
Applied and Computational Mechanics 15 (2021) 57–68

Cutting brittle rods using elastic wave propagation
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Abstract

For the sake of intended industrial applications, the stress wave propagation in thin rods of brittle material is
measured and explored. Based on the known theory of a non-dispersive wave propagation in rods, a numerically
efficient method for the calculation of wave propagation and reflection is presented. The effects of an impact
applied to a thin rod are tested and measured on a test bench. The results of these measurements carried out on
glass capillary tubes are successfully compared with theoretical results and they confirm the possibility of brittle
rod cutting by means of elastic waves with the required fracture surface quality.
c© 2021 University of West Bohemia. All rights reserved.
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1. Introduction

The glass blanks for the quality seed bead and chaton production are manufactured by separating
small-diameter tubes or rods into short pieces (so-called preforms). The drawback of these
common separating methods, for example chopping or breaking [10], is a low fracture surface
quality and the preforms must be further finished, e.g., by grinding for improvement. The
pursuit of a quality surface achievement commonly increases production efforts and reduces
their efficiency.

For these reasons a new cutting technology based on an elastic wave propagation in a thin
rod [12] was developed and experimentally verified. The principle of separation is based on
the well-known Hopkinson pressure bar technique [5]. The compressive stress wave, excited,
e.g., by a number of harmonic force periods or by a force pulse at the rod end, is reflected back
as a tensile wave at the opposite free end. For a rod of brittle material having much higher
compressive than tensile strength, the separation of the end section may occur by virtue of
induced tensile stress. The procedure has recently been used, e.g., for determining the tensile
strength of concrete [8] and ceramics [4] or to study the viscoelastic wave propagation along
sandstone bars [11] by means of spalling tests. If the rod end section to be separated is weakened
by a circumferential notch, the fracture occurs at the notch position and the fracture surface is
of a high flatness, perpendicular to rod axis and without chips. This method allows the making
of quality preforms with high production rate and reproducibility.

The paper deals with both theoretical and experimental analysis of the stress wave propa-
gation in brittle rods to verify the applicability of the separation method. The one-dimensional
elastic wave propagation theory turns out to be sufficiently accurate for these purposes. The
propagation of two stress shapes (harmonic wave packet and pulse wave) considered for the end
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separation is modelled. A test bench with an air gun is used to perform an impulse loading of
glass capillary tubes with and without a notch and to record wave histories by means of a strain
gauge measurement. The strain histories are finally compared with the theoretical non-dispersive
wave propagation.

2. Wave propagation in thin prismatic rods

2.1. Theoretical model

In a high strain-rate loading, a solution to the longitudinal impact of a rod is generally three-
dimensional and the geometrical [6] and material [1] dispersion effects should be taken into
account. Assuming that the ratio of rod diameter to length is small, only a short time interval
of the end separation is analyzed and dispersion and attenuation effects are neglected. Then, we
can apply the elementary theory of a wave propagation in thin prismatic rods [6]. This theory
assumes only deformations in the axial direction and neglects the transverse deflections. The
governing equation of motion is a linear partial differential equation

∂2u

∂x2
=
1
c 20

∂2u

∂t2
, c0 =

√
E

ρ
, (1)

where c0 is the velocity of a longitudinal wave propagation in a thin rod, E is Young’s modulus
and ρ is the density. The equation of motion has a general solution demonstrating that the waves
propagate in both rod directions with the velocity c0 without a distortion. In our case we consider
the solution [3] corresponding to the unit force (Heaviside step function) applied to the rod end.
The case of the general force waveform can subsequently be derived by using the convolution
theorem.

Let us assume a free rod of constant cross-section S and length L, loaded at one end (at
position x = L) at time t = 0 by a unit step force F , as shown in Fig. 1.
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Fig. 1. Thin elastic rod loaded by a unit step force

The boundary conditions have the form

∂u(0, t)
∂x

= 0, ES
∂u(L, t)

∂x
= F H(t), (2)

where H(t) is Heaviside step function. Applying the Laplace transform to the equation of motion
(1) gives the ordinary differential equation
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with a solution

u(x, s) = A cosh
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)
, (4)

where A, B are integration constants. The transformed boundary conditions (2) for the problem
are
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. (5)

