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Multifractality of wave functions at the quantum Hall transition revisited
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We investigate numerically the statistics of wave function amplitudesc(r ) at the integer quantum Hall
transition. It is demonstrated that in the limit of a large system size the distribution function ofucu2 is
log-normal, so that the multifractal spectrumf (a) is exactly parabolic. Our findings lend strong support to a
recent conjecture for a critical theory of the quantum Hall transition.
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In 1980 von Klitzing, Dorda, and Pepper discovered1 that
the Hall conductancesxy of a two-dimensional electron ga
develops plateaus at values quantized in units ofe2/h.
Twenty years later, the integer quantum Hall effect~IQHE!
still constitutes one of the great challenges of condens
matter physics. Initially, the effort focused on the physics
the Hall plateaus which is by now fairly well understood.2,3

Then interest has shifted towards the transition region, wh
sxy crosses over from one plateau to the next. However, h
the situation is not as well resolved. It has been underst
from early on that this is a second-order phase transition,
the scaling scenario has been confirmed in numerous ex
ments and computer simulations4 yielding, e.g., the valuen
.2.35 for the localization length exponent. In contrast, a
lytical approaches did not lead to quantitative predictio
The ultimate goal here is to identify the effective low-ener
theory of the critical point~expected to be a conformal fiel
theory! and to calculate critical exponents and other char
teristics of the transition region. In particular, independen
of the critical theory on microscopic parameters would
tablish universality of the critical exponents which is a m
ter of intensive and controversial discussions in the exp
mental literature.

The earliest field-theoretical formulation of the proble
was given by Pruisken5 ~see Ref. 6 for a more precise, s
persymmetric version! and has the form of the nonlinea
s-model with a topological term. Since the latter is invisib
in perturbation theory, one has to resort to nonperturba
means in order to address the critical behavior. Pruisken
co-workers were thus led to the dilute instanton g
approximation.7 However, this approximation can only b
justified in the weak-coupling limit,sxx /(e2/h)@1, and be-
comes uncontrolled in the critical regionsxx;e2/h. For this
reason, no quantitative predictions for critical propert
have been made within this approach. Another line of effo
was based on a mapping of the low-energy sector
Pruisken’s model onto an antiferromagnetic superspin cha8

The superspin chain was also obtained by starting from
Chalker-Coddington network model of the IQHE.9 However,
attempts to find an analytical solution of the superspin ch
problem remained unsuccessful.

Recently, two papers appeared which may signify a bre
through in the quest for the conformal critical theory of t
IQHE. Zirnbauer10 and, a few months later, Bhaseenet al.,11
0163-1829/2001/64~24!/241303~4!/$20.00 64 2413
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proposed that this is as-model with the Wess-Zumino
Novikov-Witten ~WZNW! term G,

S@g#5
1

8pl2E d2x Str]mg21]mg1kG, ~1!

whereg belongs to a certain symmetric superspace~see Refs.
10 and 11 for a detailed exposition!, andl and k are cou-
pling constants. The theories considered in Refs. 10 and
differ only in the value of the constantk in front of the
WZNW term, k51 in Ref. 10 andk51/l2 in Ref. 11. If
true, the conjecture of Refs. 10,11 will provide a framewo
for a systematic study of the IQHE critical behavior. Whi
the exponentn has not yet been found on this basis, a no
trivial prediction for the statistics of critical eigenfunction
has been obtained. Specifically, it was found in Ref. 11 t
the corresponding multifractality spectrum is exactly pa
bolic ~which means that the distribution of eigenfunction i
tensities is log-normal!,

f̃ ~a!522~a2a0!2/4~a022!, ~2!

with a02252l2 ~a formal definition of the functionf̃ (a) is
given below!. For the model of Ref. 10 a parabolic mult
fractal spectrum of a somewhat different quantity, the tw
point conductance, was obtained.12 We can show, however13

that the two statements are closely related, so that the fi
ings of Refs. 10,12 imply again the result~2! for the eigen-
function statistics, witha02254l2. The exact parabolicity
~2! of the multifractality spectrum constitutes a stringent p
diction, numerical verification of which would be a seriou
check of validity of the theory proposed in Refs. 10,11. Th
is the aim of the present paper.

