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We demonstrate that the interplay between a nonlinearity and P7 symmetry in a periodic potential
results in peculiar features of nonlinear periodic solutions. These include thresholdless symmetry breaking
and asymmetric (multi-)loop structures of the nonlinear Bloch spectrum, persistence of unbroken P7
symmetry even after the gap is closed, nonmonotonic dependence of the P7 phase transition on the
defocusing nonlinearity, and enhanced stability of the nonlinear states corresponding to the loop structures.
The asymmetry and the loop structure of the spectrum are explained within the framework of a two-mode

approximation and an effective potential theory and are validated numerically.
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Controlling the properties of propagating waves in
synthetic materials is a topic of fundamental and applied
interest. Traditionally, periodic modulations of parameters
of the guided media is considered as one of the main tools
of such control. More recently, a possibility of combining
nonconservative effects with periodicity of the medium
parameters [1,2], especially when the non-Hermiticity
features parity-time (P7) symmetry [3,4], has become a
topic of intense study, with a particular interest in optical
settings where they can be realized by periodically modu-
lating a complex dielectric permittivity [5-9]. While the
properties of linear P7 -symmetric lattices are, by now,
well understood [10-12], a broad range of applications in
diverse areas of physics have also stimulated studies of the
effects of nonlinearities in P7 -symmetric systems [13-15].

If the periodic P7 -symmetric potential itself is linear,
the inclusion of nonlinearities has, for example, led to the
description of nonlinear periodic waves [6,16], solitons
[5,6,17-19], and defect modes [20,21]. All these effects
were observed when the underlying linear system is in the
unbroken P7-symmetric phase [3], illustrating that
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properties of systems obeying P7 symmetry resemble
behavior of Hermitian systems [13].

In linear systems, spontaneous P7 symmetry breaking
can be viewed as an instability under a change of
parameters and is signaled by the emergence of complex
eigenvalues in the spectrum. At the same time, instabilities
are also inherent features of nonlinear systems, even
Hermitian ones. Similarly, these instabilities occur through
a transition between phases characterized by pure real and
complex spectra (corresponding to stable and unstable
nonlinear modes), but in this case, for the eigenvalue
problem of small excitations of the nonlinear modes.
The Bogoliubov-de Gennes equations for a Bose-
Einstein condensate (BEC) are a celebrated description
of this and the stability analysis of periodic nonlinear waves
in conservative linear lattices has, for example, been
discussed in [22-25].

The presence of non-Hermiticity in a nonlinear eigen-
value problem is, therefore, an interesting setting to study
the effects of nonlinearity on P7 symmetry breaking in
periodic potentials [26], now understood as emergence of
complex eigenvalues of a nonlinear eigenvalue problem
and, also, the opposite effect of non-Hermiticity on the
stability of nonlinear modes. In Hermitian systems, suffi-
ciently strong nonlinearities can lead to a change in the
topology of the spectrum of the respective nonlinear
periodic waves. It was shown, in a series of theoretical
works [27-34], that the nonlinear spectrum of the nonlinear

Published by the American Physical Society
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Bloch modes in an atomic BEC (a nonlinear Hermitian
eigenvalue problem) can feature a loop structure, whose
presence has also already been experimentally observed
[35-37]. A loop spectrum is also predicted for nonlinear
Bloch states in exciton-polariton condensates [38].

In this Letter, we show that the loop spectrum acquires
new properties in the presence of non-Hermiticity. The
combination of P7 symmetry and nonlinearity leads to the
nonlinear Bloch spectrum becoming asymmetric with
respect to Brillouin zone (BZ) center or edges. In the
presence of loops, this asymmetry is reflected in the tilt of
the loops with respect to the BZ edges. In fact, the tilted
loops can connect the relevant bands and, thereby, bridge
the energy gap. However, even in the presence of a closed
gap, the system is still in the unbroken phase, what is
starkly different from cases of linear P7 symmetry and
nonlinear P7 symmetry without loop structures. In both of
these cases closing the energy gap pushes the system into
the broken phase. Furthermore, the extension of the
unbroken phase is guaranteed by the tilted loops indepen-
dent of the nonlinearity being focusing or defocusing. To
give an intuitive physics picture for understanding the
effects, we present an effective potential theory describing
nonlinear P7 phase transition in the absence and presence
of loop structures.

