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ABSTRACT

focusing on how they are built and the issues arising when scaling up to high-dimensional

settings. Novel approximate algorithms to compute filtering and smoothing distributions
are proposed, these improve the applicability of HMMs to large scale and overcome computational
problems.

Firstly, an approximate forward-filtering and backward-smoothing algorithm for Factorial
HMDMs [Ghahramani and Jordan, 1997] is developed. The approximation involves discarding
likelihood factors according to a notion of locality in the factor graph associated with the emission
distribution. This allows the exponential-in-dimension cost of exact filtering and smoothing to
be avoided. The approximation accuracy, measured in a local total variation norm, is proved to
be “dimension-free” in the sense that as the overall dimension of the model increases the error
bounds do not necessarily degrade. This method can be applied to data with known spatial or
network structure, for instance in traffic models.

Secondly, an evolving in time Bayesian neural network called a Hidden Markov neural net-
work is proposed. The weights of a feed-forward neural network are modelled with the hidden
process of an HMM, whose observed process is given by the available data. An approximate
filtering algorithm is used to learn a variational approximation to the evolving in time filtering
distribution over the weights. Training is pursued through a sequential version of Bayes by Back-
prop [Blundell et al., 2015], which is enriched with a regularization technique called variational
DropConnect.

Finally, the thesis produces also a new method for inference in stochastic epidemic models,
which uses recursive multinomial approximations to filtering /smoothing distributions over
unobserved variables and thus circumvent likelihood intractability. The method applies to a class
of discrete-time finite-population compartmental models with partial, randomly under-reported
or missing count observations. The algorithm is tested on real and synthetic data.

T he thesis presents the main definitions and concepts of hidden Markov models (HMMs),
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CHAPTER

INTRODUCTION

ince early appearance in the literature [Baum and Petrie, 1966, Baum et al., 1970] and
popularization in speech recognition [Rabiner, 1989], hidden Markov models (HMMs)
have been used to solve a broad range of problems, from texture recognition [Bose and
Kuo, 1994], to gene prediction [Stanke and Waack, 2003], and weather forecasting [Hughes
et al., 1999]. An HMM is a statistical model which explains patterns in observed data through a
hidden process. The unobserved process is a Markov chain, meaning that time step ¢ depends on
time step ¢ — 1 only. The main challenge in HMMs is to compute the filtering and the smoothing
distributions, which are the probability of observing a state in the Markov chain at time ¢ given
the data up to time ¢ and the probability of observing a state in the Markov chain at time ¢ given
all the data (marginal smoothing). These distributions can be then used to infer the parameters
of the HMM (e.g. EM algorithm). The main purpose of this thesis has been to overcome the
prohibitive computational cost of high-dimensional HMMSs, by proposing approximate filtering
and smoothing algorithms.
This chapter is organised as an introduction to the main contributions of this thesis, which are
then developed in chapter 3, chapter 5 and chapter 6, with chapter 2 presenting the background
and chapter 4 collecting the proofs of the results in chapter 3. Chapter 3, chapter 5 and chapter 6

are submitted/published and summarized in the following papers:

ch. 3-4: L. Rimella and N. Whiteley. Exploiting locality in high-dimensional factorial hidden Markov
models. arXiv preprint arXiv:1902.01639, 2019;

ch. 5: L. Rimella and N. Whiteley. Dynamic Bayesian Neural Networks. arXiv preprint arXiv:2004.06963,
2020;

ch. 6: N. Whiteley and L. Rimella. Inference in stochastic epidemic models via multinomial
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CHAPTER 1. INTRODUCTION

approximations. In International Conference on Artificial Intelligence and Statistics, pages
1297-1305. PMLR, 2021.

The implementation of the corresponding algorithms is open-source and available on the
Github page:

https://github.com/LorenzoRimella.

1.1 Exploiting locality in high-dimensional factorial hidden

Markov models

As already mentioned, an HMM is a statistical model which explains patterns in observed data in
terms of the evolution over time of a process that is not observed (latent process). Here, inference
is pursued by the computation of conditional distributions over the latent process, which are
called filtering and smoothing distributions, and generally obtained with a forward-filtering and a
backward-smoothing step through the data. Under a finite state-space setting, i.e. the unobserved
process takes values on a finite set, the cost of filtering-smoothing is cubic in the cardinality of
the state-space. This raises computational issues when scaling up to high-dimensional state-
spaces, for instance, if the state-space is the product form XM with X finite set and M € N, the
computational cost of filtering-smoothing is exponential in M.

Variational inference Blei et al. [2017] consistently reduces the computational cost by intro-
ducing an approximation on the posterior distribution over the states of the hidden process. Even
though there are several strands of research into theoretical properties of variational methods for
some classes of statistical models, as surveyed recently by Blei et al. [2017], such as convergence
analysis for mixture models Wang and Titterington [2006], and consistency studies for stochastic
block models Celisse et al. [2012], Bickel et al. [2013], little seems to be known about the quality
of the approximation.

Boyen and Koller [1998, 1999] proposed and studied inference methods involving an approxi-
mation of posterior distributions by the product of their marginals. Particle filtering algorithms in
the same vein appeared in Ng et al. [2002], Brandao et al. [2006], Besada-Portas et al. [2009]. The
advantages of such approaches for finite state-space are the decomposition of a high-dimensional
problem to multiple lower-dimensional ones. For instance, a probability distribution 7 over X
can be decomposed in M probability distributions over X if independence is assumed across the
components, i.e. T = ®3’I: ;¥ with ¥ marginal distribution of 7 over v, then 7 is not represented
as a vector with length card(X)”, but as M vectors with length card(X), which is cheaper
to store in memory. Moreover, if local dependencies are assumed in the HMM, approximating
filtering-smoothing distributions with the product of their marginals can be even proved to be
accurate [Rebeschini and Van Handel, 2015, Finke and Singh, 2017].

2
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1.2. DYNAMIC BAYESIAN NEURAL NETWORKS

Chapter 3 analyses high-dimensional HMMs with local structures and proposes an approx-
imate algorithm for filtering-smoothing, which can be proved to be accurate from a local total
variation norm perspective, which is essentially a total variation norm over the marginals.
Precisely, the algorithm applies to HMMs where the components of the latent process are inde-
pendent, i.e. the HMM is a factorial hidden Markov model [Ghahramani and Jordan, 1997], and
the data are generated from an emission distribution that factorises in such a way that each factor
depends only on a subset of the latent variables. Under this setting, the filtering distributions
are approximated by the product of their marginals, and each marginal is approximated by a
localized version where the factors of the emission distribution are selected in a mathematically
well-principled manner and some of them are thrown away. At this point, the resulting filtering
approximations can plug into the backward-smoothing and approximate smoothing distributions
can be inferred without any additional approximation. The proposed algorithm is called Graph

Filter-Smoother.