Our interest in this problem was additionally motivate
by the fact that the previously published numeric
results3,4,14–17appeared to be in clear conflict with the pr
diction ~2!, showing strong deviations from parabolicity. Fu
thermore, it has been a widespread belief that the parab
approximation cannot in principle be exact, since the sin
larity spectrumf (a) is only defined on an intervala2,a
,a1 , where it is positive, and has infinite derivatives at t
termination points,f 8(a2)5 f 8(a1)5`. As we demonstrate
below, these earlier findings were crucially affected
finite-size effects and by the absence of a proper ensem
averaging.
©2001 The American Physical Society03-1
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To begin with, we recall the general framework used
the description of critical wavefunction statistics. One intr
duces a set of inverse participation ratios18

Pq5E
Ld

ddr uc~r !u2q, q>0, ~3!

wherec(r ) is the wavefunction amplitude andL the system
size.~For the IQHE dimensionality isd52.! These moments
show in the largeL-limit scaling behavior characterized by
set of exponents, which can be defined for both the aver
and the typical value ofPq ,

^Pq&5 c̃qL2 t̃q, ~4!

Pq
typ;exp̂ ln Pq&5cqL2tq, ~5!

where ^ . . . & denotes ensemble averaging. As long asq is
small enough,q,qc , the distribution function ofPq is suf-
ficiently narrow andt̃q5tq . However, with increasingq this
distribution function becomes broader. Most importantly,
shows a power-law tail}Pq

212xq at largePq , wherexq de-
creases with increasingq. The critical valueqc is determined
by the conditionxqc

51. Forq.qc the averagêPq& is gov-

erned by rare events, andtq. t̃q . We refer the reader to Re
19 for more details.

Instead of using the momentsPq one can study directly
the distributionP of the wavefunction amplitudes. It is eas
to see that~4! translates, in the limitL→`, into

P~a!;~ ln L !1/2L2d1 f̃ (a), a52 lnucu2/ln L, ~6!

where the functionf̃ (a) is related to the exponentst̃q via the
Legendre transformation,

t̃q5qa2 f̃ ~a!; q5 f̃ 8~a!. ~7!

Similarly, one can define thef (a)-spectrum of a typical
eigenfunction~which satisfiesf (a)>0,3!

f ~a!5qa2tq ; q5 f 8~a!. ~8!

The two definitions coincide,f (a)5 f̃ (a).0,18 for q,qc ,
or, equivalently, fora2,a,a0, where a0 describes the
scaling of the typical value, exp^lnucu2&}L2a0, and a2 de-
notes the zero off, f (a2)5 f̃ (a2)50. On the other hand, in
the regime of rare events,a,a2 , the function f̃ (a) be-
comes negative, whilef (a) is not defined. The best estima
for a0 from previous numerical work is 2.2660.01.16 The
value of a2 obtained in Ref. 16 is 1.160.1, incompatible
with ~2!.

It is important to realize that the field-theoretical pred
tion ~2! refers to the functionf̃ (a), since in the theory one
deals with averaged moments~4!. In contrast, the earlier nu
merical studies were devoted to the multifractal spectrum
a single eigenfunction, thus yieldingf (a) as an output. We
further turn to a common misconception concerning an i
nite slope of thef (a) spectrum at its termination poin
f 8(a2)5`, which seems to rule out the parabolic form~2!.
Indeed, in anyfinite systemtq must be an analytic function
24130
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of q, implying that f (a) meets thea-axis with infinite
slope.3 This is, however, nothing but an artifact of a fini
system sizeL. For any givenL there is a finite interval ofa
close toa2 where the corresponding spectrumf L(a) devi-
ates from its asymptotic form and approaches the axis w
an infinite derivative. In the limitL→` this interval shrinks
to zero, and the spectrum acquires its limiting formf `(a)
[ f (a), corresponding to a nonanalytictq ,

tq5H t̃q , 0,q,qc

qa2 , q.qc .
~9!

