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Abstract

We extend the results of [ES] to show that for a continuous initial map f with bounded
pointwise energy from a flat, compact, admissible polyhedron to a smooth compact
Riemannian manifold with non-positive sectional curvature, there exists a heat flow
beginning at f that converges uniformly and in energy to a harmonic map. We
show that this heat flow is in C'***# o, 5 > 0, on open sets bounded away from
the (n — 2)-skeleton, satisfies a natural balancing condition on the (n — 1)-skeleton,
and solves the harmonic map heat flow equation pointwise on the interior of top-
dimensional simplexes. We develop Gaussian-type estimates for the gradient of heat
kernel on a flat, compact, admissible polyhedron, and methods to address existence

and regularity of partial differential equations on admissible polyhedra.
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1 Introduction

1.1 Overview

We extend the results of [ES] to show that for a continuous initial map f with bounded
pointwise energy from a flat, compact, admissible polyhedron to a smooth compact
Riemannian manifold with non-positive sectional curvature, there exists a heat flow
beginning at f that converges uniformly and in W2 to a harmonic map. We show
that this heat flow is in C****8 o B > 0, on open sets bounded away from the (n —
2)-skeleton, satisfies a natural balancing condition on the (n — 1)-skeleton, and solves
the harmonic map heat flow equation pointwise on the interior of top-dimensional
simplexes. We develop Gaussian-type estimates for the gradient of heat kernel on a
flat, compact, admissible polyhedron, and methods to address existence and regularity

of partial differential equations on admissible polyhedra.

1.2 Main Results

We consider an admissible Riemannian polyhedron X (see Definition 2.2 on page 22)
and a compact smooth Riemannian manifold N with non-positive sectional curvature.

In Proposition 5.45, Corollary 5.46 and Theorem 5.47, we obtain the following.

Theorem. Let X be compact and simplez-wise flat and let 1: N — R be a smooth
isometric embedding. Let Fy: X — 1(N) C RY be in C*(X) and have bounded energy
density. There exists a strong embedded solution W to the harmonic map heat flow

problem with initial value Fy on X X [0,00) with the following properties:

i. W is continuous on X x [0,00); W € CLFM™F (X \ X (=2 % [0, 00), N), v, f > 0;

loc



1.2 Main Results

for eacht > 0, W is balanced (defined below); and W satisfies at manifold points

0
EW = T(W),

where T = trace, VAW and g is the metric tensor.

ii. As t goes to infinity, W (-,t) converges uniformly and in W2 to a harmonic

map.
1. Fy is free-homotopic to a harmonic map.

W has the balancing condition if, at any point p on an (n — 1)-face with adjoining

n-simplezes s, ...,s, and for every coordinate v in a neighborhood of W (p)

k

oW
>, 5, (P) =0,

=1

where % is the normal to the edge of s; that contains p (we presume the normals to

point towards the interior of s;).

As there are many results involving energy flow methods where one begins with
a specified map that converges under the flow to harmonic map, we refer to our
subsequent section to describe the history and relevance of these results. As far as
we are aware, this is the strongest regularity result that exists for heat flows in the
context of an admissible polyhedron as the domain and a smooth nonpositively curved
manifold as the target.

We also develop strong regularity results for the heat kernel on X and new
Gaussian-type estimates for the gradient of the heat kernel. In particular we prove the

following in Proposition 4.11 and Theorem 4.18 (on pages 62 and 67, respectively).
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1.3 Approach

Theorem. Let h(z,v,t) be the heat kernel on X, an admissible Riemannian polyhe-

dron. Fort > 0,
i. h(zo,v0,t) is C((0,00)) with respect to t for zy,vy € X.

i. For any compactly contained open set V. C X bounded away from X2,

h(zo,v,t0) € C®(V), for any zo € X.

ii. For any compactly contained open set V. C X bounded away from X2,

h(z,v0,t0) € C=(V), for any vy € X.
. h(z,v,t) is balanced in both z and v.

Additionally, assume that X is compact and simplez-wise flat and let {Z;},_, be an
orthonormal basis as in Definition 2.5. Then, for any R > 0, there exists positive

constants B,{C;} only dependent on X and R such that for all z,v € X,

.1 d(z,v)2
tijii e Bt

o7
’Dz%h(z, v, t)‘ <

where {C;} are dependent on j, X and R.

1.3 Approach

We show the existence of a flow between an admissible Riemannian polyhedron and a
compact Riemannian manifold with nonpositive sectional curvature by following the
results of [ES, PSC,St2]. In [St1,St2,St3], Sturm shows methods of defining weak
solutions to the heat flow when the domain is a Dirichlet space with conditions and
the target is R; specifically, the domain must satisfy a volume doubling property

and have a uniform lower bound for Poincaré constants on balls. In [PSC], Pivarski
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1.3 Approach

and Saloff-Coste show that an admissible Riemannian polyhedron with reasonable
geometric restrictions satisfies these conditions. Also in [St1,St2,St3], Sturm shows
the existence of a heat kernel that satisfies many of the properties expected in the
case when the domain is a region in R", and shows that this heat kernel satisfies
a parabolic Harnack inequality and hence is Holder continuous in time and space.
Other Gaussian-type estimates for the heat kernel are given. Clearly, using heat
kernels, which take values in R, will not directly solve the heat flow problem when
the target is a compact Riemannian manifold unless it is R®. By embedding the
target isometrically in Euclidean space and following the arguments of [ES], we show
that this heat kernel can be used to build a sequence of maps that converge to one
that solves the heat flow problem in the style of [ES] and converges in time to a
harmonic map. In the event that the energy density of the map under flow does not
stay bounded, we appeal to [Ma]. We adapt the results and methods of [BSCSW]
and [DM3] to obtain strong regularity results for the heat flow.

We presume that the target, N, a smooth compact Riemannian manifold with
nonpositive sectional curvature is embedded in R? for some ¢ € N. We also presume
that our initial map Fj is continuous and has continuous, bounded first order deriva-
tives on each n-simplex. The heart of the argument is the existence and properties

of a solution W: X x [0,00) = N C R? defined in each coordinate v by

W”(z,t):/Ot/Xh(z,v,t—T)G”(U,T)du(v)dT

+/Xh(z,v,t)F07(v)d/L(U)’ (1.1)



1.3 Approach

where, in local coordinates,

owe ows

ovi ow

G (v, 7) = ALy (W)

and A is the trace of the second fundamental form of the nearest-point projection

map (see Proposition 5.8) with A ; as the coefficients of A7(dW,dW); also h(z,v,1)

is the heat kernel on defined on X x X x (0,00), which we explore later.

We note that terms of W appear on both sides of equation (1.1), and it is not

obvious at all that such a W should exist that satisfies it. However, once existence is

established, we can show from the properties of the heat kernel that is a solution as

noted in our main theorem.

We break the approach into four steps.

11.

1il.

1v.

Linear case: we consider the case where the target is R and show the existence
and regularity of weak solutions and of a heat kernel that will be a fundamental

tool in the non-linear case. See Sections 3 and 4.

Short time existence: we show for a continuous initial map Fy: X — N C R¢?
in C!, there exists an € > 0 dependent on the energy density of Fj such that a
solution W exists on the time interval [0, €). We also establish a Gaussian-type

gradient estimate for the heat kernel. See Section 5.4.

Long time existence: we show that if there exists a solution on an open time
interval [0,7) it can be extended to a longer interval [0,7 + §), which give

existence of a solution in infinite time. See Section 5.6

Convergence to a harmonic map: by long time existence, we show that as
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t — oo, W must converge to a harmonic map. We show that this constitutes a

free homotopy from the initial map to the harmonic map. See Section 5.6.

Each of these steps deserves a more through explanation, which we give below,

and we reserve discussion regularity for the end of this section.

The linear case We use the results of [St2, PSC] to show that for f € L?(X) there

exists a solution u: X x [0,00) — R that weakly satisfies

0

and limy ,ou = f in L? (see Section 3.1 for definitions, and Section 4.1 for proofs).

Such solutions are given by an integral kernel A: X x X x (0,00) — R such that

u(z,t) ::/Xh(z,v,t)f(v) dv.

h is called the heat kernel (see Section 4.2 for definition and existence). The existence
of such solutions are dependent on the existence of a Dirichlet form corresponding to
energy (see Section 2.2), and on X having a volume doubling property and a lower
bound on Poincaré inequality of balls of a fixed radius (see Section 2.3). In [PSC],
Pivarski and Saloff-Coste show that an admissible polyhedron X has both properties
and that there exists a Dirichlet form that corresponds to the Korevaar-Schoen-type
energy functional (see [DM2] for an example). We develop regularity results for this
linear, homogeneous setting (see Section 3) to show that the heat kernel and weak
solutions of the heat equation are balanced and highly regular away from the (n — 2)-

skeleton of X. Our regularity approach follows from the work of [BSCSW], where a



1.3 Approach

so-called strip complex is considered.

Short time existence We now consider the non-linear case where the target is
a smooth compact manifold, N, with non-positive sectional curvature. To show the
existence of a solution to the heat flow on a small interval, we do not attempt to
solve equation (1.1) directly. Instead, we follow the approach of [ES] and show there
is always a small interval [0, €), where ¢ > 0 is dependent on the energy density of
the initial map, such that a sequence of approximating maps converge in energy to
a continuous limit. We define our sequence of approximating maps, {Wl}z(y as

follows. In each coordinate and for each [ € N, let

WO’V(z,t):/ h(z,v,t)F; (v) dv,
X

t
Wh(z,t) = / / h(z,v,t — 7)G"Y (v, 7) dv dr + W7(2,1),
0 Jx

where

a”fl,a 8”71,6 -
Ly — A7 ! ij
G (v, 1) = AL, (W") < o ) ( 507 )g .

We describe the details of the convergence and the existence of a positive € in Sec-
tion 5.4. Crucial to the convergence of these maps is a Gaussian-type estimate for
the gradient of the heat kernel. Specifically, for a fixed R > 0, there exists B,C' > 0

such that the following holds:

C 1 d(zw)?
t

IV.h(z,0, )] < ————
min {¢, R}?

where V, denotes the gradient with respect to the z-slot. This is a new result and

we give proofs in Section 4.4.



1.3 Approach

Long time existence Our approach to show that a solution as in equation (1.1)
can be extended to exist on all of [0,00) works by contradiction. We show that if
a solution exists on an open-ended interval [0,7"), then it must exist on [0,7"] which
means that by our result for short term existence, it must exist on [0, 7'+ €). To show
this convergence of a solution on a closed interval, we develop regularity results in
Section 4.5 that we can use with the Arzela-Ascoli theorem. Specifically, if W is a
solution on some interval [0,7"), then we show that for any open set A bounded away

from the (n — 2)-skeleton,

Wl € O (A x [0,T),N),

for some «, § > 0. We also show that, in finite time, the pointwise energy of the flow

must stay bounded.

Convergence to a harmonic map To show convergence to a harmonic map as t
goes to 0o, we split our consideration into two cases. In the first case, we presume
that the energy density remains bounded as ¢ — oo and, in the second case, we allow
the possibility that the supremeum of energy density goes to infinity, but the total
energy remains bounded.

In the first case, we use an approach similar to the one used to show long time
existence. However, to be able to use the Arzela-Ascoli theorem, we need to develop
Schauder-type estimates for regions bounded away from the (n — 2)-skeleton of X.

Specifically, for an open set Q2 bounded away from the (n — 2)-skeleton of X and for
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T > 0, we have for a solution W to the flow,

‘U<~7t)|cl+a(Q/T7Rq) < C,

where ' C  is compactly contained, Qr := Q x (0,7), Q% := Q' x (0,7), and C
is dependent on X, N, a, dist(99, '), [u|cogpy, [Vulco@r), |V foles). Most impor-
tantly, we show that C' is not dependent on T and that the other terms on which C'
is dependent are bounded. See Section 5.5. Our approach is based on a technique
used in [DM2]. This result along with the Arzela-Ascoli theorem allows us to show
convergence in energy to a harmonic map, which is proven in Section 5.6.

In the case that the supremum of the energy density goes to oo (but the density
is in L'(X)), we show that the flow is identical to a Gradient-of-Energy flow defined
in [Ma] and thus use results about this flow to get convergence to a harmonic map in
energy. The regularity results away from the (n — 2)-skeleton remain the same as in

the case with bounded energy density.

Regularity For regularity for linear, homogeneous elliptic- and parabolic-type equa-
tions of the form

(%—A)f:[) and Au =0,

we adopt the results of [BSCSW] nearly directly. See Section 3. Their main tool is
a hypoellipticity-type result for manifolds that is then adapted for neighborhoods on
the singular set, which are manifolds of codimension 1. Specifically, they are able to

show the following: let M be a manifold, f € L?(M) and F a distribution defined by

F

(104 vVB0) .
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1.3 Approach

where A, is the Laplacian on M and /—A), is a hypoelliptic operator. Also, let
Q2 C € both be compactly contained open sets in M. If F(¢) =0 for all ¢ € C°(Q2)

and there exists u € L*(M) such that

Flu) = /M oudM

for all ¢ € C°(M \ ), then f € C2(2). We apply this result to the setting of the
domain being an admissible complex to neighborhoods of (n — 1)-skeleton, bounded
away from the (n — 2)-skeleton. We extend this result to show that it applies in
our setting to nonhomogeneous and non-linear equations such as the harmonic map
equation and the heat flow equation. See Sections 4.5 and 3.5.

We also find it necessary to develop Schauder estimates for neighborhoods on the
(n — 1)-skeleton but away from the (n — 2)-skeleton. It is tempting to use global
Schauder estimates where a region of the (n — 1)-skeleton may be considered the
boundary. This has the disadvantage of requiring boundedness of high-order deriva-
tives of the solution on the (n — 1)-skeleton. We instead use a “folding” technique
of [DM3] to redefine the heat flow on such a neighborhood, and transform it to a
heat-type equation in a region of R", where n is the dimension of our domain. This is
achieved by taking a solution to the flow, showing it is balanced, and then construct-
ing a different solution to a differential equation on a ball in Euclidean space by taking
linear combinations of the nonlinear solution near a point on the (n — 1)-skeleton.
We can then apply standard results from [LSU] to achieve Schauder estimates that

do not require control of high order derivatives of solutions on the (n — 1)-skeleton.

We present this approach in Section 5.5.

10



1.4 History and Relevance

1.4 History and Relevance

As of the writing of this paper, there are a number of results on heat flows between
metric spaces of various smoothness. They may roughly be divided into a set of
classical results, where the domains are smooth manifolds, and more modern results
on spaces with a variety of singularities. We give a history of results and end this

section with an exposition on the relevance of our results.

Classical results The classical result is the heat flow described by Eells and Samp-
son in [ES]. The assumptions are that the domain and target are smooth, compact
Riemannian manifolds. Additionally, there are assumptions of nonpositive sectional
curvature on the target and that the domain has no boundary. In this case, given a
smooth initial map fy, they show the existence of a smooth heat flow u that satisfies
pointwise

0
au(z, t) = 1(u(z,t)),

(7 is the torsion field of the map u(-,¢)) and that converges to a harmonic map with
strong regularity properties. Given additional or weaker assumptions, a variety of
other results can be shown. This method, however, does not include the case of a
domain with boundary. In [H|, Richard Hamilton showed that flow methods can be

used in this case, too, to achieve similar results, including boundary regularity.

Modern Results Recent results aim to extend the flow-like properties of the ap-
proach of [ES] from the setting of manifolds to a setting where the domain and target
may have singularities. As in the case with the setting of [ES], the goal is to show

that flows exist in long time and that as time goes to infinity a limit exists and is har-
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1.4 History and Relevance

monic. Specifically, there are the results of [C], where the domain is an orbifold and
the target is a compact Riemannian manifold with nonpositive sectional curvature.
Also, in [CR], Chiang and Ratto consider the case where the domain is a compact
manifold with a finite number of conical singularities and the target is a compact
Riemannian manifold with nonpositive sectional curvature. In [Ma], Mayer shows
a very general result for a gradient-of-energy flow where the domain is merely an
Alexandrov space with non-positive curvature (in the sense of Alexandrov) supplied
with a lower-semicontinuous functional. The works of [AGS1,AGS2,St1, St2,St3, St4]
can be divided into two categories. In one case, flows are considered when the domain
is singular and the target is R and the other when the target is a locally compact
length space with nonpositive curvature (a subset of the cases considered by Mayer

in [Ma]). We give more details of each approach below.

Remark 1.1. We note that although we cite [AGS1, AGS2, St1, St2, St3, St4] as ex-
amples of results for flows when the domain is singular and the target is R, it is hardly
exhaustive. Rather we choose these as seminal representations of the expansive body

of literature on the matter.

The Results of Mayer Mayer’s results in [Ma] only assume that there is a complete
length space (M, d) nonpositively curved in the Alexandrov sense and that there is a
lower semicontinous, convex functional F': (M, d) — R U oo. From this it is possible
to define a flow on (M, d) such that, given an an element u € L with F'(u) < oo, there
is a flow {us},., C M that satisfies some global properties similar to those satisfied
by a map between two compact, smooth manifolds where the target as nonnegative

sectional curvature. This is the Gradient-of-Energy Flow, which we review in more

12



1.4 History and Relevance

detail in Section 5.3. As part of this program, Mayer defines a so-called norm of the

gradient vector. We summarize the results as follows.

Definition. Let (M, d) be a complete, nonpositively curved length space and let
F: M — RUoo be a lower semi-continuous, convex functional. We define the norm

of the gradient vector at f; as

B R - E() }
IV-Fl(fo) '_max{flf?oi‘é% i)

Theorem. For a complete NPC space (M,d) and a lower semi-continuous, convex

functional F: M — R U oo, there exists a map
(')t: M X RZO —>M

that has the following properties:

i. For feM,fo=f

d s Js
i, tim 22U fo) \V_F|(f.), for all t
s—0 S
d
0. supM = |V_F|(f), for all t
>0 S

w. —LF(f,) =|V_F[*(f), for almost all t >0
v. t— |V_F|(f;) is right continuous

vi. t — F(f;) is convex and uniformly Lipschitz continuous on [to,t1] for all 0 <

to <t < o0
vit. |V_F|(ft) is monotonically non-increasing in t and tlim \V_F|=0.
— 00
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1.4 History and Relevance

Following a lemma in the work of Korevaar and Schoen (see [KS]), we note that if
the domain, X, is an admissible simplicial n-complex and Y is a complete length space
nonpositively curved in the sense of Alexandrov, the space of L? maps between X and
Y is itself a complete length space nonpositively curved in the sense of Alexandrov,
and the Korevaar-Schoen energy is indeed a convex, lower semicontinuous functional
on L*(X,Y). Hence, there is a flow between X and Y.

One way of demystifying Mayer’s definition of the norm of the gradient vec-
tor is to apply it to the case when (X,¢g) and (Y,h) are compact, smooth mani-
folds and Y additionally has nonnegative sectional curvature. Let f € C*(X,Y)
and let the metric on C?(X,Y’) be the L? distance. Also, let the torsion of f be
7(f) := trace,Vdf € I'(f~'(TY)) and let E be the Dirichlet energy, a convex, lower

semicontinuous functional on C?(X,Y’). We can compute

Vel = ([ |T(f)|2ng)% |

Although this is the most general result for heat-type flows between metric spaces,
it gives almost no information about local phenomena, such as smoothness or whether
or not it satisfies some weak definition of a parabolic equation. It may be possible
to obtain such local results when M is a particular space of maps between smoother
geometric spaces, but it is not obvious.

We do, however, prove that for an initial C' map the Gradient-of-Energy flow
defined by Mayer agrees with the harmonic map heat flow that we define in this paper.
This is a new result and, as far as the author is aware, the first example showing that
another flow coincides with Mayer’s Gradient-of-Energy flow. This allows us to obtain

certain results for free, mostly revolving around the behavior of energy under the flow,

14



1.4 History and Relevance

and convergence as time goes to infinity. We show the equivalence in Section 5.3.
It is worth noting that using the idea of “nonlinear” Dirichlet forms, Jost obtained

similar results in [J1].

Results of Sturm when the Target is NPC Sturm’s work in [St4] on flows
between a domain, possibly with boundary, that admits a Markov semigroup (on the
set of functions on the domain, not on the set of maps between the domain and
target) and a target that admits a barycenter contraction (defined as a contracting
map that maps each measure on the space to a single point, the barycenter with
respect to the measure). The Markov semigroup on domain is additionally required
to satisfy a contraction property in terms of the Wasserstien distance, d" (see [St4]),

given as follows:

dV (h(z,-,t), h(v,-, 1)) < e“d(z,v)

where C' is bounded, and h is the heat kernel. This condition replaces the assumption
in the smooth case of Ricci curvature bounded below. It is uncertain whether or not
the domain may be an admissible simplicial n-complex, as it is generally not even an
Alexandrov space with curvature bounded below in the sense of Alexandrov. However,
as Sturm notes in [St4], a complete, nonpositively curved Alexandrov space always
admits a barycenter contraction. In this setting, Sturm proves that a limit map exist
(i.e. a harmonic map), and this map is Lipschitz continuous in the interior and Holder

continuous on the boundary.

Results of Chiang and Ratto The methods of Mayer and Sturm (see [Ma] and
[St4]) provide weak regularity results for their respective flows because their assump-

tions do not restrict them to spaces with large, open sets of manifold points. We turn
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1.4 History and Relevance

to the results of [C] and [CR], where their results are more “local” in nature.

In [C] and [CR], the authors achieve results similar to [ES]. In the assumptions of
[C], the domain, X, is a compact orbifold. In the assumptions of [CR], the domain,
X, is a compact metric space containing a finite set of points {pj}fil such that
X\ {pj}i]\;l is an open, smooth manifold, and {pj}ﬁil are conical singularities. In both
[C] and [CR], the target Y is a compact, smooth manifold with nonpositive sectional
curvature, and is considered embedded in some higher dimensional Euclidean space.
They show the existence of a heat flow similar to Eells and Sampson with many of
the same properties. Specifically, they show via heat flow the existence of a harmonic

representative in every homotopy class. Also, they show strong regularity for the flow

and for harmonic maps in these settings.

X is a metric measure space with singularities the target is R There are
many results for singular domains in this case. They are distinguished by the type
of domain. When the domain is a Dirichlet space, we primarily have the results by
Sturm (see [St2]). In [St1,St2,St3], Sturm shows methods of defining weak solutions
to the heat flow when the domain is a Dirichlet space and satisfies a volume doubling
property and have a uniform lower bound for Poincaré constants on balls. When
the domain is a metric measure space, often considered with a lower bound on the
Alexandrov curvature or a lower bound on a metric definition of Ricci curvature, there
are results by Ambrosio, Gigli, and Savaré (see [AGS1] and [AGS2]). In all cases, a
gradient flow is defined and its properties expounded. In [AGS1] and [AGS2], the

results are presented with attention to applications in probability spaces.
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1.4 History and Relevance

The Results of Pivarski and Saloff-Coste In [PSC], Pivarski and Saloff-Coste
use the results of Sturm [St2] to show the existence of a heat semigroup on a suit-
able space of functions on an admissible n-complex and a corresponding heat kernel.
Specifically, in [St2], Sturm shows that a suitable Dirichlet space has a semigroup on
a suitable space of functions that satisfies a weak parabolic equation. The Dirichlet
space must have a uniform lower bound for the Poincaré constants on geodesic balls
of fixed radius and must also satisfy a volume doubling property. Pivarski and Saloff-
Coste show that an admissible n-complex satisfies both of these conditions and hence
Sturm’s results apply. They continue to show properties of the heat semigroup and
the heat kernel.

Many of the results of [PSC]| are dependent on a paper by Bendikov, Saloff-Coste,
Salvatori, and Woess (see [BSCSW]) in which they consider “strip complexes” which,
roughly speaking, is an analogue of a polyhedra in which all singularities are manifolds

of codimenion 1. Concepts that are briefly covered in [PSC] receive a deeper treatment

in [BSCSW].

