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Abstract

Networked dynamical systems’ ability to preserve the system equilibrium in the face
of disruptive events or persistent disturbances can be an indication of the convergence
efficiency and quantified as a measure of system performance. The performance
analysis is usually facilitated by simplifications overlooking certain structural properties
of the network that can potentially be significant to actual system behavior. We
characterize the performance of networks in relation to these properties, such as
communication directionality and system heterogeneity, and unravel their influence
on overall performance. We examine performance metrics that quantify an aggregate
system effort to maintain and/or restore a network equilibrium; formulated by a general
quadratic function (£5 norm) of the system output. Using this approach, which builds
on the widely-used Hy norm based analysis, we obtain novel closed-form solutions to
the performance metrics. We then use them to identify the role of communication

directionality and system heterogeneity in network performance.

Particularly, we show that the effect of communication directionality on perfor-
mance can be characterized by the spectral properties of the weighted Laplacian matrix
describing the network interconnection and the output performance matrix. Our re-
sults indicate that while this directionality can degrade performance, well-designed
feedback can also exploit directionality in certain cases to mitigate this degradation
or even lead to improved performance. We also demonstrate that performance is
sensitive to the degree of connectivity in networks with directed interconnection,

however it does not necessarily improve by increasing this degree of connectivity. We

i



then derive the asymptotic behavior of performance with respect to network size, and
identify additional performance trade-offs associated with large-scale networks with
communication directionality. In addition, we investigate system heterogeneity in
droop-controlled inverter-based power systems, by relaxing the common assumption
of uniformity of inverter control gains. This heterogeneity, which can result from
the distribution of power demand between the inverters, can lead to performance
limitations. Numerical examples verify and support our theoretical findings. Our
results highlight the performance capabilities and limitations due to the structural

properties of the network, and can inform judicious feedback design.
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Chapter 1

Introduction

Co-operation of multiple agents in order to achieve a common objective is intrinsic to
various types of dynamical systems that can be abstracted from biology, sociology,
physics and engineering. In its simplest form, this co-operation can be understood as
an iterative information exchange between this collection of agents that can eventually
converge to an equilibrium. Such systems are generally termed networked dynamical

systems.

In certain cases, agents can reach an agreement on their equilibrium state -achieve
consensus- which is referred to as network synchronization. Consensus networks, i.e.
single, double or higher order integrator systems with a feedback interconnection,
represent a broad class of networked dynamical systems and provide a widely used
framework for network analysis. In this setting, the ‘closed-loop’ is determined by state
or output feedback based on relative measurements between agents; with the possible
addition of feedback based on measurements with respect to an absolute reference
frame. For example, the DeGroot model [3] poses the question of synchronization for
networked dynamical systems in a simple setting. Each agent receives information
from a subset of agents in the network in order to update its state. This model shows
that after a sufficient number of iterations, the agents achieve consensus if certain
conditions on the network (underlying communication structure) are satisfied. This

notion of network synchronization has been studied in various contexts. For example,



achieving consensus (synchronization of states) [3—12] can be understood as an opinion
agreement of the agents in social interaction networks or synchronization of the grid

frequency in alternating current (AC) power networks.

These consensus protocols are closely related to co-ordination problems such
as flocking of vehicles, robots or groups of bird or fish; that are concerned with
attaining a desired geometric formation while maintaining a common velocity [13-18].
Naturally, these applications can exhibit equilibrium states that are not necessarily in
agreement. Similarly, power networks can exhibit non-synchronous convergence, i.e.
the equilibrium values for voltage phase angles [11,12,19] and magnitudes [19-21] can
be non-uniform. For the purposes of our discussion, the distinction between network

convergence and synchronization is insignificant.

In this thesis, we are primarily interested in how ‘well” a networked dynamical
system can maintain its equilibrium given perturbations to it; namely the network
performance. The research questions we study are motivated by engineering systems
such as vehicle networks and the electric power grid; however our results are generally
applicable to a broader class of systems. In this chapter, we first provide a brief overview
of the work on the convergence properties of networks. We then discuss different
notions of network performance and related literature. We follow this discussion with a
review of the results pertaining to the role of certain network topological characteristics
in performance and identify relevant questions for our research motivation. We then

provide a summary of our contributions and a detailed overview of our results.

1.1 Background on Network Convergence

Convergence properties of networks have been widely studied, see e.g. [3-29]. Many
works investigating convergence in networks build on the principles of the DeGroot

model [3], in which each agent in the network updates their state as a weighted



average of their own state with that of their neighbors. This discrete-time model can
describe ‘first-order’ dynamics of agents and can be represented by single-integrator
networks in continuous time models [5,6,8, 11,17,23,24]. Double-integrator networks
[4,7,9-11,13-16, 18], which can use feedback of first and second-order states, can for
example represent a class of systems that have inertia as well as damping including

vehicle networks and power networks with synchronous generators.

The network structure and constraints imposed on the feedback interconnection
are also important parameters in convergence. Namely, the effect of time-delay
in communication between agents is considered in [5, 6, 10,25, 26]. Time-varying
network interconnection topologies can represent unreliable communication links or
time-dependent sensing constraints [5,6, 15,16, 18,22-24,26]. In addition, the coupling
between the agents can be non-linear, i.e. the feedback received by agents can be

given by a non-linear function of relative state measurements [6, 11, 13-18].

We next provide some background for our main research focus of performance
evaluation of networks. For a more comprehensive survey of work on convergence in

networks, we refer the reader to [30-32].

1.2 Evaluation of Network Performance

Network performance can be defined such that it quantifies a variety of system
attributes that are related to convergence properties. For example, in the presence
of disturbances that perturb the system from its equilibrium, the network tries to
restore this equilibrium or converge to a new one; which leads to transient behavior.
In this setting, network performance can be captured in terms of the signal energy
associated with these transients; and can be used as a metric of convergence efficiency.
Our focus is on this notion of performance. It is standard practice to compute the

performance metrics quantifying the total system energy through the Hs system



norm [33]. A related performance metric is the system gain quantifying the worst-case
input amplification which can be an indication of the robust stability of the network;

and can be described in terms of the H, system norm [33, 34].

In networked dynamical systems, these norms can be used to quantify robustness
to disturbances and capture a combined effect of agent dynamics and the network
topological properties (underlying communication structure). In this work, we develop
a novel analysis framework that builds on the H, based performance metrics of
network dynamical systems in order to characterize the precise effect of certain
network topological properties on the overall system performance. Next, we present

an overview of the literature related to this class of performance metrics.

1.2.1 Performance as Efficiency of Network Convergence

Network robustness to disturbances can be evaluated using performance metrics that
quantify convergence efficiency. These metrics, for example, can be defined in terms
of the lack of coherence or the degree of disorder in first order (single-integrator)
[1,35—41] and second order (double-integrator) [1,42—48] consensus networks. The
lack of coherence refers to a network aggregate of the deviation from the synchronous
equilibrium state, whereas the degree of disorder may refer to aggregate state errors of
agents with respect to nominal values. In this sense, the former can be interpreted as
a special case of the latter and also a global performance metric for the network. For
spatial formations of agents, the degree of disorder can be specified as short or long
range state errors, which respectively quantify the level of cohesion between agents
that are relatively close to or distant from each other within the network [1]. For
example, these metrics are widely used for vehicle networks but also are applicable
to a broader class of systems. Network disorder has been analyzed in terms of the
underlying interconnection structure and network size, which can be measured either

in terms of the number of agents [1,38-41,43, 46,48] or the spatial dimension of agent



interactions [1,39—41,43].

Robustness metrics of power systems are closely related to the degree of network
disorder in formation problems. For example, these metrics can quantify the network
incoherence in terms of the real power losses or the deviation from the equilibrium
values of voltage phase/frequency or magnitude in transmission and inverter-based
networks due to system-wide transients resulting from disturbances [19-60]. The
transient resistive losses have been investigated using the linearized swing dynamics of
a Kron-reduced transmission network [50], a structure preserving network model of a
renewable energy integrated power system [61], as well as a model of droop-controlled

microgrids with coupled frequency and voltage dynamics [51].

Certain works build on the framework of standard consensus protocols and power
system models by introducing additional control that aims to improve overall system
performance. Controllers that have been proposed include dynamic feedback [13,48,52—
54] and optimization based approaches [55,56]. Control nodes [62] and virtual inertia
placement [63] have been proposed to optimize the synchronization performance in
constant voltage transmission grids. Dynamic control strategies such as distributed
proportional-integral (PI) control have been shown to reduce transient resistive losses
[64]. A dynamic droop control based on lead-lag compensation has also been shown to
improve the robustness to measurement noise and delay and eliminate the frequency
overshoot (frequency nadir) [53,065]. It has also been demonstrated that proportional-
derivative (PD) control can mitigate high frequency oscillations in transmission
networks [66].

We are interested in investigating the underlying effect of network topological
characteristics on the overall system performance. Next, we provide background on

the literature that relates to this aspect of networks.



1.3 The Role of Network Topological Characteris-
tics in Performance

As previously outlined, a widely utilized approach to quantify performance in systems
subjected to distributed disturbances is to select a system output such that the desired
metric is defined through the input-output H, norm of the system. Certain Ho based
performance metrics for systems whose underlying graphs are undirected can be
obtained in closed form, e.g. [1,42,50,53,56]. Related performance metrics have also
been evaluated in terms of the effective resistance of undirected graphs [42,67,68],

which allows for efficient computational approaches [69].

Much of the existing literature on evaluating the performance in systems with
directed interconnection topologies considers restrictive scenarios on the graph topology
(e.g. spatially invariant [70] and nearest-neighbor type interactions [46]; or systems
with normal Laplacian matrices [36,37,47]) with closed-form solutions obtained only
for specific metrics (full state [71], degrees of disorder [1], etc.). The notion of effective

resistance has been extended to directed graphs [72,73] within a framework that can

be used to compute network incoherence for single-integrator networks.

Closed-form expressions for more general quadratic performance metrics of double-
integrator networks over undirected graphs formulated in terms of the £, norm of the
system output have also been obtained [59,60,74]. An extension to directed graphs
with diagonalizable Laplacian matrices was provided for s based metrics [75], however
a precise understanding of the role that the underlying network architecture plays is
still lacking. This thesis aims to address this problem by proposing a novel framework
of computing the general quadratic performance metrics of networks over directed
graphs; and revisiting important classes of graph topologies to unravel previously

undiscovered properties of network directionality.

In addition to edge directionality, we also study the heterogeneity of nodal param-



eters in networks, specifically in inverter-based power systems. Much of the literature
focuses on identical nodal dynamics, which simplifies the analysis significantly while
still providing insight into the robustness of droop control [51]. However, this simplified
setting prevents the investigation of a number of important situations that can arise
in practice. For example, power sharing constraints resulting from a load demand that
is heterogeneous across the network lead to heterogeneous droop gains [12,19]. There
has been work in transmission systems with heterogeneous inertias, which provides
a step response characterization of the synchronous system frequency [59,60]. In a
similar setting, the interaction between the network topology (undirected) and this
synchronous frequency is studied [66]. However, extensions to inverter-based systems

which are typically far less uniform by design have yet to be addressed.

1.4 Contributions

As outlined in the previous section, topological characteristics of the network are often
overlooked in performance analysis, through simplifications such as the assumption of
symmetric feedback coupling between agents (undirected interconnection) and nodal
homogeneity of dynamics/control. In this thesis, we relax some of these simplifying
assumptions, and show that network topological characteristics can play a significant
role in overall system performance. We categorize our contributions into two areas;
pertaining to edge directionality and nodal heterogeneity. While the main focus of this
work is on understanding the effect of edge directionality on performance; our results
on nodal heterogeneity provide useful insights about design trade-offs in inverter-based

power systems.

Although the results from the literature represent progress into a wide range
of special cases, a unified treatment of general performance metrics over arbitrary
directed graphs has yet to be developed. This thesis aims to lay the foundations for

such a framework via the following contributions:



1. We provide a novel unifying approach to compute a general class of quadratic
performance metrics for single and double integrator systems defined over directed

graphs that have at least one globally reachable node (Chapter 4).

2. We use the closed-form solutions resulting from this approach to demonstrate
that overall network performance is determined by an interaction between network
topological characteristics (e.g. edge directionality and connectivity) and the control

strategy. In particular, we show that

(a) The effect of edge directionality on performance can be characterized by the
respective spectral structures of Laplacian and output matrices, which needs to

be accounted for in judicious feedback design (Chapter 5).

(b) While performance is sensitive to the degree of connectivity in directed graphs,

the relationship is not monotonic (Chapter 6).

3. Using our novel closed-form solutions within the framework of spatially invariant
systems, we derive the asymptotic scalings of performance metrics that quantify local
and global degrees of network disorder. In addition, we identify a subclass of spatially
invariant systems and performance metrics for which the scaling bounds have infinite

value (i.e. the input-output system is unstable) for finite network size (Chapter 7).

By relaxing the assumption of uniform nodal dynamics in droop-controlled inverter-
based power systems, we evaluate performance metrics quantifying system robustness
for a more realistic scenario with possibly heterogeneous droop control gains. This
gain heterogeneity, which can result from power sharing constraints imposed on the

inverters at each node, is shown to lead to performance limitations (Chapter 3).



1.5 Overview of the Results

Now we provide a brief overview of our results and the organization of this work.
We begin with the results related to power networks with nodal heterogeneity, fol-
lowed by an introduction to our novel performance analysis framework for directed
networks. Then, using this general framework, we investigate the relationship between
performance and network topological characteristics such as edge directionality and
connectivity. Following a detailed analysis of finite-size networks, we then focus on
‘large-scale’ directed networks, investigating how performance metrics of disorder
scale as the network size grows. We finally present generalizations of our closed-form
solutions for quadratic performance metrics to the class of networks over directed
graphs that have at least one globally reachable node. These results are presented in

the following chapters:

Chapter 3. Performance of Droop-controlled Microgrids with Heterogeneous
Inverter Ratings: We analyze the overall system robustness in terms of two performance
metrics: the frequency and voltage synchronization cost (the signal energy associated
with the transient deviation from the synchronous state) and the transient resistive
power losses; given distributed impulse disturbances. We derive closed-form solutions
for these metrics in terms of heterogeneous droop-control gains and network properties;
and investigate performance limitations associated with both frequency and voltage

dynamics.

Chapter J. A New Analysis Framework for the Quadratic Performance Metrics
of Directed Networks: We develop a novel framework to compute the quadratic
performance metrics in closed-form for a general class of networks over arbitrary
directed graphs that have at least one globally reachable node. We use a frequency-
domain approach and exploit the algebraic properties of the weighted graph Laplacian

matrices representing the network interconnection and the output matrices defining



the performance metrics to derive the closed-form solutions. We first provide the
closed-form solutions for the performance metrics of single and double-integrator
networks over arbitrary directed graphs that have at least one globally reachable
node. We then use our framework in the subsequent chapters to analyze important

subclasses of directed networks.

Chapter 5. Effect of Communication Directionality on Performance: In this
chapter, we focus on the subclass of single and double-integrator systems whose
feedback interconnection topologies can be described by normal Laplacian matrices.
We first provide the simplified closed-form solutions for the general performance
metrics of this special class of systems. Then, we present a comparison between
systems with directed interconnection and their undirected counterparts (obtained
by ‘symmetrizing’ the directed feedback structure); demonstrating that performance
becomes sensitive to control strategy (e.g. availability of state measurements, using

feedback in different state variables) for systems with communication directionality.

Chapter 6. Effect of Connectivity on the Performance of Directed Networks: In
this chapter, we investigate the role of the degree of connectivity in the performance
of single and double-integrator networks that have communication directionality. We
focus on a more general class of directed graphs compared to the previous chapter;
which emit diagonalizable Laplacian matrices, and provide the closed-form solutions
for the performance of this class of systems using our general analysis framework
from Chapter 4. Then we study the relationship between performance quantified by a
specific network coherency metric (aggregate state deviation from the average) and
the degree of connectivity associated with various feedback interconnections such as

directed cyclic w-nearest neighbor networks and all-to-one (imploding star) networks.

Chapter 7. Disorder in Large-scale Networks with Uni-directional Feedback:
Following a detailed analysis of finite-size networks, we then proceed to evaluate the

scaling properties of spatially invariant systems with interconnection directionality;
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represented by directed toric lattices. We focus on subclasses of such network intercon-
nections and performance metrics that quantify the network disorder. We derive the
asymptotic scaling properties of bounds on these performance metrics as the network
size grows, for certain combinations of state feedback. In this setting, we also identify
other combinations of state feedback for which the scaling bounds have infinite value
(i.e. the input-output system is unstable) for finite network size. Our results indicate

a trade-off between communication cost and scalability.

We conclude this chapter by providing references to the publications that resulted

from our contributions. Particularly, the material in Chapter 3 is based on

« H. G. Oral and D. F. Gayme, “Performance of Droop-Controlled Microgrids

Y

with Heterogeneous Inverter Ratings,” in Proceedings of the 2019 European

Control Conference, June 2019, pp. 1398-1405.

The material in chapters 4, 5 and 6 is based on

« H. G. Oral, E. Mallada, and D. F. Gayme, “Performance of Single and Double-

7

Integrator Networks over Directed Graphs,” arXiv preprint, November 2019,

arXiv:1911.00791,

« H. G. Oral, E. Mallada, and D. F. Gayme, “Performance of First and Second
Order Linear Networked Systems over Digraphs,” in Proceedings of the 56"

IEEE Conference on Decision and Control, December 2017, pp. 1688-1694.

The material in Chapter 7 is based on

« H. G. Oral and D. F. Gayme, “Disorder in Large-Scale Networks with Uni-
Directional Feedback,” in Proceedings of the 2019 American Control Conference,

July 2019, pp. 3394-3401.
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Following the presentation of our results, we provide concluding remarks and

present possible directions for future work.

The next chapter sets up the preliminaries for the thesis and formalizes the

description of the research questions we study.
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Chapter 2

Preliminaries and Problem
Description

We begin by introducing definitions, mathematical preliminaries and standard results

from the literature.

2.1 Stability of Linear Time-Invariant Systems

A linear time invariant-system 7T can be viewed as a linear mapping from an input
w(t) € RP to an output y(t) € R? and it can be represented by its impulse response
function T'(¢) in the time-domain. Throughout this work, we are interested in causal
systems, i.e. the system output does not depend on information from future time,
therefore we assume that 7'(t) = 0 for t < 0. The output response to an input w(t)

can be computed using the convolution integral:
t
y(t) = / T(t — 7)w(r)dr, t>0. (2.1)
0

With a slight abuse of notation, we will use the letters denoting the signals and
impulse response functions in the time domain to denote their respective signals and

transfer functions in the frequency-domain. Then, we have

y(s) =T(s)w(s), se€C,

13



where each function is given by the Laplace transform of their time-domain counter-

parts.

If it admits a time-domain realization, T" can also be represented by the state-space

equations:

d(t) = Ag(t) + Bw(t),

y(t) = Co(t) + Dw(t),

where A, B, C and D are real matrices. Equivalently, the transfer function of T'(s) is

(2.2)

given by:
T(s)=C(s — A)"'B+D.

We are interested in several notions of stability throughout this work, which we

present next.

Definition 2.1 (Asymptotic Stability, [76]). The unforced system

d(t) = Ap(t), ¢(0) =gy t=>0 (2.3)
is asymptotically stable if ¢(t) — 0 ast — oo for arbitrary ¢,.

The following well-known result pertains to the asymptotic stability of the unforced

system.

Fact 2.1. [77] The unforced system in (2.3) is asymptotically stable if and only if all

of the eigenvalues of A are on the open left-half plane.

Another important notion of stability is related to the input-output system 7'(¢).
The system is called stable if the output y(¢) remains bounded for all time, given a

bounded input w(t). The formal definition is as follows.

Definition 2.2 (BIBO Stability, [77]). The realization (2.2) of T is bounded-input-
bounded-output (BIBO) stable if

sup|w(#)[| < oo = sup|[y(t)|| < oco.
>0 >0

14



BIBO stability of T" is guaranteed by the asymptotic stability of (2.3). But the
converse is not always true. In this case, a certain subset of the modes of A determines
stability. This subset is given by all of the modes that can be both controlled by the
input w and observed from the output y. In order to make the argument precise, we

state the concepts of controllability and observability.

Definition 2.3 (Controllability). System (2.2) is controllable on [0,t¢] if there exists

a continuous input w(t) such that ¢(ty) =0 for any ¢(0) = ¢,.

Definition 2.4 (Observability). System (2.2) is observable on [0,ts] if ¢(0) = ¢, can

be uniquely determined from y(t).

Using these definitions, the following result establishes the connection between

BIBO stability of (2.2) and the asymptotic stability of (2.3).

Fact 2.2. Suppose that realization (2.2) is controllable and observable. Then, it is

BIBO stable if and only if (2.3) is asymptotically stable.

Next, we provide a brief review of signal and system norms, which is central to

the performance analysis in this work.

2.2 Signal and System Norms

The main signal norm that is going to be used in this work is the £5 norm. It is given
by
00 1/2
lolle. = ([~ werumar) (24)
which provides a measure of the total energy of the system response y(t).

For a strictly proper and stable system T'(s), its Hy norm is defined as

1/2
1 0
T3, = <sup 2—/ tr [T(e + jw) T (e + jw)] dw) (2.5)
e>0 —00

™
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and it can be computed by

e = (o [~ e TGy TG o) 26

in the frequency-domain and
00 1/2
Tl = ([ ey o) de) 27)
in the time-domain [34]. The equivalence of these two computations is due to Parseval’s

theorem.

Remark 2.1. We note that for a system that is not BIBO stable (closed right-half-
plane poles exist), the definition of the Hy norm in (2.5) would lead to an infinite
value. In general, (2.6) can be used to define a system 2-norm which can be finite for

a certain class of unstable systems [75], which is outside of the scope of this work.

Noting that a strictly proper system has D = 0, the realization (2.2) can be used

to evaluate the Hy norm through the time domain representation in (2.7):
IT|2, = te(B*XB), X = /0 T Ao ettt
where the observability Gramian X can be computed by solving the Lyapunov equation
A X+ XA =-CC,

when T is BIBO stable. An equivalent computation can be performed by using the

controllability Gramian of 7.

There is a connection between the Lo signal norm of the system response in (2.1)
and the Hy norm of system T in (2.7), which can be established through one of
the standard interpretations of the Hy norm [19]. In general, these interpretations
illustrate that the Hs norm can be computed in terms of the system response when
the system is subjected to a specific input. We next review two of these interpretations

as they provide background for the analysis in the subsequent chapters.
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« Consider a white noise input w(t) with unit covariance, i.e. E[w(7)w(t)*] =

d(t — 7)1. Then the squared Hs norm of T quantifies

1, = Jim Ely(t)"u()) (2.8)
i.e. the steady-state variance of the system response y(t).

« Consider an impulsive input to a single input channel, i.e. w(¢) = e;6(¢) where
e; is the vector with a 1 at the " entry and zeros elsewhere, i € {1,...,p}.

Then the squared Hy norm of T" quantifies

p oo . .
1Tl =3 [ 0@y (e, 29)
i=1

where y®(t) denotes the system response to w(¥(¢). In other words, the squared
Ho norm of T can be computed as the sum of the squared £, norms of the

system responses 4 (¢) to an impulse at the i*" input channel.

