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W77 58 47T ACRLH AZHT @ 4 ook, 15 Heel o= @e AHE
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=o°] ZAF AFEET 19949 Dupire 5ol 9ol AAE AHFAHEY (local volatility
model), 1993 0] AIAJH Heston =& o]t} 2002 ] AIAH SABREF I} e stEHT
4L (stochastic volatility model), YA o] L E F7FeE H AR Y (jump diffu-
sion model), 18]l G SHE-F I (a—stable probability distribution) & T2+ Lévy
FEYS o & 9t Lévy Y 5ol AMEHT. o] Tl 54T = A< Y A]
Al Y ES A= o]alistr] $1aliAl= Fourieraf A4 & olsfiotal glojof gt

HYEHHEE o] of| A Fouriersi4] o] 912l tHoiAl+= https://www.investopedia.
com/articles/active-trading/111214/quants-what-they-do-and-how-theyve-evolved.
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Certain aspects of statistics are the backbone of quantitative trading, including
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regression theory and time-series analysis. Electronic engineering techniques
such as Fourier analysis and wavelet analysis are also utilized in quantitative
analysis. Most of the statistics concepts you will need to understand to work
in quant trading is so advanced that it is not taught at an undergraduate level.
For this reason, it is important to pursue advanced study in statistics (namely
Ph.D. coursework)
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Le plus court chemin entre deux verites dans le
domaine reel passe par le domaine complexe.
(The shortest path between two truths in the real
domain passes through the complex domain.)

Jacques Hadamard
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% Filename: MultiConnectedl103.tikz

% Programmed by CBS
/A

\documentclass{article}
\usepackage{tikz}
\usetikzlibrary{arrows.meta}
\usetikzlibrary{bending}

\begin{document}

\begin{tikzpicturel}[scale=2,font=\LARGE, cap=round,>=latex]
\def\Radius1{2.0cm}

\draw (Ocm,Ocm) circle[radius=\Radiusl];

8/\filldraw[fill=yellow] (0,0) circle (2);

\draw[fill=white] (0,0) circle (1);
\begin{scopel}[
-{Stealth[round, length=8pt, width=8pt, bend]l},
shorten >=4pt,
very thin,

\draw (\Radius1,0) arc(-3:3:\Radiusi);
\draw (0, \Radius1) arc(90-3:90+3:\Radiusil);
\draw (-\Radius1/1.414,- \Radius1/1.414) arc(225-3:225+3:\Radiusl);
\draw (1,0) arc(3:-3:1);
\draw (0, 1) arc(90+3:90-3:1);
\draw (-1/1.414,- 1/1.414) arc(225+3:225-3:1);
\end{scope}

% draw the two points
\fill[radius=.0pt]
(60:\Radiusl) circle[] node[above right] {$C_{1}$} ;
\fill[radius=.0pt]
(60:1) circle[] node[below left] {$C_{2}$} ;
\fill[radius=.0pt]
(240:1.5) circle[] node[] {$D$} ;
\end{tikzpicturel}

\end{document}
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n
7}1_{1010 Sn(Zl,ZQ,..-,Zn71,€1,€2,.-.7§n71) - T}l_l;go Zf(é-k)Azk (132)
mI?X|Azk\~>0 m2x|Azk|%0 k=1
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o] =etgto]l EASHA, *F f(2) = AE CollA F=2& (path integral) T 441
A2 (complex line integral) o] 7H55Fb 3 @t o] AZ AR th33} Lo 154
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max |[Azp|—=0 k=1

/Cf(z)dz; lim ) f(&) Az (1.3.3)
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% Filename: IntegralPath101.tikz
% Programmed by CBS

5| \begin{tikzpicturel}[scale=.8]

6| % Axes

7| \draw [-latex] (-1,0) -- (12,0) node (xaxis) [right] {$x$};
8| \draw [-latex] (0,-1) -- (0,6.5) node [above] {$y$};

9| % Points

10| \coordinate (0) at (1,2.5);

11| \coordinate (1) at (3,1.5);

12| \coordinate (2) at (4.1,4.5);

13| \coordinate (n-2) at (7.5,3.75);

14| \coordinate (n-1) at (9.5,2.0);

15| \coordinate (n) at (11,4.0);

16| % Plot

\draw [red,thick,-] (0) to[out=-30,in=180] (1) tolout=0,in=180]
(2) tol[out=0,in=110] (n-2) tol[out=300,in=225]
(n-1) tol[out=53,in=180] (n);

— =
S © 0 3

% show the points
\foreach \k in {0,1,2,n-2,n-1,n}

\fill [black] (\k) circle (3pt) node [below] {$z_{\k}$};
\node at (6.1,4.8) {$C$};
\draw (1.99,1.85) node[fill=green,circle,scale=0.4,label=above:$\xi_{1}$1{};
\draw (3.54,3.0) node[fill=green,circle,scale=0.4,label=left:$\xi_{2}$1{};
\draw (8.08,2.8) nodel[fill=green,circle,scale=0.4,label=right:$\xi_{n-1}$1{3};
\draw (10.0,3.0) node[fill=green,circle,scale=0.4,label=right:$\xi_{n}$1{};
)| \end{tikzpicture}
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A fsdol HEAR 05 Hat @5 f(2) = 2 B HESA F, BadAR
[ f(2)d=E FaEA
7k ol sl Tk e elstat,

2k = gk = e'wr%’ (k = 07 1a 7n) (1)
O Also] Attt
n—1 . o L n—1 T 1
S, = Ze”% [e”% — e”zn} = [e”ﬁ — 1} Ze”zn = [e”?n — 1} ei”% - (2)
k=0 k=0

T -1
f(2)dz = lim S,, = lim c

n—oo n—oo 627'('% + 1

-1 (3)
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2|% Filename: IntegralPath102.tikz

3| % Programmed by CBS

At T T TS oo
5

\begin{tikzpicturel}[scale=4,
6| decoration={markings, mark=at position 2cm with {\arrow[line width=2pt]{>}} 1}]
% The axes

~

8| \draw [help lines,->] (-0.2,0) -- (1.3,0) coordinate (xaxis);
9/\draw [help lines,->] (0,-0.2) -- (0,1.3) coordinate (yaxis);
10| % The path

11 \path[draw,line width=2.0pt,color=red,postaction=decorate]
12 (1,0) nodel[below] {$1$}

13 arc (0:90:1)

14 (0,1) nodel[left] {$i$};

15| % The labels

16 \node [below] at (xaxis) {$ \Re{ \{ z \} } $I};

17 \node [left] at (yaxis) {$ \Im{ \{ z \} } $};

18 \node [below left] {$0$};

19 \node at (0.7,0.83) {${\LARGE \pmb{C}}$};

20| \end{tikzpicturel}
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10 A1 BELHE

H%xAd 1.3.1: A& B9 A&

a) fcaf z:afc 2)dz. 7|4 a+= 5oltt.

b) Jelf( dz—fc 2)dz + [ 9(2)

0 f_Cf dz——fc o714 —CE ¢ Wk Aol
d) EMCZONLCQO]L 01002=®01Dd, O 4o] At

/f dz_01f 2)dz + /
o,

e) T max |f(z)] < Moli %4 €] Aol7} Lo]
zeC

oh8 Alo] gt

<ML

f(2)dz

TAT = {2(t) = 2(t) +iy(t)|a <t < b}7F OO &olH, TS P&t 4 (smooth
curve) o2t F-ETE oy f(2)7F B JA T AollA Ao, o= f(2(1)2/(t) = 7
[a,b] oA Aolek. mhrebA] 9k f(2(1))2 ()& TRt [a, b] ol A AE7Fsstet o] HE A 72

b
/ F(2)dz = / F(2(1)2 () dt (1.3.6)
I a

AA fLadle oA e = a9 (3o A7 08 Wt E5 f(2) = -
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Al Z(t) = e 5 A8, v Aeo] dHeE & o ot
2 ]
fm(2)dz —/ rMet™Mirettdt = zrm“/ ifmA1t gy (2)
Cr 0 0
weba ohe Aol At
0, (m # —1)
In(r) = (3)
2mi, (m=-1)
AR 1(r) & 87 o] QEalA] gheths Hol $olstet »

AA 1.3.4] FHIFor Aol AR O, = {z]||z — 2| = r} S T FL fo(z) =

[z — Zo]m% B}, o714 m Aol 2= 1A Badolr),

zol=r 27, (m=-1)
|
A HOIL B Al Aol A] S AEH4 (amalytic function) & W1 F 2.8 Aolch, sl Alg4-e]
= 7]tz etet. I ol s Bl d=otAl @2 EANA =R 0]
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9] 1.3.1: AT 1

An analytic function is a function that is locally given by a convergent power series. ‘
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=4

In other words, a function is analytic if and only if its Taylor series about xg converges

to the function in some neighborhood for every x( in its domain.

= e vlE7e Aol Bt o A St o] AESol et T2 https:

A9 1.3.1: Cauchy-Riemanné] |

qheF o f = u + w7t BAS 29 = 20 + iyo € DOIA Hl27Hs5HH (differentiable),
(w0, y0) VA BERHE w7,y 12T 0, 7 EASHT EG 3 (a0, o) 1A &3}

2 Cauchy-Riemann?] 52 T3},

Uy = Vy, Uy = —Vg

A 1.3.2: Cauchy-Riemanné] 11

A (w0, y0) E ZZoh= FY D AolA &4 f = utiv7t &0 HEIEE uy, vy, uy
24l v, 7F AR 7FY sk}, §EeF A (z0, yo) ©ll 4 Cauchy-RiemannAlE u, = v,

9}y = —v, 0] WEHET, G4 £32 A (n0,50) A BIEIP5I0] TR kg A8 WS

f'(20) = ug(wo, y0) + vz (20, Y0)

2 A Z C7F S (positive direction T+ counterclockwise

direction) & FISIH, &< f(2) 8] A2 CoA HAZHEE o f(z)dz B2 550 2)dz 2 37|
contour integral) ©]2} Tt

A3 QR8-S A 744 oz Agstart. 24, 4 (L34) A4 7148 Riemamn
gho] Seto] olgr dA o] Hole Fad Hels ST o A5 AgEth B4, A (L3

oAA 7laet AR s 2ol et 48 A v #-8sttt. AA, iz


https://en.wikipedia.org/wiki/Cauchy%E2%80%93Riemann_equations
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1% 1.4.1. GreenAE|o] HAEAZE

29 [Lade] 25 2 zol 4 4o Do) BA C2 e} 2ol & 4 9k,
C=Ci+Cy+Cs+Cy (1.4.1)
o714 7t REZAE g} 2t
(1.4.2)
Cy = {(b.y) | F(B) <w < g(b)} (1.4.3)

Cs ={(z,9(x)) | a <z <b} (1.4.4)

Ci=A{(a,9) | fla) <y < g(a)} (1.4.5)



dz

g(x)
/ —da:dy = —/ / a—de
fw) 0y
b

_— / Pz, g(x)) — Pla, f(x))] da = / P(z, f(2)) — Pz, g(x))] de

a

e Aso] -t

oP
P(x, dx——/ —dzd
# Pla.y) [ dady

28 [Lade] 9= TamelA 9o Do] A ¢ ThaT} 2ol £ 4 k.

C=C1+Cy+C3+Cy

£
N
)
N
1
M
u|
X
Mo

et 2,

Cr={(x,¢) | h(c) <x < k(c)}
Cy = {(k(y),y) [ c <y <d}

Cs ={(z,d) | h(d) <z < k(d)}

Cy={(h(y),y) |c<y < d}

(1.4.6)

(1.4.7)
(1.4.8)
(1.4.9)

(1.4.10)

(1.4.11)

(1.4.12)

(1.4.13)

(1.4.14)
(1.4.15)
(1.4.16)

(1.4.17)
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(1.4.18)

(1.4.19)

(1.4.20)
(1.4.21)

(1.4.22)

(1.4.23)

(1.4.24)

(1.4.25)

°/° _________________________________________________________________

% Filename GreenTheorem101.m
% Contours for Green's Theorem
% Programmed by CBS

clear all, close all

% Plot Contour I

subplot(1,2,1)

x1 = 1:0.02:2; y1 = 2- sqrt(1-(x1-2).72);
plot(xl,yl,'g-"','linewidth',2)

set(gca, 'fontsize',11, 'fontweigh', 'bold"')
set(gca, 'ytick',[1), set(gca,'yticklabel',[])
hold on

plot([2,5],[1,1],'g-", 'linewidth',2)

5/x2 = 5:0.02:6; y2 = 2- sqrt(1-(x2-5).72);

plot(x2,y2,'g-"','linewidth',2)
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17| plot ([6,6],[2,4],'r-"',"'linewidth"',2)

18/x3 = 5:0.02:6; y3 = 4 + sqrt(1-(x3-5).72);

19| plot(x3,y3,'c-', 'linewidth',2)

20| plot ([2,5],[5,5],'c-"','linewidth',2)

21|x4 = 1:0.02:2; y4 = 4 + sqrt(1-(x4-2).72);

22| plot(x4,y4, ' 'c-','linewidth',2)

23| plot ([1,1],[2,4], 'b-"', 'linewidth',2)

24/ plot ([1,1]1,[-1,2],'k:"',"'linewidth',2)

25/ plot ([6,6],[-1,2],'k:"','linewidth',2)

26| text (3.1,1,'>",'FontSize',20, 'Rotation',0);

27| text (3.8,0.3,'$C_1$', 'fontsize',16, 'interpreter','latex')
28| text (6,2.2,'>"','FontSize',20, 'Rotation',90);

20| text(6.2,3.3,'$C_2$"', 'fontsize',16, 'interpreter', 'latex')
30| text (3.5,5,'>"','FontSize',20, 'Rotation',180);

31| text (3.8,5.5,'$C_3%"', 'fontsize',16, " 'interpreter','latex')
32| text (1,3.0,'>','FontSize',20, 'Rotation',270);

33| text(-0.3,3.6,'$C_4$','fontsize',16, 'interpreter','latex')
34| text (3.1,3,'$D$', 'fontsize',16, 'interpreter','latex')

35| hold off

36| axis equal;

37laxis([ -1, 8, -0.5, 7 1)

38| xticks ([1 6]), xticklabels({'a','b'})

39| title (' (a) Contour I')

40| xlabel (' '), ylabel(' ')

41|% Plot Contour II

42| subplot (1,2,2)

431x1 = 1:0.02:2; y1 = 2- sqrt(1-(x1-2).72);

44| plot(x1,y1, 'b-','linewidth',2)

45| set (gca, 'fontsize',11, 'fontweigh', 'bold")

46| set (gca, 'xtick',[1), set(gca,'xticklabel',[])

47| hold on

48| plot ([2,5],[1,1],'g-", 'linewidth',2)

49/x2 = 5:0.02:6; y2 = 2- sqrt(1-(x2-5).72);

50| plot(x2,y2,'r-"','linewidth',2)
51|plot([6,6]1,[2,4],'r-"','linewidth"',2)

52|x3 = 5:0.02:6; y3 = 4 + sqrt(1-(x3-5).72);
53| plot (x3,y3,'r-', " 'linewidth',2)

54| plot ([2,5],[5,5],'c-"','linewidth"',2)

55/x4 = 1:0.02:2; y4 = 4 + sqrt(1-(x4-2).72);
56| plot (x4 ,y4, 'b-','linewidth',2)

57| plot ([1,11,[2,4],'b-"','linewidth',2)

58/ plot ([-1,2],[1,1],'k: "', 'linewidth',2)

plot([-1,2],[56,5], 'k:"',"'linewidth',2)

60| text(3.1,1,'>"','FontSize',20, 'Rotation',0);

61| text (3.8,0.3,'$C_1$"','fontsize',16, " 'interpreter','latex')
62| text (6,2.2,'>','FontSize',20, 'Rotation',90);

63| text (6.2,3.3,'$C_2%"', 'fontsize',16, " 'interpreter','latex')
64| text (3.5,5,'>','FontSize',20, 'Rotation',180);

65| text (3.8,56.5,'$C_3%"', 'fontsize',16, " 'interpreter', 'latex"')
66| text(1,3.0,'>','FontSize',20, 'Rotation',270);

67| text(-0.3,3.6,'$C_4$', " 'fontsize',16, 'interpreter','latex')
68| text(3.1,3,'$D$"', 'fontsize',16, 'interpreter', 'latex')

69 hold off

70| axis equal;

axis([ -1, 8, -0.5, 7 1)

yticks ([1 5]), yticklabels({'c','d'})

title('(b) Contour II')

xlabel (' '), ylabel(' ')

saveas (gcf, 'GreenTheorem101.png')

% End of program
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//en.wikipedia.org/wiki/Green%27s_theoremo| A= Z 0|7} {33t Jordan 7 2 of| T 9
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A A (La2d) 7 Aaste SEstaleh A (La2d) 7 ARSHE AL GreenH 2 (Green's

A 1.4.1: GreenA g

=31 A 2 (simple closed curve in a plane) C' C R?27} 52
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P

wisely smooth) S (positively oriented) FFehal oF&f,  E3h
@) Gololetn et WO BE Plo,y) % Qr,y)7h 2o DE Egtohe AR

OolH A9l BEFSES 20w, ke 4o] Ayt
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Green &2 ol &3l kg Cauchy 21 & F28 4 Uk,

A9 1.4.2: Cauchy’ﬂﬁl
A f7H B2 dED DoIA HlEFSEL B BP0 Ao, deEd g R
C c Dol tafA] tha Alo] R,
/ f(z)dz=0
C
. A (L340 & 5 X, A f(2) = Pla,y) +iQ(x,y) & THy AES TETh

/Cf(z)dz:/C[P—IriQ][deridy] _ Mpdx—cgdy] —I—i[ CQdm+de] (1)

VS P, Py, Qe Qe T4 CoF I HWHEERE o703l 99 FollA Ko, A


https://en.wikipedia.org/wiki/Green%27s_theorem
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whebs] b AEo] At

0= [ f(z)dz = / f@dzt [ fd= [ fd— [ ) ()
C Ch —
= tre Alo] st
/f(z)dz— f(2)dz 3)
1 C2

[ |

B

c
1 Cr

/ f(z)dz = f(z)dz = f(z)dz = f(z)dz = f(2)dz (1.4.26)
C1 Ca Cs

C: 3 C4

Z. ol ARYSL Aol dFatA gk webd, T « € Dol delA obg BE
_"

F(z) = /Z f(w)dw, (z€ D) (1.4.27)



e 1.4.3 )
B4 71 A DoIA Aol I, A FI(z) — f(2)E RESE B F(z) 7 ZAGH
G Dol £h= A A= C = {2(t) = x(t) + iy(t)|a < t < byoll A o ”01
M

/C J(2)dz = F(2(b)) - F(x(a))

b z
_ / D) 4y pab) - F(a(a) (1)

g iE Ayste JordanSAG 2= A B oz S ofF AT Zojtt. T o]
gelel T2 19 4l Aol ohynt. tha Aot I1H

org/wiki/Jordan_curve_theorem®|| 4] ?1-85} T},

% https://en.wikipedia.

A< 1.4.4: Jordan=AA

Let C be a Jordan curve in the plane R%. Then its complement R? \ C' consists of
exactly two connected components. One of these components is bounded (the interior)
and the other is unbounded (the exterior), and the curve C' is the boundary of each

component.

A\

38 fLadold Ae Moz T84 JordanZAL

(interior points) o] Jt EFA o2 T3 2]HE (exterior points) 2] @O 2 =T},
o= A=A % autslet Aol o]of et FH-2 http: //www.kevinhouston.

net/blog/2013/03/what-is-the-best-proof-of-cauchys-integral-theorem/E X

sfet.

ol

HRPE U Ao w a9 A

i


https://en.wikipedia.org/wiki/Jordan_curve_theorem
https://en.wikipedia.org/wiki/Jordan_curve_theorem
http://www.kevinhouston.net/blog/2013/03/what-is-the-best-proof-of-cauchys-integral-theorem/
http://www.kevinhouston.net/blog/2013/03/what-is-the-best-proof-of-cauchys-integral-theorem/
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0574 1.4.2
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% ___________________________________________________________________________

% Filename: MultiConnectedl101l.tikz

% Programmed by CBS

% ___________________________________________________________________________

\begin{tikzpicture}[scale=0.8]

% Configurable parameters

\def\bigradius{3}

\def\littleradius{1}

% Red path

\draw[line width=3pt, color=red, decoration={ markings,
mark=at position 0.16 with {\arrow[line width=3pt]l{>}},
mark=at position 0.48 with {\arrow[line width=3pt]l{>1}},
mark=at position 0.80 with {\arrow[line width=3pt]{>}}},
postaction={decoratel}]
(0:\bigradius) arc (0:360:\bigradius) -- cycle;

\draw[line width=3pt, color=red, decoration={ markings,
mark=at position 0.16 with {\arrow[line width=3ptl{<}},
mark=at position 0.48 with {\arrow[line width=3pt]{<}},
mark=at position 0.80 with {\arrow[line width=3pt]{<}}},
postaction={decoratel}]
(0:\1littleradius) arc (0:360:\littleradius) -- cycle;

% The labels

\node at (-2,-2.9)  {${\LARGE \pmb{C_{1}}}$};

\node at (-0.1,0.45) {${\LARGE \pmb{C_{2}}}$};

\node at (1,1.55) {${\LARGE \pmb{D}}$};

\end{tikzpicture}

‘I\qquad % <----------------- SPACE BETWEEN PICTURES

\begin{tikzpicture}[scale=0.8]

% Configurable parameters

\def\gap{0.2}

\def\bigradius{3}

\def\littleradius{1}

% Red path
\draw[line width=3pt, decoration={ markings,
.15 with {\arrow[line width=3pt]l{>}},
.35 with {\arrow[line width=3pt]{>}},
.50 with {\arrow([line width=3pt]{>}},
.68 with {\arrow[color=red, line width=2.0pt]{>}},
mark=at position 0.765 with {\arrow[line width=3pt]l{>}},
mark=at position 0.89 with {\arrow[line width=3pt]l{>}},
mark=at position 0.95 with {\arrow[color=red, line width=2.0pt]{>}}},
postaction={decoratel}]
let
\n1 {asin(\gap/2/\bigradius) 1},
\n2 {asin(\gap/2/\littleradius) 1}
in (\nl:\bigradius) arc (\n1:360-\ni:\bigradius)
-- (-\n2:\littleradius) arc (-\n2:-360+\n2:\littleradius)
-- cycle;
% The labels
\node at (-2,-3.0)  {${\LARGE \pmb{C_{1}"*}}$3};
\node at (-0.32,0.3) {${\LARGE \pmb{C_{2}7*}}$3};

mark=at position
mark=at position
mark=at position
mark=at position

O O O O O O

\node at (1.9,0.6) [color=red] {${\LARGE \pmb{C_{3}3}}$};
\node at (1.9,-0.6) [color=red] {${\LARGE \pmb{C_{4}}}$};
\node at (1,1.55) {${\LARGE \pmb{D}}$};
\end{tikzpicture}
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o1 f(2) = f(20)
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4O ={z||z — 2| =7}°l2, 0 <r < ROt}

-

%9, Cauchy AEANA & 4 A%ol, A% apl WA 7 € (0, R) ol &EskA) et 4]
=
a

o4 2ol thaA kg Aol Hudct

_ 1 fw) ,
f(Z) 27T’L C, w—z (1)
tFe Alo] A7 dtel §olstet
2=l e, )
lw — 20|
ll:l'E]-/\ﬂ ]’4—.2 /x]‘zo]/g ?_]_’E]-
r 1 1 1
U)—Zi[w—ZO]_[Z—Zo]iw_ZO'l_;%ZZ%
_ 1 - Z — 20 e Z—Z()
_w—zokzzo[ —zo} z(:] — zo)FH1 (3)

Al (3) 9 ¥ DY {w||w — 20| < r}olA AHLLFT AT (converge absolutely and



uniformly). 2} (1)3F 24} (3) olA & = =0, th= A=°] .

1 1 > 2 — 2l*
1&) =55 21 Jo, If(—)z w:% c. !Zf(w)[()}gﬂ] dw

k=0 ['LU - Zo]
1 F(w)
- k=0 [27” /Cr [w—zo]’”rldw] [z — zo]* "
webA g = 27rlfC #dwa}%—g%’ he Alo] Aeaitt
()= arlz = zol* (5)
k=0
|

Al L5 del A & 5 9l%o), ke uhE

o,

2 5o] JParet.

g=449 1.5.1

wreF ol Dol A @<= frh iAo, Zh k(= 1,2,..) ol HsiA kA mgkas f0 7
ZA st w5t ) = oA o]},

&4 1.5.2: CauchyZE4] 11

grok odo] polA] g4 £ 7} SlA Mol 2 € DOIR, 7 k(= 0,1,..)of oA Tk 4lo]
2]
H

f(k (ZO) k! / &dw

2mi )., [w — zo]F+1

o

AZIM v ¢ D& Yoo FEZ o2 HEolH (piecewisely smooth) FHFS Fot=

G317 2 (simple closed path) 241 H=2 v o] WHEX F9 Dol £, 2= H=
~v 2] WA oltt.

( 248 1.5.3 1




CaucHYZAEA! 33
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b AEe Astat
622
= /Il—s FESI W
& Aol ghste
Y (ON
= /z|:3 [z — Zo]k“dz 2

A7 A f(z) = €201, 29 = —1 12T k = 30|k, Ae [L5.dek 4] f7(2) = 8e22 oA

% glzol, thg Aol gt
8e~2 1
5 amit (3)
Z, thg Alo] 4y dtt
8e 2
=3 (4)
| |
oA 1.5.6| th HES ALIERAL,
/c 22 +1]2 (1)

714 ARAR C = €1 + Cp 38 L5340 AL & R > 12 Aol 39
1.5.52 18]7] 9IS L of#] 423 1+ Contourl56.tikzS A }et.

1)
A71H f(2) = 1/[z + 201, 2 = i 12T k = 10|tk BEHe] L5494 f/(2)

=2/[z +iP oA & 5= =0l v Alsol A

S -2
I =2mi 1(!2) = QWZW = g (3)
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19
20

NONN N
S TR W N =

N NN N
B ® 3

3% A1 BaAp
S{z}\
Cr
7
3 3
R G o wz)

29 155 A4 L5602 9T AEA=R

% Filename: Contour156.tikz
% Programmed by CBS

\begin{tikzpicture}

% Configurable parameters
\def\gap{0.2}
\def\bigradius{3}
\def\littleradius{0.5}

% Axes

\draw [help lines,->] (-1.25*\bigradius, 0) -- (1.35*\bigradius,O0);
\draw [help lines,->] (0, -0.2*\bigradius) -- (0, 1.25*\bigradius);
% Red path

\draw[line width=2.5pt, color=red, decoration={ markings,
mark=at position 0.2455 with {\arrow([line width=2.2pt]1{>}},
mark=at position 0.48 with {\arrow[line width=2.2pt]{>}},
mark=at position 0.765 with {\arrow[line width=2.2pt]1{>1}},
mark=at position 0.87 with {\arrow[line width=2.2pt]{>}} I},
postaction={decoratel}]
let \nl = {asin(\gap/2/\bigradius)}
in (\nl:\bigradius) arc (\n1:180-\nl:\bigradius)

-- cycle;

% The labels

| \node at (4.0,-0.38){$\Re{\left\{ z \right\}}$};

\node at (-0.37,3.53){$\Im{\left\{ z \right\}}$};
\node at (-1.9,2.8) {$C_{R}$};

\node at (0.3, -0.3 ) {$C_1%$};

\node at (3.0,-0.2) {$R$};

\node at (-3.0, - 0.3) {$-R$};

\node at (0,1) {$\times$};

\node at (-0.2,1) {$i$};

\end{tikzpicture}
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wfebd ok Alo] ARt

1 ™ j
P < - - 1t
/CR g 1]2dz _/0 2T 1 1PzRe dt (5)
the Alge] 4
(R?e?“ + 1) > ‘R%%t S 1=R?-1 (6)

T R R
"< | e O




A (8)= A (9) ol s, o= 4o] ddehe & & ot

o 1 m
[t o

b 1 z 1 e s
/00[22+1]2 P \opz g Tpiretans ‘ 2 (11)

Al1.6&8 Laurentg4

oj® ol A sfA 2ol A T3t M-S Eo|H (singular point, singularity) ]2t et

T ESF S f(2) 7 oA > 00l A H 207t W YA (a
punctured disc) D? = {2]0 < [z —2o| < r}ollA SAH oI, A 20 & & f(2) Q] LHECIH
(isolated singularity) ]2t gty I RE0| 2 o oA & f(2) 9 22U

Zol A 74X FejE TEE 5 9e

207t S

na’ﬂ

i
o
i)

a) RFoF =gt ZILHZIO f(z)7F EAst, 1HECIH 2 & & f(2) 9 AAs HolH
removable singularity) ©]2} 2Fct.

b) TheF S35t hm |f(2)] = coolH, LHEFOIH 205 & f(2) 9 =54 (pole) o]} S

SF ST lim f(:)7) 910 7148 5 A1 GAE F st oh, 2eseld 28

o}
A f(2) 9] A A Eo]H (essential singularity) ]2} 2Fct,

o

BANAE AAMS T Bl ot T4 W thRT, 2AH Sol gL Tejsh et

DHEH 27 @5 f(2) 9 AAZFsH Eoldolw, the WAIS Tk 44 1t

&’ e (0,r) 7k EAHAL 7HE51AT

O0<|z—z|<r = |fR) <M (1.6.1)
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[z — 202 (2), (0<|z— 20| <7),

0, (z = 20).

o

T g(2) & UL Dy = {z]|z — 20| < r}ollA B &4 f(2) = 5old 2 7h wxl
Y23 (a punctured disc) DY O|A] sl dojmz, o] DOoA gk g(2) 7} s L2 gHl

shth. ohe AlSe] At
o) = Jim CELZI) = i = )[4 (2) — S o) =0 (1.6.3)
whebd, 94 g(2)-2 T2 D, o)A slA Mol 3, B3 the ASE T,

9(20) =0, ¢'(20) = (1.6.4)

Eo]8 2ol A FAF (order of zero) 7} m > 209, thx3F Zo] A& =

]_
&4 h(z) & HAT D, oA s H o1 T3 () # 00t

h(z) = [zf(;))]m (1.6.5)
g Bae AolsH.
f(2)=[z— 2™ 2h(z), ze€D (1.6.6)
% F A3 D, oA A Holt, B4, T AlSo] gt
) = o — s 22 ) g, (1.6.7)

[z — 20]™ [z — 20]?

wrebA, A 207} W T A3 (a punctured disc) DY = {z|0 < |z — 2| < r}ollA A<

5 f2 U023 D, = {2z — 2| < r}IA RAHQ B4 F2 T 5 k. o2

ok

olf= o]2dt IHEOIH 20 & & f(2) & AA7HsT EolH (removable singularity) ©] 2
g,

THEOIH 207F & f(2) & =4 (pole) ol 2tal shAF. ARHEAIS Q1A] Q441 (without loss



38 A1 EAHE
of generality: WLOG) t= HA7F Aot 7H S & it

zeD? = |f(z)]>1 (1.6.8)
o] Ao &4 g(2) = 1/f(2)S A 27} WA T]A = (a punctured disc) DO oA FAo] 1

(bounded) siAAoltt. &, A 2+ &5 g9 AAZFT Eolfolnt. wabA 7t 2 € DY

A §(z) = g(=) 01T EAT D, oA AHAL G4 g7h EATE The Bl AL

\(mﬂ—kgw(ﬂ=£gwé)=0 (1.6.9)
T2tA g(z0) = 0]t T A 20 7F g G35 (order of zero) 7F m %l Zo|H, o o4&
HolaiA
L)

h(z) = T (1.6.10)
a2 pz o] Dol AT h(zg) £ 09T}, WebA, 2t 2 € DOl Shal A Tk Aol
s

1 1 B H(z)
SRt Sl e Y 5 Sl P (1.6:11)
Sk

o H(z) = 1/h(2) H23 D, oA siA A0, H(z) # 0°lth. o] Z-%oll, &< f 9
pole of order) 7t m o2} @tk Sol4 2 oA &= f o SATEm

e A 207t & 1/f 9 IR (order of zero) 7F mO|th.  Green

I*N:{_Z

B2 oA & 5= Qo] & f7F A 27t WK q/\i(a punctured disc)
DY = {z]0 < |z — z| < r}olA siAAel=al 7gshi, A2at [ f(2) dz= W73

€ (0,7) 0 9Fa}x] gr=t}. wabA], thS T} ZHo] 84 (residue) S A o] 4 ‘th‘r.

{ 9] 1.6.1: Eo|HA &5 1

A 27 Y23 DY = {2]0 < |z — 20| < r}olA SiAARD 4 o] EolH zolA ‘



LAURENTE S
9 (residue) & T3 o] A 2JskA},

A71A s= F7F(0,7)ofl &3

Ad 1.6.1

g fo Fold z oA 527t A molA,

U223 D, = (] |z - 20 < r} oA SH R0, thg Ho]

Res(f: z0) = 1L (z0)

39

(m—1)!
8. &5 H7F Y24 D, oA s Aolet 7o ng, g9 D, oA & HE th=3
ol 2 4 9k
H(z) = S bl — 2o]f 1)
k=0
714 hy= T A
hy = %H(k)(zo), (k=0,1,2,...) (2)
webd ok Ajo] i,
B m—1 hk ;
f(z) = kzom‘*’ﬂ@ (3)

D, o4 s 2 oltt. Cauchy”d 2|2k Cauchy 22414 & o= 2050,



|
Ad 1.6.2: Laurent 34
FoR A5 R > r(> 0)oll slAl &4 f7F 18] D = {z]r < |2 — 2| < R}°lA
A Ho)H, A zolH 5 fE 2 28 Laurent g5 & LERE & it
f) =Y ar[z— =l*
k=—oc0
A7IA ap= T E
1 f(2)
= d k=0,%+1,£2,...
K 211 /Izzo|—s [Z — ZO]k+1 - ( 0 7 7 )
o, s € (r, )& ol Aoltt
2. 712 A 20l A thg 4SS WSS ASE r T Ry S Aot
7’<7’1<‘Z—Z0’<R1<R (1)

ART = {z]|z — 20| = R} A AL (counterclockwise direction) & Fotal, H=2
v = {z]|z — 20| = 1} A AHFE (clockwise direction) & F iyl skxf. 19 ﬂ
5 2 n7t Ag7bA] 71et 8= O Aojth. BRI o ol ot HojA Br 429

AUARE € TRT 0] €17 B3] AVHSRA Bt vl gake Fske ARE O
e obak o] BREel I9 [L6.0] 95 Jemel i gt
Canchy ZE A4 & 4 GI5Fo] the Alo] Ak,
1
f(z) = / f(w) dw (2)
270 Jr 4Oy 4Cy W 2

z z
_ 1 ) L[ fw)
—M/Fw_zdw‘gm/_vw_zdw )
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1 1 B ° [Z—Zo]k
R = N @
wheba b Alo] gt
L) LS fw)
27i pw—zdw_m/l“kzzo[w—zo]kﬂ[z 20" dw (5)
B2 oA Th AS0] YTt
1 _ 1 1 - e [U)—Z()]l -1 [z—zo]k
w—z  z—2 1 157,:8 _;[z—zo]l _k:Z—oo[w_ZO]k+1 (6)
ufebd kg Alo] Aidict
1 fw) 1 [~ fw
_QW/_Ww—zdw_Qm'/ka [w_zo]k+1[z 20]" dw (7)
2 (5)F 4 (7)€ 4] (3)0] DR, ok Alo] PeL oF 5 Uk
3y |2 f(w)
f(Z) - kz_:oo [27” /zz0|—s [w _ Zo]k+1 d'w] [Z zo]k (8)

19 1.6.1. Laurent &3>



R >
shg Aol thg Ao] JYdct.

0ol HaIAT 4 £7F 3 27k W 23 {2]0 < |z — zo] < R}

AA 1.6.1] A2 Lo olA & 5 Azol. b 450 Y.

24321
z4+2

ez 1 d26z e
Hes <[_1]a 1) =gl T2
ohe s AW RA
z+1
f(z) = [22 +4HZ _ 1]3
o8 4o] Ay et
fz) = 2@ | Mz )

z4+1 z+1
)= crpo MY T oo 9T
A2 1.6.9014 & 5= Ql50], Thg Al 5ol Attt
2i+1  24-7i

Res (f(2);2i) = a(2i) = [2i 4+ 2d][2i — 1]3 500

Res (f(z); —2i) = b(—2i) =

~2i +1 244 Ti

12

Res (/(2);1) = (1) = —1o>

[~2i —26][-2i —1]3 500



sin z
flz) =22
zZ
o o] Attt
1 11 1
fE)=Z g 5%

B4F 79 g7h 923 (|2 - | < r}lA AHFolw
g'(z0) # 0°] 4 HR}THAL 7 5HAL
B h(z) = g(2)/ [z — 20
et webd the A5 AR

AN ETk1 @

LAURENTHST 43

Al g(z0) = 02°F 4]

A3 {|z — 2] <r}olA HAHTL, A h(z) = ¢'(20) &



27 W82 A2lshd, th& tEAe 7t A

it
ftlo
12
>
30
)

05347 1.6.2

a) & 207t &5 f(2) 9 AA7HsT (removable) S0l o]7] 93 RFEX UL

a—m #0, ar =0, (k<—-m—1)

(z) &) 2 A (essential) SolHol7] At BRFEEAZ Ha_p #0
[e)

f
TS B3] W AARE k7 A5 Aol

wrebd ohg A5 o] 4

i
rol
i)



o] Laurent 54~ 755 W2 =5 H (negative power) = Zt=th, ThetA, A 2 = 0=

4= f(2) 9] 2E A (essential) Eo]H o]t .

