-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Repository of the Academy's Library

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 22 (2021), No. 1, pp. 107-121 DOI: 10.18514/MMN.2021.2444

SOME NEW INEQUALITIES FOR DIFFERENTIABLE /#-CONVEX
FUNCTIONS AND APPLICATIONS

MUSA CAKMAK, MEVLUT TUN C, AND AYSEGUL ACEM
Received 06 November, 2017

Abstract. In this paper, the authors established a new identity for differentiable functions, after-
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1. INTRODUCTION
1.1. Definitions

A function f: I — R, I C R is an interval, is said to be a convex function on / if

flex+(1=1)y) <tf () +(1—1)f () (1.1)
holds for all x,y € I and ¢ € [0, 1]. If the reversed inequality in (1.1) holds, then f is
concave.

We say that f : I — R is Godunova-Levin function or that f belongs to the class
Q (1) if f is nonnegative and for all x,y € I and ¢ € (0, 1) we have

Flex+(1—1)y) < fgx) + J;(_yz
[13, Godunova and Levin, 1985].
Let s € (0,1]. A function f : (0,00] — [0,00] is said to be s-convex in the second
sense if

(1.2)

flx+(1=0)y) <Ef)+(1=1)"f (), (1.3)
for all x,y € (0,00] and ¢ € [0,1]. This class of s-convex functions is usually denoted
by K2 [14, Hudzik and Maligranda, 1994].

In 1978, Breckner introduced s-convex functions as a generalization of convex
functions in [6]. Also, in that work Breckner proved the important fact that the set
valued map is s-convex only if the associated support function is s-convex function in
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[7]. A number of properties and connections with s-convex in the first sense and its
generalizations are discussed in the papers [9, 10, 14]. Of course, s-convexity means
just convexity when s = 1.

We say that f : I — R is a P-function or that f belongs to the class P (1) if f is
nonnegative and for all x,y € I and 7 € [0, 1], we have

flax+(1=0)y) <f(x)+f() (1.4

[12, Dragomir, Pecari¢ and Persson, 1995].

Let & : J — R be a nonnegative function, & %= 0. We say that f : I — R is an h-
convex function, or that f belongs to the class SX (h,1), if f is nonnegative and for
all x,y € I and t € (0,1) we have

flx+(1=1)y) <h@)f(x)+h(1-1)f (). (1.5)

If inequality (1.5) is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Obviously, if & (¢) =1, then all nonnegative convex functions belong to SX (%,1) and
all nonnegative concave functions belong to SV (h,1); if h(t) = 1, then SX (h,I) =
Q(I); if h(t) =1, then SX (h,I) D P(I); and if h(r) = ¢*, where s € (0,1), then
SX (h,I) 2 K? [22, Varo3anec, 2007].

A function f: I CR — Ris said to belong to the class of MT (1) if it is nonnegative
and for all x,y € I and ¢ € (0, 1) satisfies the inequality;

v ) (1.6)
21—t 2/t
[21, Tun¢ and Yildirim, 2012]. Definition of MT-convex function may be regarded
as a special case of h-convex function. And in (1.6), if we take ¢t = 1/2, inequality
(1.6) reduces to Jensen convex.

Let f: 1 C R — R be a nonnegative function. We say that f: I — R is tgs—convex
function on / if the inequality

flx+(1=0)y) <t(1=1)[f () +f ()] (1.7)

holds for all x,y € I and z € (0, 1). We say that f is tgs—concave if (— f) is 7gs—convex
[20]. In (1.5), if we take h(t) =t (1 —1), inequality (1.5) reduces to inequality (1.7).

flx+(1=1)y) < [+

1.2. Theorems

If f is integrable on [a, ], then the average value of f on [a,b] is

b
bla /a f(x)dx.

Let f: I CR — R be a convex function and a, b € I with a < b. Then the following

double inequality:
f(“”’) <! /bf(x>dx§f(“)+f(b) (1.8)

2 b—a 2
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is known as Hermite-Hadamard inequality for convex mappings. For particular
choice of the function f in (1.8) yields some classical inequalities of means. Both
inequalities in (1.8) hold in reversed direction if f is concave. The refinement of the
second inequality in (1.8) is due to Bullen as follows:

e (£50) £ L

where f is as above. This (1.9) integral inequality is well known in the literature
as Bullen Inequality [ 18, Pecarié, Proschan and Tong, 1991]. For some recent res-
ults in connection with Hermite-Hadamard inequality and its applications we refer to
[1-5,12,15,16,21,22] where further references are given.