The stochastic interpretation of the Hy norm given in (2.8) can for example be
used to compute the steady-state variance of an output signal that measures the
deviation from a desired trajectory or equilibrium, in the presence of persistent random
disturbances. In contrast, disruptive events can be modeled by impulsive inputs and
the Hs norm computation in (2.9) quantifies the aggregate signal energies of the
system responses due to these impulsive inputs. We refer to these interpretations
throughout the thesis in order to specify the relationship between the disturbance

inputs and the performance metrics.

2.3 Graph Theory

In this section, we introduce basic concepts of graph theory, particularly related to
the directionality of graphs, algebraic tools that facilitates the analysis of networked

dynamical systems and fundamental properties.
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Definition 2.5 (Undirected Graph [79]). An undirected graph is a pair G = {V,E}
with a set of vertices (nodes) V and a set of edges € containing unordered pairs of the

vertices in V.

Definition 2.6 (Directed Graph [79]). A directed graph (digraph) is a pair G = {V,E}
with a set of vertices (nodes) V and a set of directed edges € containing ordered pairs

of the vertices in V, i.e. £ECV X V.

In line with the definition of a directed graph given above, a weighted digraph can
be defined as G = {V,&,W}, by introducing a weight associated with each edge.
Here, the set of edge weights is given by W = {w;; > 0 | (i,j) € £}. Using the
same definition, we set b;; = b;; for a weighted undirected graph, since (i,j) € £ if
and only if (j,7) € &.

The following definitions of the neighbors of a given node in the graph is useful for

the algebraic representations of a graph.

Definition 2.7 (In-and-out-neighbors [79]). For a node i € V the in-neighbor set
is given by N""(i) = {j € V | (j,i) € €} and its out-neighbor set is given by
Newt(i) ={j e V| (i.j) € €}

Based on the number of neighbors and edge weights, we assign degrees to each

node.

Definition 2.8 (Weighted In-and-out-degrees [79]). The weighted out-degree (in-
degree) is given by the sum of the weights associated with the out-neighbors (in-
neighbors) of a node. We write
Aot (1) = Z Wi, din (1) = Z wj;, 1eN.
JENOUL(3) JEN(7)
For an unweighted graph, the same definitions hold with unit edge weights, hence

degrees are given by the number of neighbors.
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Using these definitions, we can state algebraic representations of graphs [79]. G
can be represented by a square, entry-wise non-negative matrix A called the adjacency

matrix which is given by

wi; €W, (i,j) €€ .
Ai': ! 3 ) .
Al {0, ipge N

Using the adjacency matrix and the weighted out-degrees of the nodes, the weighted

graph Laplacian matrix can be defined as
L = diag (dowt (7)) ;epr — A,

which is given entry-wise as

D €y 1= .
eij = [Alij, [Llij = { 7€M} o i,j €N.
—€ij, L F]

An equivalent definition based on the weighted in-degrees can also be used for both

matrices. We list some important properties of the weighted graph Laplacian:

« Rows of L sum to zero (i.e. L1 =0, with 1 = {1 1]T). Therefore, zero is

an eigenvalue of L.

o Columns of L sum to zero (i.e. 17L = 0) if and only if G is weight-balanced (i.e.

dout(1) = di (1) for all i € N) [79].

 Denote the eigenvalues of L by A; for i € N. Then, Re[)\;] > 0 if and only if

i # 0, i.e. non-zero eigenvalues of L lie on the open right-half plane [79].

The algebraic multiplicity of zero as an eigenvalue of L can be characterized based
on the connectivity of G [79]. As a simplifying assumption, we are only interested in
the case in which the algebraic multiplicity is one, however results can be generalized.

The following definitions are useful for the discussion.

Definition 2.9 (Directed Path and Cycle [79]). A directed path is an ordered sequence
of nodes {k,...,ky,} CN such that (k;, kiy1) € € fori=1,...,p—1. A directed path

is called a cycle if every element of {ka, ..., ky_1} is unique and ky = k.
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Definition 2.10 (Globally Reachable Node [79]). A node i € N is globally reachable

if a directed path to i exists from every node j € N\ {i}.

The following result characterizes the class of graphs for which the algebraic

multiplicity of the zero eigenvalue of the weighted Laplacian matrix is one.

Fact 2.3 ( [79]). The algebraic multiplicity of the zero eigenvalue of the weighted

graph Laplacian L is one if and only if G contains at least one globally reachable node.

An implication of this result is that strongly connected directed graphs (every

node is globally reachable) and connected undirected graphs have this property.

We next introduce the class of networked dynamical systems that will be studied

in this work.

2.4 Single and Double-Integrator Networks

A large class of networked dynamical systems can be abstracted in the form of (2.2),
where the system matrix A depends on an interconnection (feedback) between the
agents in the network. Assuming that A represents the closed-loop dynamics, this
realization can be used to investigate system performance, by computing system norms
from a disturbance input w to a performance output .

Consider a network of n agents represented by a weighted directed graph G.
The agents are denoted by the nodes in N'= {1,...,n} and the network (feedback)
interconnection between agents is represented by the directed edges in & = {(3, j) |
i,j € N,i# j} and the associated edge weights in YW. The definition of £ implies
that there are no self-loops in the graph.

We consider two types of nodal (agent) dynamics. The first one is a single-integrator
system of the form

Ty = Ui + Wy,
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at each 1 € NV, where the control input is given by a weighted combination of relative

state measurements of ¢ with respect to its out-neighbors:
n
U; = — Z el-j(a:i — .Tj),
j=1

and w; denotes the disturbance to the i* agent. This results in the well-known

single-integrator (first order consensus) network
t=—Lr+w. (2.10)

This type of dynamics arises in many areas of networked dynamical systems such as

biological networks or social influence networks.

The second type of system is governed by double-integrator dynamics of the form
Ty = u; + wy,
where the control input is given by

u = — kyx; — fypZez(-f)(:ci—xj) — kgt; — fdeel(-;)(:ti—ﬁcj) Vie N.
=

j=1
Adopting the terminology from vehicle networks, we refer to the first two terms in
the control input as position feedback and the last two terms as velocity feedback.
Each type of feedback has two components based on absolute and relative state
measurements. In this case, there are possibly two different feedback interconnection
topologies for each type of relative state feedback, defined over directed graphs G®
and G®). Here, k,, kq > 0 denote the absolute feedback gains and +,,v4 > 0 denote
the relative feedback gains. As before, w; denotes the disturbance to the ¥ agent.
Defining v := &, the double-integrator (second order consensus) network can be

expressed in matrix form as

x 0 I . 0
H - [—kpf—vpL@ —kal — 7dL(”>] H + M w. (2.11)

This type of dynamics can be used to study a broad class of networked systems such

as vehicular networks or power networks.
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Next, we briefly discuss a general formulation of performance metrics for this class

of networked systems.

2.5 Performance Metrics

Performance metrics that are quadratic in the state variables are widely used to
evaluate system robustness to disturbances. In this thesis we focus on the analysis of
such metrics through a general output norm based approach in order to gain insight
into how network topological properties such as communication directionality and

system heterogeneity affect performance.

We are interested in performance metrics of the form

P =yl = [ vy (212)

i.e. metrics formulated as the signal energy of a performance output y(t), when the

system is subject to an impulse input
w(t) = wod(t) (2.13)

with an arbitrary direction vector wy € R™. Similar metrics appear in [59] for networks

over undirected graphs. Substitution of (2.13) and (2.1) into (2.12) gives
p= / WiT ()" T(t)wodt, (2.14)
0

therefore the performance metric P is given by a modified version of the Hs norm
given by (2.7), which is ‘weighted’ by the input direction wy. We note that (2.141) is
finite if and only if T'(¢) is BIBO stable. We will later discuss conditions that guarantee

the 10 stability of T'(¢).

We now show that for a special case of the impulse input (2.13), the performance
metric (2.14) can be computed using the Hy norm of 7'(t). Although this connection
is closely related to the standard interpretation in (2.9) [19], for completeness we

provide a short proof below. This relationship will be used in the upcoming sections.
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Proposition 2.1. Consider a strictly proper system T, a random impulse input (2.13)

with E [wowy] = I and zero initial condition. Then ||T|3, = E [Hy“%Z} :

Proof. Assuming zero initial condition, the output is given by y(t) = Ce!Bwy. Then

Elly®lz) = B {tr / e B B A dt}

S / CABB A CHdt = ||T2,. O
0

The squared Hy norm can be computed in terms of the sum of the squared £5 norms
of each system response to an impulsive input at a single input channel, as given
by the interpretation in (2.9). Proposition (2.1) provides a similar computation for
the Hs norm, which is given by the expected value of the squared £, norm of the
system response to impulsive inputs at every input channel. These inputs have random

directions that are spatially uncorrelated and of uniform magnitude.

Since we are focusing on nodal dynamics governed by integrators, we are interested
in quantifying as performance the energy associated with states of different order. For

example, for C' € R?*", the performance output
y=Cx (2.15)

will be used to quantify the performance of the single-integrator network (2.10) and
the double-integrator network (2.11) for metrics related to the position state x. For

the double-integrator network (2.11), the performance output
y = Chu, (2.16)

which quantifies performance metrics related to the velocity state v, will also be

considered.

We will analyze system performance in terms of general metrics defined by the
outputs (2.15) and (2.16). Widely used performance metrics of networked systems

such as vehicle networks and power systems lie within this framework.
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Figure 2-1. (Top) One-dimensional network (platoon) of vehicles with relative state
feedback. (Bottom) Abstraction of the vehicle network as a sequence of masses coupled
by linear springs and dampers on a moving reference frame. Disturbances can perturb the
equilibrium and the system’s effort to restore this equilibrium can be quantified through
performance metrics of short range or long range disorder [1].

For example, consider a one-dimensional network (platoon) of vehicles given in
Figure 2-1 (top). Through relative state feedback, a desired formation of vehicles can
be achieved with a constant platoon velocity and desired spacing between vehicles.
As illustrated in Figure 2-1 (bottom), this formation can be viewed as a sequence
of masses coupled by linear springs and dampers over a reference frame moving
at constant velocity. If this equilibrium is perturbed by disturbances, each vehicle
deviates from the desired formation which is counter-balanced by an effort from the
system to mitigate this deviation and restore the network equilibrium. This effort
can be captured through the signal energy of the resulting transients; formulated as
performance metrics quantifying a system aggregate of state deviations of agents from
the equilibrium [1] and can be seen as a measure of network ‘disorder’. As shown in
Figure 2-1 (bottom), these metrics can quantify short range or long range disorder,

depending on the proximity of state error measurements.

A class of performance metrics pertaining to power systems can also be described

in analogy with the notion of disorder in vehicle networks. Consider an equivalent
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Figure 2-2. Coupled oscillators on a rotational reference frame and a perturbation to
their equilibrium (figure is adapted from [2]).

model of a Kron-reduced (loads are lumped into line impedances) power network given
in Figure 2-2. Generation units injecting power into the network can be modeled
as coupled oscillators constrained to a rotational reference frame. At steady-state,
the system attains constant nodal phase angle differences (determines the power-flow
between nodes) and a common grid frequency. The effort required to restore the
equilibrium after it is perturbed by disturbances can be evaluated for example in
terms of performance metrics quantifying transient ressistive line losses [50] and the
frequency synchronization cost [59]. The former can be formulated using a position-
based performance output of the form (2.15) and the latter using a velocity-based

output of the form (2.16).

In the next chapter, we focus on droop-controlled inverter-based power networks
and investigate the effect of heterogeneous inverter ratings on performance. Then,
we evaluate the role of communication directionality in network performance in the

remainder of the thesis.
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Chapter 3

Performance of Droop-controlled
Microgrids with Heterogeneous
Inverter Ratings

In this chapter we study the performance of a certain family of networks that exhibit
heterogeneity of nodal parameters. Namely, we analyze the robustness of droop-
controlled microgrids (inverter-based power systems) with heterogeneously rated

inverters modeled by both frequency and voltage dynamics.

We consider two performance metrics in the presence of distributed impulse
disturbances. The first one quantifies the total transient frequency and voltage
deviations from the synchronous state while the other quantifies the associated total
transient resistive losses. Both metrics are captured through the £5 norm of the system
output. We derive closed-form solutions for these metrics in terms of the heterogeneous
droop gains and properties of the network for the case of highly inductive lines (i.e.
decoupled frequency and voltage dynamics). We show that the transient deviations
from synchrony prevail even in the hypothetical case of infinite droop gains (i.e. infinite
control action), which points to the importance of inertia in further mitigating these
oscillations. We also show that if disturbances are uniform the transient resistive losses
are a monotonically decreasing function of the active power droop gains regardless

of network topology. On the other hand, these losses depend on both the reactive
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power droop gains and the network topology due to the voltage dynamics. Numerical
examples further analyzing the losses reveal that they can be amplified by high droop
gain heterogeneity. These simulations also provide insights into how non-uniform line
susceptances affect judicious selection of the droop gains for decreasing the losses.
The remainder of the chapter is organized as follows. Section 3.1 describes
the system model, performance metrics and the structural assumptions undertaken.
Section 3.2 provides our main results characterizing the system performance based on
total transient frequency and voltage deviations as well as resistive losses. Section 3.3

provides numerical examples. Section 3.4 concludes the chapter.

3.1 Problem Formulation

3.1.1 Linearized Model of the Microgrid Dynamics

We adopt the framework in [19,51] and consider a Kron-reduced network [80] of
inverters over a weighted, undirected, and connected graph G = {N,E}. Here
N ={1,..., N} is the set of nodes representing the inverters and & = {&;.} is the set

of edges representing the lines.

The active and reactive power injections P; and (); into the network at node 7 are

given by
P =—giV?+ ZgikVinz cos O, + b1, ViV sin Oy, (3.1a)
ik
Qi = bi V2 + > g ViVisin 0y — by Vi Vi cos by, (3.1b)
ik

where V; and 6; are the respective nodal voltage magnitude and phase angle and
Oip == 0; — Oy if i ~ k (i.e. E € E). The conductance and susceptance of each line are
respectively denoted by g, by, > 0. Here ¢;; = g, + >, .1 gik, and b;; = b; + ik bik
with shunt conductance and susceptance g; and b;, respectively. We assume that

shunt elements are purely inductive [21], i.e. g; = 0, and b; > 0. Assuming small
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deviations from the equilibrium, the first-order Taylor series expansions of (3.1a) and

(3.1b) around (V;* = V¥ = 1,65, = 0) lead to

AP =Y (b Ay, — gin(AV; — AVL)), (3.2a)
i~k
AQ; ~ 20;AV; + > (g ANy, + bin(AV; — AVL)), (3.2b)
i~k

where the ‘A’ terms indicate the deviation of the respective variable from its equilibrium

value. In the following, by an abuse of notation we omit the ‘A’ from these variables.

Remark 3.1. By the choice of 0}, = 0 we assume that the phase angle differences are

small at equilibrium, which is a common assumption in power systems analysis [50,51].

Droop control aims to operate each inverter at a common frequency w* and attain
the desired nodal voltage magnitude V;*, active power P and reactive power ()} via

the following control laws [28]:
wi=w" —kp(Pi = P), V=V —ko,(Qi = Q)), (3:3)

where w; is the frequency, P; and QZ are the respective active and reactive power

measurements, and kp, > 0 and kg, > 0 are the active and reactive power droop

gains at node 7. We assume that the power measurements are governed by first order
=

dynamics [51] with time constants 7p,, 7¢,. Differentiating (3.3) with respect to time

gives the following closed-loop dynamics at each node i

éi = Wi, Tpiwi = —w; +w" — kPi(B - Pz‘*)’ (3.4a)

TQ-Vi =V, + V" — kg, (Q; — Q7). (3.4b)

k3

Using equations (3.2), (3.4) and introducing the disturbance input w, the closed-loop
dynamics can be written as

t = Az + Bw, (3.5)
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where

T T
x = [QT wt VT} . W= [(WP)T (WQ)T} :
0 1 0 1 T
A= —TgleLB —T;l TEleLG , B:= [8 Tg qu )
—T5'KoLe 0 —T5'(Co+ KqoLp) @

Kp:=diag{kp,}, Kq:=diag{kg,}, Tp := diag{7p,}, Ty := diag{rg, }, Cqo = diag{cq,}
Here, diag{-} denotes the diagonal matrix of the scalars in its argument and cq, =
1+ 21_72-14,'@1.. We define the weighted Laplacian matrix Lp as: [Lgl,; := >,k bik,
(Lpl,, = —biy if i ~ k, [Lg],, == 0 otherwise. L¢ is defined similarly using the
conductances g;z. The eigenvalues of Lg are denoted by 0 = \; < Ay < -+ < Ay.
We will evaluate the system performance in the presence of a distributed impulse

disturbance input of the form

w(t) = d(t)wo, (3.6)

where §(t) denotes the Dirac delta function and wy € R defines the input magnitude

and direction.

Remark 3.2. As given by Proposition 2.1 and the interpretations of the Ha norm
in (2.8) and (2.9), the special case of (3.6) in which E{wowl} = I has a connection
with a white noise input u(t) with unit covariance, i.e. E{u(0)u(t)T} = §(t)I. This
disturbance input naturally arises in Hq norm based analysis of power networks [50].
Therefore, (3.6) is a generalization that can model spatially correlated disturbance

mputs.
3.1.2 Performance Metrics

In this section we introduce the two performance metrics that are the subject of this
work; the total transient deviation from frequency and voltage synchrony, and the total
transient resistive power losses. The former is a measure of the efficiency of system
synchronization in the presence of disturbances while the latter can be interpreted as

the “cost” of this synchronization.
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3.1.2.1 Deviation from Synchrony

In the following analysis we will show that the frequency can be decomposed as
w(t) =w(t)1 + o(t)

in analogy with transmission networks [59], where w(¢) € R denotes the synchronous
system frequency and @(t) € RY denotes deviations from it. As discussed later,
a similar decomposition is not always possible for V(¢) if the inverter ratings are
heterogeneous, therefore we consider voltage deviations from the equilibrium. For
the sake of simplicity, we also use the term “synchrony” for the voltage dynamics by
an abuse of terminology. Combining these ideas the total transient deviation from

synchrony can be quantified by

ayne = [ N2+ [ IVt = lysyucl 2. (37)

T
where Ysyne = [CDT VT} defines the performance output and ||-||o denotes the
Euclidean norm. The frequency part of the metric in (3.7) was used in [59] to quantify
the deviations from synchrony in a transmission network with heterogeneous generator

inertia, subjected to step disturbances.
3.1.2.2 Transient Resistive Power Losses
The instantaneous resistive power loss incurred across each line &, is
1127 = giklvi — vel?, (3.8)

where v; = V;el% is the complex voltage. Using standard trigonometric identities (3.8)

0SS

becomes T199%% = g;;. (V2 + V;2 — 2V;Vj cos 0). A second order Taylor series expansion

around (V;* = V;* = 1,05 = 0) leads to

2% ~ gie[(Vi = Vi)® + (6: — 0k)?). (3.9)
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The corresponding total transient resistive power losses are given by

1_[loss = / ZHZOSS

i~k

Using (3.9) and re-writing this expression in terms of Lg gives

Hloss N/ TLGV ) + Q(t)TLGe(t)} dt = ||yloss||%27 (310)

LZ 0 0

where the output, y0ss = 1
0 0 Lg

x.

3.1.3 Decoupled Dynamics for Performance Analysis

We will employ the following assumptions from [51], which are common in power

system performance analysis.

Assumption 3.1. The power measurement time constants Tp, and 1g, are uniform

across all inverters, i.e. Tp, = Tp and 17, = 7 Vi € N

Assumption 3.2. Shunt susceptances are uniform across all nodes, i.e. b; = b

Vi e N.

Assumption 3.3. The conductance-to-susceptance ratio a is uniform for all edges,

le. o= Z—: VEir.

Assumption 3.4. The transmission lines are inductive, i.e. the conductance-to-

susceptance (resistance-to-reactance) ratio o is small, o =~ 0.

Remark 3.3. Assumption 5.5 is reasonable in this setting due to the increased
uniformity in node degrees in Kron-reduced networks [51] and the uniformity of
physical line properties in microgrids. Although Assumption 3./ is not applicable in
general, it is reasonable for an inverter-based network since inverter output impedances
are highly inductive [21] and can dominate line resistances in a Kron-reduced model.
Although the analysis easily extends to the case of non-uniform shunt susceptances, we

use Assumption 3.2 for notational simplicity.
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Assumtion 3.3 implies that Lg = aLg which is then combined with assumptions

3.1, 3.2 and 3.4 so that (3.5) leads to the decoupled phase-frequency and voltage

dynamics
i 0 I 0 0
('E} — —%KPLB —# 0 w |+
1% 0 0 —(Co+ KolLp)||[V
0O O L%O -
w
+ #I 0 w, yloss:\/& lB ) ysynczlvl‘ (311)
0 L1 BV
Q

This decoupling between phase and voltage as well as frequency and voltage will enable
us to quantify the individual contributions of frequency and voltage dynamics to the

performance metrics in (3.7) and (3.10).

3.2 Performance of Heterogeneously Rated Invert-
ers

In this section, we employ the framework introduced in [59] to investigate the effect of

heterogeneous inverter ratings on the performance of droop-controlled microgrids.

3.2.1 Diagonalization of the Closed-Loop System

We begin by defining a parameter called the node rating. When considering frequency

and voltage dynamics individually we respectively choose the node ratings as fp, := Z’;j

]Zg for i = 1,..., N such that they determine the ratio of each droop gain

and fo, ==
to predetermined constants kp > 0 and kg > 0.

By taking the Laplace transform of (3.4) and excluding the power flow terms, we
define two open-loop transfer functions associated with each node; one corresponding

to the phase and the other to the voltage dynamics

kp, ko, .
Plg) = —F  and ¢%s) = —% ;=1 ... N.
9; () s ad g (s) o1 i=1,...,
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These can be written in terms of the node ratings as

g;(s) = frgs(s) and g7(s) = fo,95(s), i=1,...,N,

where gj(s) and gg(s) are node-independent reference transfer functions with fixed
parameters (independent of kp, or kg,). We specify these reference transfer functions

as
kq
s+ 1

go(s) = and g (s) =

Tps? + s
Combining the nodal open-loop transfer functions leads to the open-loop transfer

function of the system

G(s): [diag{gf(S)} (3.12)

diag{gz‘f?(s)}] =F9s),

where F := lFP

: — _ |90(s)I
, Fp:=dia 1}, Fp = dia tand g(s) := .
FQ] P g{fr}, Fo g{/fq;} and g(s) l g3 ()T
Based on the state equation in (3.11), the closed loop system is given by the block

diagram in Figure 3-1. Here, we introduce the feedback matrix

Pyp— LB
L= [ 201 + LB] ’

which determines the power flows emerging from the underlying interconnection graph;

as well as the matrix of droop gains K := [KP ] . Dueto (3.12), G(s) = Fag(s)Fz

Kq

which along with block manipulations leads to the block diagram in Figure 3-2, where

1
I:= lkF 1 ]]. We use a scaled Laplacian [59] defined by
kq
Ly FhoFs — | FPEelE P (3.13)
F3(2bI+Lp)F3
6(s)
w(s) [V(S)]

Figure 3-1. Closed-loop microgrid dynamics.
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w(s) V)]
A\ F i O 9(s) J F

Figure 3-2. Closed-loop dynamics with the open-loop determined by the reference transfer
functions and the scaled Laplacians in the feedback.

