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Abstract
In this technical note, a consistent finite element formulation of the Hyperstatic
Reaction Method (HRM) for tunnel linings design is proposed by introducing a
variational consistently linearized formulation. It permits to consider a nonlin-
ear interaction between a lining structure and the surrounding ground. Recent
advances of the HRM in regard to the consideration of the nonlinear response
of the segmented tunnel lining exposed to design loads use an iterative algo-
rithm for solving the nonlinear system of equations. In the proposed Variation-
ally consistent Hyperstatic Reaction Method (VHRM), a distributed nonlinear
spring model representing the interaction between the lining and the ground
soils is considered in a variationally consistent format. Computing the tangen-
tial spring stiffness via consistent linearization, and using Newton-Raphson iter-
ation, requires significantly smaller number of iterations as compared to the orig-
inal HRMmodel based on nodal springs. Furthermore, the method is applicable
for simulations using solid finite elements (2D and 3D), as well as beam or finite
shell elements, respectively.

KEYWORDS
consistent linearization, FEM, hyperstatic reaction method, lining design

1 INTRODUCTION

Shield tunnelling is a flexible method for tunnel construction in a broad range of geological conditions and environments,
allowing tunneling in urban areas with minimal impact on the existing infrastructure even for low overburdens. Due
to the high degree of automation, this technique has proven to be effective in terms of costs and construction time.1 A
large contribution to the construction efficiency is the common use of pre-cast segmented tunnel structures. They are
installed ring-by-ring under the protection of the shield machine during the tunnel construction. Such a tunnel struc-
ture provides load-bearing capacity immediately after installation and ensures immediate tunnel stability behind the
shield.
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Numerical models are commonly preferred for the design of segmented tunnel linings against analytical solutions due
to their ability to more accurately consider the complex loading conditions and soil-structure interactions. In usual design
practice, structural models of the lining are established, representing the surrounding soil by discrete springs whose stiff-
ness is determined as a function of the properties of the surrounding soil and the radius of the lining shell. The lining can
either be considered as a continuous structure, or longitudinal joints can be accounted for as either hinges or rotational
springs at the segments ends. One of the most commonly used numerical methods for the prediction of the tunnel lining
response is the Hyperstatic Reaction Method (HRM).2–4 This model is characterized by a large number of ‘Winkler’-type
springs3 for the representation of the bedding of the structure. The loadings from the earth pressure and groundwater are
either applied as design loads,5 as loads back-calculated from in-situ monitoring,6 or as loading imported from a large
scale computational 3D model of the tunnel advancement process.7 More details about the HRM are given in Section 2.
In the original HRM method, the iterative procedure is employed for the calculation of the nonlinear stiffening of the
’Winkler’-type springs. This procedure is explicit and requires several 100 steps to yield robust results. In addition, using
a fixed point iteration, the final deformation and stiffness of the nonlinear springs are only an approximation of the true
equilibrium of the soils-spring system.
In order to provide a fully consistent numerical solution, an improvement of the HRM is proposed by introducing the

Variationally consistent Hyperstatic Reaction Method (VHRM). A variational formulation of the nonlinear spring model
for modelling the interaction between the lining and the ground is developed and implemented into the open-source
Finite Element (FE) framework KRATOS.8 The tunnel structure is represented either by finite beam or solid elements.
The interaction between the lining structure and the soil is represented by nonlinear spring model, characterized by a
hyperbolic spring characteristics. Consistent linearization is employed using the Newton-Raphson method in order to
simultaneously compute the spring stiffness and the structural deformation. The VHRM has been verified against the
existing HRM and further numerical examples have been computed to demonstrate the computational performance of
the developed method. The remainder of this technical note is organized as follows: Section 2 gives a brief overview of the
HRM; Seection 3 presents the formulation and the finite element implementation of the proposed VHRM. In Section 4.1,
the implemented formulation is verified against an existing HRM implementation.9 A selected numerical application of
the VHRMmethod to tunnel lining analysis is presented in Section 4.3. Finally, Section 6 summarizes the achievements
and benefits of the proposed method.

2 HYPERSTATIC REACTIONMETHOD

The HRM is described in detail in 3,4,9,10. In the original approach, the lining is represented by beam elements. The beam
formulation used for the description of the tunnel structure and the definition of the loading acting on the lining are given
in the above references. In the HRM, the soil-structure interaction, that is, the ground support, is modelled as illustrated
in Figure 1.
In the Hyperstatic Reaction Method, external loads from the surrounding soil mass acting on the tunnel lining are

partially divided into active ground loads and passive ground loads.3
Active ground loads are represented by 𝜎𝑣 and 𝜎ℎ (see Figure 1). While the vertical loading 𝜎𝑣 can be determined using

