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ABSTRACT 

Application of the spectral clustering method based on the analyses of the Laplace matrix is an 

acceptable indicator of the global properties of H-bonded network. The first peak of the Laplace 

spectra contains six eigenvalues. These results suggest that six communities are always formed 

in our simulated systems independently of the number of molecules in the cubic box. We 

showed that the H-bonded environment on the surface of the clusters is different from what can 

be found inside of the clusters. The fraction of four-coordinated molecules is significantly larger 

in the case of surface molecules. Our work emphasizes that the periodic boundary conditions 

always cause clustering in the system.  

  



1. Introduction 

Graph theory has been used for describing topological properties of networks in physics, 

chemistry, biology and social studies. [1-12] Large number of interactions can be mapped into 

graphs containing only elemental building blocks such as vertices and edges. Systems which 

can form extended network established by H-bonds are one of best candidates for spectral graph 

analyses. Because the interactions between molecules can be considered to be the edges, while 

the molecules themselves can be the vertices of a graph map. The graphs derived from H-bond 

network consists of eigenvalues and eigenvectors of their matrices, such as its adjacency matrix 

or Laplacian matrix. This network-specific approach to characterize the connectivity in H-

bonded systems in depth have been already utilized in earlier studies of water and aqueous 

solutions. [13-21] In our recent study, on pure water forming a 3D space filling percolated 

network, a well-defined gap was detected in the spectrum at low eigenvalues, and this gap 

becomes smaller as temperature increases. [20] 

This work focuses on revealing the properties of the Laplace spectra for TIP4P/20005 water 

model [22] to find connection with the structural features of real liquid by means of utilizing 

the spectral clustering method [23-32]. This approach is based on the eigenvector 

decomposition of a Laplacian matrix and treats the data clustering as a graph partitioning 

problem without making any assumption of the form of the data clusters. The relevant 

eigenvectors are the ones that correspond to the smallest several eigenvalues of the Laplacian 

except for the smallest eigenvalue which will have a value of 0. This method works well in 

those cases when smaller eigenvalues groups together and this group are separated with a gap 

from larger eigenvalues. It has already been shown that the presence of near-zero eigenvalues 

generally indicates the existence of strong communities, or nearly disconnected components. 

[23,30,32] To identify the member of the community, which consisted of the nodes belonging 

to the cluster with larger internal connectivity than external one, is an important task for 

complex networks which aids us to elucidate the connection among the important modules of 

the whole network.  

The spectral clustering method is mainly based on the eigenvectors (and eigenvalues), thus 

indirectly the solidity of the conclusions concerning the structural aspect of liquid water largely 

depends on their reliability. For that reason, we intend to investigate the following: 

1. System size dependence of the Laplace spectra of Hydrogen bond’s connectivity 

matrix. 

2. Effects of the coordination number on the Laplace spectra through various high 

symmetry crystal systems. These are cubic diamond, face-centered cubic (fcc), 

body-centered cubic (bcc), cubic and hexagonal ice. 

3. Effects of the periodic boundary conditions on the Laplace spectra with terminating 

them one by one. 

The main aim is to identify by the help of spectral clustering method such types of 

molecular aggregations in pure liquid water systems, where the inner cluster bond density larger 

than the inter cluster bond. Thus, a bridge can be established between spectral graph properties 

and one of unique properties of water, that is the existence of two different phases in water with 



significantly different densities. Accordingly, the structure of liquid water could be divided into 

two different forms of the liquid: a high-density liquid (HDL) with less tetrahedral symmetry 

and a low-density liquid (LDL) with more tetrahedral symmetry.[33-45] It was suggested that 

the density difference between the two phases is about 20 %.[33] A significant aspect of this 

theory is that this liquid-liquid transition occurs between these two liquid phases under 

supercooled conditions, but the fluctuations are affecting the properties of liquid water under 

ambient conditions. There are several experimental works (e.g. X-ray absorption, emission 

spectra, X-ray diffraction, Raman spectroscopy) providing evidence for the existence of these 

two states in liquid water under ambient conditions. [34-40]  