Bearing in mind applications in paraxial optics, we
consider the scaled nonlinear Schrédinger (NLS) equation

iy = Huyr 4 clyPy, Hip=—3 8+ V(). (1)
Here, yw is the dimensionless field amplitude, z is the
propagation distance measured in the units 4ny£/4, x is
the transverse coordinate in the units of £/z, ny is the
refractive index of the homogeneous medium modulated
by the complex grating An(x) with the period #, and 4
is the light wavelength. The optical potential is defined
by V(x) = —8(£?/2*)nyAn(x) and in the chosen scaling

satisfies the properties V(x) =P7TV(x) = V*(—x) =
V(x+ ). The real-valued nonlinear coefficient
¢ = —4nngn, Py, with n, being the Kerr nonlinearity

and P, being the power of the incident light, describes
either defocusing (¢ > 0) or focusing (¢ < 0) media.
Typical physical parameters correspond to wavelengths
Ao on the order of one micron, grating periods of about
ten microns, and grating amplitudes on the order of 1073
(see, e.g., [39]). We are interested in solutions of the form
w(z,x) = ePtikxg (x), often referred to as nonlinear
Bloch waves, where f, is a propagation constant, k is
the Bloch vector, and ¢;(x) is a periodic function,
Pr(x) = ¢ (x + ), solving the stationary NLS equation

1
Bri+Hiy+clil*dr =0, Hy= _5(8x +ik)*+V(x).
(2)

We are interested in studying the dependence of stationary
solutions on the nonlinearity parameter ¢ when fixing
the normalization of the (nonlinear) eigenmodes as
(¢, i) =1, where the internal product defined by
(f.g) = (1/7) [§ f*(x)g(x)dx.

Thresholdless nonlinear symmetry breaking.—The real
part of the spectrum of the linear eigenvalue problem
B + Hip(x) =0 is symmetric [7-9], ie., By = f_y
[hereafter we use the tilde to denote the solutions of the
underlying linear problem, i.e., of (2) at ¢ = 0]. However,
even an infinitesimal nonlinearity (c # 0) breaks this
symmetry and leads to f; # f_;. This can be shown by
considering the bifurcation of a nonlinear family of
periodic solutions from the linear one. Setting |c| < 1,
we look for the nonlinear solution of (2) in the form of

expansions /ik:[?k+cﬂ,<(l)+~-~ and qﬁk:g;ﬁk—kcqﬁ,((l)—k---.
Defining the eigenstates ¢, of the Hermitian conjugate
H,t and assuming that the spectrum of Hj is free from
exceptional points, we, thus, have a biorthogonal basis
{oe. I} (@) =0 for k# k. Now, suppose that,
for a given Bloch vector k, the eigenvalue f; is real.
Then, one can choose ¢, = qj),ﬁ and compute

B = (@i 10 *Bi) /(B di). Since H_ # Hy, and hence,

¢_i # Pr, we conclude that, in a generic case, ﬂ,(cl) # ,B(_l,z
While this last condition does not exclude the possibility of

an accidental coincidence of ﬂ,(cl) and ﬂ(_lk), the equality
of the propagation constants at k and —k would require
exact coincidence of corrections in all orders of the
expansion. This leads us to the conclusion that 5, # f_;.
It is worth noting that, if H, is Hermitian, i.e., if V(x) is
real, then one can set ¢; = g;ﬁ’ik = ¢. This choice replaces
the biorthogonal basis by the standard basis of the Bloch
states {¢;}, and one recovers the known result that

ﬁg) = ﬂ(_lk), i.e., in this case the nonlinearity does not break
the symmetry of the spectrum.