The following inequality is well known in the literature as Simpson’s inequality
[11, Dragomir, Agarwal, and Cerone, 2000];

/ahf(x)dx—b;a [f(a)+f(b)+2f<a+b>} Sl;WHf(‘l)Hw(b_a)s’

2 2
where the mapping f : [a,b] — R is assumed to be four times continuously differen-
tiable on the interval and f(*) to be bounded on (a, b), that s,

o] = s 0] <.

In [19], M. Z. Sarikaya, A. Saglam and H. Yildirim established the following Hada-
mard type inequality for 4-convex functions:
Let f € SX (h,1),a,b €1 and f € L ([a,b]), then

1 a+b 1 b 1
G (50) <5 [ rwasir@ o [ noa o
2h (f) 2 b —da .Jag 0

For recent results and generalizations concerning h-convex functions see [5, 8, 17,

,22] and references therein.

In this paper, firstly we will derive a new general inequality for functions whose
first derivatives in absolute value are s-convex, which not only provides a generaliz-
ation of the previous theorems but also gives some other interesting special results.
Then we give some corollaries and remarks for different type convex functions. Fi-
nally, applications to some special means of real numbers are considered.

2. MAIN RESULTS

Lemma 1. Let f : 1 C R — R be a differentiable function on [° such that ' €
L' [a,b], where a,b € I with a < b. Then, for any € € [0,1], the following equality
holds:

(12617 (450 ) velr@+ £ o) - 5 [ s Chy
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1
! 1 /
{/(t—Ze)f (ta;b—i-(l—t)a)clﬂ—/ (2e—1)f < aJ2Fb+(1—t)b)dt}
0
0
Proof. Integrating by parts, we have the following identity:
1 b
I]:/ (t—2£)f’<taJ2r+(1—t)a>dt
0
2 a+b o2t ath
= (-2 t 1—1t — t 1—t)a|dt
=20 2o (15w =na)| <20 [ (452 0 -na)

_2(1—2¢) (a+b 4e 2 ! a+b
= h_a f< 3 >+ f(a)—b_a/0f<t 5 +(1—t)a)dt.
2.2)

b—a
4

Using the change of variable x = t% + (1 —t)a fort € [0,1] and multiplying both
sides of (2.2) by %, we obtain

b—a (!

2l [ u-ef (z“;”ﬂl—z)a) dt

1-2 b 1 4
= 2£f<a; >+€fw}—b_al f(x)dx. (2.3)

Similarly, we observe that

12_/01 (2e—1)f <ta;b+(1—t)b> dt
_2@8—Uf<a+b>_ ﬁsz%+ 2 Aﬂf@a+b+%l—ﬂb>m-(l®

a—>b 2 a—>b a—>b 2

Using the change of variable x = t# + (1 —1)b fort € [0,1] and multiplying both
sides of (2.4) by }f%“, we obtain

b— ! / b
— (28—4)f’< a*—%(l—m)b>cn
4 Jo 2
1-2¢ _(a+b b
= - . 2-
() rer - [ s wax @s)
Thus, adding (2.3) and (2.5), we get the required identity (2.1). g

Theorem 1. Let I C [0,00), f: I — R be a differentiable function on I° such that
f el la,b], where a,b € I with a < b. If |f'|" is h-convex on [a,b] for some fixed
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t € (0,1) and g > 1, then the following inequalities hold

b
(=207 (57) el @-+s 0]~ 51 [ 10 26)

< _a<4€2—28+1)1_;
- 2
X {f’(a+b> —t|h(t)dt+|f (a \/\28—t\h 1-1)d }q
- f’<“+b> /\2e—t|h )dt+|f (b \/|2£—t!h(1—t)dt}]
for0<e % and
b
a+b 1
(=207 (30 ) velr@+ £ o) - 5 [ s e

) [{ d <aJ2rb> q 01 lzg_th(t)d“r\f'(a)‘q/ol 2e—t\h(1—t)dt};

—t|h(t)dt+|f (b \/|2e—z|h l—t)dt}]