direct correlations presented by various authors based on roof ground instability assumptions, the horizontal loads 𝜎ℎ
applied to the side walls are usually considered to be a percentage of the vertical ones. Generally, the ratio between the
horizontal and vertical loads on the support structure is represented by the lateral earth pressure coefficient, 𝐾0, as used
in this study. Under the active loads (𝜎𝑣 and 𝜎ℎ) action, depending on the𝐾0 ratio, the tunnel lining will be deformed. For
instance, when the 𝐾0 value is smaller than unity, tunnel sidewalls usually tend to move towards the ground.
Consequently, the ground induces reaction pressures to prevent lining movements. This is named ’passive pressure’ as

mentioned before. The reaction/passive pressure is a real process representing the ground-lining interaction. In addition,
reaction/passive pressure plays an important role which helps to redistribute the stress–deformation state of the tunnel
lining and also of the surrounding ground. It therefore, influences the whole stability of the ground-tunnel system, par-
ticularly in the case of closed cross-section tunnels such as the circular ones used in this study. That is why most of the
tunnel design methods require taking ground-lining interaction into consideration.11,12 Moreover, in 7, it has been shown
that the pressure acting on the tunnel lining depends (apart from the (in situ) earth and the water pressure) strongly
on the material and hydraulic soil properties as well as process parameters such as grouting pressure as a result of soil-
structure interaction.
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F IGURE 1 Loading profile and nonlinear springs, representing the soil-structure interaction

In order to account for the ground support, nonlinear springs are inserted at the nodes of the beams. Both springs in
tangential (𝑠) and normal (𝑛) direction are considered to have a nonlinear stiffness 𝜂∗𝑛 and 𝜂∗𝑠 as a function of the tangential
and normal deformation 𝛿𝑠 and 𝛿𝑛. respectively:

𝜂∗𝑛 =
𝑝𝑛,𝑙𝑖𝑚

𝛿𝑛

(
1 −

𝑝𝑛,𝑙𝑖𝑚

𝑝𝑛,𝑙𝑖𝑚 + 𝜂𝑛,0𝛿𝑛

)
,

𝜂∗𝑠 =
𝑝𝑠,𝑙𝑖𝑚

𝛿𝑠

(
1 −

𝑝𝑠,𝑙𝑖𝑚

𝑝𝑠,𝑙𝑖𝑚 + 𝜂𝑠,0𝛿𝑠

)
.

(1)

𝑝∗,𝑙𝑖𝑚 is the maximum reaction pressure that the soil is able to accommodate, which is computed based on the cohesion
𝑐 and friction angle 𝜙 of the ground:

𝑝𝑛,𝑙𝑖𝑚 =
2𝑐 cos 𝜙

1 − sin 𝜙
+
1 + sin 𝜙

1 − sin 𝜙
Δ𝜎𝑐𝑜𝑛𝑓,

𝑝𝑠,𝑙𝑖𝑚 =
𝜎ℎ + 𝜎𝑣
2

tan 𝜙.

(2)

In Equations (2), 𝜎ℎ and 𝜎𝑣 are the horizontal and the vertical loads, respectively, acting on the lining. The initial ground
stiffness in both normal and tangential direction is defined by:

𝜂𝑛,0 = 𝛽
1

1 + 𝜈𝑠

𝐸𝑠
𝑅𝑜
,

𝜂𝑠,0 =
1

3
𝜂𝑛,0.

(3)

where 𝛽 is an adjustment factor which is typically chosen as 𝛽 = 2,13 𝐸𝑠 denotes the elastic stiffness of the soil and 𝑅𝑖 , 𝑅𝑜
is the inner and outer tunnel radius of the tunnel shell, respectively. Δ𝜎𝑐𝑜𝑛𝑓 is the confining pressure defined as:

Δ𝜎𝑐𝑜𝑛𝑓 =
𝜎ℎ + 𝜎𝑣
2

𝜈𝑠
1 − 𝜈𝑠

. (4)

with 𝜈𝑠 as the Poisson’s ratio of the soil.
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3 VARIATIONALLY CONSISTENT HYPERSTATIC REACTIONMETHOD

3.1 Nonlinear spring model for consideration of soil-lining interaction

At each point on the lining-soil interface Γ𝑠, a local Frénet frame with {𝐧, 𝐬, 𝐭} as the basis vectors of the local frame is
defined. For 2D problem, the tangential vector 𝐭 can be neglected. The spring forces is decomposed into components in
this local coordinate system

𝐭𝑠 = 𝑟𝑛𝐧 + 𝑟𝑠𝐬 + 𝑟𝑡𝐭, (5)

with components

𝑟𝑛 = 𝜒𝑝𝑛,𝑙𝑖𝑚 ln(𝑝𝑛,𝑙𝑖𝑚 + 𝜂𝑛,0𝛿𝑛),

𝑟𝑠 = 𝜒𝑝𝑠,𝑙𝑖𝑚 ln(𝑝𝑠,𝑙𝑖𝑚 + 𝜂𝑠,0𝛿𝑠),

𝑟𝑡 = 𝜒𝑝𝑡,𝑙𝑖𝑚 ln(𝑝𝑡,𝑙𝑖𝑚 + 𝜂𝑡,0𝛿𝑡).