The first advantage of Graph Filter-Smoother concerns the computational cost. Indeed, the
algorithm depends linearly on the size of the state-space and exponentially on the local structures,
whose meaning is going to be clarified in section 3.3 of chapter 3. This fact is of particular interest
when the local dependencies remain unchanged while the overall size increases because in such a
scenario scaling-up to high dimensions results in a cheap linear increase in the computational cost.
Another pivotal point is the control over the quality of the approximation, indeed the proposed
algorithm can shrink the error over the approximations by tuning its parameters. However, there
is a trade-off between the quality of the approximation and computational cost, an higher quality
of the approximation is associated with an increase in the computational cost of the algorithm.
This is not necessarily a downside because it is found out experimentally that an equilibrium
between quality and cost is possible and it leads to satisfactory results. Finally, it is verified
empirically that the proposed approximation is suited to traffic flow predictions, and it could
be extended to any application with straightforward spatial dependencies, such as other traffic

models.

1.2 Dynamic Bayesian Neural Networks

When the data distribution evolves during training, most of the deep learning algorithms suffer
the “catastrophic forgetting” [McCloskey and Cohen, 1989, Ratcliff, 19901, which is the phe-
nomenon of not being able to integrate the new knowledge in the model without completely
remove what was learned before. Continual learning, which is a branch of machine learning
focusing on algorithms that are able to train on non-i.i.d. data, has mainly focused on overcoming
catastrophic forgetting [Kirkpatrick et al., 2017, Nguyen et al., 2017, Ritter et al., 2018] without
taking into account that sudden changes in the statistics of the data may be an intrinsic property

of the generating process itself. There is then a need for techniques that are capable to forget
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CHAPTER 1. INTRODUCTION

and to evolve according to what the data requires. Also, creating neural networks with compu-
tational graphs connecting all the history of the data, such as in RNN/LSTM, usually ends up
in over/underflow issues, e.g. exploding/vanishing gradients (i.e. the backpropagation algorithm
output a long product of derivatives that can be either small or big), which motivates to model

the underlying weights as time-varying and so build an evolving-in-time neural network.

Several attempts to create dynamic neural networks have been made in Bayesian filtering
[Puskorius and Feldkamp, 1991, 1994, 2001, Shah et al., 1992, Feldkamp et al., 2003, Ollivier
et al., 2018] and continual learning [Nguyen et al., 2017, Kurle et al., 2019], by proposing time-
varying posterior distributions over the weights. However, the considered settings are generally
limited to simple mean-field variational approximations [Kurle et al., 2019] and none of them

has focused on modelling the weights as the latent process of an HMM.

Chapter 5 builds hidden Markov neural networks (HMNN), a novel hybrid between Bayesian
neural networks and HMM, where the latent process of the HMM outlines the evolution in time
of the weights of a neural network. On the one hand, the HMM prediction step allows to preserve
knowledge from the previous steps and at the same time to forget useless information. On the
other hand, the HMM correction step includes features from the new data granting both complete
modelling during training and online learning if needed. The filtering distribution, which is an
evolving-in-time posterior distribution over the weights, is not available in closed form, due to the
complexity of the non-linear layers of the neural network. It is then computed approximatively
through variational inference by minimizing Kullback-Leibler divergence criteria at each time
step and by propagating forward the previous approximation. A sequential version of the well-
known algorithm Bayes by Backprop [Blundell et al., 2015] is used to perform training, along
with a reformulation of the reparameterization trick for variational approximations that are

Gaussian mixtures.

HMNNSs can adapt to the data and forget unnecessary information, making them particularly
suited to non-stationary time series. At test time, HMNNs show good performances on static
classification on MNIST, simple and complex concept drift, next frame forecasting in a video,
and compared favourably against multiple baselines. Another appealing feature of the proposed
algorithm is to regularize the neural network, i.e. avoid overfitting, through a variational ap-
proximation that is a product of Gaussian mixtures. Indeed, in Bayesian neural networks, the
regularization (i.e. penalizing the complexity of the neural network) is generally induced by the
prior choice and the variational approximation is chosen to be a product of Gaussians (mean-field
variational approximation). Choosing a product of mixtures as variational approximation makes
HMNNSs also novel from a training perspective, indeed the reparameterization trick is modified

to train on mixtures.



1.3. INFERENCE IN STOCHASTIC EPIDEMIC MODELS VIA MULTINOMIAL
APPROXIMATIONS

1.3 Inference in Stochastic Epidemic models via Multinomial

Approximations

Compartmental models are used to predict multiple aspects of an epidemic, e.g. reproduction
number, and so guide the governments’ control measures to limit the spread of the disease [Brauer,
2008, O’'Neill, 2010, Kucharski et al., 2020]. Due to the intractability of the likelihood function,
statistical inference for these models is a major computational challenge [Bret6, 2018]. Indeed,
likelihood computation involves summing over a prohibitively large number of configurations of
latent variables, representing counts of subpopulations in disease states. For this reason, inference
is generally approached with various form of stochastic simulations [Funk and King, 2020,
Kypraios et al., 2017, McKinley et al., 2018, Brown et al., 2018, 2016, Lekone and Finkenstadt,
2006, Murray et al., 2018, Stocks, 2019, Fasiolo et al., 2016], which, however, have several
downsides: a computational cost that depends on the number of simulations, which at the same
time controls the inference quality; a computational cost that increases with the total population
size, which is considerable in most of the epidemic applications; a large use of tuning parameters

that are difficult or computationally expensive to choose.

A new inference approach for compartmental models is designed in chapter 6. The key idea is
to reformulate a general compartmental model as an HMM and then propose an approximation for
the filtering and the smoothing distributions. To build up the approximate procedure, the first step
is to choose the approximation class. An intuitive choice is the class of multinomial distributions
because it models the counting of individuals over compartments. After that approximate filtering
and smoothing algorithms have to be defined to keep the approximation in the same class
during the computations. The outcome is an algorithm providing a collection of multinomial
approximations to the filtering and smoothing distributions where the number of trials is set
to the total population size, while the events’ probabilities, representing the probability of an
individual being in a chosen compartment, are obtained through recursions, on the same flavour

of the forward-backward algorithm.

