; always exists since an
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intersection of hyperideals is a hyperideal as in the classical case. We call < X, >,c

the hyperideal generated by {X,}acs-
Lemma 4.3.4. Let J be an index set.

1. Let h € R. Then the hyperideal generated by h is

hR :={hr | r € R}. (4.3.1)

2. Suppose that I; is the principal hyperideal generated by an element h; € R for
each i € J. Then

< I >iej={r€R|re bhib € Ric JnecN} (4.3.2)

=1

3. Let {I;}ies be a family of hyperideals I; C R. Then

<Ii>ej={r€R|re bhib € R h€licJneN} (4.3.3)
i=1
Proof. 1. Trivially AR is a hyperideal, and any hyperideal I containing h should

contain hR by definition. It follows that < h >= hR.

2. Let I :={r € R|r € bh;b; € R} be the right hand side of (4.3.2). Then any
hyperideal containing all I; should contain I since a hyperideal is closed under
an addition. Thus, it is enough to show that [ is a hyperideal. In fact, we have
0=0-h; € I. Suppose that a € I, then a € > b;h; for some b; € R. Therefore,
for r € R, we have ra € > rbh; and —a € > (—b;)h;. Finally, suppose that
a,b e I witha € > bh;and b € Y ¢;h;. It follows that a+b C > (b +¢;)h; C 1.

Hence [ is a hyperideal.

3. The proof is similar to the above case.

[
Let R* :={r € R | r’ = 1 for some " € R} and J(R) be the intersection of
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all maximal hyperideals of R. By a maximal hyperideal of R we mean a hyperideal
m C R which is properly contained in no other hyperideal but R. The following

lemma has been proven in [15].

Lemma 4.3.5. ( [15, Proposition 2.12, 2.13, 2.14])
1.ze€ JR) < (1—zy) CR* Yye€R.
2. For any hyperideal I C R, we have V(I) # ().

One imposes the Zariski topology on the set Spec R of prime hyperideals of R
as in the classical case (cf. §1.1.2). In what follows, we consider X = SpecR as a
topological space equipped with the Zariski topology. Then, as in classical algebraic

geometry, we have the following.

Proposition 4.3.6. X = Spec R is a disconnected topological space if and only if R

has a (multiplicative) idempotent element different from 0, 1.

Proof. Suppose that e # 0,1 is an idempotent element of R. Then we have e? = e,
and it follows that 0 € e(e — 1). Therefore there is an element f € e — 1 such that
ef = 0. Moreover, f # 0 since e # 1. Similarly, f can not be 1 since ef = 0 and e # 0.
Together with Lemma 4.3.5, it follows that V' (e) and V(f) are non-empty subsets of
X. Since ef =0, we have X = Spec R =V (e) |V (f). Moreover, V(e) V(f) = 0.
Indeed, if p € V(e)V(f), then e, f € p. This implies that —e, —f,(f —¢e) C p.
However, we have f € e — 1 = -1+ e <= —1 € f — e. Therefore, we should have
1 € p and it is impossible. It follows that {V(e)¢, V(f)¢} becomes the disjoint open
cover of X, hence X is disconnected.

Conversely, suppose that X = Spec R = U; | Us, where U; and U, are disjoint open

subsets of X. This means that U; and U, are also closed. Therefore, we may assume
X =SpecR=V(N| V() =V({I]), V(D\V(])=V(<I,J>)=0

for some hyperideals I and J (cf. Proposition 1.1.19). Let Nil(R) := (,cxp. It
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follows from Lemma 4.3.1 and 4.3.3 that Nil(R) is the set of all nilpotent elements
of R. Since V(IJ) = X = V(Nil(R)), we have v/IJ = Nil(R) from Lemma 4.3.3.
Moreover, the fact V(< I,J >) = @ implies that /< I,.J > contains 1. Otherwise,
V< I,J > does not contain any unit element, and V(< I,J >) # () from Lemma
4.3.5. Tt follows that 1 € \/< I,J >, hence 1 €< I,J >. From Lemma 4.3.4, there
exist @ € I and b € J such that 1 € a4+ b. However, we also have a,b ¢ Nil(R).
Indeed, suppose that a € Nil(R). Then a € p for all p € X, but this implies that for
p € V(J), p contains both a and b. It follows that 1 € (a +b) C p. Therefore, we
have a,b ¢ Nil(R).

Next, since V(a) 2 V(I) <= D(a) C (V(I))® = V(J), we have D(a) C V(J),
D(b) C V(I). This implies (V(a) UV (b)) = D(a) N D(b) C V(I)NV(J) = ), thus
V(a) UV (b) = X. Suppose that A =< a > and B =< b >. Then ab € AN B, and
it follows that V(a) UV (b) = V(A) UV(B) = V(AB). Thus we have AB C VAB =
Nil(R). Therefore, ab € Nil(R), in turn, (ab)” = a™b™ = 0 for some n € N. However,
a™, b"™ # 0 since a,b € Nil(R). We observe the following:

leatb=1€(a+b)"CY da't" " = 1€ (a" +")+ abf, (4.3.4)

for some f € R. Since ab € Nil(R), clearly abf € Nil(R) C J(R). It follows from
(4.3.4) that

lea+abf, forsomea€a"+0b".

This implies that « € 1 —abf. But since abf € J(R), from Lemma 4.3.5, « is a unit.
Let 3 =a~!. Then

acad"+b = af=1¢€ @ +b")B=a"B+b"8=b"Becl—a"B.

One observes that a"3,0"3 # 0 since a™,b" # 0 and § is a unit. Furthermore,
a"B,b"3 # 1. Since " = 1 <= a" = B! = q, it would imply that a" = o € I.

Therefore V(I) = (). But we assumed that V(I) # (. Finally let us define an element
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e = a"f. Then we know, from the above, e ## 0, 1. Furthermore, we have

e?—e=cele—1)=a"p(a"p —1).

Since we have "3 € 1 — a3 and b"Ba" = a™b"3? = 0, it follows that

Ocele—1)=¢e*—e.

Hence, from the uniqueness of an inverse, we have e? = e and e # 0, 1. O

Proposition 4.3.7. X = Spec R is irreducible if and only if Nil(R) is a prime

hyperideal.

Proof. Suppose that X is irreducible. If ab € Nil(R) then from Lemma 4.3.3 there
exists n € N such that (ab)” = a"b™ = 0. It follows that X = V(a™) U V(").
We know that V(a") = V(a) and V(b") = V(b). Since X is irreducible, we have
either X = V'(a) or X = V(b), it follows that a € Nil(R) or b € Nil(R). Conversely,
suppose that X = V(I)UV(J). Since Nil(R) is prime, we should have Nil(R) € V(I)
or Nil(R) € V(J). This implies that X = V(I) or X = V(J). Therefore, X is
irreducible. u

4.3.2 Construction of an integral hyper-scheme

In classical algebraic geometry, a scheme is a pair (X, Ox) of a topological space X
and the structure sheaf Ox on X. The implementation of the notion of structure
sheaf is essential to link local and global algebraic data.

Let A be a commutative ring and (X = Spec A, Ox) be an affine scheme. One of

important results in classical algebraic geometry is the following:
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In other worlds, a commutative ring A can be understood as the ring of functions on
the topological space X = Spec A. When we directly generalize the construction of
the structure sheaf of a commutative ring to a hyperring, (4.3.5) no longer holds (cf.
Example 4.3.12). Furthermore, in this case, Ox does not even have to be a sheaf of
hyperrings (cf. Remark 4.3.8). To this end, we construct the structure sheaf on the
topological space X = Spec R only when R is a hyperring without (multiplicative)
zero-divisors. We follow the classical construction.

Let R be a hyperring and X = Spec R. For an open subset U C X, we define

Ox(U)={s:U— | | Ry} (4.3.6)
peU

where s € Ox (U) are sections such that s(p) € R, which also satisfying the following
property: for each p € U, there exist a neighborhood V,, C U of p and a, f € R such
that

Vg €V, f¢qmﬁsm):%inR¢ (4.3.7)

A restriction map Ox(U) — Ox (V) is given by sending s to soi, where i : V — U
is an inclusion map. Then, clearly Ox is a sheaf of sets on X. Moreover, one can

define the multiplication s - t of sections s,t € Ox as follows:

s-t:U—| |Ry prs(p)i(p). (4.3.8)

Equipped with the above multiplication, one can easily see that Ox becomes a sheaf
of (multiplicative) monoids on X. Furthermore, Ox(U) is equipped with the following

hyper-structure:
s+t={reOx(U)|r(p) €s(p)+ilp), YpeU} (4.3.9)

Remark 4.3.8. This construction is essentially same as in [39]. However, in [39],

the proof is incomplete in the sense that the authors did not prove that (4.3.9) is
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associative and distributive with respect to (4.3.8). Moreover, the main purpose of
this subsection is to recover a hyperring R as the hyperring of global sections on a
topological space Spec R while the authors of [39] have not considered such property.
In Theorem 4.3.11, we prove that when R does not have (multiplicative) zero-divisors,

Ox is indeed the sheaf of hyperrings, and Ox(X) ~ R.

Definition 4.3.9. A hyperring R is called a hyperdomain if R does not have (multi-
plicative) zero-divisors. In other words, for x,y € R, if xy = 0 then either x =0 or

=0.

Let R be a hyperdomain and S := R* the largest multiplicative subset of R.
Then, clearly K := Frac(R) = S™' R is a hyperfield and the canonical homomorphism
S~!: R — K of hyperrings sending r to T 1s strict and injective.

Let Sy = {1,f # 0,..., f*,...} be the multiplicative subset of R and R; := S]?lR,
then we have the canonical homomorphisms of hyperrings R — R; — K which
are injective and strict. Therefore, in the sequel, we consider R; as the hyperring
extension of R and K as the hyperring extension of both R and R via the above

canonical maps. For p € Spec R, we denote by R, the hyperring S™'R, where S =
R\p.

Lemma 4.3.10. Let A be a set equipped with the two binary operations:
+A:AXA—>P*(A), -AZAXA—>A,

where P*(A) is the set of nonempty subsets of A. Suppose that R is a hyperring
and there exists a set bijection ¢ : A —> R such that p(a +4b) = p(a) + ¢(b) and

w(a-4b) =p(a)p(b). Then, A is a hyperring isomorphic to R.

Proof. The proof is straightforward. For example, ¢~ !(0g) := 04 is the neutral
element. In fact, for a € A, we have p(04 +4a) = ¢(04) + ¢(a) = 0 + v(a) = ¢(a).
Since ¢ is bijective, it follows that 04 +4 a = a Va € A. Similarly, 14 := ¢~ (15) is

the identity element. For a € A, we can write —p(a) = ¢(b) for some b € A. Then,
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we have p(a+4b) = p(a)+ ¢(b) = p(a) — ¢(a). Tt follows that O € p(a+4b), hence
04 € a+4b. The other properties can be easily checked. Clearly, if A is a hyperring,

then A and R are isomorphic via ¢. O

Theorem 4.3.11. Let R be a hyperdomain, K = Frac(R), and X = Spec R. Let Ox
be the sheaf of multiplicative monoids on X as in (4.3.6), equipped with the hyper-
addition (4.3.9). Then, the following holds

1. Ox(D(f)) is a hyperring isomorphic to Ry. In particular, if f = 1, we have
R~ Ox(X)(=T(X,0x)).

2. For each open subset U of X, Ox(U) is a hyperring. More precisely, Ox(U) is
isomorphic to the following hyperring:
Ox(U)~=Y(U) ={ue K|VpeUu= % for some b ¢ p}.
Moreover, by considering the canonical map Ry — K, we have

Ox(U)=~ [ Ox(D(f)).
D(f)CU

3. For each p € X, the stalk Ox, exists and is isomorphic to R,.

Proof. 1. The proof is similar to the classical case (cf. [20]). Consider the following

map:

¥ Ry = Ox(D(f)), % — s, where s(p) = % in R,. (4.3.10)
Clearly, v is well-defined since the map s defined as in (4.3.10) satisfies the

condition (4.3.7). It also follows from the definition that

a b a b a b a b
C

1/J(F : f_m) = MF) -w<f—m), ¢(F + Iz

First, we claim that 1) is one-to-one. Indeed, suppose that 1/)(/%) = (+%). Then,

169



fin = fim as elements of R, Vp € D(f). Hence there is an element h ¢ p such
that hf™a = hf"b in R. This implies that 0 € hf™a — hf™b = h(f™a — f"b).
However, since h € p (hence, h # 0) and R is a hyperdomain, it follows that
f™a = f™b. This implies that f% = flm in Ry, thus 1) is one-to-one.

Next, we claim that 1 is onto. Take s € Ox(D(f)). Then, we can cover D(f)
with open sets V; so that s is represented by a quotient % onV;withg, pVp eV,
from (4.3.7). Since open subsets of the form D(h) form a basis, we may assume
that V; = D(h;) for some h; € R. Let (h;) and (g;) be the hyperideals generated
by h; and g;. Since s is represented by 2 on D(h;), we have D(h;) € D(gi);
hence, V((h)) 2 V((g:))- Tt follows from Lemma 4.3.3 that \/(h;) C 1/(g:). In
particular, h" € (g;) for some n € N. Then, from Lemma 4.3.4, we have h' = cg;
for some ¢ € R. Hence §t = % If we replace h; by hl" (since D(h;) = D(h}))
and a; by ca;, we may assume that D(f) is covered by the open subsets D(h;)

on which s is represented by 7. Moreover, as in the classical case, we observe
7

that D(f) can be covered by finitely many D(h;). In fact,
D(f) €| JD(hi) <= V() 2 V(). (4.3.11)

Let I = (hy), I =< I, >, and J = (f). Then, (4.3.11) can be written as follows:
(VL) =V{I), D(f)<|JDh) < V(])2V(). (4.3.12)

It follows from Lemma 4.3.3 that /J C v/I, thus f € I for some n € N. Then,

from Lemma 4.3.4, we have

fre Z b;h; for some b; € R. (4.3.13)

i=1

We claim that D(f) can be covered by D(hy) U ... U D(h,). Indeed, this is
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equivalent to

Let [ :=< h; >;—1__,. Suppose that p € V(I). Since I C p, it follows from
(4.3.13) that f™ € p, hence f € p. This implies that (f) C p, thus p € V((f)).
From now on, we fix the elements h, ..., h, such that D(f) C D(hy)U...UD(h,).

Then, on D(h;h;), we have two elements 7, Z—J of Rp,n, which represent the same
i Iy

element s. It follows from the injectivity of 1) we proved, applied to D(h;h;),

one should have Z— = Z—j in Rp,n;. Therefore, (h;ih;)"hja; = (hih;)"hia; for some

n € N. However, since R is a hyperdomain, we have (h;h;)" # 0. It follows that
hja; = h;a; Vi,j =1,...,r from the uniqueness of an additive inverse.