(6)

𝛿□ denotes the projection of the displacement 𝐮 onto the local Frénet frame, that is, 𝛿𝑛= ⟨𝐮 ⋅ 𝐧⟩, 𝛿𝑠= |𝐮 ⋅ 𝐬|, 𝛿𝑡= |𝐮 ⋅ 𝐭|,
where the function ⟨𝑥⟩ denotes the Macaulay bracket.
The definition of 𝛿𝑛 accounts for the fact that the springs are only activated when the lining penetrates into the soil.

Unlike 𝛿𝑛, the tangential displacements 𝛿𝑠 and 𝛿𝑡 are always activated. The definition of 𝛿𝑠 and 𝛿𝑡 does not take into
account the direction of the tangential displacements, leading to a symmetric formulation.
The factor 𝜒 in Equation (6) is determined by calibrating the traction-displacement relation (6) to the nonlinear spring

model according to the HRM model (Section 2). To this end, the stiffness of the nonlinear spring model according to
Equation (1) is re-written for the 1D case as

𝜂∗(𝛿) =
𝑝𝑙𝑖𝑚𝜂0
𝑝𝑙𝑖𝑚 + 𝜂0𝛿

. (7)

The deformation 𝛿 induced by a force 𝑓, according to HRM, is computed as

𝛿ℎ𝑟𝑚 =
𝑓

𝜂∗(𝛿)
=

𝑓𝑝𝑙𝑖𝑚
𝜂0(𝑝𝑙𝑖𝑚 − 𝑓)

. (8)

According to Equation (6), the spring force 𝑓 is expressed as a function of the deformation 𝛿

𝑓 = 𝜒𝑝𝑙𝑖𝑚 ln(𝑝𝑙𝑖𝑚 + 𝜂0𝛿). (9)

Substituting 𝛿ℎ𝑟𝑚 from Equation (8) into Equation (9) allows to determine the load factor 𝜒1 as

𝜒1 =
𝑓

𝑝𝑙𝑖𝑚ln

(
𝑝2
𝑙𝑖𝑚

𝑝𝑙𝑖𝑚 − 𝑓

) . (10)

Equation (10) corresponds to the load factor of the first order VHRM model. As will be shown later in Sec-
tion (3.2), the formulation of a variationally fully consistent second order model leads to a different spring
force equation. Therefore, a different spring force for 1D analysis is formulated by matching VHRM against
HRM:

𝑓 =
1

2

(
𝜒𝑝𝑙𝑖𝑚 ln(𝑝𝑙𝑖𝑚 + 𝜂0𝛿) +

𝜒𝑝𝑙𝑖𝑚𝜂0
𝑝𝑙𝑖𝑚 + 𝜂0𝛿

𝛿

)
. (11)
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Equation (11) together with (8) allows to determine the load factor 𝜒2 for the second order model as:

𝜒2 =
2𝑓

𝑝𝑙𝑖𝑚ln

(
𝑝2
𝑙𝑖𝑚

𝑝𝑙𝑖𝑚 − 𝑓

)
+ 𝑓

. (12)

The force 𝑓 is assumed as the axial force of the springs, which can be taken as the pressure on a point on the lining,
reads:

𝑓 =

√
𝜎2𝑣 + 𝜎

2
ℎ
. (13)

3.2 Virtual work of the springs

The potential energy of the springs has the form

𝑊𝑠 =
1

2 ∫Γ𝑠
𝐮 ⋅ 𝐭𝑠 𝑑Γ. (14)

The virtual work of the springs is obtained by taking the variation of the potential energy as

𝛿𝑊𝑠 =
1

2 ∫Γ𝑠
𝛿(𝑟𝑛𝐮 ⋅ 𝐧 + 𝑟𝑠𝐮 ⋅ 𝐬 + 𝑟𝑡𝐮 ⋅ 𝐭) 𝑑Γ. (15)

We have

𝛿(𝑟𝑛𝐮 ⋅ 𝐧 + 𝑟𝑠𝐮 ⋅ 𝐬 + 𝑟𝑡𝐮 ⋅ 𝐭) = 𝛿𝑟𝑛𝐮 ⋅ 𝐧 + 𝛿𝑟𝑠𝐮 ⋅ 𝐬 + 𝛿𝑟𝑡𝐮 ⋅ 𝐭 + 𝛿𝐮 ⋅ 𝐭
𝑠, (16)

From Equation (34) (35) (36), we can infer that

𝛿𝑟𝑛 = 𝑘𝑛𝛿𝐮 ⋅ 𝐧, 𝛿𝑟𝑠 = 𝑘𝑠𝛿𝐮 ⋅ 𝐬, 𝛿𝑟𝑡 = 𝑘𝑡𝛿𝐮 ⋅ 𝐭. (17)