B>
k)

o3¢l 7|&ot= 5% 2] (the residue theorem) & =

Al 1.7.1: 5739 (The residue theorem)

T f7F DS DolA AA7VET SOl E 21,22, ..., an = ZAL, o] BolHE= Al
Lpoi2) HE Ol shH Holetn st o
= (positively oriented) Fot= T4 S
(simple closed curve) ©|™, EOIHE 21, 29,...,2n8 & & ot Fotx] =ttty
Skat BolHE z1,20,..., 2,01 BE CO WHECIL, 2441, 2n42,...,28 0l AR C

sl golat ahal, b Alo] e,

/ f(z)dz = 27m‘iRes (f;zk)
¢ k=1

B 3H3t (piecewisely smooth) &3R4 =2

Z9. 29 7o) g a8 me] 2897 A2 ¢ WHE

=
{1,2,...,n}oll dsiA S40] 2, %1 22 23 Ty € [7F o Ae2 WSl skt
Tp((Ti=0, (1<i<k<n) (1)

A3 Ty, 9 FiraF A (positively oriented boundary)—e— Ci 2 st SH3F A A (nega-

tively oriented boundary) & —Cy 2t b2 G A =T\ Z I o FLF AA 0A = THS2
=1
a.
0A =C+ > [-C (2)
k=1

Cauchy B 2014 & % 9], b 4lo] ek,



46 A1% BH4F

&

i

a9 L7.le) sk g met 4] (3) 014 &

dz — dz — d dz =
| s > [ s Lﬂ@vnllqﬂdz 0
= o A150] gela
f(z)dz = f(z)dz =2mi Yy Res(f;zk)
=3 >
a9 1.7.1. 5389
oA AelAEol B £() 8] = = 20914 H4(residue) &= F1&3} 2o,
1
Res(f; z0) = 27”72]“(2) dz (1.7.1)

AZIM CE zE S d23 =2 (simple closed path) ©|th. &<

Fol S0l z oA



2 47

uzel

o
oF

5

o

7} 2AZs kolw, el 6.1

A
T

gl

B
—

(1.7.2)
(1.7.3)

[z — 20]* f (=)

dk—l

(k — 1)l dzk-1

.j{}f(z)dz

211

1

lim

Z—r 20

Res(f;00) =

Res(f; 20)

o714 C

o

o

(1.7.4)
CoflA
(1.7.5)

e

S

s

e

= (isolated singularities) 21, 22, . .
|zl < R, (k=1,2,---

al

VS
™

f()7t nEo]

s,

o

51414 (analytic, holomorphic T+ regular) ©]2t

A7 1= B {0 < |2 < Lol =

A

o~

s

0

Hj
8
ojn

(1.7.6)
(1.7.7)

dw
w2
0

f(2) dz == Res(f;2)

1

w

1

n

/
R-1

1.

1
211
R

'£|

21

Res(f;00) + Z Res(f; zk)

1

Res(f;00) =



webd ohg Ajo] i,
Res(f;0) =2

B9 {0< |z — 1| < 1}ollA th5 450 AHelct

5[z — 1] + 1
z—1 1+4[z—1]

[ 2—1}{1_ 2_1]+[z—1]2—[z—1]3+...}

f(z) =

wHebA o2 Alo] A H et
Res(f;1) =

P {0 < |2 < 1} oM v= AEol -

LVGANIEELC
22 2]z 1—2z

52 5
= T4+ 4] = 243432438+
z z




wkebd] ok Alo] gt

j|{z| LT = —2miRes(f; 00) = 10mi

wrebd ohg Ao] 4yt



Res(f;0) + Res(f; ai) + Res(f; —ai) = -1 (5)
Qe Llel A & 4 o), B8 Aol Agg
1 a2
RN T
271 j{z'% 2Ja? + 27] dz (©)
|

4Bz 12 7617 QaiA 29 [Lrdel Aw asme] A AEHRE A1Ls)7) 2 s
O™ 1.7.25 297] YsiA= ofll 58 3+ ResidueContourl01.tikzE A 2 ste}.
A f(oo) = 071 a4 (L7.d) oA & 5 Q%ol, the A So] A= st

Res(f;00) = —Res (12f (i) ;O) =— liinozz—éf (i)

=~ lim 2 22 o1 = —[-1]71/3 (2)
= T £(2) 2 A 2 = 0ol A 44 (residue) = —[—1]~ /30l Al ([.7.3) oA & 4= 910,
o3 Also] Attt
f F(2)dz = —2mi Res(f, 00) = 2ri - [—1]~1/3 (3)
|z|=R

o17)4 ARARE oA Aol



49 51

A7 [1 - 215 o] A7HAAFO] (—c0,1]0] HEE TH} 2ol [1 - 2]5 & A5},

Z%[l — Z]% = T%eigﬂ-i[l + r]%e%Oﬂ"i _ T%[l + T]%e,%ﬂ.i (7)

A (6), A (7) T2 A 5™ = e 5T oA & 4 QRO 25[1 — 25 £ FIF (—o00,0) A
Aotk WA, 25[1 — 25 o] ZHAAEL [0,1]0lth 4] (6)3F 4] (7)ol dishAlE: 1
L.7.9) obt T s Fxsler

4 3)el M & 4 Aol thg AEo] ARt

st s s s
=0z ————dz R —; = 4z
C 322—23 Cy 322—23 Cgm Ca 32;2_23
1 .
:/’ dz = 2mi - [-1] 71/ = 2mie” 5 (8)
Cr V22— 23
ohe A50] Aat
1 2
/ 3 dz| < max : e __| =0 9)
s V22— 23 6 | {/ecZ¥L — ec?]
1 2
/ v dz| < max |~ 776‘ =| =0 (10)
Oy V22— 23 0 [1 + eeZ¥]ee®
HAE Gl the Aol JRe,
1 1 1
- dz :/ : e =T 11
/Cg m 0 \/.%'262'0'7”‘[1 _ .,L,e().ﬂ—z] ( )
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[
N = O ©

=~

W W W NN NN NN NN NN
R = O S ® S A

52 A1 EAHE

AR ol thg A 5ol FHTTh

1 0 1
/ 3/_2 3dz :/ 20412 2 dz
o V22— =z 1 +/[re2 021 — ge?mi]
0 1
1 1 1 7
:L/‘ , , dr = ——— dx::-—ef%”f
1 \/[:Uez'o'm]zezm[l — z] estJo yJx[l —

A (94 (12)8 A (8)° hYsHe, the A& A,

;IIN
B
tlo
ax
mm
©
ox
iAL)
s
)

(12)

(14)

% Filename: ResidueContour101.tikz
% Programmed by CBS

\begin{tikzpicturel}[
scale=3,
line cap=round,
dec/.style args={#1#2}{
decoration={markings, mark=at position #1 with {#2}},
postaction={decorate}
1
\path [gray,thin] (-1.2,0) edgel->] (1.2,0) (0,-1.2) edgel->] (0,1.2);
\draw [line width=2.0pt, red, dec={0.29}{\arrow{>}}] (0,0) circle (1cm);
\draw [line width=2.0pt, red, xshift=.5cm, dec={0.29}{\arrow{>}}]
(-160:1mm) coordinate (21) arc (-160:160:1mm) coordinate(11);

| \draw [line width=2.0pt, red, xshift=0cm, dec={0.29}{\arrow{>1}}]

(20:1mm) coordinate (12) arc (20:340:1mm) coordinate (22);

\draw [line width=2.0pt, red, dec={0.3}{\arrow{>}}] (11)--(12);
\draw [line width=2.0pt, red, dec={0.6}{\arrow{<}}] (21)--(22);
\path (.29%360:1.15cm) node {$C$}

(0.35,1mm) [anchor=east] node {$C_1%}

(0.2,-1.1mm) [anchor=west] node {$C_2%$}

(-3mm,0.24mm) node {$C_3%$}

(5.8mm,0.24mm) node {$C_4%1};

\node at (0,0) {$\times$};
\node at (0.5,0) {$\times$};
\node at (-1.13,0.05) {$-R$};
\node at (1.08,0.05) {$R$};
\end{tikzpicture}

% qquad

\begin{tikzpicturel}[




do
+

Cy
Co

z=—-r+¢€t

a9 1.7.2. A 1L.7.3E It HAEH=Z

1—-H"

l—z=14+7r—¢e

scale=1,
line cap=round,
dec/.style args={#1#23}{
decoration={markings, mark=at position #1 with {#2}},
postaction={decorate}
1
\path [black] (-3,0) edgel->] (8,0);
\draw [line width=2pt, red, xshift=5cm, dec={0.4}{\arrow{>}}]
(-160:1) coordinate (21) arc (-160:160:1) coordinate(11);
\draw [line width=2pt, red, xshift=0cm, dec={0.4}{\arrow{>1}}]
(20:1) coordinate (12) arc (20:340:1) coordinate (22);
\node at (0,0) {$\bullet$};
\node at (0,-0.3) {$r$};
\node at (0,1) {$\star$};
\node at (0,1.3) {$z = -r + \epsilon i$};

;| \node at (5,0) {$\bullet$};

\node at (5,-0.3) {$1+r$};

\node at (5,-1) {$\star$};

\node at (5,-1.3) {$1-z = 1+r - \epsilon i$};
\end{tikzpicture}
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e B S() 9 AR T = [P f(a) de B ARG,
flay = 22 (1)

4
AR 12 Fob7] QoA 29 [Lrdel et aeme] 2 4ERHR 0 = Y C
=1
gst7]12 ofat. 1 [L.7.35 18]7] YSiAE ofef 4235 1Y ResidueContourl02.tikz S

_if},__lBﬁﬁﬁ__ngiU—&ﬁ
22 \z) 22 [Bpz—1] 22 [1 —52]
5 1 ) o 1 27,
:[—1]42—2[1+5z+5z + -] [1—42—322 -
1\ 1 17 85 , 425 ,
:exp<4m>z2[1—l—4z+4z _TZ _f_} (3)

3 1 ]
Res(f35) = lim5[z - 5]M = 5121 exp <m> — _51921 .
z—

55—z

A7|H ARB = C= AL IS 715kt

70,32 7FAAE (branch cut) &2 ZEZ T4 f(2) S FESHAE A7} 21 9] D7}



2|24 (original branch cut) ] (—oo,0]°] HE2 thg3} 2ol 21 5 A o5},
3 3
21 = exp (4 log z) , (=7 <arg(z) <m) (7)

A7} [3 — 2]1 O] P7AA|RFF] (—00,3]0] HEE b33} o] [3 - 2]15 HoJs}At,

A (9), A (10) LT 4] eim = ¢~ oA & = 950, 23[3 — 2]7 & F3F (—o0,0) Ol A]
A<rott, WakA, 23(3 — 2]7 o] ZFAAE-L [0, 3] ol

A (6) oA & & =0l v AEol et

144 [17 17
— gt ! [7 - 522i] = [47 - 53231] V2[1 =il (11)

3 1
<ome 2N g ase 0 (12)

3 1
00015 ¢4
z§2we%—>0au—>o (13)




N

56 A1 EAHE

A ol e e AlSo] Hustt

. .1
/ Zi[?)_z]}lclz:/3 preit T 3w’ da::/3 Al
Co 0 0

55—z

IR flelAE o Alsel AdRtth

o TN N
NG

&2
sz
‘e
S

(17)

% Filename: ResidueContour102.tikz
% Programmed by CBS

\begin{figurel}[ht!]
\begin{center}
\begin{tikzpicturel}[
scale=1.0,
line cap=round,
dec/.style args={#1#2}{
decoration={markings, mark=at position #1 with {#2}},
postaction={decorate}

1]
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\path [black] (-3,0) edgel->] (10,0);

5/ \draw [line width=2pt, red, xshift=5cm, dec={0.29}{\arrow{>}}]

(-160:1) coordinate (21) arc (-160:160:1) coordinate(11);

\draw [line width=2pt, red, xshift=0cm, dec={0.29}{\arrow{>}}]
(20:1) coordinate (12) arc (20:340:1) coordinate (22);

\draw [line width=2pt, red, dec={0.7}{\arrow{>}}] (11)--(12);
\draw [line width=2pt, red, dec={0.3}{\arrow{<}}] (21)--(22);
\draw [line width=2pt, bluel] (5,0)--(10,0);
\draw [line width=2pt, blue] (-3,0)--(0,0);
\path (3.5,0.7) [anchor=east] node {$C_1$2}

(2,-0.8) [anchor=west] node {$C_2$}

(-2,0.5) node {$C_3$}

(5.9,-0.4) node {$C_4%};
\node at (0,0) {$\times$};

;| \node at (0,-0.4) {$0$};

\node at (5,0) {$\times$};
\node at (5,-0.4) {$3%$};
\node at (8.33,0) {$\times$};

2| \node at (8.33,-0.4) {$5%};

\end{tikzpicture}
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542 1.7.1
345 (polynomials) P9 Q] 2F550] 4] deg(Q) > deg(P) + 28 Wt 35
S A etk shab Bk Zh o € ROIA Q() # 0°1H, Th3 Alo] A7t
< p P
[omie=om 3 we(gle)
X z
o Q(Zk):o, S(zk)>0
. &s PO QE o Eol &7]5HAt
P(z)=po+piz+...+p2", pn #0 (1)
Qz)=q+qz+...+qnz", gn#0 (2)
AZIA m > n+201th FAHA Q(z) = 09] & FollA sle-F-2o] el 252 21,20, ., 2
ojg} stil, th& A& WSt F RS AE5HAL
>, b )




o Rol T4 et 2e Gelat Ams HolakA

Dr={z: 3(z) >0, |2| < R} (4)

Cr = {lz[ = R, 3(2) > 0} ()

oll

AF7HA] 714 wgol 18 [Lrdel Aeigiet. 13 L7458 187 9sAE ot 4
1+ RationalFunction101.tikz& A 35}2,
Th= Aol =ttt

o oman () Pm
|zlllinooz Qz) )
waba 55| 2 ROl thellA th3 WAE TSk A M > 00] A9ttt
Z) n—m
2|=R = ' ~|<MR (7)

4 (7)€ W=k Rol dsiA chg A5o] dRdh

P(2) &

n—m _ n—m-+1
e Q) < MR"™[xR] = tMR" ™" (8)

1 m >+ 23 4 (8)°14 & 4 Qe ke Alo] et

Al L7 el A & 4= 9150, the Alo] Ayt

P() . o W (P@)
/CRH—R,m o7 2 R (Q(m)’ k) (10)

Q(21)=0, I(21)>0

PG, L[PG, (P
foaet [y Q(zk)_%wf (=)

R
lim P(2) dz = 271 Res <P(Z) : Zk> (12)
21)=0, (zx)>0
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% Filename: RationalFunction101.tikz
% Programmed by CBS

\begin{tikzpicture}
[scale=1.5, line width=1.0pt,
decoration={J
markings,
mark=at position 0.25 with {\arrow[line width=2pt]{>}},
mark=at position 0.5 with {\arrow[line width=2pt]{>}},
mark=at position 0.75 with {\arrow[line width=2pt]{>}}

]

\draw
\draw
\draw
\draw
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node

[help lines,->] (-4,0) -- (4,0) coordinate (xaxis);
[help lines,->] (0,-1)coordinate(-yaxis) -- (0,4) coordinate (yaxis);
[postaction=decorate, line width=2.0pt, color=red] (3,0) arc (0:180:3) ;
[postaction=decorate, line width=2.0pt, color=red] (-3,0) -- (3,0) ;
[below] at (xaxis) {$\mathrm{Re}(z)$};
[above] at (yaxis) {$\mathrm{Im}(z)$};
[below left] {$0%$};
at (2,2.6) {$C_{R}$};
at (3,-.3){$R$};
at (-3,-.3){$-R$};
at (1,2){$\Huge D_R$1};
at (1,1.2){$\bullet \, z_3$};
at (2,0.5){$\bullet \, z_28%3};
at (2.5,0.4){$\bullet \, z_1%};
at (0.6,1.7){$\bullet\, z_4 $};
at (-1.4,1.7){$\bullet \, z_{r-1} $};
at (-2.7,0.4){$\bullet \, z_{r}$};
at (-0.3,2.2){$\bullet \, z_{r-2} $3};
-0.0,

(
(
(
at ( 2){$\Huge \ddots $1};




P(z) = 2%, Q(z) = [L+ 274+ 27] (2)

M Q(2) = 09] 75 FoA A IAHEY Bl A2AFERO] S5l TEL 2 = 9z = 2

PO 11
Hes <Q(2)’Z> T lit+di+4 6 6 (4)
P(z) .\ 4 11
fes (Q(z)’%) T Rit242+1 3 3 (5)




sin? 1—cos2x <1—e2i’”>

z? 212 2?2

whebd] ohg Alo] e,

=R (/OOO f(a:)d:c) 3)

1— e2iz

fz) =

A71A f(2)& bt Ert

(4)

)
5 f(2) S AH Lrde) HBAR ¢ = 0 + Cp + Oy + C.oIA BB 2 3kt 17
1.7.55 12]7] 9I514L ofef 423 1+ RationalFunction102.tikzS A @5},
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CaUChy;gaOﬂ/ﬂ ??]ﬁ ZF %l—/E\-O], q-_g_ }:10] /\galﬂ?:)j_—q'

whebd] ok Alo] ARTS & 5 9t

212 ¢ > 00 thalAl The AEo] AT,

1
22

f(z) =

2

A71A g(z)& M oI}, whetd ke AlSo] AHatet.

/ f(z)dz = — /7r f(ee™yieedt

/ —zee”dt — / g(ee)iee dt = —2m + o(e)
0

eett

1 —2Rsinf 9
</ Ldz< —dz——ﬂR
Cr

{1— [1+2iz+[2iz]2+.--]}i_ji+9



=, the AlSo] st
/Oosm%d I 1%{ oof()d} u (13)
; o dx 5 ; x)dx 5
|
{z}
Cr
Ce
G /)—\ N ,\
—R O ¢ R R{z}
IF 175, A L7.1E AT AEA =
L m =TT o -
2|% Filename: FractionalFunctionl102.tikz
3| % Programmed by CBS
I A e
5/ \begin{tikzpicturel}[decoration={markings,
6| mark=at position 1.7cm with {\arrow[line width=1pt]{>}},
7|mark=at position 7cm with {\arrow[line width=1pt]l{>}},
8| mark=at position 13cm with {\arrow[line width=1pt]l{>}},
9| mark=at position 18.5cm with {\arrow[line width=1pt]{>}},
10| mark=at position 20.2cm with {\arrow[line width=1pt]{>}}
'y 1
12
13| % The axes and the contour
14| \draw [help lines,->] (-5,0) -- (5,0) coordinate (xaxis);
15| \draw [help lines,->] (0,-1) -- (0,5) coordinate (yaxis);
16| \path[draw, line width=2.0pt, color=red, postaction=decorate] (0.5,0) node[below]
{$\epsilon$}
17 -- (4,0) nodel[below] {$R$} arc (0:180:4) node[below] {$-R$} -- (-0.5,0) arc
(180:0:0.5) ;

18
19| % The labels
20| \node [below] at (xaxis) {$\Re \{z\1}$1};
21| \node [left] at (yaxis) {$\Im \{z \1}$};
22| \node [below left] {$0$};
23| \node at (0.55,0.55) {$C_{\epsilon}$};
24| \node at (2,4) {$C_{R}$};
25| \node at (2.5,0.2) {$C_{1}$3};
26| \node at (-2.5,0.2) {$C_{2}%3};
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27‘ \end{tikzpicturel}

AL8d 7HAE R BaHP
o] Hof| A= 7}4] (branch) & T sfoF 5}= BAHELS Am R},

g AR PR,

I= Vzdz (1)

|z|=1

2 7FA] (principal branch)E A Z}Fsl| HA},

Jz = \/|jex <arg >i\/17exp<gi>, (0 <6 < 2m) (2)

=, A 2HE (branch cut) & R = [0,00) 2 kAL o] AAAES wst AuA=
C = C1+ Cr+ Gy + Ccol 27 [Ladel 2817 Qlet. ol2jd defo] 4R
T4 2 (keyhole contour) 2} F-Et}. 11 —g— 1a]7] YA ot £E5F okl
BranchContour301.tikzS A 3Js}2}.
=4 CoF 1 WHAA 4 f(-) = iAot Cauchy oA & & Qo] o
f(z) = Vzv s A& TS

]ff(z)dz:f JEdz =0 (3)
C C
afeb A ok Aol i
/ \/Edz—i—/ Vzdz + Vzdz + Vzdz =0 (4)
Cq Cr Co Ce
o3 250 AE3T

e

< /ce |Vz|dz < 2mev/e (5)
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% Filename: BranchContour301.tikz
% Programmed by CBS-

\begin{tikzpicturel}
% Configurable parameters
\def\gap{0.2}
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\def\bigradius{3}
\def\littleradius{0.5%}

% Axes

\draw [help lines,->] (-1.25%\bigradius, 0) -- (1.35*\bigradius,0);
\draw [help lines,->] (0, -1.25*\bigradius) -- (0, 1.25*\bigradius);
% Red path

\draw([line width=1pt, color=red, decoration={ markings,
mark=at position 0.2455 with {\arrow[line width=1.2pt]{>}},
mark=at position 0.765 with {\arrow[line width=1.2pt]1{>3}},
mark=at position 0.87 with {\arrow[line width=1.2pt]{>}},
mark=at position 0.97 with {\arrow[line width=1.2pt]{>}}},
postaction={decoratel}]
let

\n1 {asin(\gap/2/\bigradius)},

\n2 {asin(\gap/2/\1littleradius)}
in (\nl:\bigradius) arc (\n1:360-\nl:\bigradius)
-- (-\n2:\1littleradius) arc (-\n2:-360+\n2:\littleradius)
-- cycle;

% The labels

\node at (4.0,-0.38){$\Re{\left\{ z \right\}}$};
\node at (-0.37,3.53){$\Im{\left\{ z \right\}}$};
\node at (-0.6,0.46) {$C_{\epsilon}$};

\node at (-1.8,2.8) {$C_{R}$};

\node at (1.9,0.31) {$C_1$};

\node at (1.555,-0.34) {$C_2%};

\node at (3.2,0.2) {$1$};

| \node at (-3.28,0.2) {$-1%$3};

\end{tikzpicture}
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2] (6) & Cauchy Z2A oM & 5= %ol tha 450l HHd.
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% Filename: BranchContour303.tikz
% Programmed by CBS
/g

\begin{tikzpicture}

% Configurable parameters
\def\gap{0.2}
\def\bigradius{3}
\def\littleradius{0.5}

% Axes

\draw [help lines,->] (-1.25*\bigradius, 0) -- (1.35x\bigradius,O0);
\draw [help lines,->] (0, -1.25*%\bigradius) -- (0, 1.25*\bigradius);
% Red path

\draw[line width=2pt, color=red, decoration={ markings,




DN NN NN NN NN = =
© 00 N O U W N = O O

30

70

mark=at position

A1 BaAy

.2455 with {\arrow[line width=2.2pt]{>}},

0
mark=at position 0.765 with {\arrow[line width=2.2pt]1{>1}},
0

mark=at position

.87 with {\arrow[line width=2.2pt]{>}},

mark=at position 0.97 with {\arrow[line width=2.2pt]{>}}},
postaction={decoratel}]

let

in

% The
\node
\node

33| \node

\node
\node
\node
\node
\node
\node
\node
\end{

\nl = {asin(\gap/2/\bigradius)},
\n2 = {asin(\gap/2/\littleradius)}
(\n1:\bigradius) arc (\n1:360-\nl:\bigradius)

(-\n2:\littleradius) arc (-\n2:-360+\n2:\littleradius)
cycle;

labels
at (4.0,-0.38){$\Re{\left\{ z \right\}}$};
at (-0.37,3.53){$\Im{\1left\{ z \right\}}$};
at (0.55,0.5) {$C_{\epsilon}$};
at (-1.8,2.8) {$C_{R}$};
at (1.5,0.37) {$C_1$3};
at (1.8,-0.37) {$C_2%2};
at (3.28,0.2) {$R$1};
at (-3.33,0.2) {$-R$};
at (-1,0) {$\times$};
at (-1,-0.3) {$-1%$3};
tikzpicturel}

=, 7}AAE (branch cut) &2 RT = [0,00) & AESIAL o] 7HX| A

TS

o] .,L,pfl
I= [ “—de, (0<p<2) (1)
0
= 7H] (principal branch)E 2ol H 2},

2= e exp (iarg(2)p — 1)) = exp (irfp— 1)), (0<0<2m)  (2)

C1+ Cr+ Cy + C.7F 23 [Ls.dell 1814 ook, 1 [Ls.d2 12]7] 9IsiA= ot

=3F 1} BranchContour304.tikz& 4 8§ 5tet.

Cauchy 224 oA & 4= Ql5%0l, &4 f(2) = 2271 /[1 + 2%] ol HIsiA o 250l 4™

gt

740 F(2)dz = 2miRes (f(2):7) + 2riRes (£(2): —i)

- 2P - L 2P
= 2mi zhinl[z — 1] 2 + 2mi ZILHL[Z + 1] T

i, . .
= 2mi 5 [emp/2 + eBTP/2] = _9miei™ cos 71'2]9 (3)
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21
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R— oo Cr 1 + z
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[2ie"™ P~ U sin 7p|I = 2mie’™ P~ cos % (12)
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% Filename: BranchContour304.tikz

% Programmed by CBS

Y

\begin{tikzpicture}
5| % Configurable parameters

\def\gap{0.2}
;| \def\bigradius{3}
9| \def\littleradius{0.5%}

% Axes

\draw [help lines,->] (-1.25%\bigradius, 0) -- (1.35*\bigradius,0);

\draw [help lines,->] (0, -1.25x\bigradius) -- (0, 1.25x\bigradius);

% Red path

j|\draw[line width=2pt, color=red, decoration={ markings,
mark=at position 0.2455 with {\arrow[line width=2.2pt]{>}},
mark=at position 0.765 with {\arrow[line width=2.2pt]1{>1}},
mark=at position 0.87 with {\arrow[line width=2.2pt]{>}},
mark=at position 0.97 with {\arrow[line width=2.2pt]{>}}},
postaction={decoratel}]
let

\n1 {asin(\gap/2/\bigradius)},

\n2 {asin(\gap/2/\1littleradius)}
in (\nl:\bigradius) arc (\n1:360-\nl:\bigradius)
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-- (-\n2:\littleradius) arc (-\n2:-360+\n2:\littleradius)
-- cycle;

% The labels
\node at (4.0,-0.38){$\Re{\left\{ z \right\}}$};
\node at (-0.37,3.53){$\Im{\left\{ z \right\}}$};

2| \node at (-0.7,0.46) {$C_{\epsilonl}$};

\node at (-1.9,2.8) {$C_{R}$};
\node at (1.5,0.35) {$C_1%$};

5/ \node at (1.7,-0.39) {$C_2%1};

\node at (3.29,0.2) {$R$};

| \node at (-3.30,0.2) {$-R$};

\node at (0,1) {$\times$};
\node at (-0.2,1) {$i$};
\node at (0,-1) {$\times$};
\node at (-0.4,-1) {$-i$};
\end{tikzpicture}

= 7HA] (principal branch)E A Z}Fol| H A},
Inz=1In|z|+iarg(z) =Inr+if, 0<0<2rm (2)

20 =C+Cr+Cy+C7t 19 [L8.4el 1214
st 19 % a27] YlsiA = ofe 53t 1 BranchContour305.tikzE 4345t}

Cauchy ZHEA A & 5 Ql0l, @4 f(2) = 2-1/[1+22]ofl Thsl o A1So] ghet.

p—1 p—1
740 f()de = 2miRes (f(2);) = 2mi lim [ — il =2mit— =mi"™ (3)

webA thg Ao] At
p—1 p—1 p—1 p—1
/ ZQdZ-f-/ Zde+/ szz—k/ Zizdzzzexp@@) (4)
o 1+z c. 1+z o, 1+2 cplt+z 1 2
ok AlEo] Ayt

2P~ 1
PRe=LEy
C€1+Z C.

2Pl

1422

Pt P

dzgwel_€2:7r1_€2 (5)
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—1 € T -1
. Zp . . 6 $ p .
lim lim 5dz= lim lim [7]2 (e x)
R—ooe—0 Jo 14+ 2 R—ooe—0 Jp 1—|—[6m$]
. € '/L'p_l . R xp—l .
= lim lim " 5 dr = — lim lim "™ 5 dr = —e™PJ]
R—ooe—0 R 1+x R—ocoe—0 ¢ +x
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2|% Filename:

BranchContour305.tikz

3| % Programmed by CBS
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\begin{tikzpicture}[scale=1.0, decoration={markings,

j|mark=at position 1.7cm with {\arrow[line width=2pt]{>}},

mark=at position 7cm with {\arrow[line width=2pt]{>3}},
mark=at position 13cm with {\arrow[line width=2pt]{>}},
mark=at position 18.5cm with {\arrow[line width=2pt]{>1}},
mark=at position 20.2cm with {\arrow[line width=2pt]{>}}

1

% The axes

\draw[help lines,->] (-5,0) -- (5,0) coordinate (xaxis);
i{\draw [help lines,->] (0,-1) -- (0,5) coordinate (yaxis);

\node at (0,1.2) {$\times$};
\node at (0.2,1.2) {$i$};
% \node at (1,0) {$\times$};

\path[draw, line width=1.2pt, color=red, postaction=decorate] (0.5,0)
node [below] {$\epsilon$} -- (4,0) node[below] {$R$} arc (0:180:4)
node [below] {$-R$} -- (-0.5,0) arc (180:0:0.5);

% The labels

\node [below] at (xaxis) {$\Re \{z\}$};
\node[left] at (yaxis) {$\Im \{z \}$};
\node [below left] {$0%$7};

’| \node at (0.55,0.55) {$C_{\epsilonl}$};

\node at (1.8,3.85) {$C_{R}$};
\node at (2.5,0.2) {$C_{13}$};
\node at (-2.5,0.2) {$C_{2}%};
\end{tikzpicture}
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2% Filename: BranchContour306.tikz

3|% Programmed by CBS

4
D

5| \begin{tikzpicture}

6| % Configurable parameters
7| \def\gap{0.2}

8| \def\bigradius{3}

9/ \def\littleradius{0.5%}

11| % Axes
12| \draw [help lines,->] (-1.25%\bigradius, 0) -- (1.35%\bigradius,0);
13| \draw [help lines,->] (0, -1.25x\bigradius) -- (0, 1.25%\bigradius);

15| % Red path

16| \draw[line width=2pt, color=red, decoration={ markings,

17| mark=at position 0.2455 with {\arrow[line width=2pt]{>}},
18 mark=at position 0.765 with {\arrow[line width=2pt]{>}},
19| mark=at position 0.87 with {\arrow[line width=2pt]{>}},
20| mark=at position 0.97 with {\arrow[line width=2pt]{>}}},
21 postaction={decoratel}]
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3% 1.85. A4 [Ls.42 I HEA=R

let
\nl = {asin(\gap/2/\bigradius)},
\n2 {asin(\gap/2/\1littleradius)}
in (\nl:\bigradius) arc (\n1:360-\nl:\bigradius)
-- (-\n2:\littleradius) arc (-\n2:-360+\n2:\littleradius)
-- cycle;

% The labels
\node at (4.0,-0.38){$\Re{\left\{ z \right\}}$};
\node at (-0.37,3.53){$\Im{\left\{ z \right\}}$};

2| \node at (-0.66,0.46) {$C_{\epsilon}$};

\node at (-1.8,2.8) {$C_{R}$};
\node at (1.7,0.33) {$C_13%};
\node at (1.7,-0.37) {$C_2%};
\node at (3.2,0.2) {$R$};
\node at (-3.32,0.2) {$-R$};
\node at (0,1) {$\times$};
\node at (-0.2,1) {$i$};

\node at (0,-1) {$\times$l};
\node at (-0.4,-1) {$-i$};
\end{tikzpicture}

= S7HA] (principal branch)E A Z}Fol H 2},

Inz=In|z|+iarg(z) =Inr+i6, (0<6 < 2m)
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% Filename: BranchContour307.tikz
% Programmed by CBS

\begin{tikzpicture}[decoration={markings,

mark=at position 1.7cm with {\arrow[line width=2pt]{>}},
mark=at position 7cm with {\arrow[line width=2pt]{>3}},
mark=at position 13cm with {\arrow[line width=2pt]{>}},
mark=at position 18.5cm with {\arrow[line width=2pt]{>1}},
mark=at position 20.2cm with {\arrow[line width=2pt]{>}}

]

% The axes

\draw[help lines,->] (-5,0) -- (5,0) coordinate (xaxis);
\draw[help lines,->] (0,-1) -- (0,5) coordinate (yaxis);

\node at (0,1.2) {$\times$};
\node at (0.2,1.2) {$i$};

% \node at (1,0) {$\times$};

\path[draw, line width=2pt, color=red, postaction=decorate] (0.5,0)
node [below] {$\epsilon$} -- (4,0) nodel[below] {$R$}
arc (0:180:4) node[below] {$-R$} -- (-0.5,0) arc (180:0:0.5);
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% The labels
\node [below] at (xaxis) {$\Re \{z\1}$1};

i| \node[left] at (yaxis) {$\Im \{z \}$};

\node [below left] {$0$};

\node at (0.55,0.55) {$C_{\epsilonl}$};
\node at (2,3.8) {$C_{R}$};

\node at (2.5,0.2) {$C_{1}$};

\node at (-2.5,0.2) {$C_{2}$};
\end{tikzpicture}
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\begin{tikzpicturel}[decoration={markings,

mark=at position 1.7cm with {\arrow[line width=1pt]{>}},
mark=at position 7cm with {\arrow[line width=1ptl{>}},
mark=at position 13cm with {\arrow[line width=1pt]l{>1}},
mark=at position 18.5cm with {\arrow[line width=1pt]{>1}},
mark=at position 20.2cm with {\arrow[line width=1pt]{>3}}

o]

% The axes

\draw[help lines,->] (-5,0) -- (5,0) coordinate (xaxis);

\draw[help lines,->] (0,-3) -- (0,5) coordinate (yaxis);
| \draw[line width=2pt, color=blue] (0,-3) -- (0,-0.05);

% \node at (1,0) {$\times$};
\path[draw, line width=1.2pt, color=red, postaction=decorate] (-4,0) -- (4,0)
node [below] {$R$} arc (0:180:4) nodel[below] {$-R$};

% The labels

\node [below] at (xaxis) {$\Re \{z\}$1};
\node[left] at (yaxis) {$\Im \{z \}$};
\node [below left] {$0%$};

\node at (2,4) {$C_{R}$};

5| \node at (-0.5,0.2) {$C_{1}$};

\node at (0,1.2) {$\times$};

)| \node at (0.2,1.2) {$i$};

\node at (0,-1.2) {$\times$};
\node at (0.4,-1.2) {$-i$};
\end{tikzpicturel}
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% _____________________________________________________________________________
% Filename: BranchContour309.tikz
% Programmed by CBS
% _____________________________________________________________________________
\begin{tikzpicturel}[
scale=3,
line cap=round,
dec/.style args={#1#23}{
decoration={markings, mark=at position #1 with {#2}},
postaction={decorate}
} ]
\path[gray,thin,xshift=-1.2cm] (-.2,0) edgel->] (2.4,0) (1.2,-1.2)
edge[->] (1.2,1.2);
\draw[line width= 2pt, red,dec={0.59}{\arrow{>3}}]
({-180+asin(0.1)}:1cm) coordinate (1) arc ({-180+asin(0.1)}
:{180-asin(0.1)}:1cm) coordinate (3);
\draw[line width= 2pt, red][dec={0.59}{\arrow{<}}]
({-180+asin(.5)}:2mm) coordinate(2) arc ({-180+asin(.5)}
:{180-asin(.5)}:2mm) coordinate (4) ;
\draw[line width= 2pt, red, dec={0.69}{\arrow{<}}] (1)--node[below,black]
{$ C_2%83}(2);
\draw[line width= 2pt, red, dec={0.39}{\arrow{>}}] (3)--nodelabove,black]
{$ C_1 $}(4);
\node at (0,0.4) {$\times$};
\node at (-0.11,0.4) {$i$};

i| \node at (0,-0.4) {$\times$};
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27| \node at (-0.15,-0.4) {$-i$};

\path (60:3mm) node{$C_{\epsilon}$}
(40:1.12cm) node{$C_{R}$}
(0,0)node[circle,fill=gray,inner sep=.5pt]{};
\end{tikzpicture}
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5/ \begin{tikzpicturel}[

6 scale=3.5,

7 line cap=round,

8 dec/.style args={#1#2}{

9 decoration={markings, mark=at position #1 with {#2}},
10 postaction={decorate}
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\path[gray,thin,xshift=-1.2cm] (-.2,0) edgel[->] (2.4,0) (1.2,-1.2)

edge[->] (1.2,1.2);

\draw[line width=2pt, color=red, dec={0.59}{\arrow{>3}}]
({-180+asin(0.1)}:1cm) coordinate (1) arc ({-180+asin(0.1)}
:{-60}:1cm) coordinate (2);

\draw[line width=2pt, color=red, dec={0.59}{\arrow{>1}}]

({60}:1cm) coordinate(3) arc ({60}:{180-asin(0.1)}:1cm)coordinate (4) ;

\draw[line width=2pt, color=red, dec={0.69}{\arrow{>}}] (2)

--node [right ,black]{$C_0$3}(3);

\draw[line width=2pt, color=red, ][dec={0.59}{\arrow{<}}]
({-180+asin(.5)}:2mm) coordinate (5) arc ({-180+asin(.5)}:
{180-asin(.5)}:2mm) coordinate (6) ;

\draw[line width=2pt, color=red, dec={0.69}{\arrow{<}}] (1)--
node [below,black]{$C_2%$}(5);

\draw[line width=2pt, color=red, dec={0.39}{\arrow{>}}] (4)--
node [above ,black]{$C_1$}(6);

3| \path (60:3mm) node{$C_{\epsilon}$}

(-140:1.12cm) node{$C_3%}
(140:1.12cm) node{$C_4%}
(0,0)node[circle,fill=gray,inner sep=.5pt]{};
\node at (1.0,0.05){$\Re{\left\{ z \right\}}$};
\node at (0.15,1.1){$\Im{\left\{ z \right\}}$};
\node at (0,0) {$\times$};
\node at (0.0,-1.0) {$\bullet$};
\node at (0.01,-1.10) {$-R$3};

‘I \node at (-1.0,0.0) {$\bullet$};

\node at (-1.1,-0.08) {$-R$};
\node at (0.5,0) {$\bullet$};
\node at (0.46,-0.06) {$1$};
\end{tikzpicture}
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Fourier94=

Pure mathematics is much more than an armoury
of tools and techniques for the applied
mathematician. On the other hand, the pure
mathematician has ever been grateful to applied
mathematics for stimulus and inspiration. From the
vibrations of the violin string they have drawn
enchanting harmonies of Fourier Series, and to
study the triode valve they have invented a whole
theory of non-linear oscillations.