Based on molecules dynamics simulation applying the detection method (local structure 

index, tetrahedrality, Voronoi Void, ring distribution) for these different density phases was 

mainly based on some types of local order parameters. [41-45] The ratio of amount of locally 

tetrahedral ordered phase of the higher entropy phase was estimated to be in the range of 1:2.5-

3.0, and this value was found to be dependent on the temperature. [37,39, 44, 45] However, the 

question remains open, because also many experimental and theoretical studies dispute this 

statement. [46-52] 

It is worth emphasizing in this context that in contrast to these local approaches in our study 

a global method was utilized by the application of spectral clustering algorithm, which assists 

in scrutinizing the existence of the above mentioned two liquid phases with different densities. 

The demonstrated differing density can be regarded as a moderate microheterogeneity in the 

studied systems. The quintessential question is whether this observed clustering is genuinely an 

inherent property or perturbation of the studied liquid systems. 

 

2. Methods 

2.1 The Network Spectra 

The structure of a network can be fully characterized with the adjacency or the 

combinatorial Laplace (L) matrices. The Laplace matrix can be defined as follows: 

𝐿𝑖𝑗 = 𝑘𝑖𝛿𝑖𝑗 − 𝐴𝑖𝑗      (1) 

where ki is the number of (hydrogen) bonded neighbors of the ‘i’-molecule; δij is the Kronecker 

delta function and Aij=1 if a bond exists between the node i and j.  

It is known that the Laplacian matrix is positive semidefinite and has nonnegative 

eigenvalues. Furthermore, 0 is always an eigenvalue of L and the multiplicity of the eigenvalue 

0 is equal to the number of the connected components of the graph. It is also known that the 

Laplace spectra of a system is the union of its connected components (monomer, dimer…largest 

cluster). 

Several authors have studied the relationship between the eigenvector corresponding to the 

second smallest eigenvalue (λ2) and the graph structure; detailed reviews can be found in the 



literature. [53-57] The most important theorem connected to the second smallest positive 

eigenvalue (Fiedler eigenvalue) of a Laplacian is known as the Cheeger inequality [58-60] 
𝜆2

2
< ℎ(𝐺) >  √2𝜆2        (2) 

where h(G) is the Cheeger constant of a graph G.  

Another prominent feature for the eigenvalue problem of the L matrix is revealed by the 

structure and localization of components of the eigenvectors. We can characterize these 

eigenvectors (λj) by using the inverse participation ratio (I), as defined by the following 

equation: 

𝐼𝑗 = ∑ 𝑉𝑖𝑗
4

𝑖       (3) 

where Vji is the i-th element of the j-th eigenvector. It has already been also shown that ‘I‘ 

ranges from the minimum value of  1/N, corresponding to the eigenvector distributed equally 

on all nodes, to a maximum of 1 for a vector with only one nonzero component.  

 

2.2 Simulation Details 

All of the molecular dynamics simulations using rigid non-polarizable water models 

TIP4P/2005 [22] with different system site N=256, 1000, 4000, 8000 have been performed by 

the GROMACS simulation package [61] (version 5.1.1). The leap-frog algorithm has been used 

for integrating Newton's equations of motion, with a time step dt=1 fs. The box lengths 

correspond to the experimental density of water at 298 K.  

Diamond's cubic structure is in the Fd3m space group, and the unit cell was composed of 

8 atoms. All of the atoms have 4 nearest tetrahedral coordinated carbon neighbors.  Each side 

of the primitive unit cell is 3.57 Å. The Laplace spectra of different size of cells (nxnxn with 

n=2,3,4,5,6,7; and nxmxm with n=9 and m= 7) was investigated. For calculating the Laplace 

spectra of the connectivity matrix an in-house code was used. Additionally, two other well-

known cubic crystals, namely the face centered cubic (fcc) and the body centered cubic (bcc) 

with nxnxn (n = 8 and 12) unit cell were studied. The coordination numbers are 8 in fcc and 12 

in bcc crystals, respectively. We calculated also the Laplace spectra of the H-bond network of 

cubic (Ic) and hexagonal ice (Ih). In these ice structures the oxygen of water molecules is 

tetrahedral coordinated. For hexagonal ice the unit cell is orthorhombic cell with lattice 

constants a=8.9845 Å, b=7.7808 Å, and c=7.3358 Å. The cubic ice has a cubic unit cell with 

lattice parameter a=6.35 Å. Periodic boundary conditions (pbc) were applied three different 

ways: in xyz, in xy, and only in x direction.  