The Results of Brin and Kifer In [BK], Brin and Kifer focus on Brownian motion
on admissible 2-complexes, and show that a heat semigroup can be built out of the
probability transition functions and densities (roughly speaking, the probability that
a particle starting at a particular point in the domain and then moving randomly
is in a specified set at a positive time). They show the existence of a kernel and a
pointwise definition of Laplacian that is valid on all points that are not vertices. They
show strong regularity properties for the kernel, and that the heat semigroup has a

Laplacian-type operator as its infinitesimal generator.
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1.4 History and Relevance

Metric Spaces and Geometric Group Theory Our work in this paper is de-
signed with applications to Geometric Group Theory in mind. We present a fact
and an example of the place of heat flows and harmonic maps in Geometric Group

Theory.

Theorem. Let G be a finitely presented group. Then there exists an admissible 2-

complex X such that m (X, z9) = G.

Hence, let G be a finitely presented group and let Y be a metric measure space
with isometry group Isom(Y'). Let H C Isom(Y) be a subgroup, and let p: G — H
be a group homomorphism. Let X be the covering space of the admissible 2-complex
X with 7o(X,z0) = G. A map f: X — Y is called p-equivariant if for all x € X and
all g € G,

flg-x) = plg)- f(z),

where G acts on X by deck transformations. If the set of p-equivariant maps can
be proven to be non-empty, it is possible to extract information about p from the
set of p-equivariant maps (or visa versa). When the domain and target are smooth
compact manifolds and the target additionally has non-positive sectional curvature,
it is known that every continuous map is homotopic to a harmonic map. Hence, to
explore the behavior of p, it is often useful to examine the properties of the harmonic
p-equivariant maps. Although we have presented a simple example of the approach
here, it gives a sense of the approach of many papers in the field and we cite in
particular [DM1,DM2,DM3,GS,IN, W1, W2].

The difficultly of using the flow methods described above when the domain X

is an admissible 2-complex is that simplicial complexes generally are not Alexandrov
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1.4 History and Relevance

spaces with curvature bounded below. This is only possible when X is also a topolog-
ical manifold, which presents a grave restriction on X. Specifically, this topological
restriction restricts the fundamental groups that X can have. Many of the methods
described above require that the domains have their Alexandrov curvature bounded
from below or that they have some variant of a metric definition of Ricci curvature
bounded below. We wish to be able to define a flow when X is an arbitrary admis-
sible n-complex. This leaves only a few of the cited the methods as possibilities for
the extension of the results of [ES]. Indeed, our approach is essentially to extend the
results of [St2]. However, to be able to apply these methods, we must show that an
admissible complex is a Dirichlet space that satisfies a volume doubling condition and
that, for a fixed radius, has a lower bound on Poincaré constants on balls. This is
exactly what is shown in [PSC]. [BK] gives a similar result in the 2-dimensional case.
However, in both cases, the target considered is R. There is not much richness to the

isometry group of R, so we desire to have a target with more complexity.

Our results in context As noted above, we wish to be able to obtain results
about the heat flow when the domain is a compact admissible complex and the target
is a smooth compact manifold with non-positive sectional curvature. Also as noted
above, we are largely motivated by applications to Geometric Group Theory. To that
end, we avoid using methods that restrict the domain excessively. Hence, we avoid
[AGS1,AGS2,St4] as they make assumptions about various types of curvature being
bounded below, which excludes most admissible complexes, as we have described
before. We also do not rely entirely on the methods of [Mal, as it provides no local
information about the flow, and hence very weak regularity results; however, it does

provide convergence results we shall find useful, and so we show that the Gradient-
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of-Energy flow of Mayer is equivalent to our heat flow given a suitable initial map.
The closest in nature to our results involving flow methods from from [C] and [CR],
as they consider domains with large, open sets of manifold point and targets that are
smooth Riemannian manifolds with non-positive sectional curvature. Their methods
generally follow the approach of [ES], but to obtain information on heat kernels, they
use spectral methods that do not appear applicable to the case we consider here. We
instead use the results of [St2] and [PSC] to develop methods that give existence of
a heat kernel.

A focus of our work involves finding regularity of solutions to Partial Differential
Equations on an admissible complex. These do not follow from any of the results
of any work cited in the preceding paragraph, but rather come from the work of
[BSCSW]. As far as we know, their technique to obtain regularity is novel, and our
contribution here is to show that it can be used on other spaces with singularities
that are manifolds of codimension 1, such as an admissible complex, and that they
can be extend to hold for non-linear and non-homogeneous equations such as the heat
flow into a manifold. Our other main regularity result appears to be entirely new.
We provide Schauder estimates (of elliptic and parabolic type) on neighborhoods
intersecting the (n — 1)-skeleton of the domain (but away from the (n — 2)-skeleton)
that do not involve bounds on higher order derivatives on the (n — 1)-skeleton. Our

approach has been motivated by a construction in [DM3].
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2 Preliminaries

2.1 Riemannian Polyhedra

Fundamentally, we define a simplicial complex as a topological space.
Definition 2.1. We define the following:

i. A set of points s C R"™! is an n-simpler if there exist n+1 points, {zo, ..., Z,},

in general position such that s is equal to the closed convex hull of {xy, ..., z,}.
ii. sis a face of simplex ¢ if s is a k-simplex and s C ¢.

iii. X is a simplicial complex if it contains a set of simplexes with the following

relations:

(a) If t € X and s is a face of ¢, then ¢t € X.

(b) If s,t € X then sNt € s,t.
iv. X!¥ denotes the set of all k-simplexes of X.

v. X®) denotes the k-skeleton, which is defined as the union of all closed k-

simplexes contained in X (i.e. X = U, 3)

vi. If X is a simplicial complex, it is an n-complex if every simplex is contained in

an n-simplex.

There are additional properties that can be imposed on a simplicial complex so
that we may have enough structure to introduce a meaningful sense of harmonic maps

and other considerations for later.
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2.1 Riemannian Polyhedra

Definition 2.2. Let X be a simplicial complex.

1.

ii.

1il.

1v.

An n-complex is dimensionally homogeneous if every simplex s € X is contained

in an n-simplex.

The (closed) star of s € X, denoted St(s), is the union of all simplexes that
contain s. The open star of s € X, denoted st(s), is the union of the interiors

of all simplexes that contain s.

The link of s € X, denoted Lk(s), is the set of simplexes that are in St(s) but

not in st(s).

If X is a dimensionally homogeneous n-complex, X is locally (n — 1)-chainable

(n=2) "any two n-simplexes sg, s; € St(p) can be chained: there

if for every p € X
exists a finite sequence of n-simplexes {Ai}fil C St(p) such that A; = sy and

Ag = sy and | A; \ {p} is simply connected.

X is an admissible n-complex if X is a simplicial complex that dimensionally

homogeneous of dimension n and is (n — 1)-chainable.

It will additionally be useful to put a metric on a simplicial complex so that we

may define a length space that, in the interior of each simplex, resembles a manifold.

Definition 2.3. Let X be an admissible n-complex.

1.

il.

X is a Riemannian polyhedron if there exist a metric g such that for an open

k-simplex s, 1 < k < n, g|s is a Riemannian metric in the sense of a manifold.
X is a smooth Riemannian polyhedron if

(a) the metric g is smooth on the interior of each simplex;
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2.1 Riemannian Polyhedra

(b) for any two k-simplexes, s, s; with a common (k—1)-face, F', g|r is induced

by the limits of g|s,, gls;;

(c) the sectional curvature is bounded uniformly on the interior of every n-

simplex.

It is obvious how to define coordinates on sufficiently small neighborhoods com-
pactly contained in a single n-simplex, but it will often be useful to be able to define
coordinates in a compactly neighborhood of an (n — 1)-simplex, which we shall call

edge coordinates.

Definition 2.4. Let X be a Riemannian polyhedron, and let p € X1\ X2,
Pick an open neighborhood V' such that V N X®=2 = (). Let {Sj}}]:1 denote all of
the n-simplexes containing p, and let E be their common face (i.e. E = ﬂjzls_j).
We define edge coordinates about p € V so that p = (0,...,0) and for ¢ € E,
q = (z4,22,...,2"71,0). The n'" coordinate denotes the direction normal to E. If
we wish to refer to a point in V' in a specific n-simplex, s;, we may denote the n'"

coordinate, 7.

To make clear what is meant by k'’-order derivatives on functions in the case of

a Riemannian polyhedron, we provide the following.

Definition 2.5. Let X be an admissible smooth Riemannian polyhedron of dimension

2 or greater. We define the following.

i. Z is a vector field on X if it is a vector field when restricted to any n-simplex,

considered here as a Riemannian manifold.

ii. Additionally, let X be simplex-wise flat, {Z;}}_| is an orthonormal basis if its
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2.1 Riemannian Polyhedra

restriction to any nm-simplex induces orthonormal coordinates (note that they

will not necessarily match on X)),

iii. For k € N, define

I* = {(al,...,an) EN”]Zai:k},
i=1

and for a set of vector fields Z = {Z;}, define

[N

|DZf(2)| = Yo @) (Z) )

In the event k = 1, we write simply

1
2

D2f(2)] = (Z IZif(2)|2>

Definition 2.6. Let X be an admissible smooth Riemannian polyhedron of dimension

n. Let A C X, we define the following spaces of functions.

i. Let S*(A) denote the set of functions defined on A C X that, when restricted to
A\ X@™ 1 are bounded and continuous with bounded and continuous deriva-

tives up to order k.

ii. Let C*(A) denote the subset of S¥(A) in which each function is continuous and

bounded on A.

iii. Let BCy(A) denote the set of f € C*(A) such that for p € AN (X7"1D\ X2,
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2.2 Dirichlet Spaces & Energy

and with edge coordinates about p,

Where a% are the (inward pointing) normals of the edge of each n-simplex, s;,

containing p. This is the so-called balancing condition.

iv. Let CF

loc

(A) be the set of functions such that, if f € CF

loc

(A), then for each

compactly contained A’ C A and each n-simplex, S, f|p.s € C*(A'NS).

We note that we may let £ = 0o to denote that derivatives of all orders exist, according
to the context. We will also append the subscript ¢ to denote compactly supported
functions, e.g. C¥(X) denotes the subset of functions of C*(A) that are compactly
supported.

For a subset A C X, and interval I C R, we also define analogous spaces on A x [.
Indeed, let C*!(A x I) denote the set of functions on such that if f € C*!(Ax I), then
for each to € I, f(-,t9) € C*(A) and (2)™ f is continuous on A x I for 1 <m < I

We similarly extend these definitions to apply to ot

loc

(Ax1I).

2.2 Dirichlet Spaces & Energy

Our approach to defining a heat flow from an admissible complex to a nonpositively
curved smooth manifold begins by building on the work of [St2], where Sturm provides
a setting in which a Laplacian can be defined on spaces more general than manifolds.

We begin with the basic definitions.

Definition 2.7. Let X be a separable, measureable space with measure . We define

the following;:
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2.2 Dirichlet Spaces & Energy

e For p € [1,00), let LP(X) := {measurable f | [, |f|F du < co}
e For p = o0, let L®(X) := {measurable f | esssupy |f| < oo}

e If X is an admissible polyhedron with simplex-wise metric tensor g, then the

induced measure for an open set A is

Hg = Z :ug\s(AmS)a

SeXxln]

where fig; is the induced measure on the Riemannian manifold A NS with

metric g|s.

Definition 2.8 (See [EF, Chapter 2]). Let X be a separable, measurable, locally
compact space. A Dirichlet form E on X with domain Dom(E) C L*(X) is a sym-

metric bilinear map E: Dom(FE) x Dom(E) — R which is nonnegative definite. For

f € Dom(FE), let E(f) := E(f, f). We assume that
i. Dom(FE) is dense in L*(X).

ii. Dom(FE) is complete in the inner product

<fag>D0m(E) = <fug>L2(X)+E(f7g)7 fag S DOIIl(E)

and is hence a Hilbert space.

iii. For any normal contraction 7" and f € Dom(FE),

E(To f) < E(f),
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2.2 Dirichlet Spaces & Energy

where a normal contraction of R is a map 7: R — R such that 7'(0) = 0 and

|T(s) —T(t)| <|s—t| for all s,t €R.

X is a Dirichlet space if there exists a Dirichlet form defined on X. Additionally, for
f,9 € Dom(E) we say that E is strongly local if E(f,g) = 0 whenever f is constant

in some neighborhood of the support of g (or, by symmetry, vice versa).

For our purposes, we wish to define a strongly local Dirichlet form as in [PSC,
Definition 1.12], such that for f € W1?(X) (defined formally below), E(f, f) coincides
with the Korevaar-Schoen-type energy (see [EF, Chapter 9; DM2; KS]) up to a fixed
dimensional constant. We show there are equivalent ways of defining the domain of

this form. We follow the approach of [PSC].

Definition 2.9. Let X be an admissible Riemannian polyhedron of dimension n with

metric g and volume measure p,. For two Lipshitz functions f, g, define

o (f(p) — f(@) (9(p) —9(q))  2ndu(p)du(q)
Blf,9) = /X /B(p,e)\{p} dx(p,q)? w(B(p,€)) + u(B(g,€)’

where p is the measure induced by the metric g (see above), and B(p, r) is the geodesic

ball about p of radius r.
We cite without proof the following.

Lemma 2.10. [PSC, Definition 1.12] Let X be an admissible Riemannian polyhedron
with metric g and volume measure iy, and let E.(-,-) be as above. Then, as € goes
to 0, there exists a limit Dirichlet form in the sense of Dal Maso (see [PSC,DMal)
whose closure, denoted E(-,-), is a strongly local Dirichlet form on L*(X) with a dense

subset of compactly supported Lipschitz functions.
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2.2 Dirichlet Spaces & Energy

There is an alternate Dirichlet form that one may define. We shall see later that

the two forms are essentially the same.

Definition 2.11 (See [PSC, Definition 1.13, Lemma 1.14]). Let X be an admissible
Riemannian polyhedron, and let f, g : X — R be Lipschitz and compactly supported,

and let

E(f.9):= Y, [ (V] Vg)du,

sex vV ?
where X" is the set of all n-simplexes of X. Then &y(-,-) is a closable form whose
domain is the set of compactly supported Lipschitz functions on X. Let its closure

be denoted (£, Dom(E)).

Remark 2.12. The above definition makes sense as, for Lipschitz f, |V f| exists

almost everywhere.

Definition 2.13. For an admissible Riemannian polyhedron X, and £(-,-) as in

Definition 2.11, and

WhH(X) = {f € L*(X) | Vs € X", f|, € W"%(s),E(f, f) < oo, and

Tr(fls) = Tr(fly) on e =sNs’;s, 8" € XM}

where X" is the set of all n-simplexes of X and Tr: W2(s) — L?(9s) is the trace
map on s € X[

Note that we can naturally extend the definition for a domain A C X.

Proposition 2.14 (See [PSC, Lemma 1.15, Theorem 1.17]). For E, &, and X as
above,

Dom(E) = Dom(&) = Wh(X).
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2.2 Dirichlet Spaces & Energy

Also, for any f € Dom(FE),
E(f, ) =E(f, f)-

From general theory and as a consequence of the Riesz representation theorem,

we have the following:

Proposition 2.15. Let X be an admissible Riemannian polyhedron, E be a Dirichlet
form with domain Dom(E) C L*(X). There is a unique, self-adjoint, negative opera-
tor A, called the Laplacian, with domain Dom(A) C Dom(FE) defined in the following

way.

Dom(A) :={f € Dom(F) | 3C s.t. E(f,q) < C|g|r2,Yg € Dom(E).}

Remark 2.16. From here forward, we shall fix the Dirichlet, E. to be defined as
in Lemma 2.10, and for A to be the Laplacian associated to E. We note that by

Proposition 2.14, we may equivalently use the Dirichlet form from Definition 2.11.

Referring to the above theorem, we note that by the Riesz representation theorem,
this theorem implies the existence of a function v € L*(X) such that E(f,g) =
[ fvdpu. Such a function we denote v = —Ag.

Following the observation that for ¢ € C*°(Int(s)), where s is an n-simplex, Al is
the Laplace-Beltrami operator and as a consequence of Green’s identity and Propo-

sition 2.14, we have the following proposition.

Proposition 2.17 (See [PSC, Prop. 1.21]). For a function f € C*(X), and Dirichlet
form E as defined in Lemma 2.10 with associated Laplacian A, f € Dom(A) if and

only if f has the balancing condition.
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2.3 Volume Doubling & Poincaré Inequalities

2.3 Volume Doubling & Poincaré Inequalities

In the work of Sturm (see [St1,St2,St3]), the principles of volume doubling and local
Poincaré inequalities are necessary tools to be able to define heat operators with good

properties. We define them here.
Definition 2.18. A metric space X has the volume doubling property if there exists
a constant N, dependent on X such that for all balls in B(p,2r) C X,
Vol(B(p,2r)) < 2VVol(B(p,r)).
Note that this definition permits N to change if one inputs a different r, i.e. N is
not global for 0 < r < oo.

Definition 2.19. A metric space X with Dirichlet form E has a the uniform lower
bound on local Poincaré constants if there exists a constant C' dependent on X such

that for all balls in B(p,r) C X and for all u € Dom(FE),

[ wmmede<e [ vl an
B(p,r) B(p,r)

where |Vul® is the density function with respect to £ and

U, = Vol(B(p, r))l/ udj.

B(p,r)

For a smooth Riemannian manifold, if compactness is not assumed, the satisfac-
tion of the volume doubling property and the strong local Poincaré inequality are

dependent on a lower bound on the Ricci curvature.
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2.4 Other Spaces of Functions and Maps and their Energy

Of course, we now ask if an admissible Riemannian polyhedron has the volume
doubling property and the strong local Poincaré inequality. The volume doubling
property is quite easily satisfied, and we refer to [PSC] for the answer to the other

question:

Proposition 2.20. Let X be an admissible Riemannian polyhedron of dimension n

(n > 2) with the following additional properties:
i. the metric tensor on X is uniformly elliptic on each n-simplex with constant A,

1. for any k-simplex so, 0 < k < n — 1, the number of n-simplexes containing sg

1s bounded above by a constant M,
11. the distance between any two vertexes is bounded below by L,
w. the interior angles of any n-simplex is bounded below by o > 0.

For such an X, X satisfies the volume doubling property and the strong local Poincaré

imequality.

Proof. The satisfaction of the volume doubling property is immediate. For a proof
of the satisfaction of the strong local Poincaré inequality, we refer to [PSC, Corollary

2.10). O

2.4 Other Spaces of Functions and Maps and their Energy

Our ultimate consideration is flows for maps from smooth Riemannian polyhedra to
smooth Riemannian manifolds with nonpositive sectional curvature. Crucial to this

program are the balancing condition and regularity. As we will often be referring to
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2.4 Other Spaces of Functions and Maps and their Energy

the balanced maps and maps that are continuous across the faces, we formally define

them when the target is a manifold other than R.

Definition 2.21. Let X be an admissible smooth Riemannian polyhedron of dimen-
sion n, (n > 2), and N a finite dimensional smooth Riemannian manifold. Let A C X

be an open set. We define the following spaces of maps between X and N.

i. Let S*(A, N) denote the set of maps that, when restricted on the domain to
AN (X \ X (”_1)), are bounded and continuous and have bounded and continuous

derivatives of all orders less than or equal to k.

ii. Let C*(A, N) denote the subset of S¥(A, N) that is bounded and continuous on

all A C X.

iii. Let Cf,

(A, N) be the set of maps such that, if f € CF_(A, N), then for each

compactly contained A’ C A and each n-simplex, S, f|op.s € C*(A'NS, N).

For a subset A C X, and interval I C R, we also define analogous spaces on A x [.
Indeed, let C*'(Ax I, N) denote the set of functions on such that if f € C*/(AxI, N),
then for each ¢ty € I, f(-,ty) € C*(A,N) and (2)" f is continuous on A x I for

1 <m < [. We similarly extend the definition of oA

loc

(AxI,N).

Definition 2.22. Let X be an admissible smooth Riemannian polyhedron of di-
mension n, (n > 2), and N a finite dimensional smooth Riemannian manifold. Let
t: N — R? be a smooth isometric embedding. Let f: X — N be continuous with
first order derivatives continuous on the interior of the n-simplexes and up to the
faces. Let p € XU\ X2 and let V be a neighborhood of p with edge coordi-

nates. Also, Let F] = (LOf‘sj)v, 1<j<Jand 1 < v <¢q. Such map f has the
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2.4 Other Spaces of Functions and Maps and their Energy

balancing condition if for all p € X~V \ X("=2) and V as above,

J
OF7

§ L (2., 2" 0)=0

= ox

for each . For open A C X, we shall denote the subspace of C'(A, N) that has the

balancing condition on A,
BCo(A,N) :={f € C'(A,N) | f has the balancing condition} .

We also extend the definition of energy to maps between polyhedra and manifolds.

We follow the style of [EF, Chapter 9].

Definition 2.23. Let X be an admissible smooth Riemannian polyhedron of dimen-
sion n, (n > 2), and N a finite dimensional smooth Riemannian manifold. Let g
denote that simplex-wise smooth metric tensor of X and let h denote the metric ten-
sor of N. For a map f: X — N we define the energy density of f at z € X \ X1
relative to coordinates {2} near z and {f7} near f(z) to be

B a b
() = 9720 st ()

If e(f) is locally integrable, we define the (global) energy of f to be
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2.4 Other Spaces of Functions and Maps and their Energy

otherwise, we define E(f) := co. We define
W'(X,N):={f € L*(X,N) such that E(f) < oco}.

We can connect the definition of energy for maps to the Dirichlet form for functions

according to the following proposition (see [EF, Lemma 9.3] for proof).

Proposition 2.24. Let X be an admissible smooth Riemannian polyhedron of di-
mension n, (n > 2), and N a finite dimensional smooth Riemannian manifold. Let
t: N < R be a smooth isometric embedding. Let f: X — N and for each 1 < v < g,
define F7 to be the v component of F: X — +(N)(C RY), where F := 10 f. Then,
fisin WH2(X, N) if and only if F7 is in WY2(X) for each 1 < v < q.
Additionally, if f is in WY2(X, N), then the energy density is given by
q
e(f)(z) =Y (VF(2),VF(2)),
y=1

forz € X\ X1,

Corollary 2.25. Let X be an admissible smooth Riemannian polyhedron of dimension
n, (n >2), and N a finite dimensional smooth Riemannian manifold. Letv: N — RY
be a smooth isometric embedding. Let f € W12(X, N) and for each 1 < v < q, define

F7 to be the v component of F: X — 1(N)(C R?), where F := 10 f. Then,
q
E(f) =) E(F,F),
y=1

where E(-,-) is the Dirichlet form given in either Lemma 2.10 or Definition 2.11.

Proof. This is an immediate consequence of Propositions 2.24 and 2.14. O
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2.4 Other Spaces of Functions and Maps and their Energy

We have the usual properties expected from this energy functional, which we again

state from [EF].

Proposition 2.26 (Lower-semicontinuity of Energy). Let X be an admissible smooth
Riemannian polyhedron of dimension n, (n > 2), and N a finite dimensional smooth
Riemannian manifold, and let E: W12(X, N) — [0,00) be the energy functional of
Definition 2.23. Then E is lower-semicontinous in the following sense: for any se-
quence of maps {fi} € WYX, N) with uniformly bounded energy that converges in
L? to a map f,

E(f) <oo and E(f)<liminf E(f;).

Proposition 2.27 (Poincaré Inequality). Let X be an admissible smooth Riemannian
polyhedron of dimension n, (n > 2), N a finite dimensional smooth Riemannian
manifold, and let g denote the simplez-wise smooth metric tensor on X. Let e(-)
be the energy density of Definition 2.253. Then for any open, compactly contained
subset X' C X, there is a constant C > 0 dependent on X, X', N and the constant of

ellipticity on X' with respect to g such that for any B(p,r) C X'

/ dn(f(2), f)?dX () < Cr2/ e(f)dX(z), (2.1)
B(p,r)

B(p,r)

where f € N is the barycenter of f on B(p,r). The barycenter is defined as

/ dn(f(2), F)? dX () = in / dn((2), 90)? dX (2).
B(p,r) B(p,r)

YyoEN

Remark 2.28. We note that variations of this statement exist. Sharper constants

C' can be found if the radius of the ball of the expression of the left-hand side of
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Equation (2.1) is shrunk by half. We refer to [EF, Proposition 9.1 & Remark 9.6].

There is an additional precompactness result similar to the one of [KS], which we

review later in Proposition 5.21 (see page 102).