N[
A
o
A

F3

f

which is symmetric, therefore orthogonally diagonalizable
Lr:=SAST, (3.14)

where S € RV and 88T = I, and A € R¥*¥ is diagonal. Due to the block diagonal

form of (3.13), the decomposition in (3.14) is also block diagonal with

R _|Ap
S—[ U] and A_[ AQ]7

which equivalently results in the orthogonal diagonalizations

Lp ] = lRAPRT (3.15)

,C]: = [ LQ

This decomposition and block manipulations lead to the diagonalized closed-loop

UAQUT] '

dynamics shown in the block diagram of Figure 3-3 with the transfer function

T(s) = F2SH(s)STF =,

~
o 2
—

[ I—

w(s) — [V
—>F—§—>ST—>F—> 8-»9(3)—»ST‘AS->‘F

N[
t s

A

Figure 3-3. Diagonalized Closed-loop dynamics.

The diagonalized transfer function H(s) can be partitioned with respect to phase-

frequency and voltage dynamics as

H(s) = [HP(S) HQ(S)] '

We next describe each of these blocks.
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3.2.1.1 Phase-Frequency Dynamics

Since Fp is full rank, Lp is positive semi-definite and rank N — 1 due to (3.13).
Therefore the decomposition in (3.15) leads to Ap =: diag {A\f} and 0 = A} < ] <

C < AR

The transfer function from w”(s) to 6(s) in Figure 3-3 is
1 1
Towr(s) = FERH"(s)RTFp?, (3.16)

where H”(s) = diag {h}(s)} and for i =1,..., N,

1 95(s) 1
hP = = . 1
()= (1 T NGE(s) ) " e s+ Ahp (3.17)

Given the partition R = {7‘1 R L}, the first eigenvector of Lp can be written as r| =
_1 . o N s_1\"3 T
vpEp?1, with the normalization parameter vp = (27;:1 Ip. ) and 1 = [1 1} .

Using (3.16), the phase signal due to input (3.6) is given by

0(s) =: 0(s)1 + 0(s) (3.18)

1 _1 1 ~ _1
FErihf(s)yrT Fp?wl + FER, H' (s)RTFp 2w},
1
=P

.....

signal can be obtained from
w(s) = sb(s) =: w(s)1 + &(s), (3.19)
which is characterized by the dynamic terms
hi“(s) :==shi(s), i=1,...,N. (3.20)

Since 1T R, = 0, we have 17 F5'@(s) = 0. Then multiplying the equation above from

the left by 17 Fy? leads to the expression for the synchronous frequency @(t)

5(t) = CN frtwit) 2 kplwi(t)
iy [ YN kR
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This is analogous to the center of inertia (COI) in transmission networks [59] in the
sense that the averaging weights are the inverses of active power droop gains instead

of inertias.

The following result proves the stability of the phase-frequency dynamics.

Proposition 3.1. The phase and frequency deviations 0(t) and &(t) are asymptotically

stable.

Proof. First, observe from (3.18) and (3.19) that the stability of § and & are respectively
determined by h!(s) and h;“(s) for i = 2,..., N. Then the result follows from (3.17)

and (3.20) by noting that A} > 0 fori =2,..., N. O
3.2.1.2 Voltage Dynamics

Since Fy, is full rank, L is positive definite and full rank due to (3.13). Therefore the
decomposition in (3.15) leads to Ag = diag {\{} and 0 < A} < A§ <--- <A}

The transfer function from w(s) to V(s) in Figure 3-3 is
1 1
Tywo(s) = F3UH(s)UTF,?, (3.21)
where U = [ul ...uN}, H9(s) = diag {h{(s)} and

606 = 1 (5505 ) = o (322

14+ Mgg(s) 108 + A\kg + 17

fori=1,...,N. Using (3.21) the voltage due to input (3.6) is
1 1 al
V(s) = FGUH®(s)UTF,*w§ = > hi(s)&, (3.23)
i=1

_1 1
where & = (u;[FQ 2W8> Fiu; € RY. In contrast to the frequency in (3.19), the voltage
signal may not include an inherent synchronous mode characterized by 1 if the reactive
power droop gains are heterogeneous. This is shown in Proposition 3.2 and for this

reason we consider the deviations from the equilibrium voltage as defined by (3.7).
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Proposition 3.2. Suppose that u; has non-zero entries for all i such that & # 0. If
Fo # (I for all ¢ > 0, then & ¢ span{1} for alli such that & # 0.

Proof. Using (3.23) consider & = <UZTFQ2W8> F3u; # 0. Assume that & = ;1 and
_1

0 # B; € R for some 4 such that & # 0. Then noting that u; = 1;F,*1 for 0 # n; € R,

we have A\/u;, = Lou; = niFg(QBI + L)1 = 2bFgu;, where we used (3.13) and (3.15).

Q
This implies that Fiyp = 2—%] since by assumption u; has non-zero entries. O

The following result proves the stability of the voltage dynamics.

Proposition 3.3. The voltage V (t) is asymptotically stable.

Proof. The result follows from (3.22) and (3.23) by noting that A\ > 0 for i =

1 N. [l

g e ey

Next we study the deviations from synchrony.

3.2.2 Deviation from Synchrony

In this subsection, we study the synchronization performance of (3.11). The following

lemma provides a preliminary result that will be used in the analysis that follows.

Lemma 3.1. The metric Iy, in (3.7) is given by

Moyne = 7 Y20,
T _1 1
where zy = [(zé’)T (zg)T} . 2y = RTUFp?*w{ and z§ = U"F,*wg. The matriz
P
U o= [\Ij \I/Q] has the entries
wé} = gbfj <hf-,:1’ h;—:l% Z?] = ]-a s 7N - 17 (324)
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where ¢;; and gb?] respectively denote the entries of ®° := RTFpR, and ®° := UTFyU.
The inner products in (3.24) and (3.25) are given by
AP _|_ )\P

B, RE) = 2
<Z T > QTP(/\P+)\P)+]{3PTP()\ )\P) (3 6)

1
he, he) = ) 3.27
< b J> 2TQ+I€QTQ()\?+>\?) ( )

Proof. See Appendix. n

Note that Il;,,. depends on the heterogeneous droop gains through the eigenvalues

Al and AY. Lemma 3.1 is next used to compute I1,,,,. for homogeneous inverter ratings.

Theorem 3.1 (Homogeneous Inverter Ratings). Suppose that F = I. Then I, in
(3.7) is given by
1 N

Z (u; wg) :

2TQ - Co+ kQ)\Z-

1 N
Meyne = ?2 T Wo

where co = 1+ 2bkq. If in addition E{wow}} = I, then

B{llgn) = v 4 5!
syne N 2Tp QTQ i—1 CQ‘FI{?Q)\Z"

Proof. Fp = Fg = I leads to ®” = I and ®° = I so ¥p and ¥ are diagonal due to
(3.24), (3.25). Also z§ = RTw{ and 2§ = UTw{. Using Lemma 3.1, Il . = tr(z0z{ ¥)
which yields the first result via (3.26), (3.27). Assuming E{wow{ } = I, the second

result follows from E{(r7w§)?} = E{rTwli(w}) r;} =1 and E{(ulw§)?} = 1. O

If the disturbances have unit covariance and the inverter ratings are homogeneous,
the contribution of frequency dynamics is independent of network topology whereas
that of the voltage dynamics depends on the topology through the eigenvalues of
Lp. If the disturbance direction is arbitrary, then for given ||w{||2, the contribution
of frequency dynamics is zero if w§ € span{1} and maximal if w € span{1}* since
in the homogeneous case r; = \/%1. Similarly for given ||wg||2, the contribution of
voltage dynamics is minimal if w§ € span{uy} and maximal if wg € span{1}.

The next theorem provides an analogous result for heterogeneous inverter ratings.
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Theorem 3.2 (Heterogeneous Inverter Ratings). For given inverter ratings F, Iy,

n (3.7) has the asymptotic value

1 N—
Hsync — 27_ Z [ ZOz ’

assuming that X[ # \] fori # j, as kp — 0o and kg — oo, i.e. in the limit of large

droop gains; and

N-1
1
P P P
Hsync — o Z i§70i%0; Z ¢ZJZOlZOJ’
27p 551 ij=1

as kp — 0 and kg — 0, i.e. in the limit of small gains.

Proof. In the limit of kp — oo and kg — oo, (3.24) and (3.25) lead to the fact that U”

P

is diagonal with ¢!, — le and W9 — 0. Similarly, as kp — 0 and kg — 0, [ ;b;;
Q

and wfj — ;T(JQ Using the fact from Lemma 3.1 that Il = tr(zozd V) yields the

result. O

In these asymptotic expressions the dependence on heterogeneous droop gains is
through the entries of ®”, ®¢ and z;. The dependence on network topology is only
through the eigenvectors r; and w; of the scaled Laplacians Lp and Lg; and A] and
A? do not appear. For given Fp and Fy, IIsyne in the small gain limit has additional
summation terms for i # j, while these terms are suppressed in the large gain limit.
Furthermore, in the limit of large gains there is no deviation from the equilibrium
voltage hence the contribution of the voltage dynamics to Il is zero. In contrast,
frequency deviations cannot be eliminated even with infinite control action. Theorem
3.2 therefore shows that lack of inertia can indeed be problematic in inverter-based
systems because even at the large gain limit frequency deviations can grow unboundedly
as the disturbance magnitude is increased. Additional inertia would contribute to the
time constant term 7p due to (3.4), and help to mitigate these deviations. Dynamic

control strategies can also improve frequency synchronization [53].
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3.2.3 Transient Resistive Power Losses

In this subsection, we begin by providing the closed-form solution for the transient
resistive losses. In the special cases where disturbance directions have unit covariance
and the covariance scales with inverter ratings, we will analyze the dependence of

losses on the droop gains kp, and k,.

Lemma 3.2. The metric s in (3.10) is given by

N-1 N Q2
o 2 o (2Gi) ¢
Hloss = 57 ZP,L' + — e
2]{7132-:1(0) QTQ;/CQ—F;Q
::Hlli)ss _;HZQ
where the notation is adopted from Lemma 5.1 and
N9 = 2ab(z8) Wozg. (3.28)

Furthermore 11,55 — 0 as kp — oo and kg — oo, i.e. in the limit of large droop

gains for given inverter ratings JF.

Proof. See Appendix. n

As Lemma 3.2 indicates, 11,55 depends on both the droop gains and the network

topology. The dependence on network topology is through the eigenvectors r; and wu;

P
loss

Q

7 s additionally includes the eigenvalues 7.

of the scaled Laplacian for I _ whereas II
Note that these variables also are functions of the droop gains. 11,45 can be eliminated
in the hypothetical case of infinite gains, while this is not true for Il,,. as shown by

theorems 3.1 and 3.2.

We now investigate the effect of network topology and heterogeneous droop gains

on the transient resistive losses.
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Theorem 3.3. Suppose that E{wowd } = I. Then

E{Hloss = (Z P, k’})

Pl = So(V=1) + Sy
loss - Qk'p 2TQ pt

Proof. Assuming E{wowl} = I, we have E{(z5)°} = vT. Fp'ri;1 and E{(z%)*} =
TFQ u;. Then using E{II] .} = QLtr(RlRTFq) _ &tr{(f _ r1r1T> F;l] and

recalling that r| = VPFp21 and yp = ( A ) 2 leads to

_ @ 1 1917
E{Hloss} - sz tr (FP fVPF 11 F )
2kp \im g Zi\il fP

Taking é inside the parenthesis yields the first result. Assuming that E{wowl} = F,
we have E{z} (z£)"} = I and E{z§ (z§)"} = I. Therefore (3.25) and (3.28) lead to

~ N

E{x°} = 2abtr (Vg) = 2ab>_u] Fou||h{(1)]|Z,.
i=1

Combining (3.33) and Lemma 3.2 completes the proof. O

If the disturbance has unit covariance, E{Il} .} only depends on the active power
droop gains and is independent of network topology. In contrast, F{II .} depends on
the reactive power droop gains as well as the network topology. Scaling the inverter
ratings in accordance with the disturbance magnitude at each node leads to E{II} .}
scaling linearly with network size, while E{II7 .} still depends both on network

topology and droop gains.

Next we show E{II} .} is monotonically decreasing in the active power droop

loss

gains if the disturbance has unit covariance.
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Corollary 3.1. If E{wowl} = I, then E{I1} .} is monotonically decreasing in kp,
forl=1,... N, ie.

N N —2
Xk, )]
§; )l <0, 1=1,... N

Proof. See Appendix. m

Since the derivative in each direction is negative, performance is improved by

increasing any of the active power droop gains. Therefore, E{II} ..} can be minimized

loss
by maximizing all kp, for given upper limits on these gains. Furthermore, since there
is no dependence on network topology, node connectivity does not play a role in the
optimal choice of kp,. On the other hand, the directional derivative in (3.34) is a

function of the direction kp,. So, for given heterogeneous gains, the directional descent

can be non-uniform. This point will be further investigated in Section 3.3.

We next establish an upper bound on E{II{ . }.

Corollary 3.2. If E{wowl} =1

04(25 + /\N>k N _
CNTON kg, (3.29)
27‘Q (1 + (2b + )\N)kQN> i=1

E{HZQOSS } S

where kg, = max;{kg,}.
Proof. See Appendix. O

The bound in (3.29) depends on the network topology only via the maximum
eigenvalue of Lp instead of the eigenvalues and the eigenvectors of Lg. It also
asymptotically goes to zero in the limit of large reactive power gains. Although
EA{Il

s} 18 not necessarily monotonically decreasing in the gains, for given kg, this

bound provides a worst case performance value that is decreasing in all kg, # kg, -
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3.3 Numerical Examples

We now numerically investigate the dependence of the transient resistive losses on the
changes in heterogeneous droop gains for E{wowl} = I. The parameter values are
a=0.2,b= 7y = 11in all simulations. The directional derivative (3.34) is plotted
with respect to non-uniform active power gains kp, € {1,...,50} in Figure 3-4 (left).
It can be observed that the steepest descent in E{II] ..} occurs in the direction of
the smallest gain. Furthermore, the degree of descent monotonically decreases as the
magnitude of the perturbed gain increases. As a result, in this particular example
the amount of performance improvement is inversely related to the magnitude of
the perturbed gain. Therefore, heterogeneous active power sharing requirements
(equivalently heterogeneous inverter ratings Fp) might limit performance, regardless
of the network topology and line properties. Analytical exploration of this observation

is a direction for future work.

In the case of a complete graph with unit edge weights, which dictates uniform

topology dependence of all nodes, a similar behavior is observed from Figure 3-4

Q

(right) for %, i.e. the estimation of the directional derivative of E{IT? .} with
Q;

respect to kg, € {1,...,50}. We estimate this derivative by choosing a perturbation

of Akg, = 107°. As before, performance improvement is inversely related to the

magnitude of the perturbed gain.

We next investigate (for E{wow{ } = I') how line susceptances affect the rate of
change in E{Il;,ss} due to a change in each node’s droop gain. We only consider

E{11} .} since E{II

loss

e} does not depend on the network topology. We consider
a complete graph with edge weights drawn from the uniform distribution over the
interval (0, 1] and assign uniform gains via Fiy = I and kg = 1. Using a perturbation

Q
of Akg, = 1077, %@l?“} is plotted with respect to the perturbed node ¢ in Figure 3-5.

Here the nodes are sorted by increasing weighted degree. The general trend is that
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qe)
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sz‘ sz‘

Figure 3-4. Directional derivative of E{II; ..} with respect to kp, (left), and a numerical

loss
estimate of the directional derivative of E{II7 .} with respect to kg, for a complete graph

of unit edge weights (right) with E{wowl} = I.

a larger performance improvement is observed for unit change in the droop gain as
the weighted degree increases. However this relationship is not monotonic. In several
instances this general trend is not seen, which can be explained as follows. E{II} .}
depends on the eigenvalues and eigenvectors of the scaled Laplacian Lg as well as the
inverter ratings Fy per Theorem 3.3. Since the weighted degrees are non-uniform,

each gain perturbation leads to possibly non-uniform perturbations in the eigenvalues

} can result in a

Q
loss

and the eigenvectors of Lg. So, the perturbation terms in E{II

non-monotonic relationship with increasing weighted degree.

-0.081 1

$-0.082)
=l
=~ -0.083|

Q
loss

-0.084 ¢

-0.085 ¢

AB{II

0.086
1 5 10 15 20 25 30 35 40 45 50
perturbed node i (increasing weighted degree)

Figure 3-5. A numerical estimate of the directional derivative of E{II} .} with respect

to kg, for a complete graph with edge weights drawn from the uniform distribution over
(0,1], where E{wowl } = I.
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3.4 Summarizing Remarks

This work generalized previous performance analysis concerning uniform nodal dy-
namics in droop-controlled microgrids to the case of heterogeneously rated inverters.
Our result for the frequency and voltage synchronization performance emphasizes
the possible problem of inertia in inverter-based systems. We also demonstrated that
the transient resistive losses are sensitive to the heterogeneity in droop gains, hence
power sharing requirements can limit performance. Extension to the case of coupled

frequency-voltage dynamics is a direction for future work.

3.5 APPENDIX

3.5.1 Proof of Lemma 3.1

Equations (3.24) and (3.25) follow from (3.7), using (3.19) and (3.23) in the time-

domain. A realization for (3.20) is given by

0 1 0
where A; = [_kp)\P _1], B; = [1], C; = [0 1}. The inner product in (3.24) can

Tp TP P

be computed by [59]
(=, b5y = [T @ k(0 = BIXyB,
where Xj; is the solution to the Sylvester equation
AT X + XA, = —CICy. (3.30)

The inner product (h{, i) in (3.25) can be similarly computed using the following

time-domain realization for (3.22)
—1-kQA? | 1
hy = Q o | . (3.31)
1 |0
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3.5.2 Proof of Lemma 3.2

We can rewrite (3.10) as
Mies = [~ [H(t)TLBH(t) +
V(t)'(2b1 + LB)V(t)l dt — 200\ V|2,
which by using (3.18) and (3.23) in the time-domain leads to
pss = @ /0 ” [(zg)TﬁP(t)RprRLﬁP(t)zg + (3.32)

(zg)THQ(t)UTLQUHQ(t)zf{] dt — 20|V |2,

.....

to

| H ORRH 0)dt = diag{\] RO, }ics,..v

[T At = diag{XH D),

. | B; 0 1
The realization of hf in (3.17) is given by hf’ = ( éf % ) , where A; = [_kp/\p _1],
? = TP
B; = [9], Ci = {1 0] Then [|hf(t)||%, = B} X;;B; where Xj; solves (3.30) for i = j,
TP
which is a Lyapunov equation. Similarly the realization of h{ in (3.31) leads to

1

1
IE O, = g IHEIE, =

QTQ (1 + kQ/\?)

(3.33)

Substituting these expressions and ||V ||2. = (28)T¥uz8 from Lemma 3.1 into (3.32
g Lo 0 Q~0
yields the first result. Taking the limit of Il;,5s as kp — oo and kg — oo and using

Vo — 0 from the proof of Theorem 3.2 leads to the second result.
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3.5.3 Proof of Corollary 3.1

The partial derivative of E{II} .} with respect to kp, is

6Ew{l_[loss}_ o 1+ 21{"1;11 N sz\ilk;?
Okp, 2k3, kg (Efvz 1 kz;il)2

(3.34)

3 1, X
—kp, ;kp kp, Z Z(/fp kp,)~" + ;kpi

j=1i=1

2 )
ki <i§1kl_3il>

where we used the fact that (Zi]\ilk;}) = YN kpt+ 2% Y = (kpikpj)_l. So

8E{Hloss}
Okp,

=

< 0 if and only if

N j—1 N
= —]Cpl (Zk‘P +ZZ ]{Zp /{Zp ) _’_Zk;} < 0.
=1

j=1:=1

Partitioning the double summation over a triangular region,

N j-1 -1 N
Z Z (kpkp) " = Z(kpikpl)fl + Z (kPlkPj)fl + =,
j=1i=1 i=1 j=l+1
1-1j—1 N - N j-1
where =, = > 3 (kpkp, )1 > Z (kpkp, )7t S0 (k:pik:pj)*l. Substituting
j=1li=1 ] =l+1i= j =l+2i=l+1

this expression into x; gives k; = —kp, < > k:;f + El> < 0, which completes
ie{l,..., N}l

the proof since | € {1,..., N} is arbitrary.

3.5.4 Proof of Corollary 3.2

Recalling that ¥ = 2ab||V[|2, > 0, the following holds

1
o Ju Fytu;

E{Hloss} S 2 Z

1
TQi=1 ko + 3@

(3.35)

due to Theorem 3.3. Using the definition of Ly given by (3.13) and (3.15), one can
write for i =1,..., N

A ulF3(2b1 + Lp)Fju;

= 20+ \;
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where conv(-) denotes the convex hull and we used the numerical range of the symmetric

matrix 201 + Lp [82]. Then \¢ € conv ({uiTFQul-(% + )\j)}) , which leads to
A < max{u] Foui(2b+ Aj)} = u] Foui(2b + Av).
J

Finally noting that A? < max;{\¢} < (204 A N)If—QN, substituting into (3.35) and using

>N uZTFéluz = tr(UTFélU) = tr(Fél) yields the result.
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Chapter 4

A New Analysis Framework for the
Quadratic Performance Metrics of
Directed Networks

In this chapter, we develop a novel framework to evaluate the performance of directed
networks [33]. This is achieved by formulating the performance metrics through the
L5 norm of the system response due to distributed impulse disturbances. Adopting
the terminology from vehicular networks, the metrics are defined in terms of either
the position or the velocity states of agents. Our novel method of computing these
metrics in closed-form stems from exploiting the spectral properties of weighted graph
Laplacians and output performance matrices. Using our framework, we first provide
closed-form solutions for the general quadratic performance metrics of single and

double-integrator networks defined over arbitrary directed graphs.

This novel framework also paves the way for our analytical findings in the subsequent
chapters. Particularly, we will revisit important subclasses of systems defined over
directed graphs emitting diagonalizable Laplacians. We will then derive and use the
closed-form solutions for the performance metrics for this family of graphs, allowing for
the investigation of the interplay between the network topology and control strategy and
unraveling previously undiscovered system properties. We will also evaluate the scaling

properties of performance metrics of networks with interconnection directionality.
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4.1 System Models and Performance Metrics

4.1.1 Single and Double-Integrator Networks

Consider n dynamical systems that communicate over a weighted digraph G =
{N,E, W} that have at least one globally reachable node. Here, N' = {1,...,n} is
the set of nodes and €& = {(i,7) | i,7 € N, i # j} is the set of edges with weights
W = {b; > 0] (i,5) € £}. In the following b;; = 0 if and only if (z,7) ¢ &.