George Frederick James Temple (1901-1992)

A21d g2 AnA

1% o ool A A48 2 WT AP (orthogonal approximation) ©) SHt7} Fourier 24}
(Fourier approximation) ©]t}. FourierttAtgt o]H g5 ARRISHFEET FARRIFFE9)
APAT o2 DA 7= Aolth, Ttk 54 g o] 2717} L(> 0)o]®

91501 B4 f(z) = g(La/2m) = 7717} 2w ol
flz+2m) = (: —|—L> =g <Lj:> = f(x) (2.1.1)

upekA, o] oflM= F717F 2 Q1 eRbe st = ShAt

T [a, 0] RS I ={a =1ty <ty <...<ty=0by= AHEA k= f(x) 7} 2 3¢
(ti—hti) 01]/\'1 Ojﬁ_\l_o]_]"_l’ A g t;, (Z =12,....M — ) /\1 —L]’ (left—hand limit)ﬂ

95
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ol
-
—~

right-hand limit) & 220 ™, 3 aolA ¢ 2831, B3 4 poll A H=5=

1L
= =~

Zr=ttal ok}, o] @< f(x) & TZt [a, b oA FEH 2 AL (piecewisely continuous)
a}

= YA|= Fourierg4= (Fourier series) ©]=9] 7] %7} Htf,

N
FA 2.1.1
B 4450 A 2ol dhellA the A5o] Adant

a) [" sinnzdr =0, (neZ)

b ffﬁ ldx =27

J7 cosnxdx =0, (neZ—{0})

J7_sinma cosnxdr =0, (m,n € Z)

[T _sinmasinnzdr =0, (m,n € Z, m#n)
f ffﬂ cosmx cosnzdr =0, (m,n € Z, m #n)
g) |7 sin’nzdr =m, (n€Z-{0})

[T cos?nadz =m, (ne€Z—{0})

-

9. xRS A8l o]l GAIE A $HE & vk A7IHE F 24 (contour

integral) = AHE-olA AE () B S 9ot} et

Y-S WA (interior point) &2 Egst= BIAHZ C oA & f(2)E Laurent 3
%

S apt R AN 5 ok sk o] S ARAR Coq ArARe et 2t

k=—0o0

I=¢ f(z)dz = Z ak% 2Fdz (1)
c k=—o00 c
woF ARAR C7F YHE FAHOR She W0l r(> 0)2 Holo] it S sk,
B4 2 = ol o] oA AR 1S 0} o] & 4 9lrh
I= Z akj{ re)Firedo = Z akzrkH/ 110 gg (2)
k=—o0 k=—00
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B (@)~ A (oA L % glzel, T Aol ARt
2 2, (k=-1)
/ k110 g / [cos([k + 1]6) + sin([k + 1]0)]d6 = (3)
’ ‘ 07 (k 7& _1)
Al (2)2F A (3) oA & & Ql%el, th Aol -
I =2mia_1 (4)
U= Also] ARttt
) eznG _ e—nG LM
sinnf = 5 = % (5)
o714 » = e olt}. kA The ASo] ATt
n —n72 n —2n
— -2
sin?nf = [z 22,2 ] = _IZ (6)
E Tk Alo] Yt
dz
df = —
= (7)
groF n £ 009, The Al5o] Aett
2m 1 2n _ 9 —2n —9
/ sin? nfdf = — 7{ : Rk dz=—2mi=m (8)
0 —4i Jo z —44

YA Oﬂ/‘ﬂ o o %ol {ﬁ, +cosx, & sinx, & cos 2z, +sin 2z, . . .}%—7—?} [—7, 7]
of| Al 21 3F=A] (system of orthogonal functions)-& ©]&t}. T3 A= o] & -& o]-85H+=

Zoltt,

T4 f(2)2 T2 [, w] oA TH} o] HED 4 ek s,

o0

f(z) = Z[an cos nx + [, sinnx] (1)

n=0
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o] , 3} B, & PR,
the 4150] At

e + efinx einx _ efin:v
Fa) = 3 an S E S

n=0

00 . ) .
i Qp — an inx on + an —inx
3 e S
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Al2.24 Fourierd7]

A p.11o] AtS vpgo R, gt o] Fourierd 2 Aot

A 9] 2.2.1: Fouriergd4>

g f(2) 7F F717F 20 9 7180l o 17 [—qr, ] ol Al FRAH 22 AL (piece-

= f(z) 9] Fourierg<+ S(x) &= that 2t}

2

wisely continuous) ©]2} o}4}.

S(z) = %ao + Z[an cos(nz) + by, sin(nx)]

n=1
o] 71 A Fourier Al55-& o3t 7t}
f(x) cos(nz)dz, (n=0,1,...)

f(z)sin(nx)dz, (n=1,2,...)

HA) 2.2.1: Fourierg49] &%

P2 [, w914 B £(0) 9] Fourier 348 S(2) 2 S ok £8% /(o) 7} 72
[, w] oA FEH OS2 AL (piecewisely continuous) ©]H, ©] Fourierg= S(z) = 3¢
%

[—m, 7w & ZF Aol A sk Tt 24 & = a(e [—m, 7)) oA th& Alo] -

S(a)  Jam) 4 flat)

[\

AZNA fla—)= A a°llA FHFTHo]AL, flat+) = A aollA F=7teIth 55|, 2 = a A
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o

T f(x)7F A&50l9, o o] A=t

(@)= Jim S.(2) :21)
1714 Sy (x) € Tt 2o
Sp(x) = %ao + ;[ak cos(kx) + by sin(kx)] (2.2.2)

o] S, (z)E Anzt AFZTHd4] (trigonometric polynomial) o2} F-&

)7
S8+ (even function) ©1H, ZF noll hafiAl b, = 0°lch. wetA, T4 f(z) ] Fourier A7+

)
(e}
v

USE

“s

/\

f(x) = %ao + Z ap, cos(nx) (2.2.3)
n=1

A] () Fourier ZAFR1 A 7} (Fourier cosine expansion) 2f gttt THeF k== f(z) 7} 7]
ot (odd function) ©]®H, ZF nofl HsfA a, = 0°ltt. TetA &4 f(z) &l Fourier d7l+&=
= Z by, sin(nx) (2.2.4)

n=1

2] ()% Fourier AFQ17 7l (Fourier sine expansion) 2f 2ttt

A4 f(2) = ©/28 T2 [-m, 7] oA Fourier A RAL. TH A5l A
T A L S Ak

1 /7r zg 22" 0 (1)
ap = — Sdr="—| =
0T 7 2 4 |_.

1 /’T x p rsinnx  xcosnz||" 0, (n=1,2,..) @)
ap = — — cosnxdxr = = n= :
"n) 2 21 2mn? ’ T

1 [Tz —xzcosnr  xsinnz]|” [—1]7+!
b e — —gqi d = = — 1 2 . 3
"o /_7T g ST [ 2mn 27mn? ] . n (r=12..)




Fourier# 7 101
oA, b f(x) = /2] T2t [—m, 7] A Fourier A7l= th=3 2t

1 1 1
:sinx—isin2x+§sin3x—Zsin4az+... (4)

|8

A (4) 9] Fourier A70E 12]7] YsHA tF-2 MATLABXZ 2 13 FourierExpansion101.m-<

Ll mmmm e
2| % Filename FourierExpansioni0l.m

3| % Programmed by CBS
A
5/ clear all, close all

6lx = -pi:0.01:pi;

71 fx = x/2;

881 = sin(x);

9/82 = S1 - 1/2*sin(2%*x);

10{83 = 82 + 1/3*sin(3*x);

11184 = 83 - 1/4*sin(4%*x);

12| plot(x,fx,'k-',x, S1,'r:"',x,82,'g-."',x,83, 'b--"

13 x,84, 'm-"','LineWidth',2)

14| set (gca, 'fontsize',11, 'fontweigh', 'bold")

15/axis( [ -pi pi -1.6 1.6 1)

16| legend ('\bf £(x)','\bf S_1 (x)','"\bfS_2 (x)','\bf S_3 (x)',

17 "\bf S_4 (x)','location',6'SE"')

18| x1label ('\bf x','fontsize',12)

19| ylabel ('\bf y','fontsize',12, 'rotation',0)

20| saveas (gcf, 'FourierExpansion101', 'png')

21| save('FourierExpansionl101.txt','S1','S2','S3"','S4"', " '-ascii')

22| % End of program

23| mm T T oo oo

o] MATLABXZ 2 713 FourierExpansion101.m< A 8s}H, 719 0] A= s A=
oA & 4 ghel, T AlEe] AR at.

lim Sp(£1) = 5 =0 (5)
EAEHE 2 = 1T 2 = 1904 He] o H 2 = 0 FHAAME {S,(2)} 7 f(=)°l
SIS & 5 9dnt u

MATLAB ] Symbolic Math Toolbox 2] &5 int.m¥} subs.m= AH&3l|A], Fourier A
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1.5

-0.5 p f(x)
cnsnes S (%)
p e S, (9 | |
- = S, (x
A5 | =N
-3 -2 -1 0 1 2 3
X

‘Z _________________________________________________________________________

% Filename FourierExpansionl102.m
% Fourier Expansion using Symbolic Math Toolbox
% Programmed by CBS

% _________________________________________________________________________

clear all, close all

syms xx kk

ff = pi~2/12 - xx"2/4

a0 = 1/pi*int(ff,-pi,pi)

ak = 1/pi*int(ff*cos(kk*xx),xx,-pi,pi)

bk = 1/pi*int(ff*sin(kk*xx),xx,-pi,pi)
% Plotting

M = 101;

N = 12; DN = N/4;

x = linspace(-pi,pi,M);

f = pi~2/12 - x.72./4;

S = zeros(N,M);

S(1,:) = 1/1*xcos (1%*x);

signn = 1;

for n=2:1:N
signn = -signn;
S(n,:) = S(n-1,:) + signn./n/n*cos(n*x);
err(n,:) = f - S(n,:);

end

subplot(1,2,1)

j|plot(x,f,'k."',x, S(DN,:),'r:"',x,S(2«DN,:),"'g-.",

x,S5(3*%DN,:),'b--"',x,S(4%DN,:),'m-"', ' 'LineWidth',2)
set(gca, 'fontsize',11, 'fontweigh', 'bold"')
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29laxis( [ -pi pi -1.8 1.1 1)

30| legend ('\bf £(x)','\bf S_{3} (x)','\bf S_{6} (x)',

31 "\bf S_{9} (x)','\bf S_{12} (x)','location','NW')

32| xlabel ('\bf x','fontsize',12)

33| ylabel ('\bf y','fontsize',12)

34| subplot (1,2,2)

35| plot(x, err(DN,:),'r:',x,err(2%DN,:),'g-.", .

36 x,err (3*DN,:),'b--"',x,err (4*xDN,:), 'm-', 'LineWidth',2)

37| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

38|axis( [ -pi pi -0.3 0.3 1)

39| legend ('\bf error_{3} (x)','\bf error_{6} (x)',

40 "\bf error_{9} (x)','\bf error_{12} (x)','location',6 'NW')
41| xlabel ('\bf x','fontsize',12)

42| ylabel ('\bf error','fontsize',12)

43| saveas (gcf, 'FourierExpansionl102', 'png')

44| save ('FourierExpansion102.txt','S','err', " '-ascii')

45| % End of program

I A e ittt

o] MATLAB X 2 7138 FourierExpansion102.m-2 th2 &5 Fourier A75}7] ]9t A

oltt.

7['2 .1?2
19 4 1
f@) =373 (1)
o] MATLABERZ 192 »aodl, oh& 235 &t
ap=2.2-10716 ()
1k71
ak: [ k‘]2 9 (k:1,2, ) (3)
bk:O, (k:o,l,Z,) (4)
wtta] &= f 9] Fourier A71+= o2 2.
flx) = i & cosnz, (Jz| <) (5)
7’L2 9 =

o] MATLABE 2 1388 5astd, 13 p.2.d7h 2ed ek 13 p.2.do) A a8 mefi=
T4 f(a) O AZTFFAE S5(x), So(x), So(z) LI Spa(2) 7F 1A ST}, 47} 9ol AL
1291 AFzhekakalo] 94 f(z) 9F obF ZTHE AL & 4 gl 13 p.2do) ik ez
T4 fla) oA Z Azt w9 217} 2 A Qlek, o] Tefme A & 4 9l%o], EPW R
9] Zho] Zoo]l 9IHHA @}t 2L vhw o] S ws 4 0] Zho] Zakol A Wolz W 9 2}7}
A7}, n
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17 f(x) | error, (x)
........ S. (x)
3 | | ===~ error, (%)
05~ =" SgX 0.2 - = = error, (x)
= = S4(x error, , (x)
— S, (¥ 01~

error

-2 0 2

X
[~ 7)) ol ALl AW B f(r) £ f(—m)olE, oleFF AFAo] 7|2 FHsich,
mrebA] EAEHANA Fourierg 42 41

phenomenon) ©]2f F-&

Ip
H1
rr
=)
o
in
H
N,
&
)
il
Q
o
3
ral
oz
Q
o
z

-1, (—7<z<0)

1, (0<z<m)

A A @7 p. 95914 & 4= 9l %ol, & f(x) 2] Fourier 7= th32t 2},
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Gibbs@Ar2 12]17] YA, o2 MATLABX 2 13 GibbsPhenomenonl101.m< 2A135j
st

/gy
% Filename GibbsPhenomenoni01.m

% Gibbs Phenomenon of Fourier Expansion

% Programmed by CBS
A
6| clear all, close all

7|M = 101;

8|N = 400000; DN = N/4;

9/x = linspace(-10/N,10/N,M);

10[f = (x>0) - (x<0);

118 = zeros(N,M);

128(1,:) = 4/pix*1/(2-1)*sin((2-1)*x);

13| for n=2:1:N

Tt W N

14 S(n,:) = S(n-1,:) + 4/pi*1/(2*n-1)*sin((2*n-1)*x);
15| end

16| plot(x,f, 'k-',x, S(DN,:),'r:"',x,3(2%DN,:),'g-." .
17 x,S(3*%DN,:),'b--"',x,S(4*DN,:),'m-','LineWidth',2)

18| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

19|axis( [ -10/N 10/N -1.6 1.6 1)

20| legend ('\bf f(x)','\bf S_{100000} (x)','\bf S_{200000} (x)',

21 '"\bf S_{300000} (x)','\bf S_{400000} (x)','location','SE')

22| xlabel ('\bf x','fontsize',12)

23| ylabel ('\bf y','fontsize',12,'rotation’',0)

24| saveas (gcf, 'GibbsPhenomenonl01', 'png')

25| save ('GibbsPhenomenonl101.txt','S','-ascii')

26| % end of program

27| T T T T -

a#e s, a2 poado] 1Ak 18 b ol A & 4 giEel, 4]
2) ] Fourierg5-2] & E+ o9 =2vf. 19 oﬂ/\ﬂ (e g2 N
H

ol 9ol (HA) v N = 20000091 7-¢0], (M) 71-8HL N = 3000001
4

Agolm, (FA) AHe N = 4000009 F-olch. 1 paolA & 4 gl5ol, F5f
Eol ol A= Fourierg4-2] &L} oFF =0 H, B3} Fourierg 4+ YY 02 5o
2=t |

Al2.48 o]AFd Fourier H3gk

AZTHEA S, () E & f(2) 9 Fourier2AFLL {tct, SFo] %] Hlo]E]of|A] o] Fouriert:
AVE Eobr] YlolAl o2t Zo] o] 4] Fourier € (discrete Fourier transform: DFT) <
A&t DFTOl thet & o ZbAIgE W82 249 A48 =35t

b

s|AZA0l 2= AS5lM = BAE A 8L & A
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157+ ]
1 L
05+
Yy ol
.Q*&f
0.5 (x)
EREREEEN 8100000 (x)
1 === S,00000 ¥ | |
= = S350000 ¥
S (x)
a5l | | | | 4nnmlm |
-2 -1 0 1 2
%107
1% 2.3.1. Gibbs@A!
gA| 2.4.1: 0|4 Fourier 318+
g 35S Aolaint,
2mn
xn__ﬂ"f'Ta yn—f(xn)a (n_o’l’ 7N)

RHeF &< f(a) € F717F 2n )l F71Rkpol AL, ERE Rk oM < NojW, o Al EH Q
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N
ap = %Zf(xn)cos(kxn), (k=0,1,...,M)
n=1

N
by = %Zf(xn)sin(kxn), (k=1,2,..., M)
n=1

oA 2.4.1] T2 [-m Al oA B f(a) = 2/225E T PREES FE0A

16

19
20

T =T+ 2n, yo=Ffza), (n=0,1,...,12) (1)

sla(l) = a(1)/2; % a_0

‘laxis( [ -3.3 3.2 -1.6 1.6 1)

% Filename FourierApprox101l.m

% Fourier approximation 1

% Programmed by CBS
/gy
function [a,b] = FourierApprox101(x,y,M)

% x : column vector of equally spaced abscissas in [-pi,pi]
% y : column vector of ordinates
% M : degree of trigonometric polynomial

% find Fourier coefficients
N = length(x)-1; duml = fix((N-1)/2);
if M > dumil

M = duml;
end
a = zeros(M+1,1); b =zeros(M+1,1);
yy =V

yy (1) = C y(1) + y(N+1) )/2;
yy (N+1) = yy(1);

a(1) = sum(yy); % a_o0
for k = 1:M
a(k+1) = cos(k*x')*yy; % a_k
b(k+1) = sin(k*x')*yy; % b_k
end
a = 2*xa/N;
b = 2*b/N;

% Fourier approximation
S = a(1);
for k=1:M
S =8 + a(k+1)*cos(k*x) + b(k+1)*sin(kx*x);
end
% Plotting
plot(x,y,'r-',x,y,'bo',x,S, k--"', 'LineWidth',2)
set(gca, 'fontsize',11, 'fontweigh', 'bold"')
legend('function', 'data point', 'Fourier','location','SE")
xlabel('\bf x','fontsize',12), ylabel('\bf y','fontsize',12)
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38| saveas (gcf, 'FourierApprox101', 'png')

save ('FourierApprox101.txt','S"', '-ascii')
40| end

11| % End of program

3¢

o] MATLAB Z 2 13 FourierApprox101.m-= A35}7] Y54, o2 MATLABY &+
== MATLABAWMEY o] ¢f=istat,

» x = -pi:0.5:pi; x = x’; y = x/2;

» [a,b] = FourierApprox101(x,y,5)

o] MATLABE HEES Aotd, th33} Z-2 Fourier Al-&°] S8 Hrh
ap = —0.0767, a; =0.1437, ay = —0.1154 (1)
a3 = 0.0710, aq = —0.0141, a5 = —0.0500 2)
by = 0.9715, by — —0.3777 3)
by = 0.1435, by = —0.0113, b5 = —0.0683 (4)

o] MATLAB X 2 713 FourierApprox10l.m= $~9JsIH, 13 0] A= =t
D.411e o] 137] THHSS LA 24 531 AZhaale 79 Aotk 1 pA el A

oF 4 9], HHME 2 9] gho] Zel 15 et 2T

It
®
rE
N
8

1o
)
o
oj
o2
=
o)
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0.5

= function
O data point
= == Fourier

3 2 -1 0 1 2 3

1% 2.4.1. FourierZAH]






A 3%

Fourier 23}

The Fourier transform is a recipe—it tells you
exactly how much of each note you need to mix
together to reconstruct the original wave.
Aatish Bhatia from The math trick behind MP3s,
JPEGSs, and Homer Simpson’s Face (2013)

A3.148 Fourier &} g Fourier H3t

Fourier 112} (Fourier transform) 2] g o]= th=3t 2,

( 9] 3.1.1: Fourier#gt W

Aoldo]l RS 4 f(¢) @ Fourier ¥ = Fourier 1 (Fourier integral) = Th=2}

111



r

Zol Z7]int.

112 A 3% FouriErHE

Zol Ao,

=97

0) = / - f(t)e ®tat
5 f(t) < Fourier % f(6) o] BAE th-o3} o] E7]%ch.

f(t) C f(6)

N
A 9] 3.1.2: YFourier#AE

Fourier 18+ f(6) 2] 9 Fourier 18+ (inverse Fourier transform)

P = % /_ " (o)™ do

= th= Zo] A ot

o] f(t) ¢} £(6)Z Fourier 2% (Fourier transform pair) 0|2} 5117, 0] 52] T+

i
il
ille
B

f(t) < f(6)

(3.1.1)
oho T} 7L et BoHE HelslAl,
A w0l M A%
f(e) = 1o (BT 25 (3.1.2)
ML) (4 gol A B A%)

Ft) ~ f(t) (3.1.3)

& A e S 29 A B A4 ()9 A5 gxste
FA 3.1.1: Fourier&23 g )

&= f(1) 7 o 2AES WAl ZH AL

G Aol HishA &= (1) F == f1(1)7F A (—A/2, AJ2)ollA T2

=5 (piecewisely continuous) o|t},




g 270 shol A, ok Ao

FouriER Y} 9 FouriER S 113

]

J4

s

10~ 5 [ fo)eas

ol fgt 27

G2 3.1.1 )
A5 F() O 17 T4 (1)

/_Oo F()]dt < 0o
ERL
I 01
F6) ~ = [~ fe)eas

L] e

>
il
o
ol
ot

f(0) = / h f(t)e tdt = / ety — o

el

=

o}

2=9] Fourier 18+ L3l H A},

@) = 1mm)(t)

% Fourier 18+& AHg-al1 41, The AR Tl A,

SLA
&

sin m@
2
. )
[ |
© sinmt cos zt
[ @

J(t) = 1j_n,m) (t) & Fourier 22 th-Z3 2,

~

f(9)

B 2sin mo

B 0
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_! / sinmfcosbz 3)

1, (|z| < m)

1 o _sinml 4,

o] 2g T W=N12 (d=m) (4)
0, (|z] > m)

T, (|z| < m)
g 0 0
/ smmgcos Zd9 = /2 (2] =m) (5)
0, (lz| > m)
|
2 Gauss&5-9] Fourier H&-2 L[| H A},
b = = e (—2t2) 1)
elel 44 ol el the Aol RS Flofsiek
/_ \/%exp <—;[t - u]2> dt =1 (2)

Cauchy 4241 ALGA 4] (2)7F §1o10] Bass po] Bl HHste S8 4 ek 4
(2) ol tiet ZFAISH A E2]= Korner [40, pp. 247-248]5 Z5)a}.

A (2)14 & % o), B A Sl JYat.

50 = [ e (1) e
= exp —;92> /_Z \/%exp {_%[tJr i9]2} ~ oxp <_;92> 5
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= Gauss&59) Fourier H3H-2 Gauss@°|t}.

A (3) oA & &= l5el, Al Fa aoll HishA H= Aol AR

exp(—at?) S \/j exp (-L(ﬂ) (4)

MATLAB ] Symbolic Math Toolbox 2] MATLAB &< fourier.m< AH-&5l|A4] Fourier

HeES oF 4~ QIth TS MATLABEH: ifourier.m= AHESIA] 9 Fourier H3H-2 & 4= 9t
o] & A H 7] YA, th2 MATLABX 2 13 FourierTransform101.m< A 55X 2},

3| % Fourier Transform & Inverse Fourier Transform

1
2|% Filename FourierTransformiO1l.m
1| % Programmed by CBS

5

8| ff = exp(-a*xxx~2)

¢ = fourier (ff,xx);
10| FF = simplify (FF)

11| iFF = ifourier (FF,xx);

12| iFF simplify (iFF)
13| % End of program
14|y = mmm e e

Al3.248 Fourier#Hero] A&

Fourier ¥1gke] sl 4] th& BAI7H Ak, of Aol that S AAl [i]o] Al5.382
HEL R
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34 3.2.1

) Fouriergto] 7F5 45 7} £, 9 45 a9 ap ol B84l Th2 Ao] 4
g,

H

Flaa fi + a2 f2](0) = ar F[f1](0) + 2T f2](0)

b) 499 4= a(#£ 0) 2} Fourier H o] 7153 o4

foll tishA v 4o] -t

c) 74 tooll HalA ThE Aol Attt

It —10)](0)

d) 7= ool sl A th= Aol ettt

T (1)e™)(0) = T O~ 0o)
e) A% ool oA Tk AEe] JHT

T (1) cos ot (6) = 5 {7

F1£(¢) sin Bot)(6) = %{sf

FF (1)) = 27 f (=6)

g) TEACE A&(

A piecewisely contmuous) <= f(t) 7 A ‘1|1m fit) =05 %
t—

Z351H,. o] g2 g AESHT B . ek HIAES S f(t) o] Fourier Hgto]

ZAISHH, v Alo] 4T
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gek fM (1) o] Fourier Mgko] EA5HH, thg Alo] it
FLFDNO) = [0 F1£1(0)
i) TreF Bl AERES ¢f(t) 9] Fourier gko] E2ohH, th-5 Alo] A H g
: _ dJ[f1(0)
Flmat f]0) = —25
j) et 84 f(¢) © Fourier Ago] EASEIL T 4] f(0) = 07 HoH, T ]¢]
A=l
g|[ s 0= L0
Dirac @EFRF2] Fourier H ol tholA] th5 B A|7F ettt Diracdetet4=2t o] HA]
of it Tl dishid= WA [1]= Fxstet
3A 3.2.2 )
a) Dirac@EF2] Fourier HE-2 oh-33t 2t
Flo(®)](0) =1
b) Dirac@EFE4-9] Fourier Heh2 th3 A& THE3h)
F[o(t — 10)](0) = exp (—ibo)

c) A4 19 Fourier g2

-

ket 2ot

F1](0) = 276(0)

d) B9 Fourier 919F-2 oh2- 3 Lot

F [exp (ifot)] () = 275(6 — o)
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F [cosbpt] (0) = 7 [6(6 — 6p) + 6(0 + 69)]
F [sinOpt] (0) = i [6(0 + 6p) — 6(6 — Op)]

f) S A9 Fourier 192 oh2 3 Zoh

T [Li0,00)(1)] () = 76(6) + %

g) F3 8¢ (sign function) E+= A Z1'E &4 (signum function) €] Fourier ¥13H-2 T
2

h) Thek 9 f() ©) Fourier@gho] ZAJelw, ohg 4o] Aelgicy,

1

t
5| [ swie| 0) = 531010 + 75171066 04 0)

Al3.38 HermitedE3} FUEHZPH

71221 Aot o EA 7= Fourierd U Fourier 22 2.t} o] 4Fe Fourier H 2
(discrete Fourier transform: DFT) 7} 2134 0 2 o]sfjs}7]|7} 4|2 Aot} t44, HFEE
A8 Fouriersl 4& & ml= DFTZ AH8@ 4 4ol gick. whebd Fouriersl 4 o]

AR 2R 4857 914 DFTS 428 Bzt oleh. 49

i
N o

1 (real matrix) o]

44¢) Aolct.

N
X
o

Hter o 2 DFTE A5t} gt

‘ 9] 3.3.1

1
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B4 ol S5Hs BANHE a9 bo] YA bt o] At

tfAlof FHE 44 (complex conjugate) & PAZ of= HE O]

0% theat ol ot

o 9
H
ok
4
1=
i
-
[~}
© b
Sy
N
5
B
rr
J¥
m

9] 3.3.2: Hermite ¥ g

AE 54PE A9 ZF A4 tiilof FHE 4% (complex conjugate) & AR SH=
2| (transpose matrix) AT E FZ A 2] Hermite 2| Y H o]z}

A2 w)Fh, EE grek AH — A0]R, AS HermitedHolat BT,

-

- ~
HA) 3.3.1
HermiteJ & A= T3 YAES wHE3tt
a) P A°] A7k (eigenvalue) = H=o|tt,
b) AE A7} I-FHE (eigenvector) & 7HA W, 2= AT 9] A-FHE o[t}
5. a) T3 GA7E et
Az =z = zf Az = \zflx = \||z|? (1)
Eat, ohe ASo] Agat
(" Ax)H =z Al g = M Az (2)

= gf Ags AZeolth. webd, A& Agoltt,
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b) T WAIS ] AE

Az =Xz = Al =)\l = HA= )zt = ATz =)z (3)

wro} 4 d (square matrix) Q7 QUQ = IS WESH, WY QF fyH A
(unitary matrix) olgt sttt FUEEE Q7 Aido|H A wie (orthogonal matrix)

olet g,

08 I3 A1, e, 7HAH, o A& 9HEShe A wdE ST EAR:
MO0
sTas=| "2~ (3.3.1)
00\,
7|4 Zt 1{32 Aol o] AE th2 3t Zo] S 4= Qloh. Hermite®E A7F A=
q—% 1%%}‘—% /\17)‘27 T 7)\71'% 7]';(]‘5, r/]-’f:):— }4% ‘?_é—‘é’]-l:—_ ‘4E1?4°”Eﬂ U7]' —Z—ZHO]'E]-
MO0
0Xg--- 0
UZAU = | _2 ) (3.3.2)
00\,

A 3.3.2: Schur®A W

AuraiE Ao g4 the e urEs}

rr

FUEHAE ULt A28 E (upper trian- ‘
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gular matrix) T 7} ATt

U AU =T

0534 3.3.1

A2]o] Hermitedd A o] thalA] T3
ZAIg.

HA 3.3.3: ZAQIHZ

J

#E) 27kl 255}

rr

1919 945 ashbol hallA] ohg Aol 4T

1
(a,0) = [lla +|* — [la - b]]’]

A 3.3.4

FUHDE Q the 4EL T

a) Yooz e Cno
b)

=
=

e

o,

HoHAL [|Qell = ||| o1
dolol z,y € C*oll s A, (Qz, Qy) = (z,y) °It.

o|N

Y. ta Aol 49

£

= A7 & 5 A

|Qz|> = 2" Q" Qx = z"x

whalA, (a) 7} ZE =t BA4 Ba.dar 4

=
=

& AH8SiA, A4 (b)

FET % 9ot

A\
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NA1, HE z 2] ool

9|

FA B.3.491 4 (a)°ll o

Tod
T
oy
M

(angle)2 2t webA, HE Qr ¥

34 3.3.5

< 1ol

g Qo WY Akt

%

a)

O
= Ao

A7 e

9

Aol df

Tr(Q7 AQ) = Tr(A)

o

!

zel

i)
5
olp

'BO
Klo

| det(Q)[* = det(Q) det(QT) = det(Q) det(Q™)

det(QQH) =det(I) =1

ol

mo

gel

djn
0
op

Ax] [\

AP Iz]]? = [|Az]?

= [Qz1"[Qa] = 2" [Q" Qo = 2"z = |lal”

Tr(A)

Tr(AQQ™)

Tr(Q7AQ)
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A3.48 DFT

o] Ao = FUE P E-Z A4l o]4Fd Fourier H 2 (discrete Fourier transform: DFT)

 Am R A Ak, Fold HlolEAIE {vg, i, ,uy-1} O DFTE thgat o] A ojgict.

A9 3.4.1: DFT

@ﬂll_j v = ['UO,’U]_,' T 7/UN*1]T (6 (CN)Q’] DFT v = [/UAO)/UA]J' T 7@N71]T94 Z‘|1- %’_]—/1\—% ]:]—%

3} o] Hejgiet.

1 N-1 2mn
i 2 e (_iNk>7 (=01, ,N=1)

32 padel A & 4 o], T 4o AT,

= Fu (3.4.1)
o]7]4 DFTHE F+& o237 2t}

11 1 1]

1w w? w{vfl

1
- - N—

Lwy—1 @iy wylq |

&, w, = exp(—i2mn/N), (n=0,1,---,N —1)°]t}. °] w, o] THFHEZ9] 74 Nof &

i XollM, MM a3 £2 £71E AMSSH = & Aol

wp =wy, (n=0,1,---,N—1) (3.4.3)

71 wy = exp(—i2n/N)Olt}. o|%, 2 N & 7Fx5ka2F 5k -¢-ol= Fy= AH85taL,
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HA 3.4.1: Vandermonde JE 4]

det(F) =N"N2 T [wm — wal
0<n<m<N

wt=wr, (n,m=0,1,--- /N —1) (1)
CTn_WEI, (n_()?la" aN_]-) (2)

wtebd, Fe tid 3ol 38 FFY Y (i, k) Yas v AES TSI

71 A §; ;= Kronecker &0}, whebA], th Alo] AJ g tet,

FFf =71 (4)

HE v O DFT 0 = Fo 2ag 3ol A WE v & 24131 Aol E3Fstet. mEhA], DFT
o5 A2AA7IHA, Al WE v = FI & &5 5 ek 5, 921de §1- do] FHojtt,
wrehA], o] FH 7} oJolAtd Fourier #13k (inverse discrete Fourier transform: inverse DFT:

IDFT)©]th.
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g4 3.4.3: IDFT

kg A& ALGHA, DET & = [ig, 01, -+, on-1]? 25 v = FI5E 38 5 ek,
N-1
1 2k
V= ——= pexp|i—n]), (k=0,1,--- , N -1

DFT ¢} vEd7HA] 2 Fourierg 4=t Fourier A2 W E| 9] 370 0 2 A e 4= Qlt}, o] 59|
DFT®} the e 9] $12A]71E welB7re] 249lo] Bavjah Holc

A3.54 FFT

. I am convinced that life as we know it would be
considerably different if, from the 1965
Cooley—Tukey paper onwards, the FF'T community
had made systematic and heavy use of
matrix-vector notation! Indeed, by couching results
and algorithms in matrix/vector notation, the FF'T
literature can be unified and made more
understandable to the outsider. The central theme
in this book is the idea that different FFT
algorithms correspond to different factorizations of
the discrete Fourier transform (DFT) matrix. The
matrix factorization point of view, so successful in
other areas of numerical linear algebra, goes a long
way toward unifying and simplifying the FFT
literature. It closes the gap between the computer
implementation of an FFT and the underlying
mathematics, because it forces us to think well
above the scalar level.

Charles van Loan in the preface of Computational

Frameworks for the Fast Fourier Transform[p1]

AFE oA a7t A4 7§4=E flop(floating point operation) 0.2 UEFW 7|2 54}

olt

Golub & Van Loan [35, pp. 18-19]°ll 2|5}, 1 flop> &35H7] ol E= H5h7] i<
ougtet. B el g W] wstr|ek e o] Bty E flopolet A olshr| = ek, wheF N
ANHEE0M FE8 UAZAZE DFTSILA SH, O(N?) 7 flop= 8= e}, mahA,

N o] Z7tetel wpet Aol H435] S7Rte. wref B2 S Afel o] 7HA 0]

LS, Fourier 8-S O(N log, N) 7l flop 2.2 & &= )= FFT(fast Fourier transform)

ZE2HS M
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7 A}, TS HlE Azt A

Nlogy N logy N
N2 N

(3.5.1)

& 5ol N = 210 = 1024°]H, o] H= 0.0098°]t}. whehA, AlMEAIZEC] 10029 12
@59 Zolth. DFTHE F O (i,k) 945 fy 2t BASHY, |fiy| = N-'/2olnh. - F
= 3% (sparse) A= A7 Eot. 28Y, Baxedao] dde ASSIA, B8 FE

4P EEY] Foz vehd & Qlok. ES, o]t 618 A FFTE /=T 4 .