Inserting Equations (17) (16) into (15), one obtains:

𝛿𝑊𝑠 =
1

2 ∫Γ𝑠 [(
𝛿𝐮 ⊗ 𝐮) ∶ (𝑘𝑛𝐧 ⊗ 𝐧 + 𝑘𝑠𝐬 ⊗ 𝐬 + 𝑘𝑡𝐭 ⊗ 𝐭) + 𝛿𝐮 ⋅ 𝐭

𝑠] 𝑑Γ

=
1

2 ∫Γ𝑠 [(
𝛿𝐮 ⊗ 𝐮) ∶ 𝐤𝑠 + 𝛿𝐮 ⋅ 𝐭𝑠] 𝑑Γ ,

(18)

It is noted, that (𝐚 ⊗ 𝐛) ∶ 𝐂 = 𝐚 ⋅ (𝐂𝐛), and Equation (18) is re-written as:

𝛿𝑊𝑠 =
1

2 ∫Γ𝑠
𝛿𝐮 ⋅ (𝐭𝑠 + 𝐤𝑠𝐮) 𝑑Γ . (19)

The expression of the virtual work in Equation (19) is a second order model, since it contains the stiffness term depending
on the displacement. To obtain a first order model, (19) can be simplified, considering 𝐤𝑠𝐮 ≈ 𝐭𝑠 in a small displacement
setting, to become:

𝛿𝑊𝑠 = ∫
Γ𝑠

𝛿𝐮 ⋅ 𝐭𝑠 𝑑Γ. (20)

From a practical standpoint, the first order model greatly simplifies the consistent linearization scheme.
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3.3 Principle of virtual work considering soil-structure interaction

The principle of virtual work governing the present structural mechanics problem reads

𝛿(𝐮, 𝛿𝐮) = 𝛿𝑒𝑥𝑡(𝛿𝐮) − 𝛿 𝑖(𝐮, 𝛿𝐮) − 𝛿 𝑠(𝐮, 𝛿𝐮) = 0, (21)

where 𝛿 𝑖 and 𝛿𝑒𝑥𝑡 are the contributions of the internal and external forces, respectively, and 𝛿 𝑠 considers the con-
tribution of the soil-structure interaction:

𝛿𝑒𝑥𝑡(𝛿𝐮) = ∫
Ω

𝛿𝐮 ⋅ 𝐛 𝑑𝑉 + ∫
Γ𝑡

𝛿𝐮 ⋅ 𝐭 𝑑Γ (22)

𝛿 𝑖(𝐮, 𝛿𝐮) = ∫
Ω

𝛿𝜺 ∶ 𝝈𝑑𝑉, (23)

𝛿 𝑠(𝐮, 𝛿𝐮) = ∫
Γ𝑠

𝛿𝐮 ⋅ �̂�𝑠(𝐮) 𝑑Γ. (24)

In (24), 𝐛 represents the body force and 𝐭 is the traction acting on the Neumann boundary Γ𝑡. Γ𝑑 is the domain where the
Dirichlet boundary condition is applied. 𝐮 = 𝐮(𝐗) represents the displacement at the spatial point 𝐗. 𝛿𝐮 and 𝛿𝜺 are the
variations of displacements and strains, respectively. We further assume a small strain approximation, hence 𝜺 = ∇𝑠𝐮 and
𝛿𝜺 = ∇𝑠𝛿𝐮. The Cauchy stress tensor𝝈 = 𝝈(𝜺) depends on the strain via an appropriate constitutivemodel, and the spring
force �̂�𝑠(𝐮) represents the interaction between the soil and the lining, �̂�𝑠 = 𝐭𝑠 for the first ordermodel and �̂�𝑠 = 1

2
(𝐭𝑠 + 𝐤𝑠𝐮)

for the second order model, respectively. Γ𝑠 denotes the interaction domain between the soil and the lining, that is, the
outer surfaces of the lining ring.
It is noted, that, unlike the standard HRM method, which collocates the contribution of the springs at the node, the

contribution of the springs is integrated along the surface Γ𝑠 and requires an integration rule on the surface element.
Therefore, a surface discretization is required.