We consider two types of nodal dynamics. Single integrator systems of the form

n
ii = — Z bz](ﬁz — Ilfj) + w;,
j=1
at each i € N, where w; denotes the disturbance to the i*" agent. This results in the

well-known consensus network
X =—-Lx+w, (4.1)

where L denotes the weighted graph Laplacian matrix given by [L]; = i1 bij,
and [L];; = —b;; if i # j, Vi,j € N. The second type of system is governed by

double-integrator dynamics of the form
Z‘Z + kd:cl + k:pxi = u; + Wy,

where u; = —7, Y5y bij (2 — ) — 74 Xj=y bij (2 — ;) Vi € N. Here, ky, kg, ¥p, 7a > 0,
and w; denotes the disturbance to the i** system. Defining v := %, the double-

integrator dynamics can be expressed in matrix form as

m - l—kpzo_ vl —kdI[— ,ydL] m + m w. (4.2)

A necessary condition for (4.2) to reach consensus without disturbance (w = 0)
is that at least one of (k,,v,) and at least one of (k4,74) are non-zero (follows
from [9, Theorem 1], see [17, Lemma 3] for a self-contained proof). To ensure that
this condition is met, we impose the following assumption throughout the remainder

of this thesis.
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Assumption 4.1. System (1.2) has feedback in both state variables (position and

velocity), i.e. at least one of (ky,7,) and at least one of (kq,va) are non-zero.

4.1.2 Performance Metrics

For C' € R?™ that defines the performance metric, the performance output y(t) in
(2.15) will be used to quantify the performance of the single-integrator network (4.1)
and the double-integrator network (4.2) for metrics related to the position state x. For
the double-integrator network (4.2), the performance output in (2.16) which quantifies

performance metrics related to the velocity state v, will also be considered.

We are interested in performance metrics that quantify the squared £5 norm of the
output y(t), which is of the form in (2.12), when the system is subjected to an impulse
input w(t) of the form in (2.13). Denoting the impulse response function from w(t) to
y(t) by T'(t), the performance metric can be written as given in (2.14), which will be
computed in closed-form in the upcoming sections. We also note that the relationship
between the output £, norm and the system Hy norm given in Proposition 2.1 will be

used to investigate special cases in the subsequent chapters.

w(s) x(s) (5)C y(s)

)
N\
Na}
oS
V2)
SN—
~

Figure 4-1. Block diagram of the closed-loop system T'(s) from the disturbance input
w(s) to the performance output y(s) and the closed-loop system H,y(s) from w(s) to
the position state x(s). The performance output y(s) is given by (2.15) if r(s) = 1 and
by (2.16) if r(s) = s.
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4.2 Block-diagonalization of the Closed-loop Dy-
namics

In this section, we express the dynamics given in (4.1) and (4.2) in the frequency
domain using an approach based on [59]. The framework, denoted in Figure 4-1,
describes identical systems g(s) receiving feedback that depends on an arbitrary
transfer function f(s) and the weighted graph Laplacian L emitted by the network
interconnection. Assuming that x(0) = v(0) = 0 (we consider perturbations to the
equilibrium), the closed-loop system from the input w to the position state x is given

by

[(g(s) ' T+ £(s)L] x(s5) = w(s),
which leads to
x(s) = [(I + g(s) f(s)L] " g(5)W(s) =: Hiw(5)W(s), (4.3)

where Hyw(s) denotes the transfer function from the input w to the position state x.

L can be decomposed as L = RJR™!, where R € C™*" is invertible and J € C™*"

is in Jordan Canonical Form (JCF). This decomposition transforms (4.3) into

x(s) = R[(I +g(s)f(s)J] " g(s)R™"w(s),

as shown by the block diagram in Figure 4-2. Defining X := R™'x and w := R~'w,

the transfer function from W to X is
Hza(s) = [(I +g(s)f(s)J] " g(s), (4.4)
where the following relationship holds
Hyw = RHze R (4.5)

J is composed of Jordan blocks .J; associated with the eigenvalues A\, € C of L for
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w(s) Ww(s)

%(s) x(s)

Figure 4-2. Application of a change of basis given by the Jordan decomposition L. =
RJR™ to the closed-loop system H,(s). The feedback loop gives the closed-loop system
Hiv'(,(S).
k=1,...,m:

J = blockdiag ()| << (4.6)

where J, € C™*™ and > ;" ny = n. Since L is a Laplacian matrix, L1 = 0 with 1
denoting the vector of all ones therefore J; = A\ = 0. Also Re[A\y] > 0fork=2,... ,m
due to the fact that G has a globally reachable node [79, Theorem 7.4]. So (4.4) can

be written as

Hszw(s) = blockdiag (Hik‘x’k(s))lgkgm’ (4.7)
where

Hz,, (5) = [(1+ g(s) f(s)Ji] " g(s). (4.8)
Here, the vectors Xy, = [Zg, 11, - - - Tdytn, )T and Wy, = [Wa, 41, - - ., Wy +n, )T r€SPECtively

denote the position state and the input to the associated subsystem, with d; = 0 and
dp = ¥ n; for k =2,...,m. An equivalent representation of the transfer function
in (4.8) is given by the block diagram in Figure 4-3. The following lemma describes the
form of the transfer function in (4.8) which will be used to compute the performance

metric (2.14) in what follows.

@)
N
Q
—~
»
N~——
~

Figure 4-3. Block diagram of each subsystem Hg, , for k =1,...,m.
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Lemma 4.1. Hy «,(s) in (1.8) is an upper triangular Toeplitz matriz given by

hia(s) .. (=1)™ Lk (s)™

hk'(s)

where hy(s) = %ﬂﬁ(s)'

Proof. Using (4.8) and the definition of Jj

Aeg(s)f(s -1
1+ kgg((s))f() £(s)

Hfikﬁ’k (3) = K K )
e f(s)
1+Xg(s)f(s)
g(s)

where factoring out g(s)f(s) gives

hk<8)_1 1
Hypin(5) = 7= (49)
%W \S) = : ’
o f(s) R
hi(s)™!
Using the inverse of the JCF in (4.9) yields the result. O

Remark 4.1. The form of the closed-loop transfer function in Lemma /.1 holds for
arbitrary open-loop and feedback transfer functions g(s) and f(s), and therefore applies

to a general class of networked dynamical systems.

We next apply Lemma 4.1 to the special cases of the single and double-integrator

networks.

Corollary 4.1. Consider the single-integrator network (1.1). Then, Hz, w,(s) in (1.8)

is an upper triangular Toeplitz matrix

hi(s) .. (=1)™ Thy(s)™

hk(S)

where hy(s) L
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Proof. Taking the Laplace transform of (4.1) leads to g(s) = % and f(s) = 1. Evalu-

ating the result of Lemma 4.1 at these values gives the desired result. O

Corollary 4.2. Consider the double-integrator network (1.2). Then, Hz, w,(s) in

(1.8) is an upper triangular Toeplitz matriz

B L Ok
s, (S) = ’ : ,
+s '
_ pts
where hy(s) = s2+(kd+’7’2>\k)’gikp+wp)\k'

Proof. Taking the Laplace transform of (4.2) leads to g(s) = m and f(s) = v+

sv4. Evaluating the result of Lemma 4.1 at these values gives the desired result. [J

The transfer function from the input w to the velocity state v is given by
Hyw(s) := sHyw(s) since v(s) = sx(s) = sHyxw(s)W(s). Therefore, the closed-loop

transfer function 7'(s) from the input w to the output y can be written as
T(s) = Cr(s)Hxw(s), (4.10)

using the notation in Figure 4-1 and specifying r(s) such that

CHyxw(s), r(s)=1 (4.11a)
|

CHyw(s), 1(s)=s. (4.11Db)
The cases (4.11a) and (4.11b) correspond to the outputs (2.15) and (2.16), respectively.

We next provide necessary and sufficient conditions for the input-output stability of

(4.11a) and (4.11b), which ensure the finiteness of the performance metric (2.14).

4.2.1 Input-Output Stability

In this subsection we state necessary and sufficient conditions for the input-output
stability of (4.11a) and (4.11b). The following assumption will be imposed throughout
the remainder of the thesis to eliminate the unstable consensus mode of the Laplacian

from the performance output.
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Assumption 4.2. The output matriz C' satisfies C1 = 0.

First, we apply the change of basis in (4.5) to the closed-loop system (4.10). Since

L1 =0, we can apply the partitioning
R=o1 R| and B'=q, Q] . (4.12)

where o € C, qF € C'*™ is the left eigenvector of \; = 0, R € C**" ' and Q € C"*".

Substituting (4.5), (4.7) and (4.12) into (4.10) we obtain

=C ( Hilwl( )]-(ﬂ< + Rﬁ(S)Q>
= CRH(s)Q, (4.13)
where
H (s)=blockdiag (H(s)):=r(s) blockdiag (Hz,w, (5)), (4.14)
for k =2,...,m and we have used Assumption 4.2 and the fact that Hz,w,(s) is a

scalar. We can partition R in (4.12) as
R=[Ry ... Rn|, (4.15)

which is in a form that conforms to (4.6). Then the columns of R, € C"™*™ are
the right generalized eigenvectors associated with the Jordan block Jy in (4.6) for

k =2,...,m. This partitioning leads to the following useful definition.

Definition 4.1. The set of observable indices Ny, is given by
Nopsw = {k € {2,...,m} | CRy #0}. (4.16)

We now state the stability conditions. We begin with the system 7" in (4.11a) for

the single-integrator network (4.1).

Proposition 4.1. Consider the single-integrator network (1.1). The system T in

(1.11a) is input-output stable if and only if Assumption /.2 holds [79, Theorem 7.4].
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As we show next for the double-integrator network (4.2), stability of the observable
modes is necessary and sufficient for the input-output stability of the system T given
by (4.11a) or (4.11h). For simplicity, we assume L to be diagonalizable; the result can

be extended by relaxing this assumption.

Proposition 4.2. Consider the double-integrator network (1.2) and suppose that L
is diagonalizable and assumptions /.1 and /.2 hold. The system T given by (1.11a) or

(4.11b) 1is input-output stable if and only if
82 —f— (kd —I— ’}/d)\k)s + kp + ’Yp)‘k = 0 (417)

has solutions that satisfy Re(s) < 0 for all k € Nopsy-

Proof. Using the block diagram in Figure 4-3 and the fact that J, = Ay leads to the

following realization for Hx, w,

x| [0 1 | L 0] &
Vi —kp — WA —ka — Ya) k| [ Vi "
Ak
- T X -
=1 0 l{,j = Xp. (4.18)
Since L is diagonalizable, the partitioning of R in (4.15) becomes R = {rg . rn}.

Using the block-diagonal form of H(s) in (4.14) and the conformal partitioning

Q = [qg o an, (4.13) can be expressed in time-domain as

T(t) = O ndit)a; =C Y refli(t)al.

k=2 kEN s

For (4.11a), we can use (4.11) and the realization for Hz, &, in (4.18) to re-write the

equation above as

T(t) = 3 [Cri 0] M L?J

keNobsu

which has a realization

. k€ N (4.19)




The associated observability matrix is given by

[ [Cre 0] .. ]

[ [Cri 0]Ag -]
0= . , (4.20)

[ [Cry, o)A Wepsul=t ]

where k € Nys, and [Nyps,| denotes the cardinality of Nyy,. Due to the form of
A in (4.18), we can see that {C’rk O} A, = {0 C’rk] Then the first two block-rows
of (1.20) imply that O is full rank if the vectors Cry are linearly independent for
k € Nops. For a proof by contradiction, assume that Cr, are linearly dependent, i.e.

> okeN,., kO = 0 where ay, is non-zero for some k. This implies that >7,cn, apry €

ker{C'}, which can be expressed as a linear combination of the vectors that span
ker{C}. Then
Z Rl = — Z Ty = i agry = 0,
kEENbso ke{l,...,n\Nobsow k=1

which would contradict the fact that R is invertible. Therefore, O in (4.20) is full
rank, so the realization in (4.19) is observable. By a similar argument we can prove
the controllability, hence the minimality of (4.19). Therefore, the poles of T'(s) in
(4.11a) are given precisely by the eigenvalues of the system matrix in (4.19), which
are determined by (4.17). Then T'(s) is input-output stable if and only if its poles are

on the open left half-plane.

We now repeat the argument for (4.11b) which is given by

T(t) = Y [0 Cryfe™ LH

keNobs'u k

in time-domain with a realization

T(t) = .Ak_'. [‘fk} k€ Nopoo (4.21)
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The associated observability matrix is given by

[ [0 Cry] ]

o= | _ ] , (4.22)

[ [0 Crp a2 Wobsul =t ]

where k € Npsp. Since
[0 Cri] Ax = Cri [~k — A —ka —va)i]

and assumption 4.1 holds, (4.22) is full rank and (4.21) is observable, hence minimal.
Therefore, the poles of T'(s) in (4.11h) are given precisely by the eigenvalues of the
system matrix in (4.21), which are determined by (4.17). Then T'(s) is input-output

stable if and only if its poles are on the open left half-plane. O

Remark 4.2. Assumption /.2 can be relazed for specific values of k, and kq for which

the consensus modes become Hurwitz. If k, > 0 and kg > 0, the assumption can be

relaxed for both (4.11a) and (4.11b) since Hz, ,(s) = }}1((88)) =g(s) = m and

Hq w,(8) = sHz w,(8) = have stable poles by the Routh-Hurwitz criterion.

52+k35+kp
Similarly, one can relaz the assumption for (4.11b) but not for (1.11a) if k, = 0 and

_ 1

kg > 0 since Hz,w,(s) = w5— has a pole at s = 0 but Hg, g, () = e =

s24-kgs

has a stable pole. However for the sake of simplicity, we only consider performance

metrics such that Assumption /.2 is satisfied for both (4.11a) and (4.11D).

The stability condition in Proposition 4.2 can be restated as follows.

Proposition 4.3. Consider the double-integrator network (1.2) and suppose that L
is diagonalizable and assumptions /.1 and /.2 hold. The system T given by (1.11a) or

(1.11b) s input-output stable if and only if
ardp + Brledr — B > 0 and ¢ > 0, k € Nope, (4.23)

where oy, = ky + v, Re[Ai], &k = ka + vaRe[Ai], Br = 7 Im[Ag] and & = ~q Im[Ag].
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Proof. The result follows from applying [9, Lemma 2| to Proposition 4.2. O]

Propositions 4.2 and 4.3 generalize the necessary and sufficient conditions for
second order consensus ( [9, Theorem 1]) to input-output stability conditions, which
are required for the performance evaluation. We next introduce our framework for

analyzing the performance of directed networks.

4.3 Performance over Arbitrary Digraphs

In this section, we use the block-diagonalization procedure outlined in Section 4.2 to
develop an analysis framework for the performance of the single and double-integrator
networks (4.1) and (4.2). This framework is applicable to systems over arbitrary
directed graphs that have at least one globally reachable node. We will use this
framework in the subsequent chapters to derive closed-form solutions to performance
metrics of various subclasses of systems. Throughout the discussion we use both time

and frequency domain representations, which simplifies the analysis.

First, we simplify (2.14) using the block-diagonal form of (4.7) and show that
performance can be quantified as a linear combination of scalar integrals. These
integrals can be interpreted as Lo scalar products of the elements of the closed-loop
(t) and Hq,w, (1)

impulse response function matrix blocks Hg, w,

Combining (2.14) and (4.13), the performance metric in (2.14) can be written as
p= / wiQ H(t) NH(t)Qwodt, (4.24)
0

where N = R"C*CR and H is defined as in (4.14) with

7 (k) 7 (k)
5 hiy'(s) oo hyg(s)
Hy(s) = : (4.25)
7 (k)
hnk,nk(s)
for k =2,...,m. The upper triangular form of (4.25) is given in Lemma 4.1. Since
M .=C*C (4.26)
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is a symmetric matrix, it is unitarily diagonalizable, i.e.
M = @W@*, W = dlag (/in)lgign S Rnxn, and O0O* = I,

therefore N = R'OWO*R. Using Assumption 1.2 and assuming without loss of
generality that py = 0 is associated with the eigenvector 6, = %1, we can state N

element-wise as
n

(N)n—l,fi—l = Z<0lv I‘77><r,$, 01) =: Uk (4.27)

=2

for n,k =2,...,n, where (0;,1,) = r;0,, r,; and 6, denote respectively the columns

and [ of R and ©.

Using this notation, (4.24) can be written in terms of the scalar products between
the elements of H k(t), which are given by the element-wise inverse Laplace transforms

of (1.25).
Lemma 4.2. The performance metric P in (1.241) is given by
P =tr(XqV0), (4.28)

where
Yo =Q%Q", Yo = wow, (4.29)
and the matriz V is partitioned as ¥ = [\Ijkl]ng,lSm‘

Furthermore, the entry (q,b) of the matriz Wy, for k,l = 2,...,m is given by

q b

Wil = 323 vicspasa (Rl (0 e () (430
p=la=1 L2
where
HON (t)>£2 = [" k@Rt (4.31)
Here the indices q = 1,...,n, and b=1,...,n; are determined by the Jordan block

sizes ny, and ny. Terms of the form in (4.27) appear in the summand of (41.30) and
their indices take values larger than the sum of the previous Jordan block sizes, namely

k—1 -1
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Remark 4.3. For the special case in which L is diagonalizable each Jordan block is a

scalar, i.e. ngy =1, and (1.30) leads to

Uy = v <B(” (), i (t)>£2 .

Here we dropped the subscripts of iz;l;) for simplicity. The case with diagonalizable L
was studied in [59,060] and Lemma /.2 provides a generalization to the case of arbitrary

Jordan block size ny for k=2,...,m.

Proof of Lemma /.2. Taking the trace of both sides of (41.24) and using the per-
mutation property of the trace, we have P = tr (QWOWSQ*\IJ), where U(t) =
[ H(t)*NH(t)dt. Partitioning N conformally so that its (k,I) block is given by
N kl, one can write

Wy = /O Ho () N H (1)dt, (4.32)

for k.1 = 2,...,m. Direct multiplication of the matrices in the integral argument and

interchanging the order of integration with the summation gives the desired result. [

Remark 4.4. Since N = N*, i.e. Ny = Ny, (1.32) leads to Uy = Ui, therefore
U is Hermitian. The fact that X¢ in (1.29) is also Hermitian leads to tr (XqW) =

tr [(ZqV)*] = tr (XqV), which verifies that P in (1.28) is real as expected.

As Lemma 4.2 indicates, (41.28) can be expressed in closed-form if the integral in
(1.31) can be evaluated. This provides a general framework for the computation of the
performance metrics, which we utilize by first deriving time-domain realizations for the
transfer functions E;’Z)(S) in (4.25) for systems defined over various families of graphs,
and then using these realizations in order to evaluate the integral in (4.31). By using
our closed-form solutions in the upcoming chapters, we analyze system properties

pertaining to the directionality of the underlying network interconnection.

We next use our framework in order to derive the closed-form solutions for the

general quadratic performance metrics of single and double-integrator networks over
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arbitrary directed graphs that have at least one globally reachable node.

4.3.1 Performance of Single-Integrator Networks

We first present the result pertaining to the single-integrator network (4.1). The
following theorem provides a closed-form solution for the performance metric P in
(2.12).

Theorem 4.1. Consider the single-integrator network (1.1). The performance metric
P in (2.12) for the system T given by (1.11a) is P = tr (£qV). The elements of ¥

are defined in (1.30) and the scalar product in (1.31) is given by

b—atq—
(o a8w) = ( A,:lll)b‘;fpw (4.33)
where ¢ = %.
Proof. Using the result of Corollary 4.1 and the notation in (1.25)
By (5) = <—1>q—p(8“1)q_,,+1.
Here, W has the following realization (A s, B s,Crs) in JCF
Ars = T (=M, 9), (4.34)

T
Bu= [0 . 1] =1 0],

—_— Y
1x6 1x46

where J (=M, d) denotes the size-6 Jordan block with the eigenvalue —\; and § =

qg—p+ 1. Then, ﬁ;];) (t) is given by

~ k _
h;q) (t) = (=1)" " Cr ™' B s. (4.35)
where .
(o
1 ¢ =)
€Ak’6t _ 6J(—>\k75)t _ e—Akt R ' (436)
t
1
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Combining (4.34) and (4.35) leads to
1a—p

TR N 4=p o= Ait
o (1) = (1) (q—p)

pq

The proof is completed by evaluating the integral in (4.31) using the fact that

Jsetre Mdt = {25 for A € C, Re[)] > 0. O

The denominator of the right-hand side of (4.33) is given by a power of the sum
of the graph Laplacian eigenvalues that are associated with possibly distinct Jordan
blocks k and [. The power of this term depends on the Jordan block sizes n; and n,
through the indices ¢ and b and it increases as the Jordan block size increases. This
indicates that performance is affected not only by the network size, but also by the

graph Laplacian spectrum and the size of the individual Jordan blocks.

We next present the analogous result for the double-integrator network (4.2).

4.3.2 Performance of Double-Integrator Networks

We now provide the closed-form solution for the performance metric P in (2.12) for
the double-integrator network (4.2). A similar approach to the one in Theorem 4.1 is
taken but the computation of the impulse response functions ﬁ;z) (t) is more involved.
We compute these functions through Lemmas 4.3 and 4.4 in the Appendix. Then by

evaluating the integral in (4.31), the result of this subsection is stated as follows.

Theorem 4.2. Consider the double-integrator network (1.2). Let pgk) and pék) denote

the roots of

52 + (k’d + Vd)\k)s + k’p + 'Yp)\k =0. (437)

The performance metric P in (2.12) for the system T given by (1.11a) or (1.11b) is
P = tr(XqV¥), where U is given element-wise by (1.30) and the scalar product in

(1.31) is as follows:
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k k l l
1 ot # 0 and p # pf)

o w *) (1)
W), =k D¢ (0, v)ce ¢
<hab (t)7 hpq (t)> = Z aﬁ—v ¢—r+1
TR o | ( PO pgo)
Q. (0, U)Cé )cf,l}rv ., (o, U)cgi)acg)

— ot+v—(—r+1 — oc+v—(—r+1
k l k l
G+ 9) G+ )

B (
D¢, (o, U)céjgc,(n}rv

+ N0 0 ot+v—(—r+17 (438)
(P2 + P2 )
k k l l
1f o # 057 and pi? = p) = p
o 2v (_1\Y (k) 1)
(1), 7 (k) (=1)"P¢r (0, 20)cs ¢y
(B ) =33 Ty
2 (=1r=1 (pl + p(l)>
— r(o,2v)c) _c
1", (0, 200000 »
W o4+2v—C—r+1" ( : )
(,;2 +p(”)
k k l l
1f o = p5) = p) and py = py = p
2 20 (_1\0t k)
~ (1) ~ (k) ( 1) (I)§T<207 2’U)C< C,
<hab (t)’ hpq <t)>£ :Z Z 20+2v—C—r+1 ? (440)
2

(=1r=1 (W—kp(l))
where 0 = q—p+1, v=b—a+1 and O (o,v) = (=1)"""EE

(k)

The coefficients ¢~ are given in the Appendiz by Lemma /.5 if pgk) #* pgk) and by

Lemma /./ if pgk) = pgk).