Substituting (4) into (5) we obtain the transformed solution
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Taking the inverse Laplace transform of (6), we arrive at the final solution in the form
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There are three terms on the right-hand side of (7): a uniformly accelerated motion of
a solid rod caused by a force F , a time-independent rod elongation resulted from a rod elements
continuous load by inertial forces and a non-stationary motion caused by a propagating stress
wave. The last component in the form of infinite series could be expressed by the polylogarithm
Li2(x) (Jonquiere’s function) [14] as
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Using Hooke’s law σ = E ∂u
∂x

we can get the longitudinal stress σ(x, t) in a rod
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The resulting stress wave has a rectangular profile and when it reaches the end (x = 0), there
is a stress F

S
in the entire rod. The wave is reflected at a free boundary with an opposite phase,

interferes with a propagating wave and reduces the original stress gradually to zero. When the
wave reaches the origin with acting force F , the stress in the entire rod is zero, but the rod
now acquires the velocity corresponding to the original deformation energy. The wave is then
reflected with the opposite (original) phase and the process repeats itself periodically.

In the case of loading the rod with a general force F1(t), the resulting response u1(x, t) can
be obtained from the solution u(x, t) using the convolution theorem. As the response u(x, t) is
derived for a unit step function H(t), the identity for the derivative of convolution is applied [2]
and the convolution integral has a form

u1(x, t) =
d
dt

∫ t

0
F1(τ)u(x, t − τ) dτ. (10)

In the following, the theoretical model is used to study the propagation of a stress wave in a
long rod. Two stress excitation methods are analyzed, namely the application of harmonic force
periods and the application of a force pulse.
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2.2. Wave packet reflection at a rod free end

In the first case, we suppose a stress wave packet in the rod excited by a number of harmonic
force periods with a defined waveform. The stress wave can be generated virtually, e.g., by
means of an ultrasonic transducer with a high operating frequency [9] attached to the rod end.
The scheme of wave excitation shown in Fig. 2 corresponds to the orientation of the theoretical
model (Fig. 1), the wave excited at the right end starts to propagate to the left free end.

L

c0

F(t)

FORCE TRANSDUCER

Fig. 2. Scheme of stress wave excitation by a number of harmonic force periods

The proposed stress wave packet has four harmonic periods with a modified starting part
followed by a steady-state part (see Fig. 3a, the wavefront is on the left). Both parts have a
length of 2λ, the amplitude of the steady-state part was selected equal to the unity. The starting
part was created by multiplying the sine course by the function k1[1− cos(k2t)] with properly
selected parameters k1, k2.

The maximal amplitudes of the harmonic stress waveform are in the distance of the wave-
length λ = c0/f , where f is the operating frequency of the force transducer. To analyze the
relation of the wavelength λ to the length of separated preform, we express the travel of the
wave packet by the relative displacement X1 = c0t/λ, where t is time. Its value represents
the distance travelled by the wavefront measured in units of wavelength λ (a wavefront travel
equal to λ corresponds to X1 = 1).

Fig. 3 presents a series of propagating wave profiles near the rod left end with a uniform
wavefront shift of one wavelength. In Fig. 3a the wavefront of the left-propagating wave reached
the origin X1 = 0 at the rod left end. Figs. 3b–e illustrate the combination of the incident wave
and the wave reflected from the free boundary. It is obvious that the positive (tensile) stress with
double amplitude occurs twice in position X1 = 0.25 (1/4-wavelength) due to the interference.
Fig. 3e (distance 4λ) depicts the wave after the complete reflection, which will continue travelling
to the right with an unaltered profile but with an opposite phase.

The wave profiles near the left rod end are shown in Fig. 4 for the wavefront distance X1 from
0 to 4.5 with a step of 0.015. The tensile stress has a double amplitude at positions X1 = 0.25
and 0.75 (1/4- and 3/4-wavelength), for X1 = 1.25 (5/4-wavelength) is the maximum tensile
(positive) amplitude equal to 1.316. In all other positions of λ/4-multiples the maxima have
only a unit amplitude.