In the present study, we applied the following types of H-bonds definitions to ensure that 

our results are independent of the definition: 

(1) r(O···H) < 2.5 Å and Eij< -12.0 kJ/mol 

(2) r(O···H) < 2.5 Å and O…OH angle is smaller than 30 degree 

(3) r(O···O) < 3.5 Å and Eij< -12.0 kJ/mol 

(4) r(O···O) < 2.5 Å and O…OH angle is smaller than 30 degree.  



Two different types of order parameters were applied. One of them is the tetrahedral order 

parameter, which was originally proposed by Chau et al. [62.] and rescaled by Errington et al. 

[63]. This quantity is defined for i-th oxygen atoms as 

𝑞𝑖 = 1 −
3

8
∑ ∑ (cos(𝜃𝑗𝑖𝑘) +

1

3

4
𝑘=𝑗+1

3
𝑗 ) 2     (4) 

where θjik is the angle formed by the lines connecting to the central Oi atom to its closest 

neighbours Oj and Ok. The local structure index was calculated using the following formula 

𝐿𝑆𝐼 =
1

𝑁
∑ (∆(𝑗) − ∆𝑎𝑣𝑒)2𝑁

𝑗       (5) 

where 

∆(𝑗) = 𝑟(𝑗 + 1)𝑂𝑂 − 𝑟(𝑗)𝑂𝑂      (6) 

in this Equation the r(j)OO is the j-th closest O distance from the central “i” oxygen. In the 

original LSI definition r(j)max< 3.7 Å). This quantity is related to the extent of the gap between 

the first and second hydration shell in liquid water. We additionally calculated a modified 

version of LSI(nhb) quantity in which we took into account only the H-bonded neighbours of i-

th water. All of the above-mentioned quantities were calculated on independent 500 

configurations separated with100 ps from each other. 

 

3. Results and discussion 

3.1 The Laplace spectra of liquid water 

In our earlier studies we showed that for liquid water a well-defined first peak exists at low 

eigenvalues of the Laplace spectra, which shifted to lower  values as the temperature 

increases.[20] The position of this first positive eigenvalue  (according to the Cheeger 

inequalities, see eq.2.) can be considered as metrics for describing the “distance” (that is, 

number of bonds that need to be broken) from the percolation transition. This first positive 

eigenvalue always belongs to the first peak. After this peak at least one additional peak 

separated from the first one can be observed. The Laplace spectra applying different H-bond 

definitions at lower  region (Fig. 1c) supports that the pattern is independent of the H-bond 

definition. For this only results obtained from def. (1) are presented in the following sections. 

In order to clarify how the size of the simulation box affects our previous results the 

Laplace spectra of TIP4P/2005 water model was calculated as a function of the system size. 

These functions are presented in Fig. 1a and are enlarged at the small  eigenvalues in Fig. 1b.  

Independently of the system size a well-defined first peak exists. After this peak a notable gap 

can be detected. Considering the larger simulation boxes, for the system of 4000 molecules two 

sharp peaks, while for the system of 8000 molecules three sharp peaks emerge after the gap.  
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Figure 1. Laplace spectra of TIP4P/2005 water molecules as a function of system size a) at the 

entire  region, b) only at small  values and c) only at small  values applying different H-

bond definitions for 4000 water molecules. 