3.4 Finite Element discretization

Using the standard Bubnov-Galerkin displacement-based finite element method, the displacement 𝐮 and its variation 𝛿𝐮
are discretized as

𝐮ℎ =
∑
𝑖

𝑁𝑖𝐝𝑖 = 𝐍𝐝 𝛿𝐮ℎ =
∑
𝑖

𝑁𝑖𝛿𝐝𝑖 = 𝐍𝛿𝐝, (25)

where 𝐝𝑖 and 𝛿𝐝𝑖 denote the nodal displacement and its variation, that is, the virtual displacement, respectively.𝑁𝑖 is the
nodal shape function. Correspondingly, the strain 𝜺 is discretized as

𝜺ℎ = ∇𝑠
∑
𝑖

𝑁𝑖𝐝𝑖 =
∑
𝑖

(∇𝑠𝑁𝑖)𝐝𝑖, (26)

with the strain-displacement operator ∇𝑠𝑁𝑖 . In the following, matrix notation is used, replacing (26) by 𝜺ℎ= 𝐁𝐝
The discretized virtual work leads to the residual forces

𝐫(𝐝) = 𝐫𝑒𝑥𝑡 − 𝐫𝑠 − 𝐫𝑖, (27)

with the external forces

𝐫𝑒𝑥𝑡 = ∫
Ω

𝐍𝑇𝐛𝑑𝑉 + ∫
Γ𝑡

𝐍𝑇𝐭 𝑑Γ, (28)
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the internal forces

𝐫𝑖(𝐝) = ∫
Ω

𝐁𝑇𝝈𝑑𝑉 (29)

and the spring forces

𝐫𝑠(𝐝) = ∫
Γ𝑠

𝐍𝑇�̂�𝑠
(
𝐮ℎ

)
𝑑Γ. (30)

Linearization of the internal forces results in the tangent stiffness matrix

𝐊𝑡 =
𝜕𝐫𝑖(𝐝)

𝜕𝐝
= ∫

Ω

𝐁𝑇ℂ𝐁𝑑𝑉, (31)

whereℂ is the tangent stiffness matrix, withℂ = ℂ𝑒 in the case of a linear elastic model. Linearization of the spring forces
gives rise to the tangent spring stiffness matrix

𝐊𝑠 =
𝜕𝐫𝑠(𝐝)

𝜕𝐝
= ∫

Γ𝑠

𝐍𝑇�̂�𝑠
(
𝐮ℎ

)
𝐍𝑑Γ, �̂�𝑠(𝐮) =

𝜕�̂�𝑠(𝐮)

𝜕𝐮
. (32)

3.5 Linearization of the spring forces

The linearization of 𝐭𝑠 with respect to the displacement 𝐮 yields the tangential spring stiffness as

𝐤𝑠 =
𝜕𝐭𝑠(𝐮)

𝜕𝐮
= 𝐧⊗

𝜕𝑟𝑛
𝜕𝐮
+ 𝐬 ⊗

𝜕𝑟𝑠
𝜕𝐮
+ 𝐭 ⊗

𝜕𝑟𝑡
𝜕𝐮
, (33)

with the components

𝜕𝑟𝑛
𝜕𝐮
= 𝑘𝑛𝐧, 𝑘𝑛 =

⎧⎪⎨⎪⎩
𝜒𝑝𝑛,𝑙𝑖𝑚𝜂𝑛,0

𝑝𝑛,𝑙𝑖𝑚 + 𝜂𝑛,0𝛿𝑛
if 𝐮 ⋅ 𝐧 ≥ 0

0 if 𝐮 ⋅ 𝐧 < 0
,

𝜕𝑘𝑛
𝜕𝐮
=

⎧⎪⎨⎪⎩
−

𝜒𝑝𝑛,𝑙𝑖𝑚𝜂
2
𝑛,0(

𝑝𝑛,𝑙𝑖𝑚 + 𝜂𝑛,0𝛿𝑛
)2 𝐧 if 𝐮 ⋅ 𝐧 ≥ 0

𝟎 if 𝐮 ⋅ 𝐧 < 0

, (34)

𝜕𝑟𝑠
𝜕𝐮
= 𝑘𝑠𝐬, 𝑘𝑠 =

⎧⎪⎨⎪⎩
𝜒𝑝𝑠,𝑙𝑖𝑚𝜂𝑠,0

𝑝𝑠,𝑙𝑖𝑚 + 𝜂𝑠,0𝛿𝑠
= 𝑘+𝑠 if 𝐮 ⋅ 𝐬 ≥ 0

−𝑘+𝑠 if 𝐮 ⋅ 𝐬 < 0
,
𝜕𝑘𝑠
𝜕𝐮
=

⎧⎪⎪⎨⎪⎪⎩
−

𝜒𝑝𝑠,𝑙𝑖𝑚𝜂
2
𝑠,0(

𝑝𝑠,𝑙𝑖𝑚 + 𝜂𝑠,0𝛿𝑠
)2 𝐬 = 𝜕𝑘+𝑠𝜕𝐮 if 𝐮 ⋅ 𝐬 ≥ 0

−
𝜕𝑘+𝑠
𝜕𝐮

if 𝐮 ⋅ 𝐬 < 0

, (35)