These results indicate that the required length of the preform must correspond to a distance
of λ/4. For a preform with a common length of 5 mm and a longitudinal wave velocity in
glass of 5 200 m/s we have a wavelength of λ = 20 mm. The operating frequency of the force
transducer f is then 260 kHz, which is relatively high for practical application. The total length
of the wave packet shown in Fig. 3 would be then 80 mm.
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Fig. 3. The stress wave near the left free end of the rod (X1 = 0) for various distances travelled by
a wavefront, measured in wavelength λ multiples (the incident wave (a) propagates to the left, the
reflected wave (e) propagates to the right)
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Fig. 4. Profile of the propagating wave packet, wavefront distance X1 from 0 to 4.5 with a step of 0.015
(amplitude maxima are in positions X1 = 0.25, 0.75 and 1.25 from the left free end)

2.3. Wave resulting from the impact of two rods

The other possibility to excite a stress wave is a force pulse application generated, e.g., by the
impact of a metal projectile on the rod free end. This case can be modelled using the elementary
theory as a longitudinal impact of two elastic rods [7], see Fig. 5. The long rod I is at rest, the
short rod II moves coaxially against the right end of the long rod at velocity v. We assume that
the rods have the same cross-section S.

At the coaxial impact, the contact stress is developed at the boundary, which starts to pro-
pagate in both rods as a compressive stress wave at corresponding longitudinal wave velocities
c01, c02. The stress wave in the impacting rod II arrives at its right end, reflects with the opposite
amplitude, starts to subtract itself from the original stress and when the wavefront reaches the
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Fig. 5. Scheme of stress wave excitation by a longitudinal impact of two elastic rods

impact point, the stress in the entire rod is zero and the rod II has zero velocity. At this moment
the pressure stops to act on the long rod I and the impact ends. The impact duration is therefore
determined by a period of a waveform travel over two short rod lengths 2L2.

At the same time the wavefront in the long rod reaches the distance Lp = 2L2
c02

c01 and the
stress wave of length Lp further propagates to the left end. The example of the theoretical square
wave propagation near the rod left end is shown in Fig. 6. Similarly to Fig. 3, the horizontal
axis is scaled in the relative displacement X2 = c01t/Lp. The wave also reflects at the end,
propagates back as a tensile stress and subtracts itself from the propagating compressive stress
in the same way as in the short rod. The tensile wave starts to rise as lately as in the distance
Lp/2 from the rod end (see Fig. 6d) and from here it propagates in both directions. When the
wave reaches the left rod end (Fig. 6e), it has already the final shape and propagates to the right
impact point without changes. At the right end the wave reflects as a compressive wave and the
whole process repeats.

Fig. 6. The stress wave near the left free end of the rod (X2 = 0) for various distances travelled by
a wavefront, measured in pulse length Lp multiples (the incident wave (a) propagates to the left, the
reflected wave (e) propagates to the right)
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The stress wave shape depends on the distance from the rod free end. At a position located
more than Lp/2, the stress is at first compressive for a period of 2L2/c02, and then after a certain
delay is tensile for the same period. The delay between these opposite square waves is zero
at the position Lp/2 and the total stress wave has therefore double length. The length of the
compressive and tensile wave parts is shorter at positions closer to the rod ends proportionally
to the distance from the end until they vanish at the rod ends. Between individual waves, a zero
stress interval exists, which is of length inversely proportional to the distance from the rod end
(in the distance of Lp/2 the interval is zero, at the end it is equal to the input wave length Lp).
If the input wavelength Lp is shorter than the rod length L1, the shape of reflected stress waves
is the same at the corresponding positions on both sides, only the phases are opposite.

For a long rod of brittle material having much higher compressive than tensile strength, the
end section can be separated by virtue of the induced tensile stress after the wave reflection. For
the theoretical square wave, the separation may occur in an arbitrary small distance from the
end shorter than Lp/2, but for a real wave with leading and trailing slopes (see, e.g., Fig. 10),
the separation can occur only in a certain distance from the rod end.

The stress developed by this idealized rod impact is given by the relation σ = v z1z2
z1+z2

, where
z1 = ρ1c01, z2 = ρ2c02 are acoustic impedances of single rods. The induced stress is often high,
e.g., by the impact of a steel rod on a glass rod at velocity v = 1 m/s, a stress of approximately
10MPa is developed in both materials.