Write f™ € >0 bh; as in (4.3.13). Then, for each j € {1,...,r}, we have

f"aj S (Z blhl)&] = sza]hl = szazhj = (Z bl&l)h]

It follows that for each j = 1,...,r, there exists §; € >, b;a; such that f"a; =

Bjh;. Hence, we have
Bi _ %

However, 8; = 8; Vi,j = 1,...,r. Indeed, on D(h;h;), we proved that

4 _ ap
hy  h

Together with (4.3.14) and the injectivity of ¢, we have

Bi a; a; Bi
B2 5 B on Dhihy).
fr "y e o D)

Therefore, 3m € N such that (h;h;)"f"B8; = (hih;)" f"5;. Equivalently, we
have 0 € (h;hy)™f™(5; — Bi). However, we know that (h;h;)™, f™ # 0 since
hih;, f # 0 and R is a hyperdomain. It follows that 0 € 3; — f3;, thus §; = ;

from the uniqueness of an additive inverse. Let  be this common value j;.

Then, we have f"a; = Bh; Vj =1, ...,r. Therefore, fﬂn = Z—j on D(h;). In other

words, w(fﬁn) = 5. This shows that ¢ is onto. This, however, does not complete
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the proof. We need to show that 1 (ab) = ¥(a)y(b) and ¥ (a + b) = ¥(a) + (b)),
then the result follows from Lemma 4.3.10. Clearly, we have ¥ (ab) = ¥ (a)y(b)
and (fr + 7%) C ¥() +1(57). We show the following:

a b a b

Tﬂ(ﬁ) + ¢(f—m) C ¢(F + f_m)'

Let s = ¢(47), t = w(flm). Then, we have

s+t={reOx(D(f))|r(p) €s(p) +tp) Vpe D(f)}.

For r € s+ t, since 1 is onto, r = Wﬁ) for some ﬁ € Ry. It follows from

r(p) € s(p)+t(p) that 7 € £ + fim in R,, and this is equivalent to the following:

c

d
1l - frtm

for some d € (af™ +bf") in R,.

Therefore, ucf" ™™ = udf! for some u € R\p. Since u # 0, we have cf"*™ = df'.
Equivalently, ﬁ = fn% in Ry. However, fn% € f% + fim, therefore s +t C
V(5 + fim) This shows the other inclusion. The conclusion follows from Lemma

4.3.10.

. One can easily see that Y (U) is a hyperring (in fact, a sub-hyperring of K).
We show that there exists a bijection ¢ of sets from Ox(U) to Y (U) such that
wla +b) = ¢(a) + ¢(b) and p(ab) = ¢(a)p(b). Then, the first assertion will
follow from Lemma 4.3.10. Indeed, if s € Ox(U), then from the same argument
(in the proof of 1), we can find a cover U = J D(h;) such that s = 3= on D(h;).
However, since R has no (multiplicative) zero-divisor, X = Spec R is irreducible
from Proposition 4.3.7. Thus, D(h;) N D(h;) # 0 Vi, j. 1t follows that 7+ = Z—j

on D(h;) N D(h;), equivalently 0 € s;;(a;h; — h;a;) for some s;; # 0 € R. Since
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si; 7 0 and R is a hyperdomain, it follows that

0 € (a;h; — hiaj) <= a;h; = a;h; <= % = % as elements of K = Frac(R).
i J

Let v = ¢ be this common value in K. Then, for each p € U, we have p € D(h;)
for some h; & p and ¢ = % on D(h;). It follows that u € Y(U). Since Ox is a

sheaf, v € Y/(U) is uniquely determined by s. We let ¢(s) := u. Then, we have
0 Ox(U) — Y(U) ::{ueKWpeU,u:%,bgp}gK.

¢ is well-defined and one-to-one since Ox is a sheaf (of sets). We claim that
¢ is onto. In fact, for u = § € Y(U), we define s : U — | | o, Ry such that
s(p) = ¢ =% for V' ¢ p from the definition of Y/(U). Then s € Ox(U). Next,
it follows from the definition that (s -t) = ¢(s) - ¢(t). Furthermore, we have
o(s+1t) C o(s) + ¢(t). Indeed, we have

a€ s+t alp) esp) +tp) Vpel. (4.3.15)

However, since ¢ is bijective, each section is globally represented by an element
of K. Suppose that «, s, t are globally represented by %, 7 % respectively. Then,

(4.3.15) is equivalent to the following:

a b

alp) € s(p) +1(p) <= § € 1 = (0) € 9(5) + (1),

Conversely, for 4 € ¢(s)+(t) = 44+ L we have o € Ox (U) such that a(p) = H
at R,. It follows that o € s +¢, and p(s) + ¢(t) C ¢(s +t). This shows that
Ox(U) is isomorphic to Y (U) via ¢ from Lemma 4.3.10.

Next, we prove the second assertion. For D(f) C U, we have Y/(U) C Y (D(f)) C
K. This implies that Y (U) C Np(ycy Y(D(f)). Conversely, suppose that

u =% € pcv Y(D(f)). Then, for each p € U, we have p € D(f) for some
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D(f) € U. Since u € Y(D(f)), u can be written as ¥ so that y ¢ p. It follows
that u € Y/(U), and Y/(U) = (\pcp Y(D(f)). One observes that Y (D(f)) =
Ry C K. Thus, under Ox(D(f)) = Ry, we have Ox(U) = (\ppycp Ox(D(f))-

. In general, direct limits do not exist in the category of hyperrings. Thus, one
should be careful. Since open sets of the form D(f) form a basis of X, it is
enough to show that

lig Ox(D(f)) = R,. (4.3.16)
D(f)>p

For each f € R, let ¢y : Ox(D(f)) — R,, s — s(p). Then, we have the

following commutative diagram:

where p is a restriction map of the structure sheaf Ox. Let H be a hyperring

and suppose that we have another commutative diagram:

Ox(D(f)) ’ Ox(D(g)) -
Yf g
H

Let us define the map 1 as follows:
b b
¢IRP—>H, Z|—>Q0t(;)7

where 2 is considered as an element of Ox (D(t)) such that 2(q) = % in R, for each
q € D(t). We show that 1 is a well-defined homomorphism of hyperrings. Then,

the uniqueness of such map easily follows. Indeed, suppose that ¢ : R, — H
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is the homomorphism of hyperrings such that ¢y = @ oy Vf € R for p €
D(f). A section s of Ox(D(f)) is represented by f% (from the first part of the
proposition). Therefore, ¢¢(s) = wf(f%), and @f(s) = poths(s) =¢po wf(fin) =
gp(fn) However, we have ¢;(s) = ot (s) = w(%) Thus, such 1 is unique if it
exists.

Next, we show that v is well-defined. Indeed, if If = 2, then we have bt' = b't

t/’

since R is a hyperdomain. It follows that D(bt') = D(b't) C D(t), and we have

the following commutative diagram:

Ox(D(t)) T Ox(D(b't)) = Ox(D(bt)) .
NH%

From the similar argument with ¢/, we have ¢,(%) = (,pt/(l;—,,). This shows that v

a

does not depend on the choice of t, hence v is well-defined. For 4, 2 E R,, by

considering ¢4, we have 1/)(%) = @fg(%% ¢( ) = @4
Thus, 1&(%3) = @Z)(%)@Z)(g) Similarly, we have 1/1(? g

1) is a homomorphism of hyperrings.

%), and w<fg> = or(22).
) C (%) + (). Hence,

Finally, since {D(f)} is a basis of X, we have

lig Ox () = limg Ox(D(f))

Usp D(f)>p

Therefore, we conclude that Ox, ~ R,.

]

When R is a hyperdomain, we call the pair (X = Spec R,Ox) as in Theorem
4.3.11 an integral affine hyper-scheme. The following example shows that if R has
zero divisors, then in general R # I'(X, Ox).

Example 4.3.12. Consider the following quotient hyperring R:

R=Q®Q/G, where G ={(1,1),(-1,-1)}.
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Then, Spec R = {py,p2} with py =< [(1,0)] > and p; =< [(0,1)] >. Each p;
becomes one point open and closed subset of X and the intersection py NP is empty.

Furthermore, one can easily check that R,, ~ Q/H, where H = {1,—1}. Therefore,
I'(X,0x) = (Q/H) © (Q/H) # R.

Remark 4.3.13. One can construct other examples of affine hyper-schemes X =
Spec R for which R # T'(X,Ox), but all such examples are disconnected. We do
not have yet any example of a connected topological space X = Spec R with R #
['(X,Ox). On the other hand, being connected is not a necessary condition. In fact,
let A =71y and G = {1,5} C (Z12)*. Then, with the quotient hyperring R = A/G,
the space X = Spec R is disconnected (consist of two points), however, one can easily

check that R ~T'(X, Ox).

Let R be a hyperring, X = Spec R, and Ox be the structure sheaf (of sets) of
X. Then, as we previously mentioned in Remark 4.3.8, I'(X, Ox) does not have to
be a hyperring. Moreover, even if I'(X, Oy) is a hyperring, Example 4.3.12 shows
that the natural map R — I'(X, Ox) is not even an injective map in general. By
appealing to the classical construction of Cartier divisors, we define the presheaf Fx
of hyperrings on X = Spec R which slightly generalizes Ox (cf. Remark 4.3.15 and
Proposition 4.3.17).

Let S := {a € R | o is not a zero-divisor}. In other words, S is the set of regular
elements of R. Then, S # () since 1 € S. Furthermore, S is a multiplicative subset of
R, therefore one can define K := S~'R. In what follows, we denote by R a hyperring,
and S, K as above. Note that by a sub-hyperring R of a hyperring L we mean a

subset R of L which is a hyperring with the induced operations.

Lemma 4.3.14. Let S be the set as above, and f € S. Let ¢ : R — Ry, p(a) = ¢
be the natural map of localization and v : Ry — K := S™'R be a homomorphism of

hyperrings such that w(f%) = fn- Then ¢ and Y are strict, injective homomorphisms
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of hyperrings.

Proof. We only prove the case of ¢ since the proof for ¢ is similar. If § = %
f"a = f"b for some n € N. This implies that 0 € f"(a—b). Hence, we have ¢ € (a—0)
such that 0 = f™c. Since f™ € S can not be a zero-divisor, we have ¢ = 0, therefore

a = b. This shows that ¢ is injective. Furthermore, if v € ¢(a) + ¢(b) = % + %, then

v =% for some t € a + b. Therefore v = p(t), and ¢ is strict. O
For each open subset U of X = Spec R, we define the following set:

a

fX(U)::{u€K|Vp€U,u:b

beSnpl. (4.3.17)

In other words, u € K is an element of Fx(U) if u has a representative ¢ such that
b ¢ p for each p € U. The restriction map is given by the natural injection. i.e. if
V C U, then we have Fx(U) < Fx (V). Then, one can easily observe that Fx(U) is

a hyperring. Thus, Fx becomes a presheaf of hyperrings on X = Spec R.

Remark 4.3.15. [t follows from Theorem 4.3.11 that when R is a hyperdomain, we
have Ox(U) ~ Fx(U) for each open subset U of X. Therefore, in this case, Fx is
indeed a sheaf of hyperring and Fx(X) = R.

Proposition 4.3.16. Let R be a hyperring. If X = Spec R is irreducible, then Fx is

a sheaf of hyperrings.

Proof. Since Fx(U) is clearly a hyperring, we only have to prove that Fx is a sheaf.
Suppose that U = |JV; is an open covering of U. Firstly, if s € Fx(U) is an element
such that s|y; = 0 for all 4, then we have to show that s = 0. However, this is

clear since the restriction map is injective. Secondly, let s; € Fx(V;) such that

silvinv, = sjlv,av, for all 4, 4. Since X is irreducible, it follows that V; NV} # 0 Vi, j.
Moreover, the condition s;|v,nv; = s;|v;nv; means that s; = s; as elements of K. Let s
be this common element of K. Then, {s;} can be glued to s. Clearly, s is an element

Offx(U) ]
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The following proposition shows that Fx behaves more nicely than Ox in some

cases.

Proposition 4.3.17. Let R be a hyperring and assume that X = Spec R is irre-
ducible. Then, for f € S, there exists a canonical injective and strict homomorphism
v : Ry — Fx(D(f)). In particular, R is a sub-hyperring of Fx(X). Furthermore,

if R has a unique mazimal hyperideal, then R ~ Fx(X).

Proof. From Lemma 4.3.14, there exists a canonical injective and strict homomor-
phism 1 : Ry — K. From the definition of Fx(D(f)), one sees that the image of ¢
lies in Fx(D(f)) € K. Therefore, ¢ becomes our desired ¢. When R has a unique
maximal hyperideal, we have to show that any element u of Fx(X) is of the form ¢
for some a € R. Suppose that m is the maximal ideal of R. Then, u € Fx(X) means
that v = § for some b € S — m. Since m is the only maximal hyperideal of R, it
follows from Lemma 4.3.4 that 1 € a + b for some a € m. Therefore, b € 1 —a and b

is a unit by Lemma 4.3.5. Thus, u = § = &1_1 and R ~ Fx(X). O

Next, we prove that the category of hyperdomains and the category of integral
affine hyper-schemes are equivalent via the contravariant functor, Spec. Note that
one can directly generalize the notion of a ringed space to define a hyperringed space.
However, the notion of a locally hyperringed space should be treated with greater care
since the category of hyperrings does not have (co)limits in general. Nevertheless, an
integral affine hyper-scheme (X, Ox) can be considered as a locally hyperringed space
thank to Theorem 4.3.11. Thus, in what follows we consider (X,Ox) as a locally
hyperringed space in the sense of the direct generalization of the classical notion. We
will simply write X instead of (X, Oy) if there is no possible confusion. The following

lemma has been proven in [15] and [39], and will be mainly used.

Lemma 4.3.18. ( [15, Theorem 3.6/, [39, Proposition 8]) Let ¢ : R — H be

a homomorphism of hyperrings. Then, for p € Spec H, ¢ induces the following
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homomorphism @, of hyperrings:

¢p 1 Ry — H,, where q = go_l(p)

such that if my,, mq are unique mazimal hyperideals of H, and Ry respectively, then
Pp H(my) = my.
Proposition 4.3.19. Let R and H be hyperdomains, and X = Spec R, Y = Spec H.

Then, we have

Hom(R, H) = Hom(Y, X), (4.3.18)

where Hom(R, H) is the set of homomorphisms of hyperrings and Hom(Y, X) is the

set of morphisms of locally hyperringed spaces.

Proof. Clearly, a homomorphism ¢ : R — H of hyperdomains induces the continu-

ous map

f:Y =SpecH — X =SpecR, p+ ¢ *(p).