The computational cost of the resulting procedure depends only on the compartmental size
and not on the total population size. This is a significant improvement to the scalability, given that
the compartmental size is generally several order of magnitude lower than the total population
size. Moreover, in contrast to ODE models, the multinomial approximation can account for
statistical variability in disease dynamics and allows approximate evaluation of the likelihood
function for model parameters without any stochastic simulation or algorithm tuning parameters.
In addition, the resulting marginal likelihood can be combined with MCMC or Expectation
Maximization techniques for parameters estimation. Finally, from an experimental point of
view, the algorithm shows to: recover the ground truth parameters in synthetic data scenarios
and compares favourably with different baselines [Lekone and Finkenstadt, 2006, Brown et al.,
2018, Chowell et al., 2004] and extend a method of Kucharski et al. [2020] for estimating the

5



CHAPTER 1. INTRODUCTION

time-varying reproduction number of COVID-19 in Wuhan, China, from an ODE compartmental

model to a stochastic model.



CHAPTER

BACKGROUND

his chapter set the background that is necessary for the development of the research.
Section 2.1 introduces the main notation, hidden Markov models, factorial hidden Markov
models, the filtering-smoothing problem and parameter learning for hidden Markov mod-
els. Section 2.2 proposes alternative solutions to the filtering-smoothing problem, i.e. variational
Bayes and bootstrap particle filter-smoother. Section 2.3 introduces the key concepts behind

neural networks and Bayesian neural networks.

2.1 Hidden Markov Models

Throughout the thesis refer to (QQ,.#,P) as a background probability space, such that any
random variable X has to be thought of as mapping from the measurable space (2, #°), with its
distribution given by the image of P under X. The dependence on the background probability
space is dropped for simplicity. Further use the notation: §. for the Dirac delta measure; l4(-)
as the indicator function over the set A; E[-] as the expected value and [E[-|-] as the conditional
expected value, moreover, if a probability measure is specified as a pedex of the expectation
then the expectation is taken under the specified probability measure, for instance E,[-] is the

expectation under v; ag.;; for the elements ay,...,a; of the sequence (a):=0.

2.1.1 Preliminaries

Let (S,%) be a measurable space, with S being a Polish space and . being a o-algebra on S.
Moreover, let (Y,%) be another measurable space, with Y being a Polish space and % being a

o-algebra on Y.



CHAPTER 2. BACKGROUND

Definition 2.1. The bivariate discrete time stochastic process (X;,Y};):>0, with (X;);>¢ unob-
served, on the state space (S x Y,.# ® %) is called hidden Markov model if there exists transition
kernels P:Sx.# —[0,1]and G : S x % — [0, 1] such that:

E[f (Xt+1, Yer1)|Xo:t, Yorl = [f(x,y)G(x,dy)P(Xt,dx), for any ¢t =0
and a probability measure Ag on S such that:
E[f(Xo,Y0)] = f f(x, y)G(x,dy)Ao(dx),

for every bounded and measurable function f :S x Y — R. Under this framework, 1¢ is named

initial measure, P is called transition kernel and G is referred to as the emission kernel.

In the HMM literature, (X;);>¢ is referred to as the hidden process with state-space S, while
(Y:)¢=0 is the observed process, or simply observations. The initial measure A( is also called
initial distribution and it represents the distribution of X, i.e. X ~ 1g. At the same time, the
transition kernel P gives the distribution of X, 1|X;, i.e. X;+1|X; ~ P(X4,-) and the emission
kernel G provides the distribution of Y| X;, i.e. Y;|X; ~ G(X4, ), which is often referred to as the
emission distribution of the HMM.

The conditional independence relation in an HMM can be represented with a directed acyclic
graph, which can be found in Figure 2.1. In this thesis there are frequent references to measure
theory and the main results in chapter 3 requires a deeper formalization of HMMs. So in the
same vein of Rebeschini and Van Handel [2015], van Handel [2008] one can propose a more
formal definition of HMM.

—o0¢
ORNORC

Figure 2.1: A directed acyclic graph representing the conditional independence structure of an
HMM.

The finite dimensional distributions of the HMM (X;,Y;);>0 are completely determined by the
initial distribution g, the transition kernel P and the emission kernel G, indeed for any bounded

and measurable function f and for any ¢ = 0:

(2.1) Elf (Xo.t, Yo:.)]1 = ff(xO:t,yo:t)G(xt,dyt)P(xt—l,dxt)---G(xo,dyo))lo(dxo)-

8



2.1. HIDDEN MARKOV MODELS

Further assume that there exists p: S xS — R, and a measure ¥ over S such that:
(2.2) /I]A(Z)P(x,dz) = fI]A(z)p(x,z)l//(dz), foranyx€S and A € &,

in this case p is called transition density and v is called reference measure. Moreover, assume
non degenerate observations, meaning that there exists g:S x Y — R, and a measure ¢ over Y
such that:

(2.3) fl]A(y)G(x,dy) = f la(y)glx,y)p(dy), foranyxeSand Ae?,

in such scenario g is referred to as the emission density and ¢ is called reference measure.
Under assumptions (2.2) and (2.3), (2.1) has a simpler form, i.e. for any bounded and measur-

able function f and for any ¢ = 0:
ELf (Xo:t, Yo::)] = f f(xo:t, ¥0.)08(xt, yp(xe-1,%1) - .. 8(x0, yo)p(d yr)y(dxs)... p(d yo)Ao(dxo),

Factorial hidden Markov models In this thesis, there is a particular focus on a class of
HMMs called factorial hidden Markov models (FHMMs) [Ghahramani and Jordan, 1997]. Start
by defining the measurable space (XV,2Z ") indexed by the finite set V, where XV is the product
space Xyev X and 2V is the product o-algebra Ruev Z. Under this framework one can write
x = (x¥)yey for any chosen x € XV and A = (A?),ey for any chosen A € 2V . An FHMM is an HMM
on the state space (XV x Y,ZV x %) where each component of the unobserved Markov chain
evolves independently from the others, or equivalently for any v € V, selected component of the
Markov chain, X} is conditionally independent of all other variables given X7 ;. A directed acyclic

graph showing the conditional independence structure of an FHMM is shown in Figure 2.2.

w e
0 t-1 t t+1
Xy

SYASYAN?
SYARNANVANAN

Figure 2.2: A directed acyclic graph representing the conditional independence structure of an
FHMM.