AR 3.5.1] ¢4 WESE 1) FRE AP0 4 — exp (20) o oA THS 9] e

Sg=14+2'4+224+23 4224+ 25420427 (1)

(1)) S & theat 2ol Q5HalE 4 glrk

1+21—|—z2+23+z4+z5+z6—|—z7

=1+42'+ 22428424 [1—1—21—1-224-23}

-~

= [1+ 2" + 2%+ 2%)[1 + 24 (3)

>
C
1o
Ho
rE
1o
po
rE
=

ol

& ta 2ol A2l

st

% gle

142 422428
S~ =

=1+2"422 [1—1—21}
——

Sg = [1+ 211 4 22)[1 + 27 (5)
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o~

o

zel

Hjn
0
ojn

= [1- zQ][l + 22][1 + 24]
= -

[1—2YSs = [1—2Y[1 + 21 + 221 + 2%
=1-2

<
o
ol

/

odd terms

1+ 241+ 22)[1 + 21

-~

even terms

1+z2+z4—|—26—|—z[1+z2+z4+z6]
Ss

1—}—22—|—z4—|—26—|—z1—|—z3—|—z5—|—z7
= [14 2%+ 2* + 2°)[1 + 2]

olu
Tod

4 ol

=

=

SHH, FFT

&5

He 42 of

°
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Oy = vpwh, (n=0,1,--- ,N —1) (3.5.2)

N =2F (3.5.3)

M
k
1 1 M-1 1 M-1
k 2k+1
ZQ{M?;Méﬁ+M§:W%%MM}

k=0
11 & 1 Ml
k k
=5\ Voktwing + i Z U2k+1w§1\/?w§M} (3.5.4)
k=0 k=0
A B5d) ol A W, = wh, e HgahE, e A der
1 M | M-l
~ k k
Un =3 {M vorwhy + i Z v2k+1wz\?w§M} (3.5.5)
k=0 k=0
ohe e A olsAt
| M-l
= k
Ten = 77 > vk, (n=0,1,-+- M —1) (3.5.6)
k=0
| M-l
6o;n = M U2k+1w§?; (TL =0,1,---, M — 1) (357)
k=0
ohg 4ol Jaart
- 1. .
Un = i[ve;n + Uo;nng] (358)
the Aol it
+M _ 1 M

Wy =W, Wonp = —Wopy (3.5.9)
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webd, the Alo] Ay,

1
= [Bein — Tomwag] (3.5.10)

6n+M = 9

Z,{0n |n=0,1,--- ,N=1}= A4E7] 1A= {Uen | n=10,1,- -+ ,N=1} T {Tpn | n =
0,1,---, M — 1} = W0 Atstd "t o714 fold H-2 o, = Altstedl= N7 &
FHES AR &, 4,2 AtsteEdle N FAY N TS e st ohebA,
2N flop& BQ2 3t} &, {0, [n=0,1,-- — 1} AXeHEdlE 2N? flopS 82
gheh. WHAC, G, T B0y, 2422 AXYSHETlE M = N/27H BEHEES AHSRIT S, Oy
I Bo Z424E AlAto=dlE N/278 S N2 9SS 2 a2 girh oebA, N flope
a2t F, {Uen |0 =0,1,--- , M =1} B {gy [ n=0,1,--- , M — 1} = AA4IS=H|
2NM = N? flop= B RE Jtrh, o]2fgh A& ¥WHE A-8-6}= Zlo] FFT |t}

A 3.5.2) Bagw=exp ()0l delA heTt e BASES Yook,

iz}

wgg%

P(x) =1+ 32" + 5% + 7% + 82t + 62° + 42° + 227 (3)
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FFTE A&l t= Jaas AAs| 2 shat

P.(z) =14 52! + 822 4 423 (4)
P,(z) = 34 7x! + 622 + 223 (5)
o Aol ettt
P(x) = Pu(2”) + xPo(2?) (6)
th G52 Alitslr| & skt
Pe(wo); Pe(w2), Pe(wa), Pelws), Polwo), Polwa), Po(ws), Pol(ws) (7)

rr

4 (6)o 4 & 4 Y0l A (1) 9] 73 HASYE 84S ALSHE 2S 4 (7)o 3% =g
FYE 87hE AN A0 AT & Ak A ()% 4 (1)) BAFHES AL

QA thS MATLABXE 2 18 FFTconstruction101.m< A 88644},

L === T oo
2% Filename: FFTconstruction101.m

3|% Programmed by CBS
s
5/ close all, clear all

6|N = 8

7|Pe = @(x) 1+5*x+8%x. 2+4*x.73

§|Po = @(x) 3+7*x+6%x. 2+2%x.73

9| Ptotal = @(x) Pe(x."2)+x.*Po(x.72)

10| omegal = exp(2*pixi/N)

11|kk = 1:1:N

12| omega = omegal. kk

13| omegaE = omega(2:2:N)

11| omegal = omega(1:2:N-1)

15| Pval = Ptotal(omega)

16| PvalE = Pe(omegaE)

17| Pval0 = Po(omegaE)

18| % Doublecheck

19| PvalED = repmat(PvalE,1,2)

20| PvalOD = repmat(Pval0,1,2)

21|DC = (PvalED + omega.*PvalOD) - Pval
22| % End of program

P I A e




o] MATLABX 2 738 FFTconstructionl01.m< A3YSHH, oS 50| doj#l

P (wp) = 36, P (wy) = —12.6569 + 2.4142i
P (ws) =0, P (w3) = —1.3431 4 0.4142i
P (wy) =0, P (ws5) = —1.3431 — 0.4142i
P (wg) =0, P (wr) = —12.6569 — 2.4142i

P, (wo) = —7+1, P, (WQ) =0, P, (W4) =—-7—1, P, (WG) =18

Po(WO):_3+5i7 Po(WQ):Ov PO(W4):—3—5i, PO(UJ6):18

Q(z) = Po(z) = 14 52t + 822 + 423

FFTE ALg oA thg BA4E AN 2 o

Q (wo), Q(w2), Q(ws), Q (ws)

(12)

(13)

(14)
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Qe(i) =1+ 8! (3)
Qo(z) =5+ 32! (4)

g Alo] gag
Q(x) = Qe(x?) + 2Qo(z7) (5)

et g FEL ALte|2 ok,
Qe (WO) 7Qe (W4) ) Qo (WO) ) Qo (w4) (6)
A (5)ol4 & 5 9ol A (2) 9] 37 HFSE 470

%
THE ANE Alatels Aoz dAF 4= Sk A (2) 2k 4] (6) o BHASFAES ALtsH

AsiA o= MATLABZ 2713 FFTconstruction102.m< A 3Jo}A},

'1% _________________________________________________________________________
2% Filename: FFFconstruction102.m
3|% Construction of FFT
4% Qrogrammed by CBS
ettt
6| close all, clear all

7N = 4

3| Qe = @(x) 1+8x*x

9/Qo = @(x) 5+4x*x

10| Qtotal = @(x) QRe(x."2)+x.*Qo(x."2)

11| omegal = exp(2*pix*i/N)

12| kk = 1:1:N

13| omega = omegal. kk

14| omegaE = omega(2:2:N)

15| omegal = omega(1:2:N-1)

16| Qval = Qtotal (omega)

17| QvalE = Qe (omegaE)

18| Qval0 = Qo (omegaE)

19| % Doublecheck

20| QvalED = repmat(QvalE,1,2)

1| QvalOD = repmat(QvalO,1,2)

22/ DC = (QvalED + omega.*QvalOD) - Qval

23| % End of program

71 I/
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2 13 FFTconstruction102.m

1L

o] MATLAB

(7)

Q(we) —T7—1

0,

Q (wa)

Q (w2) = =7 +1,

18,

Q (wo)

Qe (w4) = -7

Qe (WQ) = 97

2

Qo (W4)

5,

Qo (WO)

<+
on
o
Toa

o

jze]

Hin
0
om

i)

H

(10)

max | Q. (wy) + wrQo (wi) — Q (wy)| < 107

k)|k=0,1,..

exp (%

A B.5. 4N A A {wy

s¥t.

oA 3.5.4

SEASAE
drE 49

R(wg) = -7

9,

R (wo)
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R(z) = Re(x?) + zRo(2?) (5)

o Also] Attt
R (wo) = Re (wo) + wORO ((.do) =9 (6)
R (W4) =R, (OJS) + wa R, (Wg) = -7 (7)

webd ohe A 50] 4PFS & 4 e

Re (wg) + wip Ry (W) = R (wg), (E=0,4) (8)

-
§

T
S
il
il

6& o0 w§ & ToHEE FAle] & ¥ Wasty, o] F o] §8IA, 5% i &
Foted siAlol = Wl Wasith whebd, AA AAHFEL 22 m(1) = 1012 a(1) =
otk o171 A Fog e % 012 T HF FACNA 22 e A4S AR
QFotehe Aolnk. WoF 1 = 2019, (i, 01,0, 53} & AISIOF Sk F, 4 dske ] W
NOFGITE. Ol {Ge, Best: oo, Tort } & AR AT FAs}t. o] Aol M = 20|tk
2, {0, et Do, Do } &) ZF DA 2GS0l ok, ol A] HolRol, 2 Wghe 21 her
» ot Aol AFEL 247 m(1) = 1912 a(1) = 2°1th. WA, {Ge0, et Vo0, Vst } =
Al4tob=dl Bt A4 W4E2 2m(1) T 2a(1) oIt} O[S AHEOHA] o0 w) 2F T wi
E AAtst=d Aol 2§ BRsth E3E, {00, Ve, Vo0, Vo1 } L 2FEl {00, 01, V2, 03} 5

Axtshe © HAle] vl ¥l o dasitt, mebA, 1A A ieE2 44 m(2) = 2m(1) + 2
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(3.5.11)

m(l) =2m(l —1)+27L (1=1,2,--

(3.5.12)

a(l) =2a(l-1)+2', (1=1,2,--

o8

0

<
K

(3.5.13)

m(l—l)+1

m(l)

2l-2

2l-1

o

(3.5.14)

(3.5.15)

o

(3.5.16)

<

ol

o

(3.5.17)

Nlogy N

=9l =

a(L)

N logy N

= A~
¢ flop 3

gmjEg

At

|

=7

~ T
7UN—1]

A~

A~

[U07vla T

'i\):

A}83)4 DFT

=
=

WA, FET
o]t

5719 Faks

A3.63

a4,

N —1TEk A

A~ -
VoT—

Toltt. DFTO| AojoA & 4= o], A0HA DFTE

o
—

(time step)
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o2t Z
N-1
1 21 - 0
Vg = —— vpexp | —1 k 3.6.1
o= 7z 2 e (7 ) (3:6.1)
=, o= WEEE {vp}oll ZE F34 (frequency) 7F 091 A2olth. & A DFTHL 612
o=t 2t
N-1
1 om -1
0] = —— v exp | —1¢ k 3.6.2
= 7w L (-7 ) (36.2)
= 02 WEEE {vp) ol 3 F7] (period) 7F N THEHE (N samples) = NT % (NT

seconds) 91 A|4F40] E (sinusoid) exp (—iZ%tk) o Al A o] F-2 &2t Aojoh

Fl

CHA] TSHA, 012 WS {v} ol 2 Fp71F 1/N 3 (one cycle over N samples)
= 1/[NT] % (one cycle over NT seconds) %l J&oltt, ©o]& Fu47} 1/N Hzs =

1/[NT] Hze} 1 stct. Aln AR DFTZE 6, 2 o} 2ok,

k:), (n=0,1,...,n—1) (3.6.3)

Z b, 2 TEGE {vp ) ol ZZEH F717F N /n WZEHE (N /nsamples) = NT /n Z(NT/n
seconds) 91 A0S exp (—iZEnk) 9 Ak ) BAZLS] F-L T Aok, thA) e,
O WELE {v}oll 2 ﬂq'—/F Fn/N 323 (n cycle over N samples) E+= n/[NT]
% (n cycle over NT seconds; Hz) Q1 &o|t}, wabs| Fak=7} n/N Hz-s £+ n/[NT)| Hz

ofe}. 2, the A Eo] 4.

Frequency of 0, = % samples = % seconds (3.6.4)

N NT
Period of ©,, = — samples = — seconds (3.6.5)
n n

Z7)9f Frso] Be B915 7 6.0 R otsht,
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Hz-s rad Hz rad/s
Frequency of X3 1/N 2n/N 1/[NT] 2n/[NT]
Frequency of Xj k/N 27nk/N  n/[NT] 2nk/[NT]
Frequency of Xy, 1/2 7 1/[2T] «/T
Sampling Frequency 1 2 1/T 27 /T
Period of X3 N N/[2r] NT NT/[27]
Period of X}, N/k N/[2rk] NT/n  NT/[2mk]
Period of Xy /o 2 1/7 2T T/m
Sampling Period 1 1/[2n] T T/[27]

X 3.6.1. Foet F7]9] &9

. 1 27[n + N
Upp N = —— Z Vg eXp (—z k)
VN &~ N
N-1
1 2
= > upexp <—zmk> = ip, (nEN) (3.6.6)
N5 N
Z, 00,01, -+ ,0n—1 2] F71&= NoJth wFefF WEZLE vo, vy, -+ ,oy—1 © AFEOIH, T2
5ol 4yt
) 1 = < 27T[N—n]k> 1 = (27mk)
UN—p = —F— VE €X —1 = — Vil €X 11—
N-1
2T N 1 2 —
= exp (—i }TV k> 7 2 U, €Xp <z]7;nk> = Uy, (3.6.7)
wtebd, LS vo, v1, - -, un_1 O] AFES ASAE DFT 9 = [dg, 01, -+, 0n_1]" 7F7HA]

ings] 7F AT QP ARl 2 A Be.d)olH & 5
=0l Bo, 01, - - & F71= Noltk. w2tA, {6, |n € N} ol 7H ZH e} {4, |[n = 0,1,--- ,N — 1}
o] 7k3l AR et A}, 3 2-F EH (folding) o2 e}, =, Fok47t 058 AEF0t4 (sam-
pling frequency) 1/T 7425 Eolet ek, 4 (B.6.19) 14 & & 91%0l, 6g,01,--- o F
7= Noltt, wabA, {oy_p|n=0,1,--- ,N/2} o] 7FA AR} {6, |n=0,1,--- ,N/2}©]
7H AR 7} tre AEo] ™5t

[on—n|? = |0n)*, (n=0,1,---,N/2) (3.6.8)

webd, AMES ASAY 28 i {0, [n=0,1,- - N/2} -2 ALgHA et of
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iy 2 ol BB 2042 NyquistZEohset 220, 19 B.6.1o)l NyquistFoHrt 284
otk 2% B.6.12 18]7] 9l81A4= MATLABTY NyquistFrequency101.m2 Alej5}zt,

== == Spectrum
L Folder 4
ssmmEmn Nyquist
@ Aliases
I\ I\
g I\ A |
5 e e o o
=T , \ , \ b
L/ \ / v
/ \ / \
/ ' h
Nyquist F Sampling F
®
Frequency

1% 3.6.1. NyquistFo=

A ——
% Filename: NyquistFrequency101.m

% Programmed by CBS

S R e Skttt
6| clear all, close all, clf

7| Nyquist = 0.5

§|Nf = 0:0.01:(2*Nyquist-0.01);

9|Magni = exp(-abs(Nf-0.5))-0.5;

1
2
3% Nyquist frequency and Alias
4
5

10| eNf = -2xNyquist:0.01: (4*xNyquist-0.01);
11| eMagni = [ Magni, Magni, Magnil;

12| plot (eNf ,eMagni, 'g--', 'LineWidth',2.5)

13| set(gca, 'fontsize',11, 'fontweigh', 'bold')
14/ hold on

15| plot (Nf ,Magni, 'r-','LineWidth',2.5)

16| plot (Nf(1:51) ,Magni(1:51),'k:"','LineWidth',2.5)

17| set (gca, 'xticklabel',[]), set(gca,'yticklabel',[])

18laliasX = [ -0.7 -0.3 0.3 0.7 1.3 1.7 1;

19|aD = 0.328, aliasY = [aD, aD, aD, aD, aD, aD]

)| plot(aliasX,aliasY, 'ko', 'markersize',10, 'MarkerFaceColor', 'blue')
21| legend (' \bf Spectrum','\bf Folder', '\bf Nyquist','\bf Aliases',...
22 'location','NE"')

23| plot ([0 0],[0 1],'k-', 'HandleVisibility', 'off')

24| xlabel ('\bf Frequency'), ylabel('\bf Magnitude')

b
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25| axis ([-1.0 2.0 0.03 0.68 1)
26 plot(0.5,0.05,'kd','LineWidth',2,'HandleVisibility', 'off ')
27| text (0.25,0.05+0.03, '\bf Nyquist F')

28| plot(1.0,0.05, 'k*','LineWidth',3, 'HandleVisibility', 'off')
29| text (0.75,0.05+0.03, '\bf Sampling F')

30 plot (0.0,0.05, 'k."','LineWidth',5, 'HandleVisibility', 'off')
31| text (0.0-0.06,0.03, '\bf 0')

32| hold off

33| saveas (gcf, 'NyquistFrequency101', 'png')
34| % End of Program
35| h mm T oo T oo ——————— -

DFTE A2z ZAAZ 4= ot HE v = [vg, 01, ,on—1]T (€ CV) T o =

[0, D1, -+, On—1]T &) PAE2 27} oh23t 2t
N

1 27k

Vpo1 = —— Vg—1exp | —t—n ), n=1,2,--- N 3.6.9

n—1 \/Nkzl k—1 P( N > ( ) ( )
1 N 2mn

Vp] = —— Up_r1exp|i—k]|, (k=1,2,---,N 3.6.10

k—1 \/an::l n—1 P( N ) ( ) ( )

27
Up—1 A \/N/ v(z)exp (—nzi)dz, (n=1,2,--- N) (3.6.11)
0

2
Vg1 R \/]V/O 0(x) exp (kxi), (k=1,2,---,N) (3.6.12)

ok
Vp_1 =V (”) . (k=1,2,---,N) (3.6.13)
N
2
P (;\;”) . (n=1,2,---,N) (3.6.14)
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A3.78 HFHIETE

N
Xn£ZxkeXp (—Z%Uj\[”[n—l]>, (n:le)jN) (371)
k=1
al 27[n — 1]
ok = Xnexp (i k=1), (k=12 ,N 3.7.2
=3 e I : (57.2)

fit(z) < ifft(X) (3.7.3)

oA7|A 29} X = o] 0] = (arrays) ]t
Pythonol X+ &<& numpy.fit 2F numpy.ifit & AH&-oiA DFT IDFTE € 4= AT
o230 2ol A, 3 ap & ISk}

N-1 kn
A, = ay, exp <—27riN> , (m=0,1,--- ,N—1) (3.7.4)
k=0
N-1
1 k
ap = N — An exp <27TZ]\7;> s (k’ = O, 1, s ,N — 1) (375)

olof SflFol+= Pythond H &= o2 2t

numpy.fft(a) <> numpy.ifft(A) (3.7.6)
AZ1A {ar, a2, ,an} T {A1, Ay, An}S FEEOITE T {ay, a2, -+ an}ol A
=°|9, Python ¥ numpy.rfft & AHE-QtCh THeF {A), Ay, -+, Ay} o] A4E°]H, Python

ot

< numpy.rifft & AHEST}

RoA = Stats R EN A Al-&st= g fit & AFESHA DFTS IDFTE & &4 Qith



=T 2ol ys 22 A elshAt

= Zp €X ims— s =
yZ; P( L 1]),( 1,2,---,N) (3.7.7)
N
2 = Zys exp <—i27r[‘jv_1][7« — 1]> , (r=1,2,---,N) (3.7.8)

1
fft(y,inverse = FALSE) <« N fft(z, inverse = TRUE) (3.7.9)

t= AF&SA IDFTE A4S wj= At

71 A yo} 2= WE| Solt} RO StatsZES] T4 fit S
] AFourier HHES N 22 Lofof

fI

P2} w)7) ekt webA, A Br.d) Y 228
Elg=J

Mathematica 9| A= 45 Fourier2} InverseFourier& AF&3iA] DFT 2} IDFTE &

% glek. vkt 2ol b, 9t o, & B,

1 27 — 1]
by = \/N;arexp (ZN[SI]), (s=1,2,---,N) (3.7.10)
ar = \/%ibsexp <—z’27r[jv_1][r—1]> , (r=1,2,---,N) (3.7.11)
o]o] sl&5H= Mathematica ™ § 752 oS} 2ot
Fourier [{a1,a2,--- ,an}] <> InverseFourier [{b1,ba, - ,bn}] (3.7.12)

A71A {a1, a2, - ,an} T {b1, by, -+ by} FEECIH.
Mapleo| A= 5 FFT IFFT= AH&-Si A, DFT IDFTE +& 4 3ot o33

= 2k
X, = T}, €XP (—iNn> , (n=1,2,--- N) (3.7.13)
k=0
= 2mn
= Xn —Fk |, (k=1,2,---, N 3.7.14
n= Y Koo (574 ) (3.7.14)
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olofl e Maple W5 2 T2 2.
FFT(N7 T Real ximaginary) A IFFT(N, XReal Ximaginary) (3-7~15)

7|14 22} X += olel|o] = (arrays) ©| Tt

MATLAB#Z: fit.m S AH8314 DFTS 517 $1814], -3 MATLABZ 2
13 USEfftEx001.m-2 A f =2},

L[ mmmmm T -
2|% Filename: USEfftEx001.m
3|% Use MATLAB function FFT
1|% Programmed by CBS
et
6| function USEfftEx20

7| close all, clear all

8|N1 = 5; nnl = [0:59]; % period = 5
9x1 = cos(2*pi*nnl/N1);

10|N2 = 10; nn2 = [0:59]; % period = 10
11|x2 = cos(2*pi*nn2/N2);

12| N3 = 20; nn3 = [0:59]; 7 period = 20
13| x3 = cos (2*xpi*nn3/N3);

14N = 276

15| X1 = fft(x1,N); Spectruml = abs(X1);
16| X2 = fft(x2,N); Spectrum2 = abs(X2);
17| X3 = fft(x3,N); Spectrum3 = abs(X3);

18| % Plotting

19| freq = [0:N-1]/N;

subplot(3,1,1)

plot (freq,Spectruml, 'r-','LineWidth',1.5)

o NN

22| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

23/ axis ([0 1 0 501)

24| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Spectrum')
25| subplot (3,1,2)

26| plot (freq,Spectrum2, 'b-','LineWidth',1.5)

27| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

28l axis ([0 1 0 501)

29| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Spectrum')

30| subplot (3,1,3)

plot (freq,Spectrum3, 'k-', 'LineWidth',1.5)

32| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

33| axis ([0 1 0 50])

34| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Spectrum')

35| saveas (gcf , 'USEfftEx001', 'jpg"')

36| % End of Program

37| h mmm e e e S
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1% 3.7.1. DFT

oA 3.7.2| MATLABS fit.mS AFESA DFTE +5H7] 954, th& MATLABZE =2
13 USEfftEx002.m-= A5 s[|H =},

/Ay
% Filename: USEfftEx002.m

% Use MATLAB function FFT

% Programmed by CBS
7/
function USEfftEx002

close all, clear all

T W N

~

8| periodd = 5; % Period

9/nn = [0:29];

10| x1 = cos(2*pi*nn/periodd); ) 6 periods
111x2 = [x1 x1]; % 12 periods
121 x3 = [x1 x1 x1]; % 18 periods
13N = 2711

14|/ X1 = fft(x1,N); Powerl = abs(X1l);

15| X2 = fft(x2,N); Power2 = abs(X2);

16| X3 = fft(x3,N); Power3 = abs(X3);
17| % Plotting

18| freq = [0:N-1]/N;

subplot(3,1,1)

—_
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20| plot (freq,Powerl, 'r-','LineWidth',1.5)

21| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

22| axis ([0 1 0 501)

23| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Power')
24| subplot (3,1,2)

25| plot (freq,Power2, 'b-', 'LineWidth',1.5)

26| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

27| axis ([0 1 0 50])

28| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Power')
29| subplot (3,1,3)

30| plot (freq,Power3, 'k-"', 'LineWidth',1.5)

31| set(gca, 'fontsize',11, 'fontweigh', 'bold"')

32| axis ([0 1 0 501)

33| xlabel ('\bf Frequency (Hz)'); ylabel('\bf Power')
34| saveas (gcf , 'USEfftEx002', ' jpg')

35| % End of Program

36| h mm T oS T T o

o] MATLABZ 213 USEfftEx002.mol|A= F717F N = 51 IZARIG=25F Zol7}
3091 WEHE x1, F717F N = 521 ZARIGFERE o]zt 6091 WA E x2, 1211
F717F N = 5% IARIGF2HE Zolrt 90¢] T e x35 e, =0
MATLABE fit.me &84 9-& DFTE©°] X1, X2 7181 X3°f A& =11, o]E2] AH
E&o] Spectruml, Spectrum?2 12|31 Spectrum3 ]| A H T} o] AHE 50| ‘—‘ﬂ Oﬂ
a4 ek 19 B.7.2 01 A g 5 ol BEAEY M7t AdSE AHEH] AME

A~
o % 9et. n

oA 3.7.3| MATLABS fit.m= AFE-SA DFTE £517] YA, & MATLABZ 2
13 USEfftEx101.mS A sys]H =},

A e T e
% Filename: USEfftEx101.m

% Use MATLAB function FFT

% Programmed by CBS
R

6| clear all, close all

Tt W N

7% Input Data x
8|x = linspace(-3,3,277);

9lf = exp(-x.*x).*cos(x);

10|N = length(x)

11| Tspace = x(2) - x(1) % Sampling period

12| Fspace = 1/Tspace % Sampling frequency, Hz

13|F = £ft(£); % DFT

14| centerF = fftshift (F)*Tspace; % Move DFT to Center
15| freq = Fspacex( -N/2:(N/2 -1) )/N;

16| Spectrum = abs(centerF);

17| % Plotting

18| c1f

19| subplot(2,1,1)
20| plot(x,f,'r-', 'LineWidth',2.5)
21| set (gca, 'fontsize',11, 'fontweigh', 'bold')
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1% 3.7.2. DFT

22| axis([-3 3 -0.2 1.1])
23| xlabel ('\bf x','Fontsize',12"');

24| ylabel ('$\bf \exp(-x~2) \cos(x)$','Interpreter', 'Latex')
25| subplot (2,1,2)
26| plot (freq,Spectrum, 'g',freq,Spectrum, 'k. "', 'LineWidth',2.5)

27| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

28| ylabel ('FFT', 'Fontsize',12', 'Fontweigh', 'bold');

29| xlabel ('frequency', 'Fontsize',12', 'Fontweigh', 'bold');

30| axis ([freq(1) freq(end) -0.05 1.50 1)

31| saveas (gcf, 'USEfftEx101', 'png')

32|reF = real(F); imF = imag(F);

33| save ('USEfftEx101.txt','reF','imF', 'freq','-ascii')

34| % End of Program

35| T T T T oo

rr
)
o
0
&
=2
2
[\)
S
=“.:
ruN'
=
10
o
g5
—
N
N
T

o] MATLABX 2 13 USEfftEx103.m ]| 4]
2},

1 1
fun = ——e ——x?) cosx 1
Vor P ( 2 ) (1)
o] WA E o] MATLABES: fit.mS A-L5A DFTE AAtgE 1 o0] oﬂ zeE
o] MATLABZ 2 134 MATLABS® fitshift.m& AF&-5FALE o] &8 o]-gstH
MATLAB® fit.mof| oA A4 AE &9 F1b4 (negative frequency) ©fl THsiA &=
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19 3.7.3. DFT

MATLABZ 2 73 USEfftEx102.m-<& 23| H A},

16

19

/A —
% Filename: USEfftEx102.m

% Plot of FFT of the normal pdf

% Programmed by CBS
R R N —————
clear all, close all

% Making Data

N = 128;

X linspace(-3,3,N);

fGauss = 1/( sqrt(2*xpi) )*exp(-x.*x/2);

% FFT
Tspace = x(2) - x(1) % Sampling period
Fspace = 2xpi/Tspace % Frequency step; radian

hatfGauss = fft(fGauss);

centerHG = fftshift(hatfGauss)*Tspace;

freq = Fspacex( -N/2:(N/2 -1) )/N;

fFT = exp(-freq.xfreq/2); % True Fourier Treansform
% Inverse FFT

fGaussRe = ifft(hatfGauss);




20| % Error
21| ErrorFFT = fGauss - fGaussRe;

23| % Plotting

24| subplot (2,2,1)

25| plot(x,fGauss, 'k. ', 'LineWidth',2.5)

26| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

27| ylabel ('PDF', 'Fontsize',12', 'Fontweigh', 'bold"');
28laxis( [ -3, 3, -0.05, 0.5 1)

29| subplot (2,2,2)

30| plot (freq,abs (fFT), 'r',freq,abs(centerHG), 'kd', 'LineWidth',2.5)
31| set(gca, 'fontsize',11, 'fontweigh', 'bold"')

32| % legend('\bf Fourier Transform','\bf FFT','location','NE')
33| ylabel ('FFT', 'Fontsize',12', 'Fontweigh', 'bold');
34laxis( [ -10,10,-0.05,1.3 1)

35| subplot (2,2,3)

36| plot (x,fGaussRe, 'r-', 'LineWidth',2.5)

37| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

38| ylabel ('PDF', 'Fontsize',12', 'Fontweigh', 'bold"');
39laxis( [ -3, 3, -0.05, 0.5 1)

40| subplot (2,2,4)

41| plot (x,ErrorFFT, 'b-','LineWidth',1.5)

42| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'xlim',[-3 3])
43| ylabel ('\bf Error', 'Fontsize',12');

14| saveas (gcf , 'USEfftEx102', 'png')

46| % Save Data

17| RhatfGauss = real (hatfGauss);

48| IhatfGauss = imag(hatfGauss);

19| save ('USEfftEx102.txt', 'RhatfGauss','IhatfGauss"','fFT','-ascii')
50| % End of Program

~—

1 1
fun = exp <2:v2> (1

TAZES o] ME fGaussoll AFH T} o] BAFESS 1@ I nst 13 Brde) A
of £Zx o] Qlrt. o] HAZGES| MATLABRS: fit.m= -84 DFTE A4S Z2f =7}
g B.7.49] $EAtho] 250} 9ty DFTO| MATLABE<: ifft.mS 2834 A4S

F

T} 17 B.7.40) S See] EE|o] girk, o2 02 o] ASAIT T Lot =5t
Tz Sdsfof g}, o] £ JemEe] Aolst 19 B.r.4o] ¢ Zslthe] £25 0] gt

o ol HZAT T met HSshe T not FAFES FAT 5 ek

DFT¢} IDFT7} A2 d2F840L Hol7] a4, the MATLAB I 2 1)
USEftEx103.m< 23§ X8 2},
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L[ mmmmm T oo — o —
2|% Filename: USEfftEx103.m

3|% 1Inverse property of FFT and IFFT

1|% Programmed by CBS

5

R I ——————
6| clear all, close all

7IN = 2716; % Number of observations

8| xx = linspace(-5,5,N); % xx: domain of function f

9| fun = 1/sqrt(2*pi)*exp(-xx."2/2);

10| Ts = xx(2)-xx(1); % sampling period

11| DFTfun = fft(fun);

12| DFTcor = fftshift(real (DFTfun));

13| Ws = 2%pi/Ts; % sampling frequency in radian
14|W = Ws*x(-N/2:N/2-1)/N;

15| IDFTfun = abs(ifft (DFTcor));

16|err = fun - IDFTfun;

17| % Plotting

18| subplot(2,2,1)

19| plot (xx,fun, 'k-"', 'LineWidth',2.0)

20| set (gca, 'fontsize',11, 'fontweigh', 'bold’')

21| xlabel ('\bf x','fontsize',12)

22| ylabel ('\bf f(x)','fontsize',12)

23| axis([-5 5 0 0.45])

24| subplot (2,2,2)

25| plot (W,DFTcor, 'r-','LineWidth',2.0)

26| set (gca, 'fontsize',11, 'fontweigh', 'bold', " 'xlim',[-5,5])
27| xlabel ('\bf \omega','fontsize',12)

28| ylabel ('\bf DDFT', 'fontsize',12)




29| subplot (2,2,3)

30| plot (xx, IDFTfun, 'k--', 'LineWidth',2.0)

31| set(gca, 'fontsize',11, 'fontweigh', 'bold"')

32| xlabel ('\bf x','fontsize',12)

33| ylabel ('\bf IDDFT','fontsize',12)

34| axis ([-5 5 0 0.45])

35| subplot (2,2,4)

36| plot (xx,err, 'b-"','LineWidth',2.0)

37| set (gca, 'fontsize',11, 'fontweigh', 'bold"', 'xlim',[-5,5])
38| xlabel ('\bf x','fontsize',12)

ylabel ('\bf Error','fontsize',12)

40| saveas (gcf, 'USEfftEx103"', 'png')

11|% End of Program
e it

o] MATLABEZ 1% USEfftEx103.m< Aot t}-S B2 FEEUEHEoA N = 216
7H JJ'?G-%k___’] DFT7]_ zgq ]:]_

fn = e (5 1)
77 pr.4e) A57geel o] 2emot JelA gl 3% 7o) 540l MATLABZS
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1% 3.7.5. DFT2} Fourier Hgh

o2 Zo] MATLABYS conv.m= AHESIA], HAAEHE ¢ & 7+ 4= Ut

>> ¢ = conv(a,b)

HE] ¢ 0] DFTSF HH 52 DFTO] H2 TAH ¢ DFTO|EZ, MATLABSE fit.m <}
ifft. nE AHESHA FYEHE & 7 4 Aot o] Aol F DFTEE 59171 S16iA +
DFT 9] Zolg dA|AACF gt} &, ZF DFT7 [m + n — 1) 23}d0] HEE, ohg3t 2ol 7}
DFTe] 052 F71eitt.

