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1 Introduction and preliminaries

Oscillation of solutions for third-order difference equations has received comparably little
attention, although such equations are of importance in many fields of science such as eco-
nomics, physics, mathematical biology, and other areas of mathematics [3, 4, 6, 7, 10, 11,
13, 14, 24, 27, 31, 32, 35-37]. It is worth to mention that third-order difference equations
may have totally different behavior from corresponding third-order differential equations;
see the explicit example in [9]. On the other hand, oscillation of solutions for difference
equations of first and second order have been extensively investigated in the literature; see
the monographs [1, 2, 8] and the papers [5, 12, 15-19, 21, 23, 25, 26, 30, 33].

In this study, we consider a nonlinear third-order difference equation with mixed non-
linear neutral terms. We obtain conditions guaranteeing oscillation of solutions of this
equation. The main results are proved by using a comparison technique with first-order
equations. Such an approach was effectively used for other types of equations in [20, 22].
To demonstrate this, we present two examples, which cannot be discussed using any of
the previously established results.

We consider the equation

A(pl(t)(Azy(t))al) =pa(O)x*2(t —m + 1) + p3(£)x™ (t + m*), (1.1)
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where y(t) = x(t) + pa(£)x*4(¢ — k) — ps(£)x*5 (¢ — k), and subject to the assumptions:
(i) o1, o, a3, og, s are the ratios of positive odd integers, o; > 1,
(ii) p1,p2, P3P ps : Z — (0,00) are sequences,
(iii) m, m*,k € N are such that m > 2, m* > 2, k<m —1.
A solution of (1.1) is called oscillatory if it is neither eventually negative nor eventually
positive. We call (1.1) oscillatory provided that all its solutions are oscillatory.
The objective of this paper is to offer conditions ensuring oscillation of (1.1) whenever

ag<l<as or og<os<1

and subject to the assumption

v-1
1
Pi(t,t1) > o0 ast— 0o, where Pi(v,u):= E - . (1.2)
r=u p1°1(7)

In view of the results established in the literature and to the best of our observations, there
are no oscillation results for (1.1).

This paper is organized as follows: In Sect. 2, we give some auxiliary results and intro-
duce some notation. Sect. 3 features the main results of the paper. We present our inves-
tigations under two cases for (1.1). The first case is when a4 < 1 < a5, and the other case
is when oy < a5 < 1. Our approach is based on a comparison technique with first-order
difference equations. In Sect. 4, two examples are provided in order to illustrate our main
theorems.

2 Auxiliary results and notations
We start with the following fundamental result. See [22, Lemma 1], and for the proof of
(I), see [29, Lemma 2.2].

Lemma 2.1
(D) Ifthe first-order delay difference inequality

Ay(t) + pa(t)yY (t—-m+1) <0
has an eventually positive solution, then so does the corresponding delay difference

equation.
(II) If the first-order advanced difference inequality

Ay(t) — pa(t)y” (t + m*) >0

has an eventually positive solution, then so does the corresponding advanced

difference equation.
We also need the following lemmas.
Lemma 2.2 (see [28]) IfX,Y >0, then

X+ A-D)Y-2XY*1>0 foras>1 (2.1)
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and

X -1 -M)Y*-2XY*1 <0 forO<r<l. (2.2)
Lemma 2.3 Assume (1.2). Then

AY(t)>0 eventually, where Y := p1(A%y)™! (2.3)
implies that eventually one of the following four situations occur:

Case PPP. y(t)>0, Ay(t)>0, A%y(t)>0;
Case PPN. y(t)>0, Ay(t)>0, A*y(t)<0;
Case NNN. y(t)<0, Ay(t)<0, A%y(t)<0;

Case NPN. y(t)<0, Ay(t)>0, A%y(t)<O0.