 

The eigenvalues of the Laplace spectra of selected configurations were presented for 

systems of 1000 (Fig. 2a) and 8000 water molecules (Fig. 2b). In the case of the smaller systems 

(1000 molecules), the first six eigenvalues form a distinct group. For the larger system (8000 

molecules) more groups appear and arrange a kind of plateau-like way. The first six-member 

group is followed by a 12- and an 8-membered groups. The number of the groups which are 

composed of the eigenvalues increases with the system size. It is worth mentioning that for 

system of 4000 molecules two plateau levels were derived containing 6 and 12 eigenvalues (not 

shown). An additional proof for existence of 6 eigenvalues belonging to the first peaks are 

presented in Fig. 2c. This figure shows that the difference between successive eigenvalues in 

the range of 2 to 7 is at least an order of magnitude smaller than the difference between the 8th 

and seventh eigenvalues. These differences are smaller than the second (Fiedler) eigenvalue. It 

can be established that the first group of eigenvalues correspond to the first peak of Laplace 

spectra, the second group to the second peak and so on (c.f. Fig. 1b). 
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Figure 2. The eigenvalues of the Laplace spectra a) for system of 1000 water molecules and b) 

for system of 8000 water molecules for selected configuration for selected configuration. The 

different colour is corresponding to the different configuration. c) The i-i-1 (i=<8) difference 

of the Laplacian for the investigated systems. 

 

The second eigenvalue (2) or in other words the first positive eigenvalue also depends on 

the system size: 0.191, 0.101, 0.046, 0.036 for system of 256, 1000, 4000 and 8000 water 



molecules, respectively. That is, 2 demonstrates an inverse proportional change with respect 

to the number of the molecules in the simulation box. 

Inverse participation ratio (IRP) of the eigenvectors was calculated according to Eq.3. The 

results belonging to the larger eigenvalues in Fig. 3a, while the smaller eigenvalues in Fig. 3b 

are presented. The IRP of the eigenvectors corresponding to the first and second peaks (ranking 

range ~7975-7995) are about 2-3 times as large as the minimum value (1/N). This means that 

these eigenvectors carry information about a large number of molecules. There are several 

eigenvectors at =0, where the IRP is very large (upper right corner of Fig. 3b). Numerically, 

IRP in this region is larger than 1/N. These eigenvectors are localized, and only represent a 

small number of molecules (small clusters, monomer, dimer, etc.) in the system. Union of these 

connected clusters are the total Laplace spectra of system. 

 

a) 
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Figure 3. Inverse participation ratio (IRP) of the eigenvectors a) for system of 1000 water 

molecules and b) for system of 8000 water molecules. 

 

In short, independently of the system size the first peak of the Laplace spectra contains six 

eigenvalues. This result clearly demonstrates that these properties are not related to the finite 

size effect. One of the possible factors to which this common feature can be attributed is the 

coordination number. It is, therefore, crucial to carefully examine other systems with higher 

symmetry properties than the four-coordinated water molecules due to hydrogen bonding. 

 

 

3.2 The Laplace spectra of crystal systems  

The Laplace spectra was calculated for some highly symmetric crystal structures in order 

to shed light on the inherent nature of its band-like structure. Furthermore, the system size 

dependence was also monitored in all cases. Firstly, cubic diamond was one of the chosen 

subjects as homogenous, isotropic crystal because similar to water, and having four tetrahedral 

coordinated neighbors. The resultant spectra are presented in Figure 4a focusing on the low  

eigenvalues region up to 2.5. The main feature of the pattern appears the same, but slightly 

shifted depending on the system size. The multiplicity of the first (2) and the second nonzero 

eigenvalue are 6 and 12, respectively. The system size dependence is also noticeable 

considering the behavior of the 2 and 8-7, the latter corresponds to the magnitude of the gap 



between the first and second group of eigenvalues. Fig. 4b shows the results as a function of 

system size (nxnxn). Both quantity decreases as the system size increases. These results are in 

accordance with those previously presented for liquid water. 
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Figure 4. a) The Laplace spectra of cubic diamond system with different system sizes. b) The 

2 and 7-6 of cubic diamond systems as a function of the system size. c) The Laplace spectra 

of fcc and bcc systems. d) The Laplace spectra of cubic (Ic) and hexagonal ice (Ih) systems. 