Shallow lattice regime.—Spontaneous nonlinear sym-
metry breaking can be explicitly illustrated in the limit of a
shallow lattice in the weakly nonlinear regime where the
two-mode approximation [27] is valid. To this end, we
address the known potential [5,6,9,11,39]

V(x) = V|cos?(x) + i%sin@x} , (3)

that in the linear limit (at ¢ = 0) supports unbroken [f; is
real for k € [-1,1)] and broken (B, acquires complex
values in the BZ) P7 -symmetric phases for Vy < 1 and
Vo > 1, respectively. If V <« 1 and ¢ = V¢’ where |¢/| ~ 1,
the spectrum near the band edge at k = 1 + V4§, where V§
is a small displacement of quasimomentum from the BZ
edge, can be described by accounting only for two modes
resonantly coupled by the Bragg scattering. Respectively,
in the unbroken phase, we look for a Bloch state of the form
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di(x) ~a_je”?* +a, where ay_, are real constants
satisfying a3 + a2, = 1. Defininga = (a_,, ay)” (T stands
for transpose), we obtain the nonlinear eigenvalue
problem h(a)a = a, where the effective non-Hermitian
Hamiltonian is given by h(a) = vos + (1/4)(6, Vo + ioy) —
(c'/2)osa’o3a (here, 6,5 are the Pauli matrices) and
v=-[(2+1)/V+ V& +3c +1]/2. The dispersion
relation is obtained in the form [40]

c? 1 Vi c
1/4+u3c’+v2<?—52—1—6+?0> —y1—6(1 -V3)
\YWAY: 1 Voc's ¢
+12(32-7-55) - oo, )

16 64

which for V) = Orecovers the result of [27]. This expression
contains several important results. First, in the linear limit
of ¢/ =0, the resulting quartic equation has two real-
valued solutions at § = 0 which define the energy gap
Egyp = V(1 = V3)1/2/2. Thus, we recover the well-known
result that the gap is closed at Vy = 1. Second, if either
Vo =0 (Hermitian case) or ¢ =0 (linear case), the
dispersion relation is symmetric, i.e., the propagation con-
stant depends on &°. If, however, ¢V, # 0 one can see that
P (8) # p'(—6), which means that the symmetry with respect
to the center of the BZ is broken. Thus, in agreement with the
above considerations in a deep lattice, we conclude that the
spontaneous symmetry breaking of the dispersion relation
requires the simultaneous presence of a nonlinearity and
non-Hermiticity. Third, at ¢ = ¢;,, where

Vo(1/8VE+1-4V3+1)

(5)

cp = ,
" 221 = V2)(V/BV2+ 1 —2VE — 1))/

there exist one simple and one triple root of (4). This
occurs at

57 = (y/8Vi+1-2Vi—1)/[32(1-V})], (6)

with sign(6) = sign(c), and means that c,, is the bifurcation
point at which a loop appears in the spectrum. Notice that,
unlike in the Hermitian case [27,30-32,34], the loop now
bifurcates from a point shifted away from the BZ edge.
At|c’| > ¢, there exist four real solutions of (4) for a given §
in the vicinity of §,, corresponding to the loop. Finally,
solving (4) with respect to 6 for a given v, one finds that the
roots 8(1'2) exist only for 1% > 1/4(1 — V3), i.e., below the
critical value V = 1 there exist three values of v at which
8 = 6()_ Thus, at these parameters loop crossing occurs,
which is a genuinely non-Hermitian phenomenon.

Loop structure and PT symmetry breaking.—Now, we
proceeded with a full numerical analysis. In Fig. 1, we
show the nonlinear Bloch spectrum for defocusing (upper
row) and focusing (lower row) interactions. For defocusing
(focusing) interactions, one can see the loop bifurcating
from the upper (lower) band, and in the Hermitian case
(Vo = 0), the loop is symmetric with respect to the BZ
center k =0 and edges k = £1 [see Fig. 1(al)]. At the
critical point, just before the appearance of a loop, the
spectrum develops a cusp structure, and we show an
example of this in Fig. 1(bl).