3 Partial Differential Equations on Polyhedra

Our ultimate goal is to show the existence of a heat flow between admissible smooth
Riemannian polyhedra and smooth Riemannian manifolds with nonpositive sectional
curvature. As we will eventually be embedding the manifold isometrically into some
higher dimensional Euclidean space, we of course will be curious about parabolic-type
differential equations where the target is R. Sturm has treated this subject extensively
for Dirichlet spaces with volume doubling conditions and with uniform lower bounds
for Poincaré constants on balls (see [St1,St2,St3]). Hence, we can apply this to the

case of Riemannian polyhedra.

Assumptions. Unless otherwise specified, we shall assume in this section that X is
an admissible smooth Riemannian polyhedron that satisfies the conditions of Propo-
sition 2.20 with Dirichlet form E(-,-) and Laplacian A as in Section 2.2, and energy

E(-) as in Section 2.4.

3.1 Elliptic & Parabolic Equations on Riemannian Polyhedra

We define some additional function spaces which we shall need to rigorously define

differential equations on Dirichlet spaces and to show existence of solutions.
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3.1 Elliptic & Parabolic Equations on Riemannian Polyhedra

Definition 3.1 (following [St2, Sect. 1.3(A)]). For a function u: X x Rsy — R, we

define the following norms and spaces. Let I = (a,b) C R.

1.

ii.

1ii.

1v.

For the Dirichlet form on X, E(-,-), (as defined in Lemma 2.10) with domain
Wh2(X), Wh2(X) is a Hilbert space with norm

-

I llwrecy = (BG P + 1B )
We note that Wh*(X) C L*(X) € WH*(X)*, where W'?(X)* is the dual of
Wh2(X).

C(I — L*(X)) is the set of continuous and bounded functions with respect to
t, where u € C(I — L*(X)) is of the form u: I — L*(X), t — wu(t,-) with the

(sup) norm

HuHLoo(I) i= sup (/ u(t,x)g dlu(ﬂf))
tel X

L*(I — W'%(X)) is the space of functions u: I — W1?(X) with norm

1/2
falln = ([ Ve b )

HY(I — WY2(X)*) is the space of functions of the form u: I — W1H2(X)* with
distributional time derivative 2u € L*(I — W"(X)*), where W'2(X)* is the
dual to the space W?(X) with the usual L? inner product. This space has

norm
1/2
[l rry == (/IHu(tf)H%/Vl«?(X)* + Gl e dt) -
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3.1 Elliptic & Parabolic Equations on Riemannian Polyhedra

v. F(I x X):=L*(I - W"(X))n H'(I - W"*(X)*) with norm

1/2
[ull 7y = (/]HU(tw)Ilivm(X)Jr g lt, o dt> :

It can be shown that

F(IxX)cC(— L*(X)).

Now that we have defined the function spaces, we have a sense of what a solution
to a parabolic equation might be. Specifically, we have the following. We provide

existence proofs later.
Definition 3.2 (See [St2, Section 1.4(C)]). Let I = (a,b) C R.

i. A function u is a weak solution of the parabolic equation

2u = Au,

ot

on I x X, where [ is an interval, if and only if u € F(I x X) and u satisfies

/IE(U,QS) dt+/j<%u, B) 1) At =0,
for all p € F(I x X). uis a weak subsolution (super-) if
[ B+ [(Gu.6) s < 20
for all p € F(I x X).
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3.1 Elliptic & Parabolic Equations on Riemannian Polyhedra

ii. Let f € L*(X). u is a weak solution to the initial value problem

2u:Au on I x X
ot

u, = f onX

if and only if u is a solution as above, and lim,_,,+ u = f in L?(X).

The weak solution being in F (I x X) as defined above seems to be a bit cryptic. We
give another equivalent condition for u being a weak solution later in Proposition 4.3.

We are also interested in non-homogeneous parabolic-type equations.
Definition 3.3. Let [ = (a,b) C R, and f € L? ((a,b) — W2(X)).

i. A function u is a weak solution of the non-homogeneous parabolic equation

0
(i=8) =7

on I x X, where [ is an interval, if and only if u € F(I x X) and u satisfies

/IE(u, ) dt+/l<%u7¢>mx> dt:/l<fa O raxy dt,

for all ¢ € F(I x X).
ii. Let f € L?((a,b) — W'2(X)) such that lim;_,, f(2,t) = g(z), g € L*(X). u is

a weak solution to the initial value problem

(5 -8 ue.0) = Jt) on (2100 € X x )

u(z,a) =g(z) on X
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3.1 Elliptic & Parabolic Equations on Riemannian Polyhedra

if and only if v is a solution as above, and lim,_,,+ u = g in L*(X).

As time will no longer be a concern, it is far easier to define solutions, weak and

otherwise, to elliptic-type equations.
Definition 3.4. Let f € L*(X).

i. u is a weak solution to the non-homogeneous elliptic-type equation
Au=f
if u € W12(X) and for all ¢ € WH?(X),
[ Br.0)+ fodu—o0,
b's
ii. uis a (strong) solution to the non-homogeneous elliptic-type equation
Au=f
if u e C2 (X \ X" V) and is balanced and continuous on X, and

Agu(z) = f(z) on X\ XD,

where A, is the Laplace-Beltrami operator with respect to the metric tensor g.

We treat existence of these equations (elliptic-/parabolic-type and homogeneous

/non-homogeneous) in Section 4.
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3.2 The Parabolic Harnack Inequality

3.2 The Parabolic Harnack Inequality

As in the case of parabolic equations defined on bounded open regions in Euclidean
space, we can show the existence of a parabolic Harnack inequality for weak solutions
which can be used to retrieve many of the properties of solutions. Certainly, it may

be used to show Holder continuity of solutions.

Definition 3.5 (See [St3, Property I1]). A non-negative weak solution, u, of %u = Au
on Q = (t — 472, t) x B(p,2r) satisfies the parabolic Harnack inequality if there exists

a constant C' dependent on X such that for all balls B(p,2r) C X and all t € R,

sup u(s,y) < C- inf wu(s,y),
S (5,9) o (5,9)

where Q™ = (t — 3r?,t — 2r?) x B(p,r) and Q~ = (t —r%,t) x B(p, 7).

Proposition 3.6 (See [St3, Theorem 3.5]). For a Dirichlet space X, the volume
doubling property and the strong local Poincaré inequality hold if and only if the

parabolic Harnack inequality holds true for weak solutions to (% —A)u=0onRxX.

Proposition 3.7 (See [PSC, Cor. 3.4], also [St3, Prop. 3.1]). Let X be as in the
assumptions of this section. For all R > 0, there exists C, dependent on X and R,

and « € (0,1) such that for allp € X and T € R and 0 <r < R,

|s—t|%+|y—z|%>

r

u(s, ) —u(t, y)| < Csup|ul (
Q

where u is a weak solution of Su = Au on Q = (t—4r,t)x B(p,2r), s,t € (T—r*,T)

and y,z € B(p,r).
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3.3 Maximum Principles

3.3 Maximum Principles

Again, as in the case of parabolic differential equations defined on bounded open
regions in Euclidean space, we can show the existence of a version of the maximum

principle for balanced solutions on suitable polyhedra.

Lemma 3.8. Let f € C/(X x [0, 7)) and let f be balanced. If for allp € X \ X1

loc

and t € [0,7),
(% - A) fa) <0,
then
e flat) = mex, f0).

u(x =2 x[0,7])

Proof. We note that we do not have a Laplacian defined pointwise on X"V, How-

ever, we can use the balancing condition to retrieve the result by the method described

in at the beginning of [BSCSW, Section 7(B)]. O

We note that once we have knowledge about the deeper properties of parabolic-
type equations, we will have other results similar to maximum principles, notably

Proposition 4.4 and Proposition 5.31.

3.4 Higher Regularity of Solutions to Parabolic Equations

Definition 3.9. Let k£ € N be fixed and let T' > 0 be fixed, too. Let A C X be open.

For the parabolic equation
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3.4 Higher Regularity of Solutions to Parabolic Equations

a weak solution u: A x (0,7) — R is time regular to order k on X x (0,T) if u is a
weak solution to the parabolic equation above as given in Definition 3.2 (see page 38)

and for all integers 0 < m < k, (%)m u is also a weak solution on A x (0,7).

Our main result on the regularity of solutions to parabolic-type equations as above
follows. We start here as it is the most difficult case and the elliptic case and non-

homogeneous cases are modifications or simplifications of this argument.

Proposition 3.10. Let (0,T) C (0,00) and let A C X be open such that d(A, X"=2) >
0. If u is a weak solution to (% —A)u=0 on (0,T) x A and is time regular to order

k then u satisfies the following:

. For each m, 0 < m <k, (g)mu is continuous on (0,T) x A. Specifically, for

t
fized 0 <t < T, (%)mu(-,t) € Ck=m+e(A), where 0 < o < 1.

1. For any open n-simplex S with metric g,

0
(E_Ag) U’SZO

on (0,T) x AN S pointwise, where A, is the Laplace-Beltrami operator on S.

Also, for any 0 <t < T, uls(-,t) € C*(ANS).

111. For each m, 0 < m < k, (%)mu is balanced on AN XM=Y If m = k, then

(%)mu 15 weakly balanced.

We require some lemmas to prove this proposition, and the proof of this proposi-

tion (see proof on page 50) follows these lemmas.
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3.4 Higher Regularity of Solutions to Parabolic Equations

Lemma 3.11. Let F be an (n—1)-face and let U C F be a compactly contained open

subset. Consider the sets

Qy:=(0,L) xU C (0,00) x F,
and

Qo :={0} x U.

Also let hy € C*2(Q,) and hy € C*(U), where k is a nonnegative integer and

a € (0,1). Let f be in C=(Q,) N C**(Qy) and let it satisfy

((8%)2 + AF) F=h onQ,

of
=h Q
6m” 2 0N i,
where a%n 15 the inward direction normal to Q. If the above holds then, for any set

., = (0,L")xU" where L' < L and U" C U is an open and compactly contained, then

f s in CFHIFa(Q).

Proof. This is the proof of [BSCSW, Proposition 5.15]. We begin by showing that

this is equivalent to proving the same proposition where f instead solves

() +ar)f=0 oy

0
a—IJ;Zh OHQo,

(3.1)

for some h € C*+*(U), where 5% denotes the inward direction normal to (. With-
out loss of generality, we assume there exists a compactly supported function h €

C*re(R x F) such that hy = h|qo, . This is justified by extension theorems across half
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3.4 Higher Regularity of Solutions to Parabolic Equations

spaces as in [S]. So, let B C R x F' be a ball such that supp(h) C B. Note that we

may assume that B is a geodesic ball with respect to the metric on R x F' given by

0] ((8%)2 + gp) as in Proposition 3.10, where ¢ and the coordinate z™ are smoothly

extended to all of R x F'. There is a Green’s function g(z,v) on B with respect to the

operator (3%)2 + Ap. Let H(z) := [, g(z,v)h(v) dv, and note that H € C*"***(B)

and

() +2r) (f+H) =0 on,
OH|o,

on QO .
rn

(f + H) oy = ha +

oz

Since f+ H is in C***(Q) and hy + égi—n% is in C*+%(Qy), we may replace f by f+H
and examine instead equation (3.1) above. Pick L' and U’ as in the statement of the
proposition, so

Q. =(0,L")xU c(0,L) xU C (0,00) x F.

For some U” C U such that U’ C U”, there exists f; € C***({0} x F) such that

filfoyxu = flioyxur. Then let fy be a function on €ff := {0} x U” such that

fai=fi—f onQy;

then, fo = 0 on €. Given f; as above on {0} x F, let F} be a function on [0, c0) x F’

such that

((%)2+AF> Fi=0 on[0,00)x F
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3.4 Higher Regularity of Solutions to Parabolic Equations

and

F1:f1 on {O}XF

As F'is an open (n—1)-simplex with a smooth metric, F' is a manifold, as is [0, L') X F’
(which has a boundary). Also, ((32)* + Ap) is an elliptic operator with constant

coefficients, so the existence of F} is guaranteed. Hence, there is an F5 such that
f — Fl + F27

where I, satisfies ((%)2 + AF> F, = 0 on Q4 and Fy|g, = 0. By standard el-
liptic PDE theory for domains with boundary, F» must have continuous, bounded
derivatives of all orders on [0,00) x U”. Thus, if it can be proven that F is in
CFIFe(QY,), then f must be in C*1#%(2,) and the proof is complete. We concen-
trate our efforts there. We recall that F' is a smooth open manifold with Riemannian
metric g and a corresponding Laplace-Beltrami operator Ar. Thus, there exists a
fractional Laplacian, /—Ap that satisfies for u € C?(F) (\/——Ap)2 u = —Apu (we
refer to [BSCSW, Appendix A] for a tidy summary of the existence and properties of

fractional Laplacians on manifolds). We observe that on U”,

_ 9f
h= Oxn
0
=—V-Arfit+ 5 F

By rearrangment,




3.4 Higher Regularity of Solutions to Parabolic Equations

By assumptions on h and f; and F3, (h + fi+ %FQ) |Qn € CFr(U"). So, let U" C

loc

U” be an open set such that U’ C U". Then there exists f3 € C***(U") such that

Sslum = (h+ f1+ 3% F2) |y -

Extend f3, originally defined on U”, trivially to all of U” (as supp(fs) C U"), and let

fo= (1 +V=AR) 1

We note that by Appendix A in [BSCSW], (Id + \/—AF) s a well defined operator

on F, with an kernel given by

G(z,y) \/_/ / ;hF (z,v, 4u)dudt

where h% is the heat kernel on F. By f; € C*(U"), fs is also in L*(F) and
fa € CEFIT(FY N L2(F). By definition of f,, we note

loc

<1d+\/—AF) (fi—f)=0 onU".

As F'is not compact (its closure is and has a piecewise smooth boundary),

(Id+ \/_—AF> (fi—

as a function can be extended outside of U to be in L?(F'), as in U it is continuous
and compactly supported. Thus, we can apply Theorem A.4 of [BSCSW], and f; —
fi € CX

loc

(U™). Since f, € CFHT(F) i must have the same regularity and f; €

loc
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3.4 Higher Regularity of Solutions to Parabolic Equations

Crre . As U’ ¢ U™, fy is in C*14(U) and Fy must be in O+ (U"), too.

loc

As F; is has continuous, bounded derivatives of all orders, f = F| + fo must be in

CHH+e(Q))), where 0, = (0, L') x U’ C (0, L) x F, as stated in the proposition. [
Lemma 3.12. Let F be an (n — 1)-face, and let U C F be a compactly contained

open set. Consider the sets

Qy:=(0,L) xU C (0,00) x F,
and

QO = {0} x U.

Let J be a fized positive integer, and for all 1 <i,j < J, let ¢, 5j, cij € R be constants
such that §;,¢;; > 0. For all 1 <4,j < J, let w;,w; € C®(Q) and also let them

satisfy the following properties.
i. Foreveryj, 1 <j<J, w;,w; € Ck+2(Q) for some nonnegative integer k and
a € (0,1). Also, foralll1 <e,j <J,

wi|Qo = CijWj|Qyq,

and w;|q, € C*(U).
. <(%)2 + AF> w; = w; on S)y.

it. On U, for each 1 < j < J, w; weakly satisfies




3.4 Higher Regularity of Solutions to Parabolic Equations

If all of the above hold, then for all 1 < j < J, w; € C*1* ([0, L) x U) where
a e (0,1).

Proof. Define a continuous function, W, on €2, as

J
W .= Z 5jwj.
j=1

One can verify that W satisfies

(((9%)2 + AF> W =W; on €,

3.2)
ow (
= WQ on U,

ox™

where, by hypothesis,
J
W1 - Z (Sj?IJj
j=1

with ¢ := ijl §;. We note that W € C*2(Q,) and Wy € C*(U). As W satisfies
equation 3.2, we note that the conditions of Lemma 3.11 are satisfied and we may
apply it to W. Hence, for Q7 = (0,L") x U” where L"” € (0,L') and U" C U’
compactly contained, we have W € Ck“*a(Q_’jr). Since our choice of L”, U" were
arbitrary, we may say W € C*1+(Q) for any (0, ') x U’ relatively compact with
respect to the initial set U. We now must prove similar regularity for the functions

w;. We recall that

wi|Qo - Cijwj|90v
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3.4 Higher Regularity of Solutions to Parabolic Equations

and thus, given the definition of W, each w; must equal some multiple of W on 2.
Hence, as Wg, € C*1F(U), for all 1 < j < J, w;lq, € C*12(U). Now we must

obtain regularity on the interior, {2,. We note that each w; satisfies

((a%)? + AF> w; =w; on {1y

wj :CJW on U.

Hence, we may repeat the arguments of Lemma 3.11 to obtain that for a relatively

compact ', w; € C*1H(Q) for each j, 1 < j < J. ]

Proof of Proposition 3.10 (p. 43). The second part of the proposition follows from
standard results in partial differential equations as AN S is an open region isometric
to a region in some smooth manifold. The third follows easily from the first two parts
of the proposition and the observation of Proposition 2.17. Thus, we focus on the
first part which gives us regularity across the (n — 1)-faces of A C X. As the result
is local, we may assume with out loss of generality that our open region A C X is
a small neighborhood, €2, around a point p contained in an (n — 1)-face F' such that
p ¢ X2 QNX =2 = fand Q C U/, S;, where {Si}}]:l — Star™(F) is the set of all
n-simplexes whose closure contains the (n—1)-face F'. Let us pick normal coordinates
(2%,...,2") about p such that (2!,...,2""1 0) parameterizes QNF. Hence, 2" denotes
the coordinate normal to F on some closed simplex S. Define for each S; € Star™ (F),
define Q; := QN S;. Also, Let g; be the metric on S;,and let gp be the metric on F
(induced by the limit of g; for each S; on F). Hence, for each S; € Star™ (F) there

exists smooth positive functions ¢; such that

g; = ¢; ((dz")* + gr) .
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3.4 Higher Regularity of Solutions to Parabolic Equations

Hence, for a weak solution u as above one can compute that it must satisfy

Agu = ((8%)2 + Ap + <6xinln(q§7)> &%) u

in each €2; where A is the Laplace-Beltrami operator on F’ with respect to the metric

gr. Also, it must weakly satisfy

J
s
Z aZi(xl,...,x"_l,O) =0.

j=1

We introduce a change of functions. Let

(n—1)
w; =¢; * s,

Upon substitution, our above equations become

)y (oo,
J
in each €2}, and on F' N,

J

‘ g;ui (xt,..., 2" 0) =
7=1

! 1 0  «-n\ dw
=) Y5 n—1
_ ; pEEERYE <a$n¢ T ) oy (%, ...,2",0).

We can now use Lemma 3.12 and bootstrap a finite number of times to show the

regularity of each w; and hence u. Without loss of generality (as this is a local result),
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3.5 Higher Regularity of Solutions to Elliptic Equations and Non-Homogeneous
Equations

we modify our neighborhood around p, €2, so that for each n-simplex S; adjacent to
F,Q; =(0,L) x U in coordinates, where L is small enough that each €2; is contained
in S;. Also, let w; be as above and let

5 \2 4(n-1)/4
o lam) ¢ w10 2
i POSVE i Py
J

(3.4)

We note that both w; and %wj both appear on the right hand side. To apply
Lemma 3.12 repeatedly, we require some regularity on %wj. We observe that %wj

is Holder continuous as we have assumed that v is a solution that is time regular to

order k, so %u is a solution, too, and we know that it must be Holder continuous
by the parabolic Harnack inequality (see Proposition 3.7 on page 41). Hence, we can

apply Lemma 3.12 k times to w. O

Remark 3.13. We note that Proposition 3.10 can also be proven if the assumption

of time-regularity were removed and simply replaced by an assumption of smoothness

9

with respect to time; i.e. (E)mu is Holder continuous. Indeed, the assumption of

time-regularity to order k is only used to acquire the knowledge that a solution must

have time derivatives of order k that are Holder continuous.

3.5 Higher Regularity of Solutions to Elliptic Equations and

Non-Homogeneous Equations

We provide regularity of solutions to elliptic-type equations.

Proposition 3.14. Let A C X be open such that d(A, X"=2) > 0. If u is a weak

solution to Au = f on A, and f € C*T®(A) then u satisfies the following:
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3.5 Higher Regularity of Solutions to Elliptic Equations and Non-Homogeneous
Equations

i. u € CHTIH(A), where 0 < a < 1.

it. For any open n-simplex S with metric g,
Aguls = fls
on A pointwise, where A, is the Laplace-Beltrami operator on S. Also, uls €

C=(AN S).

iii. u is balanced on AN X1,

Proof. This is a simplification of Proposition 3.10. We note that equation (3.3) of

Proposition 3.10 can be replaced in the case by

) () o
((ax”) + AF) wj = ¢(n_13)/4 W + fa
J

and equation (3.4) can be replaced by

(1)2 P/
~ _ \Qx™ J
oo B/ w; + 1.

J

and the proof is essentially the same. O
By a similar argument, we have the following.

Proposition 3.15. Let (0,T) C (0,00) and let A C X be open such that d(A, X("=2) >
0. Ifu is a weak solution to (2 —A)u = f on (0, T)x A for f such that (%)m_l f(,t) €
Ck—mte(X), 1 <m <k, and (%)mu(-,t) is Holder continuous for 0 < m < k, then

u satisfies the following:
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)" u(-,t) € CPmFe(X) for 0 < m < k.

i (

it. For any open n-simplex S with metric g,

<%_Ag) uls = fls

on (0,T) x AN S pointwise, where A, is the Laplace-Beltrami operator on S.

Sl

11. For each m, 0 < m < k, (%)mu is balanced on AN X"V If m = k, then

(%)mu 15 weakly balanced.

We remark that this regularity result seems a bit weak as it a priori assumes that
u has a good deal of regularity in time. As we consider the heat flow problem for the
linear case, this will not be a problem, as we shall build our flow from the heat kernel
and we can show that all time derivatives are Holder continuous directly. However,
the non-linear case requires a bit more care. We give in Proposition 4.28 (see page 80)
a set of equations and solutions that possess some higher regularity with respect to

time derivatives.

4 The Heat Flow on Polyhedra with Target R

Assumptions. Unless otherwise specified, we shall assume in this section that X is
an admissible smooth Riemannian polyhedron that satisfies the conditions of Propo-
sition 2.20 with Dirichlet form E(-,-) and Laplacian A as in Section 2.2, and energy

E(-) as in Section 2.4.
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4.1 Solutions to the Homogeneous Initial Value Problem

4.1 Solutions to the Homogeneous Initial Value Problem

There are a number of initial value-type and Dirichet-type problems we can consider.
We begin with the initial value problem for homogeneous parabolic-type equations,
and then discuss constructive methods for solutions to other problems.

We recall the definition for a weak solution from Definition 3.2:
Definition 4.1. Let I = (a,b) C R.

i. A function w is a weak solution of the parabolic equation

—u = Au,

ot

on I x X, where [ is an interval, if and only if u € F(I x X) and u satisfies

[ B+ [ (o) dt=o

for all p € F(I x X). uis a weak subsolution (super-) if

/E(u, }) dt+/<%u,¢>L2(X) dt < (>)0,
I I

for all ¢ € F(I x X).

ii. Let f € L*(X). uis a weak solution to the initial value problem

2u:Au, onl xX
ot

u(-,a) =f, onX

95



4.1 Solutions to the Homogeneous Initial Value Problem

if and only if v is a solution as above, and lim,_,,+ u = f in L?(X).

Proposition 4.2. Let X be as in the assumptions for this section. For all f € L*(X)
there exists a unique weak solution to the initial value problem with initial value f,

as in Definition 3.2.

Proof. This is nearly a direct application of [St2, Prop. 1.2], where existence is
guaranteed on a space that has a uniform local Poincaré bound and satisfies the
volume doubling properties. The satisfaction is guaranteed by the assumptions on X

(see Proposition 2.20 on page 31). [

The assumption on the time derivative can be weakened considerably. Following

the observation of Sturm, we cite the following.

Proposition 4.3 (See [St2, Prop. 1.3]). Let I = (0, 7) be an open interval on R. A
function u is a weak solution of the parabolic equation, %u = Au, on I x X if and
only if

we LXI - WH(X)nC(T x L*(X)),

and

/ E(u, ¢) di — / (, 26) o dt = — (T, ), §(T, )) o + (u(0, ), B0, )} o

for all T € (o,7) and all p € F((0,T) x X).

