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Abstract. Let G be a finite group. We define the prime graph I'(G) of G as follows: The vertices
of I'(G) are the primes dividing the order of G and two distinct vertices p, ¢ are joined by
an edge, denoted by p ~ g, if there is an element in G of order pg. We denote by n(G), the
set of all prime divisors of |G|. The degree deg(p) of a vertex p of I'(G) is the number of
edges incident with p. If n(G) = {p1,p2,...,pr} where p; < p» < ... < p, then we define
D(G) = (deg(p1),deg(p2),....deg(py)), which is called the degree pattern of G. Given a finite
group M, if the number of non-isomorphic groups G such that |G| = |[M| and D(G) = D(M) is
equal to r, then M is called r-fold OD-characterizable. Also a 1-fold OD-characterizable group
is simply called OD-characterizable. In this paper we give some results on characterization of
finite groups by prime graphs and OD-characterizability of finite groups. In particular we apply
our results to show that the simple groups G»(7), B3(5), A1y, and A9 are OD-characterizable.

2000 Mathematics Subject Classification: 20D05; 20D06; 20D60
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1. INTRODUCTION

Throughout this paper, groups under consideration are finite. For any group G, we
denote by 1(G) the set of prime divisors of |G|. We denote the set of elements of G
by 7.(G). We associate to 7, (G) a graph called prime graph of G, denoted by I'(G).
The vertex set of this graph is 7(G) and two distinct vertices p, g are joined by an
edge, denote by p ~ g, if pq € T.(G). The connected components of I'(G) is denoted
by Ty, T2, ..., Ty(G)» Where ¢(G) is the number of connected components of I'(G). If
the order of G is even, the notation is chosen so that 2 € w;. Clearly the order of G
can be expressed as the product of my, my, ..., my(g), where n(m;) =, 1 <i<t(G).

The degree deg(p) of a vertex p of I'(G) is the number of edges incident with p.
If n(G) = {p1,p2,-..,px} With p; < pa < ... < px, then we define

D(G) = (deg(p1),deg(p2),--..deg(pr)),
which is called the degree pattern of G. Given a finite group M, if the number of non-
isomorphic groups G such that |G| = |M| and D(G) = D(M) is equal to r, then M is
called r-fold OD-characterizable. Also a 1-fold OD-characterizable group is simply
called OD-characterizable.
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We call a directed graph strongly connected if there is a directed path from each
vertex in the graph to every other vertex. Given an integer a and a positive integer
n with (a,n) = 1, the multiplicative order of @ modulo n is the smallest positive in-
teger k such that af = 1(modn). We denote the order of a modulo n by Ord,(a).
It is easy to see that if @' = 1(modn), then Ord,(a)|l. Let G be a finite group with
|G| = p1™ p2®2...px™, where p; < py < ... < py are prime numbers. We define a dir-
ected graph ¥(G) as follows: the vertex set is (G) and two distinct vertices p;, p; are
joined by an edge, denote by p; ~ p;, whenever p; » p;inI'(G) and Ordpjocj (pi) > a.

The problem of OD-characterizability of simple groups was raised in [2] for the
first time. Then many researchers paid attention to characterize finite simple groups
by orders and degree patterns of their prime graphs, to mention a few references we
will quote [8] and [7].

In this paper we consider the prime graph of a finite group G and prove results
which will be used to prove the OD-characterizability of the simple groups G,(7),
B3(5), Ayj, and Ajg. Of course there are many other simple groups whose OD-
characterizability can be proved using the results of this paper.

If m and [ are natural numbers and p is a prime number, the notation p™ || n means
that p™ ’n and p™*! { n. For a prime number r and a positive integer n, n, denotes the
r-part of n, i.e. type n, is a power of r and n = mn,, where (m,r) = 1.

2. PRELIMINARIES

Lemma 1. Let a > 1 and n be natural numbers and r be a prime number. If
247" || a—1, then "' || (@ —1).

Proof. See [3], 3.2. O

Lemma 2. Let p; and p; be two distinct prime numbers, p; # 2, Ord,.(p;) = m
and p; || pi/" — 1, then Ord, 4 (pi) = mpjd_l, where d is a positive integer.