Then, f induces the morphism of sheaves: f#* : Ox — f.Oy. Indeed, for an
open subset V' C X, we have f,.Oy(V) = Oy(fY(V) ={t |t : (V) —

Llges—1(v) Hq}ts where ¢ satisfies the local condition (4.3.7). First, we define

Yy =] | U R |_| H,, (4.3.19)

pev peft pef~1(V)

where ¢, is the map induced from ¢ at p as in Lemma 4.3.18. We also define
fEV):0x (V) — Oy (f1(V)), s+—ti=vyosof. (4.3.20)

We need to check four things. Firstly, we show that ¢ as in (4.3.20) is an element of

Oy (f~1(V)). Since t(p) =ty o s(f(p)) = v o s(¢7'(p)) and s(¢7'(p)) € Rpmr(p), it
follows from ¢y (R,-1(p)) C H, that t(p) € H,. Moreover, for p € f~1(V), suppose
that f(p) =q € V. Then, since s € Ox(V), there exists a neighborhood V; C V of g
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and elements a, f € R such that f € vt Vv € V] and s(t) = % in R.. In other words, s

is locally representable by % near . We claim that ¢ is locally representable by (a)

e(f)
near f~!(p). Let us define V5 := f~1(V}) C f~1(V), the neighborhood of p. Then,

o(f) € uVu € V3 and we have t(u) = 1y o s(f(u)) = ¥y o s(¢ 1 (u)). However, since

F & o) € Vi, we have #(u) = gy 0 s(p~ (W) = b (%) = @u(®) = £2 in R, by
Lemma 4.3.18. Therefore, t € Oy (f~1(V)).

Secondly, we show that f# is compatible with an inclusion V <+ U of open sets of
X; this is clear from the construction.

Thirdly, we show that f#(V) is a homomorphism of hyperrings. Suppose that
s = 8189 > t, where s; — t;, 1 = 1,2. Then, t(p) = Yy osof(p) = Yy (s182(0 1 (p))) =
Gu(s1 (2 ()2 (0) = (o1 (9 (0)) v (26 (B)) = ta(p)ta(p). For the addi-
tion, if s € s; + s9, then we have s(q) € s1(q) + s2(q) Vg € V. Suppose that s — ¢
and s; — t;, 1 = 1,2. Then, for p € f~1(V), we have t(p) = ¥y oso (f(p)) =
by o™ (p) € Pvlsile™(p) + 52007 (p)) S Yv(sa(e™(0)) + Pv(sale™ () =
t1(p) + t2(p).

Finally, we show that f#(V) is local. It easily follows from the third statement of
Theorem 4.3.11 and Lemma 4.3.18.

Conversely, suppose that a morphism
(9.9%) : Y = (Spec H,Oy) — X = (Spec R, Ox)

of integral affine hyper-schemes is given. Since R and H are hyperdomains, we can re-
cover a homomorphism of hyperrings ¢ : R — H by taking global sections thanks to
Theorem 4.3.11. Therefore, all we have to prove is that the map (f, f#) induced from

@ as in (4.3.20) is same as (g, g7). But, taking global sections should be compatible
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with local homomorphisms of stalks. Thus, we have

I,

Rg(P) —H

%)
_—

k=3

This implies that f(p) = ¢ '(p) = g(p) and ff = g;%. Thus, we have (g, g") =
(f, f7). O

Let R be a hyperdomain. Then, the hyperring R, has a unique maximal hyperideal
for each p € Spec R. We define k(z) := Ox,/m, for x € Spec R, where m,, is a unique

maximal hyperideal of Ox .

Proposition 4.3.20. Let R be a hyperdomain containing the Krasner’s hyperfield
K. We fix an odd prime number p and let Ry, := Fym [F) be the hyperfield extension
of K. Then, to give a morphism (of locally hyperringed spaces) from Spec R,, to
X = (Spec R, Ox) is equivalent to give a point x € Spec R and ¢, : k(x) — R, a

homomorphism of hyperrings.

Proof. Suppose that (f, f#) : Spec R,, — X, 0 — z is a morphism of integral affine
hyper-schemes. Then, (f, f#) induces the map on stalks; f# : Ox, — R,,. Since
f# is a local homomorphism of hyperrings, we have f#~1{0} = m,, where m, is the
unique maximal hyperideal of Ox . Since m, C Ker f#, f# induces a homomorphism
of hyperrings ¢, : Ox . /m; — R,.

Conversely, suppose that z € X and a homomorphism of hyperrings ¢, : k(z) =
Ox ./m, — R, are given. Let f : Spec R,;, — X sending 0 to x. Then, trivially f is
continuous. Next, we define the map of sheaves of hyperrings f# : Ox — f.Ospec R, -
We observe the following:

R, ifzecUCX

OSpecRm(f_l(U)) -
0 ifzgUCX.
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Thus, for each z € U, we define
FHU) = gaomo ff, : Ox(U) — fOspecr,,(U) = R,

where ¢, is given, 7 : Ox, — Ox,/m, is the canonical projection map, and
f#@ : Ox(U) — Ox, is the canonical map to the stalk. If x ¢ U, we simply define
f#(U) as the zero map. We have to show that f# is indeed a map of sheaves. Since
we already know each f#(U) is a homomorphism of hyperrings, we only have to check
the compatibility condition. Suppose that V C U C X. If ¢ U then x ¢ V, hence
nothing to prove. If z € UNV® then Ox(f~'(U)) = R,, and Ox(f~*(V)) = 0, hence
it is also clearly compatible. If z € V then Ogpecr,,, (f"HU)) = Ospecr,, (f1(V)) =
Ospec i ({0}) = Ry, and the restriction map resg-1 1y -1v) : Ospec v, (f7H(U)) —
Ospec iy, (f7H(V)) is the identity map from R,, to R,,. Therefore, we first have to

show that the following diagram commutes.

Ox(U) =25 Ox(V)
f#(U)i J/f#(V)
R,—“ . R

However, it follows from f#x = f#x oresyy that f#(U) = pomo f#m =@pomo fé%x o
resyy = f#(V)oresyy. Secondly, we have to show that fg‘7£ is a local homomorphism

of hyperrings. By taking global sections, we have the following commutative diagram.

Then, one can observe that ff is a local homomorphism of local hyperrings since
f7(X)71({0}) =z € Spec R and R — R, sends z to the unique maximal hyperideal
of R,. O
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Remark 4.3.21. Proposition 4.5.19 works for any hyperfield extension L of K. We
use R, only because we will use the exact same statement in §4.3.3 to construct the

Hasse-Weil zeta function attached to an integral hyper-scheme over K.

Next, we provide an example showing that an integral hyper-scheme can be linked
to the classical theory, this is the scheme theoretic version of §4.2.1. Let A be an
integral domain containing the field Q of rational numbers, X = Spec A, and Y =
Spec(A/Q*) = Spec(A®7zK). We prove that there exists a canonical homeomorphism
¢ : Y — X such that Oy (¢ ' (U)) =~ Ox(U) ®z K for an open subset U C X.
Indeed, such homeomorphism is very predictable from the following observation. Let
B an integral domain containing the field Q of rational numbers. Then, a polynomial

f € B[Xy,..., X,,] vanishes if and only if ¢f vanishes Vq € Q*.

Lemma 4.3.22. Let A be an integral domain containing the field Q of rational num-
bers. Let A > f # 0 and f be the image of f under the canonical projection map
m:A— R:=A/Q*. Then, we have

Af/@X ~ Rf,

where Ry is the localization of R at f

Proof. Since A is an integral domain, A contains A (hence, contains Q). Thus A;/Q*

is well-defined. Let us define the following map:

v AJQ s Ry, ]
fre
where [f] is the equivalence class of £ € Ay in A;/Q* and [a] is the equivalence

classof a € Ain R = A/Q*. We prove that v is an isomorphism of hyperrings. First,

we claim that ¢ is well-defined. Indeed, we have

%] = [fim] = 2 _ b for some q € Q*. (4.3.21)

| oo
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But, (4.3.21) is equivalent to agf™ = bf"™. In other words, we have 7(a)m(f)™ =

(B (f)" < [a]f™ = [b]f™. It follows that % = }% and 1 is well-defined. From

the construction, ¢ is clearly a map of monoids. Hence, to show that ¢ is a homo-

morphism of hyperrings, we only have to show the following:

Coo@y b [c] _[a] | 18]
[l € lml+1

=G, U

fre e
However, [5] € [#] + [fim] implies that 7 = %% + %f € Ay for some ¢; € Q.

Therefore, it follows from %}—,‘f + ;%lf = ‘MJ}TZ%W that

[qraf™ + qabf™]
fn—‘rm

w(l5) = s ;Znifbf ) =

Since we have [qiaf™ + gbf"] € [af™] + [bf"] = [a] f™ + [b] f*, this implies that

cpeld Mgy szim

IEA AT )

Next, we prove that 1 is strict. We have to show the following:

ded  d —fietvin

EANTANT g

By the definition, we have

W B
fro e e

9 e i iy

Hence, without loss of generality, we may assume that [ = n + m. Furthermore,
it follows from [d] € [alf™ + [blf" = [a][f™] + [D[f"] = [af™] + [bf"] that ¢ =
qraf™ + qbf™ € A for some ¢; € Q*. Therefore, we have

c a b

[f”+m] € [F] + [f_m

B

and this shows that v is strict. Clearly, ¢ is surjective. If [f%] € Ker 1 then % = [%,
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thus [a]f = [af] = [0] and af = 0, # = 0. Finally, it follows from the first isomor-

phism theorem of hyperrings (cf. [15, Proposition 2.11]) that ¢ is an isomorphism of

hyperrings. O
Lemma 4.3.23. Let A be an integral domain containing the field Q of rational num-
bers and R = A/Q*. Then, we have

Frac(A)/Q* ~ Frac(R) = Frac(A/Q).

Proof. The proof is similar to Lemma 4.3.22. For the notational convenience, let us

define the following map:
x b, 1]
Y : Frac(A)/Q* — Frac(R), [-]+— .
Again, we have to show that this is well-defined, bijective, and a strict homomorphism

of hyperrings. The proof is almost identical to that of Lemma 4.3.22. O

Proposition 4.3.24. Let A be an integral domain containing the field Q of rational
numbers. Let R := A/Q*, X = (Spec A,0x), Y = (SpecR,Oy), and 7 : A —»

A/Q* be the canonical projection map. Then, the following holds.

1.

¢ :Spec R —» Spec A, p— 7 (p)
1s a homeomorphism.

2. For an open subset U C X, we have
Oy (¢ !(U)) = Ox(U)/Q".

Proof. The first assertion will be proved in the next section in more general form (cf.
Lemma 4.3.45). Note that the map induced from the canonical projection 7 : A —

A/Q* is the desired homeomorphism .
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For the second claim, we use the following classical identification:

Ox(U)= (] A CK :=TFrac(A). (4.3.22)
D(f)CU

Each Ox(U) is an integral domain containing Q, hence Ox(U)/Q* is well-defined.

From (4.3.22), we may assume that
Ox(U)/Q* and Af/Q™ are subsets of K/Q*. (4.3.23)
Also, from Lemma 4.3.22 and 4.3.23, we have
Ap/Q* ~ Ry, K/Q* ~ L := Frac(R). (4.3.24)
It follows from (4.3.23) and (4.3.24) that

Ox(U)/Q* = ( [ Ap/Q = (] (4/Q"). (4.3.25)

D(f)CU D(f)cU

In fact, the first equality simply follows from (4.3.22). It remains to show the
second equality. Indeed, we know that [a] € Ox(U)/Q* <= qa € Ox(U) =
Nppycv Ay < qa € Ay Vf € A such that D(f) C U for some ¢ € Q*. This
implies that [a] € A;/Q* Vf € A such that D(f) C U. It follows that

Ox(U)/Q*=( () Ap/Q* < () (4;/Q9)
D(f)cU Dif)cU

Conversely, if [a] € (Vp(y)cy(Ar/Q") then [a] € A;/Q* Vf € A such that D(f) C U.
In other words, for each f, there exists ¢f € Q* such that agy € A;. However,
QC Ay Vfe A henceae€ Af and a € ﬂD(f)gU Ay, Tt follows that

e( [ An/Q* =0x(U)/Q%,

D(f)CU

and this shows (4.3.25).
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Finally, let f = 7(f) as in Lemma 4.3.22. Then, there is a one-to-one correspondence

between the following sets (cf. the proof of Lemma 4.3.45):
A:={f € AD(f) CU}, B:={fe€RD(f) e (U)}, (4.3.26)

where ¢ is the canonical homeomorphism in the first assertion. Therefore, together

with Theorem 4.3.11, we have

Ox(U)/Q* = () (4;/Q*) ~ Ri= [ Rp~Oy(e'(U)).

D(f)cu D(f)cU D(f)Ce—1(U)
This proves the second assertion. O

Remark 4.3.25. Proposition 4.3.24 states that if A is an integral domain containing
Q, then X := Spec A ~ Xk = Spec Ak = Spec(A/Q*). In other words, the spaces
are homeomorphic, but their functions(sections) are different. In fact, what the second
assertion states is that sections of Xk can be derived from sections of X by tensoring

them with K in the sense of [9].

4.3.3 The Hasse-Welil zeta function revisited

In §4.2.1, we naively constructed the Hasse-Weil zeta function attached to an algebraic
variety over hyper-structures viewed as a set of solutions of polynomial equations. In
this subsection, we construct the Hasse-Weil zeta function attached to an integral
affine hyper-scheme which behaves better, in a way, with respect to the one we con-
structed before. By an algebraic variety over a field £ we mean a reduced scheme of

finite type over k. We make use of the following well-known product formula (4.3.27).

Theorem 4.3.26. (Product formula) Let X be an algebraic variety over the finite
field k = F,. Then, we have

Z(X,t) = exp() %tm) = [J (@ —tdest)=1, (4.3.27)

m2>1 z€|X|

187



where | X| is the set of closed points of X, k(x) is the residue field at x, and deg(z) :=
[k(x) : k| is the degree of the residue field at x.

First, we introduce the notions of residue field and degree in hyper-structures.

Definition 4.3.27. Let T be a hyperfield. By a (left) hyper T-algebra we mean a
pair (R,¢) of a hyperring R and a map ¢ : T x R — R satisfying the following

properties: Nr,ri,ro € R, Vi, t1,to €T,

1. p(l,r)=r.

2. 0(t,r)=0<=t=0o0rr=0.

3. oty + ta, 1) = @(t1,7) + @(t2,7),  @(t,r1+712) = @(t,71) + @(t, r2).

4. p(tita,r) = (1, o(ta, 1)), @t rira) = @(t,r2)r2.
We denote ¢(t,r) := tr if there is no possible confusion. Then, the above definition
can be written as:

Ir=r, tr=0<=t=00rr=0, (t1+t2)r =111+ tor,

t(r1 +ro) =try +try,  (tite)r = ti(tar), and t(rire) = (try)rs.

Furthermore, if Ry, Ry are hyper T-algebras with associated maps @1, po respectively,

we say that a hyperring homomorphism ¢ : Ry — Ry is a hyper T-algebra homo-

morphism if ¥(1(t,1)) = @a(t, b(r)), or Y(tr) = th(r).