We of course are interested in existence and uniqueness statements of non- homo-
geneous parabolic-type equations, which are covered in Section 4.5 on page 79. To
construct solutions, we require more knowledge about solutions to the homogeneous

problem.
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4.2 The Heat Semigroup and Heat Kernel

4.2 The Heat Semigroup and Heat Kernel

From the existence and uniqueness theorems for weak solutions to the heat equation,

we can develop a corresponding semigroup theory.

Proposition 4.4 (See [St2, Section 1.4(C)|). There exists a uniquely determined,
one-parameter set of operators Hy: L*(X) — L*(X), such that it has the following

properties.

i. for every f € L*(X), the unique weak solution u € F(I x X) of the initial value

problem is given by u = H,f.
1. H; is a semigroup
1. t — Hy is strongly continuous

. Hy; has the Markov property. That is, for f € L*(X) and all t > 0,

0<f<1=0<Hf<1.

Also, this holds for f € LP(X), p € [1,00].

v. Hy is a contraction operator on LP(X), 1 < p < oo. That is,

[Hefllr < 1 crs

for f € LP(X).

The existence of such a set of operators H; allows for the definition of an integral

kernel as follows. Again, we largely cite the work of Sturm (see [St2]).
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4.2 The Heat Semigroup and Heat Kernel

Proposition 4.5 (See [St2, Prop. 2.3]). For H; as above, there exists a measurable

function h: X x X x R™ — [0, 00) such that

i. for every f € LY(X)UL>(X) and t > 0,
Hif(e) = [ hew.0f) (o)
X
1. forall0 <o <T,alyeX, and allm € N

w: (t,z) — (%)mh(z,v,t),

is a weak solution of the equation %u = Au on (0,7) X X,

i [y, x Mz 0, t)? du(z)du(y) <1,
w. h(z,v,t+5s) = [ h(z,w,t)h(w,v,s) du(w),
v. h is locally bounded on {(z,v,t) |t > 0}

Proof. This is a direct application of [St2, Proposition 2.3|, but we give a slightly

stronger version here in item (7). O

Lemma 4.6. X be compact. There exists an operator (—A)z: W2(X) — L*(X)

with the following properties.

i. For f € WI(X), [[(~A)3 fllz> = [V /llze.

N

ii. For f € Dom(A), ((—A) >2f: _Af.
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4.2 The Heat Semigroup and Heat Kernel

iii. (—A)2 is self-adjoint; i.e. for f,g € WY2(X),

(C2)3rg), = (D)

12(X)
iv. For the heat kernel associated to A, h(z,v,t),

(=AL)2h(z,0,t) = (—=A,)2h(z,0,1).

Proof. Although it is possible to show this without the use of the spectral theorem,
it is easier to use it here. We note that [CKP, Proposition 3.20] applies here, as our
domain, X, is a compact Dirichlet space with a bound on volume doubling and a
local Poincaré inequality. So, we can show that L?*(X) is separable and its basis can
be composed of eigenfunctions corresponding to eigenvalues of A. The rest follows

handily by noting that for f € L*(X)

f(z) = Z (f,0i) 2 Di(2);

(2

for f e Wh3(X),
(—A)%f(z) = Z i {f, &) 12 Di(2);

and
h(Z, v, t) = Z 67)\it(lbi<2)¢i (’U),
where {()\;, ¢;)} are pairs of corresponding eigenvalues and eigenfunctions. O

As A, (—A)%, and the heat operator, H,, are all operators, we also require some

basic results for operators.
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4.2 The Heat Semigroup and Heat Kernel

Definition 4.7. Let A, B be Banach spaces. For an operator A: A — B, we define

A
AL = sup 12712,
rea | f1la
where || - || 4 is the norm associated to A and || - || g is the norm associated to B. Note

that if the operator is unbounded, we set the value to be co. Also, in the event that
A= LP(X) and B = L9(X) for some metric space X and 1 < p,q < oo, we denote

the norm of the operator ||Al],—,-

A few lemmas regarding integral operator norms such as the heat operator will

be useful.

Lemma 4.8. For a metric measure space X with volume measure denoted dX, let
A: L?(X) — L*°(X) be an operator with symmetric integral kernel k. That is, for
feL}X),

Af(z) = /Xk:(z,v)f(v) dX (v).

Then, for every v € X

sup [k, v)[[r2 < [[All200-
veX

Proof. By definition, we have

Afllpoo
HAHQ%OO = sup H f”L
rerzx) Ifllze

= sup SUP.ex U‘X ]{?(Z, U)f(“) dX(U)l ‘
FeLix) (Jy F0)2dX)?
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4.2 The Heat Semigroup and Heat Kernel

Hence, for arbitrary f € L?(X) and z € X, we have

HA||2~> S SUpP,ecx fX k(z,v)f(v) dX(v)
T (Jy fwPdx)?

If we let f(v) = k(z,v) we have

z,0) 2dX v
|All2500 > sup Lk ( 2
2€X (ka 2,0 2dX)2

= sup [|k(-, v)||z2.
veX

]

Lemma 4.9. Let X be again as it is in the assumptions in the beginning of this
section. Let h(z,v,t) and H; be the corresponding heat kernel and heat operator.

Then, for everyv € X,

|Hill5 00 = sup h(z, 2, 21).
zeX

Proof. By definition,

H,f 1
|Hllo = sup 1Sl
rerzxy  |flle2

p.exx fy (0. 1)S (1) dX (0)

" reratn) ([ flv)2dX( ))
oy (e b v 024X () ([ S0 dX ()
-t (¢ wPax ()

= <Sup/ h(z,v,t)? dX(v))
zeX JX

= <suph(z,z, 2t)) )
zeX
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4.3 Smoothness and L?P Bounds of the Heat Kernel

The last step follows by the semigroup property for the heat kernel. We can show

the inequality

1
3
| Hyllo—00 > (sup h(z, z, 2t)>

zeX

by an argument similar to that of Lemma 4.8. O]

4.3 Smoothness and L. Bounds of the Heat Kernel

We recall a previous result with an addition that relates to the heat kernel from

[PSC, Cor. 3.4] (see also [St3, Prop. 3.1], and Proposition 3.7).

Proposition 4.10. For all R > 0, there exists C, dependent on X and R, and

a € (0,1) such that for allp € X and T € R and 0 <r < R,

|s—t|%+|y—z|%>

r

|U(S,Z‘) - U(t,y>| < CSUp ’u| (
Q

where u is a weak solution of%u =Auon@ = (t—4r* t)x B(p,2r), s,t € (T—r*T)

and y,z € B(p,r). Also, fort >0, z,v € X and w € B(v, min {1, \/f}), we have for

j €N,
| | d(zv) \ h(z,0,20)
LAYAN - (2) h t) < Cj -
‘(at) (2, v,1) (m) (zw, )’ =G (min{l,\/g}> min{l,\/g}w
where C; > 0.

Proposition 4.11. Let X be as it is in the assumptions of this section. Let h(z,v,t)

be the heat kernel on X. Fort > 0,

i. h(zo,v0,t) is C°°((0,00)) with respect to t for zo, vy € X.
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4.3 Smoothness and L?P Bounds of the Heat Kernel

ii. For any compactly contained open set V. C X bounded away from X2,

h(zo,v,t9) € C®(V), for any zy € X.

ii. For any compactly contained open set V. C X bounded away from X2,

h(z,vo,t0) € C=(V), for any vy € X.
. h(z,v,t) is balanced in both z and v.
v. The above hold for (%)mh(z,v,t), m € N.

vi. u(z,t) = (%)m h(z,vo,t), m € N, is a weak solution of (% — A)u =0, for any

v € X.

Vii. (%)m h(z,v,t) = (A)™h(z,v,t) holds pointwise for z,v,t € X x X xR, m € N,

where A may apply to either z or w.

Proof. We begin with (i), which follows easily from the Holder continuity of time
derivatives in Proposition 4.10 for £ > 0. By the definition of a weak solution and by
(i), (vi) follows. For (ii) and (iii), we see that by (vi), u(z,t) := (%)m h(z,vg,t) must
be time regular of order infinity, so we may apply Proposition 3.10, which also gives

us (iv). (v) follows from (vi) and Proposition 3.7. (vii) follows by (vi). O

We have one comment about the set on which the equality (%)j h(z,v,t) =
(AY h(z,v,t) holds. For j = 1, clearly this must hold weakly on (0,00), but we

have stronger results which we shall find useful later.

Lemma 4.12. Forall j € N, allv € X, and all t € (0, 00),
(%)J h(Z,'U,t) = (AZ)] h(Z,’U,t),
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4.3 Smoothness and L?P Bounds of the Heat Kernel

for z € X\ X2 where A, denotes the Laplacian applied to the z-slot of h. Ad-
ditionally, for each j there exists a Holder continuous version of (A.) h(z,v,t) such
0

that it equals (E)j h(z,v,t) everywhere.

Proof. We begin with the case j = 1. We recall from Proposition 4.4 that for any

v € X, u(z,t) := h(z,v,t) is a weak solution to (& — A) u = 0. Hence the regularity
results of Section 3.4 apply here which is summarized in Proposition 4.11. Hence,
%h(z,v, t) = ALh(z,v,t) pointwise on X \ X"~V Again by Proposition 4.11, weak
solutions are smooth on X1\ X2 and they must agree pointwise on X1\
X®=2) " Equality on X®™? is uncertain, but as %h(z,v,t) is additionally Holder
continuous by Proposition 4.10 and they agree at all points except X2 then
there exists a Holder continuous version of A,h(z,v,t) that is equal to 2h(z,v,t)
everywhere. For j > 2, this can be proven similarly by realizing that %, A commute
at points in X \ X (n=1) " as both can be considered pointwise-defined differential

operators there. O

We are naturally curious about the behavior of constant functions under the heat
flow on an admissible Riemannian polyhedron. In the literature on Markov processes,
if constant functions are constant under the heat flow they are then the heat operator

is conservative. If they decrease, the heat operator is called transitive.

Proposition 4.13 (See [PSC, Cor. 3.2], see also [St1]). Fort >0 and all z € X, the

heat operator is conservative. That is,

/Xh(z,v,t) du(v) = 1.
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4.4 Gaussian Estimates of the Heat Kernel

4.4 Gaussian Estimates of the Heat Kernel

There are many Gaussian-type estimates for the heat kernel and it derivatives in
both space and time for manifolds. We refer to the work of Saloff-Coste [SC1,SC2]
and Davies [D]. We have the following as a direct consequence of Sturm’s result for
Dirichlet spaces with conditions put on the volume doubling and the existence of a

uniform local Poincaré inequality.

Proposition 4.14 (See [PSC, Cor. 3.4], see also [St3, Corollaries 4.2 & 4.10]). For

all R > 0, there exist {Cj}j all dependent on X and R, such that for all z,v € X

eN

and t >0,

_ G
min {¢, R?}2

N4

h(Z, Uyt) < 6—d2(z,v)/4t—)\0t (1 + dQ(Z, U)/t)

h(z,v,t) > 1 o—Cd?(2,0) /4t—Ct/R?
CoVol (B(p, v/min {2, )

C;(1 4 Aot)' T2t
t/ (min {t, R?})?

ol Nij
‘%h(z, v, t)‘ < e Ev)/At=ot (1+ d*(z,v)/t)? I

where N 1s dependent on the volume doubling constant, and

E(f,[)

A= In —_—
O rewnr ) [ fllraco)

We note that for our considerations we have the following corollary.

Corollary 4.15. Let X additionally be compact. Then, for all R > 0, there exist
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4.4 Gaussian Estimates of the Heat Kernel

{Cj}jeN’ all dependent on X and R, such that for all z,v € X and t > 0,

h(z,v,t) Lﬂgﬂp(z,v)/(@re)t
~ min {¢, R?}2
‘a_‘j.h(z,’l},t)‘ < Lntfjefdz(zvv)/(4+e)t
ot ~ min {¢, R?}?

(A bz, )| € —— s et

min {¢, R?}2
where Cy = C(k,X,€,R), and A, denotes the Laplacian taken in the z slot of
h(z,v,t).

Proof. This follows from Proposition 4.14, by noting that ¢ = 0 for a compact
admissible Riemannian polyhedron (a constant function suffices to show it must be
N, -
zero), and that the term (1 + d?(z,v)/t)> ™ in the statement of Proposition 4.14 can

be absorbed into € by adjusting C'. Also, we note that by Lemma 4.12, we have

(AL h(z,0,t) = (%)jh(z,v,t),

which shows the equivalence of the last two statements of the corollary. O

We ideally would like similar bounds for spacial derivatives. Indeed, since such
Gaussian bounds can be provided for powers of the Laplacian and time derivative,
there is hope that similar results can be achieved. Although the strongest result in
this regard as far as the author is aware is given in [SC2], a slightly older result offers

a suggestion of what one might expect to achieve in our setting:

Proposition 4.16 (See [D]). Let M be smooth n-dimensional Riemannian manifold

with nonnegative Ricci curvature bounded below. Let A denote the Laplace-Beltrami
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4.4 Gaussian Estimates of the Heat Kernel

operator, and H; and h(z,v,t) the corresponding heat operator and heat kernel. Let

V. denote the gradient with respect to z. Then there exist {C;} such that

h(z,v,t) < B ——CRT
~ min {t, R?}?
‘Vz (2) h(zw, t)‘ < S— N IR
o ~ min {¢, R?}?

where C; = C(j, X, ¢, R) > 0.

Remark 4.17. We note this result has been extended to include the possibility of

M with Ricci curvature bounded below. See [D].

This result is dependent on a logarithmic parabolic Harnack inequality of P. Li
and S.T. Yau in [LY] that assumes either M has no boundary, or that M has a
smooth boundary and the existence of a heat kernel that satisfies Neumann boundary
conditions. These restrictions present difficulty for the case of a Dirichlet space such
as an admissible Riemannian polyhedron considered here, so we attempt to achieve
similar results without the use of the work of [LY]. Instead we refer to the approaches
of Bendikov and Saloff-Coste [BSC|, who address Gaussian bounds for heat kernels

in the case of the domain being a (possibly infinite dimensional) group.

Theorem 4.18. Let X be compact and simplex-wise flat. Let {Z;};_| be an orthonor-

mal basis as in Definition 2.5. Let k € N. Then, for any R > 0, there exists positive
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4.4 Gaussian Estimates of the Heat Kernel

constants B,{C;}, {C’j’} such that for all z,v € X,

h(Z, v, t) Lnefap(zﬂ))/(‘“rﬁ)t
~ min {¢, R?}?
P o) € — G e
ot T min {t, R?}?
a] / . PR 2
AT p— ESS
ot min {¢, R}?

where {C}}, {C]’} are dependent on j, X, e and R, and B is only dependent on X and

R

Proof. Clearly, the first two inequalities follow from Corollary 4.15. The last requires
considerably more effort and is the conclusion of Proposition 4.23 on page 73 below.

]

We require a number of results to prove Theorem 4.18. Some we already have,

but the gradient estimate will consume the bulk of our effort.

Proposition 4.19. Let X be compact and simplex-wise flat. Let {Z;},_, be an or-
thonormal basis as in Definition 2.5. Let f € Dom(A) N C2? (X \ X"V and let f
and Af be balanced. Then,

| reanix = [ parax

Proof. As f € C?(X \ XY and {Z;}}", corresponds to orthonormal coordinates

when restricted to an n-simplex, say s, we note that for z € Int(s),



4.4 Gaussian Estimates of the Heat Kernel

Hence,

/X F=m)p dx = 3 [ F(=ayp ax

seXlnl 8

=> [|f (—Z(me) dX
seXn ® 1=1

- Y 3 [@n@ ax
scXln] =19

= > > [@h(z)) dx

sexln i=1 78

:/ |DZf|2dX7
X

where X™ is the set of all n-simplexes. This follows by Green’s identity and the

balancing condition assumed on f. O]

Remark 4.20. We note that the equality of Proposition 4.19,

| reanix = [ paax

implies that this result holds for any choice of orthonormal basis Z = {Z;};_,, as we
expect in the case of a manifold. In other words, by Proposition 4.19, for any two

orthonormal bases, Z, Z' and a balanced function f, we have

/|DZf|2dX=/ Dy f|*dX
X X

We also require an on-diagonal estimate.

Proposition 4.21. Let X be compact. For any fired z € X, and fixed R > 0, we
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4.4 Gaussian Estimates of the Heat Kernel

have for all t € (0, R),

= < h(z,2,t) <
t2

Q —_
sl Q

for some C' = C(X, R).

Proof. This consequence is immediate from Proposition 4.14, although a more direct

approach without using Gaussian bounds is possible (see [PSC]). O]

Proposition 4.22. Let X be compact and simplex-wise flat. Let {Z;};_, be an or-

thonormal basis as in Definition 2.5. Let k € N . Then, for any R > 0

C
t*t2min {t*/2, R}’

|D2A*R(, v, )2 <

where C' = C(X,R) and v € X.
NB: All spacial derivatives of the heat kernel, h(z,v,t) are assumed to apply to

the first slot in the z variable unless otherwise specified.
For a proof, we follow the approach of [BSC].

Proof. Without loss of generality, we assume that R = 1 and that 0 < ¢t < 1. We
note that h(z,v,t) is balanced and, as AFh(z,v,t) is a (weak) solution to the heat

equation, A*h(z,v,t) is balanced, too. Hence, by the Proposition 4.19, we have

||DZAkh(',U,t)||%2:/X‘DZAkh<Zvv7t)‘2 dX(z)
_ /X (A h(z,0,8) (A h(z,0,1)) dX(2)
:/X((_A)kJr%h(z,v,t))de(Z),
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4.4 Gaussian Estimates of the Heat Kernel

which finally gives
IDZ AR, v, 072 = [[(=A)* 2h(- 0, )] 72 (4.1)
Let H; denote the heat operator defined by
) = [ b0 @) ax (),

for f € LP(X), p € [1,00]. Hence, there is an operator (—A)2H, with kernel

(—A)2h(z,v,t) that satisfies

We note that for any f € L*(X), we have

A~ A)SH,f |2 = 2 /X (CAHJ(2)) (Hif(2)) dX(2)
=2 [ (Gse)) (1) ax(o

0
— — I H Il

We note that, as H,f is a solution to the heat equation, we can show —2||H, |2, is

a nonnegative, non-increasing function. Hence,

/0 /X (AH, £(2)) (H,f(2)) dX () dr > 2t / (AH,f(2)) (H, f(2)) dX (),

X
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4.4 Gaussian Estimates of the Heat Kernel

which, when combined with the fact that

t
| [ A ) () ax(ear = 171 - 11
yields
2t (A2 Hf |32 < || £132- (4.2)
Considering the norm of the operator, we have

1 1
(SN ANVES
We can iterate as follows to get a bound for ||(—A)2 H,||s_s, for k € N. Firstly, note

that for f € L*(X),

I
T
0
>
N

[SIE
=
n
<
[N}

|

P>
N
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4.4 Gaussian Estimates of the Heat Kernel

Hence, by equation (4.2),

k
2

E 1 _1
t(=A)2 Hof [f2 =t (=A)2 Hypa | (=A)2 72 Hypa f| |72

E_1
< [I(=2)272 Hypa fI7-.

We can repeat this argument and obtain

) k2
—A)2 < (=) .
I(-8)%Hllaoa < 5

By our results regarding operator norms in Lemmas 4.8 and 4.9, we have

k
2

k
B, e < (=A)5 HilE
<1 ((~2)5 Hyz) Hopallf e
k 2
= ([ Hy2 ((—2)5 Hypz) [

k
< I (=85 Hya) oell Hugallooe

JORCRED
<(1)

The last step follows from the on-diagonal estimate of Proposition 4.21.

I(=4)

]

Proposition 4.23. Let X be compact and simplex-wise flat. Let {Z;},_, be an or-
thonormal basis as in Definition 2.5. Let k € N be fived. Then, for any R > 0, there
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4.4 Gaussian Estimates of the Heat Kernel

exist constants B,C' > 0 only dependent on X and R such that for all z,v € X,

C _d(zw)?

Dy AFR(z,0,1)| < — e Bt
T

Proof. Lemma 4.24 and Proposition 4.25 below prove the theorem. O

Lemma 4.24. Presume the conditions of the preceding theorem (Proposition 4.23).
If for any R > 0, there exist constants B,C > 0 such that for all « > 0 and all

0<t< R,

« -V C a2
He d(-, )|D2Akh(.’v,t)|||L2 < m Ba?t

Y

then

C _d(z.0)?
|DzAkh(Z,’U,t>’ < me Bt

Proof. Again, without loss of generality, we assume that R = 1 and that 0 < ¢ < 1.
We begin by noting that if we can prove there exist constants B, C' > 0 such that for

alla>0andall0 <t <1,

C
1Y Dy AFR(-, 0, )| 1 < Bt

then the proof is complete. Our justification is that, assuming equation (4.3) to be

true, we have for any z € X,

C
@ad(z’v)|DZAkh(Z=Uat)| < thn/2+3 Poct
2

Y

which implies

C 2
k Ba*t—ad(z,v)
| Dz A h(z,v,t)| < a1 .
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4.4 Gaussian Estimates of the Heat Kernel

d(z,v)

55> we have

Letting, o =

|DZAkh(z,v,t)| < —C eid(jl’;f,

= phtn/2+5

which gives Proposition 4.23. So, we aim to prove equation (4.3) by showing that the
hypothesis in the statement of this lemma implies equation (4.3). Indeed, suppose
our claim is true: there exist constants B,C' > 0 such that for all & > 0 and all
0<t<l,

€240 Dy ARR(- v, )| 2 < LeBO‘Qt (4.4)

Z s Uy L* = tk+n/2+% . .

For any w € X, we have by the triangle inequality, d(z,v) < d(z,w) + d(w,v), and
the semigroup property for h(z,v,t) which gives

2
620cd(z,v) |D2Akh<z, v, t) |2 — 620cd(z,v)

DZA’“/Xh(z,w Dh(w,v, L) dX (w)

72
2

72

ead(z,w)/ Z,LAkh(Z,U) L)ead(w,v)h(w7v’%) dX(U})
X

1<i<n

< [e* 1Dz A (-, v, §)IIZ2 1€V (- v, 5)7-- (4.5)

By the Gaussian bound on h(z,v, ) given in Corollary 4.15,

h(Z,U, 3) < ¢ 6—2d2(z,v)/(4+e)t
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4.4 Gaussian Estimates of the Heat Kernel

we have

C/
e* OB v, L) 2 < t—ﬂeazt/ﬁ;e,
2

where €' = C'y/Vol(X)2". Hence, if equation (4.4) holds, then by equation (4.5),

equation (4.3) holds for some B, C > 0. O

Proposition 4.25. Presume the conditions of the preceding theorem (Proposition 4.23).
For any R > 0, there exist constants B,C' > 0 only dependent on X and R such that

for all a >0 and all t > 0,

C Ba?t
#4473 min {t%, R}

Head('yv)|DZAkh(', v, t)’HLZ S

Proof. We assume without loss of generality that R = 1 and that 0 <t < 1. We

begin by noting that

1€ Dy AFR(- v, 1) 172 :/ > Dy AR h(z, 0, 1) * dX (2)
X

-y / ¢204(:)| 7 ARy (. 1)[2 dX(2)

X

1<i<n
by an application of the product rule for derivatives,

= = 3 [ (2 ) (ahGe0,0) (AR v.)