Proof. Incase 0 <& < %, by Lemma 1 and using the Holder inequality, we have

b
a-207(*37) +e[f<a>+f<b>]—bia/f<x>dx

) et
+</01|28_t|dt> (/ 2e—1]|f <t+(1—t)b> th)}
_a(4£2_28+;)

Q=
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x[{ (““’)' / 2e —t[h(t)de +|f (a \/yZS—z\h 1—1)d }
+{f<a+b) /|2£—t|h )dt+|f' (b \/|2e—t|h l—t)dt}ll,

! 1
/ |t —2e|dr = 4e*> —2e+ .
0 2

In case % <e<1,by Lemma | and using the Holder inequality, we have

b
(=207 (30 ) velr@+r o0 - 51, [ s

“’[(/Olv—zeur)l {/ =20l (12324 (1-0)a)
(s (o002

1

where

¢ Y
a
l]

<

1N\
< 2e — —
<55 (=)
b 1
X { a+ /|28—t|h )di+ |f' (a }/|2e—r\h 1—1)d }
b 1
+ f,<a+ > /|2e—t|h )dt+|f (b \/|2e—t|h(1—r)dz} ]
where
1 1
t—2¢eldt =2¢e— —.
/0] eld €7
Thus, the proof is completed. O

Corollary 1. Let I C [0,0), f : I — R be a differentiable function on I° such that

f € L'(a,b], where a,b € I with a < b. If |f'|? is h-convex on [a,b] for some fixed
t € (0,1) and g = 1, then the following inequalities hold

b
(12617 (430 velr@+ro) - 5 [ 1 @8)
<22 {2 ’(a;bﬂ/o]|2£—t|h(t)dt+(]f’(b)‘+|f’(a)])/ol28—t|h(1—t)dt

for0<e<I1.
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Proof. Inequalities (2.8) is immediate by setting g = 1 in (2.6) and (2.7) of The-
orem 1. ]

Remark 1. 1f we take € = 0 in (2.8) then we get a midpoint type inequality
b
/ a+b
2
b 1
[ <a+ >'/z‘h () dt+ (|f" (@) + | f (b)]) /th(l—t)dt]
0

If we take € = % in (2.8), then we get a trapezoid type inequality

e 102100 e (M)\(/ ey
(‘f </ 6 —1]h( 1—t)dt>}

If we take € = % in (2.8), then we get a Bullen type inequality

— a/f )dx— { ()+2f<“;b> +f(b)}

B ()L o)
+Qf@ﬂ+p%mb<4zihmnm>}

If we take € = % in (2.8), then we get a Simpson type inequality

— a/f [ ()+4<a+b>+f( )}

(L)
w (I @]+l @) ([ -3 [pa-na)}.

Corollary 2. Under the assumption of Theorem 1, if | f'|? is s-convex in the second
sense on [a,b] for some fixed s € (0,1]| and g > 1, then the following inequalities hold:
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b
(=207 (30 velr@+re)- 5 [ s

—a 9 1\ ,(a+b\|?
<4€ —28"‘2) <f <2>
4 g
w(lr(30) Peairorose) ] . @)

1 _ s—4e—2se+2(2e)" 241 _2(1-2¢) 4442581
for0<e< 3, where P(s,e) =" (sil)(erZ) , 0(s,€) = GRS ~ . and

<

P(s.e) 1 |f <a>\qQ<s,e>)"

b
(=207 (37 ) velr@+ £ - 5 [ s

e ) e
+—<.f’(a_%b>‘qU(xe)+ﬂj”Qﬁ\qV(&e)>;], (2.10)

2
2e(s+2)—(s SE—
for 3 <e<1whereU (s,€) = w V(s,e) = éiﬁ?(fﬂl).

<

U (s,€)+ ‘f’ (a)‘qV(s,€)>q

Proof. Incase 0 <e < 1, by Lemma 1 and using the Holder inequality, we have

b
u2@f<“;b

_aK/O]p—zedt)l_(/ e~ 2] | £ ( o) )

() (e
<t (ezesd) (L (el (45
f’(a;b)\q+<1—f>‘f!f’<b>\‘f)dt);
N

ol g fa+b
! (2)

)relr@+

th>}]
dt) 1]
0| f (a)|”> dt) !