Note that, in the third condition, ¢; + 5 and r; + ro are sets in general. Hence,
the equality means that they are equal as sets. In the sequel, for the notational

convenience, we will simply say that R is a hyper T-algebra assuming that ¢ is given.

Example 4.3.28. Let A be a commutative ring containing the field Q of rational
numbers. Then, A/Q* is a hyper K-algebra and A/QZ, is a hyper S-algebra (cf. [9]).
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Remark 4.3.29. Let T, R, and o be as in Definition 4.3.27. Consider the following
map:

YT — R, (t)— p(t,1). (4.3.28)

We claim that 1 is a strict and injective homomorphism of hyperrings. In fact, we
first observe that p(t—t,r) = @(t,7)+p(—t,r). Thus, we have 0 € p(t,r)+@(—t,7),
and it follows that —p(t,r) = p(—t,r). Similarly, we have —p(t,r) = p(t, —r). Next,
we have Y(t; + t3) = p(t; + t2, 1) = p(t1,1) + p(t2, 1) = ©(t1) + ¥ (t2). Further-
more, P(titz) = @(titz, 1) = @(t1, o(t2,1)) = @(t1,1 - @(t2, 1)) = @(t1,1)p(t2,1) =
() (te). This shows that v is indeed a strict homomorphism of hyperrings. Also,
Y(t) = P(ta) <= (t1,1) = (ta,1) <= 0 € p(t; — ta,1). Therefore, 0 € t; — 1,
and t; = ty. This shows that 1 is injective.

Note that one might define the third condition as follows:

ety +1t2,7) S o(ty,r) +(t,r), @t r1i+72) S @t )+t re).  (4.3.29)

However, by forcing (4.3.29) to be equalities as in Definition 4.3.27, one can identify
T to a sub-hyperfield of R via ¢. Then, an element p(t,r) is simply a multiplication
of ¥(t) and r as the elements of R. For this reason, we take the ‘equality’ approach

instead of the ‘inclusion’ approach.

Definition 4.3.30. Let T' be a hyperfield and R be a hyper T-algebra. By a set X of

generators of R over T we mean a subset X C R satisfying the following condition:

Vre R dneN{ay,....a,} CT,{x1,....,2,} T X s.t. r € Zaixi. (4.3.30)

i=1
If there exists a finite set X of generators of R over T, then we say that R is finitely
generated over T. When R is finitely generated over T', we define the degree [R : T of

R over T as the smallest number among the cardinalities of finite sets of generators

of R overT.
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Lemma 4.3.31. Let T be a hyperfield and R be a hyper T-algebra. Suppose that I
is a hyperideal of R. Then, R/I has the canonical hyper T-algebra structure induced
from R. Furthermore, if R is finitely generated over T, then so is R/I.

Proof. Let ¢ : T x R — R be the hyper T-algebra structure of R and [r] be the

equivalence class of r € Rin R/I. Let us define the following map:

or: T x R/I — R/I, (t,[r]) — [e(t,T)].

First, we claim that ¢; is well-defined. Suppose that [r’] = [r]. This implies that
there exists a € (r — ') (I (cf. Lemma 4.1.4). It follows that p(t,a) = p(t,a-1) =
©(t,1)a € I. However, we have p(t,7) — @(t,7") = p(t,r) + @(t, —1") = p(t,r — ') >
o(t,a), thus [p(t,7)] = [p(t,r")]. Next, we show that ¢; satisfies the conditions
in Definition 4.3.27. We have ¢;(t,[r]) = 0 <= ¢(t,r) € I. If t = 0, then this
clearly satisfies the first and the second conditions. If ¢t # 0, then we have r =
p(l,r) = ot r) = ot et 1 1)) = ot ot 1)r) = p(t.r)e(t ", 1). But,
e(t71,1) is a unit since we have o(t,1)p(t™1 1) = o(t,o(t71,1)) = p(tt71,1) =
©(1,1) = 1. It follows that r € I <= ¢(t,r) € I. Furthermore, clearly ¢;(1,[r]) =
[o(1,7)] = [r]. This proves the first and the second conditions. Next, we have
wr(ti+ta, [1]) = [p(ti+t2, r)] = [@(t1,7)+p(t2, r)]. Since the canonical projection map
is strict (cf. Proposition 4.1.7), we have [p(t1,7) + ¢(t2, 7)] = [p(t1,7)] + [p(t2,7)] =
wr(ty, [r])+er(ta, [r]). We also have i (t, [ri]+[re]) = @r(t, [r1+72]) = [@(t,11+72)] =
[o(t, 1) 4+ p(t,m2)] = wi(t, [r1]) + @1 (¢, [r2]). This proves the third condition, and the
fourth condition can be proven similarly. Finally, suppose that R is finitely generated
over T" and {z1,...,x,} is a set of generators of R over T. Then {[z1], ..., [z,]} is the

set of generators of R/I over T. In fact, if [r] € R/I then r € ) ¢(a;, z;) for some

a; € T. Therefore, [r] € > [p(ai, z)] = > wr(a;, [zi]). O

Lemma 4.3.32. Let T be a hyperfield and R be a hyper T-algebra. Then, for a

multiplicative subset S C R, the set ST'R has the canonical hyper T-algebra structure
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induced from R.

Proof. Let ¢ : T'x R — R be the hyper T-algebra structure of R. Let us define

0s:T xS 'R— ST'R, (t, %) > go(tl, T).

We claim that ¢g is well-defined. Indeed, for 7 = ?—,,, we have grl’ = qr'l for some

g € 8. Therefore (t,r)ql' = @(t,qrl’) = ¢(t, qr'l) = @(t,1)ql, and ps(t, §) = £

%}M = ps(t,5). For the first and the second conditions, ps(t, %) = ‘p(’;”") =0 if

and only if gp(t,r) = o(t,qr) = 0. It follows that ¢ = 0 or gr = 0 <= 7 = 0.

Furthermore, pg(1,7) = @ = 7. The third condition easily follows since 7 + % =
%7"/ in S~'R. The fourth condition is also immediate from that of (. m

Remark 4.3.33. When R is finitely generated over T, the induced hyper T-algebra
structure on ST'R does not have to be finitely generated because this is not even true

i general in the classical case.

Lemma 4.3.34. ( [39, Proposition 8]) Let H be a hyperring and S be a multiplicative
subset of H. Let S™' : H — S™'H be the homomorphism of hyperrings sending h
to % Let f be a homomorphism of hyperrings f : H — K such that any element
y of f(S) is invertible in K. Then, 3\f : ST'H — K such that f o S~ = f. In

particular, f(%) = f(a)f(b)~".
Lemma 4.3.35. Let T be a hyperfield and Ry, Ry be hyper T-algebras. Suppose that

f+ Ry — Ry is a surjective homomorphism of hyper T'-algebras and Ry s finitely

generated over T'. Then, Ry is also finitely generated over T.

Proof. Suppose that {xy, ..., x,} generates Ry over T'. We claim that { f(z1), ..., f(xn)}
generates Ry over T'. Since f is surjective, for § € Ry, there exists a € R; such that

f(a) = 8. Then, we can find a; € T such that o € Y | a;x;. It follows that

fla) =8¢ f(z a;z;) C Z flaiz;) = Z a; f(z;).

=1
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O

Remark 4.3.36. Note that Lemma 4.3.35 implies that if I is a hyperideal of a finitely
generated hyper T-algebra R, then R/I is also finitely generated hyper T-algebra with

the induced hyper T'-algebra structure as in Lemma 4.3.531.

Lemma 4.3.37. Let R be a hyperring, m be a maximal hyperideal of R, and m :
R — R/m be the canonical projection map. Then, K := R/m is a hyperfield and

the set of nonzero elements of K is S := m(S), where S = R\m.

Proof. We know that R/m is a hyperring. Suppose that [r] € K\{0}. Since r ¢ m
and m is maximal, it follows that R =< m,r >. Therefore, 1 € rt + ¢ for some t € R
and ¢ € m. This implies that ¢ € 1 — rt, therefore [1] = [rt] = [r][t] since [q] = 0.

This shows that K is a hyperfield. The second assertion is clear. O]

Let T be a hyperfield, R be a finitely generated hyper T-algebra, X = Spec R,
and |X| be the set of closed points of X. For x € |X]|, we define the residue field at
x as k(x) := R,/m,, where R, is the localization of R at x and m, is the maximal
hyperideal of R, (cf. Proposition 1.1.20). From Lemma 4.3.31 and 4.3.32, we can
impose to k() the canonical hyper T-algebra structure induced from R. In the sequel,
we always consider k(z) as a hyper T-algebra with this induced structure. The next

proposition shows that k(x) is finitely generated over T if R is finitely generated over

T.

Proposition 4.3.38. Let T' be a hyperfield and R be a finitely generated hyper T'-
algebra. Then, for a mazimal hyperideal m C R, k(m) := Ry /my, is a finitely gener-
ated hyper T-algebra and [k(m) : T] = [R/m : T1.

Proof. We note that [R/m : T] makes sense since R/m is finitely generated over T'
(cf. Remark 4.3.36). Let 7 : R — R/m, S = R\m, and S = 7(S). Clearly, S is a
multiplicative subset of R/m. We define S~' : R/m — S~(R/m), the localization

map. Let f := S oxm : R — S™'(R/m). We observe that for t € S, f(t) is

192



invertible in S~'(R/m). It follows from Lemma 4.3.34 that there exists a unique map

h:S™'R — S~Y(R/m) satisfying the following commutative diagram:

R—5"- SR (4.3.31)

1

R/m —5=5-1(R/m)

Let K = R/m. It follows from Lemma 4.3.37 that K is a hyperfield and K* = S,
This implies that S~ is indeed the identity map on K = R/m. In particular, S—' is
surjective. Since  is also surjective, from S~' om = ho S~!, we conclude that h is
surjective.

Next, we show that h is strict. From the commutative diagram (4.3.31), we have

h(%) = fr((‘gg for ¢ € ST'R. Let us denote 7(a) = [a] for the notational convenience.

We have to show the following: for all ¢, < € S™!R,

b7 d
=y depe (4.3.32)
b d [ [d T b d” o
Take y € % %. Then y can be written as y = % for some [z] € [ad] + [bc]. Since
7 is a strict homomorphism, we have [z] € [ad]| 4 [bc] = [ad + be|. Thus, there exists

a € ad + be such that [a] = [2]. It follows that 5 € § + § and h(3;) = % = % =y,
hence h is strict.

Finally, we show that Ker(h) = S~ !m. If5 e S~'m, then h(3) = % Since § € S~m,
we may assume a € m. This implies that [a] = 0 and h(§) = 0, hence S~'m C Ker(h).
Conversely, if £ € Ker(h), then h(%) = % — 0. Since S™'(R/m) is a hyperfield, this
implies that [r] = 0. Therefore, r € m and £ € S~'m.

To sum up, h is a strict surjective homomorphism with Ker(h) = S~'m. Then, we

have the following isomorphism of hyper T-algebras:

h:ST'R/S'm ~ SN R/m) = R/m, h([t]) = h(t), (4.3.33)
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where [t] is the equivalence class of t € ST'R in S™'R/S™'m. In fact, from the first
isomorphism theorem of hyperrings (cf. [15, Proposition 2.11]), h is the isomorphism

of hyperrings. Moreover, we have

(e[ = Bt ) = (=2 = - W :t'%'

This shows that h is, in fact, an isomorphism of hyper T-algebras.
It remains to show [k(m) : T| = [R/m : T|. However, from (4.3.33), k(m) ~ R/m as

hyper T-algebras. This completes our proof. O

Next, we define a zeta function attached to X = Spec R, where R is a hyperring.
Note that we consider X solely as a topological space since we know that X =

(Spec R, Ox) is a locally hyperringed space only when R is a hyperdomain.

Definition 4.3.39. Let T be a hyperfield and R be a finitely generated hyper T -
algebra. Let X = Spec R and |X| be the set of closed points of X. We define the zeta

function Z(X,t) attached to X as follows:

Z(X.t):= [] (1), (4.3.34)

ze|X]|
where deg(x) := [k(z) : T).

Remark 4.3.40. 1. It follows from Proposition 4.3.38 that if R is finitely generated
then deg(x) is finite Yo € |X|, hence (4.3.34) is well defined.

2. In the classical case, the Hasse-Weil zeta function is defined only for an algebraic
variety over a finite field. We will similarly consider when T is a finite hyperfield,

however, (4.3.34) makes sense for any hyperfield T'.

3. Let Y C X be a closed subset and U = X\Y. Let us define the following zeta
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function attached to U:
ZUt) = [ @@—des@)t,
ze{|X|NU}

Then, as in the classical case, we obtain
Z(X,t)=Z(Y,t)- Z(U,t).

We refer to [9] for details about hyperrings in the following examples.

Example 4.3.41. Let R = K[H] be the hyperring extension of K of dimension 2,
where H is an abelian group of the order greater than 3. Then, X = Spec R = {pt}

since R is a hyperfield. Thus,
Z(X,t)=(1—t)"".

Example 4.3.42. Let R = K[H|U{a} be the hyperring extension of K of dimension
2, where H is an abelian group of the order greater than 3 and a®> =0, au = ua = a
Vu € H. Then, X = SpecR has a unique mazimal hyperideal p = {0,a}, and
k(p) = K. Hence, we obtain

Z(X,t)=(1—1t)""

Example 4.3.43. Let R = K[H| U {e, f}, where H is an abelian group of the order
greater than 3 and e* = e, f>=f,ef = fe=0,au=uva=aVu € H and a € {e, f}.
Then, R has two mazimal hyperideals, m; = {0,e} and my = {0, f}. One can easily

check that k(my) = k(my) = K, hence we obtain,
Z(X,)=1-t)"'1 -t =(1—-t)"2

Let k be a field, G = k*, and A be a commutative k-algebra. Then, the quotient

hyperring R := A/G carries a canonical hyper K-algebra structure since R contains K
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(cf. [9, Proposition 2.7]). The next theorem illustrates an interesting link between the
classical Hasse-Weil zeta function attached to Spec A and the zeta function attached

to Spec A/G as in (4.3.34).

Theorem 4.3.44. Let k be a field, G = k™, and A be a reduced finitely generated
(commutative) k-algebra. Let R := A/G be the quotient hyperring. Then, R is a
finitely generated hyper K-algebra. Furthermore, if X := Spec A and Y := Spec R,

then we have the following:

Z(Y,t) = [ (=)~ = J] (1 —2e®)~1, (4.3.35)

yelY| z€|X]|

In particular, when k is a finite field of odd characteristic, we have Z (Y, t) = Z(X,t),
where Z(X,t) is the classical Hasse-Weil zeta function attached to the algebraic va-

riety X = Spec A.
We prove the following lemma before we prove Theorem 4.3.44.

Lemma 4.3.45. Let A be a commutative ring, G C A* be a multiplicative subgroup,
and A/G be the quotient hyperring. Then, X = Spec A and Y = Spec(A/G) are

homeomorphic (under the Zariski topology).