+ (eQad(z’”)) (A*h(z,0,1)) ((Z:)*AFh(z,0,1)) dX(2)
< 2a /X e2ad(z) ( Z |Zid(z,v)HZZ-A’“h(z,v,tﬂ) (AFh(z,0,t)) dX(z)

+ / €2ad(z’v)|Akh(Z, v, t)HAk-l-lh(Z, v, t)‘ dX(Z)
X

= 2C¥A1 + AQ. (46)
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4.4 Gaussian Estimates of the Heat Kernel

We obtain estimates on A; and A;. We note that by [St2,PSC], we have for any vy € X
that e(d(z,v9)) < 1, where e(d(z,vp)) is the energy density of d(-,vy) evaluated at the

point z. Hence, given the definition of Z, 3, ., 1Z:d(z,v)|* < 1. We have

A= [ e ( > |Zid<z,v>||zz-A’fh<z,v,t>r> (A*h(z,v,1)) dX(2)

1<i<n

g/ 2ad(z,v) ( Z | Z:AFh (2, 0,1)] ) (A*h(z,v,t)) dX(z)

1<i<n

1

</X > NZiA Rz, v, 1) dX (2 ))% (/X (=) (ARR(z, 0, 1)) dX(z)>2

1<i<n

= [ DZAR(- v, 8) ]| g2 |29 ARR(- 0, 1) [ 12
For A,, we see immediately that
Ay < e MCINARR(- v, )| 2| AM R v, )] 2.
We can apply and Proposition 4.22 and Corollary 4.15 to equation (4.6) to obtain

1€ | Dz AFR(- v, )] |72 < 20| Dz AR v, 1) || 12]|€®* D ARR(-, v, )] 12
+ (| eI ARR (- v, )] 2 [|e® O AR R(- v, 1) || 12
c (1 + 2at%>
— t2k+1+n

!
< C B/Oégt
— t2k+1+n :

eBQQt

We justify the last step by noting that the term (1 + 20425%) can be absorbed into B’

by altering C'. By Lemma 4.24, this is sufficient to prove Proposition 4.23. O
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4.4 Gaussian Estimates of the Heat Kernel

There is one consequence of these estimates that will be useful later that we state

and prove here.

Proposition 4.26. Let the top dimension of X be n and let k be a constant such that
2k € N. Letv € X be fixred and let R, B > 0 be fized. Then there exists a constant

C > 0 dependent only on X, B and R such that for any 0 <t < R,

d 2 n
/ t™% exp (—M) dX(z)dr < Ctz*.
y Bt

Proof. We see that for a fixed v € X it is sufficient to show that this result holds

d(z,v)?

B > is clearly integrable and goes to zero

in a neighborhood of v, as t*exp <—
exponentially for any set outside of a neighborhood of v. Without loss of generality,
we can assume that X is simplex-wise flat. By the assumption of flatness on the

simplexes and the geometry of the polyhedron, we see that it is sufficient to show the

following holds,

2 .« .. 2 n
0.1 Bt

where [0, 1]" C R" is the unit n-dimensional cube. Iterating the integrals we have

2 o« o . 2
/ FFoxp (T T g
[071]71 Bt

78



4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

2 DY 2
= / (/ t % exp ( u) dxl) dxy---dx,
/ w/—erf Bt % tk+2exp( Thll +x)dac2--~dxn

where erf: R — R* is the error function defined by

erf(a / e da.
G

Naturally, erf is monotonically increasing, erf(a) < 1, and

lim erf(a) = 1.

a— 00

4.5 Solutions to Non-Homogeneous Parabolic-Type Equa-

tions
From the existence of the heat kernel, which provides us a constructive way of finding
solutions to homogenous parabolic type equations, we are able to derive existence

theorems for solutions to non-homogeneous equations. We recall the following from

Definition 3.3.
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

Definition 4.27. Let [ = (a,b) C R, and f € C'((a,b) — L*(X)).

i. A function u is a weak solution of the non-homogeneous parabolic equation

0
(51 -2)v=s

on I x X, if and only if u € F(I x X) and u satisfies

/IE(Ua 9) dt+/j<%u’¢>L2(X) dt:/l<f’ P r2(x) dt,

for all ¢ € F(I x X).

ii. Additionally, let g € L?(X). u is a weak solution to the initial value problem

(% _ A) w(zt) = f(2,8), for (z,6) € X x (a,b)

U(-,CL) =9, on X

if and only if v is a solution as above, and lim; ,, u = g in L*(X).

Proposition 4.28. Let X be as in the assumptions of this section, and I = (a,b).
Let f € C ((a,b) — L*(X)) be essentially bounded on X x (a,b) and let f be such that

limg . f(2,t) = g(2), g € L*(X) . Then there exists a unique weak solution to the

initial value problem

0
(& _ A) u(z,t) = f(2,1), for (2,t) € X x (a,b) (4.7)

u(-,a) =g, on X.

There exist o, § > 0 such that u € CYO(X x (a,b)) N CLE* (X \ X2 x (a,b)),

loc
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

and first-order spacial derivatives of u are in Ca’a/Q(X \ X2 x (a,b)). Also,

loc

| D2ul|, || Zul| € LiS(X \ X™2 x (a,b)), where D? denotes any second order spa-

cial deriwative. The solution is also balanced for all t > 0, is smooth on the open set
X\ XY and satisfies pointwise Equation (4.7) on X \ X1,

Additionally, if for any open A C X such that d(A, X)) > 0, there exists k € N

such that (%)muu is Holder continuous for all 0 < m < k and (%)m_lﬂA(-,t) €

Chk=m+a(A) for each 1 < m < k, then (2)" ula(,t) € C*1=mF(A) for each 0 <

m <k.

Proof. Assume without loss of generality that (a,b) = (0,7"). We can actually con-

struct a solution with these properties as follows. For ¢ € (0,7), define

X

u(z,t) ::/0 /Xh(z,v,t—T)f(U,T)du(v)dT—i—/ h(z,v,t)g(v) du(v). (4.8)

We can compute that u solves our problem pointwise, is sufficiently regular, and is
balanced. Hence it is certainly a weak solution. We shall draw heavily on the proper-
ties of the heat kernel. We require one auxiliary result before diving in. Specifically,

we require that for each z € X

/Xh(z, v, t —7)f(v,7)du(v)

be continuous with respect to 7 € (0, 7). The condition that f € C((0,T) — L*(X))

will be sufficient to show this. We show that for any 7 € (0,7)

lim [ h(z,v,t—7—=308)f(v,7 4+ 0)du(v) = / hz,v,t —7)f(v,7) dp(v).

81



4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

Note that using the heat operator

Hy f(e7) = / h(z 0.t — 1) f(0, 7) du(v),

X

which is handier notation. We have

|Ht_7—_§f(2, T+ 5) - Ht—Tf(Za 7_)|

/ hz,v,t =7 —0)f(v,7+38) — h(z,v,t —7)f(v,7)dv
b'e

/ h(z,v,t =17 —0)f(v,7+ ) — h(z,v,t — 7 = 9)f(v,T)+
X

h(z,v,t =17 —306)f(v,7) — h(z,v,t — 7) f(v,T) dv

/Xh(z,v,t—T—(S) [f(v,7+0) — f(v,7)] dv

+

/X (20t — 7 — 8) — h(z,0,t —7)] F(v,7) do

= h(z,z,t =7 =) f(,7+0) = f(, T2 x)

4 /X[h(z,v,t—r—é)—h(Z7U,t—7')]f(Uv7')dU

Letting & go to zero, we have the first expression going to zero by f € C'(I — L*(X)),
and the second expression goes to zero by the Holder continuity of A in time given by
Proposition 4.10. Hence, for any fixed z, [ h(z,v,t —7)f(v,7) du(v) is continuous
with respect to 7 on (0,7"). We note that

limu(-,t) =g, in L*(X)

t—0

as the first term of (4.8) goes to zero uniformly and, by the property of the heat
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

operator, the second must go to g(z) in L*(X).

Now on X x (0,7) we must verify that almost everywhere

(5~ ) ulety = 160

( ) [x h(z,v,t)g(v) dv = 0, we must verify that

(8-8) [/ et sto bt s,

We focus on computing the time derivative, which requires some care.

%/t/ Wz vt — 1) f (v, 7) dp(v)dr

= lim — </t+6/ (z,v,t =7+ ) f(v,7)du(v)dr

5—0 0
— /ot/x h(z,v,t — 1) f(v,7) d,u(v)d7>

— (151_{% (1 /H(S/ h(z,v,t —7+9)f(v,7) du(v)dT)

/ / hm h(z,v,t =74 68) — h(z,v,t — 7)) f(v,7) du(v)dr

6—0 (5

(by the integral mean value theorem and the continuity with respect to 7 of [ < h(z,v,t—

7 +0)f (v, 7) du(v))

—11_1}(1)(/h(zve)f(vtdu ) //a (0.t — 7) (0, 7) dp(v)dr
“ £ //a (20,1 — 7) (v, 7) dp(v)dr.

The last step follows from the fact that [, h(-,v,€)f(v,t) du(v) goes to f(-,t) ase = 0
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

in L*(X). Hence, we have

(% _ A) /at ; h(z,v,t — 1) f (v, 7) du(v) dr
i)t / t (% —A> /X Bz 0.t —7)f(0,7) dp(v) dr
— f(z,1).

With some regularity on f, this can be shown to be a pointwise equality on certain
open sets. Indeed, we can show that u € C°(X x I) following an argument identical
to Theorem 2 of [F, Chap. 1, Sect 3.]. We may even show that first order derivatives
exist and are bounded on X \ X (™=, By the smoothness of h(z,v,t) given in Proposi-
tion 4.11 and by the Gaussian estimates of Theorem 4.18, we have for z € X \ X1

and t > 0,

vuol < | t [ vt =015, 1) v
T / V=0, 0)] [g(v)] do
X

t
C  dew?
< (// O - dvdr) T
o Jx tztz2

C zZ,v 2
+ / "5 |g(v)] dv
X

n 1
t2tz

C//
< C'VH| fllsexexn + t—aHgHL?(X)7

where C, C", C" are dependent on 7" and X only and « € (0, 1). Since f is essentially
bounded on X x I and g is in L?(X), we see the right side is bounded and not
dependent on the choice of z € X. Hence, u € C'0(X x (0,7)). Additionally, we can

see from the construction of u that it must be balanced by the balancing condition
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

on h(z,v,t). Hence, if we pick ¢ € F(I x X), u satisfies weakly

[ Bwoyits [ (Gu.6) s dt = [ (1.0 it

and is hence a weak solution to the initial value problem in the statement of this theo-
rem. To show that u € CLEF*' (X \ X("=2) x (a,b)), we use a technique from [DM3].
Let p € XD\ X2 Tet {Sj}}]:1 denote all of the n-simplexes adjacent to p
meeting on an (n — 1)-face F. Define u; := uf,,. Also let R > 0 be such that
d(B(p,R), X" 2) > 0 and B(p,R) C U7_,5;, and pick edge coordinates centered at
p so that for each u;, (z1,...,2,-1,0) denotes points on F and (0,...,0) denotes p.

For each 1 < k < J, we construct u: B(0, R) x R>g — R as

uk((x,xn),t), x, >0
(@) 1) = —up((Z, —2,), ) + % jz:;u] ((z,—zn),t), 2, <0 )
where T = (x1,...,2,-1). Also, let fy := fl|;, and similarly define for each £,
fr: B(O,R) — R as
fi((Z,20), 1), Tn >0
fk((j,xn),t) . —fk((f, —a:n),t) + % zjzfj((x, —mn),t), Tn <0 (410
j=1

By our solution u being balanced and in C*°(X x (a,b)), we can see that, for each

k, uy is a weak solution to a set of equations (indexed by k) given as

(A=F)a = f,
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4.5 Solutions to Non-Homogeneous Parabolic-Type Equations

defined on B(0, R) x (a,b) (C R™ x R). We can use standard results in parabolic dif-
ferential equations (see in particular [LSU, Theorem 12.1, Chapter III]), to see that
for any 0 < R’ < R, each |po.m) is in C'**#(B(0, R)) and $% € C**/*(B(0, R'))
for any 1 < i < n by the virtue of f being essentially bounded (we can put weaker
conditions on f to achieve weaker results, but this will suffice for the settings consid-
ered elsewhere in this paper). Additionally, || D2uy||, || 2| € L>=(B(0, R') x (a,b)),
where D? denotes any second-order spacial derivative. To derive the Holder conti-
nuity of %Ek, we appeal to a recent result of [TP] which shows the existence of a
solution of Equation (4.10) that does possess this regularity. However, it does not
suggest uniqueness of such a solution. We find our solution is unique by our argument
later in this proof and apply [TP, Theorem 2.1]. This concludes our initial regularity
results.

For higher regularity, where it is presumed a prior: that for some k € N, (%)m u
is Holder continuous for all 1 < m < k, we can appeal to Proposition 3.15 directly.

To show uniqueness, suppose there is a second distinct u(z,t) that is a weak

solution of (4.7). We create a new function,
U(z,t) :=u(z,t) —u(z,t).

We note that U(z,0) = 0 everywhere (in particular ||U(-,0)| z2(x) = 0) and is a weak

solution to the homogeneous equation

0
(2 s)o-o

From Proposition 4.4, U is the unique solution to the weak initial value problem
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with initial data that is identically zero. By the contraction property for the heat
semigroup (see Proposition 4.4), for all ¢ > 0, ||U(-,1)||z2x) = 0. Also by regularity
results for the homogeneous problem in Proposition 4.11, and regularity on u noted
above, we have that @ must be continuous, and thus U must be identically zero.

To show convergence in C° to the initial map, we may use Theorem 4.18 and
Proposition 4.26 to show that the first term of Equation (5.9) goes to 0 uniformly.
We can then use [PSC, Theorem 3.10] to show that, as Fj is continuous and defined

a compact domain, [, h(z,v,t)F7(v)du(v) goes to F7 uniformly. O

5 Heat Flows between Polyhedra and Manifolds

5.1 Harmonic Maps and The Harmonic Map Heat Flow Prob-

lem

The results of [CR] and [C] include defining flows between compact singular domains
(one a manifold with conical singularities and the other an orbifold) and compact,
nonpositively curved manifolds. The approach in both cases is a modification of the
results of [ES]. In particular, they take care to give energy bounds and heat kernel
bounds in these singular cases and then show that the methods of [ES] apply and
give the existence of heat flows that are smooth away from the singularities and that
converge to harmonic maps with good regularity. In the process, they also show
existence of unique harmonic representatives in each homotopy class of smooth maps
between the spaces. The primary difficulties that these papers resolve are defining
appropriate heat kernels and showing good convergence and regularity properties.

However, these methods do not immediately abstract to the case of the domain being
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5.1 Harmonic Maps and The Harmonic Map Heat Flow Problem

an admissible smooth Riemannian polyhedron. The results of [St2] and [PSC] may
be modified to allow to the methods of [ES] to apply in the case of maps between
compact admissible Riemannian polyhedron and compact Riemannian manifolds with
nonpositive sectional curvature. We state some results and outline the argument

below.

Assumptions. Unless otherwise specified, we shall assume in this section that X is
an admissible smooth Riemannian polyhedron that satisfies the conditions of Propo-
sition 2.20 with Dirichlet form E(-,-) and Laplacian A as in Section 2.2, and energy
E(-) as in Section 2.4. We also assume that N is a compact smooth Riemannian
manifold with nonpositive sectional curvature.

Following [EF], we define the following.

Definition 5.1. Let f € W'?(X, N) and let £ denote the energy from the assump-

tions of this section.

i. fis locally E-minimizing if, for every open cover {U,} of X such that each U, is
compactly contained in X, E(f|y.) < E(g|y,) for every g € WH2(X, N) where
g= fon X\ U,.

ii. f is harmonic if it is continuous and bi-locally E-minimizing: for every open
cover {U,} of X such that each U, is compactly contained in X, there is an
open set V,, C N such that E(f|v,) < E(g|y,) for every continuous map g €
Wh2(X, N) where g = f on X \ U, and g(U,) C V.

Definition 5.2. f € WY2(X, N) is weakly harmonic if in any coordinate chart V C
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5.1 Harmonic Maps and The Harmonic Map Heat Flow Problem

N, and any open set U C f~1(V), it satisfies

/U (Vf1, V) =TL () (V4 V) ) du=0

for all ¢ € C*°(X) such that supp(¢) is compactly contained in U, and for all +,

1 <v < q=dim(N). Here, I'); is the Christoff symbol of N in the chart V.
By [EF, Theorem 12.1], we have the following.

Proposition 5.3. For a continuous map f € WH2(X, N), f is harmonic if and only

if it is weakly harmonic.

We note that the definition of a weak harmonic map makes no assumption on the
continuity of the map.

For harmonic maps between polyhedra and manifolds, we have the following result

by [DM3].

Proposition 5.4 (See [DM3]). Let X be a flat compact Riemannian polyhedron of

dimension n (n > 2), and let N be a complete smooth Riemannian manifold. Let

f: X = N be harmonic. Then, f € CLT*(X \ X2 N) and is balanced. Addition-

loc

ally, if n =2, then f € C (X \ X2 N).

Remark 5.5. We note that the result in [DM3] is actually more general than stated
here, as they consider harmonic maps in the context of admissible weights, which we

do not consider here.

We naturally are interested in flows between polyhedra and manifolds, and so we

define the following.

89



5.2 The Embedded Problem

Definition 5.6. Let X be compact. For an interval (a,b) C R, f is a strong solution
to the heat flow on X x (a,b) if f is continuous on X x (a,b), f € C2H(X \ X1 x
(a,b), N), f is balanced for all ¢t € (a,b), and

—f(z,t) =7(f(z,1), (2,¢t)¢€ X\X("_l) X (a,b),

where 7(f) = Trace,Vdf is the torsion operator, with simplex-wise metric tensor g.

Let fo € CY(X, N). Then f is a strong solution to the heat flow with initial value
fo on X x [a,b) if f is continuous on X x [a,b), f € C2H(X \ XV x (a,b), N), f
is balanced for all ¢t € (a,b), and

% (2,8) = 7(f(2,8)) for (z,¢) € X\ X"V x (a,b),

ymft = fo in C°(X,N).

Naturally, to show existence, one typically begins with a weak solution but, as
we shall see later, it is easier to begin with a constructive solution that requires
embedding N into Euclidean space. Embedding the target, however, will have many
benefits and solving an embedded problem is equivalent to solving the problem above,

as we shall see.

5.2 The Embedded Problem

To construct a solution, it is useful to consider isometrically embedding the target
into a higher dimensional Euclidean space. Then one must also verify that a solution
to a flow problem into an embedded target is equivalent to finding one for a non-

embedded target. In [N] and [ES], they provide methods for doing so when the
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5.2 The Embedded Problem

domain is a manifold. We adapt their methods to apply here.
We recall from the case where the domain is a compact smooth Riemannian man-

ifold the following:

Definition 5.7. Let (M, g) and (IV, h) be a compact smooth Riemannian manifolds
such that N has nonpositive sectional curvature. Let fo: M — N be a C? map.
f: M x[0,T) — N is a solution to the heat flow problem with initial value fy on
M x [0,T)if f € C°%(M x [0,T), N)NC*' (M x (0,T), N) and

gf Af+T(df,df) on M x (0,7

t (5.1)
lim f = f, in C°
t—0

where A is the Laplace-Beltrami operator on M and T'(df,df) is defined locally as

follows. For a fixed coordinate in the target, 37, about a point f(p) € N,

8 feofs ..
T(df, df) F - ——q"
(df,df)(p) = )5 579" ®)
a,B,i,j
where Flﬁ denotes the Christoffel symbol of the Levi-Civita connection on (N, h),

and z* denotes coordinates about p € M.

We must reformulate Equation (5.1) so that it satisfies a differential equation
when the target is a submanifold of R?. We follow the construction of [N].

Let ¢ € N be large enough so that there exists t: N — R? as a smooth isometric
embedding. Let N C R? be an open, tubular neighborhood of t(N) so that the

nearest-point projection map m: N — t(N) is well defined. For y € N with local
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5.2 The Embedded Problem

im(NV)

coordinates {yi}?:ld we may denote ¢ locally as

By [N], we have the following,.

Proposition 5.8. Let (M, g) and (N,h) be compact smooth Riemannian manifolds
and let N have nonpositive sectional curvature. Also, let w7, N and ¢ be as above, and

let fo: M — N be a C* map, and let Fy := 1o fo. If f: M x [0,T) — N satisfies

of =Af+T(df,df) on M x (0,T)

ot (5.2)
limf = f, inC°
t—0

where TV(df,df)(p) = Yo o Tig ( (9) 2 20 679 (p), then F o= 1o f satisfies

aa_F — AF + A(dF,dF) on M x (0,T)

t (5.3)
limF = F, inC°
t—0

where for a fived coordinate v, 1 < ~v < q and in a neighborhood of p € M with

coordinates {x'},

*OFP
AR AF)p) = Y AL s 9" (),

a7/3’i7j
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and Al g := _On with {'} denoting the standard coordinates of RY.

T 9290z

The converse is also true, where, given F € C*(Mx[0,T), N) and Fy € C*(M,N),

we define f =11 o F and fo:=1""o F,.

In light of this, we define the following.

Definition 5.9. Let X be compact and let t: N < R? be a smooth isometric em-

bedding.

1.

il.

Let (a,b) C R. F is a weak embedded solution to the heat flow on X x (a,b) if

it satisfies for each coordinate 1 <~y <g,

/(ab)/x <<%F”a¢>+<dFﬁd¢> - (AV(F)(dF,dF),@)det:(), (5.4)

for every ¢ € C°(X,R?), where AY(+,) is defined as in Proposition 5.8, given

in local coordinates by

OF* QF" y
-——q",
0z 029

AV(F)(dF,dF) = Al,(F)

and 1 <7, a, < q denote coordinates in RY.

Let Fy € C'(X,RY) be such that Image(Fy) C «(N). F is a weak embedded
solution to the heat flow with initial value Fy on X X [a,b) if it satisfies for each

coordinate 1 < v < ¢,

| [ (GF6)+ @ .do) - (0(F)ARAF).6) ) dudt =0,
e (5.5)

limF = F, in L?

t—a
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iii.

1v.

for all ¢ € C°(X,RY), where A(+,-) is defined as in Proposition 5.8.

F'is a strong embedded solution to the heat flow on X X (a,b) if F' is continuous

on X x (a,b), F e C2 (X \ XV x (a,b),RY), F is balanced for all t € (a,b),

loc

and it satisfies

(% - Ag> FY = AY(F)(dF,dF) on (X \ X" x (a,b),

for all v, 1 < v < ¢, where A, denotes the Laplace-Beltrami operator on

X\ XY with respect to the simplex-wise smooth metric g.

Let Fy € C*(X,R?) be balanced and such that Image(F,) C t(N). F is a strong
embedded solution to the heat flow with initial value Fy on X X [a,b) if F is

continuous on X x [a,b), F € C2' (X \ X™ 1 x (a,b),RY), F is balanced for all

loc

t € (a,b), and it satisfies

<2 _ Ag) F7 = A(F)AF,dF) on (X \ XD x (a,b),
o (5.6)

limF = F, in C°

t—a

forall v, 1 < v <gq.

Remark 5.10. The balancing condition is necessary for a strong solution to the be

a weak solution and for a sufficiently smooth weak solution to be a strong solution.

The above does not specifically address whether or not the image of an embedded

strong solution stays in ¢«(N) C R? for positive time. It is possible that it “floats” off

t(N) in time even though at time zero it is, by assumption, contained in ¢(N). As
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the solution is continuous, we can appeal to a result of [N], which indicates this does

not happen.

Proposition 5.11. Let X be compact and let t: N — R? be a smooth isometric
embedding. Let Fy: X — 1(N) C R? be in C*(X), and suppose F' is a strong embedded
solution to the heat flow on [0,T) with initial value Fy. Then F(X,t) C «(N) for all

O0<t<T.

Proof. Suppose that there exists a ty € (0,7) such that F(X,ty) ¢ ¢(N). As the flow
is continuous and, specifically, F'(-,t) is continuous in space for fixed t, if (F\(X, ) ¢
t(N), then there must exist an open set A C X \ X™ Y where d(A, X" D) > 0
and F (A to) Nu(N) = (. As A is isometric to a smooth manifold, we may appeal to
the proof of [N, Proposition 4.6], which proves this statement pointwise in a smooth

manifold. ]

Remark 5.12. We should note that the nonpositive sectional curvature of N is
crucial to [N, Proposition 4.6]. We have not before indicated the necessity of the

curvature assumptions on /N, but it appears here.

Now that the embedded problem is known to keep the image of the solution as
a subset of ((N), we may also ask about the relationship between the embedded
problem and the non-embedded problem. Ostensibly, given one, we should be able to

retrieve the other. We have again the following as a consequence of [N, Proposition

4.6).

Proposition 5.13. Let fo € CY(X, N) and let f be balanced, and let Fy := 1o fy. For
f: X x[0,T) = N, let F:=v0f. fis a strong (unembedded) solution to the heat
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flow on X x [0,T) with initial value fo if and only if F is strong embedded solution

to the heat flow on X x [0,T) with initial value Fy.