(=]

Formally, an FHMM can be defined by assuming a product form for the transition kernel, or

equally a factorization of the transition density.

9



CHAPTER 2. BACKGROUND

Definition 2.2. The hidden Markov model (X;,Y;);>0 with initial measure A, transition kernel
P and emission kernel G, is called factorial hidden Markov model (FHMM) if P is such that:
P(x,)=QP'(x’,-) foranyxeX",
veV
where PV : X x & — [0,1] is a transition kernel on (X,%) for any v € V. Moreover, the product
form of P is reflected as a factorization on the transition density p:
plx,2) =[] p°(%,2") Vx,z€ xV,
veV

with p¥ : X x X —R; foranyveV.

For the rest of the thesis, an HMM (X}, Y;);>0, or an FHMM, as in definition 2.1, or definition
2.2, is going to be identify through its initial distribution Ay, transition density p and emission
density g, so assumptions (2.2) and (2.3) are taken as granted.

Unless specified differently (X;,Y:)s>0 is an HMM with initial distribution Ag, transition

density p and emission density g.

2.1.2 Filtering and Smoothing distributions

Given a time horizon T € N and an observation history (y:):=o,.. 7, i.e. the realization of the
stochastic process (Y;)s=o,...7, two conditional distributions can be defined for each time step
tel0,...,T}h

¢ the conditional distribution of X; given the realized observations (y1,...,y:), i.e. the distri-

bution of X;|Yy.; = y¢.¢, called filtering distribution, and

¢ the conditional distribution of X; given all the observations (y1,...,y7), i.e. the distribution

of X;|Yo.7 = yo.7, named smoothing distribution.

Both the filtering and the smoothing distribution at time ¢ € {0,..., T} are probability measures

on S, and they are going to be denoted with n; and 7,7, respectively.

Filtering distribution Filtering can be conducted with a forward pass through the data, with

a recursive application of two operations: “prediction” step and “correction” step.

Definition 2.3. Given a time horizon T € N and an observation history (y;):=o,...r the filtering

distribution is defined recursively as the probability measure m;:
2.4) Ty == /l(), Ty = Ft”t—l, Ft = CtP, tE{l,...,T},

where given the probability measure y on S the prediction operator P and the correction operator

C; are defined as:

Jla(x)g(x, y)u(dx)

Ac <.
[ g(x, yu(dx) ©

(2.5) Pu(A) = fI]A(x)p(z,x)u(dz)w(dx), Ciu(A) =

10



2.1. HIDDEN MARKOV MODELS

As already anticipated, it is clear from the above definition that: P performs a transition
from y through the Markov transition kernel P, while C; can be understood as applying a Bayes’

update to the prior p through the likelihood function g(x, y;).

Smoothing distribution Amongst various smoothing algorithms, this thesis focuses on the
forward-filtering and backward-smoothing method presented by Kitagawa [1987], which involves

a backward in time recursion performed after filtering.

Definition 2.4. Given a time horizon T € N, an observation history (y;);=¢,... 7 and the filtering
distributions (7¢);=, .. T, the smoothing distribution is defined recursively as the probability

measure 7 7:
(2.6) 7|7 =TT, g1 = Ry, v 1T, te{T'-1,...,0},

where given the probability measures p,v on S the operator R, u is defined as:

J1a(x)p(x,2)v(dx)
[ p(&,2)v(d%)

Ryu(A) :=f wdz), AeZ.

As explained at the beginning of the paragraph, at time ¢ the operator R, is including the
information deriving from y;,1,...,yr into the filtering distribution 7; through the application of
the non-homogeneous Markov transition kernel p(x,z)7:(dx)/ [ p(%,z)m(d%) to ms41,7. Hence, R,
shows how to compute a reverse kernel to apply backward in time.

Note that the operator R, can be modified to output joint distributions, indeed given a time

r

index ¢, a time horizon T', a probability measure pon X;_, |

S and a probability measure v on S

then the operator:

joint _ [ J1alx,2)p(x,2)v(dx) r
R ;u(A).—f o@D wdz), A€y®5§15&

gives a probability measure on XET: ;' S. A backward application of R{;Oint can then provide the joint
smoothing distribution mo.7|T, i.e. the conditional distribution of X¢.r given Yo.1 = yo.7.

Unless specified differently, set a time horizon T € N and an observation history (y;):-o,....T-

Curse of dimensionality and computational issues If the state-space S is continuous,
solving recursions (2.4) and (2.6) is complicated or not even possible, unless some restrictive
assumptions are taken, as for the Kalman filter [Welch et al., 1995]. Alternatively, sequential
Monte Carlo methods (SMC) [Doucet et al., 2000], see subsection 2.2.2, provides samples from the
filtering and smoothing distributions without need of a closed-form solution. Even though this
is generally easy to implement when scaling up to high dimensions the curse of dimensionality
becomes a considerable issue [Rebeschini and Van Handel, 2015], more details about the curse
of dimensionality follows at the end of subsection 2.2.2. If the state-space S is discrete, all the

integrals are going to be substituted with sums, the reference measure ¥ becomes the counting

11
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measure, the transition density is a transition matrix and all the probability measures become
simply probability vectors. Under this setting, recursions (2.4) and (2.6) form the well-known
forward-backward algorithm, which computes filtering and smoothing distributions in close-form
by solving some straightforward linear algebra operations at a cost of G(card(S)?). However, if
the cardinality of S is big the whole procedure becomes unfeasible from a computational point of

view.

2.1.3 Statistical inference

The next question is how to compute Ay, p and g¢ when unknown. This thesis considers a Ag
with a density of parametric form and a p and a g with parametric forms, such us exponential
families, whose parameters can be ideally inferred from the observations of the HMM. Let then
0* be the collection of parameters found: in the density of Ao, in the transition density p and in
the emission density g, and call the parameter space (0,9), with 9 o-algebra on ©. Note that
Ao, p and g are then dependent on 6*, and it would be desirable referring to them with Ag*, pa* ,

gg*, however to make the notation lighter the 0* apex is avoided.