𝜕𝑟𝑡
𝜕𝐮
= 𝑘𝑡𝐭, 𝑘𝑡 =

⎧⎪⎨⎪⎩
𝜒𝑝𝑡,𝑙𝑖𝑚𝜂𝑡,0

𝑝𝑡,𝑙𝑖𝑚 + 𝜂𝑡,0𝛿𝑡
= 𝑘+𝑡 if 𝐮 ⋅ 𝐭 ≥ 0

−𝑘+𝑡 if 𝐮 ⋅ 𝐭 < 0
,
𝜕𝑘𝑡
𝜕𝐮
=

⎧⎪⎪⎨⎪⎪⎩
−

𝜒𝑝𝑡,𝑙𝑖𝑚𝜂
2
𝑡,0(

𝑝𝑡,𝑙𝑖𝑚 + 𝜂𝑡,0𝛿𝑡
)2 𝐭 = 𝜕𝑘+𝑡𝜕𝐮 if 𝐮 ⋅ 𝐭 ≥ 0

−
𝜕𝑘+𝑡
𝜕𝐮

if 𝐮 ⋅ 𝐭 < 0

. (36)

From Equations (33) (34) (35) (36), the tangential spring stiffness matrix can be written as

𝐤𝑠 = 𝑘𝑛𝐧 ⊗ 𝐧 + 𝑘𝑠𝐬 ⊗ 𝐬 + 𝑘𝑡𝐭 ⊗ 𝐭. (37)

Note that due to the small strain assumption, the local Frénet frame is evaluated in the undeformed configuration.
Therefore, it can be computed at the beginning of the calculation step and kept frozen during the Newton-Raphson itera-
tion. Hence, linearization of 𝐧, 𝐬 and 𝐭 is not necessary.
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TABLE 1 Numerical verification: Soil parameters

Parameter Symbol Value Unit
Ground modulus 𝐸𝑠 150.0 𝑀𝑃𝑎

Poisson ratio 𝜈𝑠 0.3
Ground density 𝜌𝑠 17000 𝑁∕𝑚3

Cohesion 𝑐 5 𝑘𝑃𝑎

Friction angle 𝜙 37 degree

Since 𝑘𝑛, 𝑘𝑛, and 𝑘𝑡 are discontinuous functions with respect to 𝐮, a Newton-Raphson solution scheme will be semi-
implicit, in the sense that quadratic convergence behavior may not be obtained, if the spring stiffnesses change sign
significantly during iteration. Nevertheless, this behaviour is not observed in the numerical simulation, and quadratic
convergence is still achieved, as will be shown in Section 4.
The linearization of the second order model involves taking detivatives of the term 𝐤𝑠𝐮

𝜕(𝐤𝑠𝐮)

𝜕𝐮
=
𝜕

𝜕𝐮
((𝐧 ⊗ 𝐧)(𝑘𝑛𝐮) + (𝐬 ⊗ 𝐬)(𝑘𝑠𝐮) + (𝐭 ⊗ 𝐭)(𝑘𝑡𝐮))

= (𝐧 ⊗ 𝐧)

(
𝑘𝑛𝐈 + 𝐮 ⊗

𝜕𝑘𝑛
𝜕𝐮

)
+ (𝐬 ⊗ 𝐬)

(
𝑘𝑠𝐈 + 𝐮 ⊗

𝜕𝑘𝑠
𝜕𝐮

)
+ (𝐭 ⊗ 𝐭)

(
𝑘𝑡𝐈 + 𝐮 ⊗

𝜕𝑘𝑡
𝜕𝐮

)
= 𝐤𝑠 + (𝐧 ⊗ 𝐧)

(
𝐮⊗

𝜕𝑘𝑛
𝜕𝐮

)
+ (𝐬 ⊗ 𝐬)

(
𝐮⊗

𝜕𝑘𝑠
𝜕𝐮

)
+ (𝐭 ⊗ 𝐭)

(
𝐮 ⊗

𝜕𝑘𝑡
𝜕𝐮

)
.

(38)

The components of the linearization of the second order terms, that is,
𝜕𝑘𝑛
𝜕𝐮

,
𝜕𝑘𝑠
𝜕𝐮

and
𝜕𝑘𝑡
𝜕𝐮

, are provided in Equa-
tions (34) (35) (36). It is straightforward to see that the first ordermodel is symmetric fromEquation (37) and (32). Notably,
the second order model is also symmetric, providing the fact that (𝐚 ⊗ 𝐚)(𝐮 ⊗ 𝐚) = (𝐮 ⋅ 𝐚)(𝐚 ⊗ 𝐚). This symmetry saves
memory for the linear solver, especially if the linear solver employs the Cholesky factorization.14