>> A = fft([a zeros(1,length(b)-1)1)

>> B

fft([b zeros(l,length(a)-1)])

S WA thgt o] MATLABRS: ifft.m S At

>> C = ifft(A.*B)
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FAAFES AHElA o] A-SE FSHo17] YA, th-2 MATLABXZ 2 13 USEconvEx101.m

1

2|% Filename: USEconvEx101.m

3% Convolution using conv.m, fft.m and ifft.m
4% Programmed by CBS

5

6| function USEconvEx101
7l clf, clear all, close all, format rat

slp = 2/3;

9/x = MakeBinomialProb(5,p)
10|y = MakeBinomialProb(7,p)
11|z = MakeBinomialProb(12,p)

12| CONVxy = conv(x,y)

13| X = fft([x zeros(1l,length(y)-1)1)

14|Y = £fft([y zeros(1l,length(x)-1)1)

15| CONVxy2 = ifft(X.*Y)

16| format long

17| errl = max(abs(z - CONVxy))

18| err2 = max(abs(z - CONVxy2))

19| reX = real(X); imX = imag(X);

20/reY = real(Y); imY = imag(Y);

21| save ('USEconvEx101.txt','reX','imX', 'reY', 'imY"',

22 "CONVxy','CONVxy2','-ascii')

23| end

24| % End of Program

25| mm T T T —————— o

26| % Filename: MakeBinomialProb.m

27| % Make Binomial Probability

R e
29| function x = MakeBinomialProb(n,p)

30lx(1) = (1-p)~n;

31| for k = 1:1:n

32 x(k+1) = x(k)*(n+1-k)/k*xp/(1-p);
33| end
34| end
35| T oo
°] MATLABZ 213 USEconvEx101.m& AH5td, o|F&EREL B (5,5) & Hax
3 B(7.2)8 M2t 804y, 12 o|FHERE B(12,2) 5

w}

s | L 10 40 5“’80¢*3] (3)
243 243 243 243 243 243

- (1 14 28 280 560 224 448 128} n
| 2187 2187 729 2187 2187 2187 2187 2187

1 8 29 89 89 356

© 7 | 53161 177147 58378 26874 5072 7465
151 615 356 266 205 205 67 ] )
1357 3224 1493 1255 1612 4433 8693
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MATLAB®4 conv.m2 AFE3A] 73t 345 CONVxy 2t MATLABEE fit. m 2} ifft.m
£ AHgolAl gt

i

Q|

M)HF CONVxy2& O|FEERE B (12,2) & =2E FEHS 29 44

= H
b2 Sl & [ |
FolX A A G| ol8 & Al7HE7T (time space) ©] oFd 187k (frequency space) Ol 4]

245 A2 olFe oty Bty AAT M E WS Faste. oo dsi =
2 M EZ A (spectral analysis) o12H= FAIZ AWl thA] thA] 2 Zolch. o 714
A A EH o] E 9] = (amplitude) 2F 91/ (phase) = T-5h= JHARE A A S A3 HA}

dA 3.7.7| AALGHlH e AZ3} Y-S ot A 2A, T MATLABZ 213 US-
EfftEx104.m-2 A S35} H A},

O

/gy
% Filename: USEfftEx104.m

% Amplitude and Phase of a signal

% Programmed by CBS
.
6| function USEfftEx104

7l clf, clear all, close all

T = W N =

8N = 278; % number of observations

9/tt = linspace(0,1,N); % time vector

10| fun = sin(2*pi*10*tt) + sin(2*pi*35xtt); J signal vector
11| DFTfun = fft(fun); % DFT

12| ampl = abs(DFTfun); % amplitude

13| phas = unwrap(angle (DFTfun)); J phase

14|kk = (0:1:1length(DFTfun)-1) '*x(N-1)/length (DFTfun);

15| % Plotting

16| subplot(2,1,1)

17| plot (kk,ampl, 'k-','LineWidth',2.5)

18| set (gca, 'fontsize',11, 'fontweigh', 'bold’', 'xlim',[0,N])
xlabel ('\bf k', 'fontsize',12)

ylabel ('\bf Amplitude', 'fontsize',12)

21| subplot(2,1,2)

22| plot (kk,phas, 'k-','LineWidth',2.5)

23| set(gca, 'fontsize',11, 'fontweigh', 'bold"', " 'xlim',[0,N])
24| xlabel ('\bf k', 'fontsize',12)

25| ylabel ('\bf Phase','fontsize',12)

26| saveas (gcf , 'USEfftEx104"', 'png')

27| % End of Program

28| h mm T T T oo

[

o] MATLABZ 213 USEfftEx104.m& A5, AZF53te] JH7} Fupg3te]
AHO DFTE WeHth X3 DFTO F7]9 AZ3} 9ArS 18 I T Eo] &2 Hc)
7+ ol s AEe @ e zst 19 fr.do] Abghe] 2E o 9)
1 Fupgo] gt ol AEIF 2R dee AT B, 7 kel disiA f4de 1™
aefx7t 29 b.7.do) shekel S5 Fof it n
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1% 3.7.6. DFTS} IDFT

FFT2} Fourier 3k

A|3.84

oo

[e.9]

(3.8.1)

f(0) =

—00

(3.8.2)

|



154 A 3% FourRiERHE

il

4 (33) 9 AFourierd® f(1) & cha3t 22 Fehz 2AA7]71= o,

1 N
— D Flun)e™ A, (3.8.3)
T

n=1

up, =[n—1A,, (n=1,2,--- N) (3.8.4)

w4 10] AR [ty ty]of THAlA Theat 2 SR 4452 HolsiAt

.ty —1L
A=y (3.8.5)
ty =tp + [k —1]A;, (k=1,2,---,N) (3.8.6)
4 (B8.d)e ot Zol & 4 9k,
- 1 N R
Fltr) = R (W exp(ifn — 1JAuts) Y exp(iln — 1)[k — 1A A1) f(u >Au> (3.8.7)
n=1
4 (B8.4) ol FFTE d-8517] 9114, th& A& BEshe A, & Ao 2 o1,
AA; = 2T 3.8.8
2 A% N ol dafA g A 50] JAgich
R 2n (3.8.9)

NtU_tL :tU_tL

2 (B.8.d) oAl & & 910l FFTE A-8517] 918141 A, o 7 2748 2
whoF £ o] AW [ty ty] 7F WEHA (FTHE), A, 7F Zolok(Aok) Ptk e 2 FFTE AHE:
A Z=A3 AFourierad7F Yelo] SEU Lo JHe go
FEY 71 Ak olH§ A4S ol4FEHH 9] (discretization bias) 2Fal FETh Foi7] 3 9}
H w0 E o YL A9 (range) ol HallA & o] ALUet AR} (grid) 2 24517, o]4tsin o2

W24 % 9l

ok
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A13.98 Plancharel-Parseval 54}

gk (orthogonal transform) ©] 4 Zo] (relative length) 2t Zt

)
422 Ak Zlo] the Ao

k9

.
FEE ()2 g(t) ] Fourier A& 242} f(6) <F §(6) 2} obd, th A o] -t
0 - 1 0 _
f@g@)dt = o [ f(0)3(0)do
o]7]4] Ak A 0] FHELSo|rt
Z9. o2 9Fourier

rdl
a1
il
0,
X
iAL)
ol
-0,
)

10 =5 [ FO"do. gy =5 [ atmeman (1)
A (164 & % Azol, the Aol Auw
[ [ [ o] [ s
o [ @it |5 [ et asay &)
Al B.2.201 A & 4= ol%el, T Alo] AR et
5(0 —n) % / il gy (3)
A (3) A (2)9] S, ohg 41 gech
[ st = o [ g | [ st - nan as (@)

Dirac @ Ete=2] /d8of| oA th o] =gttt

e}

| 5o~ may = 50
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h(0) = /_OO et (t)dt = /_OO e Olg(t)dt = /_Oo etg(t)dt = (—0)

A (1) A (2) ol & 4= 5ol, o] g7 -

(1)

-

w247 pode e B4 pols fwe 4 9k
g A50] 4e
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/ F(u)g(t — uyd (1)

o] 45| Fourier g2 th=3F L,

I
_ / K { / ) fugzdu] dz (2)
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o= A g 94 Parseval-g2] o] 4] ¢
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=
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a —
lim |I] = lim '/ f(M+yi)g(M—i—yz')idy‘
M—o0

< lim \a] [max ‘f M + yi)g (M—i—yz)’
M—c0

A (6) 7 A b.2.9ll A4

A1 (4), A (5), A (8)TF 4] (9)2 4] (2)oll oA,

= |a] max lim
0<y<a M —o0

1%0] r,]-_kl /\lo] /lé

lim |IQ‘::0
M—o0

lim Iy=0
M—o0

1
o

/

co+i

Hatt,

ocotia

f(0)

|F(M + yi)g (M + i)

Q>

(0)d

6

o A= deth

/ey
BranchContour1301.tikz

3| % Programmed by CBS

% ____________________________________________________________________

1
2|% Filename:
D
1
)

5/ \begin{tikzpicture}

6|% Configurable parameters
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—M + ai y Cs i M + ai

CM Cb

M )

Cy ) M

Q

1% 39.1. BAH BY.2E AT AEAR

7| \def\gap{0.2}

8| \def\bigradius{3}

9/ \def\littleradius{0.5}

10

11| % Axes

12| \draw [help lines,->] (-1.25%\bigradius, 0) -- (1.35%\bigradius,0);
13| \draw [help lines,->] (0, -1.25x\bigradius) -- (0, 1.25*\bigradius);
14

15| % Red path

16| \draw[line width=2pt, color=red, decoration={ markings,

17 mark=at position 0.2455 with {\arrow[line width=2.2pt]1{>}},
18| mark=at position 0.765 with {\arrow[line width=2.2pt]{>}},
19 mark=at position 0.87 with {\arrow[line width=2.2pt]{>1}},
20| mark=at position 0.97 with {\arrow[line width=2.2pt]{>}}},
21 postaction={decoratel}]

22 let

23 \n1 = {asin(\gap/2/\bigradius)},

24 \n2 = {asin(\gap/2/\littleradius)}

25 in (\nl:\bigradius) arc (\n1:360-\nl:\bigradius)

26 -- (-\n2:\1littleradius) arc (-\n2:-360+\n2:\littleradius)
27 -- cycle;

28

29| % The labels

30| \node at (4.0,-0.38){$\Re{\left\{ z \right\}}$};

31| \node at (-0.37,3.53){$\Im{\left\{ z \right\}}$};

32| \node at (-0.8,0.4) {$C_{\epsilon}$};

33| \node at (-1.9,2.8) {$C_{R}$};

34| \node at (1.3,0.4) {$C_1$3};

35|/ \node at (1.8,-0.4) {$C_2%$};

36| \node at (3.2,0.2) {$1$};

37| \node at (-3.28,0.2) {$-1$};

38| \end{tikzpicture}

3| m e e -

=]
o] s W2 AttE 2ar o, ol2et Aol -85ttt 53] Lévy a4l
durd gEdEeE tE ), o] 2ol w8ttt
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N

532 3.9.3

F4E [(t) 9 g(t) ©) Fourier WSS 72} f(0) 9% (o) 2 5, Tk Ao] At
1 cotia

—oo+1ax

. BA4 B.o.del A & 5 g=ol, &4 h(t) 9} Fourier B3 h(0) ol A th& Alo] 4

[ swpma= L [T fwpaa )
—00 2m —oo+ia
4 g(t) = h(t) ol dalA ok Alo] it

h(6) = /OO e th(t)dt = ” e g(t)dt = /oo eWtg(t)dt = §(—0) (2)

A71A 0= A7t obd il folstet. A (1) A (2) oA & & %ol o] &3

27} A=t ]






2

Science is spectral analysis. Art is light synthesis.
Karl Kraus (1874-1936)

o] Aol A= A E AT (spectral analysis) ol Tl A thF 112} gheh. AH E H 4] 9]
A=l Tl A= Chatfield & Xing [13]< &=Z5tet, 24l £ Percival & Walden [56]°1
A A A e 2MERe] qal TEn T, 2HEPe o] Be T o

Priestley [51]7} SIT.

Al4.14d AHEH

A ZHHA (time step) ©] T Q1 TS v, v1, -+, oy_1 ©l TS Aln WA DFTEL 9, = 25
E {vglk =0,1,...,N — 1} o] ZgH F7]7} N/n BEHE (N /n samples) F=
NT /n seconds) Q1 A|%F40]E exp (—i252k) < Ak A T2 G2 T Ao
< BETE {up ol 22E F557F n/N Hzs Bz n/[NT] HzRl /20|t wehA, DFT
el gl [o,]© 2, Fuba n/[NT] Hzoll P FH 7} obs A}, o] Adighe] Alu<=

FIkE n/[NT) Hzoll A 2 EH (spectrum E+ power spectrum) ©|2f F-ET}, ap7iz] =

—~

163



164 A4 ~HEHSY

4= f(t) @] Fourier transform f(w) 2] Aizte] Alg-S AgEHo|gt RE
% ]

2ot AHMELSA A Schuster [53], [54], 557+ AFAA 4TS 519

oA 4.1.1| Schuster [@]—‘;— HF = (sunspot) F71E SH517] oA AHE LA

sttt o] &4 712 &5t YA, th MATLABZ 213 SunspotAnalysis101.m=

/gy
% Filename: SunspotAnalysisiOl.m

% Spectral Analysis of Wolfer's Sunspot Data from 1700 to 1987

% Schuster, A. (1906) On the Periodicities of Sunspots,

% Philosophical Transactions of the Royal Society, 206, 697100

% Programmed by CBS
gy
clear all, close all

% Data and Time series plot

load sunspot.dat

I UV VN

-
S ©

|| whos
yr = sunspot(:,1)
sunspott = sunspot(:,2)

—_ =
N =

= =

% Time Series Plot
15| subplot(2,1,1)
16| plot (yr,sunspott,'g-"', 'LineWidth',1.5)
17| hold on
18| plot (yr,sunspott,'r.','LineWidth',2.5)

—

set(gca, 'fontsize',11, 'fontweigh','bold', 'xlim',[yr(1) yr(end)])
ylabel ('Sunspot','Fontsize',12','Fontweigh', 'bold');
hold off

% axis( [ -10,10,-0.05,1.3 1)

save ('Sunspot101.txt','yr', ' 'sunspot','-ascii')

% Periodogram

25| SShat = fft(sunspott);

26|N = length(SShat)

27| SShat (1) [1;

28| Spectrum = abs(SShat(1:N/2)) .~

29| Nyquist = 0.5;

30| freq = (1:N/2)/(N/2)*Nyquist;

31| period = 1./freq;

32| % Periodogram Plot

33| subplot(2,1,2)

34| plot (period,Spectrum, 'k-', 'LineWidth',1.5)

35/axis ([ 0 40 0 2e+7 1)

36| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

37| ylabel ('Spectrum', 'Fontsize',12', 'Fontweigh', 'bold');
38| xlabel ('Period(Years/Cycle) ', 'Fontsize',12', 'Fontweigh', 'bold');
39| [maxpower index] = max(Spectrum)

40| maxPeriod = period(index)

41| saveas (gcf, 'SunspotAnalysis101', 'png')

42| % End of Program

NN
N = O

) DN DN
Tt W

o] MATLABXZ 2 13 SunspotAnalysis101.mo|A+= MATLABO] W& 1700 5 E
1987742 7155 HF= Ho]EHAE sunspot.datE o] £t o] Ho|HA Eof=



288 x 239 sunspot &] A WA Fofl Ak 2]l F WA dof 7t 71 FE o] JlH. ©]
3 WA 2 e yrolet ATk T WA DL M sunspottE AF A,
©] MATLABZ 2 7171 SunspotAnalysis101.m-2 A 35}H, WE sunspott 2] A|A G4
T 2o o] aeimst 13 el Aeke]l S8 uo] glek. o] AAGAHE A &
o], jFE Solis 7717} 9l A 2Tt o] £7]8 Yot ] FI8)A, MATLAB
A ME] sunspott @] DFTE 3+ A o] ME SShato|th, W E SShat 2]
7} 140] AFOR o Fo] 7 W7} o] BfFS ol AMETelth, Fupio] B
sElER O] Temsk 27 [idle] shekel] £E 5 o] Qlek. o] Aejmelq & 4 gol, of

B e dlofelolA 71 ddE ol e 771+ 11 24U A 2. ol& &elst7] flsiA

MATLAB®H max.me ARSRF A, 7P e o] 3l F71= 11.0769°] . |
200 . . . : :
w 150 | _
o
@
2100 1
=]
? 50 A
0 . v 1 1
1700 1750 1800 1850 1900 1950
) x107
g 15 .
o
B o1t ;
[+}]
o
N o5 .
0 -y 1 i e
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Period(Years/Cycle)

% 4.1.1. BHFEH dlo]H

DFT$} IDFT ] ¥AZ A5 K 7] 9aA] TS MATLAB 2 13 Spectrum-
Sinusoid101.m< A5}z,




166 A47% AHEHSGA

% Filename: SpectrumSinuso0id101.m

% FFT of Simple Sinusoid

% Programmed by CBS
/g
6| clear all, close all

7% Signal Data

T W N

8N = 276; % Number of obervations (27m)
9lf = 1/4; % Sinusoidal frequency

10| Amp = 1; % Amplitude

11| phas = 0; % Phase

12|nn = [0:N-17;

13| xSinu = cos(2*pi*nn*f); 7 Signal

14| % Time Series Plot

15| subplot (3,1,1);

16| plot (nn,xSinu, 'r."',nn,xSinu, 'k-', 'LineWidth',1.5)

17| set (gca, 'fontsize',11, 'fontweigh', 'bold','xlim',[nn(1) nn(end)])
18| x1label('Time', 'Fontsize',12','Fontweigh', 'bold');

19| ylabel('Signal', 'Fontsize',12', 'Fontweigh', 'bold');

20| % FFT

21| XSinu = fft(xSinu); % FFT

22| magnitudeX = abs(XSinu); % root of Spectrum

23/ fn = [0:1:N-1]1/N; % Normalized frequency
24| [maxMagni index] = max(magnitudeX)

25| maxPeriod = fn(index)

26| subplot (3,1,2);

27| stem (fn ,magnitudeX, 'red"')

28| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

29| xlabel ('Normalized Frequency (Cycles per Sample)',

30 'Fontsize',12','Fontweigh', 'bold');

31| ylabel ('Magnitude', 'Fontsize',12', 'Fontweigh', 'bold');
32| % Decibel (dB) scale

33| dBmagniX = 20*logl0(magnitudeX);

34| subplot (3,1,3);

35| plot (fn,dBmagniX, 'blue')

36| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

37laxis ([ fn(1) fn(end) -350 50 1)

38| xlabel ('Normalized Frequency (Cycles per Sample)',

39 'Fontsize',12', 'Fontweigh', 'bold');

40| ylabel ('Magnitude (dB)', 'Fontsize',12','Fontweigh', 'bold');
41| saveas (gcf, 'SpectrumSinusoidiOla', 'png')

43| % Time Series Plot

44| figure

45| subplot (2,2,1);

46| plot (nn,xSinu, 'k-', 'LineWidth',1.5)

47| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'xlim',[nn(1) nn(end)])
48| title ('\bf Signal')

49| xlabel ('\bf Time (t)'), ylabel('\bf Signal');

50| % Half of the FFT: Throw away the second half.

51| ff = fn(1:N/2);

52| subplot (2,2,2)

53| stem (ff ,magnitudeX (1:N/2),'r"')

54| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'xlim',[f£(1) £ff(end)])
55| title ('\bf DFT Magnitude')

56| xlabel ('\bf Frequency'), ylabel('\bf Magnitude')

57| % Take inverse FFT

58| xSinuRe = ifft(XSinu); % xSinuR = real(xSinuRe);

59| subplot (2,2,3)

60| plot (nn,xSinuRe, 'r-','linewidth',1.5)

61| set(gca, 'fontsize',11, 'fontweigh','bold', 'xlim',[0 nn(end)])
62| title ('\bf Fitted Signal')
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63| x1label ('\bf Time (t)')

64| ylabel ('$$\tilde{x}(t)$$"', ' Interpreter', 'latex')

65| % Error = X(t) - \iFFT(FFT(X(t)))

66| errorSinu = xSinu - xSinuRe;

67| subplot (2,2,4)

68| plot(nn,errorSinu, 'b','linewidth',0.7)

69| set (gca, 'fontsize',11, 'fontweigh', 'bold', " 'xlim', [0 nn(end)])
70| title ('\bf Error')

71| xlabel ('\bf Time (t)'), ylabel('\bf Error')

72| saveas (gcf, 'SpectrumSinusoid101b', 'png')

73| % End of Program

T4t —m =TT T T oo o

o] MATLABZ 2 13 SpectrumSinusoid101.m= A 3Y5HH, th-&3} 7+-0 A] A A d|o] |7}

xn:cos%an, (n=0,1,---,2°—1) (1)
o] A GdolE 2 T2 Tzt 719 1.go] Alerel eiA ik, o] e zol A & 5 %
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% FFT of Simple Sinusoid
% Programmed by CBS

% __________________________________________________________________________

clear all, close all
% Signal Data

N = 276; % Number of obervations (27°m)
f = 1/4+0.5/N; % Sinusoidal frequency

Amp = 1; % Amplitude

phas = 0; % Phase

nn = [0:N-1];

xSinu = cos(2*pi*nn*f); 7 Signal

% Time Series Plot

j| subplot(2,2,1);

plot(nn,xSinu, 'k-',nn,xSinu, 'r.', 'LineWidth',1.5)

set(gca, 'fontsize',11, 'fontweigh','bold', 'xlim',[nn(1) nn(end)])
xlabel('Time', 'Fontsize',12','Fontweigh', 'bold"');
ylabel('Signal', 'Fontsize',12','Fontweigh', 'bold');

% FFT
XSinu = fft(xSinu); % FFT
magnitudeX = abs(XSinu); % Spectrum
5/fn = [0:1:N-1]/N; % Normalized frequency
[maxmagnitude index] = max(magnitudeX)
‘|maxPeriod = fn(index)

subplot(2,2,2);

stem(fn(1:N/2+1) ,magnitudeX(1:N/2+1), 'blue’')
set(gca, 'fontsize',11, 'fontweigh', 'bold"')
axis([ fn(1) fn(N/2+1) 0 25 1)
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xlabel('\bf Cycles per Sample','Fontsize',12');
ylabel('magnitude', 'Fontsize',12','Fontweigh', 'bold');

35| % Take inverse FFT

40

(S, G I

w N

;| xSinuRe = ifft (XSinu); % xSinuR = real(xSinuRe);

subplot(2,2,3)

plot(nn,xSinuRe, 'r-',nn,xSinuRe,'k."','linewidth',1.5)
set(gca, 'fontsize',11, 'fontweigh', 'bold','xlim',[0 nn(end)])
xlabel ('\bf Time (t)"')

ylabel('\bf Fitted $$\tilde{x}(t)$$', ' 'Interpreter','latex')

% Error

i| xError = xSinu - xSinuRe;

subplot(2,2,4);

j| plot (nn,xError, 'm-','LineWidth',1.5)
| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'xlim',[nn(1) nn(end)])

xlabel('Time', 'Fontsize',12','Fontweigh', 'bold"');
ylabel('Error','Fontsize',12','Fontweigh', 'bold"');

saveas (gcf, 'SpectrumSinusoid102', 'png')
% End of Program

% _________________________________________________________________________

o
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Hlo]m 242 A7 dlolel A 0] DFTS IDFTE 2§35 oS A 1]
H5iA o2 MATLABXZ 2 13 SpectrumSinusoid103.m< 4 95},

L === T oo
2|% Filename: SpectrumSinusoidl103.m
3% FFT of Simple Sinusoid w/ Zero-Padding
t|% Programmed by CBS

S| === T T oo
6| clear all, close all

7|% Signal Data

8| NO = 37 % Original Observation Numbers
9|N = 27 nextpow2(NO) % Number of obervations (27m)
10|T = 1; % Sampling ratio

1| f = 1/4; % Sinusoidal frequency

12| Amp = 1; % Amplitude

13| phas = 0; % Phase

14]nn0 = [0:NO-1];

15| xSinu0 = cos(2*pi*nnO*fxT); 7 Signal

16|nn = [0:N-1]1;

17| xSinu = [ xSinu0O, zeros(1,N-NO) ]; % Padding zeros

19| % Time Series Plot

20| subplot (2,2,1);

21| plot (nn,xSinu, 'r.',nn,xSinu, 'k-"', 'LineWidth',1.5)

22| set(gca, 'fontsize',11, 'fontweigh', 'bold','xlim',[nn(1) nn(end)])
23| xlabel ('Time', 'Fontsize',12', 'Fontweigh', 'bold');

24| ylabel ('Signal', 'Fontsize',12','Fontweigh','bold');

26| % FFT

27/ X8inu = fft(xSinu); % FFT

28| magnitudeX = abs(XSinu); % Spectrum

29| fn = [0:1:N-1]/N; % Normalized frequency
30| [maxMagni index] = max(magnitudeX)

31| maxPeriod = fn(index)

32| subplot (2,2,2);

33| stem(fn(1:N/2+1) ,magnitudeX(1:N/2+1), 'blue')

34| set (gca, 'fontsize',11, 'fontweigh', 'bold’')
35/axis ([ fn(1) £fn(N/2+1) 0 25 1)

36| xlabel ('\bf Cycles per Sample','Fontsize',12');
37| ylabel ('\bf Magnitude', 'Fontsize',12);

38
39| % Take inverse FFT
10| xSinuRe = ifft (XSinu); % xSinuR = real(xSinuRe);

41| subplot (2,2,3)

42| plot (nn,xSinuRe, 'r-', 'linewidth',1.5)

43| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'x1lim',[0 nn(end)])
44| xlabel ('\bf Time (t)')

45| ylabel ('\bf Fitted $$\tilde{x}(t)$$','Interpreter','latex')
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17| % Error

48| xError = xSinu - xSinuRe;

19| subplot (2,2,4);

50| plot (nn,xError, 'm-','LineWidth',1.5)

51| set(gca, 'fontsize',11, 'fontweigh', 'bold', " 'xlim',[nn(1) nn(end)])
52| xlabel ('Time', 'Fontsize',12"', 'Fontweigh', 'bold');
53| ylabel ('Error', 'Fontsize',12', 'Fontweigh', 'bold');

55| saveas (gcf, 'SpectrumSinusoid103', 'png')
56| % End of Program
57| mm T oo

o] MATLABZ 2 13 SpectrumSinusoid103.m= A 3Y5HH, th-&3} 7+-0 A] A A d|o] |7}
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I 273 SpectrumHamming104.m= A 45}2}.

|t m =TT T o ———
2|% Filename: SpectrumHammingl04.m

3% FFT of Colored Sinusoid w/ Zero-Padding and Hamming Window

1|% Programmed by CBS

S| === T T T T oo
6| clear all, close all

7|% Signal Data

8| Deltaa = 0.1 % Data collecting space
9| fs = 1/Deltaa % sampling frequency
10| NO = 37 % Original Observation Numbers

11|nn0 = [0:NO-17;

12| x0 = 10*cos (2*pi*Deltaa*nn0) + normrnd(0,1,[1,N0]); 7 Signal
13)/N = 2 nextpow2(NO) % Number of obervations (27°m)
14|nn = [0:N-1];

15|{x = [ x0, zeros(1,N-NO) ]; % Padding zeros

16| tt = nn/fs;

18| % Time Series Plot

19| subplot(2,2,1);

20| plot(tt,x,'k."',tt,x,'k-"','LineWidth',1.5)
21| set(gca, 'fontsize',11, 'fontweigh', 'bold"')
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axis ([tt (1) tt(end) -12 12])
xlabel('Time', 'Fontsize',12','Fontweigh', 'bold');
ylabel('Signal x','Fontsize',12','Fontweigh', 'bold');

5| % FFT

X = fft(x); % FFT

MagnitudeX = abs(X); % Spectrum

fn = [0:1:N-1]/N; % Normalized frequency

[maxMagni index] = max(MagnitudeX)

maxPeriod = fn(index)

% Shifted Magnitude Spectrum

ws = 2*pi/N

wnorm = -pi:ws:pi;

wnorm = wnorm(1:N);

w = wnormx*fs;

subplot(2,2,2);

plot(w,abs(fftshift (X)), 'b-', 'LineWidth',1.0)

set(gca, 'fontsize',11, 'fontweigh', 'bold"')

axis ([w(1) w(end) 0 200])

xlabel ('\bf Frequency', 'Fontsize',12');

ylabel ('\bf Magnitude', 'Fontsize',12');

% [freq,ampl] = ginput ) You should strike the return-key.
% Near ampl = 170 @freq = 6.0

% Hamming Window

windoww = hamming(N);

xw = windoww (:) .*x(:);

subplot(2,2,3);

plot(tt,windoww, 'r-."',tt,xw,'k:','LineWidth',1.5)
set(gca, 'fontsize',11, 'fontweigh', 'bold"')

axis ([tt (1) tt(end) -12 12])

xlabel('Time', 'Fontsize',12','Fontweigh', 'bold');
ylabel('Windowed x','Fontsize',12','Fontweigh', 'bold');

% Hamming Windowed FFT

W = fft(xw); % FFT

MagnitudeXW = abs(XW); % Magnitude
[maxpowerW indexW] = max(MagnitudeXW)
maxPeriodW = fn(indexW)

subplot(2,2,4);
plot(w,abs(fftshift(XW)),'r-','LineWidth',1.0)
set(gca, 'fontsize',11, 'fontweigh', 'bold"')
axis([w(1) w(end) 0 200])

xlabel ('\bf Frequency','Fontsize',12');

| ylabel ('\bf Magnitude', 'Fontsize',12');

% [freqw,amplw] = ginput
% You should strike the return-key Near amplw = 108 @freqw = 6.0

saveas (gcf, 'SpectrumHammingl104', 'png')
% End of Program
S
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19 4.3.1. Hamming Y1 =-%

% Spectral Analysis with Hanning Window

% http://dsp.stackexchange.com/questions/9465/

% how-to-apply-hamming-window
I ————————.
clear all, close all

% Make Time Series

Ts = 50e-4 % Sampling Time(s)

Fs = 1/Ts % Sampling rate, Sampling Freq (Hz)
f0 = 50 % Frequency of interest (Hz)

duraT = 1

dt = 1/Fs

tt = dt:dt:(duraT-dt);
X = cos(2%pi*fO*xtt)+2*%sin (2*pi*10*tt);

ilx = x';

L length (x); % Window Length of FFT
nfft = 27 nextpow2(L); % Transform length
subplot(2,2,1);

plot(tt,x,'k-','LineWidth',1)

set(gca, 'fontsize',11, 'fontweigh', 'bold"')

axis ([tt (1) tt(end) -4 4])

xlabel('Time', 'Fontsize',12', 'Fontweigh', 'bold');
ylabel('Signal x','Fontsize',12','Fontweigh','bold');

5| % FFT
| xdft = fft(x,nfft)/L;

% at all frequencies except zero and the Nyquist
magXdft = abs(xdft);

magXdft = magXdft(l:nfft/2+1);

magXdft (2:end-1) = 2*magXdft(2:end-1);
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32| freq = Fs/2*linspace(0,1,nfft/2+1);

33| subplot (2,2,2)

34| plot (freq,2*magXdft,'r-','LineWidth',1.5)

35| set(gca, 'fontsize',11, 'fontweigh', 'bold"')

36| axis ([0 freq(end) -0.1 4.5]1)

37| xlabel ('\bf Frequency (Hz)','Fontsize',12');
38| ylabel ('\bf [|X(£)|','Fontsize',12');

40| % Hanning Windowed Data

41| x_HannWnd = x.*hanning(L);

42| xdft_HannWnd = fft(x_HannWnd,nfft)/L;

43| subplot (2,2,3);

44| plot (tt,x_HannWnd, 'k-', 'LineWidth',1)

45| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

16| axis ([tt (1) tt(end) -4 4])

47| xlabel ('Time', 'Fontsize',12','Fontweigh', 'bold');

48| ylabel ('Windowed Signal','Fontsize',12','Fontweigh', 'bold"');

50| % DFT of Hanning Windowed Data

51| magXWdft = abs(xdft_HannWnd);

52| magXWdft = magXWdft(1:nfft/2+1);

3| magXWdft (2:end-1) = 2*magXWdft(2:end-1);

54| subplot (2,2,4)

55| plot (freq,2*magXWdft, 'r-','LineWidth',1.5)
56| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

57| axis ([0 freq(end) -0.1 4.5])

58| xlabel ('\bf Frequency (Hz)','Fontsize',12');
59| ylabel ('\bf [XW(f)|','Fontsize',12');

61| saveas (gcf, 'SpectrumHanningl105', 'png')
62| % End of Program
B3| fh T T T T T T oo oo -
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1% 4.3.2. Hanning =%

2| % Filename SpectrumExponentiall06.m
3| % Exponential Distribution
4| % Programmed by CBS

B mmmm e e

6| clear all, close all



A= 179

7| ftnExp = @(t) 0.2*%exp(-0.2%t)

8

9% (Step 1) Generating data

10|Fs = 278 % Sampling frequency (= 256)
11/tt = 0:1/Fs:(20-1/Fs); % Time vector

12| NO = length(tt)

13| nfft = 27 nextpow2(Fs) % Length of FFT (= N = 256)
14| Nyquist = nfft/2 % Nyquist frequency (= 128)

15| xExp = ftnExp(tt);

16| % Plotting: Exponential PDF

17| subplot(2,2,1)

18| plot (tt,xExp, 'k-','linewidth',1.5)

19| set (gca, 'fontsize',11, 'fontweigh', 'bold")
20/ title ('\bf Exponential PDF')

21| xlabel ('\bf Time'), ylabel('\bf x(t)')

23| % (Step 2) FFT

24| FxExp = fft(xExp);

25/% FFT is symmetric, and throw away the second half.
26| normFxExp = 10%1logl0(abs(FxExp(1:nfft/2)));

27| angleFxExp = angle (FxExp(1l:nfft/2));

28| % Plotting: Exponential Fourier Transforms

29| subplot (2,2,2)

30| ff = (0:nfft/2-1)*Fs/nfft;

31| plot (ff ,normFxExp, 'r-','linewidth',1.5)

32| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

33| axis ([ ££(1) ff(end) O 25])

34/ title ('\bf DFT Magnitude')

35| xlabel ('\bf Frequency'), ylabel('\bf 10*logl0O(Magni)"')

37|% (Step 3) Take inverse FFT

38| xExpRe = ifft (FxExp); % xExpR = real (xExpRe);

39| subplot (2,2,3)

plot(tt,xExpRe, 'k-."','linewidth',1.5)

41| set (gca, 'fontsize',11, 'fontweigh', 'bold', 'xlim',[0 tt(end)])
42| title ('\bf Fitted Curves')

43| xlabel ('\bf Time')

44| ylabel ('$$\tilde{x}(t)$$', 'Interpreter','latex')

46| % (Step 4) Error = X(t) - \iFFT(FFT(X(%)))

47| errorExp = xExp - xExpRe;

48| subplot (2,2,4)

49| plot (tt,errorExp, 'b-"', 'linewidth',0.4)

0| set(gca, 'fontsize',11, " 'fontweigh','bold', 'xlim',[0 tt(end)])
1{title('\bf Error')

2| xlabel ('\bf Time'), ylabel('\bf Error')

A

saveas (gcf, 'SpectrumExponentiall06.png')
% End of program
S
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8| % Making DFT from the half to the whole

9| ExpDFT = @(w) 2./(2 + ix*w) % Fourier Transform Of Exp(2)
10| % (Step 1) Generating data from Fourier Transform

11|Fs = 278; % Sampling frequency

12| Tfront = 1 % Front Observations

13| ff1 = (1/Fs:1/Fs:Tfront+1/Fs); % Front Frequency vector
14| FirstDFT = ExpDFT(ff1);

15| FirstDFT(1) = abs(FirstDFT(1)); % Make real

16| FirstDFT (end) = abs(FirstDFT(end)); % Make Real

17| SecondDFT = flipdim(FirstDFT(2:end-1),2);

18 % Flip to make symmetric Fourier transform.

19| SecondDFT = conj(SecondDFT); % Conjugate

20| TotalDFT = [ FirstDFT SecondDFT ]; % Symmetric FT

21| % Plotting Magnitude of DFT

22| nfft = length(TotalDFT); % Length of FFT

23| ff = 0:1/Fs:(2*xTfront-1/Fs); % Frequency vector

24| Magnitud = abs(TotalDFT); % Magnitud

25| MagnitudFirst = Magnitud(l:end/2); % Magnitud; First Half

26| MagnitudSecond = Magnitud(end/2+1:end); % Magnitud; Second Half
27| subplot (2,2,1)

28| plot (f£ (1:end/2) ,MagnitudFirst, 'r-',ff(end/2+1:end),

29 MagnitudSecond, 'k--','linewidth',1.5) 7 Symmetric

30| set (gca, 'fontsize',11, 'fontweigh', 'bold")

31|% legend0l = legend('First Half', 'Second Half', 'location','NE')
32| % set(legendOl,'FontSize',14);

33 title ('\bf DFT')

34| xlabel ('\bf Frequency'), ylabel('\bf Magnitude')

35

36| % (Step 2) Time Series

37| Xx = ifft(TotalDFT); % Time Domain Rate
38| IfReal25 = isreal (Xx) % If 0, then real!

39| Xx = real(Xx); % Get rid of the half
40| subplot (2,2,2)

41| Nobs = length (Xx)

12|tt = 0:1/Fs:(2*Tfront-1/Fs);

43| plot (tt,Xx, 'k-','linewidth',1.5)

44| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

45| axis ([tt (1) -0.05 tt(end)+0.05 -0.1 0.5]1)

46| title ('\bf Time Series')

47| xlabel ('\bf Time'), ylabel('\bf Series')

491 % (Step 3) Estimation in Frequncy Domain

50| XxX = fft(Xx);

51| Magnitudd = abs (XxX); % Magnitude
52| subplot (2,2,3)

53| plot (£f ,Magnitudd, 'b-','linewidth',1.5)

54| set (gca, 'fontsize',11, 'fontweigh', 'bold"')

55| title ('\bf Estimated DFT')

56| xlabel ('\bf Frequency'), ylabel('\bf Magnitude')

57

58/ % (Step 4) Estimation Error

5

erroXxX = Magnitud - Magnitudd; % error

60| subplot (2,2,4)

61| plot (ff,erroXxX, 'k-','linewidth',1) 7 Symmetric
62| set (gca, 'fontsize',11, 'fontweigh', 'bold")

63| title ('\bf Error')

64| xlabel ('\bf Frequency'), ylabel('\bf DFT Error')
65
66| saveas (gcf, 'DFT2TimeSeries101.png')

67| % End of program

68| fh T T TS oo
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FFTE 8314 2249 GO el A E 2] Fourier Mg ot7] SIaiA g
MATLABZZ 13 FFT2D101.m< A3fs}at.

I e
2|% Filename: FFT2D101.m
3% 2d FFT example

4% Programmed by CBS
etttk
6| clear all, close all

7% Gate function

8| [X,Y] = meshgrid(1:40);

9|Z = zeros(40,40);

10/Z(10:30,15:25) = 1;

11| subplot(2,2,1)

12| mesh (X,Y,Z)

13| set (gca, 'xlim', [0 40], 'ylim',[0 40],'zlim',[0 1.1]);
14| title ('\bf Kyobo Tower')

15| % Top view of gate function

16| [X, Y] = meshgrid(1:40);

17| subplot(2,2,2)

18| imshow(Z, 'InitialMagnification','fit"')

19/ title('\bf XY-Projection')

20| % FFT of Z

21|FZ = ££t2(2);

22| spectrumF = log(abs(FZ));

23| subplot (2,2,3)

24| imshow (spectrumF,[-1 5], 'InitialMagnification','fit"')
25| colormap (summer)

26| title ('\bf Spectrum')

27| % Inverse FFT of FZ

28| Zrecover = ifft2(FZ);

29| subplot (2,2,4)

30| mesh(X,Y,Zrecover)

31| set (gca, 'xlim', [0 40], 'ylim',[0 40],'zlim',[0 1.1]1);
32| title ('\bf Inverse FFT')

33| saveas (gcf, 'FFT2D101', 'png')

34| % End of Program

o] MATLABZ 2 73 FFT2D101.m< AdlsHd, 13 [L4.0o] 2=t o] 19|
ZA4Ehol = 9D Fourier M-S o17] 91 3249 dlolElMEZ} Teid gict. o] adns
9ol 2 22zt 29 [Lade] $254we] 24 it o] 2249 HloEAE2] 2D FFT

A de 2D DFT®] Aefgte] 13 La.1o] 2=kt 12i4 9lck. o] 2D DFTO]
oD IFFTE 2484 7a 245 329 dlolel o] Teizrt 19 [.4.10] $-Zahcto] 1294
Att. = 3D HlolEHAESt =45 3D Ho[E|HEZ} ofF H|=gE & 4= qlrt. n
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A4.58d MEAHEZY KLAHEH
2HEH O] Az A 1o]d] & 1 (periodogram) = A SH oA AH £
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i

£
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Zoan. Fol AAQe] AR Eedoln FUE HERES BEn AR5 =
B =9] iid(independent and identically distributed) 21l 7}gok2t, 152 A p
“FA| 5 (sample autocorrelation) E°] p1, pa. . .., pp BHe 271 SHell A JIE= 1]
(entropy) & Z|H2}ot= H P2 2= (order) 7F p ?1 AH7]1 2] AR Y (autoregressive model: AR
model) o]t} Wt MEAHEHL 217]3]H g o] A" E ol Choi & Cover [19],
0= Addiet= o] 88liA o] S tdsHA SH T, MEAZE ] die e
© 2= Choi [14], [17], [18], Cover & Thomas [23] 5°] Ut

Choi [15], [16]E HEHE AF&51A th-3 7 72 Kullback-Leibler § R 45 %] 4 3}5}
+ 445 F8UH. FoIX A A G o] o] 5B+ Y (moving-average model: MA model)
2 mECT ek 159 A po) BEAAGTBALE] prps..... pyEHe A BHo]
] Kullback-Leibler J 5 #| A3}ot= AHE L2 27|38 | o| 5 H 1Y (autoregressive

moving-average model: ARMA model) 2] AHEgolt}, o|F KLAHEHo|zt &2



A5 %

We may coclude that chracteristic function methods
are the most useful techniques that the empirically
interested finance researcher should know.