Bayesian inference Assume that 0* has prior g with 1y probability measure over ©. For

any bounded and measurable function f one can write:

ELF (0", Xo.1,Yo.1)]

=ff(Q,xO:T,yO:T)g(xT,yT)p(xT—l,xT)...g(xo,yo)fb(dyT)W(de)..-¢(dyo)7lo(dxo)/19(d9),

which can be used to estimate the posterior distribution over 6* and so extract an estimate for
6*. For instance, given the prior Ay and the observation history (y;);=o.... 7, an estimate for 6* can
be given by ég :=E[0*|Yo.T = yo.7]. The posterior distribution of 6* given the data is needed to
compute an estimate for 6*, however this can be done through filtering as in (2.4) by expanding
the hidden process of the HMM. Indeed, consider (X;,Y;);=o as the stochastic process X; = (6*,X)
for any ¢ = 0, then (X;,Y;)=0 is still an HMM and all the procedures in subsection 2.1.1 apply.
Even though computing the posterior distribution over 8* is theoretically simple, in practice
the computational issues and the curse of dimensionality mentioned in subsection 2.1.1 are still
present. As an alternative, one can employ Markov chain Monte Carlo methods [Cappé et al.,
2006] to sample from high-dimensional probability distributions, however, this is beyond the

scope of this thesis.

Maximum likelihood and EM Consider now a frequentist scenario and so assume that 0* is
not random. In this case, the hope is to find the maximum likelihood estimate 917‘11 LE for a given

observation history (y;)o.7 as:
2.7 QJTW‘E = argrg%xL(Q;yO:T),
€

12
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where:

T
L(9;y0:T)1=fg(xo,yo)/lo(dxo)l_[fg(xt,yt)p(xt—1,xt)ﬂt—l(dxt—l)w(dxt),
i=1

with 7; the filtering distribution as in definition 2.3. However, it does not exist an algorithm that
fulfils (2.7) when O is infinite, and even exploring a finite but large ® might be computationally
unfeasible. To this end, the expectation-maximization (EM) algorithm, also called Baum-Welch
algorithm for discrete state-space HMMs, is widely used.

Precisely, let the joint density of X.7,Y(.7 given the parameters 6 be:

T
L(O;x0.7,v0.1) = g(x0, y0)Ao(dx0) l_[ gxs, y)p(xs—1,x:), for any x; € XV,yt eY with¢=0,...,T,
t=1

and let the function @7(6,6’) for the given observation history (y:);=o,.. T be:
Q1(0,0") :=E [log(L(8; X 0.1, Yo.-r)|Yo.r = yo.7,0'],

where E[-|-,0'] is the conditional expectation under the parameters 6'. Then the EM algorithm

proceeds as follows:

E-step: compute the joint smoothing 7g.77 (this might be different depending on the form of @7)

under the parameter 0';
M-step: set 0’ to argmaxgee®@7(0,0).

The EM algorithm recursively finds combinations of parameters 6 that are associated with
higher likelihood. Indeed, the expectation step consists of computing the joint smoothing distribu-
tion, which is then used in the maximization step to maximize a target function that guarantees
the motion to regions with higher likelihood, see Lemma 2.1 [van Handel, 2008]. Note that to
maximize @7, a close form solution for its gradient is needed, which is straightforward if Ay has

a density that belongs to an exponential family and p, g belong to exponential families as well.
Lemma 2.1. For a given observation history (y:)i=o,.. T, if:
"n_ li
0" = argléle%xQT(B,H )
then L(8";y0.7) = L(0'; yo.1).
Proof. The proof can be found in van Handel [2008] page 85 Lemma 6.10. |

To conclude, remark that the EM algorithm still needs the joint smoothing distribution which
requires recursion (2.4) and a more sophisticated version of (2.6), i.e. a recursion build on the
operator Rf,omt, meaning that the computational cost and the curse of dimensionality still appear,

as explained in subsection 2.1.1.
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2.2 Alternatives to classic filtering and smoothing

As mentioned in subsection 2.1.1, filtering and smoothing distributions might be difficult to
compute or computationally unfeasible. This section analyses some approximate approaches to

the filtering and smoothing problem.

2.2.1 Variational inference

Variational inference [Blei et al., 2017] approximates the target posterior distribution with a
parametric distribution picked up from a class of distributions by minimizing Kullback-Leibler
divergence criteria. This significantly reduces the computational cost and provides approximate
solutions for complicated posterior distributions.

Before describing the actual variational inference procedure it is essential to introduce the
definition of Kullback-Leibler (KL) divergence. Given two probability measures u and v on xV

define the KL-divergence between p and v as:
d d

(2.8) KL(ul|v) = f log (—“(x)) H oyv(dx),
dv dv

where dp/dv is the Radon-Nikodym derivative of u with respect to v, with the convention that
0log(0) = 0. In order to have (2.8) well-defined u needs to be absolutely continuous with respect to
v. A simpler version of (2.8) can be obtained by considering a common reference measure. Let A(:)
and q(-) be the probability density (or mass) functions of the probability distributions u and v

with respect to the reference measure v on XV, i.e.:

fI]A(x)y(dx) = f la@)h(x)w(dx), and
f D (x)v(dx) = f la(x)q(x)y(dx), foranyxeX” andAexV,

then the KL divergence can be reformulated as:

¢

KL(q||h) = f log( e

)q(x)u/(dx).

Now, given a target probability measure pu with probability density A(-) with respect to the
reference measure ¥ and the class of probability density functions £ with respect to the same

reference measure, the variational approximation of A(-) is:

q* :=argminKL(q||h).
qeQ

Variational inference for HMM and limitations Given an HMM with known initial distri-
bution, transition density and emission density, the joint smoothing distribution 7o.7|T, i.e. the
conditional distribution of Xy,..., X given the observations yq,...,yr, can be approximated with

variational inference at a low computational cost, for example in FHMMs the computational

14



2.2. ALTERNATIVES TO CLASSIC FILTERING AND SMOOTHING

HEl Target distribution
Il Mean-field approximation

Figure 2.3: Example of variational inference where the target is a bivariate Gaussian, in black,
and the variational approximation is picked from the class of bivariate Gaussian with diagonal
covariance matrix (product of independent Gaussians), in red, also called mean-field approxima-
tion.

complexity of variational inference is a low-order polynomial in state dimension [Ghahramani
and Jordan, 1997]. However, there are no theoretical guarantees on the quality of the variational
approximation besides that it is minimizing the KL-divergence between the distributions, and at
the same time, this approach is not online, meaning that given new data the whole optimization

has to be rerun from scratch.