Remark 4.5. For double-integrator networks, the scalar products in (1.38) - (4.40)
depend on both the control gains and the eigenvalues of L, via the roots of (1.37) and
the coefficients cék). In contrast, for single-integrator networks, eigenvalues of L appear

explicitly in the analogous expression in (4.33).
Proof of Theorem J.2. Using the result of Corollary 4.2, the notation in (4.25) and
(4.42), BSZ) (t) is given by

7 (k) _ o—1

hpq (t) - (_1) Qk,U(t)' <441)
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If o™ £ p%) the realization in (4.43) can be used to calculate
Qk,o’(t> = Ck,a'eAk’atBk,Ua

where et = blockdiag (ej("z(k>"’)t) and 7”9 can be expanded as in (4.36).
i=12

Then, using (4.41) and the definitions of C}, and By, in (4.43)
= (k) o1 x [ (k) p®) k
) = (07t 5 (e )
=1

If pgk) = pgk) = p®) a similar argument combined with (4.52) leads to

20 20—C
= (k) o1 k) ¢ T
h,, (t) = (—1) co el —————.
Pq CX=:1 ¢ (20 — ¢)!
The proof is completed by evaluating the integral in (4.31) using the fact that
JoetreMdt = (—=1)" 2y for A € C, Re[\] < 0. O
Theorems 4.1 and 4.2 provide closed-form solutions for the performance metric

(2.12) which consist of terms that: (a) are geometric, i.e. terms that depend on
the input direction, the eigenvalues and the eigenvectors of M in (4.26) and the
eigenvectors of L as in (4.27) and (4.29); and (b) terms that depend on the closed-
loop dynamics of the system, as in (4.31). Overall, performance is given by a linear
combination of the entries of the matrix W in (41.30), weighted by the entries of the
matrix ¢ in (4.29). Therefore, in the most general case, it is not straightforward to
deduce the individual effect of properties such as network size, graph topology and

the spectrum of the output matrix for an arbitrary system.

4.4 Summarizing Remarks

We developed a novel analysis framework to evaluate the performance of directed
networks. Using this framework, we derived the closed-form solutions for the general
quadratic performance metrics of single and double-integrator networks over arbitrary

directed graphs that have at least one globally reachable node. In the following chapters,
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we focus on systems defined over a special class of graphs that emit diagonalizable
weighted Laplacian matrices. We derive the closed-form solutions for the performance
metrics of these systems, which we then use to analyze system properties pertaining

to the directionality of the underlying network interconnection.

4.5 APPENDIX

4.5.1 Lemmas from Subsection 4.3.2

Lemma 4.3. Consider the transfer function

sl — TN F )"

(82 4+ (ka + vari)s + Kk, + ’Yp)\k]6

(4.42)

for some § € Z. Suppose that s* + (ka+va\e)s + kp +YpA\k = 0 has distinct roots pgk)
and pék), i.e. pgk) + pgk). Then, Qu.s(s) has a realization (Ays, Brs,Crs) in Jordan

canonical form given by

Ay s = blockdiag (j(pgk), 5))¢:1 . (4.43)

.
Bes = [0 ... 10 ... 11 , Crs = [cgk) cgg)}, where j(pgk),é) denotes the

1x6 1x6

size-0 Jordan block with the eigenvalue pgk).

If r(s) =1, i.e. we consider system T given by (4.11a), the elements of C 5 are
given by

(7, + o1, )H_l
k d
Cl( )= Z T(Ca l)'}/dC (Z) l(k) SHl—C—1>
(=0 (1" —p2”)
B _ ¢ (i + p877)
Ciys = Z T(Ca l)7d (k) (k) SHl—(—1>
¢=0 (ps” —p1)

5—¢—1

if r(s) = s, i.e. we consider system T given by (1.11h), the elements of Cy s are given
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— k k 6—C—1
) _ [y 1 i+ 00770\ (1 + 0 7a)
Cl - T(C7 )ﬁyd 6 _ C (k;) (k‘) 5+I7C717
=0 (Pl — P2 )
_ k k 0—¢—1
O~ VPN (e Mo Vo o 7 W G Pl )
Cliys = T(Cv )7d 5 _C (k) (k) SHl—C—1>
=0 (2’ —pi)

forl=1,...,8, where 7(C,1) = (—=1)"¢! (lzl) (5+§:§_2)-

Proof. Using the fact that the denominator of ) 5(s) has distinct roots
L'(s)
k)\0 k)\0
(s = i) (s = p)

ijg(s) =

where I'(s) = r(s)(7y, + syd)éfl. Applying partial fractions, we have

(k) (k)

é
_ G Cits
Qkﬁ(S) - Z (k:) o—I+1 + (k‘) o—Il+1"
=1 (s—p1) (s=p2)

(4.44)

which can be represented by the Jordan canonical realization (41.43). Here the coeffi-

cients cl(k) and cl(i)(; are given by

w_ L A
“ :(L—ngfﬁwmkl
k) 1 . dl—l
Cvs = (1—1) Sggglm ds—1

(5= ) 2uss)]

(5= ) sl

The general Leibniz rule for the derivative of product yields

-1 (=1 —1-
. dCF(S) dl 1=¢ k -4
o) = lim > () { (b)) }

$—=p1 (=0 (l - 1)' ng dSl—l—C (s e

-1 (-1 ¢ 1—-1—¢
) _ (C)d—r d [ _<k>—5]
Clts sﬁlf)l(;k)g:o (l B 1)| ds¢ (S)dsl_l_c (S P1 ) )

For the cases of r(s) =1 or r(s) = s, a direct calculation shows that

d* (6 —1)!

ds¢ [(’Yp + s’yd)5—1]:,ydc<5_c_1)!<,yp + 37d>6_<_1,
& - 5—1)! o
@ [S(7p+87d)5 1}:Sf>/d<(5(_c_)1)!(’7p+57d)6 -1
o—1)!
" %41CE6 - 8' (i + 570)"
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(4.46)

(4.47)

(4.48)

(4.49)

(4.50)



¢ {( <k>)_6} T s et S P ) R PY 20

dsi—1=¢ [\ 7 2 65— 1) 2
Substituting (4.49), (4.50) and (4.51) into (4.47) and taking the limit gives the desired
result. A similar procedure can be followed to evaluate the expression in (4.48). [

Lemma 4.4. Consider the transfer function s(s) in (4.42) for some § € Z,.
Suppose that s* + (kg + val)s + kp + 1\ = 0 has repeated roots pgk) and pgk), i.e.
pgk) = pgk) = p®) . Then, Qi.s5(s) has a realization (Ay s, Brs,Crs) in Jordan canonical

form given by

T
Bis= 10 ... 1] 7ck75:[cgk) Cg;)]'
———
1x26

If r(s) =1, i.e. we consider system T given by (4.11a), the elements of Cy 5 are

given by

o[ s
0, 0+1<1<20
if r(s) = s, i.e. we consider system T given by (1.11h), the elements of Cy s are given
by
{(l_”}iﬁ’f(%}’m“ (D + o)™, 1<1<6
o = v, l=0+1
0, 0+2<1<20

Proof. Using the fact that €2 5(s) has repeated roots leads to

5—1
r(s) (9 + 574)
s(s) = R
(s = p®))
Applying partial fractions, we have
26 Cl(k)
Qrs(s) = ,
ko () ; (s — p(k))%—lﬂ

which can be represented by the Jordan canonical realization (1.52). Here the coeffi-

cients cgk) are given by

-1
® 1 . d 51
o = oy Jm, g @G +%)” (4.53)
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For the cases of r(s) = 1 or r(s) = s, using respectively (4.49) and (4.50) and taking
the limit in (4.53) gives the desired result. O
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Chapter 5

Effect of Communication
Directionality on Performance

In this chapter, we investigate the role of the directionality associated with the
underlying network interconnection. We use systems with normal Laplacian matrices
as an example, since their spectral structures exhibit properties (unitary eigenbasis,
the relationship between directed edges and complex eigenvalues) that enable a
comprehensive analysis of directionality. We present a comparative analysis between
directed graphs and their undirected counterparts represented by the Hermitian part
of the graph Laplacian. For the family of graphs that emit normal Laplacian matrices,
the Hermitian part of the Laplacian represents a “symmetrized” version of the original

directed graph, preserving the weighted out-degree of nodes.

In this setting, we show that directed graphs and their undirected counterparts
provide identical performance for single integrator networks. In the case of double-
integrator networks, we demonstrate that the presence of observable Laplacian eigen-
values with nonzero imaginary part (i.e. the observability of modes associated with
directed paths) can significantly degrade both position and velocity based performance
compared to the undirected topology. Nevertheless, this degradation can be elimi-
nated for velocity-based metrics using absolute position feedback. On the other hand,

for the case of position-based metrics a proper combination of relative position and
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velocity feedback can, not only mitigate this degradation, but also lead to improved

performance over systems with the undirected topology.

5.1 Closed-form Solutions with Normal Laplacians

In this section, we first provide the closed-form solutions for the performance metrics of
the class of systems whose interconnection topologies emit normal weighted Laplacian
matrices, using our general framework from Chapter 4. We then investigate the role

of communication directionality in performance using these closed-form solutions.

First recall Definition 4.1, which introduced the set of observable indices Ny, in

(1.16). If L is normal therefore diagonalizable, we can re-state this set as
Nogws = {k € {2,....n} | Cr £ 0}

recalling that ry denote the right eigenvectors of L as defined in (4.12). We now

present two lemmas that will be useful in proving the upcoming results.

Lemma 5.1. For k € {2,...,n}, the eigenvalue-eigenvector pair (ux,0r) of M in
(1.26) satisfies py, = 0 if and only if COy = 0.

Proof. Assume for any k € {2,...,n} that gz = 0. Then 0 = M0, = CTCO,. This
implies that the vector C'@; is in the left nullspace of C', therefore is orthogonal to

the column space of C. But C'8; also has to be in the column space of C' therefore
Co, = 0.

Conversely, if C8 = 0 for any k € {2,...,n}, then 0 = M6, = u0) which gives
i = 0 since 8y # 0. O

Lemma 5.2. Suppose that L is normal. For k € {2,...,n}, vg in (1.27) satisfies
1. v = 0 if and only if k & Nopsy-

2. v > 0 if and only if k € Nopsy.
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Proof. Normality of L means that it is unitarily diagonalizable, therefore R~! = R*.
We also recall that M in (4.26) is symmetric, therefore unitarily diagonalizable. There-
fore ry = 6, = ﬁl and it holds that ry, 0; € span{1}+ C C" for k,l € {2,...,n}.
So, we have r, = 3.7, ¥*0; with constants x¥ € C for k € {2,...,n}.

Given any k € {2,...,n}, it follows from (4.27) and Lemma 5.1 that v, = 0 if
and only if (8;,r;) = 0 for all [ € {2,...,n} such that C8;, # 0. Combining the

preceding arguments leads to

vk =0 & (Z)(f@:) 0,=0,Vle {2,...,77,}, o, #£0,
=2

which is equivalent to having x} = 0 for all such /, due to the orthonormality of 6;. In
other words, v, =0 < 1, = > XfGi < Cr, =0, which proves the first
result. Since M in (4.26) is postive semi-definite, vy for k € {2,...,n} is given by
a summation in (4.27) with each summand being non-negative. So, vy, > 0 and the

first result implies the second result. O

5.1.1 Single-Integrator Networks

We now provide the closed-form solution for the performance of the class of single-

integrator systems that emit normal weighted Laplacian matrices.

Lemma 5.3 (Single-Integrator, Normal Laplacian). Consider the single-integrator
network (4.1). Suppose that L is normal and the input wq has unit covariance, i.e.
E[Yo] = I. Then, the expectation of the metric P in (2.12) for the system T given by

(4.11a) s
1
2 Re[)\k]

E[P] = ||T||'2H2 = Z Vik
kENobsu

(5.1)

Proof. The fact that L is normal implies that it is diagonalizable, which leads to
m = n, i.e. all Jordan blocks are scalars. Then using (4.30) from Lemma 4.2, we have

U = Vi <H§? (1), fzﬁ) (t)> . In addition, orthonormality of the eigenvectors r; for

2
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j=1,...,nyields E[YXg] = I due to (1.29) and leads to E [P] = >_}_, Uk due to
(4.28) from Lemma 4.2. Using the result of Corollary 4.1, the notation in (4.25) and
the fact that L is diagonalizable gives BY?(S) = ﬁ This transfer function can be

used to evaluate Wy, and the resulting expression leads to (5.1) by using Proposition

2.1 and Lemma 5.2. O

Lemma 5.3 generalizes [36, Proposition 1] to performance metrics with arbitrary

output matrices.

5.1.2 Double-Integrator Networks

We now repeat our argument for the double-integrator networks, providing the closed-

form solutions to their performance metrics.

Lemma 5.4 (Double-Integrator, Normal Laplacian). Consider the double-integrator
network (4.2). Suppose that L is normal and the input wq has unit covariance, i.e.

E[YXo] = I. Then, the expectation of the performance metric P in (2.12) is

Dr
E[P] = |T|3, = Vik : 5.2
for the position-based output, i.e. system T given by (1.11a) and
§Br + drou
B[P =Tl = > w (5.3)

k )
et 200 + Brbedr — B7)
for the velocity-based output, i.e. system T' given by (1.11D); where o = kp+7, Re[Ae],

Ok = ka+vaRe[Me], B = pIm[Ng] and & = v4Im[A].

Proof. By the same argument used in the proof of Lemma 5.3, we have Uy =

Vki <;L§l1) (1), IiLYi) (t)> and E[P] = Y15 Y. First consider the position-based per-

2
formance metric, i.e. the system T given by (4.11a). Using the result of Corollary

1.2, the notation in (41.25) and the fact that L is diagonalizable gives hg’?(s) =

1
824-(ka+va k) s+kp+rp i’

which has the realization (Ayg, By, Ck) in controllable canonical
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form given by A, = ,kp,owk *kd*l'Yd)\ki|’ B = {0 1}T and C;, = [1 0}. Since the case

of k = [ is sufficient, performing a standard computation results in <ﬁ§ﬁ) (1), Bﬁ) (t)> =
Lo

Bl X By, where X}, satisfies the Lyapunov equation A;X) + Xy A = —C;:Cr. Then we

get

= (k) 7 (k) _ o
<h11 (). s (t)>£2  2(wg? + Bt — B2)

We now consider the velocity-based performance metric, i.e. the system 7' given by

(4.11b). Using the result of Corollary 4.2, the notation in (4.25) and the fact that L

is diagonalizable, we have fzﬁ)(s) = so that Ay and By are the

s
824-(ka+va k) s+kp+yp i

same but C = [O 1}. Since k = [, solving the Lyapunov equation leads to

= (k) 7 (k) B §k Bk + Oy,
GHOR “)>E2 = 2andt + Belntr — B

This expression leads to the desired result by using Proposition 2.1 and Lemma 5.2. [

Note that per Lemma 5.2 all vy in (5.2) and (5.3) are positive. In addition,
stability guarantees that the numerators and the denominators in (5.2) and (5.3) are
positive due to Proposition 4.3. Therefore the performance metrics are guaranteed to be
positive quantities as expected. This result generalizes the result given in [17, Corollary

2] to position and velocity based performance metrics with arbitrary output matrices.

In the next section, we study the effect of communication directionality on perfor-

mance.

5.2 The Role of Communication Directionality

In this section, we use the closed-form solutions from the previous section in order
to investigate the effect of directed feedback. The class of graphs that emit normal
weighted Laplacian matrices can for example arise in spatially invariant systems [1,43].

Given any normal weighted Laplacian matrix L, we extract its Hermitian part as

L+ L*
I = *2 . (5.4)
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Since L is weight-balanced [36, Lemma 4], (5.4) gives the Laplacian matrix of an
undirected graph G’ = {N,&' W'}, where & = EU{(j,i) | (4,5) € E} and W' =
{@ | b;; € W}. Put another way, G’ is the undirected counterpart of G resulting
from creating reverse edges in G and re-defining edge weights such that both graphs

have the same nodal out-degree.

Normality of L and (5.4) imply that the spectrum of L/,
spec(L') = {Re[\i]|\i € spec(L),i=1,...,n}. (5.5)

In addition, since L is normal, it has eigenvalues with non-zero imaginary parts if
and only if its graph G is directed. For disturbance inputs that are uniform and
uncorrelated across the network, we observe that both the position and velocity based
performance metrics (5.2) and (5.3) depend on both the real and imaginary parts
of the Laplacian eigenvalues. Therefore, comparison of directed graphs G and their
undirected counterparts G’ can reveal the interplay between the imaginary parts, i.e.
edge directionality and control strategy (judicious selection of control gains) that

determines overall performance.

5.2.1 Position based Performance

5.2.1.1 Single-Integrator Networks

The following theorem provides a comparison of the single-integrator systems with

respective Laplacians L and L’ in terms of the performance metric given in (5.1).

Theorem 5.1 (Equal Performance with Directed Networks and Undirected Counter-
parts). Consider the single-integrator network (4.1) and the performance metric P in
(2.12). Let T and T' be two systems given by (4.11a) with weighted Laplacian matrices

L and L'. Suppose L is normal and L' is given by (5.4). Then || T3, = [IT"]3,-

Proof. The result follows from (5.1) and (5.5). O
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As Theorem 5.1 indicates, directed and associated undirected single-integrator
systems perform identically for any output matrix C' satisfying Assumption 4.2. This
implies that the same level of performance can be achieved either using directed
paths in the commmunication graph or using the corresponding undirected graph
per (5.4). The directed system might be preferable in certain cases due to reduced

communication requirements (e.g. uni-directional vs. bi-directional paths).

Theorem 5.1 also provides a generalization of previous results obtained for this
class of directed and undirected single-integrator systems. For example, performance of
directed systems can be bounded by functions of the spectrums of output performance
matrices and associated undirected system Laplacians (see e.g. [71, Theorem 5]).
Here, we provide exact solutions in Lemma 5.3 by additionally accounting for the
eigenvectors of these matrices, which lead to the equivalence between directed and

associated undirected systems as shown by Theorem 5.1.
5.2.1.2 Double-Integrator Networks

We now provide a comparison of the double-integrator systems with respective Lapla-

cians L and L’ for the performance metric given in (5.2).

Remark 5.1. The performance metric in (5.2) simplifies to an expression that does
not explicitly depend on Im[\y] if Bpérdr — B = 0 for k € Nyps,. This holds if
Im[A\y] = 0 for k € Nopsy or L is symmetric or v, = 0. If Br&edr — B2 =0 for

k€ Nopsy, (5.2) reduces to

1
T 2 = 14 5
1Tl = 2 v R e 70 Rlha])

(5.6)
when the stability condition (1.23) from Proposition /.5 holds.

Depending on the values of k,, k4,7, and 74 in (5.6), the denominator in (5.2)

can be quadratic in Re[)y], which could indicate a smaller Hy norm for sufficiently
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large Re[Ax], hence better performance compared to the performance of the first order
system given by (5.1).

The following Lemma shows the effect of the imaginary parts of the weighted
Laplacian eigenvalues on the position based performance (5.2) of the double-integrator

network (4.2).

Lemma 5.5 (Characterization of Position based Performance via the Observable
Eigenvalues). Consider the double-integrator network (1.2) and the performance metric
Pin (2.12). Let T and T" be two systems given by (4.11a) with weighted Laplacian
matrices L and L'. Suppose L is normal and L' is given by (5.4). Then the following
hold:

1 T3, = 1T 3, of Im[Ae] = 0 VE € Nopsy.
2. TG, < IT'15, if
'Yd(kd + Yd Re[)\k]) —Tp Z 0, Vk c Nobsv- (57)

Furthermore, ||T|3, < ||T'||3, i in addition at least one of the inequalities in (5.7)
strictly holds for some k € Nypsy such that Tm[\;] # 0 and relative position feedback is

present, i.e. v, > 0.

Similarly, | T3, > | T"|[3, o
Yalka +vaRe[Me]) — 9 <0, Yk € Nopso. (5.8)

Furthermore || T3, > T3, if in addition at least one of the inequalities in (5.8)
strictly holds for some k € Nypsy such that Tm[\;] # 0 and relative position feedback is

present, i.e. v, > 0.

Proof. Invoking Remark 5.1 and using (5.5), both ||T'|3, and ||T"|3,, are given by (5.0)

which leads to Item /). Condition (5.7) implies that Sy, — 87 > 0 for k € Nopsy

78



therefore
o . 1
2(ax 9t + Biledr — ) ~ 20’

Since v > 0 for k € Nyps, due to Lemma 5.2, multiplication of both sides of (5.9) by

ke -/\[obszr (59)

Vi and summation of the inequalities gives ||T'[3, < [|T"]|3,- If in addition to (5.7)
at least one of these inequalities strictly holds for some k € N, such that Im[\;] # 0
and 7, > 0, then ||T']|3, < ||T"[|3,- The reverse inequalities follow from (5.8) using a

similar argument. O]

Note that the results in Lemma 5.5 hold for any output matrix C' satisfying
Assumption 4.2. It is necessary that at least one observable eigenvalue does not lie on
the real line for the performance of the directed and undirected systems to differ, and
the gains need to be tuned based on these eigenvalues to improve performance. We
next use this result to characterize the position-based performance of directed and

undirected double-integrator systems in terms of relative feedback.

Theorem 5.2 (Characterization of Position based Performance via Relative Feedback).
Consider the double-integrator network (1.2) and the performance metric P in (2.12).
Let T and T be two systems given by (4.11a) with weighted Laplacian matrices L and

L'. Suppose that L is normal and L' is given by (5.1). Then the following hold:
1. If relative position feedback is absent, i.e. v, =0, then || T3, = T3, -

2. If relative position feedback is present and relative velocity feedback is absent, i.e.

Yp > 0 and vq =0, and Im[A;] # 0 for some k € Nopsy, then | T3, > |T"||7,-

3. If both relative position and velocity feedback are present, i.e. v, > 0 and vq > 0,

and Im[\g] # 0 for some k € Ny, then there exists %, and %, that satisfy

0 k Y, k
min Re[\;] < =2 -2 < Tp Mo ek Re[Ax],

kEN 50, ~2 — A2 kENobso,
Im[)\kl]’ % Ya o Vd Ya  Vd Im[)\kl}v#o

such that | T3, < 1712, i % < v, and |TIZ, > [T, if 3 > 7,
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Proof. Invoking Remark 5.1 and using (5.5) leads to Item 7). Item 2) follows from
Lemma 5.5 by setting 7, > 0 and 74 = 0 in (5.8). To prove Item 7) we observe from
Lemma 5.5 that

Yo > max (ke +yaRe[M]) =y = [Tl > 175,

obsv»

Im[Ay,]£0
Yp < ker/r&fin Ya(kq + vaRe[Ax]) =: v = ||T||'2H2 < ||T,||3-12'

obsv»

TmiAp ] £0

So I TIB, = I3, if 2 = 2, and [T, < |71, if % < 7, for some 3, € [, %,
since || 1|3, and || T"||3,, are continuous in -y,. Similarly, || T3, = ||7"||, if 7, = 7, and
T3, > [IT"]|3, if v» > 7, for some 5, € [y1,7,]. Finally we note that 7, < 7, because
otherwise 7, =y > 7%, would imply that T3, = [T, and | T3, > |T"||5, must

simultaneously hold, which is a contradiction. O]

Directed communication degrades performance for metrics that capture some of
the modes resulting from the directed paths (i.e. Im[\;] # 0 for some k € Ny,) if
relative position feedback is used without relative velocity feedback. For such metrics,
this issue can be addressed in several ways depending on the available feedback. For
example, omitting relative position feedback (which requires absolute position feedback
due to Assumption 4.1) can mitigate this degradation. In this case, the directionality
of relative velocity feedback does not affect performance since directed and undirected

systems perform identically.