<

017 @l ar
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= oo (el (50)] 1—r>‘\f’<a>|")dr}‘l’
+{/o (2= ’)(f f(gb)\ <1—r>3|f’<b>!")dt
P ra-miror)a)]
e )

+ 1 (r—2¢) (tf

2e

115

1

cfa+b\|Ts—de—2se+2(2e) P +1 |, ,2(1—2e) P tde+25e—1)7
X f | (a ’
2 (s+1)(s+2) (s+1)(s+2)
N f,<a+b> 15— 4e—2se+2(2¢) 2 +1 | ’42(1—28)”24—48—1—2&:—1
2 (s+1)(s+2) (s+1)(s+2)
where

1 2¢ 1 1
/ \t—28\dt:/ (2e—t)dt + (t—28)dt:482—28+§
0 0

2e

e ; B (28)s+2
/0 t* (2e—1t)dt = GrDGTY

2 o, (1—28)" pdet+25e—1
/O (2e—t)(1—1t)'dt = )

/1 s—4e—2se 4 (28) 2 + 1
2

. ' (t—2¢)dt = Gr0612)

1 ; B (1_2€)s+2
/28 (1=2) (1 —0)'dr = (e

In case % <e <1, by Lemma 1 and using the Holder inequality, we have
+b 1 /
a
(=207 (57 ) relf@-+7 0]~ 5= [ 10

< b;a [(/01 |t—2£dt>1(11 (/1 1 —2¢| | /' (ta;b-i-(l—t)a> th>}’
+<0 2 - t|dt) (/ 2e —1||f ( (1—t)b> qd;)‘l’}

)
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SR N
(L (420 coreor)a)|
INEES])

(S0 [ eemnvarirwp [ ee-na-iya) ;1
) )

92e(s+2)— (s+1) |, 1g det2se—1 4
cinery T )|q(s—|—1)(s+2)> ]

1

1 1 q
| (2e—1)r'dt+ | f (a)|”/0 (2e—1) (1 —1) dt)

¢ (s42) — (s+1) gt el )é
(s+1)(s+2) )

(s+1)(s+2

()

The proof is completed. O

Corollary 3. Let I C [0,00), f : I — R be a differentiable function on I° such that
f € L' [a,b], where a,b € I with a < b. If ’f ‘ is s-convex in the second sense on
[a, D] for some fixed s € (0, 1], then the following inequalities hold:

b
)+elr@-+ro)- 5t [ reax

a+b

(-0 (

< b;“ <2 ’(a;rb>‘P+(\f’(a)\+\f’(b)\)Q> 2.11)
for0<e< %, where P = 57487(fi€]+)(2s(i3))”2+1, = 2(172(83 ,)jj)tﬁ)zsgfl, nd
1-207(*37) +e[f<a>+f<b>]—bia/bf<x>dx
<22 (lr (30| o+tr@i+lreny) e
for % <e<1wherelU = 23((5112))(;5:;)1) V= (iiﬁ?f:zl)

Proof. Inequalities (2.11) and (2.12) are immediate by setting ¢ = 1 in (2.9) and
(2.10) of Corollary 2. g
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Remark 2. 1f we take € = 0 in (2.11), then we get a midpoint type inequality

biaa/bf@dx_f(a;b) Sb;a<2'f/<a42rb) 1+|f’(a)|+!f'(b)!>‘

s+2 (s+1)(s+2)

(2.13)
If we take € = % in (2.11) or (2.12), then we get a trapezoid type inequality
b
1 fla)+1(b)
b—a / fxdx 2
b—a atb 1 (If’(a)IHf’(b)!))
< 2|f . (2.14
=7 ( f< 2 ) GFD6T2) (512) 2.14)
If we take € = i in (2.11), then we get a Bullen type inequality
b
1 1 a+b
[rwax—g |r@+2s +1) 2.15)
b—a 4 2
a

b— ,(a+b s+27°
=3 <f< > ) G (512

If we take € = % in (2.11), then we get a Simpson type inequality

bla/hf(X)dx—é [f(a)+4<a;b) —s—f(b)}

/ ) s+27°
)+(’f (@)|+|f (b)!)z(sﬂ)(s+2)>'