Proof. By Lemma 1 and induction on ¢ we see that
=1
pit P —1, 2.1)
where ¢ is an arbitrary natural number. Now we prove the lemma by induction on d.
If d = 1, then clearly the lemma holds.
Suppose that Ord,, «(pi) = mp 1. Sets = Ord,, «+1(pi). Thus pi<t ]pis —1 and

SO pjk}p,-“ — 1. Hence mpjk_l s, because Ordpjk(p,-) = mpjk‘l. On the other hand

by (2.1) we have pjk“ ‘pimpfk — 1 and since Ord,, i1 (pi) =s, s|mpjk. It follows that

=lors= mpjk. Ifs= mpjk_l, then we

mpjk_1’ s}mpjk. This means that s = mp;
have p /**"! ’1!71'”“”!'k_I — 1. Butby (2.1) p* || pi"P’"" — 1. This contradiction shows that

Ord, w1 (pi) = s = mp *. Therefore Ord,, w1 (pi) = mp* and the lemma is proved.
]
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Lemma 3. Let G be a finite group with t(G) > 2. If N<G is a m;-group, then
G
(1S im))|IN| - 1.

Proof. See Lemma 8 of [1]. ]

Lemma 4. Let G be a finite group with |G| = p1® p2*®...pp*, p1 < p2 < ... < pu
where p; is a prime number, 1 < i < n. Also assume that M is an arbitrary normal
subgroup of G. Then the following holds:

1) If pi, pj € ®(G) and p; ~ pj inY(G), then p,-‘ |M| implies that ijM, where

Di» pj are distinct prime numbers.
2) Let p;, pj € *(M), p; = p; inT'(G) and p;* fH,?;l (pi% — p=).

o k=1 o P
If[szl(pia Di )]Pj‘pfal’ then [Hgil(Pf"‘Lpik”)}pj HM‘

3) If pi, pj € ®(M), p; = p; in I'(G) and Ord,, a (pi) > a; for some integer
1 <d <o, then pjo‘f'“*d||M|.

Proof. 1) Since p; ~ p;j iny(G), we conclude that p; < p; inI'(G) and Ord, o; (pi)
> ;. We suppose that p;|[M|. By Frattini argument Ng(M,,)M = G, where M, is
a Sylow p;-subgroup of M. If p; { |M

, then since p;%/||G|, we have p;% ||Ng(M,,)|
and so Ng(M,,) has a subgroup, say L of order p;*. M, <INg(M),) implies that
LM, < Ng(Mp,). On the other hand there is an positive integer B < a; such that
LM, | = pjo‘f'pl-B and since p; ~ p; in I'(G), the prime graph of LM, is not connec-
ted. Also M, <LM,,. Thus p;% ’p,-B — 1 by Lemma 3. Hence Ord, «; (p,)“fi In
particular we have Ord Y (pi) < a; and this is a contradiction and so p j‘ |M]|.

2) We have Ng(M,,)M = G. Thus WHM |. Moreover if N is a minimal
i/1Pj

normal subgroup of Ng(M,,) such that N < M,,, then N is isomorphic to a direct
product of cyclic groups Z,,. Assume that N is isomorphic to a direct product of
NG(MP,')
Cigmp,)(N)
NG (Mp, )| r - T
|CNGG(M,;;(N)‘ HAW(NM = ‘Am(ZmrH = |Gl (pi))| = [Ti=1 (P _Pik 1)' This implies

that [N (Mp,)|||Cug ) (N) | TTies (pi" — pi*~"). But since p; = p; in T(G), p; {
Cng(m,,)(N)|. (Note that N is a p;-group).
Thus [N(Mp,)|p, |[[Ti=, (pi" — pi*~")]p,. Also since r < o,

r cyclic group Z,,. (N = Zp, X ... X Zp,). Since — Aut(N), we have

r Ol

M1 =2 T T = p* ;-

k=1 k=1

Therefore ‘NG(MPi) ‘Pj ‘ [H}?tzl (pi% — pik_l )]Pj'
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[N (M, )[|M]

Now from Ng(M,,)M = G, we conclude that |G| = [Ng(M),,)M| = TNo (v, and
pPi
50 |G|||Ng(M,,)||M|. Thus p;% = |G|y, ||NG(M},)|p, M|, and since
e k1 e k-1
NG (Mp)|p, | [TT(Pi™ = P Dy 2 [T = i), 1M,
k=1 k=1

_ . i
By assumptlon [Hk 1(pl - Pik 1)]17_/ ‘pjaj and so [H/?i] (Pi{:ﬁ—l?ikfl)]pj ‘ ‘M‘Pj ‘ ’M|

3) We will prove that p;? { [Ng(M,,)|.