It is when both types of relative feedback are used that tuning their respective
gains properly can, not only mitigate the performance degradation, but also lead to
the directed system outperforming its undirected counterpart. Therefore, it is critical
to have relative velocity feedback in addition to relative position feedback. Namely,
the directed system performs better than its undirected counterpart for sufficiently
small relative position gain (the converse is true for sufficiently large relative position

gain). This sufficient magnitude is determined by the velocity gains as well as the
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magnitude of the real parts of the observable eigenvalues that have non-zero imaginary
parts. As a consequence, a judicious control strategy depends on the topological

characteristics of the network.

5.2.2 Velocity based Performance

This subsection provides a comparison of the double integrator systems with respective

Laplacians L and L' in terms of the performance metric given in (5.3).

Remark 5.2. The performance metric in (5.3) simplifies to an expression that does
not explicitly depend on Im[\y] if By =0 for k € Nypsy. This holds if Im[N\;] = 0 for
k € Nopsy or L is symmetric or v, = 0. If B, =0 for k € Nopsy, (5.3) reduces to

1

T 2 - 14 )
173, ke%:b 4y T a RO

(5.10)

when the stability condition (1.23) from Proposition /.3 holds.

In contrast to the position based performance metric in (5.6), the velocity based
performance in (5.10) depends only on absolute or relative velocity feedback and its
denominator is affine in Re[Ag]. So, absolute or relative position feedback does not

affect velocity based performance if G is undirected.

The following theorem demonstrates that if the velocity based performance of the
system given by (4.11Dh) is considered and its directed graph emits a normal weighted
Laplacian, its Hy norm is lower bounded by the Hs norm of the corresponding
undirected system whose interconnection is defined by (5.4). This result highlights
the inability of standard feedback schemes to mitigate velocity-based performance

degradation.

Theorem 5.3 (Characterization of Velocity based Performance). Consider the double-
integrator network (1.2) and the performance metric P in (2.12). Let T and T be two
systems given by (1.11b) with weighted Laplacian matrices L and L'. Suppose that L

is normal and L' is given by (5.1). Then the following hold:
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LTl = 1T 15,

2. T\, > T3, if and only if Im[Ay] # O for some k € Ny, and relative position

feedback is present, i.e. v, > 0.

8. | TN5, = IIT"13, if and only if Im[Ng] = 0 Yk € Ny, or relative position feedback

is absent, i.e. v, = 0.
Proof. Since —f7 = —2Im[\]* < 0, it holds that

ey + Brrdr — Br < i + Birdr, k€ Nopao: (5.11)

Stability condition (4.23) from Proposition 4.3 states that
ey + Birdn — 57 > 0 and ¢ > 0, k € Nop. (5.12)

Therefore, (5.11) can be re-arranged as

Sebe+opar 1 ke N (5.13)

.t + Bieledr — B — or

Since v, > 0 for k € Ny, as shown in Lemma 5.2,

oo K v- 14
"2} + Brlrdn — B7) = Uik 20, € Nobs (5.14)

Summation of the inequalities given in (5.14) and using (5.3) and (5.10) leads to Item
1).

To prove the necessity part of Item 2), we observe that —f = —72Im[A\;]* < 0

Vg

for some k € Ny, therefore (5.11) strictly holds for such k. Then by a similar
argument to the one used above, (5.14) strictly holds for such k as well, which leads
to |75, > IIT"||5,- To prove sufficiency suppose that |73, > [|7"]/3,. Using
(5.3) and (5.10), this implies that (5.14) strictly holds for some k € N, (otherwise
T3, = [IT"]13,,)- Since vg > 0 for k € Nopsy, (5.13) strictly holds for some k € Ny,
as well. Using (5.12) and re-arranging terms leads to 8; = 7, Im[\;]* > 0 for some
k € Nopsy implying that Im[\] # 0 for some k € N, and 7, > 0. Finally we note

that items /) and 2) imply Item 7). O
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Unlike position based performance, there does not exist a choice of control gains
for the directed system that can result in better velocity based performance compared
to its undirected counterpart for any output matrix C satisfying Assumption 4.2.
Furthermore, when relative position feedback is used, the directed system performs
strictly worse compared to its undirected counterpart for metrics capturing the effect
of the directed interconnection. They perform identically without relative position

feedback or if metrics do not capture the edge directionality.

When the overall system performance is considered in terms of both position and
velocity based metrics, a trade-off emerges. For systems with observable directed
paths, it is possible to have equal performance to that of their undirected counterparts
in the case of both position and velocity based metrics by omitting relative position
feedback. But this is true only if absolute position feedback is used, as it is required
for stability (Assumption 4.1). Therefore, unless absolute position measurements are
available, the directed system requires well-tuned gains to prevent degradation of the
position-based performance (or to possibly improve it) while it will always have worse
velocity-based performance compared to the undirected system. For directed systems
with absolute position feedback, improving position-based performance comes at the

expense of the velocity-based performance.

Remark 5.3. For the particular metric defined as the variance of the full-state, the
Ho norm of a linear system can be upper bounded by the Hs norm of a system whose
dynamics emit the Hermitian part of the original state matriz [71, Theorem 2]. In
the case of double-integrator networks, this comparison does not explicitly account
for the Laplacian eigenvalues, i.e. communication directionality. In contrast, we
have studied communication directionality for general quadratic metrics by comparing
directed graphs and their undirected counterparts represented by the Hermitian part of
the Laplacian (5.4). Our results characterize performance as an aggregate outcome of

judicious control strategy and network topology.
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Figure 5-1. The expectation of the position-based performance of the double-integrator
system (4.2) given by (4.11a), for E [¥¢] = I and the gains (@) k, = 3,ks = 5,7 =10,
(b) k, = 1,kg = 2,74 = 6.5. (c) The expectation of the velocity-based performance
of the double-integrator system (4.2) given by (4.11h), for E[3] = I and the gains
k‘p: 1,/{id:2,’yd:7.

5.2.3 Example: Position and Velocity based Performance
with Uni-directional vs. Bi-directional Feedback

We now consider a cyclic digraph in which each node has uniform out-degree d and
the uniformly weighted edges that start at each node reach w succeeding nodes. This
results in ‘look-ahead’ type state measurements through w communication hops. The

respective weighted Laplacian is given by

€=

L (d,w) =dxcire (|1 — 0 ... 0]) (5.15)

where d € RT, w € Z", w < n — 1 and circ(-) denotes the circulant matrix generated
by permuting the row vector in the argument. The Jordan decomposition of L = L%
gives [82]
Jo=M, =d <1 — iie—ﬁﬂk—l)) , (5.16)
i=1

for k=1,...,n. Choosing a = ﬁ in (4.12), the columns of R are given by

1 <27 s 27 *
- E(1-1) L (1-1)(n—-1)
I \/ﬁ [1 el ..o.oe } ) (517)
for | = 2,...,n. For the special case of uni-directional feedback, we set d = 1 and

w=11in (5.15) therefore

Leve(1,1) + Leve(1,1)*
2 )

L=L%(1,1) and L' =
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where we have used (5.4) to also define the corresponding bi-directional feedback. We
consider the respective systems T and 7" with an arbitrary output matrix C' € R™*"

that satisfies Assumption 4.2, for n = 50.

For the double-integrator network (41.2) given by (4.11a) (position based perfor-
mance), Figure 5-1a shows that, as suggested by Item 2) of Theorem 5.2, using relative
position feedback without relative velocity feedback (v, > 0 and v4 = 0) leads to
worse performance with directed interconnection. It is when both relative position
and velocity measurements are used (7, > 0 and 74 > 0) that the directed cycles
can be utilized for better performance by tuning the gains. Per Item ) of Theorem
5.2, sufficiently small v, (i.e. sufficiently large velocity gains k; and ~4) improves the
performance of the directed interconnection relative to its undirected counterpart; but
the performance degrades for sufficiently large v,, as shown in Figure 5-1b. Directed
cycles require less communication thus can be preferable, provided the gains are

carefully selected.

For the double-integrator network (4.2) given by (4.11h) (velocity based perfor-
mance), Figure 5-1c shows that relative position feedback degrades performance if
the cycles are directed. But the performance becomes comparable to that of the
undirected system for sufficiently small v,, equaling it at 7, = 0. This supports the

findings of Theorem 5.3.

In the next chapter, we focus on a more general class of directed graphs, which
emit diagonalizable weighted Laplacian matrices. This class of graphs will be used to

investigate the relationship between graph connectivity and network performance.
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Chapter 6

Effect of Connectivity on the
Performance of Directed Networks

In this chapter, we investigate the role of the degree of connectivity in system perfor-
mance. We will study examples of directed graphs that arise in common applications

such as vehicular networks and social influence networks.

We first focus on the class of systems that we term w-nearest neighbor networks,
which have a cyclic and directed communication structure. Each agent in the network
admits uniformly weighted uni-directional state measurements from w consecutive
neighbors, resulting in a spatially invariant formation. For the special case of the
metric quantifying the aggregate state deviation from the average, we show that
performance does not monotonically improve by increasing w. We also investigate
a special case of leader-follower networks that we term all-to-one (imploding star)
networks. Here uni-directional state measurements are uniformly weighted and relative
to a single designated “leader” that does not receive any relative feedback. We show
an equivalence between directed all-to-one and all-to-all (represented by a complete

graph) networks for the same performance metric.

We begin by providing the closed-form solutions for the performance metrics.
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6.1 Closed-form Solutions with Diagonalizable
Laplacians

In this section we use our general analysis framework from Chapter 4 to derive the
closed-form solutions for the performance metrics of directed networks that emit
diagonalizable weighted Laplacian matrices. This class of graphs encapsulates the
interconnection topologies we are interested in, in order to examine the effect of

connectivity on the performance of directed networks.

6.1.1 Single-Integrator Networks

The following result provides the closed-form solution for the performance of single-

integrator networks (4.1).

Lemma 6.1 (Single-Integrator, Diagonalizable Laplacian). Consider the single-
integrator network (1.1) and suppose that L is diagonalizable. Then, the metric

P in (2.12) for the system T given by (4.11a) is P = tr (XqWV), where j* = —1 and

(Re[A] + Re[A])? + (Im[Ag] — Im[N;])? (6.1)

Vi = Vi

Proof. The fact that L is diagonalizable leads to m = n, i.e. all Jordan blocks are
scalars. Then using (4.30) from Lemma 4.2, we have Uy = vy <B§l1)(t),l~z§li)(t)> :

Lo
Using the result of Corollary 4.1, the notation in (4.25) and the fact that L is diagonal-

izable gives Bﬁ)(s) = —L_. Using this transfer function leads to <f~z§ll) (1), Bgl? (t)> =
Lo

S+

_1
PYEDYE

Combining these facts and re-arranging terms yields the result. m

Note that the diagonal terms Wy, are real and the cross-terms Wy, for k # [ are

possibly imaginary in (6.1). However, P is guaranteed to be real due to Remark 4.4.

6.1.2 Double-Integrator Networks

Next we present the closed-form solution for the double-integrator network (4.2).
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Lemma 6.2 (Double-Integrator, Diagonalizable Laplacian). Consider the double-
integrator network (1.2). Suppose that L is diagonalizable. The performance metric P
in (2.12) is P =tr (XqWV), where

O

Y =V, 6.2
T (wdd + Br&rdr — ) (6.2)

for the position-based output, i.e. system T given by (1.11a) and
U = v §klBr + Prou; (6.3)

2(ox @} + Brbrdr — Br)
for the velocity-based output, i.e. system T given by (1.11b); where cy. = k4, Re[Ar],

Ok = ka+vaRe[M], B = v Im[Ag] and & = yqIm[Ay].

Remark 6.1. Here, the cross-terms Wy, for k # 1 are not given explicitly for brevity.
A Gramian computation as in [59, 60] would give Wy, in closed-form for k # 1, which
is not tractable due to the number of terms involved. To gain some insight from the
computation, we focus on the diagonal terms which are the only required ones when

Yo in (4.29) is diagonal.

Proof of Lemma 0.2. The fact that L is diagonalizable leads to m = n, ie. all

Jordan blocks are scalars. Then, using (4.30) from Lemma 4.2 we have Wy =

Vki <i~z§ll) (1), fzﬁ) (t)> . First consider the position-based performance metric, i.e. the
Lo

system T given by (4.11a). Using the result of Corollary 4.2, the notation in

(4.25) and the fact that L is diagonalizable gives Bg’i)(s) = = +vd/\i)s v —

which has the realization (A, B, Ck) in controllable canonical form given by A, =

[,kp,owk fkrl'ydAk}’ B, = [0 1}T and C, = {1 0]. If £ = [, performing a standard

computation, <fzﬁ) (1), HY? (t)> = B] X B, where &}, satisfies the Lyapunov equation
c

2

Ar X, + XA = —C;Cy. Then we get

= (k) ,\ 7 (k) B o
<h11 (). s (t)>£2  2(od? + Brlrdr — B7)

We now consider the velocity-based performance metric, i.e. the system 7' given by

(4.11b). Using the result of Corollary 4.2, the notation in (4.25) and the fact that L
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is diagonalizable, we have fzgﬁ)(s) = so that Ay and By, are the

S
82+ (kg+vare)s+Hkp+yp i’

same but C = [O 1}. If k =, solving the Lyapunov equation leads to

kB + droy

Pt + Bibedr — BE) -

CHORIECYIES

If we further assume real eigenvalues, we obtain a result similar to the one in [59,60]

for diagonalizable Laplacians.

Lemma 6.3 (Double-Integrator, Diagonalizable Laplacian with Real Eigenvalues).
Consider the double-integrator network (1.2). Suppose that L is diagonalizable and

has real etgenvalues. Then

2kq 4 va( A + A1)

Vi = vu v ; (6.4)
v
for the position-based output, i.e. system T given by (1.11a) and
k M) (K A k M) (K A
\Ilkl:Vkl<p+’7p 1) (ka +vadi) + (kp + 9pAk) (ka + 7aM) (6.5)

\Ijglenom
for the velocity-based output, i.e. system T given by (1.11h), where

W™ = (ka+ vahe) (ka4 5ah) 2Ky + 75 (A + A1) +
VoAl = N2 (kp + 1) (Ba + va)? + (K + 1) (Ba + adk)®.

Proof. The argument from the proof of Lemma 6.2 gives ¥y = vy <B§l1) (1), Bﬁ) (t)>

Lo

and <f~L§ll) (1), Bi’? (t)> = B} X B;, where X}, satisfies the Sylvester equation A} Xy, +
Lo

XAy = —C;C, [59,60]. Considering (4.11a) and (4.11h) individually and solving for

X in each case leads to respectively (6.4) and (6.5). O

The real and imaginary parts of the Laplacian eigenvalues, and the control gains
appear explicitly in the solutions for the performance metrics in Lemma 6.2 and
Lemma 6.3. However, these solutions are still given by a weighted linear combination
of W;;. In the next section, we use these closed-form solutions for specific graph

structures to investigate the effect of the degree of connectivity on performance.
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6.2 All-to-One vs. w-Nearest Neighbor Networks

In this section, we compare two different relative feedback schemes. The first one is
called an all-to-one network, which designates a ‘leader’ node that receives no relative
feedback, where the remaining nodes have access to uniformly weighted uni-directional
state measurements relative to the leader only. The second one is referred to as an
w-nearest neighbor network, which is based on uniformly weighted uni-directional state
measurements of each node relative to w succeeding nodes. We consider performance
metrics that have circulant output matrices C', which arise in many applications such as

quantifying lack of coherence in a system in terms of global or local disorder [1,43,70].

6.2.1 Imploding Star Graph: All-to-One Networks

All-to-one networks can be modeled as the imploding star graph whose edge weights

are normalized such that the out-degree of each node is —"5. The corresponding

weighted Laplacian is given by

n—11 0T 0

with total out-degree n. The Jordan decomposition gives

n 0 O

Choosing @ = 1 in (4.12), the matrices R and Q are given by

. I, . -

R=|"o and Q= 11 —1]. (6.8)
6.2.1.1 Single-Integrator Networks

The next theorem provides the solution for (2.12) for the single-integrator network

(4.1) using Lemma 6.1 and the decomposition given by (6.7) and (6.8).
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Theorem 6.1. Consider the single-integrator network (4.1). Suppose that G is an
imploding star graph with the weighted Laplacian (6.6), C' is circulant and the distur-
bance has unit covariance, i.e. E[¥g] = 1. Then the expectation of the performance

metric (2.12) for the system T given by (4.11a) is

n
E[P|=|IT|l3, =

(n -1 + Zcos < (t—1)(1— k))) (6.9)

Proof. Using the fact that F [S] = I, we have E[P] = tr(QQ W¥). (6.8) leads to

QQ" = I,_1 + 117 which gives
Z ir + D> Vi (6.10)
k=2 1=2
The matrix M in (4.26) has the eigenvectors

0, = [1 SN Gene) (6.11)

-

for | =2,...,n. Using (6.11) and the columns of R given in (6.8), the scalar products
n (4.27) are obtained as

]_ s 27
(0, 1y) = —=e 3w DE=D o, (6.12)
vn

By (6.1) and the fact that \; = "5 fori =2,...,n we have ¥, = "T;lukl, therefore

using (4.27) and (6.12) results in

ElF = ”2;21 (i zn:ﬂi + i i an ejz”w(i_l)(l_k)ui) (6.13)

Rearranging the terms in (6.13) and using Proposition 2.1 gives the result. [

We now consider a special case of circulant output matrices C', which leads to
a global measure of disorder that quantifies the aggregate state deviation from the

average through

1 —1
C=1—-11T = [ (”,n—l). (6.14)
n n
This metric will be denoted by Pjg,.
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Relationship to Previous Results

For P, the following proposition shows that the result in [36] can be reproduced as

a special case of Theorem 6.1.

Proposition 6.1. Consider the single-integrator network (1.1) and the output matrix
(6.14), i.e. the performance metric Pya,. Suppose that G is an imploding star graph with
the weighted Laplacian (6.6), and the disturbance has unit covariance, i.e. E[¥q] = I.

Then the expectation of the performance metric (2.12) for the system T given by

(1.11a) s
2 (n— 1)2
EPaa] = T3, = —5 (6.15)
Proof. The fact that p; = 1 Vi and (6.13) gives
n—1 n §2 (i
E[Pdav]:22< (n — 1) ZZ - 1(lk>
n kAL i
Since Y7, el -DER) =0 for | — k==41,...,+(n —2),
n — 1 s 27
E[Pi] = —— —1)? el 0=F) O
=g (101
=(n—1)(n—2)

6.2.1.2 Double-Integrator Networks

Using Lemma 6.3, the following theorem characterizes performance metric (2.12) for

all-to-one networks with double-integrator dynamics (4.2).

Theorem 6.2. Consider the double-integrator network (4.2). Suppose that G is an
imploding star graph with the weighted Laplacian (6.6), the output matriz C' is circulant
and the disturbance has unit covariance, i.e. E[¥q] = I. Then the expectation of the

performance metric (2.12) is

1
(1€ + W) (ka + va725)

E[P]=|T|}, = (6.16)
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for the system T given by (41.11a) and

1
E =||T _—— 6.17
1P = 171, = Pogros (6.17)
for the system T given by (4.11D), where
n n n o
L (E T ey,
k=2 i=2 k=2 1=2 i=2
Furthermore, if the output matriz is given by (6.14), then
B [Paus] = |71 = i (618)
‘“’ e 2k + ) (ke + vyt
for the system T given by (41.11a) and
9 n—1
E [Paaw] = 1T, = (6.19)

2(kq +v47"5)
for the system T given by (4.11h).

Proof. Substitution of A\, = "5 for k = 2,...,n into (6.4) and (6.5) gives Wy =

v 1
M2y e ) (ka a5y

y for the system T given by (4.11a) and Wy = Vklﬁ for
n—1

the system 7' given by (4.11b). By the argument given in the proof of Theorem 6.1,
using the expressions above and (6.10) leads to (6.16) and (6.17). The argument given
in the proof of Proposition 6.1 combined with (6.16) and (6.17) yields (6.18) and
(6.19). 0

When P,,, is considered, Proposition 6.1 and Theorem 6.2 show that the perfor-
mance metric grows unboundedly with the network size. Next we study w-nearest

neighbor networks.

6.2.2 Cyclic Digraphs: w-Nearest Neighbor Networks

The cyclic digraph defined by the weighted Laplacian (5.15) can be used to model

w-nearest neighbor networks. In order to normalize the edge weights of the digraphs
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with different number of communication hops we choose the out-degree of each node

as d =11in (5.15), which leads to
L =L%(1,w) (6.20)

so that the total out-degree in the graph is n. Since we consider circulant output
matrices C, the eigenvectors of M in (4.26) are given by (6.11). Combining this with
(5.17), the scalar products in (4.27) are obtained as

(91,rk>:{(1) :;jk:Qn (6.21)
therefore (4.27) leads to

This means that the dependence of (5.1), (5.2) and (5.3) on the output matrix C' is

only through the eigenvalues i of M.

Then performance is given by (5.1) for the single-integrator system, and by (5.2)

or (5.3) for the double-integrator system, where due to (5.16) the eigenvalues of L
satisfy

No=1— iie—ﬁ“k—ﬂ, k=1,....n. (6.23)

Next we present two examples to demonstrate the effect of the number of commu-

nication hops w on the performance of w-nearest neighbor networks and to investigate

the relationship between all-to-one and all-to-all communication structures.

6.2.3 Example: Number of Communication Hops

In the following we investigate how performance changes with respect to w. We first
show that performance does not necessarily improve by increasing w, i.e. through
communication with a larger number of nearest neighbors.

n—1

For convenience suppose that n is odd. Consider the case where w = "7~ such
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Figure 6-1. (Top) The expectation of P,,, defined by (6.14) versus the number of
communication hops w of the w-nearest neighbor networks given by (6.20) where the
network size is n = 51. (Bottom) The expectation of Py, versus the network size n for the
imploding star graph and the complete graph given by (6.6) and (6.24). The disturbance
has unit covariance, i.e. E[Xo] = I. Plots respectively illustrate the cases of: (a, f) single-
integrator (1.1) given by (4.11a), (b, g) double-integrator (4.2) given by (4.11a) (position-
based performance), k, = kq = 7, = 74 = 1, (c, h) double-integrator (4.2) given by
(4.11a) (position-based performance), k, = kg = 74 = 1,7, = 0, (d, i) double-integrator
(4.2) given by (4.11b) (velocity-based performance), k, = kg = 7, = 74 = 1, (e, j) double-
integrator (4.2) given by (4.11b) (velocity-based performance), k, = ks = 74 = 1,7, = 0.

that L = L(1, 25%). Using the definition given by (5.4)

| I, 4 L,y

L/
2

= L¥(1,n — 1), (6.24)

i.e. L' is the weighted Laplacian associated with the complete graph with uniform
edge weights ﬁ Then the associated systems T and T” have the following properties

for any performance metric satisfying Assumption 4.2:

o |73, = IIT"|j3, for the single-integrator network (4.1) defined by (4.11a) due to

Theorem 5.1,

o It is possible due to Theorem 5.2 that |T(j3, < (T3, T3, = IT"|5, or
T3, > [IT"]|3, for the position based performance of the double-integrator

network (1.2) defined by system (4.11a),

o It can only hold that || T3, = [|T"]l3, or | T3, > IIT"|/3, for the velocity based

performance of the double-integrator network (4.2) defined by system (4.11b) due
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to Theorem 5.3.