In the presence of a complex lattice, Vo, # 0, and for
finite nonlinearity, the loop structures lose their symmetry
with respect to either k = 0 or k = +£1, which is confirmed
in Figs. 1(a2) and 1(b2). The presence of an imaginary part
in the lattice tilts the loops toward the right (left) sides of
BZ edges for defocusing (focusing) interactions when the

Spectrum g

Spectrum

FIG. 1.

The loop structure of the nonlinear Bloch spectrum for defocusing ¢ = 0.5 (upper row) and focusing ¢ = —0.5 [lower row,

(b2)—(b5)] interactions for V = 0.2. Only the highest two Bloch bands are shown. The panels in the upper and lower rows from left to
right correspond to Vy = {0,0.8,1.6,2,3} and V, = {0.4,0.8,1.6, 3, 3.8}, respectively. The panel (bl) shows a cusp under the critical
coefficient ¢; from Eq. (5). In the shaded areas in panels (a5) and (b5), the spectrum is complex, i.e., P7 symmetry is broken.
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sign of V| is positive, and vice versa [40]. The asymmetry
of the loop structures becomes more pronounced with
increasing values of V, which ultimately leads to the
loops connecting the respective neighboring bands [see
Figs. 1(a2) and 1(b3)]. One can also see from Figs. 1(a3),
1(a4), 1(b3), and 1(b4) that the areas inside the loops
that connect the lowest two bands shrink with increasing
values of V. Once the area goes to zero, complex
eigenvalues appear, indicated by the shaded regions in
Figs. 1(a5) and 1(b5) [these regions are beyond the
applicability of the two-mode approximation, as Eq. (4)
does not admit a fourth-order root].

This P7 phase transition occurs at a critical strength of
the imaginary part of the lattice, V§, that depends on the
strength of the nonlinearity. This dependence is shown
Figs. 2(a) and 2(b) for two typical values of V. A general
observation is that focusing interactions suppress the P7°
phase transition by increasing V{ to values larger than 1
(this recovers the conclusion of Ref. [26]). However, for the
defocusing interactions shown in Figs. 2(a) and 2(b), we
observe two different behaviors. For increasing nonlinear-
ity, V{ initially decreases until it reaches a minimal value,
after which it increases. Further increasing c, therefore,
leads to an increase of V{, which corresponds to an
enhancement of the unbroken P7 -symmetric phase (this
effect was not noticed in [26]). In fact, at some value of the
nonlinear coefficient, denoted by c7, the linear threshold
V§ =1 is restored [see vertical dotted line in Fig. 2(b)],
with the magnitude of the threshold value depending on the
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FIG. 2. Critical values of the depth of the imaginary part of the
lattice for the P7” symmetry phase transition. In (a) (V = 0.2) and
(b) (V =2), squares and circles correspond to the cases of
focusing and defocusing interactions, respectively. The horizontal
lines at V§ = 1 indicate the linear P7 transition critical value.
The inset in (a) shows details of the curves for small non-
linearities. (c) Threshold value c¢; as a function of V for
defocusing interactions. Beyond the threshold value the defocus-
ing interactions protect the 7 unbroken phase.

depth of the real lattices as shown in Fig. 2(c). A smaller V
requires a smaller ¢y to observe the enhancement.