Jondeau, Poon, and Rockinger [39, p. 486]

R 7t FAR g2 et AY, 47H1E B71sA, B Hs 4201 (volatility

smile) & F745h= ]l 5497 Bo] AREE AL Sl o] Aol A= 5494 (characteristic

YroF SHE WA X o) SFRUEEA f()7 RIS, BRSSOt o] 2 4 gtk
ox(t)= [ e pxapds = 5hx) (1) = Fr () (5.1.1)
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% Filename: Charactersticl101.tikz

% Programmed by CBS

Y
\begin{tikzpicture}[scale=2,decoration={markings,

mark=at position 2cm with {\arrow[line width=3pt]{>3}},

mark=at position 6cm with {\arrow[line width=3ptl{>}},
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8| mark=at position 9cm with {\arrow[line width=3pt]l{>}},
mark=at position 12cm with {\arrow[line width=3pt]l{>1}},
10| mark=at position 16cm with {\arrow[line width=3pt]l{>}},
11| mark=at position 19cm with {\arrow[line width=3pt]l{>}}

12| }]

13| % The axes

14| \draw [help lines,->] (0,-2) -- (0,0.5) coordinate (yaxis);
15| \draw [help lines,->] (-3,0) -- (3,0) coordinate (xaxis);

17| % The path

18| \path[draw,line width=3pt,color=red,postaction=decorate] (-2,0) nodel[above]l {$-M$
} -- (2,0) nodel[above] {$M$} -- (2,-1) nodel[below] {$M - t i $} -- (-2,-1)
node [below] {$-M - t i $} -- (-2,0);

20| % The labels

21| %\node [below] at (xaxis) {$x$};
22| % \node[left] at (yaxis) {$y$};
23| \node [below left] {$0%$};

24| \node at (0.4,0.15) {$C_{1}$};
25/ \node at (2.2,-0.5) {$C_{2}%%};
26| \node at (-0.4,-1.15) {$C_{3}$};
27| \node at (-2.2,-0.5) {$C_{4}$};
28| \node at (0.15,-1.12) {$-t i$};
29| \end{tikzpicture}

30| h mm T T oo

0o T — 2
'le(t) — /OO eit:r\/;ﬂg exp <—; |: O-M:| )dl’

1 Lo 2 . 2
= exp| —5 5 [3: —2ux + p* — 2io tx] dx
20

—0o V2TO

1 © 1 [ —p—io2t]?
= exp (iut - 202752) / 5o exp <—2 [:EMUZU] > dx (1)
—00




71 A WA o=

b.11le) 41 (8)oll <JsiA A

FRE u = [z — ul/oe] A FHD
detet 4 (2)8 A (1)l Hdshd, o

Px (t) = exp <iut — 202752)

(3)
|
F 7} 2L Canchy HEUEFS0] SATS by (1) 5 571 2 517,
Ix(@) [l + 2?] (1)
ohg 4o] 4t
> itx 1
ﬂ}X (t) /_OO (& m dx (2)
j—laﬂ —04 q%@ﬁ%’%CZC&—{—CﬁE -”'7 o]-Z]— j_ -— 13]7 OH/qI_ o]_EH

223} Characteristic103.tikz Tt Q-2 A 5§5}2}.

wreF ¢ > 0o]®, 13 b.1.do) = HEARE 02 BY)6

Cauchy 224 oA & 4= %o, o f(2) = e

f(2)dz = 2miRes(f;i) = 2mi lim [z —
c

z—1



5492l 4] 193

wabd oS A 5o] 4,

eitz eitz .
Liratt [ frmte=r )

itz

exp(—tRsin(arg(z
iz < 7R tR2 —(1 8(2))) ©

72

eitz e
/ 5 dz| < /
CR 1 + z CR 1

A sin(arg(z)) > 00] AH3IERZ, A (6) oA & 5= A= T2 A]o]

eitz
R—o0 Jou 1+ 2

A (6) T 4] (7)ol & 5= Aol T A 5ol AH

LN o =

Cauchy HR A4 ¢ 4= Qo] ¢

LB F(2) = e[+ 2ol A The ASo] HAdt

S~

f(2)dz = 2mi Res(f;

;—i) = 27T7;ZILH£@'[Z + 4 T2 _27m'% — _ret (10)
wtebd g A5e] 4y,
itz itz
/ e 2dz+/ € 2dZ:—7T€t (11)

exp(—tRsin(arg(z
4z < 7R smrg(2)) )

J
2]
=
—~
o
=
03
—~
N
S—
N—
A
o
©
o
o
o

Stal 7Hgol SJsfiA] Al t < 0] FHstEE,



10
11
12
13
14
15
16
17

18

dz=20 (13)

A (11) 3 A (13) ol A & 5= Sl%el, tha Aol -

o'} ezta: eztz
/ ydz = — lim sdz=me', (t<0) (14)
o L+ R—oo Jo, 142

A(2), A (8) 3 A (14)ollM & == l%ol, th Aol -,

vx(t) = el (15)
n
3{z} S{z}
Cr
~R
\ Z Gy 3
~R ‘0 B R R{z}

d¥5.12 HAEAR

% Filename: Characterstic103.tikz
% Programmed by CBS

\begin{tikzpicture}[scale=0.5, decoration={markings,
mark=at position 1.7cm with {\arrow[line width=2pt]{>}},
mark=at position 7cm with {\arrow[line width=2pt]l{>}},
mark=at position 13cm with {\arrow[line width=2pt]{>}},
mark=at position 18.5cm with {\arrow[line width=2pt]{>}},
mark=at position 20.2cm with {\arrow[line width=2pt]{>3}}

1

% The axes

\draw[help lines,->] (-5,0) -- (6,0) coordinate (xaxis);
\draw[help lines,->] (0,-3) -- (0,5) coordinate (yaxis);

\path[draw, line width=1.2pt, color=red, postaction=decorate]
(-4,0) -- (4,0
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node [below] {$R$} arc (0:180:4) nodel[below] {$-R$};
% The labels
\node [below] at (xaxis) {$\Re \{z\1}$1};
\node [left] at (yaxis) {$\Im \{z \}$};
\node [below left] {$0$};
\node at (2,4) {$C_{R}$};
\node at (1.8,0.4) {$C_{1}$};
\node at (0,1.2) {$\times$};
\node at (0.5,1.2) {$i$};
\node at (0,-1.2) {$\times$};
\node at (0.6,-1.2) {$-i$};
\end{tikzpicturel}’ pic 1
\qquad h <————mmm— SPACE BETWEEN PICTURES
b=l O &2 9 o2l 37+0| 8i0{0F &h)
\begin{tikzpicture}[scale=0.5, decoration={markings,
5|mark=at position 1.7cm with {\arrow[line width=2pt]{<}},
mark=at position 7cm with {\arrow[line width=2pt]{<}},
mark=at position 13cm with {\arrow[line width=2pt]{<}},
mark=at position 18.5cm with {\arrow[line width=2pt]{<}},
mark=at position 20.2cm with {\arrow[line width=2pt]{<}}
} 1
% The axes
\draw[help lines,->] (-5,0) -- (6,0) coordinate (xaxis);
\draw[help lines,->] (0,-5) -- (0,3) coordinate (yaxis);
\path[draw, line width=1.2pt, color=red, postaction=decorate]
(-4,0) -- (4,0)
node [above] {$R$} arc (0:-180:4) node[above] {$-R$};
% The labels
\node [below] at (xaxis) {$\Re \{z\}$};
\node[left] at (yaxis) {$\Im \{z \}$};
\node [below right] {$0%$};
\node at (2,-4.3) {$C_{R}$};
\node at (1.3,0.4) {$C_{1}$};
\node at (0,1.2) {$\times$};
\node at (0.5,1.2) {$i$};
7| \node at (0,-1.2) {$\times$};
\node at (0.6,-1.2) {$-i$};
\end{tikzpicturel} % pic 2
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\begin{tikzpicture}[scale=1.5, decoration={markings,
mark=at position 0.8cm with {\arrow[line width=2pt]{>}},
mark=at position 4.5cm with {\arrow[line width=2pt]{>}},
mark=at position 9cm with {\arrow[line width=2pt]{>3}},
mark=at position 12.8cm with {\arrow[line width=2pt]{>1}},
mark=at position 15cm with {\arrow[line width=2pt]{>}}

1

% The axes

\draw[help lines,->] (-4,0) -- (4,0) coordinate (xaxis);
\draw[help lines,->] (0,-1) -- (0,4) coordinate (yaxis);

\path[draw,line width=2pt,red,postaction=decorate] (0.5,0)
node [below] {$\epsilon$} -- node[below] {$C_{1}$}
(3,0) nodel[below] {$R$} arc (0:180:3) nodel[below] {$-R$} --
node[below] {$C_{2}$} (-0.5,0) nodel[below]{$-\epsilon$} arc (180:0:0.5);

% The labels

\node [below] at (xaxis) {$x$};

\node [left] at (yaxis) {$y$};

\node [below left] {$0$};

\node[red] at (0.5,0.5) {$C_{\epsilon}$};

| \node [red] at (2,2.7) {$C_{R}$};

\end{tikzpicture}
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7| \draw (-4.4,0) -- (4.4,0);
9/ \node [above right] {$0$};

6| \draw (0,-4.4) -- (0,1);
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\node at (1.3,0.3) {$C_{1}$};

\node at (2.3,-3.7) {$C_{R}$};
\node at (0,-1) {$\bullet$}; % Pole
\node at (0.4,-1) {$-i$}; % Pole

% Contour line
\draw[line width=0.75mm, red, xshift=2pt,
decoration={ markings,
mark=at position 0.25 with {\arrow{latex}},
mark=at position 0.75 with {\arrow{latex}}},
postaction={decoratel}]
(4,0) -- (-4,0);
\draw[line width=0.75mm, red, xshift=2pt,
decoration={ markings,
mark=at position 0.2 with {\arrow{latexl}},
mark=at position 0.4 with {\arrow{latex}},
mark=at position 0.6 with {\arrow{latex}},
mark=at position 0.8 with {\arrow{latexl}}},
postaction={decoratel}]
(-4,0) nodel[above] {$-R$} arc (180:270:4) node[below right]
{$-R$} arc (270:360:4) -- (4,0) nodel[above] {$R$1};
\end{tikzpicture}
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% Filename: Contourb533.tikz

% Programmed by CBS
\begin{tikzpicture}

\draw (0,-1) -- (0,4.4); % Axis
\draw (-4.4,0) -- (4.4,0);

\node [below right] {$0$};

\node [red] at (2.0, -0.3) {$C_{1}$};
\node[red] at (2.3,3.7) {$C_{R}$};
\node at (0,1) {$\bullet$l}; % Pole
\node at (0.3,1) {$i$}; ) Pole
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\draw[line width=0.75mm,red,xshift=2pt,
decoration={ markings,
mark=at position 0.18 with {\arrow{latex}},
mark=at position 0.5 with {\arrow{latex}},
mark=at position 0.85 with {\arrow{latex}}},
postaction={decoratel}]
(4,0) nodel[below] {$R$} arc (0:90:4) nodel[above right] {$R$}
arc (90:180:4) -- (-4,0) nodel[below] {$-R$} -- (4,0);

3| \end{tikzpicture}
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lim 7, (gu(Z0) = lim [ gu(x) f2, (@) = / Z gn(2) fx (2)da

(15)

(17)

(18)

(22)
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Ex (X)) = [ " ga(@) fx ()dz (23)
ore A5 o] et

Tim ga(e) = 1(ay(2). (@ € R) (24)
() < 1oy (2) (25)
/OO Ligp)()dz < 00 (26)

A (24)~ 4] (26) 7} Lebesgue A=A A 2] o] A o 2= 915 o0], T A1 So] Aeaict.
i [ g@ix@de = [ Loyl fx(e)ds (27)
nh—>nolo EX (gn(X)) = EX (nh_{rologn(X)) = EX (1(a,b](X))) (28)

2] (23), A (27) 3 4] (28) oM & = =0, v AEo] A,

o0

b
Pra <X <8) = Bx (1uy(X) = | lan@lixlade= [ fx)ds (20

— 00

Lebesgue 525 AH8a14 S840 942l Ay, olo] chat b4t
U Chung R1)9) A6%-2 Bt

S8 X O FEZEE ()2 5, SHPSE thet o) FojHt,

rr

]

Wk 4 0 < 07} RSk, T Ao] AR
T _—ita —ith
(o a2) + (o)) + gulfoah) = g o [ 22 pea (@)

o714 A Zetrol A ¢t = 004 gh2 A5 s H o E ]
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Laplace®H gt

Laplace transform is an integral transform named
after its discoverer Pierre-Simon Laplace. It takes a
function of a real variable ¢ (often time) to a
function of a complex variable s (complex
frequency). It is similar to the Fourier transform.
While the Fourier transform of a function is a
complex function of a real variable (frequency), the
Laplace transform of a function is a complex
function of a complex variable. Given a simple
mathematical or functional description of an input
or output to a system, the Laplace transform
provides an alternative functional description that
often simplifies the process of analyzing the
behavior of the system, or in synthesizing a new
system based on a set of specifications. So, for
example, Laplace transformation from the time
domain to the frequency domain transforms
differential equations into algebraic equations and
convolution into multiplication. It has many
applications in the sciences and technology.

from WikiQuote

Ae.1d ol FHE

Laplace ¥12F-2 Riemann 2] A o] & (improper integral) &2 A o]H T}, WA o4+

wo 7hee] Bgdug,

R

29 6.1.1: AR }

T2 [a,00) A G2l FE B f(x) ol A S lim [F f(x)de 7t A, Theat

223
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#ol o] A Ea ol
00 R
f(x)dx = lim/ flx)dx
a —X Ja
@k 39l [F f(o)do 7t EATY, O AARE SR ok, 197 ghow
gk gt

/ z7ldr = lim Inz |f =00
1 R—o0
watA, [ ol T SR,

TkeF n < —10]H, TF3 Alo] A

Ao] et
0o R n+1 R n—+1 1 1
/ z"dr = lim o"dr = lim — = lim R =— (3)
1 R—oo Jq R—oon+1|; R—ooo|n+1 n+1 n+1

HZ%ZAd 6.1.1: H| I HAE
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A6.248 Laplace¥go] A 9]

9] 6.2.1: Laplace®™ %t

FZH0, 00) oA o= G4 f(x) ofl HSHA oA [ e5 f(x)dx 0] FSHE A4

57} Aol sht Ao, ok f(x) 9] Laplace M2 L{f(x)} & T2 Zo] Aottt

L (0)} = L1 (2)}(s) = /O e f(n)da

Riemann&&o] ofd th2 HE (ZFIk) oA LaplaceHEHS Ao 4= Qlt}, o] Hol=

T2t Zo] Laplace e 74 o QT

A (b.2.1) © HoJol M= A = 0014 W2 (mass) S Laplace el ¥gsta Qlet, o
Eo], DiracWEFFHE Laplace M 8H5HE o] o] o2 ALgajof et ef s 2as7t
2 BT S QloLt, BAAE A5 ARst| 2 shat TheF @4 f(z) 9] Laplace
L{f(x)}7F A% s = sool A ZAISHA, 2t s > sool A [ e f(z)da 7} e A2
sttt &, ZF s > s 0l tioll A Laplace ¥ &ro] A7t

AA 6.2.1] oW F% so el B4 f(a) = 2 THE ASE W,

o 1
/ ze dr = lim x [—} et
0 R—o0 S

041 /OO sty — lim LS 0—1] (1)
=0+~ e 5dr = lim - =—=0-1=-
s Jo R—oos [—s] |, 52 52
=, &5 f(x) = 2] Laplace &2 tha £,
1
o} =5 (5>0) @)
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A 6.2.2| Laplace® g FO2HE th3 Ao] AHS HA & 4= St

L{e**} = ﬁ, (s > a) (1)

7 s > 0ol dialAl kg ASe] ARt

oo 2 0o
L{g)} = / e Stg(t)dt = / e Steldt + / 3e stdt
0 0 2

2 R e[lfs]t 2 3 R
:/ eIl gt + 3 lim e Stdt = —Z lim e
0 R—o00 2 1-— S 0 S R—oo 2
62[1781 1 3 —sR 2s
_1—3_1—3_;1%1520[6 —e] 2)
uebA] ohg Alo] g,
62[1—5] 1 3 iy
L{g(t)} = - + - (s>0) (3)

Laplace® 2 £L{cos bz} 2} L{sinbx}E Fo}7| 2 oA}

Buler Alo] 4] ¢ 5 9150l th Alo] At

L£{e} = L{cosbx} + iL{sinbz} (1)
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L ibx — 9
(™ =15 >0 (2)
5, o AlEo] AHittt
; 1 s+ 1b s+ 1b s
L bz _ . _ _ . 0 3
AL (1) A (3) oA & &= Aol tha AEo] Ad-Rith
S
L{cosbx} = 2 (s >0) (4)
. b
L{sinbz} = pUROE (s >0) (5)
|
thg ASo] At
£{af(z) + bg(x)} = /0 laf (z) + bg(a)]e—"dz
=a / f(x)e™*"dx +b / g(x)e ™ dx
0 0
= al{f(z)} + bL{g(x)} (1)
Z, Laplace HE2 A4 (linearity) = Zt+=tt. -

Laplace ¥2He] AP A4S o] &4 th3 &4 Laplace e ol 24},

at __ e—at

f(t) = sinh(at) = — (1)
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the A5l 43

S

ot

sfsinn(an) = £ {T ) = Togerty - Lafey

o lewanbod (s > |a])
- 2s—a 2s4+a 2 s2—a2
z the Aol A
) a
L{sinh(at)} = 2 a2 (s > |al)

o] A& Laplace¥2He] o] 54 (shift property) ©]2F F2tF,

LaplaceM&H0] 054 o] 8314 tH& 4] Laplace HeHS 7314,

f(t) — €2tt2

u
jlleS

>
L
o,
o
o
filo

A7 & 4 At

L{P} =2, (5>0)

u}2hA], Laplace H2HO] o5 o oJsA] th2 Alo] A Sy,

)
il

£ {2} = [8_22]3, (s> 2)

(1)
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P, =9Hr2] Laplace ¥4 o] of-2-7}

M

O
=

o

& A
L{f' = sL{f} - £(0)

4 (b.2.0) o) Hols vigor s

A, =99] Laplace g4 o] oh3vt 52 &

L{f'} = sL{f} = £(0-)

(2)
|
A 290 7148 E@459] Laplace B RS o 8514 @4 coshat 9]
Laplace S-S Lol H 2},
o A5l 4R
a sinh at = a cosh at (1)
. a
L{sinhat} = Rt (s > |al) (2)

wep ohg 5ol JRa.

A=

1d 1 a .
L{COSh at} =L {adt sinh at} = a |:552a2 — Slnh(O)]

L{coshat} = 82570,27 (s> |a|) (4)
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A

n!
L{l’n} = Sn+1 R

(s >0) (2)

A6.32 Laplace¥%o] A4

Laplace M2t L{f(z)} = F(s) °ll tHallA] < Laplace® 3 th23} o] 17|51}

LTHEF(s)} = f(x) (6.3.1)

49 6.3.1: A5A=

S f(z) 7F FZE [0, 00) oA Aol thg AlE WHESHE ASE o a7t EARIT
S}A}

|f(x)] < e, (0<z<o00)
ol 2|3t 9t f+= A2 (exponential order) 7F a2t Rttt A 52Tt )l 59
A= € = 75N

l THeF f(z) € £,°19H, ZF s > aoll oA Laplace 3 L{f(x)} 7} £ J

9. 7 s > ool disiAM v= Asol -

/ e f(x)dx g/ e | f(x) | dmgc/ e e dx
0 0

0
—[s—a]z

> —e
< c/ elsmalrg, — ¢
0 —Q

A7) ¢l oIt} whatd L{f(x)} 7t 2T n

0 1
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7t e > 19 Sl ok Alo] Ayt

sinz| <ce”, (0<z<o0) (1)
Z= sing € €0t} oA p.2.4oll A & 2= 91l the 4lo] At
L{sinz} = R (s >0) (2)
|
A
HZA4d 6.3.1
.c:él.]_

-

o|N
ol
)
o
i
il
o
ox,
ol
rok
)

[, e = [ T et e = P a
0

(1)
0
|
2 Ajo] Bgeitt
2
= )
E‘}—;ga —% /—\J|(1)Oﬂ @%‘6’]—@ T;]—% /_\_]l_% o]j%q_
ar, 2\ __ 2
L{e “x=} P @)
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Fol%] Laplace M2 F(s) ol thallA ¥ Laplace &

7F? 2o Hiek g2 v Aol Aot o] Aol Sl W9

I 4= https://sites.math.
washington.edu/~marshall/math_135/UniquelLaplace.pdf= Z=olet,

5 5}

ut
i
kﬁ

( )1_ 01__,]7(-] OE—'—ZHO]'——

g 6.3.2: YLaplace®W 2o ¢ o4

= E g € 5 ]"7'711' [0 OO) Oﬂ/q 01:141\_ ] =
T3E[0,00) oA ALoT™, ZF 2 € [0, 00) ol HSHA 4] f(x) = g(x) 7F S HRIH.

AR 6.3.3| 5 <LaplaceEH-E ALTSHAL.

+4
5—1{37} 1
214518 (1)

ohe A 5o] 43

ek

ot.

P+4  [s+2°+4

5—1{8+4}_L-1 s+2 2
s2+4s+8) [s +2]?

2 p—1 S 2 _ 2t -
{32+4 + 32+4} = e~ “*[cos 2t + sin 2t]

(2)
A2 b.3.9o14 & 4= 9150], o] ALaplaceeH-L Jojz o2 2R, .
A 6.3.4 = 9Laplace S Al4FsEAL,
_ 3541 3
£ { } .
52+25+10+[s+1]3 (1)

3s+1  3[s+1] 2 3 2
s24+25+10 [s+1]2+32 3[s+1]2+32



https://sites.math.washington.edu/~marshall/math_135/UniqueLaplace.pdf
https://sites.math.washington.edu/~marshall/math_135/UniqueLaplace.pdf
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_ 3[3+1] _ _ 3s _ 9 )
1 _ t 1 - t
) = ) = pemar - Joma]

3 (3)
3 3 2 3 2 R
—1 _ -1 _ 9 —tp-1)2 1 _ 4
“ [s+1]3} 2© {[s+1]3} 2¢ * {33} 2 )
Al (2)~A] (4) ol A & 4= Al%0] TS Ao] ettt
£t { 55 11 + i } =3 ’tcos?)t—g i 3t+3€_tt2 (5)
2+2s+10  [s+1p) " °° 3¢ o0 2
A p.3.9o1 4 & 5 Q%0l, o] ALaplace B2 LojF 02 EAgic, n
SFoll A A7 E3H40] Laplace MHALS & o 25| G5 87] 2 54,
N
e 6.3.3: =59 Laplace¥$H
THOF f(z) € E,01T f/(2) 7 AL&olA, ZF s > aofl tHSA L{f/(x)} 7} EAI5H E3t
o Alo] gt
L{f' ()} = sL{f(x)} — f(0)
5. o AlEo] AHrich

s{f@y= [ e @)y = e f(a) I + 5 / " f@)e
- lim [e—sxf(xn{fﬂ /0 " f(x)e—srdx]

= lim [e7"f(R)] = f(0) + s£{f ()}

7HY f e &u oA & 4 SRl 7 s > aoll HisiA ok AlEe] A -t

R=R

—0 as R— >

L{f(x)} = s£{f(2)} = £(0)
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Wb £{f}7h EAE @ 4 9t n
feC2o|T EF H} f/(z) € £, 01, 7] p.3.42 AHESIA thS S0 HATL
2% 4 9o,

L{f" (@)} = s£{f'(2)} = £(0) = s[s£{f (1)} — F(0)] - £(0) (6.3.2)
wkebd] ok Alo] At
LA} = L4 ()} = s1(0) - £/(0) (6.3.3)

A (b3.4)2 ol e whE A g, T EgEE 4 4 9l

=44 6.3.1: 22 E=F42] Laplace 3

grok f e cmolal ek grek ¢ 7 L () € €, 01H, T Alo] it

L{f™ (@)} = s"L{f(2)} = "1 F(0) = " 2f(0) — ... — f77D(0)

A9 -Oﬂ/\ 1 & 4= 910l Laplace W13t F(s) = £ {y} = = A& U=
s,
Sty = ey () = L [sF () —y O] = —F () —sF () (1)

p
=44 6.3.2: 2E9 Laplace 3t

THOF f(x) € £, 017, HE [T f(1)dt € £,0]7 ET T} Alo] Ay,
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olN

%, the A5l JAd

/0 dt‘ /|f |dt<c/ etdt =

A7A 9} 0= AeSoltt. A b3l o 5 9

o

- {C;i/oxf(t)dt} oL {/Ozf(t)dt} - [ sty = st {/Oxf(t)dt}

2
o] 22 Hal A (2)0] A8, the Aol ARTE & % ek
cifa) =se { [ roi) Q
wrebA] g Alo] AR,
o [ i = e@) )
|
247 b3 oA & 5 gzl thg AlSo] AFeitt
£{a?) = £ {2/0 tdt} _or {/0 tdt} _ %L{x} _ 833 (1)
|

Ad] 6.3.4: Laplace® 29| ]2

BT f(2) € £, 019, Th& A1 5o] Ayt

dk
L@ = L= @) Gk
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olN
ol

the A5l Hat.

Laplace 3 £{x cos br} = Al4FoHA}.

& Ao] 4T,

S
L{cosbz} = ) (1)
el b.3.doll A & 5 910l the AlSo] A gt
d s 52 — b2
L{zcosbx} = s |:82—|-b2:| = [82—|—b2]2 (2)
| |

A6.438 Laplace 3} u] 232

Laplace & AMESiA ml2d4e €7 & +& ot & d= o5 vlE84 4 (dif-

ferential equation) ¥} Z7] X7 (initial condition) &= o|F

9,
R
B
N
=,
Mo
2
=
=
=
S
o
l¢)

problem) & A H 2},

2= =1, f(0)=4 (6.4.1)

L {2df} = £{1} (6.4.2)
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(6.4.3)

2 () = 5

(6.4.4)

2sL{f} -8

(6.4.5)

L1
252

4
s

L} =

A p.2.1114

(6.4.6)

- Sn—l—l

L{t"}

(6.4.7)

y(0) =1

y -2y =,

15EA]

N
N

™

‘I—I_
o

24 Laplace HSHS A5}

A
Sy
o
~r
oln

B
ife]
o

il
&

[ye—Qm]l _ e—5a:

ye 2 = /e5xdw

y(z)e

6—53: +e
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=

S o= Asel 41

o,

4 (6)9] si7k A (1) 9] vl AT} 271 2AS WIS FHAY 5 ek,
AFHEE Laplace¥a-S ALG 1A o] 271LRAE ol of nl2ag o] ol

Laplace M3 28318, the 4150l AL & 4 ek

ol —2yh = £{e ) = — (7
=, thg Aol Agaet
L} - 2800 = — ®
gel f3de 4 (990 Bash, ke Ae Qo
sy} —1- 260} = — o)
whebA ok Alol A
1 1
L{y}:5—2_ [s —2][s + 3] (10)

6 _1
Ly} = 2 . 11
{y} s—2+s+3 (11)
ohg 2150l Jyan
1 1
L 2z __ L “3zy _ 1o
{6 } 27 {6 } 8+3 ( )
A (11) T} A (12) ol A & 5= gl=0], th Alo] A 3tct
1
y=——e ¥+ 8 g2 (13)



LAPLACE R 2} o] Eehy

4 (13) 9] 817k A (1) O] MR AT 27248 WEGS FAT 5 k.

g 27|3EAIS Bolng,

fr=af' +3f =1, f(0)=f'(0)=0

=)
ol
o
)
=
I
N
EN
™
i
=
I

£(0) = 02 5, the S-S Pct

L{f'y =sL{f}, L{f"}=s*L{f}

4 (1) 9] w3233 20l Laplace AET} A (2) 8 A85H, T2 4]

filo

dETH

PLUS) — 4587} + 387} =
wetA] kg Alo] ARt
1
L= s[s — 3][s — 1]
ohe Aol e
1 1 1
=g em—g o1

f"—4f +3f=2¢", f(0)=f(0)=0

2] 239
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240

o

242 p.3.10] 27|

L{f"y = s*L{f}

L{f'} = sL{f},

(s — 4s + 3]L{f}

512 T 2[s—3

L= T2s— 1]

[e)
2 Ao

w4 ot

1
Bt
2

t_get 4

1
——e

2

f=

A5AG0] AGul R A

A6.53

(6.5.1)

ay” + by + cy = g(x)

(6.5.2)



A (p5.0) A & 5 Ao, T Aol ATt

al{y"} + bL{y'} + cL{y} = L{f} (6.5.3)

w242 .38 4] (5.5.4) ofl 288, ok A& Qerh

a[s*L{y} — sy(0) — /' (0)] + b[sL{y} — y(0)] + cL{y} = L{g} (6.5.4)

i)
mlm
N

geisty, vt 2ot

g(s) + afas +b] +af
as?+bs+c

Ly} =

y'—y' —2y=0, y(0)=1, y'(0)=0 (1)
o] n] 21t A1 0] FHof LaplaceH2HS 2-8o1H, tf2 42 A=}
L{y"} — L{y'} —2L{y} =0 (2)

s°L{y} — sy(0) =/ (0) — [sL{y} — y(0)] — 2L{y} =0 (3)

s—1

L= (@)
ohg 4lo] 4}
s—1 1 1 2 1
=z - 5
[s —2][s + 1] 33—2+33+1 (5)

-~

A (43 A (5) A & 5= %ol tr= Aol AT

Lol
wIinN

Ly} =

2+S+1
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242

y" +y = sin2t,

e}

<

ol

2
52 4 22

s*C{y} — sy(0) — ¢/(0) + L{y} = L{sin 2t}

2
35244

1

5 1
35241

B ES AT Y

L{y}

o~

s

0

Hj
8
ojn

sin 2¢

b=

int L—l{
St 52 4 22

b=

s24+1

|

1
sint — — sin 2¢

3

5
3

y(z) =

y(0)=1, ¥ (0)=1

3y +2y=e",

/"

a—



1
s+1

L {6_"”}

C {y// - 3y/ + 2y}

1
s+ 1

[s2 = 35+ 2] £ {y} — s/ (0) — y (0) + 3y (0) =

+S—2:|

1
s+1

|

§2—3s+2

LAy}

6511 2[-1 3[-2

L{y}

[e]
= Ao

whebA ot

1 —z
66

1
ex_’_§€2x_’_

1
2

y(z) =

f(0)=f(0)=0

Jl - 6f =

ol

1
s+ 3

S*L{f}+sL{f} —6L{f}

[e]
< Ao

w4 o

1
[s + 3]%[s — 2]

L{f} =
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ol

f(0)=0, f(0) =1

f"+6f +13f=0,

il
o
el
I
om

B!
Ife]

R
oju

m
o

SPL{fY —1+6sL{f}+13L{f} =0

whaba Thg Alo] Tt

1
 $24+5s5+13

LA}

1
454342

)

+

4s+3—2i

L{f} =
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ff+6f +13f =€, f(0)=0, f(0)=0

o] ] 4] ] FHe] Laplace A3} utE 4 f3.de 2 gahd, the A

SQL{f}—l—i-GsL{f}"‘l?’ﬁ{f}:%

whebd] ok Alo] gty

1

L{f}= [s — 1][s + 3 + 2i][s + 3 — 2i]

1424 1 1—-2¢ 1 +1 1
40 s+3—2¢ 40 s+3+2¢ 20s-—1

1
ft) = —e 3t [2sin 2t — cos 2t] + —¢'

A (6) 9] A7 A} (1) 9] Bl AT 2720 BETS AT 5 ok

A6.68 YAAHTST9 Laplace¥3

At = ao A FAE TS (unit step function) & T2t 2ol A o]stAt,

. ) 0, (t<a)
u(t - a) = 1[a,oo)(t) =
1, (t>a)

(6.6.1)
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A4 6.6.1

7} s > 0]l Qe TFe Alo] gt

£{u(t - a)} = -
s
2%, ohg 450l e
o oo
L{u(t —a)} = e *tu(t —a)dt = / e . 1dt
a
R —st | R e—as
= lim e Stdt = lim = (1)
R—o0 a R—oo S a S

oh2 ¥F9] Laplace SRS Lol H 2},

-1, (t<3)
f(t){
5, (t>3)

F(t) = —1+6u(t — 3)

L{f(D)} = £{—1} + 6L u(t — 3)} = —é L6t

S

A2 6.6.2




olN
ol

(1) € £ AFHA F(s) = L{f(2)} 7t EAHA, 2k a > 00l HhahA Tg Aol

E-_CH A EISH

Z=9] LAPLACERIZ} 247

ft+a)e sdt = e L{f(x +a)}
lo

A (2) 9 Ae) p.3.dell A <&

Q)5ol, % HA Ao] JHsHe & 4 Yk
oA 6.6.2| T} Alo] AHSHL.
1 1
L {—tQ} ==
2 s3
42 p.6.945 A (1)l H8oha, g Aol 4EeS & 4 Ut
e—as
)
g3

/Ooo f(x)u(x B a)e_smdx _ /aoo f(x)e_smdﬂf _ /OOO f(t N a)e_s[t+a]dt
_ s
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ohg @45 e,

0, (t<3)
f(t) = (1)
2, (t>3)
Z, f(t) = u(t - 3)°lck. B2 b6 A (1) o Hgah, the 250l AT & 4 vt
—3s 2 —3s 2 _3s 2 6 9
LU} = L[t +3]2) = e L {12 + 6t +9} — e {3 . S] @)
|
OhS W AR,
cos2t, (0<t<2m)
ft) = (1)
0, (t > 2n)
< o] 4t
F() =[1—wu(t —2m)] cos 2t = cos 2t — u(t — 2m) cos 2t (2)
4 b.6.35 4 (2o Agta, the A50] JPeS & 5 ek

L{f(t)} = L{cos2t} — L{u(t — 27) cos 2t}

= L{cos2t} — e 2™ L{cos(2t + 27)} = [1 — e *™*] L{cos 2t}
s

=1 - —27sy_ 2
[1-e ]32—1—4



"4 2f —3f =

€

ufebA] ohg Aol e,

o}
=

% qI%el,
"2 =3f =u(t—1) —u(t—2)

o

A2 p.3.112

1o

o Laplace 2} uh&

6*8

SPL{f}+2sL{f} —3L{f} =

S

1 1

E15k4=0] LapLACEHEH 249

sls —1[s +3]

T35 4l 1] 12fs+3]
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1 1, 1 1 1 1
L {_ -t o —3t} - = 9
371 T Rf 35 Tas—1] T 12[s + 3] ©)

2 (7), A (9) 283 He bedel A & 5 =], e Alo] APt

— _1 1 i—1 i —3t+3 1) _} } t—2 i —3t+6 .
1) = [ 3731° Tnf u(t—1) 3T2¢ T3¢ u(t—2) (10)
A (10) 9 di7F vl B4 (1) T 27127 (2) 8 HEFS FAT 5 gl n
Ae.7d AALF
= 495 A 8L 4 A
S N

A4 6.7.1: FHZA
HE fr9 € E ol AN & h(x) = [7 fz — t)g(t)dt7F SABHAL, Tt g A0
AHT

Li{h(z)} = L{f(x)} L{g(z)}

A9 6.7.1: FAAF

Ao o) 27 st @4 h(z) = [T fz—t)g()dt S FHE f(z) 9 g(z) O BB

(convolution, Faltung) ]2t B 211, A h = fx g2 3F7|3t},

N
BHxA4d 6.7.1
FTE f,9,h € &0 A th= AE S0l At

a) fxg=gxf
b) (f*xg)xh=fx*(gx*h)




L2
o,
I
N
(6]
=

c) frx(g+h)=fxg+fxh
d) (cf)xg=[f*(cg)=c(f*g)

<8. 4% (a) 5 TESI= s o A=l -t

o714 A A S5t Al A 55 A b7l osiA AT ALFEE by, hy ol
thsl] 2] £{h1} = L{ho} 7} A4 HSHH, GLaplace ] Ho|AJollA & 4= %0l Al hy = hy

lleS

NSl Judt.