4 COMPARATIVE ASSESSMENT OF THE VHRMVERSUS THE HRM

4.1 Deformations, bendingmoments and normal forces in continuous linings structure

For verification of the VHRM formulation, a continuous lining model using beam elements is analyzed using both the
HRM and the VHRMmodel. The soil parameters used in both simulations are summarized in Table 1.
The tunnel is characterized by radius 𝑅𝑜 = 4.7 m and overburden of 15.3 m. The lining structure is modelled by finite

beam elements based on the Bernoulli beam theory with a depth𝐵 = 2m, a thickness 𝑡 = 0, 4m. The elasticitymodulus of
the concrete is 𝐸 = 35 × 103MPa. According to the loading profile in Figure 1, the vertical loading and horizontal loading
are assumed as 𝜎𝑣 = 0.34MPa and 𝜎ℎ = 𝐾0𝜎𝑣, with the lateral earth pressure coefficient chosen as 𝐾0 = 0.5.
The calculation with the classical HRMmethod is performed using the FEMSL code15 with 1000 iterations. The tunnel

ring is discretized bymeans of 400 beamelements. The analysiswith theVHRM is performedusing the samediscretization
with Bernoulli beams.
Figure 2 shows the deformation of the lining (left) and the rotation angle (right) obtained from the HRM and VHRM

method, respectively. The vertical displacement of the tunnel lining is obtained as 𝛿𝑉𝐻𝑅𝑀 = 6.844mm by the first order
VHRMmodel, 𝛿𝑉𝐻𝑅𝑀 = 6.829mm by the second order VHRMmodel, and as 𝛿𝐻𝑅𝑀 = 6.808mm by the HRMmodel. The
difference betweenHRM and first order and second order VHRM are 0.5% and 0.3%, respectively. The slight differences in
vertical displacements can be explained by the fact, that the displacements in the HRM result from a fixed-point iteration
and do not fully satisfy the equilibrium condition.
Figure 3 illustrates the computed bending moment (left) and normal force (right) on the lining using the HRM and the

VHRM, respectively. The differences between HRM and the first order VHRM are recorded at 𝜔 = 90◦ and 𝜔 = 270◦ as
∼ 0.45 % for the moments and ∼ 4.47 % for the normal force, meanwhile for the second order VHRM are ∼ 0.25 % and ∼
2.41 %, respectively.
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F IGURE 3 Comparison of the HRM and the VHRMmodels: Bending moment (left) and normal force (right)

4.2 Evaluation of computational efficiency

In this subsection, the computational efficiency of the proposed VHRM model is compared to the original HRM model,
using the same continuous lining structure as before. As mentioned in Section 2, the HRM method uses the nonlinear
spring model for the soil-structure interaction and employs a fixed-point iteration loop to update the stiffness iteratively.
This procedure converges slowly and requires more than 20 iterations to obtain an asymptotically converged vertical
displacement (Figure 4).
In contrast, the first and second order VHRM takes five Newton-Raphson steps to converge to the residual error norm

tolerance 10−11 (see Table 2 and 3). Asymptotic quadratic convergence is observed for both VHRM models. In terms of
computational time, the iterative procedure used in the HRM takes 4.56 s for 100 steps, whereas the simulation with the

TABLE 2 Convergence of the residual norm using the first order VHRMmethod

Step 1 Step 2 Step 3 Step 4 Step 5
6.779320e-03 5.946327e-04 2.502768e-06 7.246955e-11 6.595405e-12



10 BUI et al.

10 20 30 40 50 60 70 80 90 100

3

4

5

6

7

optimization step

ve
rt

ic
al

di
sp

la
ce

cm
en

t
(m

m
) F IGURE 4 Convergence of vertical

displacement using the HRM

TABLE 3 Convergence of the residual norm using the second order VHRMmethod

Step 1 Step 2 Step 3 Step 4 Step 5
5.032237e-02 5.549117e-03 6.695191e-05 9.554338e-09 1.199189e-13

VHRM takes only∼0.18 s for first order and second ordermodel. The computation is performed using one core on a laptop
computer with CPU Intel Core-i7 2.4 GHz and 16GB of memory.

4.3 Tunnel lining analysis using solid finite elements

In this example, the VHRM is applied to a numerical analysis of a tunnel shell using solid finite elements. In this analysis,
the tunnel shell is again idealized as a continuous structure, disregarding joints. The displacements along the axial axis
are not restrained, to match with the plane stress condition of the beam analysis.
For the present benchmark analysis, 27-node hexahedra elements with Lagrange shape function are used. The mesh is

shown in Figure 5 (left) and contains 320 elements along the circumferential direction, four elements along the thickness
and one element along the longitudinal direction. The parameters of the tunnel lining and the ground are identical to the
previous example.
Figure 5 (right) illustrates the deformed configuration of the lining with 500-fold magnification of the displacements.