Proof. 1f G = {1} then there is nothing to prove. Thus, we may assume that |G| > 2.

We define the following map:
~ X —Y, q—q:={aG|a€q}.
We claim that the map ~ is well-defined. Indeed, we have
oG =0G <= a=0u,uc GCA <= a,fE€qora,f <q,

therefore q is uniquely determined by q. Furthermore, q is a hyperideal. In fact, we

have 0G € q. If aG € q then (—a)G = —(aG) € q. For rG € A/G and aG € q, since
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(rG)(aG) = raG and ra € q, it follows that (rG)(aG) € q. Suppose that oG, bG € q.
One can observe that aG,bG € q <= a,b € q since G C A* and q is a prime ideal.
Therefore, for zG' € q, we may assume that z = at + bh for some ¢, h € G. It follows
that z € q, hence 2zG € q. This shows that q is a hyperideal. Next, we show that q
is prime. Suppose that (aG)(bG) = (abG) € q and aG ¢ q. This implies that ab € g
and au & q Vu € G, hence a € q. Since q is prime, this implies that b € q, and bG € q.
Next, we claim that the map ~ is continuous. Let ¢ :=~ for the notational conve-

nience. It is enough to show that ¢! (D(fG)) is open. We have the following:

p(D(fG)) = D(f). (4.3.36)

Indeed, if g € D(f), then ¢(q) = q can not contain fG by definition. Hence, D(f) C
D(fG)). Conversely, suppose that p € o~} (D(fG)), then p(p) € D(fG). Since
=p={aG|a€p}and f &p, it follows that p € D(f), hence o (D(fG)) C

SO—l

w(p
D(f). This proves (4.3.36), hence ~ is continuous.

(
)

Finally, we construct the inverse of the map ¢ =~. The canonical projection map

m: A — A/G induces the following canonical map:
VY — X, pa(p)

Clearly, 1 is continuous since ¥~ '(D(f)) = D(fG). We claim that ¢ and ¢ are
inverses to each other. Since both ¢ and 1 are continuous, it is enough to show that
@ is bijective and ¢ o1 = idy. First, we show that ¢ is injective. Assume that
o(q) = @(p) for p,q € X. Then, for x € q, we have y € p such that 2G = yG. It
follows that = = yg for some g € GG, hence x € p. Since the argument is symmetric,
we have p = q.

For the surjectivity of ¢, take an element o € Spec A/G. We consider aGG as the
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subset oG :={ag | g € G} C A and define

p= U aG.

aGep

We have to show that p is a prime ideal of A. We have 0 € p. Moreover, a €
p <= a € aG for some aG € p. It follows that —aG € p and hence —a € p.
Furthermore, for a € p and r € A, we have aG € p and rG € A/G. It follows from
(rG)(aG) = (raG) € p that ra € p. If a,b € p then aG,bG € . This implies that
aG + bG C g and hence a + b € p. This proves that p is an ideal. We observe that
p can not be A since that implies 1 € p and 1G € p, but p # A/G. One further
observes that p is prime since for ab € p and a ¢ p, we have (aG)(bG) € p and
aG ¢ . This implies that bG € p, hence b € p. Obviously, we have p(p) = p.
This shows that ¢ is surjective. In fact, one can see that p = 1(p). Thus, we have

o(p) = po(p) = p and therefore p o 1) = idy. This completes our proof. O
Now, we are ready to prove Theorem 4.3.44.

Proof of Theorem 4.3.44. The second assertion follows from the first assertion (4.3.35)
and Theorem 4.3.26 (Product formula). From Lemma 4.3.45, we know that the map
¢ : X =SpecA — Y = Spec R is a homeomorphism, where R = A/G. Therefore,

it is enough to show that
k(p(x)) : K] = [k(z) : k] Vx e |X]. (4.3.37)

Let us fix the homeomorphism ¢ of Lemma 4.3.45. Let 2 € | X| and m be the maximal
ideal of A corresponding to x regarded as the point of X. Since ¢ is a homeomorphism,
it follows that y := ¢(z) € |Y|. Let n be the maximal hyperideal of R corresponding
to y. In the classical case, we have A, /my, = (4/m), = A/m for a maximal ideal
m C A. Similarly, in the proof of Proposition 4.3.38 (cf. Equation (4.3.33)), we

showed that for a maximal hyperideal n C R, we have R,/n, = (R/n), = R/n.
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Therefore, to prove (4.3.37), we only have to show the following:
[A/m: k| =[R/n: K]. (4.3.38)

One can observe that n = {aG | a € m} = m/G C A/G. We let L := A/m and
H := (A/G)/(m/G) = R/n. For the national convenience, we write a := m(a) and
[aG| := 7'(aG), where 7 : A — A/m and 7' : A/G — H = (A/G)/(m/G) are the
canonical projection maps.

Let {a@;} be any smallest finite set of generators of L over k = G U {0}. This choice
is possible since deg(x) is finite. We claim that {[a;G]} becomes the set of generators
of H over K. Indeed, if [aG] € H, then a = ), f;a; for some f; € k. It follows

that « — > | Bia; € m, thus a = )" | f;a; + [ for some | € m. This implies that
aG = (Y Bai+ )G € (Y Ba)G+1G (in R=A/G), (4.3.39)
i=1 i—1

therefore, we have
aG) € > [Bia;G) =Y [8:,G)[aG) (in H=R/n). (4.3.40)

i=1 i=1

Since f3; € k* = (G, we have

[6:G] =
1 if B; #£0.
It follows that
[0G] € > [B:G)[a:G] = bi[a;G], where b; € K = {0,1}, (4.3.41)
=1 =1

and hence {[a;G]} generates H over K. This implies that deg(y) < deg(z).
Conversely, suppose that {[a;G]} is a smallest finite set of generators of H over K.

Note that the choice is possible since deg(y) is finite by Proposition 4.3.38. We claim
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that {a;} generates L over k. Indeed, for 3 € L = A/m, there exist b; € K such that
[BG] € Z bi[a;G], where b; € K.
i=1

We may assume that b; =1 Vi =1,...,n. Then we have

n

[8G] € > [a:G] = {bG] | bG € Y a:G},

=1 =1

therefore [8G] = [bG] for some bG € > | a;G. However, by definition, we have the
following:

bG € ZaiG — b= Zaigi for some ¢; € G.

i=1 i=1
On the other hand, since H = R/n is the quotient of the quotient hyperring R = A/G,

we have the following:
[8G] = bG] <= (BG —bG) [ \n#0, BG.VG € R.

It follows that there exists IG' € n such that (G € G — bG, and | = Sg — bh for some
g,h € G = k*. Thus, we derive

B=bhg™ +lg7" = (O _ag)hg +1g7" = (hg giai + 197" (4.3.42)
i=1 =1

Since |G € n, it follows that [ € m. Then, (4.3.42) implies the following:

B = Z(hg_l)giai = Z (hg~tgi)a; = Z (hg™"g:)as.
i=1 i=1 i=1

This shows that {a;} generates L over k and hence deg(x) < deg(y). O

Corollary 4.3.46. Let A be a (reduced) finitely generated commutative Q-algebra
containing the field Q of rational numbers. Let R == A ®z K, X = Spec A be the

algebraic variety over Q, and Y = Spec R be the affine hyper-scheme over K. Then,
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we have

Z(Y,t)= J] (@ —eret))t,

z€|X|

Proof. 1t follows from A ®; K = A/Q* and Theorem 4.3.44. O

The Hasse-Weil zeta function Z(X,t) attached to an algebraic variety X over a
finite field [F, is the generating function of the numbers of rational points of X over
Fym for various m € N. However, in Definition 4.3.39, we define the zeta function
attached to a topological space X = Spec R by directly applying the product formula
at the price of losing the information about the size of ‘rational points’ of X.

Let R be a hyperdomain containing K. We consider R as a hyper K-algebra. Let
X = (Spec R, Ox) be an integral affine hyper-scheme over K. We first need a suitable
notion of a ‘finite extension’ of K. To this end, as in §4.2.1, we only focus on the case
Ry, = Fpm /F with an odd prime p regarded as an analogue of Fym over K. If we
naively extend the notion of rational points, we may define the set X (R,,) of rational

points of X over R, as follows:
X (R,,) = Homgpeck (Spec R, X). (4.3.43)
From Proposition 4.3.19, we have
X (R,,) = Homgpeck (Spec Ry, X) = Hom(R, R,,). (4.3.44)

However, unlike the classical case, the set Hom(R, R,,) is generally an infinite set. For
example, if m = 1, then R,, = K. However, it is known that Hom(R, K) = Spec R
(cf. [9, §2]). This suggests that the set of rational points as in (4.3.43) is too large
and hence we need to somehow reduce the size.

In the following subsections, we provide a more suitable notion of rational points (cf.
Definition 4.3.61) and define another zeta function Z(X,t) as the generating function

of the numbers of ‘rational’ points. Then, we prove that Z (X ,t) is, in a suitable way,
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a part of the zeta function Z(X,t) as in Definition 4.3.39. The following subsection
is dedicated to prove several lemmas which will be used to prove the aforementioned

result on Z(X, ).

Some lemmas

Throughout this subsection, by p we always mean a prime number of odd character-
istic. We let R, := Fpm /F and [a] := 7(a), where 7 : Fym — R, is the canonical

projection map.

Lemma 4.3.47. Let A, B be hyperrings and ¢ : A — B, ¢ : B — A be homo-
morphisms of hyperrings such that ¢ o = idg, ¥ o w = ids. Then ¢ and 1 are

strict.

Proof. Since the argument is symmetric, we only show that ¢ is strict. For a,b € A,
let z = p(a), y = ¢(b). We need to prove that z +y C ¢p(a +0b). If t € x + y then
B(t) € ¥ + 1) C v(@) +(y) = b)) + Y(@b) = a+ b, and it follows that
p((t) =t € pla+b). O

Lemma 4.3.48. Let A be a cyclic group of order mn, B C A be a subgroup of order
n, and G := A/B. Suppose that G =< [] >, where § € A and 3] is the equivalence

class of B in G. Then there exists v € B such that A is generated by (.

Proof. Without loss of generality, we may assume that A = Z/mnZ = {0, 1,...,mn},
B = mZ/mnZ = {m,2m,...,nm = 0}, and G = {0,1,...,m} = Z/mZ. Since [f]
generates G, it follows that ged(5, m) = 1. By Dirichlet theorem, there are infinitely
many prime numbers of the form a; = 5+ jm. Let us pick any one of them so that

ged(aj, mn) = 1. If @ = a; = aj(mod mn) then A is generated by . O

Lemma 4.3.49. Let ¢ : R,, — R,, be an isomorphism of hyperrings. Then, there
exists ¢ € Autg, (Fpm) such that ¢([a]) = [¢(a)].

Proof. Let a be a generator of the cyclic group F.» and suppose that ¢([a]) = [3].

Since ¢ is an isomorphism and [a] generates R, [#] should generates R). As a
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group, we have R = .. /Fx. It follows from Lemma 4.3.48 that there exists z € F
such that Sz generates F).. Then o and Sz generate F,. and hence there exists
¢ € Autg,(Fym) such that ¢(a) = Bz. For a € Fyn, we have [a] = [b] <= a =

by,y € Fy. Since € Auty,(Fym), it follows that B(a) = H(by) = yp(b), and

[p(a)] = [y@(b)] = [3(b)]. This implies that the homomorphism

[2]: B — R, [Pl([a]) := [p(a)]

is a well-defined homomorphism and [¢]([a]) = [¢(a)] = [Bx] = [5]. Hence, ¢ = [@]

since ] generates R . O

Proposition 4.3.50. 1. Let ¢, : R,, — R,,, [a] — [a]’. Then, ¢, is an auto-

morphism of R,,.

2. Let G := Aut(R,,) be the group of automorphisms of R,,. Then, G is a cyclic

group of order m generated by ¢,.

Proof. 1. Trivially, ¢, is a monoid map. For [a], [b] € Ry, if [c] € [a] + [b], then
c = qia + qb for some q1,q2 € Fy. It follows that w,([c]) = [c]’ = [¢P] =
[(qra+ q2b)?] = [q1a? + g3b%] € [a”] + [b] = [a]” + [b]" = @p([a]) + @, ([b]). Hence
¢, 1s a homomorphism of hyperrings. Next, we claim that ¢, is strict. Suppose
that [c] € [a?]+[b7] = [a]?+[b]" = ¢,([a]) +¢,([b]). Then, we have ¢ = g1aP +gob?
for some q1, g2 € F;. However, since the Frobenius map is an automorphism of
F, and ¢; # 0, there exist dy,dy € F)* such that di = q,d5 = g». It follows
that ¢ = dja? + d5b? = (dya + dab)P. Therefore, we have ¢,([dia + dab]) = [c],
[dia+dab] € [a]+[b], and it follows that o, ([a])+¢,([b]) € ¢p([a]+[b]). Since R,
is a hyperfield and ¢, is a non-trivial map, we have Ker(y,) = {0} and hence ¢,
is an injection since ¢, is strict. Then ¢, is an injection from the finite set R,,

to R,,, therefore ¢, is surjective as well. It follows that ¢, is an automorphism.

2. Let H be the subgroup of G = Aut(R,,) generated by ¢,. We first show that

H = G. Suppose that ¢ : R,, — R, is an isomorphism. Then, from Lemma

203



4.3.49, we know that ¢ is induced by some ¢ € Autg, (F,n). However, Autg, (Fym)
is the cyclic group generated by the Frobenius map, . Thus, ¢ = (¢)! for some
1 <1< m. Clearly, [¢] = ¢,, where [¢)] € Aut(R,,) is induced by # as in Lemma
4.3.49. Tt follows that ¢ = gpé, thus H = G.

Secondly, we show that |H| = m. Suppose that the order |p,| of ¢, is r. Then,
for [a] € Ry, we have ¢}'([a]) = [a]’” = [a?"] = [a] since a € Fpm. This implies
that ¢} is the identity map. It follows that r | m, in particular, r < m. Next,
fix a generator a (as a group) of F,... Since |, = 7, we have ¢7([o]) = [a]”" =
[a”"] = [a]. Therefore, there exists x € F such that o = az, and o' ™! =z

for some z € F. It follows that (o' 1)~ = o =D~ = 1. This implies the

following;:

E" =11 =DE-1). (4.3.45)

However, if r < m and 3 < p, then the following function:

f)=@"-1)—@ -)p-1)=p" V"™ —1)+p" + (p-2)

is always nonnegative. Thus, it follows from (4.3.45) that m < r and hence
r=m.

]

Example 4.3.51. (c¢f. [9, Example 2.8] ) Let F :=Fy/FS = {0,1,,a? a®}. Then,
Aut(F) ~ Z/27. In fact, if g € Aut(F), then the only possible images of o under g
is a and o®. One can check that both of them are indeed automorphisms of F, and

the later map is the Frobenius of F'.