Proof By (2.3), there exists £, € Ny satisfying

AY(t)>0 forall > t. (2.4)
We first assume that
there exists t; >t with Y (¢) > 0. (2.5)

Then, for all ¢ > ¢;, we have

t-1

(2.4) .
YR =Y(t)+ Y AY() = v(n) 3o,
T=11
Hence,
A%y(t)>0 forallt>t. (2.6)

Now, for t > t;, we get

t-1 -1 Y%

Ay(e) = Ay(n)+ ) A%(0)=Ay(t) + ) L(T)
=11 r=t; p1°1 ()
-1 L

(2.4) Yo (¢ 1 .
SUNTEDD i( D Ayt + YR )P (1) 2 00 ast— oo,
=ty p1*1 (1)

due to (1.2). Thus,

there exists £, > ;  with Ay(t) >0 forall £ > ¢£,. (2.7)
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Hence, for ¢t > t,, we obtain

t-1 t-1
¥ =31+ Y Ay Z ye) + Y Apita)

=y(tp) + (t — T2) Ay(t2) 2D % ast— oo.

Therefore,

there exists t3 > t, with y(t) >0 forallt > 3. (2.8)
By (2.6), (2.7), and (2.8), we have

y(£) >0, Ay(t) >0, A%y(t)>0 forallt>ts,
so Case PPP holds. Next, if (2.5) does not hold, then the only other possibility is

Y(t) <0 forallt >,
and hence

A%y(t) <0 forallt > t,. (2.9)
We assume that

there exists 1 >ty with Ay(t;) <O0. (2.10)

Then, for all ¢t > t;, we have

A0 = y(e)+ 3 8% % Ay .
T=t1
Thus,
Ay(t) <0 forallt>t. (2.11)
Now, for t > t;, we get
t-1 t-1
0 =yt)+ Y Ay Dyt + Y Apier)
T=t] T=t1

=y(t1) + (t — t1) Ay(ty) (2'—1>0) —00 ast— 00.
Hence,

there exists £, > £ with y(£) <0 forall £ > #,. (2.12)
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By (2.9), (2.11), and (2.12), we have

y(t) <0, Ay(t) <0, A%y(t) <0 forallt>t,,
so Case NNN holds. Next, if (2.10) does not hold, then the only other possibility is

Ay(t) >0 forallt> ¢, (2.13)
We assume that

there exists 1 > £, with y(¢1) > 0. (2.14)

Then, for all £ > ¢;, we have

t-1
(2.13) .
y(t) = y(ty) + Z Ay(r) = y(t1) “M0 foralls > 4. (2.15)

7=t

By (2.9), (2.13), and (2.15), we have

y(£) > 0, Ay(t) >0, A%y(t) <0 forallt>t,
so Case PPN holds. Finally, if (2.14) does not hold, then the only other possibility is

y(t) <0 forallt>t,. (2.16)
By (2.9), (2.13), and (2.16), we have

y(£) <0, Ay(t) >0, A%y(t) <0 forallt>t,

so Case NPN holds. There are no other cases. See Table 1 for an illustration of the proof.
O

Throughout the remainder of the paper, we suppose that
ko, k1, k2, ks € N satisfy 2ko < m™, ki <m+1, and ky <ks <m+1—k. (2.17)
For convenience, we introduce the notations
Eo(t) := t + m™ = 2k, @) =t-m+k -1, &) =t-m+k-1,

Table 1 lllustration of the proof of Lemma 2.3

A%y(0) Ay() ()
@5 P P P
29 N 2100 N N
(213) P (214) P

@169 N

Page 5 of 18
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1

t-1 7-1 ay
EO):=50) +k,  Aot):= Z( . Zm(s)) :

t=t—ko p1(f) s=1—kp

Al(t) I=P2(t)((t —-—m + I)Pl(t —-—m+ kl,t — m))a2,
t-m+k g%
As(t) := Q(t)( Z P1(T,L‘1)> )

T=t]

o &2 pa(t)
As(t) =k Q)P *s (t—m+k+ks,t —m+k+ky), Qt):=

) .
pss(t-m+k+1)

Remark 2.4
1. Note that, due to the assumptions m > 2, m* > 2, and k < m — 1, it is always possible
to find ko, k1, k2, k3 such that (2.17) holds, e.g., one may pick

ko=ki=ky=1 and k3=2.