A o{1) = {3 A2 prel A & 4 ol o

{1} = £{1 %1} = £{1}8{01) = (1)

f@)=1+ [ f(t)sin(z — t)dt (1)

f(z) =1+ f*sin(x) (2)

A1 (2) ©] o] Laplace W 8HS A&, Al .71l A & 5 9l%o] o

o
a1
il
o,
oX,
ol
=
)

AT} = S+ LS wsin =+ £} o 3)
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A (3)2 Aeshe, theat 2t

2
s“+1 1 1
L{f} = =4
==
n
1 - _
S ACEECEERCERERL TR
2
xr
f(x):1+5

A (2)% theat 2ol 2 % gick

s s s
L{h} = 52 1 42 211 214 L{cos2z} - L{cos2x}
A (3) oA & 5= A=el, tha AlEel ™Rttt

x
h(z) = / cos 2(x — t) cos 2tdt
0
€T
= / (cos 2x cos 2t 4 sin 2x sin 2t) cos 2tdt
0
x T
= cos 2x / cos? 2tdt + sin 2z / sin 2t cos 2tdt
0 0

X 1 X
= cos 2z / cos? 2tdt + 3 sin 2x / sin 4tdt
0 0
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webd ohe 450] el

oa Y

1 4t 1 v
h (z) = cos 256/ —I_C%dt + 3 sin 2:0/ sin 4tdt
0 0

in4 1
= cos 2z B + s1n8 JU] + 3 sin 2z[1 — cos 4x]

1 1
= g cos 2z + 3 sin 2z + 3 [cos 2x sin 4z — sin 2x cos 4]

(5)
Al (5) A & 4= Slxol, th& Alsol dHeth
x sin 2x
h(x)= 5 cos 2z + (6)
|
A6.82 YLaplace¥3t
rofl A Aogixol, &4 f: [0,00) — RO Laplace¥?F F(s) = £{f}(s) = =3 Zth
F(s) = L{f}(s) = /0 T et at (6.8.1)

Mellin&] 9¥i%t BromwichZ&, “12] 11 Fourier-Mellin 2-20]2} &89+ Lapalce & H2H

o3} 2t

A7 6.8.1: YLaplaceH3t

J

4 g1 [0, 00) = REFAFS 4 € Ro] EAI7HthaL 514},

27TZ T—o00 —iT

+T
16 = £HFYNO) = PN = 5 Jim [
Y
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3. o] 3L Lebesgued 23 HIEF O 2 Qo). whabA]| Lebesgue?

i
M
fle
Hd
|
rlr
Jt
2
rr
el

BHESHS g4 M o] ZAJTIT

whebd, A [P iep i o) H B s (absolutely integrable) Stet. o] Aol o 4

9l=o], g S(z) aAlolth. oA b.3.doll A & 5= 9o, thg Alo] At}
*®ging
de = =
| St )
2] (5) 2] 22 Dirichlet 22ola} gy, 4] (5)9l4 o 4 Q5o th-& Alo] Azt

1, (x>0)
lim S(Te) = H@) =41 (o —0) (6)
\O’ (x < 0)

o] H(z)E Heaviside@42fal B0},
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ohe Al5o] ARe
1 44T . 1 t
— e’ —— [v+i€]
o / F(s)ds = 277/ F(y+i€) d¢
- 2/ e / fw)e 0+ dudg (7)
™ J_T 0
A (7)ol Fubini 21 % 831, thg 450 AUFE & 4 et
1 y+iT 00 - 1 T o
_ stF / f(u)e[t uly / e[t uli& d¢| du
27TZ Y— T 0 27T T
_ [ = thw
/0 f(u)e 7T[u — ﬂ du (8)
A & S Qe §A fe o ERE [f(1)e ) = [F/() — v/ (]e

Lebesgue 27F50leh. mebA, lim f(t)e " = 00tk 4] (8) 9] $HAFE FEAR

Shel, the A2 g

X (9)9] 99 3 WA Fo TG T — 00D FFHY, Th A2 Aot
lim £(0)e""S(~Tt) =0 (10)
4 (9) ] $H2] = WA ol FTT - 0B FoPW, T ABo0] AL & 5 ek

lim [f(w)e =) S(Tu — 1)) du = /0 Oo[ f(we M)V H(u—t)du

= f(t) (11)

u=t

= /oo[f(U)e_[“‘t”]’du = flu)e~le—th

o714 A WA -5 2= Lebesgue A B~ 4 2] (Lebesgue’s dominated convergence theorem)

o s - A (10) 3 A (11)= A (9) ol HASHH, v Aol AHed= & =+

1 y+T st
2/7 F(s)ds = f(t) (12)

T

ce Oﬂ/\i v+ Laplace 1€ F(s) o] H& S°]4E (all singularities) o] A HFH T}
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$) = 1/V5 719 e 15b7]2 sha. el ps el s &

1 a+100 est
I=— ds 1
211 /aioo VS + 1 < )

A7 actt= ol Fesoltth

2 S7FA] (principal branch)E A Z}Fsl| H 2},

\}E = \/%exp <_Zarg2(z)> = \};exp (—2) , (-1 <0<m) (2)
=, 7} AFE (branch cut) &2 (—oco, —1] & AEstAt 19 94 HAAHAZE O =

4
4 —
20+ Co= B804 19 s bsde 127 SeiME ol 423 InverseLaplace-
Proofl0L tik/ 712 & Astel. Cauchy el & % %ol, B4 1) = e /yVZTT
off A thg Aol gk,

§ se==0 (3)
C

whebd] ok Alo] gt

dz
/Co vz+1 c, vVz+1 Cs Z+
et et
+ dz + / dz + / dz=0 4
/(;3\/z+1 o, Vz+1 c.Vz+1 )
o2 Aol et
et et —t+etcosd ele—11t
dz g/ —|dz < 2me————+— < 2me——+— 5
/06\/7z+1 et NG NG (5)
Al (5) oA & 4= ql=ol, o Aol Attt
ezt
lim dz=0 (6)
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oF& Alo] At
ezt / GZt ' ‘ ezt
dz| < dz| + / dz (7)
‘ /03+C4 Vz+1 R{z}<0 Vz + 1 0<Rh{z}<a VZ +1
T Ao] A H3tth
—7/2 tRcos@ 1 s etRcose
‘ / — | T——=d0 (8)
R{z}<0 VZ + \/—RCOSG — \/E /2 vV—Rcosf —1
A (8)ol M 2 5 9ol thg Ao] st
y ezt J ( )
im z=0 9
R—o00 Jp{z1<o V2 + 1
Th Aol g™ttt
2t 7r/2 Rcos@t 9 w/2 at
‘ / < / L B VI 1))
0<R{z}<a Vz +1 0o \/ cos 6 \/E 0, Vcosf

A7|A F HA ST E 2 0y = cos ' (a/R) < 0 < /200 QA =gt 4] (10) ol A
o % 9ol kg Alo] Aieitt
ezt
lim dz=0 11
fi=oo Jospizy<1 vz £ 1 -
(9)2 41 (11)2 A (7)ol s, The Al5o] AT L 4 et
ezt ezt ezt
lim dz lim dz + lim dz=10 12
R— 0 C5+Cy \/Z—i—l R— Cs VZ—}—]_ R— 0 Cy vVz+1 ( )
HRAR Oy oA WD 2 = pem - 18 AgolE, kg A50] AT
zt —1—e€ ZTl't _ t
/ ‘ dz:/ exp (et~ 1) [z¢'™ — 1]
c, vVz+1 R Vel
e [€ t 1 t Al ¢ 1
- —x LT _ -z
=e /Rl e \/Ee”me dr =e /6 e ?dx
1 ; R—1 . 1 . R—1 . 1
= —e” e ” dr = —ie / e ” dx 13
A : Ve 12)



w N =

258 A 6% LAPLACEEHSF

HEBE Cooll A MgRgh 2 = ze '™ — 12 A -85HH, tha A50] AHeth

/CQW

ezt ezt
lim lim dz—l—/ dz}
R%me%O{Ahwz+1 C2MZ+1
R & —ut —1 . 1 1 —t . eit
= —2je e T 2du = -2il' | = | —=e ' = =2i/7T— (15)
0

A (6), A (12) <A (15)& A (4) ol sk, o Aol Add= & & Ao

a-+i00 zt zt
I = i c dz = L lim € dz
278 Ju—ico VZ+1 2wt R—oo Jo, vz + 1
1. , et 1 , et _
2mi ngnoo elgno o \/mdz 2mi ngnoo ehao/2 \/mdze
—1
= = (16)
vt
|

% _____________________________________________________________________________
% Filename: InverseLaplaceProof.tikz
% Programmed by CBS
% _____________________________________________________________________________
\begin{tikzpicturel}[

scale=4,

line cap=round,

dec/.style args={#1#23}{

decoration={markings, mark=at position #1 with {#2}},
postaction={decorate}

}
\path[gray,thin,xshift=-1.2cm] (-.2,0) edgel[->] (2.4,0) (1.2,-1.2) edgel->]

(1.2,1.2);

\draw[line width=2.0pt, color=red, dec={0.59}{\arrow{>}}]
({-180+asin(0.1)}:1cm)coordinate (1) arc ({-180+asin(0.1)2}:{-60}:1cm)coordinate
(2);
\draw[line width=2.0pt, color=red, dec={0.59}{\arrow{>}}]
({60}:1cm) coordinate (3) arc ({60}:{180-asin(0.1)}:1cm)coordinate (4);
\draw[line width=2.0pt, color=red, dec={0.69}{\arrow{>}}] (2) --nodel[right,black
1{3(3);
\draw[line width=2.0pt, color=red, ][dec={0.59}{\arrow{<}}]
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a+1iR

Co

a—1R

19 6.8.1. 9LaplaceHgHS ¢

%

ApAs

(-0.5,-0.10) coordinate(5) arc (-130:150:1.5mm)coordinate(6) ;

\draw[line width=2.0pt, color=blue, dashed][dec={0.59}] (0,0) -- (0.5,0.86);

2| \draw[line width=2.0pt, color=blue, dashed][dec={0.59}] (0,0) -- (0.5,-0.86);

\draw[line width=2.0pt, color=red, dec={0.69}{\arrow{<}}] (1)--nodel[below,black
1{$C_2%$}(5);

\draw[line width=2.0pt, color=red, dec={0.39}{\arrow{>}}] (4)--node[above,black]q{
$C_13%31(6);

\path (-0.4,0.225) node{$C_{\epsilon}$}

\node
\node
\node
\node
\node

5| \node

\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node
\node

(-140:1.12cm) node{$C_3%}
(140:1.12cm) node{$C_4$}
(0,0)node[circle,fill=gray,inner sep=.5pt]l{};

at (1.0,0.05){$\Re{\left\{ z \right\}}$};
at (0.15,1.1){$\Im{\left\{ z \right\}}$};
at (0.6, 0.4) {$C_0%$};

at (-0.4,0) {$\times$};

at (-0.4,-0.07) {$-1%$3};

at (-0.05,-0.05) {$0%$};

at (0.5,0) {$\bullet$};

at (0.45,-0.05) {$a$};

at (-1,0) {$\bullet$};

at (-1.10,-0.06) {$-R$};

at (0,-1) {$\bullet$};

at (0.09,-1.06) {$-R$};

at (0.5,0.86) {$\bullet$};

at (0.7,0.87) {$a + i R$};

at (0.5,-0.86) {$\bullet$};

at (0.7,-0.87) {$a - i R$};

at (-0.26,0) {$\bullet$l};

at (0.10,0.04) {$\theta_{0}$};
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19| \node at (0.10,-0.05) {$\theta_{0}$};
50| \end{tikzpicture}

S| m T T T T T T oo
2] &4 (rational function) ¢(2) = f(2)/g(z) € AHEX. EAHITSFg:C — C
= 27 nolil FEEY I my,ma, . om ) FETE AL A2, Ap B RETHLL SERY
thg Ao] et

9(2) = calz = M™ [z = Ao]™2 L [z = A\ ™E (6.8.2)

AZIA ¢ Aol TR thg A o] ARttt

k

> mj=mn (6.8.3)

o

5 fiC o Ch A5 A n - 19 BAFRI T, HPLE f(2) T g(=) S BELL

7247 er=rha 5k 4] bs.o] ZHolA o 4 gl=o], 2l ¢(2) 9] ALaplaceghe
the ) gt
-1 L% iy ,
(€ DO =5 [ et iaat ig)dy (680

of g ¢(2) @ ALaplace M= th3F o] Lrebd & QI

A9 6.8.2: S8 49] @.Laplace'%ﬂ?}

Al p.sde] 274 stolA] the o] Ay,

k
(L Hgh)(t) = ZRes(/\g; e”q(z)), t>0
j=1

M}

M

o|N
od.
|
o

| HEPE2E Cr = yr + TRE R7ISHAL 91714 4g T Tp2 27 tha3t
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ek,
Yr=a+1y, (y€[-R R (1)
I'p=a+ Re, <0€ B?’;D 2)

1% 5.8.2S 18]7] QJeiA L ot 423 1Y InverseLaplaceProof102.tikzS A asle},

f(Z) zt Z_i f(z)ezt - L (Z)ezt >
/c o) ¥ 2 / 02 o o g0 ®)

R - R .
1/ f(Z) etdy — 1/ f(a + Zy) e[a—i-z'y}tidy _ i f(a + Zy) e[a—i—iy]t dy (4)
v 9(2) 2mi J_g g(a +1iy) 21 J_g g(a +1iy)

o L[ SR ey L [T @t W) iy,
at / B M= Birew LA Al SO N

A7) 4 otA g 55 A (B.8.4) ol Is)A gt AL

8
SHe, 2t > 0ol dishA the Ao] AT 24 FHT 4 9let.

k
1 (2)
£t t) = lim — ety = Res(\2; e*'q(z 7
()0 = Jim oo [ 2_: (Nas *q(2) (7)
oA7|A = RiA SEE el ofsiA -, ]
% _____________________________________________________________________________
%InverselaplaceProof102.tikz
% Programmed by CBS
% _____________________________________________________________________________
\begin{tikzpicture}[scale=2.5]
\draw[->] (-1.5,0) -- (1.5,0) nodel[right] {$\Re \{z \} $};
\draw[->] (0,-1.7) -- (0,1.7) nodel[abovel {$\Im \{ z \} $3};

\draw[red,line width=2pt] (0.7,-1.5) -- (0.7,1.5);
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3{z}
iR ”’____--
I YR
R X I
A1
a
Rz}
X
A3
A2 3
Ak
X I
iR | T—

19 6.8.2. 4 b.sd=s =wslr] 95t ARAR
\draw[->,red,line width=2pt] (0.7,-1) -- (0.7,-0.9);
\draw[->,red,line width=2pt] (0.7,0.9) -- (0.7,1);
\draw[->,red,line width=2pt] (-0.67,0.6) -- (-0.7,0.55);
\draw[->,red,line width=2pt] (-0.68,-0.6) -- (-0.67,-0.65);

\draw[black, very thick] (0.7,0) nodel[above right] {$a$};
\draw[black, very thick] (0,1.5) node[left] {$i R$};

\draw[black, very thick] (0,-1.5) node[left] {$-i R$};

\draw[red, line width=2pt] (0.7,1.5) arc (90:270:1.5cm);

\node [draw=none] at
\node [anchor=north]
\node [draw=none] at
\node [anchor=north]
\node [draw=none] at
\node [anchor=south]
\node [draw=none] at
\node [anchor=south]
\node [draw=none] at
\node [draw=none] at
\node [draw=none] at
\end{tikzpicture}

(0.

at

4,0.9) {$\times$l};
(0.4,0.9) {$\lambda_1$1};

(-0.5,-0.2) {$\times$};

at
(0
at

(0.

at

(0.
(0.

(-0.5,-0.2) {$\lambda_2%1};

.3,-1.0) {$\times$};

(0.3,-1.0) {$\lambda_k$};
25,-0.4) {$\times$};
(0.25,-0.4) {$\lambda_3%1};
275,-0.6) {$\vdots$};
85,1) {$\gamma_R$};

(-0.6,1) {$\Gamma_R$1};

a) Laplace®2} ¢(s) = [s — 1]7Loll thallA] TF= AlEo] 4

i)
0|

£7Y[s — 17 }(t) = Res(L; eq(s)) =
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=
=

e Ao] 4

e

o

L7H[s =17}, (t>0)

b) LaplaceHF g(s) = [1 + 5]l oA b 250l FH et

L[5 + 172} (t) = Res(—1; ¥g(s)) = e

ds

=
=

g Alo] 4

o

o

L H[s+ 172 t) =te™, (t>0)

c) Laplace®l g ¢(s) = s/[1 + s?] oll tol|A] oF A o] =gt

L_l

{5} 0= Restise*'a(s)) + Res(—is ()

T

o

o}

llel

5o 4

o
e

o}

Res(i; e¥q(s)) = 18112[5 — ilet 821 1= est >

. st . st § st S
. =1 =
Res(—1;¢e%¢q(s)) sm_li[s—i—z]e 21 °¢

4 (6)7 A (7)2 A (5)° IshE, Th AlSe] AYTS & 4 9t

o

_ s et ye
¢ 1{82+1}(t) T —cost, (1> 0)






B35 AAAET} Fourier HEE

The characteristic function of the distribution of
either an asset price or a rate is just the Fourier
transform of its probability distribution function.
Its probability distribution function can be
recovered from the characteristic function through
Fourier inversion. This is particularly important for
many classes of models which only have a closed
forms in their characteristic function
representation. This is why a financial engineer
should know Fourier transforms.

CBS

o] Ao A= Fourier HgHS AHESE =

=] A7 e WA A EAp o]

A2 ¢17] flafiA= sllA e (real analysis), &A= (complex analysis), & (measure

o
Bz}
0%,
o

theory), U2 2] (partial differential equation), ZHE1]EHA 4] (stochastic differential
equation) of Tk 7122 Q1 A]4]o] Qlojok otrt, Eot, XA [2], [B], YoM vHFe A=
w85 ool Tt x]4fo] glojof gt

Fourier H&-= AHES S50 AAE 2] 7HA1 7] tieh & o 2 W82 Carr &
Madan [12], Cont & Tankov [22], Dempster & Hong [26], Dufresne & Garrido & Morales[2§],
Gatheral [B3], In 'T Hout & Weidman[37], Jackson & Jaimungal & Surkov [38], Kwok &
Leung & Wong [43], Lee [44], Lewis[45], Lord & Fang & Bervoets & Oosterlee[46], Schmel-

e [52], Scott1997 [57], Zhu [64], Zhylyevsky [65] 5-& & zxs}et.

A7.1d FEIFA7A

YA o] {5, }olal R7IAIA Toll A AzEAC] K Q1
AHEAE, G4 G, 0 B2, 2 2AYPAAE 1, = InS, 2 E7)5HE WA AE T
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B2IAQAA 2 = In 579 ZARSFEAVEFSE (2(2r) = fO(ar | z) B E7|51A}. 0]7]A
QL 9PEPFEE ot} Tol RIAPAIES k= In K 2 E7|5H4t
]_

YAANHO] (5, ) 017 WIIAH ToIA WAZEH0] K Q) FHBTEAH] AF 1ol A

C(K)=e""EZ (ISt — K1) (7.1.1)
o7|A 7 =T — ]3| A* = max{A,0}°]t}. T} 2 Eo] Jgict.

C(K) = €_TTE19 ([ST — K] 1{ST>K})

= E_TTEtQ (ST 1{ST>K}) — KG_TTEtQ (1{ST>K}) (7.1.2)

33} o] W74 3HEE (ITM probabilities) py I po S A 2514}
Sy
p2 = EP (1s,5x1) = Q (St > K) (7.1.4)

e

P = EZ (St 1{s;>K}) (7.1.3)

] A"t
I A
%0,

o

C(K)=Sp1—Ke ""py (7.1.5)

o2 22 Radon-Nikodym U =& A 2ol B 2},

- (7.1.6)
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—rr Sr/S
e EQ (ST 1{ST>K}) =5 EtQ ( ZT/T tl{ST>K})
s (St/S, dQ s
=S, Ef? ( T/T : {ST>K}dQ5) StEr (Lisp>k3)

p1=Q%(Sr > K) (7.1.8)

>
o
i
Jo
H-]

ol
ol
rir
ok
%
filo
>,
ofo
%
=
=
N
>,
jabi)
~
=
o
ok,
>
N
N,
x
o
=

r [*]

Jo
i)
oflh
e
o
2
1o

P(K)=Ke " Q(Sr < K) - S:Q° (Sr < K) (7.1.10)

AT (5,}7} TS B0 RFH A BT oA,

5 =rdt + O'thQ (1)
Sy
o714 BAPOIAE 1T BE o(> 0 ASEoI o Ao A (L) zre

Black-Scholes -2 =& 4= ¢t}
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AZNA dy T dy e 27 h&3} 2,

dl—m{lnﬂ[”g“]f (3)

- N 4

da = In % + [r 50 ] T (4)

Black-Scholes?] 9] 5-Icof] T3t ZRA|?E Wi-8-2 Black & Scholes [9], Merton [49], %A 3=
x5}t [

o] A ANHE 7, Bk 0,7} FERG H S-S AW EA. FEFT(Q,F, P)
o} ZHHEA (T, |u >0}l oA BELSESE Q7F YjH o2 ZAFcta k4,
o] IPEFYLESE Q stollA] the SBUBYHAS wEot B {5, |u > 0} S
Ry 7k3) 54},

dSy

o = rudu+ oudW2, (u>0) (1)

Ql

A7V (Wi [u > 0} & AFFHEESE Q 5t Brown25°1 1L, {o,|u > 0} {F,}-
HAPIFoITh, E, {1, |u > 0} {F,)-HHAPO2A 1S B0 R4S vy

sk,

dry = prydu + UT’udeu, (u>0) (2)
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CK)y=5L-1, (5)

AZIM W L= 27 v E .

Vig=—0y, (t<u<T) (8)

e 22 Novikov 271 0] THEHThA 71 51AL,

th-2 3 ZHo] Deléans A58 7 ©]5HAF

) u 1 T
€1 = exp <— /t v dWE — 3 /t Vi, ds) (10)
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dQ1 = &7 dQ (12)
W = wé +/ v gds =W — / o5 ds (13)
t t

Girsanov@ oA & 4= 1 %0], Q1S FEFTolH {Wu 1} 2 == Q; 5tollA Brown
25olth, FEEZE Q2 YAt 5, E VEAR Sl= FdESEolt) o] FEESEE QYR

#7Ish= Ao] Aot o7 M = @ o2 B7|5kAE 4 (3)TF A (13) A & &= 3l%el,

1
iz, = Pu+hfﬁ]du+wdeﬁh,(tSZLSIU (15)

T T
> = exp (/ dIn Su> = exp (/ d:nu>
t t
T 1 (7 T T
= exp (/ T ds) exp (—2/ agds + / O’SdWSQ> = exp </ T d8> &ir (16)
t t t t

7| A vl ¥ S A (3)°l SJsiA, 1 al oAl jiA S22 A (11) o 2lsiA] dH it

& o] 4TS APt

i = (f )
— —ex rsds 17
Y 2y (17)

A (16)3 4 (17)& 4 (12)° BhI5HE, Radon-Nikodym W=7} h3k -2 o 4 SIek.

dQ1  Sr/Si . (_/T >ST
iQ ~ r/as P\ S ), "
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T ST
dQ1 = exp —/ rsds | —dQ (19)
t St
ohg 450l JYat.
T ST
Il = St 1{ST>K} exXp |\ — Ts ds ?tdQ = St 1{ST>K}dQ1 (20)
t
714 A WA SE= A (6)°fl 2JiA, 22 F WA S2E A (19)°f 2lsiA et
A (20) 64 & & %ol Tk Alo] et
I = Sth (ST > K) (21)

7|EAE vl A [, S ASE7| & Skak w1 TolA A@7tE o] 191 AR LEA o
A toll A 7HA1E B(t,T) 2kt 5H9, & Alo] 4

(23)
4] (2)9F 4] (23) 914 S % Qo] The Alo] At
dB(u, T

A7NA o) = ARTEN 7R o] HEA o
S}A}

Vou = —0p(ur), (t<u<T)
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a1 22 NovikovE o] THEEThA 7Hg5HAf

EtQ <exp (; /T V%S ds)) < 0o (26)
t
Th-2-3F 7o) Deléans A|5-5 A 2] 514t
. exp (— f“ Ts ds)
thEat o] S Qo 9 SRS Wi & Aot
dQ2 = &7 dQ (28)
(29)

W =W [“aas=w@ [“opnds ¢<us
t t

Girsanov g 2ol d & 5 Slxol, Qo FEE=EOIY (W) & o5
w&olth. o] Qe A=FEA7IA B

QT 2 ®7|sh= Zlo] ARt ol o7 A= Q,

(u, T)E 71FA 2 st &
2 BIskA A (3)3 4 (20) 014 &

AZ0] Hh Aol ™Rt

dx, = [ru - ;O’Z] du+ o, [AWE? + O B(u,T) du] (30)
=, ohg o] et}
dx,, [r ;O’u + ouo B, T)} du+ oy dWS, (t<u<T) (31)
(27) 7} 4] (28)01A] & 5 QI=0l, The 4lo] ARt
exp < ftT s ds)
dQ (32)

o= 450l dHetth

T
IQZK/I{ST>K}GXP <—/ 7‘st> dQ
t

:K/l{ST>K}B(t7T)dQ2 = KB(f’T)/l{sz}sz

(33)
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2) 0] sl At

oA71M A WA o= A (7)o YA, L2 F HA S2= A (3

I, = KB(t,T)Q2 (ST > K)

1>

= 9=t

A (21) 7 4] (34) 5 4 (5)°] hYsha, ohg

C(K) = 5,Q1 (St > K) — KB(t,T)Q2 (St > K)

A (35) 8 F=ske AAAA (W, } 7t SRS HEESE Q

o1& {r, } o WEAT {0y }7H (T, }- AT ol TS 7
atet,

A (35)014 & % glel, §9

P(K) = KB(t,T)Q2 (St < K) — S1Q1 (51 < K) (37)

A7.22 WHE3SET Fourier H3t

=44 9] Black-Schoels7H#] otz oh2

et FESEE Q1 7 Q8 AHEIA FHIES
NS &3 o] B718 4= Qi

C(K) = 501 (%T > k) — KB(t,T)QQ (:L'T > k‘) (7.2.1)
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FESEE Q17 Q2 ot BERS ur = InSr o) AEREATES A4 ()T fo() Bt

52}, o] FEUEFLES] Fourier MSHE f1(1) <} fo() 2 SATLE i () T vo() &

F= [ e pander, (=12 (7.22)
flen =5 [ i (=1,2) (7.2.3)
= [~ e, (=12 (7.2.4)
fi(ar) = % /_ Z e Ty (NN, (= 1,2) (7.2.5)
DA = fi(=N), (1=1,2) (7.2.6)

& A= Dirac @ eFtof] et Zioldt,

ohe @42 Aolstt,

(1)

A Sa(z) = o2 Eol A== v 43 sine @4 (unnormalized sinc function)

sincyz W A73HE sinc @< (normalized sinc function) sincyx 2F @A A 7} Ut

sin x sin wx
sincyz = , sincyx = (2)
x T
o2 Al 5ol At
A ixe14 iAx —iAx

. e e —e 2
/ eI\ = [ - } = ————— = —sin(Ax) (3)

_A |y 1T T

A (D) A (3)oA & 4= ol = Ase] A

IR 14
Sa(x) = /Ae”\xd/\: 77/0 cos Az dA (4)
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(5)
Al (D)3 A (5) oA & & dxol, the Ao At
= *° sin(Az)
/_OO Sa(x)dz /_OO AT d(Ax) (6)
9 o]9] AMEAT (compact set) K 2+ A1 e 4 ol thajA, kg A S0] Rt
ct.
(A _
/ Sa(z)dx / sin( x)d(Ax) / sinz ™
K\(=e9) K\(—ee) T[A2] K/A\(—¢/Ac/A) T2
mtebd T Ao] ek
lim Sa(z)dz = lim sinz ®
A—o0 K\(—¢,€) A—o0 K/A\(—c/Ae/A) TZ
2, 212 5 € = ofe)ofl sl e Aol datet.
lim Sa(x)dxr =0 9)
A=voo Jie\(-€.6)
A (6) T A (9) oA & & gl%el, th Aol -
3
A—o0 ¢
A (6)3F 4] (10) 0l & 4 9l=ol, & Edo] 3t
d(z) = lim Sa(x) (11)
A—o0
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=o], 7t j(=1,2) o] hallA] Th A1S0] g},

=R

Qar>k)= [ fer)dzr = /k - {;ﬂ / T ) exp (i)\xT)d)\] der  (7.2.7)

|
g

Q; (wr > k) = % /_ Z A0 [ /k ~ exp (M) d:cT] i (7.2.8)

1 [ ;. exp(i\er)
5 |y S

::O;d)\ = / O; £ [;ﬁ / Z exp (i)\xT)} A
) /_Z pon A (7.2.9)

7] 4 §(\)= DiracWEFEE0] 1 £ WA 55 o4 f.2.1]9] 4 (12) 0] olsiA AT

QY.
A ([f2d) 14 oF 5 Q=0], hg o] g
1 [ exp (i zr) |7
— d\=1 2.1
o | fi(A) i e (7.2.10)
o3 Also] Attt
1o o
or fi(\) [/ exp (tAzx) de} d\
T J—0o k

L _me){{exp?f”)h :Oo—[exp(ffm] }C“

zp=k
1 [ 5 . exp(idep) "7 1 /OO 5~ exp (IAk)
= (\) ZRATT) - - 2.11
[% [ =B - [T RS 2
Ll

et 4 [.2.d), 4 [r21d), 2e11 4 211

: dA 7.2.12
N B (7.2.12)



Y7VASHE T} FourRiERE S 277

Q; (x> k) = % - 71r/0 R {f]()\)e}(pz(;\)\m} dA (7.2.13)
A ([.2.19) 5 oheat 2ol & 4 Ak
0, (a1 > k) = 11 /OO S{fj(A)} cos Ak + R{f;(\)} sin )\kd)\ (7.2.14)
2 7 )y A
whebA o 4jo] 4Rk
Q; (xr < k) = % n 71r/0°O S{fj(A)} cos Ak —)\l— %{fj()\)}sin)\kd)\ (7.2.15)
2] ([.2.13) o gz ol et & o AP 8-S Scott [57] 7 Bakshi & Madan [§& &% 5het,

Mo

Heston [36, p. 331]0] AFHE0], 4] (.2.14) o] AE-S A= 02 Axteis AL 4]
o] obujt}, A1#]o] Black-ScholesZRNME 4] (F.2.19) o] AES g0z Axrshe
AL 47 oreh, Al ([.2.19) o) AE-L ALtsh= W ol 84 Davies [25], Shephard [58),
7123 In T Hout & Weideman [37]2 %

EX
_O'L
G

FE Q;(or > k)2 F25E AN EAE A [L219) ~A ([2.19) & 19 7HA
AAE AR Yok AA, &40 TGS B @52 dehd & Qe F9Uh B,
b o] 45& AHLANA BE Q; (ur > k) E A 02 T8 4 9l AUt Eh B4,
o 150 BEH FAHENE HENA 8 Q; (or > k) & ANT S Ak A, 0] 3B
Qj (wr > k) o] BAAEL ool WA 2L a5 2)E5A e

1Bbe £ YA S Botske o olslatr] 419 WA
BY2 24T RS S 71 27 dEsHE FFHL FHlolrt. oS Sol, Scott

QI SIAT R S 0] 7FX] g 7o

o
=
Mo
o
)
e
ok
E
filo
It
L
rE
offt
o,
1)
ok
L
2
-0,
B
o
o
o
o,
ol
el
rlr
o
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o

N(dy) =1 — N(—dy)

“|})

02} T+ oVTZ > k)

— |

&_i_ r —
K

1
{ln
=

=
o

P (

Pr (mt + I:T -

A71A 2= EEQFEHSIT o

kAt

9

ﬂmO
mj
<

W
o

olp

. 1 2
y:gjt—f- ’I"—§O' T+0oVTZ

oA

1-Pr(y<k)

> k) =

=Pr(y

N(da)

o

oln

o

H

1
N <.7Jt + |:’l" - 20'2:| T, 0'27-)

1
0 — ~o2r6?

J4

1
r— -0

oo (o |

Yy (0)

o

o

0

(8)

do

00 ¥ {e—inwY(Q) }

J

1 1
2 7

<k)=

1—Pr(y

> k) =

=Pr(y

N(ds)

o

g

ze)

Hjn
0
ojn

{e—iekwy (0)}
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A7.34 Black-Scholes®7 d}o] A Fourier 2t

t}-g g5 u| 2y A4S wESE Black-ScholesZHE T {S, |u > 0} & Ao E 4},

tok

dsﬁ = rdu+ odW2, (u>0)

u

(10)

(11)

(7.3.1)

A7|A r 3} ol 5B {WiR|u> 0} £ ABFHLESE Q 5ol A] Brown-5olth

Al (7.3.1)) ©ll Tto-Doeblin 278 2|5 285, SENY {z, = In Sy |u > 0} 7} o &ET]

1
Ty — Ty = [7“— 202] T+o [WTQ—WtQ]
el EZSE Qo HeF Radon-Nikodym @ &+ T3 2t}

d 1
dQQl = exp (a {chg — WtQ} — 202T>

(7.3.2)

(7.3.3)

(7.3.4)
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A {3404 {332 g, g 4

et

flo

(leQl =exp (xp —x — 17) (7.3.5)
dEF-ESE Q) StollA SEH S 2p O FHEY 9] Fourier Heh2 th2F Zr,
fi\) = EtQ <exp( iATT) d%l) = EtQ (exp(—iAzr)exp (xp — x¢ — 7))
=exp (—x¢ — r7) E? (exp([1 —iNxT)) (7.3.6)
A [3.d) o4 & % =0, e Aol FYP.
e AN (xt + [7’ — ;(72:| T, 02T> (7.3.7)
webd SR Q ool the Aol HHitt
EtQ (exT9> = exp ({xt + |:’I“ - ;(72] T} 0+ ;02792> (7.3.8)

; Reats o’r
fi(A) = exp (—i[zy + r7]\) exp < 5 ) (7.3.10)

A ( .3.1)% oA 94 4 (6)7 S5-3It
T Q0 3t Radon-Nikodym 'd &= th-23} e},

— J) rdu) exp (— [ rdu) o _1 (7.3.11)

(t,T) B EtQ (exp <— ftT rdu)) e’
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SFESE Q) StollA FEWS o o EYE 42 Fourier e o321t 2t
NI ) , dQ2\ @ .
fa(A) = E, exp(—z)\xT)w = B (exp(—iA\zr)) (7.3.12)
4 [33) 14 & & s1zo), o Alo] et
Q - : L o L o 12
E7 (exp(—idzr)) =exp | —i yat + |1 — 50| T A — 5 TA (7.3.13)

A 317 A f31d) 014 & 5 ARol, FBEE Q, Stel ] FEWS 2 0 FELEG
49| Fourier g2 th-3 3} 2t}

fa(A) = exp (—i[z + r7]\) exp (zU;T)\ - UZT)\2> (7.3.14)

A [.2.95 thA) A E A,

A ([(314) oA & 5 o), FEZE Q, 0] BT Th T} Pk,



A7H ZEIBAET Fourier HgH

282

™ <

. o o T

iy £ RN

—_— z0
. 5 mA S E g T
ol = o °o X w N
e = oo S
= g 8 < Ko B9
oy o : o S
op CEO ) - T X T
o s = o < T O
1l = ¢ 70 T o= %
£ - = N S N o T u]_.L ﬁ.
T2 2 s 83 @ T R OF 22 s
= 5 S o DS g K . B 2
L = 8 + ol o ow o P

iy g ™ & _ Y ~ AT
Bl s % o T > - s " I
U & © = = : of N T U
ld I g 23 = UK & ) o RO N

1l | 3 Q EN.
_.E"E _— / = o I 2 3 o E
- A & T M = P
o = S I8 g < S WL R B
or i & = o Yoyl 5 m of g W
= o ~ 8 = £ e 3 K

3 8 = ~ 3 = N &
<+ R S S S 3T
au = f Fap € T pTa
S) o = T = © P M s
muc ~ 2 3 _e ) <r B T T P @
o T —lg e ¢ = n T oY
8 R : < — oo
o = I — R (s R T T
— _ w
O X 23 T g
~ iy = S CR I ! 7
- A ey = Sl 4T o
il ~ X M Gl

= o Q) ~ | oo
T W < e Tl

027'92>
g(z) = [ew_ek]JFQJ A" 3} Fourier H 2F

2

]7}9_

2

g3 2k,
L

o
pu—

N (m - [7’ — 302] ,027>
oo (il

T

f9(x7) 2] FourierH gk
2(0)

f
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(generalized Fourier transfom)<> Th32} 2T},

g(0) = /_Z e~ {em - ekrrdx = —e[elwek[l_w}, (S{0} < -1) (3)

At} Fourier A2 sl Al+= https://www.sciencedirect.com/topics/engineering/

o N O =
generalized-fourier-transforms= #=xolet.

ok Aol gy at.