3. Measurement of waves in a glass rod

The applicability of the separation technology was verified experimentally by performing impact
tests on glass capillary tubes. The main objective of the measurements was the analysis of the
wave propagation in the rod before and after an end separation. The stress waves were analyzed
by means of the surface strain measurement using strain gauges. The dimensions of glass samples
were ∅ 5.0 mm / ∅ 0.9 mm diameter and 861 mm length. The measured material parameters
include density ρ = 2 490 kg/m3 and wave velocity c0 = 5 210m/s, from which an approximate
value of Young’s modulus E = 6.7 · 1010 Pa was obtained.

The scheme of the experimental setup is shown in Fig. 7. The samples were hung on thin
wires at a horizontal position. The wave profile and the propagation behavior were measured
by means of miniature resistance strain gauges (Micro-Measurements CEA-13-062UW-350)

STRAIN GAUGE B STRAIN GAUGE A

THIN WIRES PROJECTILE
AIR GUN

HIGH-SPEED CAMERA

(NOTCH)

Fig. 7. Schematic diagram of the experimental setup
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bonded at A and B points near the rod ends. Strain gauge A was attached on the impact side at a
distance of 67mm from the end, on the opposite side strain gauge B was bonded at a distance of
65mm from the free end. In these distances, the axial stress distribution over the cross-section is
assumed to be uniform [5] (even in the case of end separation). Only one gauge was located at a
measurement point and this configuration was sensitive also to a bending strain. The gauges were
connected to DC bridges with 300 kHz bandwidth. The signals were recorded by DEWE-5000
data acquisition system with a sampling frequency of 1MHz. The strain gauge active length was
only 1.7 mm, therefore the wavefront travel time through the strain gauge is less than 0.4 μs.
The local strain ε in the rod axis direction was directly measured in non-dimensional units of
μstrain (106ΔL/L). The stress in the rod in units of Pa can be calculated by multiplying the
strain ε by Young’s modulus E/106.

The stress waves in the rod were excited by an impact of a cylindrical lead projectile
(a pellet) with a diameter of 4.5 mm (Fig. 8). The projectile was propelled by an air gun with
helical grooving, which made it also rotate around horizontal axis. The impact velocity was
lowered by a bored opening in the projectile axis. In addition to the strain gauges, the dynamic
process was also captured by two high-speed cameras Olympus i-Speed at both rod ends with
a frame rate of 10 kHz. The actual projectile velocity in the range from 70 to 100 m/s was
approximately derived from camera recordings using digital image processing.

Fig. 8. Lead projectile (left – before impact, right – after impact)

3.1. Notch-less rod

Fig. 9 shows the strain histories at the strain gauges measurement points within approximately 46
wavefront travels along the rod length, the travelled distance is nearly 40 m. The wave propa-
gation repeats approximately after a wavefront travel over two rod lengths (after one cycle),
however, the wave profile changes due to dispersion effects (wave attenuation and phase shift
of frequency components) and the strain maxima gradually decrease.

Fig. 10 depicts the detailed impact time course, where the maximum compressive strain
reaches 965 μstrain. This corresponds to an impact force maximum to about 1 300 N. The
positive part of the strain history at strain gauge A in Fig. 10 (i.e. tensile deformation) is
most likely associated with the bending wave in the rod, excited by a small misalignment of
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Fig. 9. Waves in the notch-less rod (approximately 46 wavefront runs along rod length)

Fig. 10. Impact wave history at strain gauge A and following wave measured by strain gauge B

projectile and rod axes. The duration of measured compressive strain is nearly 60 μs and does
not correspond to the assumed elastic wave propagation in the projectile. A relatively long
length of wave 313mm results from the projectile plastic deformation. Assuming that the stress
is uniaxial, both elastic and plastic waves propagate at a velocity of

√
(1/ρ)(dσ/dε), where

dσ/dε is the variable Young’s modulus. Mean modulus in the plastic region is approximately
70 times lower than in the elastic region for polycrystalline lead [13] (strain hardening of lead is
very small) and the longitudinal wave velocity is hence circa 8.5 times lower. In this case, where
the plastic deformation extends almost along the entire length of the projectile (see an example
in Fig. 8), the elastic waves in the projectile have a little effect on the impact wave length.
The projectile shape is complicated and the development of its deformation is complex. The
actual projectile velocity at this measurement was about 90 m/s. The measured wave duration
approximately corresponds to these considerations.