2. Note that &(¢) > ¢ holds always since m* — 2k > 0. Hence, equations involving &, are of
advanced type. Moreover, &(f) < t, &(t) < ¢, and &;(¢) < ¢ always since m + 1 —k; >0,
m+1-k>0,and m+ 1 -k — ks > 0. Hence, equations involving &;, &;, &; are of delay

type.

3 Main results
Now we present our first oscillation result.

Theorem 3.1 Let ay < 1 < as. Suppose that (i)—(iii), (1.2), and (2.17) hold. Assume that
there exists p : Z — (0, 00) such that

lim (g1(2) + £2(2)) =0, where
t—00
«, «. 1
(0= (1 - oy 45 piaT (E)py =55 (6) and (3.1)
&5 a5 1
&(8) := (a5 = Das 5 pos~1 (£)ps 5 (2).
Let 09,6, € (0,1). If the first-order advanced difference equation

Ay() = BoAo(D)y (80(0)) (32)

and the first-order delay difference equations

AZ(E) + 0, M (DZ5 (£1(0)) = 0, (3.3)

AZ() + Aay(£)Z% (£5(8)) = 0, (3.4)
and

AZ(E) + As(O)Z71% (£5(8) = 0 (35)

are oscillatory, then so is (1.1).
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Proof Assume that x is a nonoscillatory solution of (1.1), say

x(t) >0, x(t - k) >0, x(t-m+1)>0, x(t+m*)>0
eventually. It follows from (1.1) that, eventually,

A(pl(t)(Azy(t))al) = po(B)x™(t — m + 1) + p3(t)x™? (t + m*) > 0. (3.6)
Hence (2.3) is satisfied, and thus, by Lemma 2.3, only the four Cases PPP, PPN, NNN, and

NPN are possible. We now discuss each of these possible cases.
Cases PPP and PPN. Applying (2.1) with

1 1 1 as—1
Ai=as>1, X := ps (t)x(t — k), Y:= (—p(t)ps o5 (t)) ’ ,
we obtain

p)x(t — k) = p5(£)x™ (¢ = k) < (1),

while applying (2.2) with

1 1 _1 ag-1
Ai=0y4€(0,1), X := pya (O)x(t — k), Y:= <a—P(f)P4 4 (t)) )
4
we get

—(p)x(t — k) — pa()x** (¢ — k) < g1(2).

Using these two inequalities, we have

x(t) = y(t) = (p(Ox(£ = k) = ps(£)x*5 (¢ = K)) + (p(E)x(t — k) — pa(O)x*(t - k)

L &0 +gz(t)}y(t)'

> y(t) - £1() - () =[ 0

Since y in both Cases PPP and PPN is positive and nondecreasing, there exists C > 0 sat-
istying y(t) > C, and so we have

| &0 +a®

x(t) > [ C

]y(t).
Next, due to (3.1), there exists « € (0, 1) such that
x(t) > ky(t) eventually. (3.7)

Thus, we have

AprO(A%)(8)™) = k“pa(0)y2(t = m + 1) + K p3(£)y* (¢ + m*) = 0. (3.8)
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Case PPP. By (3.8), we get

A(pr(&)(A%(®)) = k®3ps(t)y* (¢ + m*). (3.9)

Summing (3.9) from ¢ — ko to £ — 1, we get

-1
pi)(A%(@®)™ = pilt—ko)(A%y(t - ko)™ + Z Apr(D)(A%(1))™)
t=t-ko
-1
L 3 pylep(c + )
T=t-ko
-1
> k"3 (¢ +m* - ko) Z p3(7)
t=t-ko
Therefore, we have
L
Ay(t) > K@y (¢ +m? . 3.10
YO Z ey (E+m — (m(r);k”a ) (3.10)

Summing (3.10) again from ¢ — ko to ¢ — 1, we obtain

t-1

Ay(t) = Ay(t—ko)+ Y A%(r)
t=t—ko
310) o L o 1 L
> ka ya_(1:+m —ko ( NS Zpg(s)
T=t—ko s=t—ko
v o t-1 1
> Kﬁyﬁ(t+m*—2k0) Z ( Z pg(s)
T=t-ko s=1-ko

In summary, y is a positive and increasing solution of
o3 o3
Ay(t) — k1 Ao(2)y™ (50(2)) > 0.