The situation is similar to a phase transition where singul
ties also occur in the thermodynamic limit only. Practica
speaking, this means thattq and t̃q , though identical in the
thermodynamic limit on the interval 0,q,qc , have differ-
ent finite-size corrections.

For calculating the critical wavefunctions at the quantu
Hall transition we employ the Chalker-Coddington netwo
model.20 In order to obtain the wavefunction we translate t
lattice dynamics into a unitary time evolution operatorU
which describes the wave packet propagation on the netw
in discrete time steps.16 The desired critical wavefunction
are the eigenfunctions ofU, which are found by numerica
diagonalization.

The calculations were performed for systems of the s
ranging from L516 (6•106 wave functions! to L51280
~2000 wave functions!. We implemented efficient numerica
packages21–23 which allowed us not only to~partly! diago-
nalize large systems, but also to do it fast enough in orde
collect sufficient statistics. Specifically, for a system of sizeL
and for each disorder realization we diagonalized a comp
N3N matrix of the sizeN52L2 ~which reachedN'3.3
•106 for the largestL) with machine accuracy. For compar
son, the biggest realization of the network model reported
the literature that we are aware of is smaller by a factor
five in linear dimensions.16 Since an accurate extrapolatio
to the thermodynamic limit was of primary importance f
our work, it was crucial that we could observe the finite s
corrections over almost two orders of magnitude inL.

As a first test of the validity of Eq.~2!, we check its two
particular implications, namelya022522a1 anda1/252,
whereaq is determined by~7!, aq5dt̃q /dq. We evaluated
aq(L) for different system sizes,

aq~L !52^ucu2qlnucu2&/^ucu2q& ln L, ~10!

and then extrapolated to the infinite system size,aq
5 lim

L→`
aq(L), according to

aq~L !5aq1
lq

ln L S 11gq

j irr
y

Ly
1••• D . ~11!

The most important finite-size effect is of the form 1/lnL

according to~4!, with a coefficientlq5d ln c̃q /dq. The sec-
ond term in brackets in~11! stems from finite-size correc
tions to~4! and is governed by the leading irrelevant scali
exponenty. The corresponding length scalej irr can be in
principle absorbed in the coefficientgq .
3-2
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The raw data that provides the basis for the extrapola
to L→` is shown in Fig. 1. From the fit~11! we find a0
52.26160.003, l050.0960.02, and a151.73960.002,
l1520.1160.01. A similar analysis for the caseq51/2
yieldsa1/22250.000160.0002,l1/2520.04260.002. It is
clearly seen that within the accuracy of the numerical d
a022 and 22a1 indeed coincide anda1/222 vanishes, in
agreement with~2!. The irrelevant exponenty is found to be
y50.460.1, which is consistent with earlier results4,24 ~the
accuracy of its determination is not very high, since the c
responding finite-size correction is rather small!.

As an additional check we have calculateda0 in yet an-
other way, which uses a conformal mapping to a quasi-o
dimensional strip of the Chalker-Coddington network. It w
shown by Janßen17 that a0 is related to the localization
lengthjL in a strip of widthL:

a0225~1/p! lim
L→`

L/jL . ~12!

Since this relation tiesa0 to the amplitudeL of the scaling
law jL5LL, the finite-size corrections on the strip take
form different from~10!,

a0~L !5a01g~j irr /L !y1•••. ~13!

We have calculatedjL using the transfer matrix method an
founda052.26060.003, in full agreement with the previou
result. This confirms the fundamental assumption that
critical theory is conformally invariant. The irrelevant sca
index is obtained asy50.4560.1, in agreement with earlie
findings.