If pjd‘ ING(M,,)|, then Ng(M,,) has a subgroup, say J of order p ;.

Since M,,, AJM,,, and the prime graph of JM,, is not connected (p; ~ p; in I'(G))
by Lemma 3, we have p jd‘ pi¢ — 1 for a positive integer e < o;. It means that
pi® = 1(modp;?). 1t follows that Ord,, ( pi) < a;, which is a contradiction. Thus
pi? 1 |NG(M,,)| and so |Ng(M,, \p]‘pj . But since Ng(M,,)M = G, we conclude
that |G1| [N (M 7, whih mplies tht ;¥ =Gy o0ty M~

and so p;% 1~ e

= p,;%~@=D||M|. The proof is completed. O
3. CHARACTERIZATION OF FINITE GROUPS BY PRIME GRAPH AND ORDER OF
THE GROUP

Theorem 1. Let G be a finite group with |G| = p1® py®..p,%, p1 <pr < -+ <
pn Where p; is a prime number, 1 < i < n. If the directed graph ¥(G) is strongly
connected, then the following assertions hold.

1) There is a simple group S such that S <G < Aut(S) and n(S) = n(G). Also if
pi~ p;inT(G), then p; =~ p;inI'(S) too and if p; ~ pj inT'(G), then p; ~ p;
in T'(Aut (S)) too.

2) Let p;, pj € °©(G), pi = pj inT(G) and p;*i )(Hk (pi% —p&h.

; R o P
I T (pi*% — pi )]Pj‘pJq,’ then [l'lgil(p‘*{ p,"")}p/“SL

3) If pi, pj € T(G), p;i = p; in T(G) and for some integer 1 < d < a;,
Ol”d (Pz) > O, then Dj L0+1— d“S|

Proof. Assume that L is a minimal normal subgroup of G. Thus L # 1 and so there
is a prime number p; € ©(G) such that pi‘ IL|. Since y(G) is strongly connected, for
all p; € n(G) there exists a directed path from p; to p;. So by Lemma 4 and induction
on the length of path we can easily see that p;||L| for all p; € T(G). Therefore n(L) =
7(G) and since Y(G) is strongly connected, clearly I'“(G) is connected, where I'“(G)
denotes the complement of the graph I'(G). Now if L is a direct product of more than
one isomorphic simple groups, then since ©(L) = n(G), I'(G) is a complete graph
and so I['(G)“ is not connected a contradiction. Hence L is a simple group. On the
other hand if for some ¢ € 7(G), q||Cg(L)|, then g ~ t in I'(G) for all € ©(G) — {¢}
and so I'“(G) is not connected, which is contradiction. Thus Cg(L) =1 and since
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%(L) — Aut (L), we conclude that G < Aut(L). So the proof of Part 1 is completed.
We conclude Part 2 and 3 of the Theorem from Lemma 4. g

Theorem 2. Let G be a finite group, |G| = p1® p2®2...p,*, where py < py < -+ <
pn and p; is a prime number, 1 <i < n. Ifv, is a strongly connected directed subgraph
of the graph Y(G) and V) is the vertex set of Yy, then the following assertions hold.

1) There is a simple group S such that S < W < Aut(S), Vi Cr(S) C
™G)=W

n(G) and if p;, pj € Vi and p; ~ pj in I'(G), then p; = p; in I'(S) and if
pi~ pjinL(G), then p; ~ p; inT(Aut(S)) (Ox(c)-v, (G) is the largest normal
subgroup N with t(N) = n(G) —V; ).

2) Let pi, pj € Vi, pi pj inT(G) and p;* { T2, (pi% — pi*").

o k=l o P
If [TTeZ (pi® = pi )]p_/‘l’qu’ then [Hfi.(pi“;—pik*‘)}nj HS"
3) If pi, pj € Vi and p; »~ p; in I'(G) and for some integer 1 < d < a.;,

Ordpjd (pi) > O, then pj(lj-l-l—dHS|.