Clk) = e / h [ - ekr £9(2)da (4)
Lewist= 4] (4)° 4] (3)7 9A41 p.o. 9% H8314 b Al festsint.
Chy =~ [T paggy L kel gg (5)
27 —ootia 9[9 — ’l]

4714 932 —o0 + ia®l A oo + ia7hA] SHol Badolng, B 4 (5)% Tew
2ol Mokateta AZkgiy,
1 co+ia

fQ(H)Hllek[1+i6]d9 (6)

—oo+ia [ —1

olol| A wte A bode Fxstet 4 (5) thawt Zo] & 4 9t

Clk)=1—1I (7)
AN I3} L= 747 Thet 2o,
I = _e—rri cotia fQ (0);616[14_“9] do (8)
2mi co+ia [9 - 7‘]
1 ocotia 1 .
Iy = —e7"T— f90)=e 1+ dp (9)
211 cotia 0

T o 1 qas
Ih=—¢"T— fQ(H)gek[“”e]dG (10)

—00


https://www.sciencedirect.com/topics/engineering/generalized-fourier-transforms
https://www.sciencedirect.com/topics/engineering/generalized-fourier-transforms
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Iy=—e""—¢ '/(aD[}%Q(Q)-—»Qwé(O) e*0dp (11)

L =—e"TK [FOk) — 1] (12)

F(k) = N(~dy) (13)
A71A dyE H= 2T
1 1
d2:a\ﬁ{xt_k+ [r—202]} (14)

I = e K N(dy) (15)

e, ARAROA o = 02 e HL {9} < 102k LustFourier Mgke] 714 o]
ol et Hol Solatar,

1 cotifa—1] 1 "
L = —e”,/ f9m+ i)ﬁel dn (16)

HE [E AT A1siA, Lewis 24 2004 o = 12 A= tha Ao] -

Fem+1i) = SeehC(n) (18)
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h9(n) = exp (—i {xt + [r + o T} n— 1027772> (19)

o hQ(n) & T FEERE B2t FEWS yr o FELETS 29(y) o Fourier AEHo| T

1
yr 4N (xt + [r + 202] ,027'> (20)
o] SHEHS yr o] AIVFUNEZE Q ol 4 FERLEGLE HO( )2} Bh7, o] HELE
2] Fourier - HQ(-) 2 sFaF 4] (18)2 4] (17) o] tiAsHd, th A4S dert
L = —S,gL he(n) 1e’k”dn (21)
2m J_ n

L= -5+ / h [9() — 2n6(0)] e*1d (22)

I = =S [H9 (k) — 1] (23)

HO(k) = N(~dy) (24)

A71A dy 2 Y= 2t

Iy = SN (dy) (26)

J8y AEHZNA a =192 F= A2 ${0} < —1°]2h= It Fourier H3He] 7H o
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2] (15)2F A (26)= A (7)ol HdsHd, o 22 33 E3 9 Black-Scholes =

C(k) = S;N(d1) — e ""K N(dy) (27)

A7.48 Carr-Madan¥gt

HFT A AL g 2o,

Jo

ck)y=e"" /:O [ezT - ekrr ftQ(mT) dxr (7.4.1)

AN k =In K1, f(zr) = fO(xr|z,)E FERS 27 = InSr 2 ABFHHESE Q

Stoll A FEU 0], k = In K |t}

o
At
ofl
|
o
I
A
N
1o
5
o
=
S
rE
riok
filo
/(2
i)
ol
ol
]
ni
oo
1
jr
o
ox,
L)
rok
Auk

= e~k {6_” /:O [ezT — ek]+ ftQ(iL‘T) de} dk (7.4.2)

GA) =T / " Q) { / Z e~iMk [exT - e’“r dkz} dzp (7.4.3)
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Carr & Madan [L3)2 T2} o] MRS 4713)2 Folshart.
ca(k) = e c(k) (7.4.5)

AZ|IA a(> 0)+= ZEE (dampling parameter) ©]th. o] P Z-JFAA7F4] ¢, (k) 2] Fourier
il

T2 ¢ () 2 5P, Thg AEo] Ay,

:/_Z —z)\k{ ok —rT/ T _ek} ft (e7) d:pT} dk

= 6_7’7'/ { [a— sz/ |:6$T — ek} ft (z7) dl’T} dk (7.4.6)
oo &
A () o] FubiniA 8]& A-856}H oL A& A=t}

Ca(N)=¢€e"7 h ftQ(xT) {/IT elo—k [e‘”T - ek}+ dk} dxr (7.4.7)

—00 [e.o]

O Aol it
[a—iNzT [a—iA+1]zT [a—iA 1]z
— por© _ ¢ - ¢ (7.4.8)

a— i\ a—iA+1  Ja—ida—i\+1]

xT ) + e—i{)\—i-i[oa—i—l]}xT
[a—iXk | jzr kK dk = A.
/_ooe [6 c } [o— N[ — iX + 1] (7.4.9)

A [ad) = A Fadd qdsta, o Ae der

_ / e_i{,\+i[a+1]}fotQ($T)me (7.4.10)

A ([a1d)olq & 5 glxol, BF2EA7H 9] Fourier A2 tha7t 2,

e Q0 L e RO il + 1))
B e e e LA AR A Ubre sy g

(7.4.11)
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o171 4]

o

g

0

Hin
0
oln

(7.4.12)

o

(7.4.13)
(7.4.14)

<
4

=1 2ol

a1z

a

%
A

(7.4.15)
(7.4.16)
4]

= X
= T

Sl A Fourier 813t ¢, (\) 258 F-347H] (k)

&0

Q

(7.4.16) & ©]
14+ Fourier

Al
X
ShA = o

o

1 9

(r.4.15) 1

=

9

]

A
~

o

ol

o

o

;oL

tt. ol o

A8k ¢

o)
s

__[L

A
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webd, ohe 4 Eo] Ayt

EQ (s5+1) = EQ <e[a+1] lnST) — 9 <€[a+1]xT>

— e—i)\iﬂT

f(wr) der = f2([o+ 1)i) < 00 (7.4.17)
A=[o+1]4

A7.58 Heston2dg

7.5.1 Heston®2 33} Fourier H3F

Heston [36]°] A et SHEH T/ F2> th&7 2o,
dS; = MStdt + \/QTtSt dWl,t (751)
d’l)t == R[é — Ut ]dt + gdeat (752)
ET (dWy 4 dWay) = pdt (7.5.3)

oA7|A PE GAFH S (historical measure), =24 S (physical measure) = AT

(true measure) 2F F-2r}, ] Heston 2@ 9] 452 o33} 2o},

a) p(€ R): YA O] M| 4= (drift parameter)
b) &(>0): A4Sl B3] AL (mean reversion speed)
c) (> 0): =4t2] B3] F4F (mean reversion level)
d) &(> 0): 4te] HE4d (volatility)
e) p(€ [-1,1)): Browns5 {Wi,} et {Ws,} ] EAS
f) vo(>0): =AY 27| =
A ([ad) oA & % =0l YRAITAL Black-Scholes & 0] 11, 4] ([1.5.9) o4

x]
oF A ol
o 4= Q%o

—_

SEFAMH (stochastic variance process) < Cox & Ingersoll & Ross [24]7}
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AAg CIRZHEY ot} thx F5412 Feller 271 0] 2} gy,
2k 0 > €2 (7.5.4)

THOF Feller 2 710] W5, Heston g o] Qs A FAAH 24t v = 719 A 5HA (almost

surely) 1% (strictly positive) ©]tt.

AA 7.5.1| HestonZF] F RA 4] (7.5.9) &= 54 /v 0l obd EA4T v, o] Tt Ao|ct,

olE x| fIsiA 2Ate] v SHErERAA S TEste A A EAL

ARG o, = 07 2 A-85H4, A (1)& =1} 2ol & 4= ot
duy = —Bui dt + 6dWo, (2)
Al (1) °fl Ito-Doeblin 24 2] A-8-5H, thx A50] A4S & & AUt

du? = 2upduy + [duy)?
-9 2 2
= 2uy [—Bu; dt + 6dWay| + 6°dt

= [0 — 2Buf]dt + 20u;dWa,. (3)

A (3)& TFeTt 2ol & 4 9k,

2

d’Ut = Qﬁ [;55 — Ut\/1Tt:| dt + 25\/?7tdW2’t (4)

Heston®2 9] 2831 {[5,, v,]" |} & ABFASEEE Q ool RP o= Yehfua),
A ([.5.0) & orest 2ol £ 4 9k,

/,L—T'
dS; = r Sidt + /o, Spd |Wq 4 + ——t 7.5.5
= v St + VS, [ L+ ] (7.5.5)
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4 (5.9 ol Girsanov g 22 Hgatd, g 4]

o
o

e

dSy = r Sydt + /oSy AW,

(7.5.6)
o714 Wi = ehet 2
w—r
Wi =W t 7.5.7
1.t 1t + \/17t ( )
{Wth} =9 E5I Q 3ol A Brown-5°]t}. Ito-Doeblin 27 2|5 48514,
2 [5dozne ge Ae 9e % 9k

1
din S; = [r - 2vt] dt + oW,

(7.5.8)
A (.59 8 Tt 2ol & 4= it
B _ U(St, Vt, t)
d?)t {K, Ut] I/(St, ’Ut, }dt + 5\/U>td W27t + 7&\/@ t (759)

S v(Sy, v, t)E B3 IE Z 20| (volatility risk premium) ©]2F FE20t, 2] () Sl

Girsanov & & 4§51, thg A dict

JZi

dvy = {K, — v ] —v(Se, v, t }dt +&Jv dWQt (7.5.10)
o714 W& vheat 2k,
. S Ut t)
WS = Wy, 4 S0 v 1), 7.5.11
2.t 2,t f\/’th ( )

{Wth} AFFTHIESE Q StollA Brown=35°|th.  Breeden [10]¢] A&H 2 (con-
sumption model) o A= ] Z2jn]Ho]

Al BT Al 7 g%t 7=

(St, i, 1) = v 7F AT 7B &, = AFZeolth, o] @it 44T} 4] ([.5.11)
& 4 ([51d)o s, o 40 g,

dvy = K[ — v ]dt + &/@dWZ%

A7|N k =k + vt 0 = &0/[F + v] & BT

1o
4
ool
of¥
iAL)
ko
&
mln
0
O,
Ry

u

)

Ry

=

ofo
filo
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A 2]5tH, Heston o] FEHFTAHLS

ol
Mo

thga} 2o

dSy = rSpdt + /o Sy AW,
dvy = k[0 — v |dt + f@det

B2 (awf, awgh) = pat
A7 QE HdTHIES oIt
Fo170 sk t(> s)ofl Al ot 2ol ¢, 5 H2l5tH4

2K
52 [1 _ e—H[t—S]]

Cti

Cox & Ingersoll & Ross [24]914 & 4= 3l=ol, FEH,EL v, 7F Fo12 =

2c0 = A7} 4k6 /€ 20|37 H|EA R (noncentrality parameter) 7} 2¢,v5 exp(—

(7.5.13)
(7.5.14)

(7.5.15)

(7.5.16)

S A~
sha

)

Q1 H|FA7lo] Al HEHEE I (noncentral chi-squared distribution) & W=t} whahA, oS

4k0
E (2civi |vs ) = =3 + 2civs exp(—k[t — s])
8k0
Var (2civy |vs ) = =3 + 8cyvs exp(—k[t — s])

E (Ut | Us) =40 [1 — efn[tfs]} + v, efn[tfs]

Var (v, |vs ) = 9;; {1 _ enlt— s] Usf - [1 B efﬂ[tf‘s]r

Bl S 7oAl FE-E R 2] Ut ARt W82 Choi [5]2] A11.5.154%

lim E (v |vs) =6
t—o00

=, Heston 2 | H7 2] 4] (mean reversion property) = 222 & 4

(7.5.17)

(7.5.18)

(7.5.19)

(7.5.20)

(7.5.21)
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7.5.2 SAXEE2 Q9 HestonHU|EE7 4]

o] 2749 AL Heston 2P 7|WO 2 she FEAE7IA ] Mu|RYH AL Frstzt
gtk o] 22 9] 8- Gatheral [33]-2 &2 2 3t A o]t}
Black-Scholes 2. -2 & 0| EHFA 2]

1
FEAGNA FAFEZEEYLE EA th, ©o]& HI'E 2 = Black-Scholes H |2

_lh
o

ra

T 4 ok 22U Heston P2 FER|2TEY 5 202 FAHER, ARt &
= 1

AT % g, Aol dabaa 4 24E A%

ofl

AN PYUVEES 02 BAT 4 ek £, 0|2 HPFOR Heston HEl HHH A

o

At ZARAZE V= V (Sp, 0, ) 1 &4 12919 f12 sl s ] AsiA 7FA17L S,
N G2t 6 1AL RR7F Uy = U (Sh, vy, t)
szt o] ZEZR] O Al tollA 7HA] T+ v £

=V, + 05 + U, (7.5.22)
o] ZEET 7} 7| F8Z (self-financing condition) & WESHHA, LEEE] @7} 9] &
g3Re e g,

Ito-Doeblin H 2 A 2] & AF25HA, tFS A58 At}

v, v, v,

v =— dt+a—StdSt+8 td
%vtSf ?;2* dt + p&viSy 822? dt + %52% %23? dt (7.5.24)
dU, = 88Ut dt + ggZdSt + ‘Zlid
= ts,? % SU2 dt + p€vySy ;;g tdt + 152 %Z;dt (7.5.25)
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4 (529 A (L5285 A (a2 o s, g 4 deat,

th 1 20V 0%V, 1 5 a Vi
dIT, = 1 dt
0= [ 205 g2 LU g + 56 02
8Ut 1 20U 82Ut 1., 0%,
T [ uSiggr T Sigg g, 3¢ ooz |
oV, ou, v, au,
PRl d d 5.2
[ +ast+¢ast] St [at“’avt] vt (7.5.26)

o] ZEZ 00| 9L AT WS H o= A AN, ST LL AALFES

-t 5.2
¢ =30/ o0 (7.5.27)
v, 9V, aU, /ou,
= -7 5.2
0==55,  au 95,/ ou (7.5.28)
4 (@520 74 (L5292 A ([o20) o Ishe, ehe A& e
v 1 , 02V, PV 1., 0%V
- - dt
[ tSt 952 +P§Ut5tast8 o + 5 vt .
8Ut 1 28 U aQUt 1 2 aZUt
. T3 = 5.2
+80 [ ot 2 tSt 852 +'0£vtst65t8vt + 2§ Vt 81}? dt (75 9)

A ([7.5.2d) 9 I, = BRAAZEZT] 0 9] A4 o] A 744 AL 7] d5}a}, TP T EZ 2] © o]

A tol A 7H) e ohg A1 g,

rol

dll; = rlly = r[Vy + 05, + pU; |

{Vt [avt 0S¢/ vy 65}] St 3Ut/ Ut (7.5.30)

o171 4] & BP0l zHgo| T, Al Wi SE= A (.5.27) % 4] (7.5.2d) o <3HA e,
4 ([rs.2d) 9 4 ([L5.3d) oA @ 4 =0l ohg Mol 4o] JPgtch,

Wi 1 0 2V, 1., 0 AN
[ ot 2O ggz TR Sigg gy, Tt g Vet Siga | [ gy
8Ut 1 0%, 02U, 1., a U, ou,] | ou;
— .5.31
[8t S ggz T PESigg ey T a8 gy T Uit Sigg | [ gy, (153D

A (531 FEE U, ol @ EskA) g1, 9 E Vol oEshA] bt whebAl, 4]
[Fo3l) o = 9we v Vol olzstA] @a s, v 12T ol o zets g
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tlo

f(St,vp,t) 2 271 4= Atk Heston [36]2 U= 22 FE ] f(Sy, v, 1) & AT A
Attt

f (St,’Ut,t) = —5[0 — 'Ut] + v (St, ’Ut,t) (7532)

7.5.3 §47HA9] Bul2gg
4 {539 A [530) Bota, che MulERgAe gt

oU,
{—5[9 — ’Ut] +v (St, V¢, t) Tvt
aUt 1 282Ut 82Ut 1 2 82Ut aUt
= 31‘; tSt 852 -+ PfUtSt 95,00, + § Ut av? rU; + 1Sy a5, (7533)
A (533 H=lehd, gt 2o
oU, oU, U,
—rU; + e +rSt85 +{—k[0 — v ]+ v (Si, v, t) a—v:
o O%U, o*Uu, 1., 0%U,
+= vtSt 57 + pEv Sy 5500 §2 D7 = 0 (7.5.34)
A ([5.34) & o7t 2ol & 4= ek
O AU —r7 =0 (7.5.35)
ot
o] 7] A Heston 228 ©] A2} (generator) A+ T3t Zth
0 0
- rStaS +{—k[0 —v ]+ v (S, v, )} 70
1 0? 0? 1 0?
+ UtSt 852 + prtSt 85 8 + 5521),587’%2 (7536)

HEg0l ol FEIY {S,} & ARt o= ofl §HY|AA TollA AAtAC] K91 /9
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PEZ549] AlA toll A Black-Scholes7FA] Cpg(Sy, t) & Ha AlEa W3

ofl

li_)m Cps(St,t) = S (7.5.37)
lim 2050t (7.5.38)

St—00 8515

U (St, OO,t) = St (7539)
U (oo, vy, t)

U (0,v1,t) =0 (7.5.41)

SEHSE S0 = In S ol A v= AE0] A

%_i% 0*Uy _i l% _ 1 0*Uy (7.5.42)
8St N St 8$t7 8vt85t N 8’Ut St c%ct N St avt&ct e
wjebd ohg A5 o] gegt
o?U; 0 (10U 10U, 1 0°Uy 10U; 1 0%°U;
Sl S = T =ty Tt 5.4
952 ~ 85, (St axt> SFon, T 50500 = SPom om0
A (5499t A (5.43) ¢ A [L5.34) o AYshd, ohg A8 At
oU, 1 oU, oU,
—rU; + aitt -+ |:T' — 2’Ut:| 871,‘: + {/43[9 — ’Ut] — V(@mt’vt,t) 871);
1 02Ut 62Ut 1 2 aQUt
- a Z = .5.44
TR Ox? * pgvt&rtﬁvt N 25 v o} 0 (7.5.44)
ot 7o RS skt
v (S, v, t) = v (e v, t) = vy (7.5.45)

714 v %ol A (1.5.49) % A (F.5.44) o sk, WA TolA Bl K
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N E =34 Heston7HA] U (Sy, vy, 1) 7F B BR84S 5= o 5 Al

oU, 1 1090, o,
_rUt—f—&tt-f-[T ]6Z+{K[ _Ut]_VUt}avt
1 82Ut 82Ut 1 2 8 Ut

— =0 7.5.46

+2Utaxt + péuy tat+2§ v 07 ( )

7.5.4 THFFeynman-KacX ]

B Brown®FE {w1,} 9 {wy,} 7} ohe A& WETTER 71454,

E(dw; tdws s) = pdtdy s (7.5.47)

ot 2

rlo
o

SEr AN ES dHEAL

dwl,u = /81 (xl,uy T2, u)du + 711(551,1“ T2,u, u)dwl,u + 712 (xl,qu L2 5 u)dWZu (7548)

dxoy = Bo(21,u, T2,u, w)du + Y21 (21,4, 2,0, ) AW 4 + Y22 (21 0, T2, w)dWa,,  (7.5.49)

o171 Borel 71584 (Borel measurable function) h(y,y2) ©ll tolAl, o3 45

ZELE

flo

g(xl,xg,t) E(h(Xl T,XQ T)|X1 t = :L‘l,th = .1:2,25), (0 S t § T) (7.5.50)

fla, xo,t) = BE(e T Un(X 7, Xoq)| X1y = 21, Xoy = 22,8), (0<t<T) (7.5.51)
2 FFeynman-Kac g 2o 4] & & Ql%o], th-2 Al 50| AA-st

1
B1g1 + B2g2 + g3 + 3 (Vi1 + 20711712 + 7E2) 911

1
+ [y11721 + py11722 + py12y21 + Y12722] 912 + 3

1
Brfi + Bafo+ f3+ 3 (V1 + 2pvimz + e i1

(V31 + 20721722 + V32) 922 =0 (7.5.52)

1
+ [y11721 + pyiiy2e + pri2v21 + Yi2722] fi2 + 3 (V31 + 2pv21722 + V32| fo2 = 1f (7.5.53)
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W g9t o WA ZATE bt ek

g(x1,22,T) = h(z1,22) Y(x1,22) (7.5.54)

f(xl,l’g,T) = h(l’l,l’g) V(.Tl,xz) (7555)

& Feynman-Kac g 2] dieh ZFAIeH W82 29 A1 3, Al5,78]2 F=stet

7.5.5 WHASHES] HElRgRA

o,
B>
i
=
>
rlr
=
N
N,
Jhi

& (ITM probability) o] Hu|EHAHAS G517 2 oA},

A (T.1.8) oA & 5= o], WA Tl atzo] Kl f-dd B34 71 C(K)

CK)=e"Qi(xzr >InK)— Ke ""Q2(zy >InK) = €*'p; — Ke” ""py (7.5.56)

AZIA p1 = Q1 (27 > InK) 2 po = Q2 (7 > In K) = W/HAE-ES (ITM probabilities)

olt}, 95 &9, Black-ScholesRF AN A p; = QF (zr > InK) = FHI42] deto|

p2 = Q (zr > I K)&= AAFTHIES T Q StollA (R71AIH T ollA) fRMAE Sp7F A HA

K ol’dd gEoltt. 4 ()9] O A RA o ettp = HEPAE S 5 U= FES

ARt AR @A toll A ZHAE YEHHAL, F WA & Ke Tpy = HEBAT H=
A

s5g 1AE ARe)Zel AAAA ol A 7HHolth watd 7 ghe BgublEel 1=
23 4 9t

Al (7.5.56) oA & 4= 2d=ol

nf
oo
1>
il
o,
oX,
o
rol
ko

8C(K) _ Tt 8]91 —rr %
% ¢ o Ke [rpg + T (7.5.57)

aC(K) _ Tt apl —rT apQ
or, —© [Pl + &CJ e (7.5.58)

9C(K) Ip1 . Op2

v ettt e TT 22 5
oy on ¢ o, (7.5.59)

A (559 o4 o 4 g0, The 4lo] g,
2 2 2
0 C(K) — Tt L+ 26]91 + 0 P1 . Kefwﬁ P2 (7560)
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: - Ke ™ 5.61
ol O o T a2 (7.5.61)
4] (-5 5)01]/\1 ot &= Q) %=0o] g Alo] Al sttt
=< —KeT oo 5.62
owdv, [avt * axtavt} ¢ Dmon (7.5.62)

Ch¥ ZFFeynman-Kac 3 2ol 4 & & QI5ol, SAB B/ O(K) & the A2 w5

dC(K) 1 ] 0C(K) aC (K)
o) + 2990 | [ - 2vt] ) b (ulo ) - v 258
1 8°C(K) C(K) 1., 9C(K)
+§Ut 927 + péuy 92,00, 5{ vy 07 =0 (7.5.63)
A (1550~ ([7.5.60)2 A ([7.5.69) ol Hdahe, ke A1 At
Sthl — Ke_TThg =0 (7564)
AZIA hy T} ho= 242 T3 Zot
. 0 1 0 15)
hy = —Tp1+%+ I:T—Qvt] [pri—am] + {x[0 —Ut]—l/vt}ai;i
1 opr  0’m 3]91 O*m 1, 9*p
+ 2Ut |:p1 +28 7 3%% + f (%7 + 8:61/8% + f V¢ B’U? (7.5.65)
. Op2 _ 1| or o Ip2
hg—at—i-[r }81:4-{&[ vt | uvt}at
1 8ps 82p2 2 32192
t U2 + pug 5 "2 (7.5.66)

A ([rs6d) s BE S,(> 0)% Kol dhaiA ARact deA, A by = 09k A by = 07}

Op1 1 Op1 Op1
rp1 + 2t + [r 21},5} {pl + o1 +{R[0 —ve] — v } D0,
1 om  pr om  p 1, 0y
= 2— 4+ —— — - = .5.
+2’Ut [p1 + B, + 022 + p€uy a0, + 02:00; + f v 07 0 (7.5.67)
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Ip2 1 ] Op2 Ip2
BT + [T 5 t} i + {k[0 — v ] — m}t}—avt
&°ps Fpr 1,5 &p

gz b o gpgn T2 Y 7 " (7.5.68)

717] YA Hu| B AE

p1(xp,vp, T; k) = L(zp > k) (7.5.69)

pa(wr,vr, Ti k) = 1(z1 > k) (7.5.70)

o714 k = In K °|t}.

7.5.6 A=Z-2 FH 9 HestonFELFFAE

Heston (1993) ©] Fojid o]§ %¢] shi}i= Hu| B AE (7.5.67) 7 (7.5.68) & = Ao
obyet, 2 eI {[1,,0,)7} 7} THEE FEU B E Ho|BYYAE (7.5.67)
(7.5.68) 2 AA3] APHA, T4 py 1L} 5 po 7} THEA 7| = A28 P o] Hu| R4
=& AARE Aol

A (569 14 & 4 o), ke A@FA/HBHAl 0] At

pi(z, vt k) = B9 (L(xr > k)|zy = 2,0, = v) (7.5.71)

Tit = T, T2t = UVt (7572)

h(z1,r,21) = L(z1,7 > k) (7.5.73)

n°l'
:u

A ([5.71)~A ([.5.79) ol & 5= %ol QA (h(z1r, wor)|Tre = @, 220 = 0,1)

h = pi(x,v,t; k) (7.5.74)
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2@ FFeynman-Kacg 2loll A & 4= %0, 34 h the Wl g AlS vhEgich

. . . 1 .
,ulhl + ,ughg + hs + 5 [0'%1 + 2po11012 + 0%2] h11

+ (011021 + po11022 + poi2021 + 012092 hio + ng + 2poo1099 + 032] hos = 0 (7.5.75)

5

A (567014 & & Aol WAHSE p1 = pr (e, v, k) THS B RS BRI,

1
[7‘ + 22},5] gpl + {KO — [k + v — p&lu gpl + aaptl
1 82]?1 82 1 2 (‘3 P1
—Vp—o- =0 7.5.76
A (r5.79) 7 A [5.7d) ol A o 2= Q1o ThE A1S 0] At
1
1 =1+ Jut (7.5.77)
po = kb — [k + v — p€luy (7.5.78)
02 + 2p011010 + 0y = Vs (7.5.79)
011021 + po11022 + po12021 + 012022 = p&uy (7.5.80)
O‘%l + 2po21092 + 032 = 522},5 (7.5.81)
=21t 2o] 011, 012, 091 12| L 090 F AEISH7| 2 1A
o1 =V, 012 =0, 021 =0, 022 =&/v¢ (7.5.82)

A ([533) NA A 011,019, 031 LT 00 4 [579)~A ([581) & w5y, e

1
dz, = [r + 21}4 du + \/ﬁdWlQu (7.5.83)
dvy = {K0 — [+ v — p€lve} du + €/vg AW3?, (7.5.84)

047]]\_] {[dW?u,dWQQ’u]T}JL—T 2% s B OWU“'—o ]E} "QJ'E-L‘I';G {[$u>vu]T}7]' Q%D]—E‘%@
A5 4 ([Lasd A [53d) < BEsta, WAASE p) = pi(e,v. k)& HolR2EH A
[5.7d) & =iy,

A}
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po(z, v, t: k) = B9 (L(xr > k)|zy = 2,0, = v) (7.5.85)

Tit = T, T2t = Ut (7586)

Wi, zor) = 1(z17 > k) (7.5.87)

5.85)~ 2] (7.5.87) oA & &= ol=0], 3= h = E(h(z11,zo1)|x1t = 2,291 = 0, t) T
A

2 FFeynman-KacH 2|4l & &= 150, &4 b thg BulRgg A4S ThEgi.,

- ~ ~ 1 a
sk + pisha + hy + 5 [0y + 2p011010 + 015 ] by

N 1 ~
+ [011021 + po11022 + po12021 + 012092] ha2 + 3 (031 + 2po21092 + 035 hos = 0 (7.5.89)

A (568 oA & 5 =0l HAHARE py = pale, v, 1 k)= TH TG A Wit

1 10 0 0
[r—vt] p2+{l€0—[li+y]vt}ﬂ+ﬂ

2 8mt Ovt 6t
1 9%py Ppy 1., 0%py
- - — =0 7.5.90
+2vt ax% - pLu 0x10v; + 2§ vt vf ( )
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(583 A (.5.90) 14 & 5 =0, e 450 JRA.
1
p=T (7.5.91)
p2 = kO — [k + Vvt (7.5.92)
0%+ 2p011019 + 0y = V4 (7.5.93)
011021 + po11022 + po12021 + T12022 = p&uy (7.5.94)
O‘%l + 2po21092 + 032 = 521},5 (7.5.95)
o1t Z0] 011, 012, 001 LRI AL 099 5 A EISH7| 2 S}AL
o1 =+v, 012 =0, 021 =0, 022 =&/ (7.5.96)

1
d, = [7“ - 2%] du + /o, AW, (7.5.97)
dvy, = {0 — [ + v]ve} du + Ey/og AW, (7.5.98)

7] A1 {[dWIQU7dW2Q,u]T}JE 2HFBrown&golth. FENA {[zy,v,)"} 7t SE]ETA
A5 A (590 A [599 & W=, WAASE py = pa(, 0, k)& BEl LA
(E5.00) e g

AV}

7.5.7 B4+ HulE2E34

Jot

FESEE Q1 Q2 Sl FERMS 27 = nSr 8 EATTE ¢i() 2 ¢o() &= T2
T},

s

pi(x,v,t\) = EQi (exp(idzy)|zy = 2,00 = v), (j=1,2) (7.5.99)

Pi(x,v,T; \) = B9 (exp(ider)|rr = 2, v, = v) = exp(idz), (j=1,2) (7.5.100)
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WAAASE p1 = po(e, 0, 4 k) 2] B2 4] (f5.7d)

o
=
2 BT o = ¢u(z, 0,4 0) o Hul2 A4S - 4 ok

1 1/J1 (%1 oYn
[r + 2vt] o1, + {k0 — [k + v — p&ve (%t + wr
1 9% P 1o 01 _
+- T)t 8 3 + pﬁvtaxtavt + 55 UtTv? =0 (75101)

1|99 _ I OYn
[T }8754_{9 [ V]Ut}ﬁvt+ ot
2 2 2
+1Ut8 V2 | e 002 L2 O, (7.5.102)

a7 dz0v, 2> o2

EAHo] "ol RS (7.5.101) T (7.5.109) S oh-o3} Zro] E7|8F 4 9t}

[r—i—ejvt]?ﬁz—i—{/f@ ]t}azﬂj—%f_j
+;vt((§;éj + puy ai? + 152 a;;éj =0 (7.5.103)
7M1 =T —to]il, TJF th5 A 5o] -ttt
bi=r+v—pE e = % (7.5.104)
bo=kKk+v, e= —% (7.5.105)

=G40 HulRwg 4] [Fs10d) 3 4424 [Fs.10d) 02 TAE AAREA
o} EQES ;2 T8 4= k. Heston [36] WA, o]& 219744t 2, = In
E

R4 et e ARz IS A

i
i

)
1o

t

i (N, ze,v) = exp (Cj(1, A) + Dj (1, Nvy +idxy), (5 =1,2) (7.5.106)
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oy;  [0C; oD, oy B
or [aT T Y G TN gy T DY (7.5.107)
82% 2 82% 2 62’%

- = 5.1
0z? VX ov? iVi OxtOvy 1Dy (7.5.108)

4 @510 74 [£5109) 2 4 (L5109 ey

. oC; 0D; 1 1
[+ ejv] Xi + [k — bjvg | D — [8; + 87_] vt] — 51)15)\2 + p&veDjNi + §§2vtD]2- =0

(7.5.109)
A ([.5.109) 2 ch-ga} o] & 4= giek,

S

oD; 1 1 oC;
I:ej)\i —b;D; — 877'3 — 5)\2 + pED i + 2§2D]2':| vt + I:T)\i + Kk0D; — 877'] =0 (7.5.110)

shl, Thg ol

=
o =

tlo

it

(7.5.111)
9C; _

52 =rXi+ sbD; (7.5.112)

n) 24 4] (F.5.111) 2 Riccatin] 244 2] o]t}.

7.5.8 Riccativ]EHAA]

A0l P(t),Q(t), R(t) Q! RiccatiP|=H-4 4]

=~

Mo

okt 2t

dy(t)

L = P) + QM) + RO (7.5.113)
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A ([r.5.014) 2 m2EH 4 ([5.119) ol dshd, ohe n] R4S A,
w’ (t) — [Z((f)) + Q(t)] w'(t) + P)R(t)w(t) =0 (7.5.115)
thS AlSS wHESLE AT b9} o7t EATTLT kAL
- [Z((f)) 4 Q(t)] — b, PMOR(t) =c (7.5.116)
ol2|gt Ao nlBurg Al ([5.118) 2 ohe Zol & 4 Ut
w” (t) + bw'(t) + cw(t) =0 (7.5.117)
YA 22 +bz+ =09 F 2 o = o Eoh
= _I)Jr‘gm, B = _b_\gm (7.5.118)
whebA ol 2 4] ([7.5.117) o s okt 2k
w(t) = c1e® + coe (b — 4c #0) (7.5.119)
w(t) = [e1 + cat]e™, (b? —4c =0) (7.5.120)

171 A ¢y 7} ep & A5SolTh,
A [5.114), A1 @s.11d) 9 A ([F5.120) A & 5 Y=o, Riccatinl B H4A (7.5.119)
o] s ot vt 2t

czae® 4 Beft 1
cze?t + et R(t)’
[acs + 1+ at]e® 1
[cs +tlet  R(t)’

y(t) = — (b? — 4c #0) (7.5.121)

y(t) = — (b? — 4c = 0) (7.5.122)

AZ|A e3 = c1/co O]
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D.
837" = Pj = U;D; + RDj (7.5.123)

A7|A Py, U; 1831 R th&at Zr

1 1
P =ejXi— §>\2, U; =bj — péXi, R= 552 (7.5.124)

WA 22 4 Uz + Py = 09] 5 2 ;9 B oheat 2k,

) 2 . ) 2 )
o —Uj + /U7 —4P;R B —U; — /U7 —4P;R (7.5.126)
7 = .0,

VU2 — 4P;R = \/[b; — peXi]2 — [2e;Xi — €2 = d;, (7.5.127)

ARFA O =2 g; £ 00|82, 4] d; # 07} Heehal 7y skt

A ([F5121) A & 5 150l MW ([.5.12d) 9 s oot 2ok

c3ae®T 4 BefiT 1

Di(r) = — 7.5.128
](7_) cze®iT + eﬂjT R(t) ( )
27127 D;(0) = 05 2] (7.5.128) ofl TNYshd, thg 2]o] A7},
csa+p 1
_ = 7.5.129
c3+1 R(0) ( )
Z, th AlEo] ARttt
g = _54 S (7.5.130)



308 A7 E8YAEY FouriErHS

A (51308 A (L5129 of AP, Tk A5o] HRTE 4 ek

1—eld=flm g [1 - eT)[U; + dj)
Dj(7) = —— S EBE R S gt (7.5.131)

o7 A opA|e 55 4] 2R = ¢2of oJFA it
4 [sas)e A [, 115)01 | ilsha, ohe A dch

dC; (1 — eb[U; + dj]
I — i+ kO .5.132
o T [1—gedf]§2 (75132
Z, g o] gt
, Ui+d; [T 1—e%*
C; = rit + K0 J§2 ]/0 1fgjedjzdz+K1 (7.5.133)
714 K& A5tk 4] €j(0,A) = 0014 & &= 90l 4] ([.5.139) o 7 = 05 Y5t
thg Ae gt

K1 =0 (7.5.134)

A (5132 4 (15139 ol HL5HA, ohg A1S A=},

Uj+d; [T 1—e%*
C; = rhir + w2 J/ < 4 (7.5.135)
0

. d.: exp(d;T) 1—
Cj(T,/\)Zr)\iT+/<a«9U]+ ]/ ’ :E
1

1
- —d 5.1
2d; 1— gz = x (7.5.136)

d exp 1 _ i
Ci(t,\) =rXit + kb Ui+ / [ ~ "9 ] dx
1—gjx

exp(d;T)
=r\iT+ /i@

£2d [ gj In(1 - gjx)] X

Uj +d; [ 9]1 1_9j€djT]

= r\iT + K0
£2d; 1—g;

(7.5.137)
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Uitd 1-gp _Uptd; 1m0 (7.5.138)
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([7.5.139) & 41 (.5.137) ol sk, ke 2lo] AAFS & 4 Uk
0 AT
Ci(1,A) = ritA + /2—2 {[U +dj]T —21 : f];J } (7.5.139)
J
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J jT

&2 1-g;
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7.5.10 FHIS49] Heston7tx|F7}4]
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A ([2d)elA =

713450], Heston 2 g of| oIt -4

C(K) = S5:Q1 (vr > k) — KB(t,T)Q2 (z7 > k)

—
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—

1 1 o) —i>\k (N
G gy 2 1,9)
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(7.5.148)
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A (519 ~4 [.5.19) 914 & 4 A50], Heston®] FEAFHARF L ohg 7t
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B (aw, W) = pt (7.5.161)
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dD;
(TTJ = P; — U;Dj + RD? (7.5.164)
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2 . 1 2
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nBug 4] (7.5.167) S &7t 2ol & 4 gk,

= = e, (7.5.168)
afabA th A5 o] ARleiet,
ehTD; = OT T Pydz = ijlj (b7 1] (7.5.169)
=, 0 4o] et
p,=4 [1 - e*bﬂ} (7.5.170)

8Cj _ . 2Pj b;T
5 = A+ Ko b, [1 — e ] (7.5.171)
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T P
C; = / {r/\i + Ko? L [1 - ebjz” dz (7.5.172)
0 bj
upebAl Tk Alo] Ay,
2p; 1
Cj = r\iT + RO G {7— + — [6_ 3T — 1:|} (75173)
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b b; b,
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314 A 7% S8AET FourerHE

S j =29 LS AW R 4] ([1.5.105) A & 5 9150l thg 250l YT,
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1 1
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whebA The Alo] At
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=, the A5 4Ya,
Qi(er > k) =N <ln i +0[i; 2°] T) = N(d1) (7.5.187)
A (5180 A1 (1.5.187) 2 A ([.5.50) ol AY3HE, The 41S At
C(K) = S;N(dy) — Ke "™ N(dy) (7.5.188)
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