Employing Lemma 2.1 (II), (3.2) also has an eventually positive solution, which is a con-
tradiction.

Case PPN. We introduce

Z:=-pi(A%)" >0 eventually. (3.11)

By (3.8), we obtain

—AZ(t) = k?py )y (t —m + 1). (3.12)
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First, we see that, eventually,

t-1 t—1
YO =yt)+ Y Ay(r) = > Ay(r)

t-1
z Z Ay(t—1) = (t—t)Ay(t —1) = tAy(t - 1)(1 - %)

T=t1

Since t;/t — 0 as t — o0, there exists 6 € (0, 1) so that

() > 0tAy(t—1) eventually. (3.13)
Now, we put

u:=t-m and v:i=u+k >u.

Then, eventually,

v—-1

0 < Ay(v)=Ayw)+ ) A’y(r)

T=U

Zal
gt 3 20
ruPl"‘l(T)

(36) CL zer (- 1)
= Ay(w) - — I
t=u PpP1* (1)

= Ay - Z7 (v— )Py (v, ),
and hence
Ay(u) > Z% (v—=1)P1(v,u) eventually. (3.14)

Altogether, eventually,
(3.12)
—AZ() = kpa(t)y(t—m+1)

2 02 a0t - m + 12 (Ay(e — )

= (OK)2ps(t)(t —m + 1) (Ay(u )

(
(

(3.14 1

> (9K)°‘2p2(t)(t m+ 1)*2 (Z“l v—1)P;(v, u))
(

= (k) 2Pyt - m + 1) (Z (E0(8) Pyt — m + Koy, £ — )™

In summary, Z is a positive and decreasing solution of

AZ(t) + (0x)2 A1 (DZ7 (£1(8)) <O.



Alzabut et al. Advances in Difference Equations (2021) 2021:3

Employing Lemma 2.1 (I), (3.3) also has an eventually positive solution, which is a contra-
diction.

Cases NNN and NPN. Throughout the remainder of the proof, we introduce Z again by
(3.11). First note that, eventually,

y(8) = x(t) + pa(£)x™ (¢ - k) — ps(£)x"* (£ — k) = —ps(£)x*> (¢ - k).
Hence, eventually,

x(t — k) Z—(I%)as. (3.15)

Thus, eventually,

—AZ(¢) (151)141920)96”‘2 (t—m+1) + p3()x*> (t + m™)
yt-m+k+1) >ﬁ‘,—§

(3.15)
O (t _ 1 _ 2
=2 (t-m+1) = pz(t)(pS(t_ ki)

QW) (t—m 4k +1). (3.16)

Case NNN. First note that, eventually,

t-1 t-1
Ay(t) = Ayt)+ ) A’y(r) <)y A%(r)

T=f1 T=f1

t

-1 1
3.11) Z“ (1)

1
=ty P19 (1)

-1 L
(3.6) Zu(t-1)
= - Z T
=6 p1°1(7)

= _ZH(t-1)Py(5 1),

and therefore, eventually,

t-1
y(®) = y(t)+ Y Ay(r)
t-1 t-1 1
< D M) =) ZF (r - 1)Py(r, 1)

T=t1 T=t1

-1
(3.6) 1
< —Zw(t-2) Zpl(‘f, t),

=11

Page 10 of 18
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and thus, eventually,

(3.16) ay
-AZ({t) = -QWt)ys(t-m+k+1)

t—-m+k Z_g
> Q(t)(ZO‘ll(t—m+k— n Yy Pl(r,tl))
T=t1

Y]

t—m+k a5 o
Q(ﬂ( > Pl(f:t1)> Z9% (£(2)).

7=t

In summary, Z is a positive and decreasing solution of
@
AZ(t) + Ao (£)Z71% (£(2)) < 0.