We also consider uniqueness. We can use our results in the linear, one-dimensional

case to achieve a uniqueness result for strong embedded solutions.

Proposition 5.14. Let Fy € C'(X,R?) be balanced and such that Image(Fy) C t(N),
and let F' be a strong embedded solution to the heat flow with initial value Fy on
X X [a,b). If F" is also a strong embedded solution with initial value Fy, then for each

t €la,b), F(-,t) = F'(-,t) almost everywhere on X.

Proof. We show uniqueness by considering each coordinate individually. Let 1 <~ <
q be fixed. Then both F7 and " are balanced for t € (a,b) and solve the differential

equation

(2 _ Ag) FY = AY(F)(dF,dF), on (X \X®™) x (a,b)

ot (5.7)
lim F7 = F) in C°
t—a
Consider G7 := F7 — F"'. Tt must solve
0 (n-1)
E_Ag G"=0 on(X\X ) x (a,b),
(5.8)

IimGY =0 in C°

t—a

Also, G must be balanced for ¢ € (a,b). Hence, it must be a weak solution to the
heat equation with initial value 0, and by the Markov property of Proposition 4.4,
for each t € (a,b), G = 0 almost everywhere. O

We have not yet treated existence of solutions. To this end, we also have another
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proposition that will be our focus subsequently.

Proposition 5.15. Let .: N — RY be an isometric embedding. Let Fy € C1(X,RY)
be such that Image(Fy) C «(N). If there exists W such that it is continuous on
X x[0,T), W e CY(X x [0,T),RY), and it satisfies in each coordinate 1 < v < g,

W(z,t) = /Ot/Xh(z,v,t —7)G" (v, 7) dp(v)dr

n /X h(z, v, 8) Fo(v) du(v), (5.9)

where, in local coordinates,

———q",
oxrt OxJ

GY(v,T) := AlB(W)

then W (z,t) is a strong embedded solution with initial value Fy on X x [0,T) and,
in particular, solves equation (5.8) pointwise on X \ X"~V x (0,T). Additionally,
W e CLr P (X \ X2 5 [0, 7)) for some a, 8 > 0 and satisfies all of the other

loc

conclusions of Proposition 4.28.

Proof. We shall leave the higher regularity for later, but we shall show that if such a
W satisfies equation (5.9) on [0, T") for some T' > 0, then it must be a strong embedded
solution. We verify that if W satisfies (5.9) and W € C°(X x [0,T),R?), then W
satisfies weakly

(% _ Ag) WY = AY(W) (AW, dTV),

in each coordinate v, 1 <~ < ¢. Let v be fixed. From the proof of Proposition 4.28
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on page 80, we see that such a function W satisfies almost everywhere

%W’Y =G(z,t) / / —h(z,v,t —7)G" (v, 7) dp(v)dr.

Hence, we compute

<%_A>WW(“) ( )// (2,0, — )G (v, 7) dp(v)dr

which follows from the fact that (2 — A,) [y h(z,v,t)Fy(v) du(v) = 0, and we have

almost everywhere,

(aat A ) W (z,t) = G7(z,t) + /Ot (% — Ag> /Xh(z’v’t_ G (v, 7) du(v)dr
= G(z,1).

By the regularity assumptions on W, we know that G7(-,t) € C(X), and we see that
for each v, W7 is a weak solution to
0
— A, | W =G
(G -)
W'Y(_, O) = F(’)Y

We note that by Theorem 4.18 and by Proposition 4.26, we can bring first order
spacial derivatives inside both integrals of the first term of equation (5.9). Thus,
we see that by the fact that W satisfies equation (5.9) and by the balancing of
h(z,v,t), W must be balanced. Hence, we can apply Proposition 4.28, which gives
that W e CLI@MF (X \ X(=2) % [0,T)) and that W is smooth in the open manifold

loc
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X\ XD which gives pointwise satisfaction of equation (5.8).

To show convergence in C° to the initial map, we may use Theorem 4.18 and
Proposition 4.26 to show that the first term of Equation (5.9) goes to 0 uniformly.
We can then use [PSC, Theorem 3.10] to show that, as Fj is continuous and defined

a compact domain, [, h(z,v,t)F7(v)du(v) goes to F7 uniformly. O

Naturally, we wish to know if solutions exist on some interval [0,T) and, if so,
about the maximum 7" for which this holds. Also, if a solution holds for T — oo, we

ask if W converges to a harmonic map. We break our approach into three parts.

i. (Short-time existence) we show for an initial value fj, there exists a 7' > 0 such

that a solution exists on [0, 7).

ii. (Long-time existence) we show that if a solution exists on [0,7"), then it must

exist on [0, 7], which implies the solution exists on [0, c0).

iii. (Long-time convergence) we show that the solution converges in energy as t —

oo to a harmonic map.

5.3 Gradient-of-Energy Flow

It will be useful to show that the harmonic map heat flow defined here coincides
with the heat flow of Mayer, the so-called Gradient-of-Energy flow. The advantage
of Mayer’s method here is the very general, long-time convergence results he obtains

in [Ma]. It also gives results results on the behavior of energy over time.

Definition 5.16. Let (M, d) be a complete length space nonpositively curved in the

sense of Alexandrov and let F': M — R U oo be a lower semi-continuous, convex
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functional. We define the norm of the gradient vector at fy as

e iy, PO )
AR T T

fo € M is called stationary if
IV_F|(fo) =0.

Proposition 5.17. For a complete NPC space (M, d) and a lower semi-continuous,

convex functional F': M — R U oo, there exists a map
(')ti M X RZO - M

that has the following properties:
1. For f < M,htho ft = f

ii. For fe M, s,t >0, ((f)s)t = (f)sst (the semi-group property)

lim dL2 (ft+sa fs)
S

s—0

= |V_F|(f:), for all t

iv. SUPM = |V_F|(f:), for all t

>0
v. —LF(f,)=|V_F]2(f,), for almost allt > 0
dt
vi. t— |V_FI|(f;) is right continuous
vit. t— F(f:) is uniformly Lipschitz continuous on [t, t1] for all 0 <ty < t; < 0o
viti. |V_F|(f) is monotonically non-increasing in t and tlim IV_F|(f:) =0.
—00

This is the Gradient-of-Energy flow.
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There are additional properties of the flow that we will find useful. From [Ma] we

have the following.

Proposition 5.18. Let (M,d) be a complete length space nonpositively curved in
the sense of Alexandrov and let F': M — R U oo be a lower semi-continuous, convex

functional. Let f; be the gradient-of-energy flow defined above. Then,

i. t— F(f) is conver.
ii. limy_yo F(fy) = infuenq F(u).

iii. If there exists a convergent subsequence {f:}, then limy_,o, fi exists and is a

minimizer of F.

We shall be particularly interested in convex functionals and their minimizers. We

have again from [Ma] the following.

Proposition 5.19. Let (M,d) be a complete length space nonpositively curved in
the sense of Alexandrov and let F': M — R U oo be a lower semi-continuous, convex
functional. fo € M 1is a stationary point as defined above if and only if fo minimizes

F.

Now that the norm of the gradient and Gradient-of-Energy flow are defined, we
can show that they define a flow for certain maps between polyhedra and manifolds.
We must first show that the setting considered elsewhere in this paper is a special

case of the setting used in [Ma).

Lemma 5.20. Let X be a compact Riemannian polyhedron and N a compact smooth

Riemannian manifold with nonpositive sectional curvature. Let I be the the energy
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functional on L*(X,N) as in Definition 2.23 (see page 33). Then, E is a lower-
semicontinous, convex functional bounded below by 0, and the space L*(X,N) is a

complete, nonpositively curved length space with respect to the metric

dr2(f,9) = (/X dn(f(2), 9(2))? dX) %

where dy (Yo, y1) is the geodesic distance between yo,y1 € N. In particular, for two
homotopic maps fi, fo € WY2(X, N), and f; representing the geodesic homotopy be-

tween them, we have

E(f) < (1— )E(fo) + tE(f)) — C(1 — 1)t /X Vdn(fo, f)F dX.  (5.10)

where C' is a positive dimensional constant dependent on the top dimension of X.
Additionally, W'(X, N) is a complete, nonpositively curved length space with respect
to d%(? )

Proof. These are standard results and we refer to [EF, Chapters 9 & 11] for proofs
and a clear exposition. In particular, for the proof of Equation (5.10), see the proof
of [EF, Proposition 11.2]. For the results for W*(X, N), we note that convexity
is given by Equation (5.10). By an extension of the precompactness result of [KS]

described below, we have that W'2(X, N) is a closed subset of L?(X, N). O

We have a precompactness theorem similar to the one obtained in [KS]. For the

present setting, it is supplied by [EF].

Proposition 5.21. Let X be a compact Riemannian polyhedron and N a com-

pact smooth Riemannian manifold with nonpositive sectional curvature, and let E
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be the the energy functional on L*(X,N) as in Definition 2.23 (see page 33). If
{foa} C L*(X,N) is a set of maps bounded uniformly in W12(X, N), then there is a

subsequence that converges in L*(X, N) to a map that is in W?(X, N).

We now show that the harmonic map heat flow and the gradient-of-energy flow

are, in fact, the same. We begin with a definition and a lemma.

Definition 5.22. Let X be a Riemannian polyhedron and N a smooth Riemannian
manifold with nonpositive sectional curvature, and let E be the the energy functional
on W'23(X, N) as in Definition 2.23 (see page 33). For fo € W'?(X, N) such that
IV_E|(fo) > 0, a sequence of maps {f,} C L?(X, N) converging to f, is a (global)

mazimizing realization of the gradient of energy at fo if

B - E(f) . E(fy) — E(f)
R P 0 S R st N pov g
— |V_E|(f).

Let Q C X be open, connected and compactly contained and f, be as above. Define

{fQ} = {f e WH(X,N) | flx\a = fO|X\Q}

A sequence of maps {f,} C W'?(X,N) is a locally mazimizing realization of the

gradient of energy at fy if for every open, connected, compactly contained set 2 C X,

. E(fo) — E(fala) . E(fo) — E(f)
| = 1 _— 7
alﬁngo dL2 (fo, fa|Q) f%;TfSE%E:Q} dL2 (f07 f)

If we make assumptions about the energy and compactness we can easily see these

definitions are equivalent, as we state below.
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Lemma 5.23. Let X be a compact Riemannian polyhedron and N a compact smooth
Riemannian manifold with nonpositive sectional curvature, and let E be the the en-
ergy functional on L*(X,N) as in Definition 2.23. Let fo € WY2(X, N) such that
IV_E|(fo) > 0. Then a sequence of maps {fo} C WH3(X, N) is a global mazimizing
realization of the gradient of energy at fo if and only if {f.} is a local maximizing

realization of the gradient of energy at fy.

We now begin the process of show that the two flows in question are equivalent.
We begin by showing that the harmonic map heat flow beginning at a suitable map

satisfies the following.

Proposition 5.24. Let X be a compact Riemannian polyhedron and N a compact
smooth Riemannian manifold with nonpositive sectional curvature, and let E be the
the energy functional as in Definition 2.23. Let fo: X — N be in C*(X) and let fy be
an initial map with bounded energy density such that it is not a minimizer of E, and
presume that E(f;) does not achieve a minimum on (0,T). Let fi: X x [0,T) — N
be a strong solution to the harmonic map heat flow as in Definition 5.9. Then, for

any fized ty € (0,7T),

IV B|(fi) = lim ZU) = EUD

i=sto dL2(ft0;ft> = HT(fto>HL2(X) (511)

where 7(fi,) = Afiy + A(f1o)(dfty, dfy,) is the torsion field of fi,.

The same conclusion also holds for the embedded problem.

Proof. We pick ty > 0 to gain a bit more regularity that will be necessary to make this
result hold. We note that for a strong solution to the heat flow as in Definition 5.9,

we must necessarily have that for positive ¢, f; is in C*(X)NCZ (X \ XV) and, if
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t: N — R?is a smooth isometric embedding, (o fy)? € Dom(A) for each coordinate
1 <7 < ¢. In particular, this means that we have that 7(f;,) € L*(X). As f;, is not
an energy minimizer, Proposition 5.19 gives us that |V_E|(f;,) > 0. We proceed to

prove our result by showing

IT(fis) 2y < IV-El(fiy) and  |[7(fio)llz2x) = [V-E|(fio)-

As an immediate result from the computations, we shall find that

. E(fto) B E(ft)
tlg% dr2(feo ft)

= [I7(fo)ll 220)-

Step 1: ||T(feo)ll2x) < [V-El(fw)-

We begin by computing (5.11) on open, connected sets compactly contained in an
n-simplex, and then take an exhaustion of sets to reach our conclusion.

Let Q C X be an open connected set such that it is compactly contained in an

open n-simplex. Let

{17 = {F e WX N) | fle ® fulxa )

Similarly, for the strong solution to the harmonic map heat flow, f; (the subscript

does not denote a time derivative), let
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Hence, we note that, if the limits exist,

. E(fi,) —E(f") _ . E(filo) — E(filo)
o dr2(foo, f1°) = dr2(fiolo, fila)

We compute the right-hand side. We note that

iy EUoln) = BUil) _ (3, Elfl) — EGA)Y (el ft|g>)‘1 |

11m
t=to  dp2(fiola, filo) t=to t—1o t—to t—to

As fi]q is a map from a manifold to another manifold, we can follow standard argu-

ments (see [J2, Section 8.1]), to find that

1o Eilo) = E(fila)

t—to t— 1o

= [ (). 41) ax
- / (r(fr) (i) dX (5.12)
= ||T(fto)|Q||%2(Q)a

as f; is a pointwise solution of % fit = 7(f;) on the interior of an n-simplex. Also, we

have by similar computations

lim dLQ(fto|Qaft|Q)

t—to t— 1t

= ||T(fto)|QHL2(Q),

which, by f;, not being an energy minimizer and €2 being large enough, is greater

than zero. Thus, we have

i Elw) = BUP)

B (g Uwlallr
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Let {Q4.} be a sequence of nested, open subsets of X \ X" such that, for

aeN

each a, €, is bounded away from X2 and {Q,} forms an exhaustion of X (i.e.

U2 Q% = X). We presume that €y is so large that ||7(fs)]o,|l2(;) > 0. Ob-
viously, ||7(fi)|0allz2(0.) is an increasing sequence as a — oo, bounded above by

1 7(ft)]|22(x), which is itself bounded. Finally, we can prove

17 (fro)ll 2y = Tim[7(fio) |0l 22(00)

E(fi,) — B(f*
< lim limsup () Ezt )
Q=00 ¢ dLQ(ftmft a)

F — F
< Jim sup (fio) (f)
Fofrgofewt2x,Ny - dr2(fig, f)

= ’v*E|(ft0)7

(5.13)

which follows by above work and the definition of |V_E|(f;,).
Step 2: ||7(fi)llz2x) = |V-E|(ft,). We follow the proof of [IKN, Proposition 5.2].
By definition of |V_E|(f,), we have that for every e > 0 there exists a g € Wh2(X, N)

such that
E(fi) — E(9)

A (Frg) ) =

We construct a constant speed geodesic homotopy in W12?(X, N) between f;, and g
by setting a curve c: [0,1] — W'2(X, N) such that for 2 € X, ¢o(2) = fi,(2) and
c1(z) = g(2). The existence of such a ¢ is guaranteed in [EF, Chapter 11]. We let ¢/4(z)

denote the directional derivative of ¢ at time ¢ at the point z (i.e. ¢i(z) € T, V),

and by construction we have |¢;(z)| = dy(fi,(2),9(2)). By the convexity of energy
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on geodesic homotopies given in Equation (5.10), we have

E(ft;>_—tE<6t> > E(f,) — Eg).

We have from [EF, Chapter 11] that a geodesic homotopy is uniformly Lipschitz, so

we may compute as before

VAN

QL

=

el

S

~—

/\

\_/

N

S

9
—~
s
.
N

=

S

O

~_—
=

/ dn(fro(2), 9(2))|7(fio)(2)] dX

< (/XdN<fto )é (/ 7(fi) (2 PdX)
dr,

2(fio» DT (fro)ll 200

Hence, we have

dz2(fus9) (V-El(fy) = ) < E(fy) = E(9)
< o BU) = B@)

~ t—io t—1p

< dpz(figs Ol (fio)ll 2 ().

(5.14)
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This gives that for all € > 0,

IV_E|(fiy) = € < I7(fuo)ll 220,

and we have by this and step 1

IV_E|(fty) = IT(fe)llL2(x)-

To show that

. E(fto) _E(ft) _
R Ty LB P

we refer to the computation of Equation (5.12) (following [J2, Section 8.1]) and we

note that the pointwise limit for z € X \ X1 is

lim (V1o (2), V1o (2)) = (V fi(2), Vfi(2))) = 7(f1o(2))*

t—to

We recall that 7(f;,) = Afi, + A(fi,)(dfso, dfs,) and that |Af,| € L?(X) and

’A(fto)(dftmdfto)’ € LOO<X)

Hence, |7(f,)| € L*(X) and we have by dominated convergence from Equation (5.13)

that
. E(fi,) — E(f)
tlig}) dLQ(ftm ft)

= [I7(fio)ll 220)-
O

We now require one last result regarding the uniqueness of the Gradient-of-Energy

flow given in [Ma, Theorem 2.16].
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Proposition 5.25. Let X be a compact Riemannian polyhedron and N a compact
smooth Riemannian manifold with nonpositive sectional curvature, and let E be the
the energy functional as in Definition 2.25. Let fo € WYX, N) such that 0 <
|IV_E|(fo) < oo and let f; denote the Gradient-of-Energy flow starting at fo. Also,

let {go} C WY2(X, N) be a sequence of maps tending to fo such that

E(fo) — E(Qa)

lim =|V_E .
B g )
Then there exists a sequence t, — 0 such that
lim M =0.

Q=700 dL2 (f07 goz)

We can now show that the Gradient-of-Energy flow and the harmonic map heat

flow are identical as long as the initial map is sufficiently well behaved.

Proposition 5.26. Let X be a compact Riemannian polyhedron and N a compact
smooth Riemannian manifold with nonpositive sectional curvature, and let E be the
the energy functional as in Definition 2.23. For a C' initial map fo: X — N with
bounded energy density, let ft: X x[0,T) — N be a strong solution to the harmonic
map heat flow as in Definition 5.9, and let f,: X x [0,T) — N denote the gradient-
of-energy flow beginning at fy as above. Then for all 0 < t < T, and almost all

ze X

Proof. Our approach is to create a function D(t) := dz2(f;, f;), and show that it is

continuous with initial value D(0) = 0 and D’(t) is defined for all ¢ > 0 and D'(t) = 0
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5.3 Gradient-of-Energy Flow

and, hence, D(t) = 0 on all of [0,7) and f, and f; must be equal almost everywhere.
We presume without loss of generality that E(f;) and E(f,) do not achieve minimums
on [0,T) for, if they do, each flow must remain constant after such a time and the
statement becomes trivial.

We note that for a map g € WY2(X, N), d;2(f:, g) and dy2(f;, g) are both contin-
uous functions of ¢, so continuity of D(t) is immediate.

We now show that D’(t) is defined for all 0 < ¢ < T" and is always zero. We use

Propositions 5.24 and 5.26. Fix ty € (0,T). By Proposition 5.24, we have that

1o Efu) = E(R)

) 9 E|(f),
=t dpa(fiy, fr) | (i

so we may apply Proposition 5.26 and have that we have that for any sequence t, — %

there exists a sequence t! — ¢y such that

m dLQ(ftgafta) _

li =
a0 dL2 (fto? fta>

From the construction of the sequence {t/ } given {t,} in the proof of [Ma, Theorem

2.16], we see that the sequences must be equal. That is, {t/ } = {t,}. We note that

diz(fuo: Jia) ta = To ta = To

Ay (fr fr) _ (dﬂfta,m) (dmfto,ﬁa))’l_

By fi, not being an energy minimizer, we have from work in Proposition 5.24

lim dL2(ft0> fta)

toa—1o tOt - tO

= ||7(fio)llz2(x) > 0.
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5.3 Gradient-of-Energy Flow

Hence, we have that
dr2 f
h L (fta ? tcx)

ta—to ta - to

=0

and, as our choice of sequence was arbitrary, D'(ty) = 0. Although we apply this
argument at ¢ = ¢y, we can easily reconstruct it for any 0 < ¢ty < 7', and we have for
all 0 <t < T, D'(t) =0. Also by D(t) continuous and D(0) = 0, D(t) must be zero

everywhere. N

We now that we have shown the two flows are identical on intervals on which they

are defined, we now glean some properties of the harmonic map heat flow quite easily.

Proposition 5.27. Let X be a compact Riemannian polyhedron and N a compact
smooth Riemannian manifold with nonpositive sectional curvature, and let E be the
the energy functional as in Definition 2.23. For a C' initial map fi,: X — N with
bounded energy density, suppose that f;: X x [0,T) — N is a strong solution to the

harmonic map heat flow as in Definition 5.9. Then f; has the following properties.

i. fi is a semigroup (i.e. for s,t >0, (ft)s = fits)

.
~

’ ||%ft||L2(: T (fi)llz2) s monotonically non-increasing in t on [0,T). Also, if

T = oo, lim |12 fill = 0.
iii. t — E(f;) is monotonically non-increasing and convex on [0,T).
w. If T = oo, then limy_,o E(f) = inf,cprzx vy E(u).
v. If T = o0, then limy_,, f; exists and is harmonic (i.e. is a minimizer of E).

Proof. We begin by noting that Lemma 5.20 and Proposition 5.26 imply that we

can use Propositions 5.17, 5.18 and 5.24. The only statement that does not follow
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directly is the last one. We can see that f; as ¢ — oo is a minimizing sequence,
and so we may apply the precompactness result of Proposition 5.21, which shows
the existence of a convergent subsequence. We can then apply the last statement of

Proposition 5.18. []

Remark 5.28. We note that the preceding theorem, part of the statement presumes
the existence of a harmonic map heat flow. That is an assumption we have not yet

justified, but is proven in the following sections.

5.4 Short-Time Existence of a Solution for Initial Data with

Bounded Energy Density

Our approach is to show that if one prescribes a C! map f, one can embed the target
in Euclidean space (say via a smooth embedding ¢) and find a solution to the heat flow
equation with initial data o f. This is not as simple as the case where the target is R
(treated in previous sections). Curvature of the target will become an issue. Indeed,
we show that we can find a sequence of maps that converge to a strong solution to
the heat flow. Following the observation of Proposition 5.13, we wish to prove that
for X compact and simplex-wise flat and f, € C'(X, N), there exists T > 0, such
that a strong solution with initial value F := 1o fy exists on X x [0,7). We develop
a sequence of maps that will converge to (5.9). Specifically, fix a map fo: X — N
such that fy is C* with bounded energy density. Let Fy = to fo, where 11 N — RY is
isometric. Also, let

h: X x X xRt >R
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denote the heat kernel of Proposition 4.4. We develop a sequence of maps, {Wl}fio,
such that

Wiz, ) = (W (2, 8), Wz, 1), .. W (2, 1),

and are defined as follows:

W (z,t) :/ h(z,v,t)Fy do,

. X (5.15)

Wl’"’(z,t):/ / h(z,v,t — 7)G"Y (v, 1) dv dr + W (2, 1),
0o Jx

where

anfl,a a”fl,ﬁ -
Ly _AY l i
G (v, 1) = A5 (W )< 50 ) ( 507 )g :
We shall show that these maps converge to a solution of (5.9). We follow the argu-

ments of [ES].

Proposition 5.29. Let X be compact and let .- N — R? be a smooth isometric
embedding. Let Fy: X — «(N) C R? be in C'. Let {W': X — RQ}ZO be the maps

described in equation (5.15). Then, there exists T > 0, such that
lim W'(z,t) = W(z,1)
l—o00

uniformly in C* on X x[0,T), where W (z,t) is a strong embedded solution with initial
value Fy on X x [0,T). Also W(z,t) € CLr®™ (X \ X2 5 [0,T),4(N)), where

loc

L(N) C RY. Additionally, W satisfies all of the conclusions of Proposition 4.28.

Proof. To show convergence, we follow the arguments of [ES, Section 10] nearly ver-

batim. Of particular interest here is that the maps {Wl(z, t)} converge in energy to
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a map, W (z,t), which satisfies in each coordinate 1 <y < ¢

W”(z,t):/Ot/Xh(z,v,t—T)GV(U,T)du(v)dT

—l—/Xh(z,v,t)Fo(v)du(v), (5.16)

where

oweN (oW .
G (v, 7) :Agﬁ( s ) ( v )ga.