Proposition 4.3.52. Let e | m for e,m € N and suppose that a homomorphism of

hyperfields ¢ : Re — R,, satisfies the following condition:

Ap : Fpe — Fym s.t. ¢(a) =a Va € F, and o([b]) = [¢(b)] Vb e Fp. (4.3.46)
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Then, ¢ is strict.

Proof. We have to show that ¢([a]) + ¢([b]) C ¢([a] + [b]). Suppose that [c] €
¢([al) +o([b]) = [#(a)] + [@(a)], then ¢ = g1(a) + g2¢5(b) for some ¢; € F\. However,
since ¢ fixes F,, it follows that ¢ = @(q1a + g2b). Therefore [g1a + g2b] € [a] + [b], and

[c] € ¢([a] + [0]). a

When e | m, we have the canonical injection ¢ : F,e — F,m and ¢ satisfies
the condition (4.3.52). It follows from Proposition 4.3.52 that ¢ induces the strict
homomorphism ¢ : R, — R,, of hyperfields. Therefore, we may assume that R,,
contains R, and further may consider R,, as a finitely generated hyper R.-algebra.
With this justification, the notation [R. : R,,] makes sense. Then, we have the

following.
Proposition 4.3.53. [R,, : R.| = [Fym : Fye| for e,m € N such that e | m.

Proof. Let a := [R,, : R.] and 8 := [Fpm : Fpe]. Let {[x;]} be a smallest finite set of
generators of R, over R.. In other words, for [a] € R,,, there exist {[d;]} € R, such
that [a] € Y7 [d][z;]. We claim that {z;} is the set of generators of Fym over F.
Indeed, for a € Fym, we have [a] € Y5 [di][z:] = > iy [dizs], thus a = Y77 | ¢id;x; for
some ¢; € F)\. However, ¢;d; € Fje. Thus, we have 8 < a.

Conversely, let {y;} be a smallest finite set of generators of Fym over F,. We show
that {[y;]} is the set of generators of R, over R.. In fact, for a [a] € R,,, a can be
written as a = Zle d;yi, where d; € Fye. It follows that [a] € Zle[di}[yi]. Thus,
a < f. O

When e | m, under the identification R, C R,,, we define the subgroup
Autg, (Ry) :={g € Aut(R,,) | g(r) =7 Vr € R} C Aut(R,,).

Then, one derives the following.
Proposition 4.3.54. Suppose that m = el. Then, Autg, (R,,) ~ Z/IZ.
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Proof. Let H := Autg (R,,) and ¢, € Aut(R,,) be as in Proposition 4.3.50. We
observe that o5 € H. Indeed, for 3 € Fpe, we have f([8]) = [8]”° = [37"] = [5]. We
claim that K =< ¢} >= H. Clearly, we have K C H. Let f € H. Since Aut(R,,)
is generated by ,, there exists r € N such that f = ¢;. We let 8 be a generator
of F,.. Then, by definition, f([3]) = ¢;([3]) = [8”"] = [B] since f fixes R.. This
implies that there exists x € F such that pP" = xfB. Thus, ¥ ' =z € F), and

(B =)= = g"=De=D = 1. Since J is a generator of Fy., it follows that

(r° = D" —1L(p—-1).

From the following Lemma 4.3.55, we conclude that e | r, hence f = o7 = (¢p)",
where r = et. Thus, f € K. Since the order of ¢, is el, the order of ¢J is [. This
implies that K = Autg, (R.,) ~ Z/IZ. O

Lemma 4.3.55. Let p be an odd prime number satisfying the following:

(=1 -1Lp-1).

Then, e divides r.

e

Proof. Let M := 2=1 Then 0, (p — 1), (p> — 1), ..., (p'*~Y — 1) are all distinct modulo

p
p—1

M since they are different numbers strictly less than M, and (p¢ — 1) = 0( mod M).

It follows that (p"¢—1) = 0( mod M) Vn € N. Suppose that r = ne+t and 0 <t <e.
Since p"ett —pt = pf(p"©—1) = 0( mod M), we have (p" —1) =0 = (p'—1)( mod M).
However, for 0 <t < e, each p' — 1 is distinct modulo M. It follows that ¢t = 0, thus

elr. O

Let S := {f € Hom(R,, R,,) | f is strict} be the subset of Hom(R,, R,,). Then,
the group G = Aut(R,,) acts on S in such a way that g.f := go f for ¢ € G and

f € S. By using such action of G on S, we prove that |S| = e (cf. Corollary 4.3.60).

Remark 4.3.56. When e > 3, Corollary 4.5.60 can be derived more easily. Indeed,
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let us define the following set:
Y :={f € Hom(R., R,,) | the range of f has K-dimension > 2}.

From Theorem 3.13 of [9], there exists a unique R Fpe — Fpm which fizes F,. Then,
it follows from Proposition 4.3.52 that [ is strict and hence Y C S.

Conwversely, suppose that f € S. Since f is strict and e > 3, it follows that the
range of f has K-dimension > 2 from Proposition 4.3.53. Therefore, we have S =Y .
Howewver, by Theorem 3.13 of [9], we have |Y| = Homg, (Fye, Fym) = € and we conclude
that |S| = e.

For the rest of the subsection, we let e,m € N such that e | m.

Lemma 4.3.57. Let ¢ : R, — R, be a strict homomorphism of hyperrings. Then,
there exists a homomorphism @ : Fpe — Fym of fields fizing F,, such that ¢([a]) =
[2(a)].

Proof. Let us fix a generator o of F.. If ¢(la]) = [B] then the order of [a] as an
element of R is same as the order of [3] as an element of R). Indeed, if not, there
exist 4, j such that ¢([a]*"7) = [1]. In other words, there exists [ such that 0 < | < |R}|
and ¢([a]') = [8]' = 1. Since ¢ is strict, we should have ¢([1] + [a])) = ¢([1]) +
o([a]h) = [1] + [1] = {0,1}. We also have Ker(¢) = {0} because R, is a hyperfield
and hence we have 0 € [1]+[a!]. However, from the uniqueness of an additive inverse,
we have [of] = [1]. It follows that o = z € F, thus (o/)P7! = o/®~) = 1. Since a

generates I ., this implies the following:

e pr—1
o1 ip-1. o )
But, this is impossible since |RX| = 2= and 0 < | < |RX|, therefore |[o]| = |[F]| as
p
we claimed. Next, from Lemma 4.3.48, there exists # € F)* such that |a| = |Bz[. It

follows that we have a homomorphism ¢ : Fpe — F,m of fields which maps a to Sz

and fixes IF,,. Then, one can observe that ¢([a]) = [@(a)] V[a] € R, as we desired. [
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Proposition 4.3.58. The group G = Aut(R,,) acts transitively on the set S := {f €
Hom(R., Ry,) | f is strict}.

Proof. If ¢,4 € S then there exist 3,1 € Homg, (Fpe, Fpm ) which induce ¢, 1) respec-
tively as in Lemma 4.3.57. Since the group Autg,(F,=) acts transitively on the set
Homg, (Fpe,Fpm ), it follows that there exists g € Autg, (F,m) such that ¢ = go .
However, ¢ induces the element g € Aut(R,,) in such a way that g([a]) := [g(a)]. We

obtain ¢ = g o and hence G acts transitively on S. O]

Proposition 4.3.59. For each f € S = {f € Hom(R., R,,) | f is strict}, the

stabilizer of f in G = Aut(R,,) is isomorphic to the subgroup Autg, (R,,) of G.

Proof. As we previously mentioned, we may assume that R, C R,, via the canonical
strict and injective homomorphism ¢ : R, — R,, of hyperfields. Let a be a generator
of Fpe. Suppose that f : R, — R,, is an element of S sending [a] to [§]. Then,
it follows from the proof of Lemma 4.3.57 that [] is a generator of R C R). Let
H be the stabilizer of f in G = Aut(R,,). Then, we have g.f = go f = f. It
follows that g o f([a]) = f([a]) <= ¢([f]) = [8] and hence g fixes R.. Conversely, if
g € Autg, (R,), then go f([o]) = g([8]) = [B] = f([a]). Hence, g stabilizes f since

[a] generates R.. O

Corollary 4.3.60. Let S := {f € Hom(R., R,,,)|f is strict} be the subset of Hom(R,, R,,).
Then, |S| =€

Proof. Let m = el. The group G = Aut(R,,) acts transitively on Hom(R,, R,,) by
Proposition 4.3.58 and for each f € S the stabilizer of f in Aut(R,,) has [ elements
from Proposition 4.3.54 and 4.3.59. Thus, we obtain |S| = e. O]
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The zeta function

Let R be a hyperdomain containing K and X = (Spec R, Ox) be the integral affine

hyper-scheme over K. Recall that the zeta function attached to X is the following:
Z(X,t) = ] (1 —tdes@)t, (4.3.47)
ze|X|

where deg(z) := [k(z) : K]. We also have, from Propositions 4.3.19 and 4.3.20, the

following:
X(Ry,) := Homgpeck (Spec Ry, X) = | | Hom(k(x), Ry). (4.3.48)

In this subsection, we shows that the zeta function as in (4.3.47) contains, in a suitable
sense, the information of the number | X (R,,)| of ‘R,,-rational points’ of X Vm € N.
To this end, we first introduce some definitions. By |X| we mean the set of closed

points of X.
Definition 4.3.61. 1. X := {z € |X|| k(z) ~ R, for some e € N}.

2. Let Ry and Ry be hyperrings. Then, we define

SHom(Ry, Ry) :={f € Hom(Ry, Ry) | [is strict}.

3. Let X(R,,) be the following subset of X (Ry,):
X(Ry) = | | SHom(k(x), Ryy) C | | Hom(k(z), Ryn) = X(Rp).
zeX zeX

Remark 4.3.62. Suppose that f : R, — R,, is a strict homomorphism, then we

have e | m. In fact, since |R}| should divide |R},|, we have

pe—1|pm—1

o1l @ DT . (4.3.49)

However, by the exact same arqument as in Lemma 4.3.55, one can see that (4.3.49)
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happens only when e | m.

In the sequel, we assume that the number a, := |{z € X | [k(x) : K] = r}| is finite
for each r € N. Let N,, := |X(R,,)| be the cardinality of the set X (R,,). Then, from
Proposition 4.3.53, Remark 4.3.62, and Corollary 4.3.60, N,, is a finite number and

one can further observe that N,, = > ra, as in the classical case. Let us define

rlm

the new zeta function:

~ N,
A = =™, 3.
(X, 1) == exp() ) (4.3.50)
m>1
Example 4.3.63. Let R = K[H] U {a} be the hyperring in Example 4.5.42 and
X :=SpecR. Then, X = {p} and k(p) = K. Therefore, N, = 1 for all m € N. We

derive

Z(X 1) = exp(3 %tm) —exp(Y g) (=0 = Z(X,0).

m>1 m>1

Example 4.3.64. Let R = K[H| U {e, f} be the hyperring in Example 4.3.43 and
X :=SpecR. Then, X = {my, my} and k(my) = k(my) = K. Therefore, N, = 2 for
all m € N. We obtain

Z(X,t) == exp() %tm) =exp() | %m) = (1-t)2=2Z(X,1).

m2>1 m2>1

In general, we have

log(Z(X,1) = 3 %tm _ Z(Zmr)% =y My

m>1 m>1 rim m2>1 rim
tlT —aQ T\ —a
=>"a, > - = > (—a,)log(1—t7) =Y "log(1 — ")~ =log(] [(1 —t")™).
r>1 >1 r>1 r>1 r>1

Thus, we obtain the following theorem.
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Theorem 4.3.65.

\ . % my _ r\—ar _ _ gdeg(z)\—1
Z(X,t) = exp(mz>1 —t )_E(1 ) _gu ¢les(@)) =1,

Since X C |X|, we see that, on one hand, Z(X,t) is the part of the zeta function
Z(X,t) as in (4.3.47). On the other hand, Z(X,t) contains the information, in a
suitable sense, about the size of the sets of rational points of X. What looks more
interesting is the following observation. When we construct Z(X,t), we fix an odd
prime number p and hence Z (X ,t) depends on the choice of such odd prime number.
We can construct possibly different Z(X,t) by using various odd prime numbers,
however, each of them should be a part of Z(X,t) from Theorem 4.3.65. This suggests

that Z(X,t) encodes the information, in a suitable way, about all odd primes.

4.3.4 Connections with semi-structures

In this subsection, we use the symmetrization process of §3 to link a semi-scheme and
a hyper-scheme. Throughout this subsection, we always assume that M is a semiring
of characteristic one, Mg is the hyperring symmetrizing M, and s : M — Mg is the
symmetrization map unless otherwise stated.

We show that the topological space Spec Mg is homeomorphic to the subset X of real
prime ideals (cf. Definition 4.3.67) of the topological space Spec M with the induced
topology.

Note that the condition of semirings being of characteristic one is somewhat restrictive
even thought it is natural for some applications. For example, R,,..[T] is not of
characteristic one since T'& T? ¢ {T,T?}. Ours though is the first attempt to link

semi-scheme theory and hyper-scheme theory.

Proposition 4.3.66. Let

X :={qeSpecM |Vx € q,Vt € M ift <z thent € q}.

211



Let X be equipped with the topology induced from Spec M. Then, X is homeomorphic
to Spec Mg

Proof. Recall the definition of Mg = s(M), and the symmetrization map:
s: M — Mg, x> (z,1).

We claim that if p € Spec Mg, then q := s7!(p) € Spec M. Indeed, we have 0 € q.
Since s is an injection, it follows that =,y € q <= (z,1),(y,1) € p. Therefore, if
x,y € q, then (z,1),(y,1) € p, and (z,1) + (y,1) = (x + y,1) € p. Hence, x +y € q.
For m € M,z € q, we have (m,1) € Mg, (z,1) € p. It follows that (mx,1) € p,
thus mz € q. This shows that q is an ideal of M. Finally, zy € q < (zy,1) =
(z,1)(y,1) € p. Since p is prime, we know that (z,1) € p or (y,1) € p. Equivalently,

x € qory € q. Therefore, s induces the following well-defined map s#:
s : Spec Mg — Spec M, p — s '(p).

Clearly, s* is continuous for the Zariski topology on Spec Mg and Spec M. We first
claim that s# is one-to-one. This easily follows from the fact that s is an injection.
Indeed, we have s () = s7(J) <= s~ }(I) = s7'(J). If (a,1) € I, then a € s7}(I) =
s71(J). Thus, (a,1) € J. Since [ is a hyperideal, for (a, —1) € I, we have (a,1) € I.
Therefore, (a,1) € J. Because J is a hyperideal, we have (a,—1) € J. This shows
that I C J. Since the argument is symmetric, we also have J C I. Thus, we have

I = J. Secondly, we observe that
s%(Spec Mg) C X = {q € Spec M |Vx € q,¥t € M if t < z, then t € q}.