Proof. Set L = Og(g)_v,(G) and G = % Suppose that S is a minimal normal

subgroup of G. Thus for a normal subgroup of G, say M;, we have S = %, where
L < M. It is obvious that there is a prime number g € V;, such that q‘ |M,|. But
there exists a path between g and ¢ for all # € V| — {¢}. Therefore by Lemma 4 and
induction on length we see that V; C (M, ). It follows that V; C n(S) C n(G). Since
Y1 is a strongly connected subgraph of y(G), for all p; € V}, there exists p; € V; such
that p; = p; in I'(G) and so S is not a direct product of more than one isomorphic
simple groups. Hence S is a simple group. Now we prove that C5(S) = 1. Assume
that C(S) # 1. Thus there is a subgroup of G, say K such that C(S) = X, L # K. It
follows that there is a prime number r € V; such that r||K|. It means that r||Cs(S)|.
Moreover since V; C 7t(S), we conclude that r ~ ¢t in T'(G) for all t € V; — {r}. It is
easy to see that r ~ ¢ in I'(G) for all r € V; — {r} and so r » ¢ in y(G), in particular in
v for all t € V; — {r}, but this is a contradiction with y; being a strongly connected

graph and thus C5(S) = 1. Hence SIG = ¢ = % < Aut(S).
oy

Now we assume that p;, p; € Vi and p; = p; in I'(G) and p;% { [T.2,(pi% —

pi*~1). Also suppose that [[T;", (pi% — p*~1)],, ’p‘,-o‘-/. By using Part 2 of Lemma 4
for M, < G, we conclude that —z—24 — }|M1\ and since p; € Vi, p; 1 |L| and
[szl(pi ' =PDi )]P_,‘ ’
P

||t = |S], thus the proof of Part 2 is completed.

50 0 (pi%i—pit )],

Similar arguments prove Part 3.

If pi, pj € Vi, pi ~ pj in I'(S), then clearly p; ~ p; in I'(G) and so in I'(G).
Thus if p; = p; in I'(G), then p; = p; in I'(S). Also if p;, p; € Vi and p; ~ p; in
I'(G), then there is an element g € G, such that g”?/ = 1 and o(g) = p;p;. Thus
glPi € L. Since o(g) = pip; 1 |L|, g ¢ L. If gl € L, then since n(L) C n(G) —V,
and p;, pj € Vi, we conclude that there is a positive integer m such that (p;p;,m) =1
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and (gP)" = gP™ = 1. This implies that pipj‘pim, because o(g) = p;pj, thus p;j|m, a
contradiction. Therefore g” ¢ L. Similarly g’/ ¢ L and so o(gL) = p;p;. Thus p; ~ p;
inI['(G). But since G < Aut(S), p; ~ p; in I'(Aut(S)) and the proof is completed. [

4. OD-CHARACTERIZABILITY OF FINITE GROUPS

Let G be a finite group and |G| = p1* p2*...p,*, where p; < p» < --- < p, and
pi is a prime number, 1 <i <n. Fori=1,2,...,n, set R(p;) = |{p; € ©(G)|pi # pjs
Ord,, o;(pi) > 0 and Ord i (p;) > a;}|. We have the following three propositions.

Proposition 1. Let G be a finite group with |G| = p1® p2®...p,*, p1 < p2 <
<+« < pp, pi is a prime number, 1 <i < n. Assume that there is p,, € T(G) such that
deg(pm) =0inT'(G) and R(py) = n— 1. Then the following assertions hold.

1) There is a simple group S such that S <G < Aut(S), n(S) = n(G). Also we
have degrs)(pi) < degrc)(pi) < degru(s))(pi), 1 <i<n.
2) If p € TC(G)’ plal anj(jil(pmam _pmk_l) and [Hgﬁl(l?m“’" _pmk_l)]p, |p1001’

&
then o S|.
[H}?;nl (pm(x”' 7pmk71)]pl ’ ‘

3) If pi € U(G), pu® + Ty (p™ — pi*=Y) and (T2, (pi® — pi*)]p,, | pm®,

th pmam S X
T i8]

4) If p1 € ©(G) and Ord,a(pm) > Oy for some integer 1 < d < oy, then
pl(xﬂrlfd“s’.

5) If pi € n(G) and Ord, a(p;) > . for some integer 1 < d < Oy, then
pma'""']_dHS’.