(2.16)

b—a L(a+b\|2s+2x 3 41 , , s3I 3l
=7 (2f< 2 > 36+n6er2 T @I O) =S )
Remark 3. If we put M = sup,c(, |f'| in (2.13)-(2.16), then we have

b
1 a-+b b—a M
b—a/f(x)dx_f< 2 > = 2 s+1 @17
b
1 fla)+f(b) b—a M
b—a/f(x)dx_ 2 =T st (2.18)
1oy 1 +b
a
sra [0y [ r@ 2 (5) + 0]
b—a s+27°
=7 ( (s+1)(s+2)) (2.19)
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! s@+a(“50)+r0)

b—a <3s+2><3erl N 253 x 3751
- 6 \(s+1D(s+2) (s+1)(s+2)

Remark 4. If we further take s = 1 in (2.17)-(2.20) for functions f with convex
|f'|, we have

) . (2.20)

bicl/bﬂx)dx—f(“;”) Mz g
o /”f(x) pe H@EIB)| MO0y
b_aa/bﬂx)dx—i s@sar(450)4rw] MO e
bla/bfwx—é[f<a>+4<“+”>+f< )} < 2OMO=0) g0

Corollary 4. Under the assumption of Theorem 1, if |f'|? is P(I), then the fol-
lowing inequality holds:

b

(12017 (50 ) velr@+r 0] - 5 [ s 025)
e (2ol () o)
for0<e<3,

b

(1—28)f(a;b)—|—s[f / (2.26)
W) o0 /() o)
fors<e

o (e3)
<.

Proof. Proof of inequalities (2.25) and (2.26) is explicit by choosing A(z) = 1 in
(2.6) and (2.7) of Theorem 1. ]

+|f (@
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Corollary 5. Under the assumption of Theorem 1, if |f’|? is tgs-convex, then the
following inequality holds:

b
(-20)7(“37) el 41051 [ roar

)
(Eo IR IEs),

for0<e< %, and
b
a+b 1

(1-20)7 (57 ) relf@-+7 0]~ 5 [ 10 @28)
(e (32l s (ol sl (59)]) ]

Proof. Proof of inequalities (2.27) and (2.28) is explicit by taking h(t) =17 (1 —1)
in (2.6) and (2.7) of Theorem 1. ]

<

<=

)f ‘)l] 2.27)

S8 6‘/‘1(

for%gegl.

3. APPLICATIONS

We consider the means for arbitrary positive numbers a,b (a # b) as follows:

The arithmetic mean:
a+b

A(a,b) = 7

the generalized [og-mean:

bp+1_ap+1 s
Ly(a,b)= {(P*‘l)(b—a)] , pER~{-1,0}.

Now, by using the result of the second section, we give some applications to special
means of real numbers.

Proposition 1. Ler0 < a < b, s € (0,1). Then the following inequalities hold:

s(b—a) (A*(a,b) A(a*,b*)
2 ( s+2 +(s+1)(s+2)> G-

\Lg(a,b)—A(aS,bS)ygs(b_a)<( A'(a,b) +A(as’bs)) 3.2)

|Ls(a,b) —A*(a,b)| <

2 s+1)(s+2) s+2
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A(a,b) +A(a, b’ b— +27° s S ps
Li(a,b)— @ )2 @8] < 5 4a)(s+sl)(s+2)(A (a,b) +2A(a*,b%))
(3.3)
L (ab) - 22 (a,b) ;rA (a*,b")
M s 2s+2x 3t 1 o S—|—2S+3><331—]>
< (e T A ) O

Proof. The inequalities are derived from (2.13)-(2.16) applied to the s-convex
functions f: R — R, f(x) =x%, s € (0,1), x € [a,b] and f' (x) =sx*" !, s € (0,1),
X € [a,b]. The details are disregarded. O

Proposition 2. Ler0 < a < b, s € (0,1). Then the following inequalities hold:

Li(a.b)~A"(a,p)] < P= DL ED 6:3)

1L (a,b) — A (a*,1°)| < (b_zajl(sfz) (3.6)

LS (a.b) _ A’(a,b) +2A (a*,b") < bgas;;i_s 37
L5 (a,p) — A2 10:) ;A(“S’bs) < é)c;—i (Bs+2x 314273 5 3571) | (3.8)

Proof. The inequalities are derived from (2.17)-(2.20) applied to the s-convex

functions f: R — R, f(x) =x%, s € (0,1), x € [a,b] and f' (x) =sx*!, 5 € (0,1),

X € [a,b] and we might take M = MB# The details are disregarded. O
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