Employing Lemma 2.1 (I), (3.4) also has an eventually positive solution, which is a contra-
diction.
Case NPN. We let

u:=t-m+k+1, vi=u+ky>u, and wi=u+k3-1>v-1.

First, we have, eventually,

v-1

0> y(W) =y(u) + Y _ Ay()

T=u
v-1

> y(u) + Y Ay(v—1) =y(u) + (v—u)Ay(v - 1),

T=U
S0,

—y(u) = (v-u)Ay(v-1). (3.17)

Next, we have, eventually,

w—1
0 < Ayw) =Ayv-1)+ Y A%(r)
1

w-1 L
Z= (1)
G20 Ay(v-1) - T
r=-1 P19 (1)
) L ZE (w-1)
< Ay(v-1) Z T
t=v-1  p1°1(1)
1

S0,

Ay(v—1) = Z& (w—1)Py(w, v — 1). (3.18)

Page 11 0of 18
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Thus, we see that

(3.16) oy o
-AZ(t) = -QW)y*s(t-m+k+1)=-Qt)y* (u)

Q) (v - WAy - 1) = QUK (Ay(v-1))

29 QRS (2% (w= 1Py, v - 1))

)
a5
@
a5

ag a

= Q(t)k;fSPlg t-m+k+ks,t—m+k+ kz)Zﬁ (Eg(t)).
In summary, Z is a positive and decreasing solution of
AZ() + A3(8)Z7% (£5(0)) < 0.

Employing Lemma 2.1 (I), (3.5) also has an eventually positive solution, which is a contra-
diction. 0

We now prove the following consequence of Theorem 3.1.

Theorem 3.2 Let oy < 1 < as. Suppose that (i)—(iii), (1.2), (2.17), and (3.1) hold. Let
600,61 € (0,1). If the first-order advanced difference equation (3.2) and the first-order de-
lay difference equations (3.3) and

AZ(#) + min{ Ay(t), As(H)}Z71% (£5(8)) = 0 (3.19)
are oscillatory, then so is (1.1).

Proof We claim that oscillation of (3.19) implies oscillation of both (3.4) and (3.5). As all
the other assumptions are the same as in Theorem 3.1, the statement then follows from
Theorem 3.1. So assume that (3.19) is oscillatory. First, suppose that (3.4) is not oscillatory,
say, there exists eventually positive Z satisfying

0= AZ(t) + Ay(B)Z7% (£9(8)) > AZ(E) + min{ Ay(t), As(D)} 2715 (£(8)). (3.20)
From the equality in (3.20), we see that Z is eventually decreasing, and since

&5(t) = &2(2) + ks > &:(2),
we obtain Z(&3(¢)) < Z(&,(t)) eventually. Using this in (3.20), we get

0> AZ(t) + min{A,(2), Ag(t)}ZaT—gf' (£2(8)) = AZ(2) + min{ Ay (), Ag(t)}ZJf_gs (&().
By Lemma 2.1 (I), (3.19) also has an eventually positive solution, a contradiction, showing
that (3.4) is indeed oscillatory. Next, suppose that (3.5) is not oscillatory, say, there exists

eventually positive Z satisfying

0= AZ(E) + As(DZ71%5 (£5(8)) > AZ(£) + min{ Ag(8), As(D)}Z7% (£5(0)).
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By Lemma 2.1 (I), (3.19) also has an eventually positive solution, a contradiction, showing
that (3.5) is indeed oscillatory as well. Thus, the proof is complete. d

Remark 3.3 Observe that the minimum occurring in (3.19) may be calculated as follows:

a
t—-m+k

min{Ag(t),Ag(t)} = Q) <min{ Z Pl(t,tl),kzPl(t—m+k+k3,t—m+k+k2)}) ‘”5.

The following theorem gives some further criteria for a special case.