2.2.2 Particle Filter and Smoother

If XV is continuous it is not usually possible to compute filtering and smoothing distributions
in closed form, hence it is frequent to use Monte Carlo approximations. This section reviews
straightforward particle filter and smoother for HMMs, more details can be found in Doucet et al.
[2000], Andrieu et al. [2010].

Before starting, assume that the horizon T, the initial distribution A, the transition density
p and the emission density g are known. At the same time, assume that the probability measure
Ao has density 1y (use the same notation). Moreover, assume also that it is possible to sample

from Ay and from p(x,-) for any x € xV.

Bootstrap particle filter As for recursion (2.4), the bootstrap particle filter performs a forward
step through the observation history (y;);-o,.. 7 and proposes a sequential importance sampling

providing samples from the filtering distributions. Start by sampling N particles (xg )k=1,.. N:

x§~/10, fork=1,...,N,

15



CHAPTER 2. BACKGROUND

hence (xg)kzl,m, N is a sample from the initial distribution. Then compute the weights (w’(‘;)kzl,m,N:

g(xk, y0)

T fork=1,...,N
Z[é:lg(xo’y())

wh =
Notice that by the law of large numbers:

N
k . A
g = kz w05x}8 =Ty,
=1

hence by resampling:

N

~k k

% ng woéxg, fork=1,...,N,
=1

surely (fg)kzo,...,N is a sample from the filtering distribution 7y, which conclude the initial step.
The procedure for a general step can be recursively formulated as follows. Start by sampling

N particles (x¥)_1._n from the kernel:
ok ~p(@k,), fork=1,...,N,

hence (x{?)k: 1,..,~ is a sample from the one step ahead predictive distribution. Then compute the
weights (w?)p-1, N
kE_ g(xf s yt)

wf=———C—— fork=1,..,N.
Zl}:lg(xt 7yt)

Notice that by the law of large numbers:
N k
M= ) Wb =iy,
k=1

hence by resampling:

&k~ % widy, fork=1,..N,
k=1

surely (fcf)k -0,..,N is a sample from the filtering distribution ;. A detailed description of the steps
can be found in algorithm 1, where D(-,(wk)kzl,___, ) is the categorical distribution on {1,...,N}
with probabilities parameters (wk)kzl,m,N subjected to ZQIZI wk = 1. The output ((x;e k=1, .N)t=0,..T
of algorithm 1 is a collection of samples from the filtering distributions. Note that the bootstrap
particle filter also output the set of ancestors ((Af)k:l,...,N)t:l,...,T—l and the final collection of
weights (w]%)kzl,,__, N, these are used in the particle smoother.

Remark that it is not always possible to sample from 1¢ and p. In that case, one can fix a
proposal distribution g (which can also depend on the data), sample from this distribution and

correct the weights according to this procedure.
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Algorithm 1 Bootstrap particle filter

Require: T;(y:)i-o,. 1;A0;0;8;N
1: Sample xg ~Afork=1,....N

k
2: Compute wlg = % fork=1,...,N
>N ghy0)

k ~
3: Resample & = xgo with A’(‘; ~D (-, (wk)]%_1 N) fork=1,...,.N
4: fort=1,...,T do o
Sample x ~ p(&* |, for k=1,....N

k
6: Compute wf :% fork=1,...,.N
oY gy

k ~
7: Resample ﬁf = xf“ with Af ~D (-, (wk) ) fork=1,...,N

E=1,..N
return ((Af)kzl,...,N)t:O,...,T—l,(w’%)kzl,...,N and (¢)p=1.. N)i=0,..T

Particle smoother As for recursion (2.6), the particle smoother is performing a backward step
through the data and provides samples from the joint smoothing distribution mo.7jr. The key
step is to be able to track back the parent node of each particle. Indeed, the particle smoother
starts by sampling indexes from D¢(., (w’%)kzlm ~) and then it traces back the parent nodes up to
the time step 0, to provide a sample from the joint smoothing [Doucet et al., 2000, Andrieu et al.,
2010]. The full procedure is available in algorithm 2.

Algorithm 2 Particle smoother

Require: ((xf’)k:l,...,N)t:o,...,T;(w}fw)k:1,...,N;((Af)k:l,...,N)t:l,...,T—l,;1\7
1: Sample P}, ~D (-, (wh)

izl,...,N) foreachi=1,...,.N

. Pi . -
2: Set x}lT =x, fori=1,....N
3: fort=T-1,...,0do
. P! . i . ~
4 SetPi=A," andxl,=x; fori=1,.,N
return ((x;7);_1  §)i=0,..T

It is worthed to mention that there exist particle smoother algorithms designed to overcome
path degeneracy at a computational cost that grows quadratically with the number of particles
(e.g FFBSa [Godsill et al., 2004] and FFBSm [Del Moral et al., 2010]), this becomes a considerable

issue when a big number of particles is needed, see the following section.

Curse of dimensionality As already mentioned in subsection 2.1.1, algorithm 1 suffers
the curse of dimensionality when scaling up to high dimension, meaning that the quality of
the approximations (7;);>o deteriorates with the dimension card(V) of the underlying states-
space XV [Bengtsson et al., 2008, Rebeschini and Van Handel, 2015]. Precisely, the bootstrap
particle filter can approximate the filtering distributions only if the number of particles N grows
exponentially in the dimension card(V'), more details can be found in Snyder et al. [2008], Bickel

et al. [2008]. Tempering based methods [Marinari and Parisi, 1992] can tackle high-dimensional
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state-spaces in particle filters [Godsill and Clapp, 2001], but they are generally restricted to a

low-dimensional observation space.

2.3 Neural networks

This section is a short overview of neural networks and Bayesian neural networks for supervised
learning. Neural network (NN) is the most popular model in machine learning and it has shown
outstanding performances in several fields. Supervised learning is a branch of machine learning
where the data consists of an input x and an output y, with the aim of finding a map from the
input onto the output. There are several other branches of machine learning where NNs are the
state of art, however, this thesis focuses on the role of NNs in supervised learning only. In this

section, use the notation w7 for the transpose of the matrix w.