Proof. By Theorem 1 it is sufficient to prove that y(G) is strongly connected. Since
deg(pm) =0inI'(G), p; = py inI'(G) forall i #m, 1 <i<nandsince R(p,,) =n—1,
Ordp, an (pi) > o; and Ord e (py) > Qy for all i # m, 1 <i < n. Hence there is a
directed edge from p; to p,, and from p,, to p; foralli #m, 1 <i<n.

Now assume that p,, pp, are two arbitrary vertices in y(G). Then by above discus-
sion there is a directed edge from p, to p,, and from p,, to p, in Y(G). Also there is
a directed edge from p,, to pp and from p, to p,,. Thus there is a directed path from
Da to pp. Therefore Y(G) is strongly connected.

Since for all ¢ € ©(G) — {pm}, g » pm in T(G), 2, 3, 4 and 5 are concluded from
Theorem 1 Part 2 and 3. g

Proposition 2. Let G be a finite group with |G| = p1* pr®...p,%, p1 <p2 <--- <
D, Di is a prime number, 1 < i < n. Assume that there exists p,, € n(G) such that
deg(pm) =1inT(G) and R(py) = n— 1. Then the following assertions hold.

1) There exists a simple group S and a prime number p, € ©(G) — {pn} such

that S < ﬁ < Aut(S) and ©(G) — {p,} C 7(S) C 7(G). (0,,(G) is the

largest normal subgroup N of G with t(N) = {p,}).
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2) a) If ps € n(G) and deg(pé) =n—1inT(G), then there is a simple group
S such that S <1 5 ( ;< Aut(S) and n(G) — {ps} C n(S) C n(G).
b) If p € n(G ) - {pSaPM} p* Hl?gl(pmam — pa*7") and

t

[HOL,,, ( Oy, —pm ’pta’, then [Ham (pnéjm — Pk

olf p € mG) = {pspmt ™" T Hk* (p’% - ) and
T, (2™ _Ptk_l)]pm‘pmam’ then I, (pr o =P ) lpm H :

d) If p; € ©(G) — {ps,pm} and Ordp:d(pm) > O, for some integer
1 <d < oy, then p,%1=4]|s|.

e) If pi € n(G) = {ps;pm} and Ord,, «(p:) > 0y for some integer
1 <d < o, then p,®+1-4||S].

Proof. 1) By Theorem 2 it is sufficient to prove that Y(G) has a strongly connected
subgraph with n — 1 vertices. Since deg(p,,) = 1 in I'(G), there exists p, € ©(G)
such that p, ~ p,, in I'(G). If p; is an arbitrary vertex of the directed graph y(G) such
that p; # p,, pm, then since R(p,,) = n— 1, we conclude that Ord . (p,) > o, and
Ord,, on (pi) > @;. On the other hand p; < p,, in I'(G) and so there is an edge from
pi to py, and from p,, to p; in Y(G).

Now if p,, pp are two arbitrary vertices of y(G) such that p,, pp # pr, pm, then
there is an edge from p, to p, and from p,, to p,, also from p; to p,, and from
Pm to pp in Y(G). Thus there is a path from p, to pp. Hence there is a strongly
connected subgraph of Y(G) such that its vertex set is equal to n( )—{p+}. There-
fore by Theorem 2, there is a simple group S such that § < 5 . ( ) < Aut(S) and

n(G) —{p,} S n(S) S n(G).

2) Assume that there exists p; € T(G) such that deg(ps) =n—1inI'(G). So p; is
joint to all vertices in I'(G). In particular ps ~ p,, in I'(G).

By similar argument as in Part 1 we can see that Y(G) has a strongly connected
subgraph such that its vertex set is equal to T(G) — {ps}. Thus by Theorem 2, there
is a simple group S such that § < 5 Y( 7 < Aut(S) and ©(G) — {ps} C n(S) C n(G).
Also b, ¢, d, e are concluded from Theorem 2 Part 2 and 3. g

m for m>0
0 for m<O0.

Proposition 3. Let G be a finite group with |G| = p1® pr®...p,%, p1 <p2 <--- <
Pn» Di is a prime number, 1 <i < n. We set M = max{(R(p;) —deg(p:;))*|1 <i<n}
and m = min{(R(p;) —deg(p:))"|1 <i<n}. IfM+m > n—1, then there is a simple
group S such that S G < Aut(S) and T(S) = T(G). Also degr(s)(q) < degr()(q) <
degriau(s))(q) for all g € n(G).