 

As the next step the Laplace spectra of the connectivity for two other simple crystals with 

well-known unit cell without local tetrahedral symmetry, namely face-centered cubic (fcc) and 

body-centered cubic (bcc) crystals (Fig. 4c) was determined. Despite the fact that the 

coordination numbers are in these systems are 8 (fcc) and 12 (bcc), the same multiplicity (6) is 

derived as for cubic diamond.  

Finally, the effect of the shape of the unit cell on the Laplace spectra was investigated. The 

comparison of the Laplace spectra of oxygen connectivity between the cubic and the hexagonal 

ice can be found in Fig. 4d. For the cubic ice the multiplicity of the two smallest positive 

eigenvalue is 6 and 12 as we obtained for the other cubic crystal systems (c.f. Fig. 4a and 4c). 

On the other hand, in the case of not cubic cell the pattern of Laplace spectra at low  values 

significantly changes. The multiplicity of the first three peaks (eigenvalues) are 3, 3, and 2, 

respectively. The results suggest that the multiplicity of the first nonzero value of the Laplace 

spectra depends only on the unit cell parameter. 

 



 

3.3 Effect of the periodic boundary conditions 

In the previous section we indirectly showed that the shape (and other related properties) 

of the Laplace spectra strongly depends on the characteristics of the unit cell. Therefore, it can 

be presumed that it also depends on the periodic boundary conditions (pbc). To verify that the 

pbc were eliminated one by one. In this case, we introduced artificially free surface in the 

system, to do this, we destroyed the orientation equivalence in x, y or z direction. In these cases, 

the average neighbouring number is decreased about 0.2-0.4. 

The result can be seen for cubic diamond and liquid water in Fig. 5. Black sign shows the 

calculated eigenvalues with periodic boundary conditions. Red, blue and green symbols 

indicate that the pbc terminated in x direction, in x,y directions, and in x,y,z directions, 

respectively. As a result, the band gradually disappears. The pattern of the Laplace spectra is 

decayed step by step. This also proves that the cubic pbc has a detectable effect on the spectra. 
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Figure 5. The effect of periodic boundary conditions on eigenvalues of Laplace spectra a) for 

cubic diamond and b) for liquid water at 243 K. 

 

3.4 Possible consequences of the six eigenvalues for structural properties of liquid water  

In every system, where the unit cell is cubic, the first 6 positive eigenvalues are 

degenerated, this can be associated with the existence of groups of vertices, which are densely 

connected between each other while sparsely being connected to the rest of the network. It 

means that in our systems 6 different ways exist to break defined number of connected bonds 

leading to the termination of the percolation. In other words, the system is divided into six parts 

in accordance with the number of eigenvalues. Figure 6 shows representative decomposition 

patterns for pure water, and cubic diamond. Molecular aggregates were detected by the spectral 

clustering method in such a way that every molecule is considered as one unit: the water 

molecules are displayed by their oxygen atom while the cubic diamond by its carbon atom. It 

is clear that in the cubic diamond cell any type of microheterogeneity cannot be detected. 

However, in the case of liquid water in every aggregations or clusters the molecules can be 

classified in two different manners: core or surface molecules. The “core” molecules form H-

bond only with molecule inside of the cluster. The “surface” molecules are connected to each 



other and the core molecules as well. Figure 6c presents only those molecules which can be 

found on the surface of the clusters in pure water. In this case, the resulted clusters resemble to 

„tunnels”.  

 

a) 

 

b) 
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Figure 6. A representation of six cluster a) for cubic diamond, b) pure liquid water (243 K) and 

c) the surface molecules of pure liquid water (243 K). 

 

To connect our results arising from spectral clustering calculations with structural 

properties of liquid water, the H-bond number distribution was calculated for both the “surface” 

and the “core” molecules. Results related to the pure water system are shown in Fig. 7. At 298 

K the three and the four bonded molecules equally occur inside the cluster (“core” part), while 

for “surface” molecules the four bonded state is the more favourable.  The “surface” type water 

molecules have a significantly larger tetrahedral nature, than the “core” ones. The average H-

bond neigbours number and the fraction of four-bonded (f4) molecules in the case of bulk, 

surface and core molecules are presented in Table 1.  
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Figure 7. Hydrogen bond number distributions for “core” and “surface” molecule in water at 

different temperature at system size 4000. 