2.3.1 Feedforward neural networks

Feedforward neural networks, or multilayer perceptrons, are complicated functions obtained by
the composition of linear and non-linear maps [LeCun et al., 2015, Goodfellow et al., 2016].

A feed-forward neural network can be generally represented as
y* = flaw),

where x is the input, w are the parameters and y* is the output of the NN (this is going to
be compared with the actual output y). To be more precise, f is the result of a composition of
multiple functions, and it takes the form of a chain where each element is a layer of the NN. The

number of elements in the chain gives the depth of the NN, which is denoted by D. Hence:
(2.9) F=fPo. . fO.

Each element of the chain is obtained by the composition of a linear function, represented by
a matrix, with a non-linear function, called activation [Leshno et al., 1993, Ramachandran et al.,
2017]. The elements of the matrix representing the linear function are called weights of the NN
and they are the parameters of the NN. Then for i =1,...,D:

(2.10) FD =670

with [ linear function and a¥ elementwise application of the activation function. Precisely,

for a given input x, let A%~1 be the output of f Vo-..0 fD(x) then:
FO (h(i—l)) —g® ((w(i))Th(i—l)) ’

where w® is the matrix of weights associated to layer i. Note that under this notation w =

@D
.

w,...,wD)). Remark that some bias terms are generally present, but for the sake of simplicity
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are not reported in the above formulation. After the application of the linear function, the length
of the output is called width of the layer, with the constraint that the width of the final layer
has to be the same as the dimension of the actual output y, i.e. the output of the NN y* has to
be a vector with the same length of y (remark that if y is categorical it is possible to switch to
a one-hot encoding format). After the elementwise application of the activation function, each
element of the output is called hidden unit or neuron of the NN.

The final step consists of relating the NN output y* with the actual output y, this is done by
the loss function ¢, which is usually interpreted as a negative log-likelihood over (x, y) given the
parameters w.

Given all the building blocks of an NN, the next question is how to learn the best combination
of weights, or, from a machine learning perspective, how to train. The statistical intuition is that
w are being selected as close as possible to the maximum likelihood estimator by minimizing the
sum of the losses over the data, i.e. given the data (x;,y;)i=1,.. » the sum of the losses over the

data is:
L (i, y)i=1,.n3w) = Y (i, f(xi;w)).
i=1

Indeed, the loss in (x,y) has the interpretation of negative log-likelihood at (x,y), meaning that
minimizing L((x;,y;)i=1,...»; W) is equivalent to maximise the log-likelihood of the model. However,
it is not possible to compute the minimum in closed form, due to the non-linear layers of the NN.
Even though the form of the NN is complex, given a set of weights w computing the gradient
of L((x;,yi)i=1,..n;w) is simple because of the form of (2.9) and (2.10). Precisely, the gradient
can be computed by backpropagation [Hecht-Nielsen, 1992], which is simply the chain rule for
derivatives.

Once the gradient V,,L of L((x;,y;)i=1,.. »;w) is available, the weights can be updated according
to any gradient descent technique (e.g. vanilla gradient descent, ADAM, etc.), for instance given

the learning rate [/ a vanilla gradient descent step is:
w=w-1V,L.

The above procedure is then iterated until convergence, and the final combination of weights
represent the trained neural network.

Remark that often computing the gradient on all the available data is too expensive, hence
to reduce the computational cost, only a subset of the data is considered, this subset is called

minibatch.

2.3.2 Bayesian neural networks

In a feedforward neural network, the weights are scalars and obtained through an optimization
procedure. However, pointwise estimates of the weights do not provide any uncertainty quan-

tification and might be a consistent limitation for the NN use. A Bayesian approach to NNs
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[Graves, 2011, Kingma and Welling, 2013, Kingma et al., 2015, Blundell et al., 2015] can avoid
overconfidence and so provide ways to access uncertainty. Under a Bayesian setting, the weights
in the NN become random variables, and the aim is then to compute the conditional distribution
of the weights given the data, i.e. the posterior distribution over the weights.

Consider an NN as in subsection 2.3.1, but with random weights:
Y* = f(x; W),

where x is the input, W is the random vector of weights and Y * is the corresponding random

output. Moreover, given the distribution pg over the weights’ space, assume
W ~ po.

Then given the data (x;,y;);=1,. » the log-posterior over the weights log p(W|y1,...,y5) is given
by:

(2.11) logp(Wly1,...,¥n) = const. — L((x;, ¥i)i=1,...n; W) + log po(W).

Unfortunately, the above posterior distribution cannot be computed easily, because it is not only
high-dimensional (number of weights) and continuous (each weight takes value in R), but it also
does not have a closed-form solution for any non-trivial architecture of the NN.

One can apply variational inference, see section 2.2.1, to approximate the posterior distribu-
tion over the weights of the NN [Graves, 2011, Kingma and Welling, 2013, Kingma et al., 2015,
Blundell et al., 2015]. Hence given the the data (x;,y;);=1,.. »r, the posterior distribution over the

weights p(:|y1,...,y,) and the variational class 2 then p(:|y1,...,¥,) can be approximated as:
(2.12) q* = argrréglKL(qllp(-lyl,..-,yn)) = argnégleq [logq(W) —logp(Wly1,...,ya)].
q q

The above can be also reformulate as an evidence lower bound (ELBO) by applying the Bayes

rule to p(W|y1,...,y,) as in (2.11):
(2.13)  Eq[logg(W)—logp(Wly1,...,y)1 = KL(gllpo) + Eq [L((x;, ¥i)i=1,..n; W)] = —~ELBO(q).

The latest form is more convenient because it involves evaluating an expectation on known
quantities: prior, NN output, variational approximation. The final step consists of solving (2.12)-
(2.13) and so find the best variational approximation for the posterior distribution over the
weights. This requires estimating the gradient of (2.13), which is not trivial and can be done by
the reparameterization trick, more details can be found in [Graves, 2011, Kingma and Welling,
2013, Kingma et al., 2015, Blundell et al., 2015] and later in chapter 5.
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CHAPTER

EXPLOITING LOCALITY IN HIGH-DIMENSIONAL FACTORIAL HIDDEN
MARKOV MODELS

his chapter presents a novel low-cost algorithm called the Graph Filter-Smoother, which

computes approximate filtering and smoothing distributions for high-dimensional FH-

MDMs with factorizable emission density. Sections 3.1, 3.2 introduce the background, the
main problem and the notation. Section 3.3 explains how to overcome the prohibitive compu-
tational cost of filtering-smoothing algorithms by Graph Filter-Smoother, along with the main
theoretical results. The proposed algorithm is indeed supported by mathematical proofs inspired
by the work Rebeschini and Van Handel [2015], which are available in chapter 4. The chapter
ends with some synthetic data experiments and a real-world application to traffic flow prediction,
see section 3.4. As already mentioned, a significant part of this chapter has been submitted to
publication and it is available in Rimella and Whiteley [2019].