To see this, take p € Spec Mg. Let s#(p) = s71(p) := q. Assume that z €
q,t € M with ¢t < z. Then, (z,1) € p. This implies that (x,—1) € p, therefore
[(z,—1),(z,1)] € p. Furthermore, ¢ < z implies that (¢,1) € [(x,—1),(x,1)] C p.

Hence, t € s71(p) = q, and we conclude that s (Spec Mg) C X.
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Next, consider the following map :

Y : X — Spec Mg, q+ s(q) U —s(q).

We claim that v is well-defined; p := s(q) U —s(q) is a prime hyperideal of Mg if
q € X. Indeed, we have 0 € p since 0 € q and s(0) = 0. Moreover, if x € p, then
either z = s(a) = (a,1) or x = —s(a) = (a,—1) for some a € q. If x = s(a) = (a, 1),
then —s(a) = (a,—1) = —z € p. Similarly, if x = —s(a) = (a,—1), then we have
s(a) = —x € p. Hence, for z € p, we have —z € p. Furthermore, for T' = (t,w) € Mg
and X = (x,r) € p, we have TX = (tz,1) or TX = (tx,—1). Since x € q,t € M, we
have tx € q. Thus, TX € s(q) U —s(q) = p. For z,y € p = s(q) U —s(q), we have to
show that z +y C p. If z = (a,1) and y = (b, 1), then this is trivial since z + y €
{z,y} in this case. Similarly, when x = (a,—1),y = (b, —1), this is clear. When
x = (a,1),(b,—1) with a < b or b < a, we also have = +y € {x,y}. The only non-
trivial case occurs when x = (a, 1),y = (a, —1). In this case, x + y = [(a, —1), (a, 1)].
If (t,1) € x + y, then t < a. Since a € q and q € X, it follows that ¢ € q. Hence,
(t,1) € p. Similarly, for (t,—1) € x + y, we have t < a. Since a € q and q € X, we
have t € q and (¢,1) € s(q). Thus, (¢, —1) € p. Hence, we have z+y C p. This shows
that p is a hyperideal of M. Finally, suppose that zy € p with x = (a,w),y = (b,r),
where w,r € {—1,1}. Then, zy € p implies that ab € q. Hence, a € q or b € q. This
means that (a,1), (a,—1) € por (b,1), (b, —1) € p since p = s(q) U—s(q). In any case,
we have x € p or y € p. This proves our claim.
Next, one can observe that 1 is continuous. In fact, let I be a hyperideal of Mg.
Then, for a closed subset V(I) of Spec Mg, s7'(I) is an ideal of M. Furthermore,
v (V(I)) = V(s7(I)) N X. Indeed, clearly s™*(I) is an ideal of M. For q €
=YV (1)), we let ¥(q) = s(q) U —s(q) := p € V(I). Then, I C s(q) U —s(q).
For t € s7}(I), we have (t,1) € I. Tt follows that (¢,1) € s(q) and t € q. Thus,
“HI) C qand q € V(s7'(I)). Since q € v~V (I)), trivially ¢ € X. Therefore,
=Y V(1)) C V(s (I))N X. Conversely, if g € V(s7*(I)) N X, then s~ () C q and
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I C s(q)U—s(q) =(q). Thus, g € p~"(V(I)).

Now all we have to prove is that s# and 1) are inverses to each other. We have

s (1 (qq)) = 57 (s(a) U —s(q)) = s~ (s(a) U —s(a)) = q.

On the other hand, we also have

U(s7(p)) = U(s™ (p)).

We claim that (s~ !(p)) = p. Indeed, let T := (t,w) € p. Since p is a hyperideal,
we may assume that w = 1. Then, s™'(T) =t € s~!(p). However, since (s~ (p))
contains both (¢,1) and (¢, —1), we have T' € ¢ (s~ !(p)). Conversely, if T = (t,w) €
(s (p)), then t € s#(p) = s~1(p). Hence, we have (¢,1) € p. Since p is a hyperideal,

we also have (¢, —1) € p. Thus, T' € p. This completes our proof. O

At first glance, the definition of the set X of Proposition 4.3.66 seems to be rather
obscure. However, the prime ideals in X are, in fact, real primes. Let us recall
the definition (cf. [4]). For a commutative ring A, an ideal p C A is a real ideal if
Sor o r? € p, then r; € p. A real prime ideal of A is a prime ideal which is real.
Real prime ideals are of main interest in real algebraic geometry since their notion is
intimately related with that of an ordering. For more details about real prime ideals
in relation with hyper-structures, see [32], [33].

We generalize the notion of a real ideal to semi-structures and hyper-structures, and
show that the set X of Proposition 4.3.66 is indeed the set of real prime ideals of
M. 1In other words, the topological space Spec Mg captures the ‘real part’ of the

topological space Spec M.

Definition 4.3.67. 1. Let M be a semiring, then an ideal I C M 1is said to be a
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real ideal if

S

drtel=r,€l Vi=12 . 5VrcMVseN
i=1
2. Let R be a hyperring, then a hyperideal I C R is said to be a real hyperideal if

s

O NI #0=rel Vi=12, .5V €RVseN
i=1
3. In either case of the above, a prime (hyper)ideal which is also a real (hyper)ideal

is said to be a real prime (hyper)ideal.

Proposition 4.3.68. The set
X :={q€SpecM |Vx € q,Vte M ift <z, thent € q}

coincides with the set of real prime ideals of M.

Proof. Let p be an element of X. Suppose that > 0, 77 € p. We have to show that
r; € p Vi. Since M is of characteristic one, we have x +y € {x,y} Va,y € M. Tt
follows that 7 | r7 = 77 for some j € {1,2,...,s}. This implies that r} < r? for all
i, where < is the canonical order of M. Since p € X, this implies that r? € p for all
i € {1,2,...,s}. However, r? € p implies that r; € p since p is a prime ideal. This
shows that p is a real prime ideal.

Conversely, suppose that ¢ is a real prime ideal. Then, for x € q and ¢t € M with
t < x, we have

tgx:tQSxthQ.

Therefore, t2 + 2> = 2% € q. Since q is a real prime ideal, this implies that ¢ € q.
Hence, q € X. 0
Proposition 4.3.69. Any prime hyperideal of Mg is real.

Proof. Let p be a prime hyperideal of Mg. Suppose that (>_;_, 77) Np # 0. We know
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that any r; € Mg is of the form r; = (¢;, w), where ¢; € M and w € {—1,1}. Hence,

r? = (c},1). It follows that (3 ;_, r?) is a single element. In fact, we have

(Z r7) =13 for some j € {1,2, ..., s}.
=1

This implies that r?- € p. Since p is a hyperideal, we have also —(TJQ») ep It
follows that [—(r5),r5] C p. Furthermore, for i € {1,2,...,s}, we have ¢} < ¢} since
(32i_y7r7) = r2. Hence, r7 € [—(r?),r7] C p. Since p is a prime hyperideal, this
implies that r; € p for all <. Thus, p is a real prime hyperideal. O]
In Proposition 4.3.66, we proved that the symmetrization map s : M — Mg
induces the continuous map s* : Spec Mg — Spec M. In what follows, we denote
s by s for the notational convenience and also assume that M is multiplicatively
cancellative. Note that such assumption on M implies that Mg is a hyperdomain.
Let X = (Spec Mg, Ox),Y = (Spec M, Oy). From §2.2, we know that for each open
subset U C Y, Oy (U) is a semiring of characteristic one, hence Oy (U) allows for the

symmetrization process. Let Sy : Oy(U) — Oy (U)g be the symmetrization map

for an open subset U C Y.

Lemma 4.3.70. For an open subset U C'Y, we have an isomorphism of hyperrings:
Su(Oy (U)) ~ Ox(s~(U)).

Proof. This follows from the fact that the symmetrization commutes with the local-
ization. Let R := Mg, V := s '(U), and f = (f,1) € R for f € M. Then, by

Proposition 2.2.8 and Theorem 4.3.11, we have

Oy(U)~ () My, Ox(s'(U)=0x(V)~ ()] R; (4.3.51)

D(f)CcU D(f)cv

Under the isomorphisms of (4.3.51), we may assume that Oy (U) C Frac(M) and
Ox(s71(U)) C Frac(R). On the other hand, from Proposition 3.1.14, we have an
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isomorphism:

h: s(Frac(M)) ~ Frac(Mg) = Frac(R).

Furthermore, by the isomorphism h and Corollary 3.1.15, we have
ﬂ M) ~ ﬂ h(Mj) ~ ﬂ R;.

Since h|y = Sy, we derive the desired result. O
By combining Proposition 4.3.66 and Lemma 4.3.70, we derive the following

Theorem 4.3.71. Let M be a (multiplicatively) cancellative semiring of charac-
teristic one and Mg be the hyperring symmetrizing M. Then, the symmetrization
map s : M — Mg := R induces a pair of maps (s,s?) between the hyper-scheme

= (Spec Mg, Ox) and the semi-scheme Y = (Spec M, Oy) such that
1. s : Spec Mg — Spec M is a continuous map

2. s 1 Oy — 5,0x is a morphism of sheaves (of sets) such that
8#(U) = SU : Oy(U) — S*Ox(U) = Ox(Sil(U))

and Ox (s~ Y(U)) is the hyperring symmetrizing the semiring Oy (U).
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Connections and Applications

5.1 Algebraic structure of affine algebraic group schemes

Let (A, A, m) be a commutative Hopf algebra over a field k, where A : A — A®; A
is a coproduct and m : A®, A — A is a multiplication. Let K be any field extension
of k. Then, the set X (K) = Hom(Spec K, Spec A) = Hom(A, K) of K-rational points
of the affine group scheme X = Spec A over k has a group structure. More precisely,
the group multiplication % on the set X (K) comes from the coproduct A of A. To

be specific, for f,g € Hom(A, K), one defines
frxg:=mo(f®g)oA. (5.1.1)

In this way, (X (K), %) becomes a group.
In [7], the authors generalize the group operation (5.1.1) to hyper-structures as fol-

lows.

Definition 5.1.1. ( [7, Definition 6.1]) Let (H,A) be a commutative ring with a
coproduct A : H — H ®z H and let R be a hyperring. Let X = Hom(H, R) be the
set of homomorphisms of hyperrings (by considering H as a hyperring). For ¢; € X,

7 =1,2, one defines

prxagri={p € X |p(x) €Y erlxw)pa(re), YA@) =D z1@z@2)}. (5.1.2)
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In general, A(x) can have many presentations as an element of H ®z H, and the

condition in (5.1.2) is required to hold for all presentations of A(x).

Lemma 5.1.2. ([7, Lemma 6.4]) Let (H,A) be a commutative ring with a coproduct
A:H — H®zH and J; be ideals of H for j =1,2. Then, the set

J =i @zH+HRz o (5.1.3)
s an ideal of H ®z H as well as the set
Jisa Jo ={x eH|A(x) € J} (5.1.4)
is an ideal of H. Furthermore, for ¢ € @1 *a 2, we have
Ker(p1) *xa Ker(ps) C Ker(p). (5.1.5)

In [7], the authors prove that for a commutative ring A and for the Krasner’s

hyperfield K, one has the following identification (of sets):
Hom(A,K) = Spec A, ¢ — Ker(yp). (5.1.6)

Thus, the underlying topological space Spec A can be considered as the set of ‘K-
rational points’ of the affine scheme X = Spec A. We also report the following
Theorem 5.1.3. ([7, Theorems 7.1 and 7.13]) Let K be the Krasner’s hyperfield.
1. Let § be the generic point of Spec Q[T] = Hom(Q[T], K). Then, Spec Q[T]\{d}
and Spec Q[T, ]\{6} are hypergroups via (5.1.2) and (5.1.6). Moreover, we have

Spec QIT\{6} = @/ Aut(@),  SpecQIT, \[5} = Q*/ Aut(Q).

2. Let Q be an algebraic closure of Fy[T]. Then, SpecF,[T] and SpecF,[T, 1] are
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hypergroups via (5.1.2) and (5.1.6). We also have
1
SpecF,[T] ~ 2/ Aut(Q2), SpecF,[T, ?] ~ 0/ Aut(92).

Let (X = SpecA,Ox) be an affine group scheme. In general, the underlying
topological space Spec A does not carry any algebraic structure. However, from (5.1.2)
and (5.1.6), the authors define the hyper-operation * on X = Spec A, and show that
in some cases, (X, %) is a hypergroup (cf. Theorem 5.1.3).

In this section, we generalize Theorem 5.1.3 in a suitable way. Let A be a finitely
generated (commutative) Hopf algebra over a field k. We show that (X = Spec A, )

is an algebraic object which satisfies the following conditions.
L (fx(gxh)N((fxg)*h)#DVf g he X. (weak-associativity)
2. dlee X st. fre=exf=fVfe X. (the identity element)

3. For each f € X there exists (not necessarily unique) a canonical element f eX

such that e € (f % f) N (f * f). (an inverse element)
4. fegxh<= fehxjV¥f g ,heX. (an inversion property)

In other words, (X = Spec A, ) is an algebraic object which is more general than a
hypergroup.

Note that in general, we can not expect the hyper-operation * on X = Spec A to
be commutative. Thus, the reversibility property of a hypergroup should be restated
as an inversion property as in 4 above. Furthermore, for a Hopf ring A and f,g €
Hom(A, K), we have f|z = g|z ( [7, Lemma 6.2]), otherwise f * g would be an empty
set. In other words, the hyper-operation * is non-trivial only within the fibers of the

following restriction map
¢ : Hom(A,K) — Hom(Z,K) = SpecZ, [ — flz.

As explained in [7], one can easily check that for the generic point § € SpecZ,
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we have the identification ®7!(6) = Hom(A4 ®z Q, K) which is compatible with the
hyper-operations. Also, for p = (p) € SpecZ, we have the identification ®~1(p) =
Hom(A®zF,, K) which is also compatible with the hyper-operations. In the following,
we will focus on the case of a commutative Hopf algebra over a field k& rather than
a Hopf ring. In the sequel, all Hopf algebras will be assumed to be commutative.
We begin with a lemma showing that if we work over a field, our hyper-operation is

always non-trivial.
Lemma 5.1.4. Let A be a Hopf algebra over a field k with a coproduct A : A —
A®y, A. If f,g € Hom(A, K), then the set

P = A Ker(f) @, A+ A®; Ker(g))

is a prime ideal of A.