Theorem 3.4 Let ay < 1 < a5 and oy < oy < as. Suppose that (1)—(iii), (1.2), (2.17), and
(3.1) hold. If

o(t)-1

lim su Ao(T) = 00, (3.21)
t~>oop ; 0

t
lim sup Z Aq(T) = 00, (3.22)
7% g0

t
lim sup Z Ao(T) = 00, (3.23)
7% 120

and

t
lim sup Z As(T) = 00, (3.24)
7% e300

then (1.1) is oscillatory.

Proof We claim that under the additional assumption oy < o7 < 3, (3.21), (3.22), (3.23),
and (3.24) imply oscillation of (3.2), (3.3), (3.4), and (3.5), respectively. As all the other
assumptions are the same as in Theorem 3.1, the statement then follows from Theorem
3.1. First, suppose that (3.2) is not oscillatory, say, there exists eventually positive y satis-
fying (3.2). As can be seen from (3.2), y is eventually increasing and thus bounded below

by some C > 0. Summing (3.2) from 7 = £ to T = §y(¢) — 1, we obtain, eventually,

&o(t)-1 &o(t)-1
$(66(0) = 7(80) -3 Y bono@y (56(2) = Y Goo(r)y (50(8),
T=t T=t
and thus, as a3 > o7,
&o(t)-1
6o Z Ao(7) < 0(3—0( ! aiﬂ»
) Ca

contradicting (3.21). Next, suppose that (3.3) is not oscillatory, say, there exists eventually
positive Z satisfying (3.3). As can be seen from (3.3), Z is eventually decreasing and thus
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bounded above by some C > 0. Summing (3.3) from t = &;(¢) to T = £, we obtain, eventually,

2(50) = 2(E0) -2+ 1) Y a0z (50),
t=£1(2)

and thus, as a7 > oo,

t
i) 3 i)
0 Y MOz 9 (B@)<Ca,
t=£1(t)

contradicting (3.22). Next, suppose that (3.4) is not oscillatory, say, there exists eventually
positive Z satisfying (3.4). As can be seen from (3.4), Z is eventually decreasing and thus

bounded above by some C > 0. Summing (3.4) from t = &(t) to T = ¢, we obtain, eventually,

t
Z(60) = Z(60) - Ze+ D) E Y A1) 275 (5(0))
t=£5(t)
t @
> Z Ao (7)Z5% (£5(2)),
T=£2(t)

and thus, as aja5 > o7 > ay,

d a195-a) a1a5-a)
Z Ay(t) <Z 0% (&(t) <C a5,
T=62(8)

contradicting (3.23). The proof that (3.24) implies oscillation of (3.5) follows exactly like
the proof that (3.23) implies oscillation of (3.4), only with & and A, replaced by &; and
A3, respectively. 0

Remark 3.5 Note that Tang and Liu [34] have developed other oscillation criteria for sub-
linear delay difference equations, which could be used in place of (3.22), (3.23), and (3.24)
to examine the oscillation of (3.3), (3.4), and (3.5). Similar criteria for superlinear advanced

difference equations could not be found in the literature.
Now, we focus on the case ag < a5 < 1.

Theorem 3.6 Let oy < a5 < 1. Suppose that (i)—(iii), (1.2), and (2.17) hold. Assume

95
lim P(£) =0, where P(t) := —— <%p4(t)> T ps) @ (3.25)
t—>00 oy s

Let 6y,0, € (0,1). If (3.2), (3.3), (3.4), and (3.5) are oscillatory, then so is (1.1).

Proof Inspecting the proof of Theorem 3.1, we see that o5 > 1 was needed only in the
discussions under the headline “Cases PPP and PPN” leading to (3.7). The rest of the proof

does not use a5 > 1 and remains unaffected. Thus, while we used (3.1) in Theorem 3.1 to
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show (3.7), we will now use (3.25) to show (3.7), hence completing the proof. Applying

(2.1) with
(1) \ %
(07 (09 a5—og
A:=—5>1, X:=x*(t - k), Y:=< 4Pa > ,
oy asps(t)
we obtain
O\ = (©)
a5 —oy [ o ez o
A5t - k) + 2 4( e ) > Lo yen(p oy P
oy asps(2) oy asps(2)
and thus

x(t) = y(t) - (pa(Dx*(t - k) — ps ()23 (¢ — k)

~ P()
> y(t) - P(t) = <1 - M)y(t).