 

 nhb nhb of surface 

molecules 

nhb of core 

molecules 

f4 of surface 

molecules 

f4 of core 

molecules 

1 3.36 3.46 3.24 0.49 0.40 

2 3.64 3.71 3.58 0.61 0.51 

3 3.41 3.52 3.30 0.50 0.41 

4 3.69 3.77 3.64 0.64 0.57 

Table 1. Characteristic values of H-bonded network. (1. rOH <2.5 Å, -12 KJ/mol; 2. rOH <2.5 

Å, O…OH < 30.0°; 3. rOO <3.5 Å, -12 KJ/mol; 4. rOO <3.5 Å, O…OH < 30.0°.) 



 

The average number of H-bond is significantly larger (about 0.1-0.23 depending on the H-

bond definition c.f. Table S1.) for the molecules on the “surface” than in the “core” part of the 

clusters. The “surface/core” ratio for pure water system of 4000 molecules at 298 K is about 

0.24-0.25, but this ratio slightly depends on the system size. For 8000 molecules this ratio is 

smaller to some extent, it is approximately 0.19-0.20. 

We calculated the tetrahedrality of the two different types of the water molecules for 

characterizing more deeply the structural difference between the two states. These distributions 

are presented in Fig. 8a. This figure clearly demonstrates that there is a more pronounced 

tetrahedral order for the surface than the core type of molecules. The two versions of the 

calculated local structural index are presented in Fig. 8b and 8c. At low LSI values also show 

the differences between the “core” and “surface” molecules.  
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Figure 8. a) Probability distribution of tetrahedrality in bulk water at 298 K for surface and 

core type of molecules. b) Probability distribution of LSI and c) LSI(nhb) in bulk water at 298 

K for surface and core type of molecules. 

 

The value of LSI(nhb) is significantly smaller than the LSI. This difference can be easily 

explained by the different in the closest normalized OO distribution functions. The main 

difference arises from the contribution of 5th neighbor. It is also clearly presented that we take 

into account in the “classical LSI” calculation the 0.65 fraction of 5th neighbor (Fig. 9). 
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Figure 9. The normalized O-O distribution functions of the nth neighbour molecules using two 

different definitions. 

 

Additionally, we investigated how the calculated D(rn)=r(n+1)OO-r(n)OO value (for LSI 

calculation) depends on the r(n)OO value. This two-dimensional distribution is showed in Fig. 



10. We can detect two domains. At low r value (r< 2.85 Å), where the r value is smaller than 

the position of first peak of OO radial distribution, the D(rn) is significantly smaller than the 

right side of the first peak (that is the larger r values).  
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Figure 10. Two dimensional distribution of r(n)OO and the corresponding r(n+1)OO-r(n)OO. 

 

4. Conclusions 

In this work we studied the effects of periodic boundary conditions on the community in 

H-bonded networks based on eigenvectors and eigenvalues analyses of the Laplace spectra 

applying spectral clustering method. The results suggest that the periodic boundary conditions 

are always introduce clustering in our systems.  

Thus, we are not dealing only with local structural information about the actual structure 

of the fluid, but an additional distribution, which can be considered as a perturbation arising 

from periodic boundary conditions. Unfortunately, this effect cannot be eliminated. We 

hypothesize that these properties of the Laplace spectrum are significantly influenced by the 

shape of the simulation box. Ultimately, these results suggest that six phases are always formed 

in our simulation systems in the cubic box due to the periodic boundary conditions. The H-

bonded environment on the surface is organized more tetrahedrally than the “core” molecules 

in the cluster as we showed using several local order parameters such as tetrahedrality and 

different LSI approaches. Our results revealed that in the case of simulation based investigations 

of the possible existence of low density liquid (LDL) and high density liquid (HDL) phases in 

liquid water is always necessary to take into account the effect of periodic boundary conditions. 
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