From the wave history at gauge A (Fig. 10 top), the initial pulse course can be derived
and then the propagation and the reflections of this wave and the strain time courses in the
arbitrary rod positions can be calculated using (7) and (10). Only the compressive part of the
input wave was considered for calculations (the tensile part resulting almost certainly from
the bending wave, which has a different propagation behavior, is neglected). In Fig. 11, the
theoretical results (grey) are compared with the measurement (black) at both gauge points. A
one-dimensional model assumes a steady-state wave propagation without distortion, however,
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Fig. 11. Comparison of the measured (black) and the calculated (gray) wave history at strain gauges A
and B measurement points

the influence of the wave dispersion on the pulse shape is evident. The difference between the
calculated and the measured wave increases with the reflection number, whereas the leading
wave parts always agree better with the measurement. Nevertheless, the accuracy of model
results is sufficient for the short-time analysis of the wave propagation before and after the first
reflection.

3.2. Rod with circumferential notch

During tests with capillary tubes having a circumferential notch in 15 mm distance from the
end, the preforms were separated by the tensile stress wave at the notch position. As can be seen
from Fig. 12, the measured strain history is similar to the case without separation, however, the
frequency of wave reflections increased after the first reflection due to rod truncation caused by
end separation. The projectile velocity was 75 m/s in this case.

Fig. 12. Waves in rod after end separation

Fig. 13. Comparison of the measured (black) and the calculated (gray) wave history at strain gauge A
measurement point after end separation

The detailed comparison of the measured and the calculated wave history is given in Fig. 13.
The initial pulse measured by strain gauge A was used for the calculation again (see Fig. 12,
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only the impact compressive part was considered). Similar to the previous case, the theoretical
wave propagates uniformly, so that the end separation effect and the wave dispersion are clearly
seen in this figure. It is obvious that the end separation does not significantly influence the
first reflected wave travelling through strain gauge A. In the next passage the measured wave
(black) arrives earlier due to a rod truncation and this also corresponds to a higher frequency of
reflections. The decrease of the wave maxima is greater than in the case without a separation
(Fig. 9). The reason is mainly the energy loss during the end separation.

A number of rod-cutting tests were performed with various impact velocities in the range
from 70 to 100 m/s. The fracture surface quality was varying and it was mostly influenced
by the impact parameters (velocity, alignment of projectile and rod axes) and by the hand-cut
notch quality. The cutting test conditions were not perfectly adjustable and the deformable lead
projectile was not optimal. The cutting quality and the repeatability should be improved by
the intended machine automation. Fig. 14 shows an example of sufficient high-quality surface
fracture after the capillary end separation.

Fig. 14. Example of fracture surface after end separation

4. Conclusion

An innovative technology for cutting brittle notched rods was recently developed, which is
based on a longitudinal stress wave propagation followed by a reflection from a rod free end.
Since the tensile strength of brittle materials is much lower than the compressive strength, the
separation of the notched end may occur by virtue of the tensile stress. The main concern of the
paper was to study the basic characteristics and the applicability of this separation method using
the theoretical and the experimental analysis.

The one-dimensional theory for thin elastic rods was used for the description of the stress
wave propagation. Assuming the short-time analysis of the wave motion and neglecting all
the dispersion effects, this model was sufficient for the initial study. The propagation of two
potential stress shapes (harmonic wave packet and pulse wave) were simulated. For practical
application, the pulse wave resulting from the impact of two rods proved to be more suitable.
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The experimental assessment of the wave propagation before and after the rod end separation
was carried out by performing impact tests on glass capillary tubes. The stress waves were
analyzed by means of the surface strain measurement using strain gauges. The measured wave
histories were compared with the theoretical model to study the influence of the dispersion
and the end separation effects. The preform separation at the notch position was successfully
achieved for tubes with a circumferential notch. This confirms a future applicability of this
technology for cutting brittle rods. The cutting test conditions were not perfectly adjustable and
the lead projectile used for the impact excitation was not optimal, which resulted in a varying
quality of the fracture surface. The results presented in the paper form the basis for a more
detailed research in this field. The intended machine automation and a suitable modification of
the initial pulse shape should improve the cutting quality and the repeatability.
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