Proof. Trivially, P is an ideal by being an inverse image of an ideal. Hence, all
we have to show is that P is prime. Suppose that a8 € P. Then, by definition,
A(af) € Ker(f) @ A+ A ®; Ker(g). This implies that for any decomposition

AlaB) = > va) @k Y2), we have Y f(va))g(v2) = 0. Assume that a ¢ P. Then,
there is a decomposition Aa = Y a; ® b; such that Y f(a;)g(b;)) = 1 or {0,1}. If
B ¢ P, then we also have a decomposition A = ¢;®;d; such that > f(c;)g(d;) =1

or {0,1}. For these two specific decompositions, we have
AlaB) = A@)AB) = O ar kb)) ¢ @rdy) = > ac; @k bid;.  (5.1.7)
2

Since af € P, we should have

Z flaicj)g(bid;) = Z flai) f(c;)g(bi)g(d;)

= Z f(ai)g(bi) f(c;)g(d;) = Z[(f(ai)g(bi)) > fle)gld]=0. (5.18)
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However, since we know that -, f(a;)g(b;) = 1 or {0,1} and >, f(c;)g(d;) = 1 or {0, 1},

we only can have

> [(fag®)) Y flej)g(dy)] =1 or {0,1}.

i J
This contradicts to (5.1.8). Hence, either o or 5 should be in P. O

Lemma 5.1.5. Let A be a Hopf algebra over a field k. If f, g € Hom(A, K), then the

set f g is not empty.

Proof. We use the same notation as in Lemma 5.1.4. For a non-zero element a € k,
we have f(a) = g(a) = 1. It follows that k£ € P and hence P # A. Thus, in this case,
P is a proper prime ideal. From the identification Hom(A, K) = Spec A of (5.1.6),
we have the homomorphism ¢ : A — K of hyperrings such that Ker(¢) = P. We
claim that ¢ € f % g. Indeed, for a € A, suppose that & € P. Then, p(a) = 0
by Lemma 5.1.2. On the other hand, for any decomposition A(a) = > a; ® b;, we
have > f(a;)g(b;) = 0. If o € P, then p(a) = 1. However, we should also have
> f(a;)g(b;) =1 or {0,1} in this case. This proves that ¢ € f * g. O

Remark 5.1.6. Under the same notation as above, we consider the case of a Hopf
ring A. Let p and q be distinct prime numbers and suppose that p € Ker(f) and
q € Ker(g), where f,g € Hom(A,K). Then, one can easily see that p,q € P. This
implies that 1 € P and hence P = A. Furthermore, for p € fxg, we have P C Ker(y)
from Lemma 5.1.2. It follows that the only possible element ¢ in f*g is the zero map.
However, this is impossible since (1) = 1. Thus, in this case, we have f* g = as

previously mentioned.

Proposition 5.1.7. Let A be a finitely generated Hopf algebra over a field k. Let
H be a closed subgroup scheme of the affine algebraic group scheme G = Spec A and
let B:=T(H,Og) be the Hopf algebra of global sections of H. Then, there exists an
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injection (of sets):

~: Hom(B, K) — Hom(A, K)

which preserves the hyper-operations. i.e. for f,g € Hom(B,K), we have

frg=1[=*g, (5.1.9)
where % is the hyper-operation on Hom (B, K) and * is the hyper-operation on Hom(A, K)
as in Definition 5.1.1.

Proof. Since H is a closed subgroup scheme of G, we know that B ~ A/I for some
Hopf ideal I of A. Consider the following set:

X;={p € Hom(A,K) | p(i) =0 Vie I}.
Let m: A — A/I be a canonical projection map. We define the following map:
~: Hom(B,K) = Hom(A/I,K) — X;, ¢ — ¢,

where ¢ is an element of Hom (A, K) such that Ker(¢) := 7! (Ker ). Note that from
the identification (5.1.6), the map ~ is well-defined. Furthermore, since there is an
one-to-one correspondence between the set of prime ideals of A containing I and the
set of prime ideals of B ~ A/I given by p — /I, the map ~ is a bijection (of sets).

We remark the following two facts:

1. If ¢ € Hom(A/I,K) then ¢(r) = ¢([r]) for r € A, where [r] = 7(r). In other

words, ¢ = g om. In fact, since Ker ¢ = Ker(p)/I, we have

p(r) =0 =1 € Ker(p) <= ¢([r]) = ¢(r/I) = 0.

2. For f, g € Xy, we have f* g C X;. Indeed, suppose that ¢ € f* g. Then, we
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have to show that for i € I, ¢(i) = 0. However, since I is a Hopf ideal, we have

A(I) CT@r A+ Ay 1.

This implies that ¢(i) € > f(i1))G(i2)) = {0} for any decomposition A(i) =
S i1y @ 2 since f(a) = gla) =0 Va € 1.

—~—

Next, we prove that the map ~ is compatible with hyper-operations. i.e. fxg = f *(.
Let A4 be a coproduct of A and A; be a coproduct of B ~ A/I. Suppose that ¢ € fxg

and let Ay(r) = > 7(1) @ r) be a decomposition of r € A. We have to show that

p(r) e > flra)i(re).

Since [ is a Hopf ideal, we have the following commutative diagram:

A—24 Aw, A (5.1.10)
Wl lﬂ'@ﬂ'
AJT—21A) @, AJT

It follows that A;([r]) = > [ra)] @ [r2)]. However, since ¢ € f x g, we have

o(r]) € Y Flra)g(fre))-

From the above remark 1, this implies that ¢(r) € 3 f(rq))§(r()). Hence, ¢ € f*3.
Conversely, let f ,g € X and suppose that ¢ € fx g. Since ~ is a bijection, from the
above remark 2, ¢ = ¢ for some ¢ € Hom(B, K). We claim that ¢ € f * g. In other
words, for [r] € A/I and a decomposition A;([r]) = > [rq)] @k [r2)],

e([r) € > Fra)e(lre))-

Since 7 is surjective, we have Ker(m @, ) C Kerm ®; A + A ®; Kernm. Therefore,
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from (5.1.10), we can find the following decomposition of r:

= Z (1) @k r(2) + Z i(1) @k a2) + Z a@) Ok (2)

where 7(1),72) € I and a(),a) € A. Since ¢ € f* g, we have

)€ Z f r(1))J )+ Z f i(1)) )+ Z f aq))g(ie)-

However, it follows from the definition of f, § € X; that

Zf(i(l) )g(a Zf gliz)) = 0.

Therefore, we have ¢(r) € 3 f(r(1))d(r2). From the above remark 1, this implies

that o([r]) € > f([ra])g([re)]). Hence, ¢ € fxg. O

Let GL, be the general linear group scheme. We will prove the following state-

ments:
1. The hyper-structure * on GL,(K) as in Definition 5.1.1 is weakly-associative.

2. The identity of (GL,(K),x*) is given by e = ¢ o ¢, where ¢ is the counit of the

Hopf algebra Ogy, and ¢ : k — k/k* = K is a canonical projection map.

3. For f € GL,(K), a canonical inverse f of f is given by f = f o S, where

S : Ogr, — Ogr, is the antipode map. Furthermore, we have
fehsxge fegxh.

Any affine algebraic group scheme G is a closed subgroup scheme of the group
scheme GL, for some n € N. Assume that the above statements are true. Then,
from Proposition 5.1.7, we can derive that the set G(K) of ‘K-rational points’ of an
affine algebraic group scheme G has the hyper-structure induced from GL,, which is

weakly-associative equipped with a canonical inverse (not unique) and the identity,
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and also satisfies the inversion property.
In what follows, we let A = Ogr, = k[X11, X12, ..., Xy, 1/d] be the Hopf algebra of
the global sections of the general linear group scheme GL,, over a field k, where d is

the determinant of an n x n matrix. We first prove the statement 2.

Lemma 5.1.8. The identity of the hyper-operation x on Hom(A, K) is given by e =
p o€, where € is the counit of A = Ogr, and ¢ : k — k/k* = K is a canonical

projection map.

Proof. Let f € Hom(A, K). We first claim that f € e x f. Indeed, let P € A. Then,
for a decomposition AP = ) a; ®; b;, we have P = Y e(a;)b; since ¢ is the counit.

It follows that

f(P):fZ Zf az z Zf az

Moreover, we have f(e(a;)) = e(a;) since
fle(a;)) =0 <= e(a;) =0 <= qa; € Ker(e) <= e(a;) = 0.

Therefore, f(P) € Y f(e(a;))f(b;) = > e(a;) f(b;). This shows that f € ex* f.

Next, we claim that if g € e * f, then g(P) = f(P) VP € k[X;;] (P does not contain
a term involving 1/d). Take such P and let AP = > a; ®j by be a decomposition.
Let ¢;; be the Kronecker delta. Then, we can write a; as a; = oy + (3, where oy =
>l HM(XZ»]- —0,;5)™i] for some b, € k, my; ; € Z~o, and f; € k. Then, since §; € k,

it follows that

AP:Z(%"‘@ ®p by = Zat®kbt+26t®kbt Zat®kbt+1®k(2ﬁtbt)~

However, since the ideal < X;; — ¢;; > is contained in Ker(e), we have e(a;) = 0 Vt.

This implies that for this specific decomposition AP = > oy ®; by + 1 @5 (O Biby),
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we have

D elan) f(b) +e() O Bib) = O Bib).

Therefore, we have g(P) = f(P) = f(>_ b)) since g, f € e x f. In general, for
q € A = k[X,;,1/d], there exists N € N such that dV¢ € k[X;;]. Then, from the

previous claim, we have

F@d™) f(q) = f(dVq) = g(dVq) = g(d")g(q).

However, since d is invertible, we have f(dV) = f(d)Y = g(dV) = g(d)¥ = 1. Tt
follows that f(q) = g(q) V¢ € k[X;;,1/d] = A. Thus f = g, and {f} = e x f.

Similarly, one can show that {f} = f % e. This completes our proof. O
Next, we prove the existence of a canonical inverse.

Lemma 5.1.9. Let S : A — A be the antipode map. Then, for f € GL,(K), we
have e = poe € (fx f)N(f* f), where f = (f o S).

Proof. Let f € Hom(A,K) and f = foS. Suppose that @ € A. Then, for a
decomposition Aa = > a; ®j b;, we have e(a) = > a;S(b;) since € is the counit and

S is an antipode map. This implies that

fe(@) = FOaiS®)) € > flaiShi) =Y flai) f(SH:) = flai) f(by).

However, we know that f(e(a)) =1 if e(a) is non-zero and f(s(a)) = 0 if (a) is zero.
It follows that e(a) = p(e(a)) = f(e(a)). Hence, e(a) € 3. f(a;)f(b;). This shows

that e € f * f. Similarly, one can show that e € f * f. O
Next, we prove the inversion property.

Lemma 5.1.10. Let S : A — A be the antipode map and f,g,h € Hom(A,K). Let
f=fo0S,G=goS, h=hoS. Then, h € f*gq if and only if h € §* f.

Proof. Suppose that he g*f. Let a € Aand Aa = ) a;®b; be a decomposition of a.
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Let t : A®rA — AR A be the twist homomorphism of Hopf algebras. i.e. t(a®;b) =

S) o A, we have A(S(a)) = 32 S(b;) @ S(ai).
This implies that h(S(a)) € 32 §(S(b:))f(S(a:)) = > F(S(a:)g(S(bi)) since §? = id.
However, we have h(S(a)) = ho S(S(a)) = h(a). Similarly, §(S(b;)) = g(b;) and
f(S(a;)) = f(a;). Thus, h(a) € 3 f(a;)g(b;). This shows that h € f  g.

b ® a. Then, since A oS =to (S ®y

Conversely, suppose that h € f % g. Then, for a € A and a decomposition Aa =
S a; @y b;, we have h(a) € §(b;)f(a;). However, by the exact same argument as above

and the fact that S = S, one can conclude that h € § * f. O
Finally, we prove that the hyper-operation * on Hom(A, K) is weakly-associative.

Lemma 5.1.11. Let A be a Hopf algebra over a field k, A be a coproduct of A, and
H:=(A®id)oA=(ild®A)oA: A— A®, A®, A. For f,g,h € Hom(A,K), we
let J := Ker(f) @x A®r A+ A® Ker(g) @ A+ A®, ARy Ker(h). Then, the set
P := H=Y(J) is a proper prime ideal of A. Moreover, if ¢ is an element of Hom(A, K)
determined by P, then ¢ € fx(gxh)N(f*g)*h.

Proof. The proof is similar to Lemma 5.1.4. For the first assertion, since .J is clearly an
ideal by being an inverse image of an ideal, we only have to prove that P is prime. Let
aff € P. Then, since H(af) € J, for any decomposition H(aB) = > v1)®rY2) @k (3),

we have

> F)g(v)h(vE) = 0. (5.1.11)

Suppose that «, 8 € P. Then, there exist decompositions H(a) = Y a; ® b; @y ¢;
and H(f) =) x; Qi y; @y 2; such that

> flagbih(e) =1 or 0,1}, Y fla;)g(y)h(z) =1 or {0,1}.  (5.1.12)

With these two specific decompositions, we have

H(ap) = H(a)H(f) = (Z ai®kbi®kcz’>(z T QY O 2j) = Zaixj ®p biy; O cizj.

J 1,
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Since af € P, we should have

Z flaiz;)g(biy;)h(ciz;) = Z f(ai)g(bi)h(ei) f(x;)g(y;)h(2;)

= Z[f(ai>g(bi>h(ci) Zf(xj)g(yj)h(zj)] =0. (5.1.13)

However, (5.1.13) contradicts to (5.1.12). It follows that a € P or § € P. Further-
more, since H(1) =1®1® 1 ¢ J, P is proper. This proves the first assertion.

For the second assertion, it is enough to show that ¢ € f* (g * h) since the argument
for ¢ € (f*g)*h will be symmetric. Let ¢ € g*h such that Ker(¢) = A7 (Ker(g) ®y
A+ A®y Ker(h)). This choice is possible by Lemma 5.1.4. We claim that ¢ € f*.
Indeed, we have to check two cases. The first case is when a € A has a decomposition
> a; @y b; such that > f(a;)1(b;) = 0. Then, we have to show that ¢(a) = 0. But,
since > f(a;)Y(b;) = 0, we know that Y a; @ b; € Ker(f) ®r A+ A®y Ker(y). Since
Ker(¢) = A7 (Ker(g) @, A+ A®;, Ker(h)), we have H(a) = (id @ A) (> a; @ b;) €
Ker(f) ®r A®r A+ AR Ker(g) @ A+ A®y ARy Ker(h). Thus, ¢(a) = 0. The sec-
ond case is when a € A has a decomposition ) x; ®j y; such that > f(z;)¥(y;) = 1.
Then, there exist z;, y; such that f(z;) = ¢¥(v;) =1 and f(x;)¥(y;) =0 V) #i. We
may assume that ¢ = 1. Then, > .o, 7; @ y; € Ker(f) @ A+ A ®; Ker(y). This
implies that (id @k A)(Y ;55 Ti @4 yi) € J. On the other hand, (id® A) (21 ®,y1) € J
since z; & Ker(f) and y; & Ker(¢). It follows that H(a) & J, hence p(a) = 1 as we
desired. O

By combining the above lemmas, we obtain the following result.

Theorem 5.1.12. Any affine algebraic group scheme X = Spec A over a field k
has a canonical hyper-structure x induced from the coproduct of A which is weakly-
associative and it is equipped with the identity element e. For each f € X, there
exists a canonical element f € X such that e € (f x f) N (f  f). Furthermore, for

fyg,h € X, the following holds: f € g% h < fe I~1*§.
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