As this example suggests, using half the number of communication hops as compared
to the complete graph, i.e. the case in which w is maximal, provides identical
performance for the single integrator network (4.1). It is possible to achieve better
performance using half the number of hops compared to the complete graph in the
case of the position based metrics of the double integrator network (4.2); but this is

not the case for the velocity based metrics.

The dependence of F [Py,,] on w is illustrated in figures 6-1a - 6-le for a case in
which n = 51 and the disturbance has unit covariance, i.e. E[Xy] = I. For the single
integrator network (4.1) we observe in Figure G-la that ||T']|3, = [|7"]|3,- This is also
true for the position and velocity based performance of the double-integrator network
(4.2) if relative position feedback is absent (k, = k4 = 74 = 1 and ~, = 0) as shown
in figures 6-1c (due to Item | in Theorem 5.2) and 6-le (due to Item 3 in Theorem
5.3). Conversely, using relative position feedback (k, = kg = 7, = 74 = 1) leads to
1713, < IIT"||3,, as shown in Figure 6-1b (due to Item 3 in Theorem 5.2) for the
position based performance and to ||T|3,, > [|7"[|3, as shown in Figure 6-1d (due to
Item 2 in Theorem 5.3) for the velocity based performance. For all cases, increasing w
up to w = 25 monotonically improves performance. Compared to w = 25, choosing
25 < w < 50 degrades performance, excluding the velocity based performance with
relative position feedback (y, > 0, Figure 6-1d) which improves monotonically as w is
increased. Therefore at least for n = 51 and the cases in figures 6-1la-6-1c and 6-1le,

w = "7’1 provides the optimal performance.

The next example provides a comparison between all-to-one and all-to-all networks.

6.2.4 Example: All-to-One versus All-to-All Networks

For the special case of Py, which is determined by (6.14), (6.22) holds and we have

ur =1 for k=2 ... n. If all-to-all networks are considered, i.e. L is given by (6.24),
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(6.23) reduces to A\ = "5 for k = 2,...,n. Then Py, is given by

o (6.15) for the single-integrator network (4.1) given by (4.11a),
o (6.18) for the double-integrator network (4.2) given by (4.11a),

e (6.19) for the double-integrator network (4.2) given by (4.11b),

where we respectively used (5.1), (5.6) and (5.10). Therefore, w-nearest neighbor
networks with w = n — 1 (all-to-all) and all-to-one networks perform identically if
Pjay is considered, which is illustrated in figures 6-1f - 6-1j for up to n = 49. In
conclusion, given that the total out-degree is normalized to be n for each graph, the
same Py, is achieved by using n — 1 directed edges that follow a common leader as
that of using n(n — 1) directed edges such that each node follows every other node.
The latter feedback scheme can be interpreted as every node being a common leader
in the sense of the former feedback scheme. In other words, the all-to-all network can
be interpreted as the superposition of n all-to-one networks with edge weights scaled
by % Thus the same level of deviation from the average state (position or velocity) is
achieved by following a single common leader instead of using all-to-all communication,
provided the edge weights are sufficiently large. As n grows, the number of edges
grow linearly and each edge weight —"5 remains bounded in all-to-one networks. In
contrast, the number of edges grow quadratically and each edge weight ﬁ decays
to zero in all-to-all networks. We note for double-integrator networks (4.2) given by
(4.11a) that compared to both all-to-one and all-to-all communication, it is possible to
achieve better position-based Py, with w = ”T’l nearest neighbor interactions (odd n),

if both relative position and velocity feedback are employed and the relative position

feedback gain +, is sufficiently small (e.g. Figure 6-1b).
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6.3 Summarizing Remarks

In chapters 5 and 6, we analyzed subclasses of directed interconnection topologies
using our general framework from Chapter 4. We have demonstrated the role of
communication directionality and degree of connectivity in overall network performance
for systems defined over such topologies. Our results revealed previously undiscovered
properties of these systems.

The results presented until this point pertain to finite-size networks. In the next
chapter, we examine large-scale networks with directed interconnection topologies and
discuss performance trade-offs that emerge as a result of communication directionality

and growing network size.
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Chapter 7

Disorder in Large-scale Networks
with Uni-directional Feedback

Performance metrics evaluating network disorder have been investigated as a function
of network size and the number of spatial dimensions of feedback interconnections
(e.g. in vehicle formations). For networks of double integrators with undirected and
static feedback interconnections (undirected second order consensus networks), both
long and short range disorder can grow unboundedly with network size with only
relative measurements of both the position and velocity states [1]. Scaling of metrics
of disorder with network size has been investigated in directed first order consensus
networks controlled by static feedback [38—41,46]. as well as in directed 1-dimensional

double-integrator networks [15, 16].

Improved scaling of these metrics were demonstrated in 1-dimensional vehicle
strings with directed nearest-neighbor interactions [46]. However, as in the undirected
case, coherence cannot be achieved in these systems without absolute state measure-
ments, using directed nearest neighbor feedback [11]. When undirected second order
consensus networks are additionally equipped with dynamic feedback with undirected
interconnections, at least one type of absolute state measurement can uniformly bound
the state deviation from the average with respect to network size [413,48]. However,

the scaling properties of standard second order consensus networks with directed
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interconnections in multiple spatial dimensions remain to be investigated.

We have shown in Chapter 5 that double-integrator networks with more general
directed feedback interconnections (emitting normal weighted Laplacian matrices) can
attain improved performance. In this chapter, we take a step toward determining
whether or not a directed feedback structure can improve how performance scales
with respect to network size by considering uni-directional feedback in networks with
arbitrary but finite spatial dimension. More precisely, we compare the performance
of a network of agents with double-integrator dynamics and directed uni-directional
local state measurements defined over a multi-dimensional torus to that of the net-
work with symmetric bi-directional local state measurements studied in [1]. These
models represent, for example, spatially invariant vehicle networks where comparible
performance in systems with directed uni-directional feedback structures would be
desirable due to the reduced sensing/communication requirements. Performance of
the network is evaluated in terms of both a local metric quantifying the variance of
an agent’s position error with respect to its nearest predecessor and a global metric
describing the variance of each agent’s position deviation from the network average
(dispersion of consensus error). We compute these metrics using an Hs norm of the
system subjected to distributed stochastic disturbances for system outputs defined
to yield the desired metrics. We then extend the scaling laws in [1] to the case of

directed uni-directional feedback.

We exploit the spatial invariance of the interconnection structure to define the
feedback laws and the performance outputs in terms of circular convolution operators
based on the machinary used in [1]. After establishing the necessary and sufficient
condition for input-output stability, we provide the closed-form solution for the H,
norm of the system for general feedback laws and performance outputs. Then we focus
on the special case of directed uni-directional feedback which employs ‘look-ahead’

state measurements. For networks with absolute measurements of velocity, we provide
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a sufficient condition under which the Hs norm (performance metric) for a system
with uni-directional feedback lower bounds the Hs norm of systems with symmetric
bi-directional (‘look-ahead / look-behind’) feedback for any finite network size and
spatial dimension. This bound provides a special case of Theorem 5.2 from Chapter 5.
We then show that local and global metrics of disorder scale identically in systems
with uni-directional and symmetric bi-directional feedback if at least one type of
absolute state (position or velocity) feedback is employed. Conversely, in the absence
of absolute velocity measurements we prove that it is impossible to maintain the
input-output stability with uni-directional relative position and velocity feedback as
the network size increases for arbitrary spatial dimension, which is consistent with the
observations for 1-dimensional cyclic networks [84-87]. We note that a similar result
more recently appeared in [88]. This condition represents an important difference
between the uni-directional and the symmetric bi-directional feedback structures, as

the latter maintains the stability for arbitrarily large spatially invariant networks [1].

Our results highlight a trade-off between performance and stability in large-scale
networks with uni-directional feedback; while achieving comparable performance with
reduced communication can be favorable, it comes at the cost of degradation of
stability for certain feedback interconnection structures. Numerical examples confirm
the theoretical results regarding performance scaling with respect to network size and

the loss of stability for arbitrarily large networks without absolute velocity feedback.

The remainder of this chapter is organized as follows. Section 7.1.1 defines the
notation and provides the mathematical background used throughout. Section 7.1.2
presents the system models and Section 7.1.3 presents the feedback policies. Section
7.1.4 describes the performance metrics. Sections 7.2 provides the conditions for the
input-output stability of the system, the closed-form solution for the Hy norm as well
as a description of how performance scales with respect to network size and dimension.

Section 7.3 presents numerical examples supporting the theoretical results. Section
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7.4 concludes the chapter.

7.1 Problem Formulation

7.1.1 Preliminaries and Notation

We consider systems connected over the d-dimensional torus Z4, = Zy x - - -x Zy defined
as the d-fold cartesian product of the 1-dimensional torus Zy = {0,1,..., N —1}. An
array A is defined as the mapping A : Z% +— CP*¢ where p and ¢ are scalars and
Ay denotes each of the array elements corresponding to the spatial multi-index
k= (ki,...,kq) € Z%. We denote vector-valued arrays (¢ = 1) with a lower-case
letter. For example, the position state z(t) is an array whose elements zy(t) € R?
represent the position of the k™ system in d spatial dimensions. Addition is performed

modulo N for indices k,l € Z4%, i.e. m =k + [ with m; = (k; + I;)y for i = 1,...,d.

The multi-dimensional circular convolution of the arrays A and h yields an array

z with elements given by

2 = Z Ak—lhl' (71)

d
lezd,

We equivalently write (7.1) as z = Ah, where A denotes the circular convolution
operator associated with array A acting on array h. The multi-dimensional Discrete
Fourier Transform (DFT) of A is defined by

Ay = S Age IR (7.2)

kezd,

where (-) denotes the scalar product, n € Z4; is the wavenumber and A, is the Fourier
symbol of A. It is a well-known fact that the DFT diagonalizes a circular convolution
operator [1], so

2, = Aph, YneZ4,.
If A, is a square matrix, then the eigenvalues of the circular convolution operator

A are the union of the eigenvalues of all A,, i.c. o(A) = UnezglVU(An)a where o(+)
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denotes the spectrum of its argument.

The adjoint (conjugate transpose) of an operator (matrix) @) is denoted by @Q*.
E{-} denotes the expected value of a random variable and ||-||3, denotes the Hy norm
of a linear system. The zero and identity operators (matrices) are denoted by O
(0) and Z (1), respectively. T" denotes an array with identical non-zero elements, i.e.
T, =T, # 0 for all k, | € Z%,, and 1 denotes the array with elements 1, = I for all
k € Z4,.. The arrows " and \ repsectively denote the left and right limits to a real

number. O(-) denotes the approximation order.

7.1.2 Double-Integrator Systems over the d-Dimensional
Torus

We consider M := N? identical systems defined over Z¢, each having double-integrator

dynamics given by

Vg = Ug + Wy, (73)

Vg = Tk, VkerlV,

where 7, € R?, v, € RY, u, € R? and w;, € R? respectively denote the position,
velocity, control input and an exogenous local disturbance. The control input is of the

form

= —goTp — fouk — Y, Growi— Y, Fiuy, (7.4)

d d
USYAS leZy

where g,, f, > 0 are the feedback gains associated with the measurements of states with
respect to an absolute reference frame (absolute feedback). The circular convolutions
of the states with the feedback arrays G : Z% — R™? and F : Z% +— R?¥? define

feedback laws based on relative state measurements (relative feedback).

Combining (7.3) and (7.4) yields
=15 ) 2] &
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where A = ¢g,Z + G and B = f,Z + F. Here, G and F are the circular convolution

operators associated with the arrays G and F', respectively.

Remark 7.1. Since the feedback laws in (7.5) are determined by circulant operators,
the feedback laws are invariant to the specific location k € 7%, i.e. (7.5) describes a

spatially invariant system [1, 89].
Assumptions

The following standard assumptions [1] will be imposed on G and F throughout the

chapter. Note that for clarity of exposition we state them only in terms of G.

(A1) The feedback laws satisfy the property

Z Gk:07
kezd,

which implies that T € ker (G).

(A2) If d > 2, the feedback laws are decoupled in spatial coordinates, i.e. the
interactions in the i** spatial coordinate only depend on the state measurements in
that spatial coordinate, for ¢ = 1,...,d. This results in diagonal array elements Gy.

In addition setting the non-zero entries of GGy, to be equal leads to
Gr=agl, greR
This condition also implies that the Fourier symbol of G is a scalar matrix
G =9,1.

Therefore, by a slight abuse of notation we will refer to g,, as the Fourier symbol of G.
(A3) If (A2) holds, the diagonal entries of each array element Gy = gxI satisfy the

property

<0, otherwise.

{>0, ey = =ky=0
Ik
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For spatially invariant systems, (A1) - (A3) generalize the properties of a circulant

weighted graph Laplacian matrix to systems with arbitrary spatial dimension.

Under these assumptions, G and F can be specified to define feedback laws based
on relative state measurements. In this setting, if g, > 0 (f, > 0), then the system
is said to have absolute position (velocity) feedback. If g, = 0 (f, = 0), then we
assume the system has relative position (velocity) feedback. If no relative position

(velocity) feedback is used, then we assume g, > 0 (f, > 0).

7.1.3 Feedback Policies

We are interested in examining the effect of directed communication on the performance
of large-scale networks by comparing systems with uni-directional and symmetric
bi-directional feedback. In particular, we will investigate how the performance scales
with network size. We next define the two feedback policies and then specify the

peformance metrics of interest in the subsequent subsection.
Bi-directional Feedback

In this communication structure, each agent employs a look-ahead / look-behind
policy, in which the information flow in either direction is equally weighted. For

example, if d = 1, this feedback interconnection is attained through the control input

Uy = —GoTi — foUk — 5[%(% — Zp1) + Vg (Tk — Tp-1)

+y (k= Vgs1) + v (vk — ve—1)],

where 74,7y > 0 are control gains and the factor of % provides a normalization
of weights with respect to the uni-directional feedback described in the following

subsection. For d > 1, the array associated with the corresponding local symmetric
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bi-directional feedback operator Q is given by

d]) klz..:k’dzo
Qr=1 =1, k=41, k;=0forj#i (7.6)
0, otherwise,

such that the operators G and F in (7.5) are given by

This feedback law was studied extensively in [1,43].

Uni-directional Feedback

For directed communication, we consider uni-directional (look-ahead) feedback. For

d = 1, the associated control input is given by

U, = —GoTr, — four — Yo(Tr — Tay1) — Vp(Vk — Vpt1)-

For d > 1, the array associated with the corresponding local uni-directional feedback

operator R is given by

dl, ki=---=k;=0
0, otherwise.

In this case, the operators G and F in (7.5) are given by
G =R, F=uR. (7.9)

The following proposition about the Fourier symbols of @ and R will be used in the

subsequent results.

Proposition 7.1. The respective Fourier symbols q,, and 7, of the circular convolution

operators Q and R defined by (7.6) and (7.8) are given by
d

. Y 2
'f’n:Z(l — eﬂwm), qn:;@ — cos (]\7;?1@)) (7.10)

=1

Proof. Since Q can be decomposed as Q = RJ;R*, it holds that g,, = Re (7,,) for n € Z§.
Using the definition of the DFT given in (7.2) leads to R, = (d —>4 el Qﬁw") I. The

result is then obtained by invoking (A2), i.e. R, = 1. O
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7.1.4 Performance Metrics

We now define system outputs that allow us to quantify local and global metrics

of system disorder through the input-output s norm of a system of the form (7.5)

—

for the two feedback interconnection structures (7.7) and (7.9). These metrics were

7

detailed in [1] for systems with the feedback interconnection structure (7.7) but we

repeat their definitions here for completeness.

Since we focus on spatially invariant systems, it is convenient to define a nodal

performance metric of the form

By = lim E{yp(t)ye(t)}, (7.11)
where y,, is the performance output given by the circular convolution

yp = > Crm Yk € Z§. (7.12)
lezg,

Here, we assume that Cj satisfies assumptions (Al) and (A2). Due to (Al), the

consensus modes of (7.5) will be unobservable from the system output

y=1c O m , (7.13)

where C represents the respective circular convolution operator associated with the
operation in (7.12). We denote the input-output system defined by (7.5) and (7.13)
by H. In this chapter we limit the analysis to performance metrics based solely on the
position, which is common for coordination [1,43] and phase synchronization [19, 50]

applications.

For white noise disturbance inputs w with unit covariance, the squared H, norm

of H quantifies the steady-state variance of the output [19]

|H B, = lim B{y(t)y(1)}. (7.14)

whenever H is input-output stable. Since the performance output of each system y; is

also spatially invariant, it is sufficient to divide (7.14) by the network size to recover
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each system’s metric Py, i.e.

1
P = - IHIB,,

where we recall that M = N¢,

7.1.4.1 Local Error

This metric quantifies the steady-state variance of the deviation of each agent’s position
from that of its predecessor. For d = 1, the corresponding output for each system is
Yk = Tk — Thyt-

The system output (7.13) for d > 1 can be obtained using the right shift operator

along dimension ¢, namely D? such that
(Dix>(k1,~wki7-~7kd) = Lk, ki1, ka) s

and specifying

1
:Z: o D (yk)l = x(klz"'vki""vkd)
C= : = = Lk, kit kq)

: , (7.15)
7 — Dd t=1,...,d.

The local metric of disorder for each system at location k is then given by

P =l B{ S (010, (7.16)

i=1
7.1.4.2 Deviation from the Average
This metric quantifies the steady-state variance of the deviation of each system’s

position from the average position of all of the systems. Therefore each system’s

output gives the consensus error

1
Yk =Tk = 3r > (7.17)

d
1ezd,

In this case, the output operator C becomes
C=1 ! J (7.18)
= il )
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where J denotes the circular convolution operator associated with the array 1. The
corresponding performance metric of the form (7.11) quantifies the global degree of

disorder in the network and will be denoted by Py, for each system.

7.2 Disorder in Large-scale Uni-directional
Networks

In this section, we first provide conditions for the input-output stability of H. We
then derive the closed-form solution of its H, norm, for the case in which the directed
feedback operators A and B (satisfying (A1)-(A3)) in (7.5) and the directed output
operator C (satisfying (Al) and (A2)) in (7.13) are circular convolution operators.
These results for directed networks can be used to recover those in [1], which deal

with the special case of undirected feedback.

Then we focus on the uni-directional feedback structure described in (7.9) and
the specific performance metrics P,. and Py, defined through the outputs in (7.15)
and (7.17). We investigate these metrics under various combinations of absolute and
relative feedback and establish upper bounds on the H, norm of H as a function of
network size and spatial dimension. In particular, we provide sufficient conditions
under which the uni-directional and the symmetric bi-directional feedback provide the

same performance scaling.

Furthermore, for certain cases lacking absolute velocity feedback we show that
uni-directional local measurements cannot maintain stability with finite control gains

in any number of spatial dimensions if the network size is arbitrarily large.

7.2.1 Input-Output Stability

In this subsection, we derive conditions for the input-output stability of H. We
first provide a condition for the case of any circulant output operator C satisfying

assumptions (A1) and (A2), and then restate this condition for the specific cases of
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Ploc and Pdav-

We begin by stating a result from [9], which provides a generalization of the Routh-

Hurwitz stability criterion to a second order polynomial with complex coefficients.

Proposition 7.2 (Lemma 2, [9]). The roots of a complex-coefficient polynomial

p(s) = s? + Bs + «, where a, 3 € C, satisfy Re(s) < 0 if and only if the inequalities

Re(8) >0 and

Re (o) Re (8)* + Im (o) Im (8) Re (8) — Im (@)® > 0
simultaneously hold.

The following proposition provides the necessary and sufficient condition for the

input-output stability of H. The proof builds upon (Corollary 3, [89]).

Proposition 7.3. System H defined by (7.5) and (7.13) is input-output stable if and

only if the inequalities

Re (b,) >0 and (7.19a)
O, :=Re (@) Re (by)’ (7.19D)

+ Im (a,,) Im (b,,) Re (by) — Im (a,)* > 0

simultaneously hold for all non-zero wavenumbers n # 0, n € Z% such that ¢, # 0.

Proof. Taking the DFT of the arrays on both sides of (7.5) and (7.13), one can obtain

1] [#], [0],
B | o] ]

b= [C0 0] lv"] , nezl. (7.20)

n subsystems of the form

—
). 8)-
3 3

(R

I
|
>

Due to Assumption (A2), each subsystem can be decomposed into i identical subsys-
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tems

(§)i = [en 0] lgwn)] Ci=1,....d (7.21)

Denoting the transfer function of the realization in (7.20) by H »(s) and that of the
realization in (7.21) by hy(s) leads to

A

A Cp,

Hn:s:fzns]andfzns:A—, 7.22
(5) = hu(s) O= i (7.22)

where we used the fact that (7.21) is in controllable canonical form. Since all of the
modes associated with (7.20) are controllable, the poles of H(s) are precisely given
by the union of the poles of H,(s) for all wavenumbers n € Z% such that &, # 0, i.e.
they are determined by the observable modes. Since C}, satisfies Assumption (A1), we
can use the definition of the DFT in (7.2) to obtain
Co= > Cp=0,
kezd,

which implies that ¢o = 0 due to Assumption (A2), i.e. the output operator C has a

zero Fourier symbol at n = 0. Therefore it is sufficient to consider only n # 0.

Then disregarding the multiplicities, the poles of H(s) are precisely given by the
poles of fzn(s) for all non-zero wavenumbers n # 0, n € Z% such that ¢, # 0. Invoking
Proposition 7.2, the poles satisfy Re(s) < 0 if and only if the inequalities in (7.19)

simultaneously hold. O

The interpretation of Proposition 7.3 is as follows. Since the output operator C
satisfies (A1), the consensus modes of (7.5) associated with the wavenumber n = 0
(which are unstable in the absence of absolute feedback [10]) are unobservable from
the output. Therefore, the input-output stability of H is equivalent to the stability of
the observable modes associated with the non-zero wavenumbers. The next Lemma

specializes this result to the cases of P, and Pyg,,.
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Table 7-1. In systems with uni-directional feedback, asymptotic scalings of upper bounds
on performance metrics with respect to network size M in finite spatial dimension d.
Quantities are up to a multiplicative factor that is independent of M ,~, or v¢.