We recall our approximating maps are defined as follows.

WO’V(z,t):/ h(z,v,t)F] (v) dv,

. X (5.17)

Wl’"’(z,t):/ / h(z,v,t — )G (v, 1) dv dr + W (2, 1).
0o Jx

For notational simplicity, in local coordinates, let the subscript ¢ denote a derivative

in the i coordinate and hence let

oWl
Lo |
Wi = o

Also, let

1
q 3
(1) := sup (Z W (z, T)W;”Y<Z, T)g”) :

zeX =1
From Theorem 4.18 we have bounds on the gradient of the heat kernel and so, fol-

lowing Proposition 4.26, in local coordinates we have

t
Wh(z,t) = / / hi(z,v,t — 7)G7 M (v, 1) dvdr + W (2, 1),
0 X
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From the bounds on A, g, and on [, [y |hi(2,v,7)| dp(v)dr from Theorem 4.18 and

Proposition 4.26, we again compute

() < 0/0 (t —7)"2(e" N (7)) dr + (),

for t € [0,¢], and C' is not dependent on the choice of the initial map. Let

From the above, we have

e <2C\e(@™)? + &,

If 2C/ee "t < % and 2C/ee® < 1, then
1
20V/ed < (20/ee )" + 20 /e < 5

Hence, by induction, we have that W!(z,t) € V and & < Cy/e for all t € [0,¢] and
all 1 € N, as Wi(z,0) € «(N) C N and we have a uniform bound on the energy given
that scales as /e for ¢ € [0, €].

We can now show the convergence of the maps {Wl} to W in energy. Let

K'(t)=sup [W"(z,t) =W (z,t)| +
zeX\Xx(n=1)
1<y<q

1
2

sup
zeX\Xx (1)

1<v<q

g7 (W7 (z0) = W=, 0)) (W0 = Wy (5,0)

7

We see that examining the terms in this expression relies on information about G*7 —
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G'17. We compute

Gl,’y o Gl—l,’y — Alﬁ(Wl_l) <VVil,aVV;,ﬁ _ ‘/Vl-l_l’aW;_l’6> gij

+ (AL,(Wh) = AL, (W) Wew P gy,

By a judicious use of Talyor’s theorem, bounds on A}, 5 and its first-order derivatives,

and the Cauchy-Schwarz inequality for bilinear forms, we have
|GP =G| <O (e 4@+ (@)%) K(t).
By our bounds on &' above, we have

|G — G| < C7(CVe+ C%) K1)

= C"K'(t).

By the conservativeness of h(z,v,t) of Proposition 4.13, the Gaussian bounds of

Theorem 4.18 and Proposition 4.26, we can show
t 1
K"™(t) < C"'/ (t — 1) 2 K'(7)dr.
0

Let

K'(t) sup K'(7).

T€[0,t]

Then, for all [ € N, we have
K'(t) < (20" V)'K°(t),
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and so, for sufficiently small £ > 0, which we now let be T', we have convergence of
> K').
0

Hence, we have our sequence of maps {Wl}zo converging uniformly in C! on [0, T),
T > 0. Thus, the terms G = AZCB(WZ)WZ’QW;’BQU must converge, too. The
limit of {Wl}zo must be W as in equation (5.16) with continuous first-order deriva-
tives, and the limit of {Gl} must be G which, for each coordinate v, satisfies G7 =
Agﬂ(W)W/fWJ’-B g“. By the definition of W in equation (5.16) and by the continuity
of h(z,v,t), we have that W must be continuous in space with continuous first-order
spacial derivatives on all X. To see this is a strong solution and achieve higher

regularity we can apply Proposition 5.15 (see also Proposition 4.28). O]

To show long term existence, we will need to show that the energy density stays
bounded on compact time intervals. We begin this by examining how scaling the
metric on the target affects the embedding, the solution and its energy density. We
have some elementary observations. As we are considering N as embedded in RY,
we track how scaling the metric of the compact, smooth Riemannian manifold (NN, h)
affects the embedding. Indeed, let § € (0,00) and define hs := dh, and, by abuse
of notation, let N5 := (N, hs). Given the isometric embedding ¢: N — R?, defined

locally near y € N as
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we can define an isometric embedding t5: Ns — R? as

where ¢(J) = V8. Let N be an open, tubular neighborhood of «(N) in R? such that
the nearest-point projection map 7: N — t(N) is well defined. For N; we can define
Ns and 74 similarly by scaling the (global) coordinates each by a factor of /6. Hence,

we have

Thus, N is a tubular neighborhood of ts(Ns) and 74 is a nearest-point projection

map of Ns onto ts(Ns). We have the following.

Lemma 5.30. Let X be a compact, simplexwise flat Riemannian polyhedron, N a
compact Riemannian manifold with Riemannian metric h, . N — R? a smooth
isometric embedding, Fy: X — 1(N) C R? a map in C' and F: X x [0,T) - R? a

strong embedded solution to the heat flow with initial value Fy. Notably, I satisfies

= _ Y — g (n—1)
< ; A) F ;aﬁAaﬁ(F) o on X\ X x (0,7)

lim F(-,t) = Fy in C°.

t—0
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Additionally, let § € (0,00), and let N, 7w, N5, w5, and 15 be as above. If hs is the
metric h scaled by § (i.e. hs = dh), then i5 is an isometric embedding of N5 in R,

and for the corresponding initial map Fys: X — 15(N)(C R?) given by
Fos(2) = VOFy(2)

the strong embedded solution to the heat flow with initial value Fy s, denoted Fs, exists

on X x [0,T) and satisfies

%) OFY OF) B
(& — A) F} = Al,(Fy) a; a;- on X\ XY x (0,7)
i,Oé,ﬁ K2 K3

lim F5(-,t) = Fys in C°,

t—0

where

sALs = VAL,

Additionally, for on X \ X"~V x [0,T)
Fs(z,t) = VOF(z,t)

and
e(Fs(z,t)) = de(F(z,1)).

The converse also holds.

Proof. We compare the flows of maps between X and N, and between X and Ns. We

note that the flow from X to +(N) beginning at Fy), denoted F, satisfies on X \ X1
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Density
in each coordinate 1 < vy < g,
B OF* QF"
Z AV = AT (F 1
(E% ) ; ool )3%‘ ox; (5.18)

where A ; = 8282—75;3 with {z'}, denoting the standard coordinates of R?, and where

7 is the nearest-point projection of N to +(N). Similarly, the flow from X to t5(Ns)

beginning at Fp s, denoted Fj, satisfies on X \ X (=1

) OF OF?
(a - A) Fj = ;AL(F) 8:;- 8:}56- ; (5.19)
i,a,,B KA KA

2.7
where ;A = 831%, where 75 is defined above. We note that the only difference

between the equations are the coefficients ;4] ; and A, ;. We note the by the definition
of each coefficient and the definitions of 7 and 74, they are related by
AT — 0*mj
070 T 9B
0?7
_ 50T
022028
= V6AL,.

From this observation, the rest of statement follows easily. m

Proposition 5.31. Let X be simplexwise flat, v: N — R? be a smooth isometric
embedding, and F: X x [0,T) — R? be a strong embedded solution to the heat flow

with initial value Fy. Also, let Fy have bounded energy density. Then, the energy
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density is essentially bounded on [0,T), 0 < T < 0o. Specifically, we have

esssupe(F(z,t)) <C
Xx(0,T)

where C' is dependent on Fy, T, X and N.

Proof. Our approach is to scale the metric of N and use the previous short-time
existence argument of Proposition 5.29 (see page 114), which shows there always
exists € = e(supe(Fp)) > 0 such that the essential supremum of the energy of the
flow on [0, €) is bounded. As N is a smooth, compact Riemannian manifold, for each
k € N, there exists a constant C' dependent on N and k such that Azﬁ corresponding
to the embedding of N in R? and all of its derivatives of order k£ or less are bounded
by C'. Hence, by the preceding Lemma 5.30, for every B > 0 and k € N, there exists
6 € (0,1) such that if we scale the metric of N by §, 5A4,; (corresponding to the
embedding of N in R?) and all of its derivatives of order k or less are bounded by B.

We now reexamine the short-time existence of Proposition 5.29. We recall that in
Proposition 5.29, we show that there exists a time interval (possibly small) such that
a sequence of approximating maps converge in C! to a solution on this interval. We
also recall some of the definitions. The approximating maps to a strong embedded

solution with initial map F{, are given as

WO’V(z,t):/ h(z,v,t)F) (v) dv,

. X (5.20)

Wl”(z,t):/ / h(z,v,t — 7)G"Y (v, 1) dv dr + W7 (2, 1).
0o Jx
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Let the subscript ¢ denote a derivative in the #*" coordinate and hence let

awl,a
Whe = —
¢ o’

Also, recall

q >
¢!(7) := sup (Z Wi (2, 1) W} (2,7)g” ) :

zeX =1

We have from equation (5.17) in local coordinates
t
W7 (z,t) = / / hi(z,v,t — 7)G7Y (v, 7) dv dr + W7 (2,1). (5.21)
0o Jx

By Proposition 5.29, we have that there exists € dependent on the energy density of
the initial map Fj such that a solution exists with bounded energy density on the
time interval [0, ¢). Let |[Al;| < B, and let C' > 0 be such that [ |hi(z,v,t)| du(v) <
Ct='/2, the existence of which is guaranteed by Theorem 4.18 and Proposition 4.26.

Hence we compute from Equation (5.21),
t 1
et < BC/ (t=7) 3 (7)) dr + O(0),
0

for t € [0, ¢]. We note that B, C' are not dependent on the choice of the initial map.

Let

From the above, we have

e <2BCe(@)? +&°.
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If 2BC/ee'! < § and 2BC/ee” < 1, then
1
2BCVed < (2BCee )" +2BC /e < 5

By induction, we have that for all | € N, & < (4BC/e)~! as long as /e < (8BCe%)~L.

l

Hence, as W' converges to a limit in C' as [ — oo, & converges to supy (o) €(F(z,1)).

We have that /e < (8BCe%)~! implies that

1
sup e(Fl(z,t)) < .
X x[0,6) (F(=1) 4BCy/e

We can show from the Markov property of Proposition 4.4 and Lemma 4.6 that

e’ < ¢%0) and, as a consequence of Theorem 4.18 and Proposition 4.26, €°(0) =
supy e(Fp(2)). Thus,
1 1

< F < —.
ves 8BC supy e(Fp(z)) — szl}(i)e( (1)) 4BC\/e

(5.22)

We now show that for any T > 0, a solution to the embedded heat flow problem
exists on [0,7") for an initial map Fy with bounded energy density, and this solution
has bounded energy density on [0,7"). Pick any 7" > 0. By our previous work, there
exists § € (0, 1) such that the B satisfying | 545 < B can be made arbitrarily small.

So, pick ¢ small so that

1
T <
VT < 8BC'supy e(Fps(z))’

where we note that supy e(Fps(z)) is monotonically non-increasing as ¢ goes to zero.
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By Equation (5.22), we find that

1 1
VT < = sup e(Fs(z,t) < ——.
~ 8BC'supy e(Fps(2)) XX[OI?T) (F5(z,)) < 4BCNT

We note that by scaling the metric of the target,

sup e(Fy(z,6) =6 sup e(F(z,1))
Xx[0,T) Xx[0,T)

Hence,

1
sup e(F(z,t)) < ———
XX[OI,)T) (F(=1) 46BC\T

5.5 Schauder Estimates of Elliptic- and Parabolic-type Equa-

tions

Although we have provided regularity properties in previous sections, we will find
Schauder and LP estimates of elliptic- and parabolic-type equations useful here and
interrupt our exposition to explore them before returning to our examination of long-
time solutions to the heat flow. We follow and extend a method proposed in [DM3].
For results for elliptic and parabolic differential equations in smooth domains, see
|[GT] and [LSU]J, respectively.

We begin by citing a few fundamental results for elliptic differential equations for

smooth domains from [GT].

Definition 5.32 (Holder norms). Let Q@ C R™ be open, andlet 0 < o < 1. f: Q@ — R
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is uniformly Holder continuous with exponent «, if

sup |f(p) — f(a)] < o
P,q€Q,p#Eq |p - q|a

We define the following semi-norms and norms for an integer k£ > 0.

[flea(@) == sup M

P,gEQ,p#£q lp— q’a

‘f‘ckw(m = Z [D’Yf]ca(m’

0<|v|<k

where 7 is a multi-index.

Additionally, for p,q € € define d, := dist(p,0Q?) and d,, := min{d,,d,}. For

p € R, define
&gy = sup dsT|D7f(p)]
PEQ,|y|=k
N eyi=  sup dyie™” D] (f;)_—ql'?:f(q)l
|f|(6€’2(9) = i[f](ci‘)(g)
1=0
£y = 1 1Ek ey + [Ny

See [GT, Theorem 6.2] for the following result.

Proposition 5.33 (Interior elliptic Schauder estimate for classical solutions). Let

Q C R" be an open domain. Let u € C***(Q) be a classical solution to the elliptic
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equation Lu = f for some f € C*(QQ), where L is the elliptic operator defined by

Z a;;(2)Diju(z) + b;(2) Diu(z) + c(2)u(z).

2,j=1

with coefficients such that ’aii‘g]i(m’ ’bijlgi(g)v |C’(C?‘1(Q) <D < oo. Then

0 2
|U|(02)+a(9) <C (‘U|CO(Q) + |f|(C‘1(Q)> )

See [GT, Theorem 8.32] for the following result.

Proposition 5.34 (Interior elliptic Schauder estimate for C'** weak solutions).
Let Q C R™ be a bounded open domain. Let u € C'T%(Q) be a weak solution to the

elliptic equation Lu = g+, D; fi, where L is the strictly elliptic operator defined by

= Z D; (aij(2)Dju(z) 4+ bi(2)u(z)) + ¢;(2) Diu(z) + d(z)u(z),

ij=1
and the coefficients of L, f;, and g are locally integrable, and
H}%X{’%\Ca(m, |bi| (@) [cil oo, |d| o) } < B.
Then for any compactly contained Q) C ), we have
|ulcrtay < C <|U’CO(Q) + |g9lco) + Z \fi|0a(9)>

where C' = C (n, B, A, dist(092,Q)) and A is the constant of ellipicity.

Proposition 5.35 (See [GT, Theorem 9.19]). Let Q@ C R™ be an open domain. Let
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u € W2’2(Q) satisfy the elliptic equation Lu = f almost everywhere, where L is the

loc

elliptic operator defined by

n

Lu(z) = Z a;;(2)Diju(z) + bi(z) Diu(z) + c(2)u(z).
ij=1
If a;j,bi,c, f € C*149(Q) for some k(€ N) > 1, 0 < a < 1, then u € C*1H(Q).
Additionally, if Q € C*+1*e L is strictly elliptic in Q and a;j, b, c, f € CF7172(Q),

then u € C*1+e(Q).

Proposition 5.36 (Elliptic L? Estimate, see [GT, Theorem 9.19]). Let Q C R™ be an
open domain. Letu € VVE)CQ(Q) satisfy the elliptic equation Lu = f almost everywhere,

where L is as above. If all (k—1)-order derivatives of a;;, b;, ¢ are Lipschitz on Q0 and

f € WEX(Q) for some k(€ N) = 1, then u € Wit*3().

loc loc

We now use a construction of [DM3] to create a solution to a particular differential
equation on a ball in R™ where we can apply these estimates to arrive at a Schauder-

type estimate for harmonic maps in neighborhoods away from X (2.

Proposition 5.37. Let u: X — N(C RY) be a harmonic map. Then for some

0<a<l ueCEYX\ XN NW22(X\ X)), and we have the following

loc loc

estimate. For every open 0 C X '\ X =2)
|u]c1+a(9/) <C (|U‘CO(Q) + |AU‘CO(Q)) (5.23)

where C' = C (n, B, A, dist(0€,')), A is the constant of ellipicity, and ' C Q is any

compactly contained open subset.

Proof. Without loss of generality, we proceed locally and prove the estimate in a
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ball around a point p. Obviously for any sufficiently small neighborhood of a point
p € X \ X1 this follows from established results. Hence, let p € X1\ X(=2),
Let {Sj}}]:1 denote all of the n-simplexes adjacent to p meeting on an (n — 1)-face F.
Define u; := uls;. Let 1 < < gq. Also let R > 0 be such that B(p, R) N X0=2) =g
and B(p, R) C U}’le_j, and pick edge coordinates centered at p so that for each u;,
(1,...,2Zn-1,0) denotes points on F and (0,...,0) denotes p. For each 1 < v < ¢

and 1 < k < J, we construct @) : B(0,R) — R as

wl (T, xy), x, >0
uk(‘%vxn) = 2 J
—ul (T, —x,) + 7 ; uj (T, —x,), T, <0
where Z = (z1,...,2,_1). Also, let
o) (T, ) ZA (u a:x))aug(fx)aug(f )
n . n)) 3\ L, Tn) 7 \T,Tn),
B k 6:171 8:171
and similarly define
(bZ(E xn)v z, >0
A (T, xy) =
_Qb’y Z¢’Y n , Tp < 0

Clearly, on B(0,R) \ {z, =0}, AW, = A] and @ is C* on this set. We also see
that A, (Z,z,) is bounded on B(0, R). By u harmonic, it satisfies the balancing and

matching conditions and we can see that each ;] is a weak solution to

AT = Ay
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

From general results in elliptic partial differential equations (see in particular Propo-
sition 5.34), we can show that each u, is in W22(B(0,r)) and C***(B(0,7)) for any

0 <7 < R. Also, as A, € C°(B(0, R)), we may apply Proposition 5.34 to show

— — 7
@) |orea(s0ay) < C ([@looso.r) + [Arlcowo.ry) »

where C' = C(X,|R —r|) for any 1 <y < gand 1 <k < J. Hence, we conclude that

for r < R,

[uler+emen) < C | Juloomo.m) +

ou® OuP
o
o%:i Aaﬁ Oxz 890,

CO(B(0,R))
O]

Proposition 5.38. Let u: X x R>g — N(C RY) be a strong solution to the embedded
heat flow with initial value fo. Then for some 0 < a < 1, u € CLI(X \ X"=2) N

W22(X\ X2, and we have the following estimate. For every open Q C X\ X (=2

and each t > 0,

ou
[uC, B)lerragay < C ful Hloow) +] 5,04 1)
co(Q)
ou” ou’
’y . — . .
| D Ads ) (5= (1) ) (5.24)
,Bi co(Q)

where C' = C (n, B, A, dist(0€,Y')), A is the constant of ellipicity, and ' C Q is any

compactly contained subset.

Proof. We can follow the preceding argument for the elliptic case almost verbatim.

Indeed, we can treat the parabolic case here by noting that for a parabolic solution,
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

it is elliptic in the sense that it satisfies (strongly)

ou” ou® ouP
y_ 7%
Aut = ot +ZA (u )8@ ox;’

a,Byi

where we treat the entirety of the right-hand side as the inhomogeneous part. Specif-
ically, let p € XD\ X(=2) Tet {sj}‘j]:1 denote all of the n-simplexes adjacent to
p meeting on an (n — 1)-face F'. Define u; := uf,,. Let 1 <y < q. Alsolet R >0
be such that B(p, R) N X = and B(p, R) C U/_;5;, and pick edge coordinates
centered at p so that for each u;, (z1,...,2,-1,0) denotes points on F' and (0, ...,0)

denotes p. For each 1 <~y < gand 1 <k < J, we construct u;: B(0,R) x Rsg — R

as
u) ((z,2,),t), z, >0
w ((z,2,),t) == (e %i 4. <0 (5.25)
where T = (z1,...,2,-1). Also, let
61 (2, 20), aZﬂ:ZA (2, 22),1)) gf((z,xn),t)‘gf(@,m,t), (5.26)
and similarly define
or ((Z,20), 1), z, >0
A ((z,2,),1) = (s %i L, <o (5.27)

From here, we proceed as in the elliptic case (Proposition 5.37) and apply Proposi-
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

tion 5.34 as before. O

We require a parabolic version of this elliptic result to get Holder continuity with
respect to time. This will be important to show that the limit map for the heat flow

as time goes to infinity is balanced. We first introduce relevant norms.

Definition 5.39 (Holder norms with time). Let Q@ C R™ be open, T' > 0, and define
Qr = Q2 x (0,T). We define the following semi-norms and norms for 0 < o < 1. For

continuous f: Q7 — R define

_ /)~ 10
[fleg@r oo —dP
[flegan = sup If(p) — f(@)]

(). (0.5)eQrizs |t — 8]°

’f|C“(QT) = [f]cg(QT) + [f]Cf/2(QT)'

We additionally define the norms for j € N

[fleo@r) = 1 fleo@m = sup | f(p,t)]

(pvt)eQT
o ok (8!
Aoan= 2 [ @' 1] 40,
2hi+l=j T
J
\fleir = D _fleian:
i=1
where ((%)l = 621 % e 8%”’ and (%)k denotes differentiation with respect to t

applied k£ times.

Finally, for Hélder norms with exponent j + «, where j € Nand 0 < a < 1, we
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

have

fleeian = 3 () (&
Negreani= D0 G (3" 1] e
0<2j4+2a—2r—s<2

[f]cj+°‘(QT) = [f]Cfa(QT) ™ [f]Ct(j+a)/2(QT)

J

|fleita@r) = [flora@n + D _[flcian-

i=0
We can now proceed stating a classical result of [LSU].

Proposition 5.40 (See [LSU, Theorem 1.1, Chapter VI]). Let Q be an open domain
in R", Qr := Q x (0,T) for fired T > 0, and let u: Qr — R be a weak solution to

the equation

(% — A) u= f(x,t,u, Du),

such that u is continuous in Qr, %u € L*(Qr), and first-order derivatives of u are
bounded in Qr. Then, first-order derivatives of u are Hélder continuous on Qr and,

for any compactly contained Q' C Qr, there exists a € (0,1) and C > 0 such that
[Du]ca(Q/) S C,

where a is dependent on supg,, |Dul, n and supg,, |f(x,t,u, Du)|, and C is addition-
ally dependent on dist(Q', 0Qr).
Additionally, if |Du(-,0)|ce(q) is bounded, then for any compactly contained Q' C
Q(Qr = x(0,7)),
[Du]ca(qy) < C,
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

where C' is dependent on supg,. |Dul, n, supg,. | f(z,t,u, Du)|, |Du(-,0)|csqy, dist(0€2, ),
and B(> «).

The result cited in [LSU] is more general that what is stated here, but we select
only what we need for subsequent results. We note that if u(-,0) has Hélder con-
tinuous first-order derivatives and supg,, [Du| and supg,. |f(z,t,u, Du)| are bounded
uniformly for all time, the constants C' and o do not depend on 7. This will be a
consideration in Proposition 5.45 later.

From [LSU], we also have the following standard result for solutions with higher

regularity.

Proposition 5.41. Let Q be an open domain in R", Qr := Qx (0,T) for fixed T > 0,

and let u € C*Y(Qr) be a solution to the equation

0
Y _Alu=
(5 -a)u=r
where f € C¥2(Qr), 0 < a. If u(-,0) € C**3(Q) for some B > «, then for any

compactly contained ' C Q (QfF = Q' x (0,T)), there exists C' > 0 such that

[U]C”O‘(Q’T) <C ([f]C“(QT) + [U]CO(QT)) ’

where C' is dependent only on 5(> «), n and dist(09, ).

Again, this result holds in greater generality than what is stated here. In partic-
ular, instead of the heat operator, the operator may be any parabolic operator with
sufficiently smooth coefficients.

Along the lines of Proposition 5.38, we have by the same construction the follow-

ing.
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5.5 Schauder Estimates of Elliptic- and Parabolic-type Equations

Proposition 5.42. Let u: X x R>g — N(C RY) be a strong solution to the embedded
heat flow with initial value fy such that f € C*(X,R?) NCLT*(X \ X2 R9). Then

loc

u € OLY(X \ X2 RY), and we have the following estimate. For every open Q C

loc

X\ X" and each 0 < T < oo,

‘U(-7t)‘cl+a(QlT7Rq) S C,

where ' C Q is compactly contained, Qr := Q x (0,T), QF := Q' x (0,T), and C is

dependent on X, N, f, o, dist(09Q,€Y), [u|co@,), [Dulco@r), |Dfolesy, and B(> a).