Proof. By Theorem 1 it is sufficient to prove that y(G) is strongly connected. So
assume that p, is an arbitrary vertex of Y(G). We define A; and By as follows:

Aq = {pi € °(G)|pi # pa, pi * pa inT(G)},

We define (m)" for all m € Z by (m)* = {
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Bq={p; € M(G)|p; # pa, Ord,, o (pa) > g and Ord, 04 (p;) > 0t}

Thus |Ag| =n—1—deg(pa), |Bal = R(pa), where deg(pg) is the degree of p, in
I'G).

Moreover A; N By is equal to set of all vertices in Y(G) that are joined to p, and
also p, is joined to them by an edge. Since py € AyUBg, AyUBy C n(G) —{pa}
and so |A; UBy4| < n— 1. Therefore we have |A; UBy| =n—1—deg(pa) +R(pa) —
|AaNBg| <n—1. Hence |AzNBy| > R(pa) —deg(pa). Since |AzNBy| > 0, we have
|Aa N Ba| > (R(pa) — deg(pa))".

But (R(py) —deg(pa))” > m, which implies that |A; N By| > m. Thus there exist m
vertices in y(G) that are joined to p, and also py is joined to them by an edge, where
pa is an arbitrary vertex of y(G). Denote the set of all these m vertices by Ej.

Now we assume that p. € ©(G) and M = (R(p.) —deg(p.))". Then by a similar
argument we see that there exist M vertices in y(G) that are joined to p. and also p,
is joined to them by an edge. Denote the set of all these M vertices by F,.

We will show that if p, € ©(G) is different from p., then there is a directed path
from p, to p. and from p. to p,. Since p, # p¢, pu * pe and p. = p, in Y(G). We
know that p, ~ g and g ~ p, in Y(G) for all ¢ € E,. If E,NF, = &, then since
{pu} UE,U{pc} UF. C(G), pu # Pes Pu = pe and pe < py in ¥(G), we have
H{pu} UE,U{p:} UF.| =14+m+ 14+ M < n, which is a contradiction with assump-
tion, (M +m >n—1). Thus E,NF, # &. Suppose that p, € E, N F,. It follows that
DPu ™~ Pvs Pv ~ Pu> Pc ~ Py and p, ~ p.. Hence p, — p, — p. is a directed path from
pu to p. and p. — p, — p, is a directed path from p,. to p,. So we proved that for all
pu € ©(G) there exists a directed path from p, to p. and there is a directed path from
De tO py.

Now we assume that p,, pp are two arbitrary vertices of Y(G). Thus by the above
discussion there is a path from p. to p, and from p, to p., also there is a path from
Pe to pp and from p;, to p.. Therefore there is a path from p, to p, and so Y(G) is
strongly connected and the proof is completed. O

5. APPLICATIONS

We give some examples of characterization of finite groups by prime graph and
OD-characterization of them.

We note that the following examples are proved in [4] and a few more papers. But
our proofs are based on Theorems 1 and 2 and Propositions 1, 2 and 3. The prime
graphs of all groups considered are obtained by [6].

Example 1. We consider the simple group C»(7). We know that |C2(7)| =
28.32.52.7%and 2 ~3,2~7,3~7,5x2,5=7and 5 = 3 in I'(C5(7)). Since
Ords:(2) > 8, Ords:(3) > 2, Ordys(5) > 2, Ord3:(5) > 2, we deduce that Eyc, (7)) 2
{(2,5),(5,2),(3,5),(5,3)}, where Eyc, (7)) is the edge set of Y(G). Hence there exists
a strongly connected subgraph of y(C,(7)) that its vertex set is {2,3,5}.
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Now if G is a finite group with |G| = |C2(7)| and I'(G) =T'(C2(7)), then Y(G) =
Y(C2(7)) and so there exists a strongly connected subgraph of y(G) that its vertex set
is {2,3,5}. Thus by Theorem 2 there is a simple group S such that § < ( 7 < Aut(S)
and {2,3,5} C n(S) C n(G) = {2,3,5,7}. Since 3 = 5 in I'(C2(7)) = I'(G) and
Ords(3) > 2 by Part 3 of Theorem 2, we conclude that 5*7'~! = 5?||S|. Similarly
since 2 » 5 in I'(G) and Ord,(5) > 2, 28+1—4 25\\51 Now by Table 4 of [5] we
see that S = B»(7) or S = C(7) and since S < 07(G) and | ‘ | ‘HG| |C2(7)], we
conclude that 07(G) =1 and G = S and so G = B,(7) or G C2(7)

Hence if ['(G) =T(C2(7)) and |G| = |C2(7)], (7) or G = B1(7).