To provide physical insight into the different
behaviors of V{ in the two regimes, we recall that, in
the linear case, the phase transition is determined by
the relation between the amplitudes of the real and
imaginary parts of the lattice. However, in the presence
of a nonlinearity, one can consider an effective potential,
Veir = V cos?(x) + c|¢y(x)|*, which means one now has to
consider the difference of the amplitudes of the effective
real lattices potential V. and the imaginary lattice. In the
weakly nonlinear regime, V cos?(x) dominates Vg, which
leads to a preference to localize the density in the lattice
sites. However, increasing the defocusing interactions,
¢ > 0 leads to an extension of the density in space, which
reduces the depth of the effective lattice potential. Thus,
the effective lattice is weakened by the defocusing inter-
actions, and the P7 symmetry breaking threshold
decreases [see Figs. 2(a) and 2(b)]. On the other hand, a
focusing interaction (¢ < 0) tends to increase the effective
lattice amplitude and, hence, results in an increase of the
‘PT symmetry breaking threshold. In the opposite limit of
strong nonlinearity, the linear lattice becomes a small
correction to Vg o c|¢y(x)[*. Independent of the sign of
¢, the effective lattice becomes much larger than the
imaginary one, and the P7 symmetry is restored inde-
pendently of whether the interactions are focusing or
defocusing.

On experimental observation.—To experimentally
observe the reported asymmetry of the loop spectrum,
one can focus on two features of the system. First, the
reported states feature transverse currents [see, e.g., the
phases in Fig. 3(b)] dependent on the strength of the gain
and loss responsible for the P7 -symmetric landscape of the
dielectric permittivity. Second, in systems with defocusing
interactions, the Bloch states around the BZ edges in the
lowest Bloch band are modulationally unstable in the
absence of spectral loops (this was shown for nonlinear
Bloch modes in BECs [16,22,41-45]). The loops can
stabilize nearby Bloch states. We have examined the
stability of the Bloch states in the presence of asymmetric
loop structures using the standard linear stability analysis.
A typical result is shown in Fig. 3(a), where the Bloch
states that are found to be stable (unstable) are represented
by thick red (thin blue) lines. Notice that the stability of
nonlinear states is confirmed for opposite propagating
waves corresponding to the same Bloch wave number k
but having different depth of the density modulations
[illustrated in Fig. 3(b)]. To confirm the stability in the
direct propagation, we calculated the evolution of Bloch
states, like the ones illustrated in Fig. 3(b), perturbed at the
input by noise of order of 10% of the mode amplitude. The
case examples of such evolution are shown in Figs. 3(c) and
3(d). In panel 3(d), we observe stable evolution of a Bloch
state [labeled by “c” in Fig. 3(a)] over very long distances,
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FIG. 3. Loop protected modulational stability for a system with

c=1.2,V=0.2,and Vy, = 0.4. (a) Bloch spectrum around BZ
edge k = 1. Nonlinear states corresponding to the thick red (thin
blue) lines are modulationally stable (unstable). The inset shows
details of the point k = 1. (b) Densities and phases of Bloch states
at k=1 shown over one period. The solid (dashed) lines
correspond to the Bloch state labeled by “c” (“¢”) in (a). (c),
(d) Nonlinear evolution of Bloch states with 10% random noise
added initially into the Bloch states. In (c), the stable Bloch state
at k = 1 corresponds to the one labeled by “c” in (a). In (d), the
unstable Bloch state at k = 1.2 corresponds to the one labeled by
“d” in (a). Note the difference in length scales z in (c),(d).

whereas an unstable mode [labeled by “d” in Fig. 3(a)]
quickly loses its structure as shown Fig. 3(d). Note that the
stable regimes in Fig. 3(a) are not symmetric with respect to
the BZ edge at k = 1, which is due to the asymmetry of the
loop structure.

In conclusion, we have shown that the simultaneous
presence of a nonlinearity and P7 symmetry of a linear
periodic potential leads to unusual properties of nonlinear
Bloch states. The nonlinear Bloch spectrum allows for
thresholdless symmetry breaking, that does not occur if
only one of the above factors is present. We have shown that,
for sufficiently large nonlinearities, the spectrum acquires
loop structures, which can bridge the energy gap and connect
the highest two Bloch bands without a P7 phase transition
occurring. In the vicinity of the points from which the loops
originate, the periodic solutions in the case of defocusing
nonlinearity are stable and feature transverse currents, what
make them experimentally observable.
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