Since y is positive and nondecreasing, there exists C > 0 such that y(¢) > C, and so we have

w0 (1- 72 Jo,

Next, due to (3.25), there exists « € (0, 1) such that (3.7) is satisfied. This completes the
proof. d

As before in Theorem 3.2 and Theorem 3.4, we now obtain the following results.

Theorem 3.7 Let ay < a5 < 1. Suppose that (i)—(iii), (1.2), (2.17), and (3.25) hold. Let
600,61 € (0,1). If (3.2), (3.3), and (3.19) are oscillatory, then so is (1.1).

Theorem 3.8 Let oy < a5 < 1 and ay/as < oy < a3. Suppose that (i)—(iii), (1.2), (2.17), and
(3.25) hold. If (3.21), (3.22), (3.23), and (3.24) hold, then (1.1) is oscillatory.

4 Examples
We conclude this paper by giving two examples, illustrating our theoretical findings.

Example 4.1 We consider the equation

3
A((t + 1)3(A2 <x(t) + %x%(t— 1) -3t - 1))) )

=2x(t —2) + (¢ + 2)*x(¢ + 6). (4.1)
Then (4.1) is in the form (1.1), where

o1 =a3=05=23, ar =1, a4:§, k=1,m=3,m" =6,

p®=t+1?  p@) =2 pst)=(+2)% p4(t)=%, ps(t)=1.
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Next, (i)—(iii) are satisfied, and so is (1.2) due to

v—1 1 % v—1 1 v 1
P ) = = = — .
o =3(75) IEEPIEEES

T=u

Now we may pick (see Remark 2.4)

k0=k1=k2=1 and k3=2,

and then (2.17) is satisfied, and we have
g =60 =t-3, &@)=t-1

&)=t +4,
Moreover, we have oy < 1 < a5 and oy < @1 = a3, so we will apply Theorem 3.4. We pick

P = Ps, and then

[T

gl(t)+gz(t)=% ! i(p(t))’%(m(t))% +2-3*%(p(t))%(ps(t))’
3\3

2 1
1+ — 0 ast— oo,

T 3V3t Vi
and thus, (3.1) is satisfied. We also calculate

p3(t-2)

-1 1 -1 3 % t‘*% .
(i Zr) -(2620) - (5) ==

Ao(t) = Z (1) 4 :

T=t-1
A1(8) = pa(B)(t - 2)P1(t - 2, - 3) = pa(t) = 2,
2

-2
t
As(t) = pa(t) ZPI(r,tl) > P >t
T=11
and
3 5
=3,

1
As(8) = pa () (P1(t, £ - 1)) 3 =P2(t)(;>
Hence, (3.21), (3.22), (3.23), and (3.24) hold. Now all the conditions of Theorem 3.4 are

fulfilled, and thus, (4.1) is oscillatory.

Example 4.2 We consider the equation
1 2 3
A ((t +1)3 <A2 (x(t) + ;xé (t-1)—x3(¢t - 1))) )
=2x(t - 2) + (¢ + 2)*x(¢ + 6). (4.2)

Note that all data in (4.2) are the same as in (4.1), except

2
s = —.
"7 3
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Moreover, we have oy < a5 < 1 and ay/as5 < o1 = 3, so we will apply Theorem 3.8. We
calculate

2
P(t) = (%M(t)) (ps(0)) " = ﬁ —0 ast— oo,

and thus, (3.25) is satisfied. The fulfillment of all other conditions of Theorem 3.8 follows
in the same way as in Example 4.1, and hence (4.2) is oscillatory.

Remark 4.3 The results of this paper may be extended to higher-order difference equa-
tions of the form

Alp1®) (A" y(0)™) = pa(Ox2(t — m + 1) + p3(Ox° (¢ + m*),

where y(£) = x(£) + pa(£)x*4 (£ — k) — psx*5> (£ — k). We leave the details for future consideration.
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