Example 2. We consider the simple group B3(5). We know that |B3(5)| =
29.34.5%.7.13.31and 2~ 3,2~ 5,2~ 132~31,3~5,3~7,3~13and 5~ 13
in'(B3(5)) and 7 »~ i, 31 » j fori € {2,5,13,31} and j € {3,5,7,13} in I'(G). We
have Ord31(3) >4, Ord34(31) > 1, 01’d7(31) >1, Ord31(7) > 1, 01’d31(13) > 1 and
Ordi3(31) > 1. Thus Eysy(s)) 2 {(31,3),(3,31),(31,7),(7,31),(31,13),(13,31)},
where Eyp,(s)) is the edge set of y(B3(5)). Therefore there exists a strongly con-
nected subgraph of y(B3(5)) that its vertex set is {3,7,13,31}. Now if G is a fi-
nite group with |G| = |B3(5)| and I'(G) = I'(B3(5)), then y(G) = y(B3(5)) and so
there exists a strongly connected subgraph of y(G) that its vertex set is {3,7,13,31}
Thus by Theorem 2, there is a simple group S such that § < W < Aut(S) and

{3,7,13,31} C n(S) € {2,3,5,7,13,31}. But since 3 ~ 31 inI'(G) =T(B3(5)) and
3*131—1 by Theorem 2 Part 2 we have [31 1] 33|\S| and so3%.7- 13-31’|S\. Now

by Table 4 of [5], we conclude that S = B3(5) or § = C3(5). Thus O, 5,(G) = 1 and
since |G| = |B3(5)|, we conclude that G = B3(5) or G = C3(5).
Hence if I'(G) =T'(B3(5)) and |G| = |B3(5)|, then G = B3(5) or G = C5(5).

Example 3. We consider the simple group A;;. We know that |A ;| = 27.3%.52.
7-11. We can easily see that deg(11) =01in I'(A;;). Assume that G is a finite group
with D(G) = D(Au) and |G| = ‘A11|.

Since 0?‘d11(2) >, 07‘d11(3> >4, 07d11(5) > 2, 01’d11(7) > 1, Ol”d27(11) > 1,
Ordy(11) > 1, Ords:(11) > 1 and Ord7(11) > 1, we conclude that R(11) = 4 and
since |(G)| = 5 by Proposition | there is a simple group S such that S IG < Aut(S)
and 7(S) = (G) = {2, 3 5 7,11}. Since 2711 —1 = 10 and [10]|27 by Part 2 of
Proposition 1 we have [10] = 26‘|S]. Similarly 34|\S|. Thus |S| =24-3%.5.7.11,
where 6 <a <7, 1 < b <2 and so by Table 4 of [5] S is isomorphic to A;; and since
S <G, |G| = |A11], we conclude that G = Ay;.

Hence A is OD-characterizable.

Example 4. We consider the simple group A 9. We know that |A 9| = 213.38.53.
72-11-13-17-19. Obviously deg(19) = 0 in I'(A9). Now assume that G is a finite
group with D(G) = D(A9) and |G| = |A9].
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We have 0rd19(2) > 15, Oi‘d19(3) > 8, 0rd19(5) >3, 0rd19(7) > 2, Ord19(1 1) >
1, Ordi9(13) > 1, Ordy9(17) > 1, Ord,is(19) > 1, Ordss(19) > 1, Ords3(19) > 1,
Ord72(19) > 1, Ol’d11(19) > 1, Ord13(19) > 1 and 01’6117(19) > 1, thus R(lg) =7
and since |1(G)| = 8 by Proposition 1 there is a simple group S such that S<IG <
Aut(S) and n(S) =7(G) = {2,3,5,7,11,13,17,19}. Since 2'3119—1 =18, [18],]2'
by Part 2 of Proposition 1 we have % =2'4|$]. Similarly % =36, 5°||S| and
72||S|. Thus |S] =29-37.5%.72-11-13-17-19, where 14 <a < 15,6 < b < 8 and so
by Table 4 of [5] S = A9 and since S < G, |G| = |A 9|, we conclude that G = A .

Hence A9 is OD-characterizable.
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