Having satisfied ourselves that numerical results fora0 ,
a1/2, anda1 are in favor of the conjecture~2!, we turn to an
analysis of thef̃ (a) spectrum in a broader range ofa. Re-
sults of the calculation off̃ (a) according to Eq.~6! from the
distribution functionP(uc2u) for different system sizes ar
shown in Fig. 2. It is seen thatf̃ (a) changes appreciabl

FIG. 1. Finite size effects for the scaling exponentsa0 (s, fit
solid line! anda1 (L, fit dashed line! defined in~10!. Also shown
is the result fora0 (h, fit dotted line! from the transfer matrix
calculation, Eq.~12!.
24130
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with L, which points to the importance of the extrapolation
L→`. In particular, the inset of Fig. 2 shows the evolutio
of the zeroa2 of f̃ (a) with L. Extrapolating to infinite sys-
tem size@by taking into account the leading finite-size co
rection, which has the same 1/lnL form as in Eq.~11!# yields
the valuea250.860.02 in the thermodynamic limit. This
agrees with the result 0.81660.004 based on Eq.~2! in com-
bination with the value ofa0 found above, providing a fur-
ther strong support to the parabolic law~2!.

In order to obtain the wholef̃ (a) curve in the thermody-
namic limit with highest possible accuracy, we return to t
procedure based on the evaluation of moments, Eqs.~4! and

FIG. 3. Multifractal spectrumf̃ (a) ~solid line!. The dashed line
shows the theoretical conjecture~2! with a052.262. The point

where f̃ (a) vanishes according to the data presented in Fig. 2
also shown (h). Inset: spectrumf (a) of a typical eigenfunction for
different L and extrapolated toL→` (d). The line shows the
parabolic law.

FIG. 2. Evolution of f̃ (a), as calculated from the distribution
function ~6!, with the system sizeL. The inset shows the corre

sponding change ofa2 , defined byf̃ (a2)50. An extrapolation to
infinite L yields: a250.860.02.
3-3
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~10!, since it has the advantage that we have full control o
finite-size corrections, Eq.~11! ~the transformation from the
moments to the distribution function Eq.~6! induces addi-
tional corrections proportional to higher powers of 1/lnL).
Performing an extrapolation toL→`, we get thef̃ (a) curve
shown in Fig. 3, which represents the central result of t
Rapid Communication. The figure demonstrates a per
agreement between the obtainedf̃ (a) and the parabolic form
~2! with a052.262. Of course, a numerical analysis c
never guarantee that two quantities are identical rather t
just very close to each other. However, taking into acco
that there is no small parameter in the problem, we beli
that an accidental closeness off̃ (a) to a parabola with such
a high accuracy is extremely improbable. We thus conclu
that the theoretical prediction~2! stating that the multifracta
spectrum is exactly parabolic is correct.

To illustrate the difference and the relation betweenf (a)
and f̃ (a) and to make a closer contact to earlier works,
show in the inset of Fig. 3 thef (a) spectrum as obtained fo
different system sizes. The extrapolation toL→` gives a
good agreement with the parabola ata.a0, except for a
close vicinity of a2 , where the finite-size corrections t
f (a) become especially strong.

Finally, we mention an open issue concerning the val
of the coupling constantl andk in Eq. ~1! determininga0 in
t

.

f
h
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the theory. While Zirnbauer10 gave convincing arguments i
favor of k51, the mechanism of fixation ofl remains un-
clear. In particular, whether or notl is universal is an im-
portant open question which requires further analytical a
numerical studies.

In conclusion, we have studied the statistics of critic
wave functions at the IQHE transition point. We impl
mented a powerful algorithm which allowed us to reach u
precedented large system sizes and to gather sufficie
good statistics. Having performed the ensemble averag
and an analysis of the finite-size corrections, we calcula
the multifractality spectrumf̃ (a) of critical wave functions
in the thermodynamic limitL→` for 0.5<a<2.5. The re-
sult is in perfect agreement with the parabolic form~2! with
a052.26260.003 and hence it supports the recent conj
ture for the form of the conformal field theory of the IQH
critical point.10,11
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