Proof. The proof is nearly identical to the proof of Proposition 5.38 which, instead,
relies on Proposition 5.40. In particular, we note that the term f(z,¢,u, Du) in the
statement of Proposition 5.40 will correspond to the terms A, (z,t) of the proof of
Proposition 5.38. Hence, we note that C' in the statement of this proposition is
dependent on |Du|co(g,). By Proposition 5.31, first-order derivatives in space are

bounded on bounded time intervals, so |Du|co(g,) is bounded for finite T, as is

|U(',t>|cl+o‘(Q/T,Rq)' O

We note that the differences between Propositions 5.38 and 5.42 are slight, but the
latter does not require a bound on the time derivative of the solution and additionally
gives a bound on the Holder continuity of a solution with respect to time. Although
the bound of the first result does not depend on time, we note that the second result

does.
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5.6 Long Term Existence and Convergence to a Harmonic Map

5.6 Long Term Existence and Convergence to a Harmonic

Map

We have show that, given an initial map fy that is C'(X, N) with bounded energy
density, there exists some 7" > 0 dependent on sup e(fy) such that a solution to the
heat flow exists on [0,7") with good regularity properties. Our goal now is to show
that the solution can be extended to [0,7]. If f(-,7T) is continuous with bounded
energy density, this gives us that there exists a solution to the initial value problem
on [0,00), as we can always extend the flow past T

The simplest place to start is the precompactness theorem of [EF] (see also [KS]):
given a sequence of maps in W?(X, N) with uniformly bounded energy, there exists
a subsequence that converges in L?*(X, N) to a map in WY?(X, N). Clearly, this
applies here, as Proposition 5.27 implies that any sequence of W (-, t,), t, — T, has
bounded (global) energy. This does not give us a useful limit map, as we want our
limit map to have bounded energy density and some regularity. Also, to use this
precompactness result, we must appeal to subsequences of (0,7 that converge to T,
which is undesirable as we wish to have convergence for every subsequence of (0,7)

that converges to T'. Formally, we show the following for the embedded problem.

Proposition 5.43. Let X be compact and simplez-wise flat and let .- N — R? be a
smooth isometric embedding. Let Fy: X — +«(N) C R? be in C1(X) and have bounded
energy density. Let W be a strong embedded solution with initial value Fy on X x[0,T)
for some T' € (0,00). Then ast — T, W(-,t) converges uniformly to a continuous
map that is in C*(X) with bounded energy density, and for any open set A C X such

that d(A, X=2) >0, W(-,t)|a converges in C* to a limit in C1F*(A).
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5.6 Long Term Existence and Convergence to a Harmonic Map

Proof. Our main tool is the Arzela-Ascoli theorem. We note that for a smooth com-
pact Riemannian manifold M, possibly with boundary, we can use the mean value
theorem and Arzela-Ascoli theorem to show that if there is a sequence of functions
that are uniformly bounded with uniformly bounded derivatives, then there is a sub-
sequence that converges uniformly to a continuous function on M. To apply this
principle to maps from X to N, we can either appeal to local coordinates in N and
prove convergence locally in each coordinate or we may isometrically embed N in R?
and show convergence in each coordinate. Here, we prefer the latter approach, as it
is set up in the statement of this proposition and, by abuse of notation, use W to
denote the 4" coordinate function, W7, where 1 < v < q.

We note that by Propositions 5.15 and 5.29, we have for any open A C X such
that d(A, X("=2) > 0, W € C"H**5(A x (0,T), N), for some «, 3 > 0. Hence, by
the Arzela-Ascoli theorem on W and its spacial derivatives, we can say there exists
a subsequence t; — T such that W(-,¢;)|5 converges to a limit in C' on A. By the
same proposition, on A x (0,7'), we note that %W(-,t) must be bounded. Hence,
any sequence of maps W (-,t) indexed by ¢ must converge on A to a unique limit as
t—T.

Now, for an n-simplex, s, consider W (-,t)|s. As we know that for each ¢t € (0,7,
W(-,t)]s € C*(3) and that for each t € (0,T), W(-,t)|s and its first order derivatives
are uniformly bounded (this follows from Proposition 5.31), there exists a sequence
{t;} whose limit is T" such that W (-, t;)|s converges uniformly to a continuous map.
We claim that this map is unique. Indeed, assume that for two distinct sequences
{t:} ,{t;} € (0,T) that converge to T', W(-,t;)|s and W (-, t})|5 converge to two distinct

limits, say W (-,T)|s and W’(-,T)|s respectively (which may possibly be distinct from
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5.6 Long Term Existence and Convergence to a Harmonic Map

the one in the previous paragraph). By our previous argument, they must agree on
X\ X2 Hence they can only be distinct on X2, Let 2y € X2 be such that
Wiz, T)ls # W'(20,T)|s. Then, as W(-,T)|z and W'(-,T)|s are continuous, they
must be distinct in an open neighborhood of zy, which is impossible. Hence for any
sequence in (0,7") converging to T, there exists a subsequence {t;} such that W(-,¢;)|s
goes uniformly to a unique continuous limit W (-, T)|s. We can repeat this process
for each n-simplex, s, to build a function from all of X such that for any sequence
in (0,7") that converges to T" there exists a subsequence {t;} where W (-, t;) converges
uniformly to a unique continuous limit W (-,7): X — R. We still must show that for
any sequence {t;} going to T, W (-,t;) converges uniformly to a unique continuous
limit with bounded energy density, W (-, T).

Recall that any bounded sequence of continuous functions on a compact domain
that converges pointwise to a continuous function must converge uniformly. As we
know that W (-,T") is continuous on X and any sequence of functions W (-, t;) indexed
by ¢ — oo is bounded, all we must show is that for any sequence in t going to
T, W(-,t;) converges pointwise. We proceed by contradiction. Suppose there is a
sequence {t;} such that W (-, t;) does not converge pointwise to W (-, T, defined as
above. Clearly, pointwise convergence must hold on X \ X ™~2) so the only possibility
is that pointwise convergence fails on X (=2, Suppose there is a point z, such that
either

lim W(Zo, tz) 7£ W(Zo, T)
t;—T

or this limit does not exist. Either case produces a contradiction. Given our work
above, given a sequence {t;} converging to T, there exists a subsequence {t;} also

converging to 1" such that {W(-,t;)} converges uniformly to the unique continuous
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limit map W (-, 7). Hence, if there is a sequence {t;} such that lim;, ,7» W(zo,t;) #
W (20, T), there is a subsequence {t;} C {t;} where limy_,» W(20,t;) = W(20,T),
which is absurd. In the second case, we assume that lim;, ,7 W (2, ;) does not exist.
This is also not possible: we claim that {W(zy,t;)} has a single accumulation point
equal to W (z, T'), which is sufficient. Obviously, the sequence {W(zy,;)} is bounded,
so it must have a least one accumulation point. By our work above, one accumulation
point must be W(z,T'). Suppose that {W(zg,t;)} has another accumulation point
not equal to Wz, T), and let {t.} C {t;} be the subsequence such that {W(z,t)}
converges to it. Again, by the work above, there must be a subsequence {t/} C {t.}
such that {W(zo,t)} converges to W (zy,T'), which is absurd.

By Proposition 5.31, we can also show that our limit map W(-:,7) must have
bounded energy density. Also by W(-,t) being balanced for all ¢t € (0,7") and by the

regularity shown above, it can be shown that W (-, T') is balanced. [

Proposition 5.44. Let X be compact and simplex-wise flat, and let v: N — R? be a
smooth isometric embedding. Let Fo: X — 1(N) C RY be in C*(X) and have bounded
energy density. Then there exists a strong embedded solution W with initial value Fy

on X x [0,00) with energy density bounded on compact time intervals.

Proof. By Proposition 5.29, we have for Fj so defined, the existence of a T > 0 such
that a strong solution to the embedded heat flow problem with initial map Fjy exists
on X x [0,T). Let T be the largest possible real number for which such a solution W
exists on X x [0,T) By Proposition 5.43, we have that lim, ,7 W exists, is continuous,
has bounded energy density and for every open A C X such that d(A4, X (”_2)) > 0,
W(-,T) € C***(A). Hence we can apply Proposition 5.29 again to W (-, T') and extend

the flow to X x [0,7"), T" > T. Thus, T = co. We can thus apply Proposition 5.31
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to show boundedness of the energy density on compact time intervals. O]

Proposition 5.45. Let X be compact and simplex-wise flat and let v: N — R be
a smooth isometric embedding. Let Fy: X — 1(N) C R? be in C*(X) and have
bounded energy density. Let W be a strong embedded solution with initial value Fyy on
X x [0,00). Then there ezists a sequence {t;} tending to infinity such that W (-,t;)
converges uniformly and in W12 as i goes to infinity to a harmonic map. Additionally,
if for any open set A C X \ X2 with d(A, X™=2) > 0 E(W(-,t;)|4) remains
bounded (where the bound may depend on A), then W (- t;) converges in C} (X \
X=2)) to q limit in CLr*(X \ X)), In particular, if the energy density of W (-, ;)

loc

remains bounded, then W (-, t;) converges in Cp (X \ X"=%) to a limit in Cl;7*(X \

loc

X(n72)) ]

Proof. We break our proof into two cases. In the first case, we presume that the
supremum of the energy density remains bounded as time goes to infinity. In the
second, we presume that the supremum of the energy density could be unbounded;
in this case, we show that the solution remains converges to a limit as time goes to
infinity in C°(X) N W2(X).

Case 1: SUPxy(9.00) €(F(2,1)) < 00.

We can replicate most of the argument of Proposition 5.43, however we note that
in Proposition 5.43, we only had to show convergence on a set with compact closure.
This was guaranteed by the finiteness of time (i.e. only for 7" < o). Here we must
show convergence for some sequence in [0,00) going to infinity. For simplicity, we
fix a coordinate 1 < v < ¢ in the target, and we can apply the same analysis of
Proposition 5.43 to show that for some sequence of {t;} tending to infinity W7(-, t;)

converges in C°(X) to a continuous limit as i goes to infinity.
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We wish to improve our regularity of this convergence. We now show for some
subsequence of {t;} (which we shall continue to denote {t;}) {W7(-,t;)} converges
in CL (X \ X®2) to a limit in CLI*(X \ X® ). Let @ € X\ X" be a
compactly contained open set. Without loss of generality, we presume that €' is
entirely contained in the union of the closure of a set of n-simplexes with a common

n — 1)-face. Hence, we can find an open set Q such that Q € X \ X2 and ' Cc Q
(

is compactly contained. We can apply Proposition 5.42, to find that

(W7 (-, )| or+a(qy) < C, (5.28)

where Qr = Q x (0,7), QF = Q@ x (0,7), and C is dependent on X, N, «,
dist(09Q, V), [W7|co@r)s [DW|co@py.n, and |DFy|esq ny. By Proposition 5.31 and
the compactness of N, we know that all of the terms on which C' is dependent are
uniformly bounded for all ¢ € [0,00), so (5.28) holds for T" = co. Hence, by the
Arzéla-Ascoli theorem, there is a subsequence of {t;} tending to infinity such that
{W7(-,t;)|er} converges in C! to a limit in C**(Q). As the energy density is uni-
formly bounded in for all time as given in Proposition 5.31, we can extend this result
to show for all X there is a limit map in C*(X).

For let us denote the sequence {t¢;} above as T and let Wy denote the limit map in
CHX,N)NCL*(X \ X("=2 N). We note that this limit has not been proven to be
unique, nor have we proven that any sequence in ¢ tending to infinity must correspond
to a convergent sequence of maps. We now prove that Wy must be harmonic. Per
Definition 5.1 and Proposition 5.3, we must show that Wy is balanced and weakly
satisfies the harmonic map equation; we already know it is continuous. We begin by

showing that at any point in X \ XY W satisfies the embedded harmonic map
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equation
oW oW,

‘ L =0
oxt Oxt

AWF +) AL (Wr)
a,B,i
for each coordinate . Pick a point p € X \ XV and let @ ¢ X \ XV be a
connected, compactly contained neighborhood about p. By definition of the flow, we
know that
oW« ow?s oW~

AW D AW 55 =
a,B,i

pointwise on X \ XD x [0,00). We show that ag‘; must go to zero uniformly

on ' as t goes to infinity, where Q' C € is any compactly contained subset. Let

Qr =0 x(0,T) Qf :=Q x(0,7), T > 0. By Proposition 5.41, we have

a B
{W]CQ+0¢(Q/T) <C Z AZﬁ(W) aggi B@I/L/i

o, By

+ [U]CO(QT) )

C(Qr)

where C' is dependent only on «, X, N, and dist(0€2, ). We note that by (5.28),
the right-hand terms are bounded uniformly in for all ¢ € [0,00). Hence, for some
sequence {t;} tending to infinity, %W” and all second order spacial derivatives must
converge uniformly on €’ to a continuous limit. We note that by Proposition 5.27,

%W” must go to zero almost everywhere, so we have for any p €

8Wa ow?

_ow
Jm Ty (e t) = lim AW +%A ) ou g V1)
oW
=" ¥
= 0.

To show that Wy is balanced, we appeal to the method of Proposition 5.38.
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Specifically, we refer to equations (5.25), (5.26) and (5.27) of Proposition 5.38. As
balancing is a local condition, we examine it at a point p € X™ D\ X("~2) According
to Proposition 5.38, given a solution to the heat flow W near p, for some 0 < R <
d(p, X"=2) we can develop functions uj: B(0,R)(C R") x [0,00) — R for each 1 <
v<gand 1< j<J,and for each is in C'**(B(0,r) x [0,00)). By Proposition 5.34
and the bounds on the nonhomogeneous terms, we can show for each function that,
as {t;} goes to infinity, there is a limit in C***(B(0,r) x [0,00)), for some r < R.
denote the limit of each function restricted to B(0,7), @] ;: B(0,r) — R. As @/,
is in C'**(B(0,7)), then by definition of @] (7, 2") from Equation (5.25), we must

have

0
oz

s (% ZU},T(@J”))) =0,

j=1
which means that our limit map Wy must be balanced at p and at all points on
XD\ X(=2) pear p.

Hence, there exists a sequence {¢;} tending to infinity such that W (-, ¢;) converges
in C! to a limit in C*(X, N) N CLI*(X, N) that is balanced and solves the harmonic
map equation pointwise at all manifold points. Hence, by Proposition 5.3, the limit
is a harmonic map.

Case 2: supxxjoec) €(F(21)) is unbounded.

In this case, we appeal to the results of [Mal], we note that by Proposition 5.26,
the harmonic map heat flow defined here is the same as the Gradient-of-Energy flow
defined by Mayer. Thus by Proposition 5.27, as time goes to infinity, F'(-,¢) converges
in W12(X) to a harmonic map. All of the local regularity results away from X ("~
from Case 1 apply here. To see that is must be uniform, we appeal to the proof of

[EF, Theorem 11.1], which shows that the limit of a energy-minimizing sequence of
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continuous maps in the same homotopy class is a Holder continuous harmonic map
also in the same homotopy class.
We note that we have proven our auxiliary claims during the course of proving

Case 1. O

Corollary 5.46. Every map f: X — N in CY(X) is free-homotopic to a harmonic

map.

Proof. This follows immediately from the preceding proposition. If we isometrically
embed N into R? by ¢ and begin the heat flow W with initial data Fy := ¢ o f, there
exists a sequence {t;} tending to infinity such that {W(-,¢;)} converges uniformly to
a harmonic map. As the heat flow is continuous with respect to ¢, each W (-, t;) is

homotopic to each other and also to the limit map, which is harmonic. ]

We of course wish to address the issue of whether or not every sequence in ¢
tending to infinity corresponds to a sequence of maps converging to a harmonic map.
Such results exist for maps between manifolds, but the approaches of [ES,N] do not
immediately appear to lend themselves to our present situation. As we have show in
Proposition 5.26 that for certain initial maps the harmonic map heat flow coincides
the the Gradient-of-Energy flow, we instead appeal to [Ma], which gives a very general

result that applies here.

Theorem 5.47. Let X be compact and simplez-wise flat and let t: N — R? be
a smooth isometric embedding. Let Fy: X — 1(N) C R? be in C*(X) and have
bounded energy density. Let W be a strong embedded solution with initial value Fy on

X % [0,00). Then limy;_,o W (-,t) exists and it is a harmonic map.

Proof. This follows directly from Propositions 5.26 and 5.27. m
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We have as a consequence of our convergence arguments, a confirmation of a result

of [DM3].

Proposition 5.48. Let X be a flat compact Riemannian polyhedron of dimension n
(n > 2), and let N be a complete smooth Riemannian manifold. Let f: X — N be

harmonic. Then, f has the balancing condition and f € CLL*(X \ X2 N).

loc

Remark 5.49. We note again that the result in [DM3] is actually more general than
stated here, as they consider harmonic maps in the context of admissible weights,
which we do not consider here. Additionally, they prove that when the dimension of
the domain is 2, then a harmonic maps is in O (X \ X2 N).

loc

5.7 Topology, Energy and Harmonic Maps on 2-Dimensional

Domains

The results of Eells and Sampson in [ES] regard heat flows and harmonic maps be-
tween compact Riemannian manifolds where the domain is without boundary and
the target has nonpositive sectional curvature. In this case, if there exists smooth
maps between these spaces, each can be deformed by a heat flow to a harmonic map
(i.e. a map with a vanishing torsion field) such that first order derivatives converge.
By considering the smoothness of a harmonic map in this setting, the smoothness of
the metrics on the domain and target, and the compactness of the domain, one can
show that such a harmonic map must have bounded pointwise energy.

However, it is easy to see that these arguments do not apply to harmonic maps
between an admissible n-complex, X, and a compact Riemannian manifold, N, with

nonpositive sectional curvature. Although we do have a version of parabolic and
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elliptic maximum principles (see Lemma 3.8 on page 42; note that an elliptic maxi-
mum principle follows easily), it simply states that maximums for subsolutions cannot
occur on X \ X2, Indeed, it appears that energy can concentrate near X ™2 dis-
tributionally. That is, for a harmonic map f, e(f) is in L'(X), but e(f) need not be
bounded, and for any open, bounded region  C X such that d(Q, X"~1) > 0, e(f)
will be bounded on 2.

In certain cases, whether or not e( f) is bounded on X is dependent on the topology
of X. In [DM3], the case of harmonic maps between an admissible 2-complex with
simplex-wise flat curvature and a Riemannian manifold, N, with nonpositive sectional
curvature is considered. They give criteria dependent on the topology near vertices to
determine for a harmonic maps f when e(f) is bounded, and give some consequence

for when it holds. Specifically, they give the following:

Proposition 5.50 (from [DM3, Theorem 4]). Let X be an admissible 2-complex with
a simplex-wise flat metric, let N be a manifold with nonpositive sectional curvature
and let f: X — N be an energy minimizing map. Let po € X. Also, let a(py) =
Ord” (po) denote the order of f at py € X (see [DM3, Section 4] for definition). Then

there exists o > 0 such that for all ¢ € B(py,0),

e(f(q)) < C - d(q,po)**®)2,

where C' > 0 depends on only on E(f) and o.

Proposition 5.51 (See [DM3, Corollary 14]). Let X be an admissible 2-complex with
a simplex-wise flat metric, let N be a Riemannian manifold with nonpositive sectional

curvature. Let f: X — N be energy minimizing, and let o(p) = Ord’ (p) denote the
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order of f at p € X (see [DM3, Section 4] for definition). Also, fir py € X© and let
ALK (o), Tipo)N) denote the discrete eigenvalue as in [DM3, Prop. 13]. Then,

MK (o), Ty V) > (2)5 = alpo) > (2)1.

For balanced, energy minimizing maps, we can also show by slightly modified

arguments of [ES] or [N] that there exists a Bochner-type formula as follows.

Proposition 5.52. Let X be an admissible n-complex (n > 2) with a smooth simplex-
wise metric g, let N be a Riemannian manifold with nonpositive sectional curvature.
Let f be a balanced, energy minimizing map that is in C3 (X \ X" ', N). Then,

Age(f) = 1DdfE + 3 (df (3 Ricyleirey)e;) ,df(ei)>f

“L(TN)

= D7 (R (A (e0). df () AT (e3). AT (€0)) sy

ij=1

Remark 5.53. We note that in [DM3], it is proven that energy minimizing maps are

necessarily balanced. So the requirement of the previous proposition is redundant.

Given an assumption of flatness on the domain and nonpositive sectional curvature
on the target, we have that the energy density is subharmonic on X \ X~V by the
Bochner formula above. This combined with Proposition 5.50 and an elliptic maxi-
mum principle for balanced functions, analogous to the parabolic one in Lemma 3.8,

gives us the following result.

Proposition 5.54. Let X be an admissible 2-complex with a simplex-wise flat metric,
let N be a Riemannian manifold with nonpositive sectional curvature. Let f: X — N

be energy minimizing. We have the following:
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i. If for allp € X, Ord/(p) > 1, then f is trivial.
i. If for allp € X©, Ord’(p) > 1, then f is totally geodesic.

iii. If for allp € X©, Ordf(p) > 1 and additionally N has strictly negative sectional

curvature, then f maps each 2-simplex into a geodesic on N.

By the noted relationship between discrete eigenvalues and the order of energy

minimizing maps at points in X, we have the following.

Proposition 5.55. Let X be an admissible 2-complex with a simplex-wise flat metric,
let N be a Riemannian manifold with nonpositive sectional curvature. Let f: X — N

be energy minimizing. We have the following:
i. If for allp € X, \(LkO(p), T,N) > L for all g € N, then f is trivial.
i. If for allp € X ALk (p), T,N) > 3 for allq € N, then f is totally geodesic.

i If for all p € XO), )\(Lk(o)(p),TqN) > % for all ¢ € N and, additionally, N
has strictly negative sectional curvature, then f is maps each 2-simplex into a

geodesic on N.

Remark 5.56. We emphasize consideration of the conditions of the preceding the-
orems. They all are dependent on a Bochner formula, the simplex-wise metric on
the domain being flat and the sectional curvature of the target being nonnegative.
If even a single assumption is missing, these results do not generally hold. For our
considerations in this paper, we do not always assume that the simplex-wise metric
is flat—we only that the metric is always smooth—and so the preceding theorems do

not always apply here.
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Continuing with our examination of energy on a simplex-wise flat domain, we
note with X, N, and f as above that for fixed p, € X with a small bounded open
neighborhood 2, and an energy-minimizing map f with order Ord/(py) < 1, we can
provide some information about in which L? space the energy density might be on €.

Indeed, we can easily verify the following as a consequence of Proposition 5.50.

Proposition 5.57. Let X be an admissible 2-complex with a simplex-wise flat metric,
let N be a Riemannian manifold with nonpositive sectional curvature. Let f: X — N
be energy minimizing. Let o be such that Ord’ (p) < a < 1 for allp € X©. Then for

any B < 3(1—a)™, e(f) € L?

toc (X))

Corollary 5.58. Let X be a compact admissible 2-complex with a simplez-wise flat
metric, let N be a Riemannian manifold with nonpositive sectional curvature. Let
f € L*(X,N) be energy minimizing. If there exists o > % such that for all p € X,
Ord/(p) > a, then f € W"2(X, N). Additionally, in the event that X is not compact,

then e(f) € Li (X).

loc

Remark 5.59. We note that for a map f in L?*(X, N), its energy density e(f) being

in L'(X) is equivalent to f being in W12, We note that, in coordinates,

L Of*OfF
)
dxt O o

e(f(p)) = de(p)H?”*l(TN) =9

where ¢ is the simplex-wise metric on X and h is the metric on N. Thus, e(f) € L'(X)

is equivalent to stating ||df||f-1rn) € L*(X).

Now that we have examined the possibility of energy densities not being smooth
and bounded as in the cases considered in [ES], we consider two questions: firstly,

do the results of [DM3] regarding discrete eigenvalues and orders of maps abstract

149



5.7 Topology, Energy and Harmonic Maps on 2-Dimensional Domains

to dimensions greater than 2 and, secondly, can the heat kernel and flow methods
of [ES] be modified to treat initial maps that are merely in CZ (X \ X1 N) and

whose energy density is in L'(X) but not bounded?
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