The vertical displacement of the lining is computed as∼ 6.58mmat the crown position for first order VHRMand as∼ 6.56
mm for second order VHRM, which is ∼ 3.4% and ∼ 3.7% difference to the displacement computed by the HRM using
beam elements respectively.
Figure 6 shows the bendingmoments andnormal forces in the lining.One can see that theVHRMpredicts slightly larger

bending moments and normal forces than the HRM beammodel. A relative difference, computed as 𝑑 =
𝑥 − 𝑥𝑚𝑖𝑛
𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛

, of

2.7 % and 12.2 % (first order VHRM) and 3.4 % and 11.0 % (second order VHRM) is obtained at the crown for the bending
moment and at the side for the normal force, respectively.
Table 4 and 5 report the reduction of the first order and second order residual VHRMnorm. Similar to the VHRMusing

a finite beam model, only five Newton-Raphson iterations are required to converge to an error norm of 10−14, exhibiting
a quadratic rate of convergence.

F IGURE 5 Left: Tunnel shell discretized by solid finite elements. Right: Vertical deformation of the continuous VHRM lining model
using solid elements (magnification factor = 500)
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TABLE 4 Convergence of the residual norm using the first order VHRMmethod with solid elements

Step 1 Step 2 Step 3 Step 4 Step 5
1.70908e-03 1.18204-04 5.99648e-07 1.5031e-11 6.89547e-18

5 DISCUSSION AND POSSIBLE EXTENSIONS

The VHRM allows to be applied for any finite element discretization of segmental linings, which can be beam, shell or
solid elements, while the HRM is restricted to beam elements only. This opens a large potential to apply the VHRM for
larger tunnel sections and problems that involve complex (curved) tunnel geometries,16 to analyze the non-linear struc-
tural response to earth and groundwater pressure, considering soil-structure interactions, construction induced loadings,
and segment-to-segment interaction effects. Moreover, using different interpolation scheme in the context of the finite
element method, such as isogeometric analysis, enables further improvements of the efficiency. This opens the possibil-
ity to apply this method for integrated design-assessment workflow for the optimization of large tunnel sections in early
design stages.16
In the context of lining analysis in the design stage, information on the disturbed state of the soil surrounding the tun-

nel shell is not available, and the soil always is considered by elastic springs. An alternative assessment of the stresses in
segmented lining shells is to include the staged excavation and tunnel advancement process and the segment-wise instal-
lation of the tunnel lining directly in a complete 3D process-oriented simulation. Such a model has been proposed in.17 In
the present analysis of the tunnel linings independent from the ground and soil-structure interaction model, dissipative
processes are a priori excluded. To account formaterial anisotropy, the spring forces have to be reformulated to include the
anisotropic effect. A solution to attain this effect is to introduce different 𝜒 factors for the normal and tangential springs
[see (34) (35) (36)]. These factors shall be then calibrated based on soil experimental data.
In terms of nonlinear soil-structure interaction, considering for example, mechanized tunneling in jointed rocks, where

dissipative processes determine the joint behavior, an elastic potential of the spring forces, on which the proposed VHRM
is based on, is not available. In this regard, themethod of virtual powermight be a suitable approach.18 Applications in the
context of segmented linings,19,20 adopt the virtual power principle as a useful way to avoid the sophisticatedmathematical
assumption of segmented joints as it allows for the direct input ofmeasured interfacial discontinuities from experiments.20

TABLE 5 Convergence of the residual norm using the second order VHRMmethod with solid elements

Step 1 Step 2 Step 3 Step 4 Step 5
3.183932e-01 3.371901e-02 3.729031e-04 4.419662e-08 2.399780e-15
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6 CONCLUSIONS

The HRM method is an effective tool to predict the displacements and the forces, as well as the bending moments in
tunnel linings resulting from the soil-structure interaction by employing a simple spring stiffness model. The VHRM
method presented in this work extends the HRM by introducing the nonlinear elastic spring stiffness, which substitutes
the effect of the bedding of the tunnel lining shell in the ground, directly in the weak form. Hence, in contrast to the
HRM, the equilibrium equations and the equations governing the nonlinear spring model are solved concurrently. In the
proposed VHRM formulation, a consistent linearization is used along with a standard Newton-Raphson scheme. Two
models are investigated, denoted as first and second order VHRMmodels. While the second order model is variationally
fully consistent w.r.t. the spring potential, containing both the spring force and the spring stiffness in the expression for
the virtual work, the first order model is an approximation of the second order model. It was observed that quadratic
convergence rate is achieved with both VHRM models. In contrast, the implementation of the HRM as was proposed
in 9 uses a fixed-point iteration loop to update the spring stiffnesses iteratively. It was shown that the computational
efficiency of both versions of the VHRM significantly exceeds the efficiency of the existing HRM implementations by
orders of magnitude, while preserving the accuracy of the solution, as was shown in a verification example. In addition,
the numerical examples also show that the second order VHRM matches slightly better with HRM in the 2D analysis
using beam elements. For the 3D analysis employing solid elements, the results of both models are nearly identical. To
reproduce the benchmark examples and use the VHRM implementation for lining analysis, a Docker image is created
and can be found at https://hub.docker.com/repository/docker/vryy/kratos_bcn2-vhrm_paper.
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