Ploc Pdav
abs. pos. & abs. vel. ) .
Jg max{vg,
(fo > V> 0) {977}
rel. pos. & abs. vel. L M d=
(2 26y > 0) 3 | 5 ) ) d=
v 1 d
M d=
abs. pos. & rel. vel. 1
(7, = 0) 1/vy o In(M) d=2
1 d>
abs. pos. & rel. vel. 4 oo 1+ oo
(v > 0)
rel. pos. & rel. vel. + 00 + 00

Lemma 7.1. Consider the output matrices (7.15) and (7.18) associated with the
performance metrics P, and Pya,. System H defined by (7.5) and (7.13) is input-
output stable if and only if the inequalities in (7.19) simultaneously hold for all

n#0,n€Zy.

Proof. We first consider P.. Using (7.15) we get @ = 3C*C [1] therefore [¢,]* = 27,,.
Then for any n such that n # 0, we observe from (7.10) that g, > 0, which implies
¢n # 0. For Py, ¢, = 1 for any n # 0 [1]. In both cases ¢, # 0 for all n # 0, so

Proposition 7.3 yields the result. O

7.2.2 Performance Scaling with Respect to Network Size

In this subsection we present the closed-form solution for the Hs norm of H. We
then derive corresponding scaling bounds for the case of uni-directional feedback, in

analogy with those reported in [1] for symmetric bi-directional feedback.

We first discuss the general setting with circulant directed feedback operators A

and B (satisfying (A1)-(A3)) and a circulant directed output operator C (satisfying
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(A1) and (A2)).

Lemma 7.2. Suppose that system H defined by (7.5) and (7.13) is input-output stable.
Then its Ho norm is given by
)
1H 13, = Z |0n|2 (7.23)

¢en#0,
n#0, nGZd

where ©,, is given by
O, = Re (an) Re (bn)” + Im (@) Im (b,) Re (b,) — Im (a,,)°.

Proof. Since the H norm of H is invariant to the change of basis that yields (7.20) [1],
it is given by

1H 3, = > I Hallz, =d 3 Nl

en#0, &n#0,
n#O,nEZ?\, n;éO,nEZ‘]iv

where we used (7.22) and the fact that unobservable modes have no contribution.

Based on the realization of &, given in (7.21), one can solve the associated Lyapunov

l 0 1 [¢11 ¢12] lan ¢12H 1A ]:[—62?:” O]
—Qy — ¢12 ¢22 (1512 ¢22 an —by, 0 0

and use the fact that |, 13, = ¢Sy . Solving the Lyapunov equation leads to

equation

;n) = e nPRe (bn) anqd summing over all of the observable modes yields the result. [

Lemma 7.2 indicates that the Hs norm depends on both the real and the imaginary
parts of the Fourier symbols of A and B. This is in contrast to the case in which the
feedback structure is undirected, where the terms with the imaginary parts do not

exist.

Remark 7.2. If the feedback operators A and B have even symmetry, i.e. if Ay = A_g
and By = B_y for all the non-zero entries of the arrays A and B, then the feedback is

undirected and Fourier symbols a, and b, are real. Then (7.23) reduces to the result
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in [1]
d &
1H =5 ¥ 2l
en#0, anbn
n;ﬁO,nEZ‘fV

(7.24)

The following lemma provides two sufficient conditions under which the Hs norm of
the system with uni-directional feedback described by (7.9) respectively lower bounds
or equals the Hs norm of the system with symmetric bi-directional feedback described
by (7.7). At least one of these conditions can be satisfied for any finite network size in
arbitrary spatial dimension given absolute measurements of at least one state variable

(position or velocity).

Lemma 7.3. Consider the system H defined by (7.5) and (7.13). Let Hg and Hg
respectively denote the systems that have the feedback laws defined by (7.7) and (7.9).
Then

1. ||Hrl3, < ||Holl3,, if the following inequality holds

ol lfo + ¢ Ed: (1 — CoS (%m))} — 7, >0, (7.25)
i=1
for all non-zero wavenumbers n # 0, n € Z%, such that ¢, # 0.
2. | Hrll3, = [1Holl3,, if 74 =0.
Proof. We first consider the stability of Hgz, which has
an, = go + YyTn and Bn = fo +Vfn.

It holds that Re(?,) = ¢, = X%, (1 — cos (%’rn,)) due to (7.10) in Proposition 7.1

and we see by inspection that g, > 0 for all n # 0,n € Z%. Recalling that

O, = (go + 'Vgan)(fo+7f€]n)2 (7.26)

+79 Im (7Aﬂ7l>2 h/f(fo + ’Yffln) - 79] )
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we observe that ©, > 0 for all n # 0,n € Z% such that ¢, # 0 in either case of
(7.25) or 7, = 0 (since absolute or relative feedback is used for each state variable).
Combining this with the fact that Re(b,) > 0 for n # 0, we observe that (7.19) is
satisfied for all n # 0,n € Z4% such that ¢, # 0, hence Hg is input-output stable
by Proposition 7.3. Setting Im (&,) = Im (b,) = 0 in (7.19) directly leads to the
input-output stability of Hg, which has real a,, and by,.

Then one can rewrite (7.23) as

d el (Fo +750)
1Hrl3, =5 > !

n;ﬁO,nEZfV
Similarly, (7.24) reduces to
d |2 l?
1Holl3, = 5 - —
He 2 &"27;0, (go + ngn)<fo + qun)
n;éO,nGZ?V

Finally the inequality in (7.25) leads to

|&n|2(fo+7f€]n) < |en|2
O, = (9o +Y980) (fo + V£G0n)’

for all n # 0,n € Z4, such that ¢, # 0. Summation over such n yields the first result.

(7.27)

If v, = 0, equality holds in (7.27) due to (7.26). This leads to the second result. [

Lemma 7.3 provides a sufficient condition under which uni-directional feedback
performs at least as well as symmetric bi-directional feedback in finite spatial dimension,
for any circulant output operator C (satisfying (A1) and (A2)). Although achieving
equal or better performance with a smaller number of relative state measurements is
counterintuitive, this is possible through well tuned gains, for example using those
that satisfy the inequality (7.25) in Lemma 7.3. However, in certain instances uni-
directional feedback cannot perform better than symmetric bi-directional feedback, e.g.
if the sign of this inequality is reversed. It must be emphasized that with appropriate
gain selection, uni-directional feedback can be preferable due to only requiring single

directional sensing.
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We next employ this result to establish upper bounds on P, and P,,,, which we
then invoke to specify how the performance scales with the network size M. The
asymptotic scalings of the performance metrics for the systems with uni-directional

feedback are summarized in Table 7-1.

Theorem 7.1. Consider the system with uni-directional feedback, namely Hp. Then,
the upper bounds on the performance metrics have the following asymptotic scalings in

finite spatial dimension d as N — oo.

1. Suppose that absolute velocity feedback is present, i.e. f, > 0. Then for v > 0 and

foz 2,

(a) Absolute Position and Absolute Velocity Feedback

(b) Relative Position and Absolute Velocity Feedback

Ploch/”Yga
M d=1
Paw ~ —d In(M) d =
711 d>3

2. Absolute (but no relative) Position (g, > 0 and v, = 0) and Relative Velocity

Feedback
Ploc ~ 1/7f7
M d=1
Pdav’\’f 111<M) d=2.
11 d>3

Here the quantities are given up to a multiplicative factor that is independent of M,
Yg OT Yf.
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Proof. Tt is shown in [1] that the upper bounds given above hold for Hg, i.e. the
system with symmetric bi-directional feedback given by (7.7). We start by proving
the first result. Recall from the proof of Lemma 7.1 that ¢, # 0 for all n # 0 in the
case of Pj,. and Pjy,,. Therefore, we invoke the first result of Lemma 7.3 for all n # 0.
By assumption f, > z—j, which implies that (7.25) is satisfied for all n # 0,n € Z%
because the sum term is positive for such n. This yields ||Hg|3, < ||[Holl3,. so the
upper bounds on P,,. and P,,, also hold for Hr. The second result follows from a
similar argument and the second result of Lemma 7.3, since ||Hg||7, = [[Holl7, if

vy = 0. O

Remark 7.3. In the absence of absolute velocity feedback, i.e. if f, = 0, satisfying
(7.25) for given v, > 0 and large wavenumbers n requires that v; — oo as N — oo.

In this case, the scaling laws of Theorem 7.1 do not necessarily hold.

As we demonstrate next for the system with uni-directional feedback, lack of
absolute velocity measurements in systems with relative position and velocity feedback
leads to instability (i.e. infinite Hs norm) in an arbitrarily large network connected

over a multi-dimensional torus.

Theorem 7.2. Consider the system with uni-directional feedback, namely Hr and the
performance metrics Py and Pyq,. Suppose that f, =0 and v, > 0, i.e. the system

either has
1. Absolute (with relative) Position and Relative Velocity Feedback, or

2. Relative Position and Relative Velocity Feedback.

In finite spatial dimension d, if g,, 74 and v¢ are finite, then there exists a finite N >0

such that for all N > N, Hy is unstable, i.e. does not have a finite Ho norm.

Proof. For absolute (with relative) position and relative velocity feedback, using (7.10)
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one can write (7.20) as
3

d 2 d
2m 2m
@n:gOVJZc( > 1 — cos N nz> —i-”yg’yfc( > 1 — cos Nm)
i=1

i=1

d 2 d
.27 2T
—i—’yg< > sin Nm) [’y]% < > 11— cos Nm) — ’yg]. (7.28)

i=1 i=1
Consider the wavenumber n = (N — 1,..., N — 1). Then %’rnz 21 as N — oo.
Therefore, if we approximate cos(-) and sin(-) around 27 using the first three terms in

the Taylor series expansion, we obtain

2
cos(2mr — )~ 1— 52 and sin(2r —§) ~ =4, > 0.

Using these expressions one can re-write O(y_1,. n_1) as

- 79’)’,2?(13
8

o d
ON-1,..N-1)~ 56_1_%%0[2(92_’_7&)54_7365252‘

2

As N — o0, § N\, 0 which leads to
Ow-1,..n-1) & —O(8%).

Thus for any finite g,, 7, and 7y, there exists a finite N > 0 such that for all N > N,
it holds that ©(y_1,. .~-1) <0, i.e. the second inequality in (7.19) is violated for
n=(N-1,...,N —1). Then by Lemma 7.1 Hg is unstable, i.e. does not have a
finite H2 norm. For relative position and velocity feedback, we have g, = 0 and the

same argument holds. O

Remark 7.4. Due to Proposition 7.3, we note that the proof of Theorem 7.2 holds
for any output of the form (7.13) such that Ev-1,..N—1) 7 0, i.e. the modes which

become unstable as the network size grows are observable from the output.

Systems with double-integrator [84] or more general linear dynamics [85-87], which
have directed relative feedback defined over the 1-dimensional torus, have been shown

to exhibit similar instability behavior. While our result provides a generalization to

118



the case of uni-directional feedback over a multi-dimensional torus, a similar result
appeared for directed bi-directional multi-neighbor interactions over the same lattice
structure [88].

Theorem 7.2 highlights the limitation of uni-directional relative feedback. If
relative position feedback is used, it is not possible to find a set of finite control gains
that stabilizes arbitrarily large networks in any finite number of spatial dimension
unless the agents have access to their absolute velocity. However, networks with
uni-directional relative feedback can not only be stabilized but also provide the same
performance scaling as that of the symmetric bi-directional feedback using at least
one type (position or velocity) of absolute state information, as stated in Theorem 7.1.
Namely, either by adding absolute velocity feedback to the cases with relative position
feedback, or by eliminating relative position feedback given that absolute position
measurements are available. While uni-directional feedback can lead to instability in
arbitrarily large networks without absolute state information, access to it in position
or velocity combined with well-tuned gains can lead to a favorable scheme, since
the same performance scaling can be achieved with reduced sensing/communication

requirements.

The next section provides numerical examples that illustrate the results in theorems

7.1 and 7.2.
7.3 Numerical Examples

In this section, we provide two numerical examples that confirm the theory presented
in the previous section. The first one shows the performance scalings in the case of
relative position and absolute velocity feedback. The second one demonstrates that
stability is lost for finite network size if uni-directional relative position feedback is

used in the absence of absolute velocity feedback.
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Figure 7-1. P, and P, as a function of the network size M for relative position and

absolute velocity feedback ( g, =0, f, =1, 7, =1 and 7 = 1). Performance scales as
the laws given in Theorem 7.1.

2- lil T T T ]
t —d =1
i —A—d =2
1l | d=3| |
- '. ——-d=5
s 1
20 :
I
Z
ORI
2t

Figure 7-2. With uni-directional relative position and velocity, but no absolute velocity
feedback (g, =1, f, =0, 7, =1 and 7y = 1), ©,, in (7.28) cannot remain positive for
n=(N—1,...,N —1) and finite N, which leads to instability due to Proposition 7.3.

In Figure 7-1, performance metrics P, and Py, are plotted as a function of the
network size M. For relative position and absolute velocity feedback with the gains
fo =1 and v, = 75 = 1, the performance scaling obeys the laws presented in Theorem
7.1. It is also observed that the uni-directional feedback provides better performance
compared to that of the symmetric bi-directional feedback, which is expected based

on the result of Lemma 7.3, i.e. since the control gains strictly satisfy the inequality

in (7.25).
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We also confirm the result of Theorem 7.2 by plotting ©,, in (7.28) for n =
(N —1,...,N —1) as a function of N with uni-directional relative feedback and no
absolute velocity information (i.e. f, = 0) in Figure 7-2. Specifically, for absolute
(with relative) position and relative velocity feedback with the gains g, = 1 and
vy = vr = 1 and spatial dimensions d = 1,...,5, ©(y_1,. n-1) cannot remain positive
as NN is increased. This leads to instability for finite N due to Proposition 7.3. As

expected, O(n_1,. n—1) goes to zero as N — oo.

7.4 Summarizing Remarks

We have studied the asymptotic scaling of local and global metrics of disorder in a large-
scale directed network defined over a multi-dimensional torus. We have considered
absolute as well as relative uni-directional state measurements. Our main results
show that absolute state information plays a critical role in the performance and the
stability of large-scale networks if the relative state measurements are uni-directional.
Additionally a well-tuned uni-directional feedback structure can provide the same
performance scaling with network size as the symmetric bi-directional feedback, with
the advantage of requiring less sensing/communication. As a direction of future work,
we will consider the performance scaling of bi-directional interactions with non-equal
weights (a directed feedback structure), which has been shown to improve the transient

behavior [90] but degrade string stability [87] in vehicle platoons.
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Chapter 8

Conclusion and Directions for
Future Work

In this chapter, we provide our concluding remarks and directions for future work.

Our results on inverter-based power systems evaluate the role of heterogeneous
inverter ratings in system performance in terms of the frequency and voltage variances
and the transient resistive power losses that result from maintaining the system
equilibrium in the face of disturbances. This system heterogeneity, which can arise
due to a non-uniform power demand from the inverters, may lead to performance

limitations (in terms of the transient resistive power losses).

We have developed a novel analysis framework in order to evaluate the perfor-
mance of directed networks. Using this framework, we have investigated the role of the
interconnection directionality and the degree of connectivity in network performance.
We have also derived the asymptotic behavior of performance metrics that quan-
tify network disorder for large-scale spatially invariant systems with uni-directional

feedback.

For the class of systems that emit normal weighted Laplacian matrices, which
include spatially invariant systems, our results demonstrate the interplay between
the interconnection directionality and control strategy that determines the network

performance. In this setting, interconnection graphs of single-integrator networks
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can be designed to be directed or undirected (symmetrized version of the directed
graph) without any change in performance. However, this is in contrast to the
performance of double-integrator networks, which can significantly degrade due to
interconnection directionality (compared to the symmetrized topology). In certain
cases, this directionality can be utilized to mitigate this degradation or exceed the
performance of the symmetrized network, depending on the type of state feedback (e.g.
absolute and/or relative measurements of position and/or velocity) used and tuning of
control gains. The trade-off between communication cost and scalability in spatially
invariant double-integrator networks, which arises due to uni-directional feedback,

also indicates the importance of judicious feedback design in directed networks.

We have also demonstrated the non-monotonic relationship between the degree of
connectivity in directed and cyclic w-nearest neighbor networks (a spatially invariant
topology) and their performance quantified in terms of the aggregate state deviation
from the network average. For a common communication cost (total weighted out-
degree of nodes is equal to the network size), increasing the number of uni-directional
edges does not necessarily improve performance. In addition, we have shown that
all-to-one (imploding star graph) and all-to-all (complete graph) networks with a
common communication cost provide identical performance for the same metric. These
results suggest that performance is determined by not only the degree of connectivity,

but also the underlying communication topology.

Prior to concluding this thesis, we discuss extensions of our results and provide

directions for future work.

8.1 Heterogeneity in Microgrids with Coupled
Frequency and Voltage

In order to understand the performance trade-offs associated with physical constraints

that lead to system heterogeneity (such as a non-uniform power sharing requirement
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among the inverters), we relaxed the common assumption of homogeneous droop
control gains. In this setting, we assumed a decoupling between frequency and voltage
dynamics (equivalently, a small resistance-to-reactance ratio of lines), which reduces
the complexity of the analysis. This leads to a ‘zeroth order’ approximation of the
computed performance metrics, which provides insights on the role of heterogeneity.
As a direction for future work, our analysis can be extended to the case of coupled
frequency and voltage dynamics. In the case of homogeneous inverter ratings, a
perturbation analysis shows the dependence of the approximation error in transient
-

resistive losses on the resistance-to-reactance ratio [51]. Similar analysis can be used

to extend our results that evaluate system heterogeneity in microgrids.

8.2 Extension of the Results on the
Performance of Directed Networks

Our closed-form solutions, which are obtained for networks defined over arbitrary
directed graphs with at least one globally reachable node, can be used to further
analyze the effect of network topological characteristics on performance. A direction for
future work is to investigate interconnection topologies that emit non-diagonalizable
weighted graph Laplacian matrices. For a class of weighted directed graphs that are
composed of a collection of paths and cycles, the algebraic structure of the adjacency
matrix such as the Jordan canonical form and its associated generalized eigenvectors
can be derived in closed-form [91]. For this class of graphs, evaluating the relationship
between network structure (characterized in terms of the number and size of Laplacian
Jordan blocks) and performance remains as an open question to be addressed using

our closed-form solutions.
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8.3 (Generalization of the Scaling Bounds from
Chapter 7

We now revisit systems with double-integrator dynamics that are interconnected over
the d-dimensional torus Z4, and discuss possible generalizations of the asymptotic
scaling of bounds on the performance metrics that are presented in Chapter 7. As
given by (7.5), relative position and velocity feedback laws are respectively defined
by the circular convolution operators G and F. The uni-directional feedback policy
which is given by (7.8) and (7.9) can be generalized to a policy that permits each
agent to have access to relative state measurements with respect to a bounded number
of neighbors. In other words, the feedback operators G and F satisfy the locality
property [43]

Gr=0 for |k|>¢q, ie{l,...,d}. (8.1)

In this setting, the feedback interconnections of both the position and the velocity

states can have directionality.

Similar to Chapter 7, we consider performance metrics that quantify network
disorder. We use the same metric Py,,, which quantifies the state deviation from the
network average and is given by the output operator (7.18), in order to capture the
global degree of disorder. However, in order to evaluate the local degree of disorder,
we can consider a class of metrics that generalizes the metric that quantifies the state
deviation of each agent with respect to its predecessor, which is given by the output
operator (7.15). Imposing the locality property in (8.1) on the output operator C
leads to a performance output that is defined by a weighted sum of states of each
agent and a bounded number of its neighbors

Y = Z Cp—12]. (82)

lezd,,
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The metric of local disorder for each agent at location k is then given by

P =l £ {3~ () 0) £3)

i=1
In addition to metrics in (7.13) which are position-based, we can also consider velocity-

based metrics
x
- . 4
y=[0 ¢ H (8.4)
We now present conjectures on how performance metrics Py, and P,. scale

asymptotically, for respective position and velocity-based outputs (7.13) and (8.4).

Conjecture 8.1. Consider the position-based performance output (7.13). Suppose
that directed feedback operators G and F satisfy the locality property in (8.1). Then as

N — o0, the upper and lower bounds on performance scale asymptotically as
1. Suppose that absolute velocity feedback is present, i.e. f, > 0.

(a) Absolute Position and Absolute Velocity Feedback

(b) Relative Position and Absolute Velocity Feedback

Pioc ~ 1,
M d=1
Pioy ~ { In(M) d=
1 d>3

2. Absolute (but no relative) Position (g, > 0 and v, = 0) and Relative Velocity

Feedback
Boc ~ 17
M d=1
Pdav i ln(M) d=
1 d>



Here the quantities are given up to a multiplicative factor that is independent of M.

We now present the conjecture on the asymptotic scaling of velocity-based perfor-

mance metrics.

Conjecture 8.2. Consider the velocity-based performance output (8.1). Suppose that
directed feedback operators G and F satisfy the locality property in (8.1). Then as

N — o0, the upper and lower bounds on performance scale asymptotically as

1. Suppose that absolute velocity feedback is present, i.e. f, > 0.

(a) Absolute Position and Absolute Velocity Feedback

(b) Relative Position and Absolute Velocity Feedback

Ploc ~ 17

Piay ~ 1.

2. Absolute (but no relative) Position (g, > 0 and v, = 0) and Relative Velocity

Feedback
Ploc ~ 17
M d=1
Pdav’\’ 111(M) d=2.
1 d>3

Here the quantities are given up to a multiplicative factor that is independent of M.

The preliminary results in conjectures 8.1 and 8.2 can be respectively summarized
in tables 8-I and 8-1I. We note that when the performance output is position-based,

the same asymptotic scaling of bounds on both local and global degrees of disorder
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in networks with uni-directional feedback, which are given in Theorem 7.1, hold
for more general directed feedback operators that satisfy the locality property in
(8.1). Comparing the position and velocity-based performance metrics shows that
their asymptotic behavior differs only in the case of global disorder P,,, and relative
position and absolute velocity feedback. This feedback strategy can uniformly bound
the asymptotic scaling of global network disorder in terms of the velocity states. We do
not consider the cases of absolute (with relative) position and relative velocity feedback
and relative position and relative velocity feedback; as directed interconnections over
toric lattices lead to instability with these feedback strategies for sufficiently large but

finite network size [38].

Table 8-1. In systems with directed feedback, asymptotic scalings of upper and lower
bounds on position-based performance metrics with respect to network size M in finite
spatial dimension d. Quantities are up to a multiplicative factor that is independent of M.

-Ploc Pdcw
abs. pos. & abs. vel. 1 1
M d=1
rel. pos. & abs. vel. 1 In(M) d=2
1 d>3
abs. pos. & rel. vel. 1 f\r{(M) Z{ii ;

Table 8-11. In systems with directed feedback, asymptotic scalings of upper and lower
bounds on velocity-based performance metrics with respect to network size M in finite
spatial dimension d. Quantities are up to a multiplicative factor that is independent of M.

-Ploc Pdcw
abs. pos. & abs. vel. 1 1
rel. pos. & abs. vel. 1 1
M d=1
?bs._lgg)s. & rel. vel. 1 (M) d=2
To = 1 d>3
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