3.1 Introduction and literature review

As explained in subsection 2.1.1 of chapter 2, the influential paper Ghahramani and Jordan [1997]
introduced the class of Factorial hidden Markov models (FHMMs), in which the hidden Markov
chain is a multivariate process, with a-priori independent coordinates. This structure provides
a rich modelling framework to capture complex statistical patterns in data sequences and it is
particularly suited to applications with straightforward local dependencies. Unfortunately, as
briefly mentioned in subsection 2.1.2 of chapter 2, the computational cost of computing filtering
and smoothing distributions is an issue to scalability of FHMMs. Indeed, the computational
cost of the matrix-vector operations underlying the well known forward-backward algorithm,

which computes conditional distributions over hidden states given data, and in turn the Baum-
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Welch algorithm to perform maximum-likelihood estimation of static parameters, typically grows

exponentially with the dimension of the underlying state-space.

Ghahramani and Jordan [1997] derived a variant of the forward-backward algorithm which
achieves a degree of efficiency by exploiting the structure of FHMMSs, but the exponential-in-
dimension scaling of cost cannot be avoided. Ghahramani and Jordan [1997] also proposed two
families of variational methods for FHMMs, which allow approximate solution of the smoothing
problem: computing conditional distributions over hidden states given past and future data. This
allows approximate maximum likelihood parameter estimation via an expectation-maximization
(EM) algorithm. The attractive feature of these variational approximations is, in typical FHMMs,
that their computational complexity is a low-order polynomial in state dimension. However,
little seems to be known about their performance in the context of FHMMs from a theoretical
point of view, other than the fact that by construction they minimize a Kullback-Liebler diver-
gence criterion. Moreover, analysis specifically for FHMMSs appears to be lacking, and, to the
author’s knowledge, there are currently no detailed mathematical studies of how variational
approximation errors for FHMMs scale with dimension, data record length, model parameters

etc.

This chapter focuses on a class of FHMMs whose emission distribution has a factorial struc-
ture and proposes approximate inference algorithms called the Graph Filter and Graph Smoother.
In some ways, the Graph Filter and Smoother are similar in spirit to variational methods: they
involve constructing approximate posterior distributions over hidden states which factorize
across dimension. However, unlike variational methods, they do not involve minimization of a
Kullback-Liebler divergence criterion and avoid the fixed-point iterations or other optimization
procedures which variational methods typically involve. Instead, the Graph Filter and Smoother
exploit the factorial structure of the emission distribution as expressed through a factor graph
and perform approximation through localization — discarding likelihood factors in a principled
manner with respect to graph distance. Another contrast between the variational methods of
Ghahramani and Jordan [1997] and the Graph Filter and Smoother is that the latter share the
recursive-in-time structure of the forward-backward algorithm. The forward pass, which conducts
the task of filtering, can therefore be used for prediction in online settings. Variational methods

for FHMMs work in a batch setting, suitable for offline data analysis.

Boyen and Koller [1998, 1999], proposed and studied inference methods in Dynamic Bayesian
Networks which involve recursively approximating belief-state distributions by the product
of their marginals and then propagating the result to the next time step. Particle filtering
algorithms in the same vein appeared in Ng et al. [2002], Brandao et al. [2006] and Besada-Portas
et al. [2009]. Ground-breaking theoretical work of Rebeschini and Van Handel [2015] proved
that similar algorithms can be used to conduct particle filtering efficiently in high-dimensions,
using techniques based on the Dobrushin Comparison theorem [see for instance Georgii, 2011].

Subsequently, Rebeschini and van Handel [2014] refined their analysis through generalized
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Dobrushin comparison theorems. Finke and Singh [2017] extended these ideas from particle
filtering to particle smoothing and studied dimension-independence of the asymptotic Monte
Carlo variance. However, the algorithms proposed by Rebeschini and Van Handel [2015] and
Finke and Singh [2017] do not apply to FHMMSs, indeed they require observations that are

conditionally independent across dimension given the signal.

3.1.1 Contributions

This chapter introduces Graph Filter-Smoother, which provides approximate filtering and smooth-
ing distributions for high-dimensional discrete state-space FHMMs and avoids the exponential-
in-dimension computational cost of the forward-backward algorithm. Remark that Graph Filter-
Smoother does not use any particle filter /smoother, but it generates approximations of the
filtering and smoothing distribution in finite FHMMs. The main advantages of using Graph

Filter-Smoother are summarized in the following.

¢ It is composed by a simple forward recursion approximating each filtering distribution
with a product of approximated marginal distributions, derived from a localized emission
distribution, see subsection 3.3.1, and a backward recursion which does not require any

further approximation.

¢ The computational cost of the proposed method does not depend exponentially on the
overall dimension, it varies according to the form of the emission distribution and it can be

controlled through some tuning parameters.

* The local total variation distance between the derived approximations and the filtering
/smoothing distributions is bounded above. The bounds do not degrade with the dimension

and they can be controlled with tuning parameters.

¢ Experimentally, it is significantly cheaper than running the low-cost filtering-smoothing
algorithm for FHMMSs proposed by Ghahramani and Jordan [1997].

¢ In a synthetic data scenario, it is shown to better recover the ground truth parameters

compared to the variational methods proposed by Ghahramani and Jordan [1997].

¢ It can be used in applications with straightforward spatial structures. In particular, it is
applied to underground traffic modelling where flows in-out stations are influenced by the

surrounding lines, which are further assumed to be independent of each other.

3.2 Preliminaries

Consider an HMM with unobserved Markov chain (X;):eo, .. 1}, observed process (Yi)ieq1,.. 1)
and a time horizon of length T € N. The state-space of (X;)sc(o,.. 7} is of product form, hence

23



CHAPTER 3. EXPLOITING LOCALITY IN FHMM

X=X} )ev € XV, where X and V be finite sets, and write L := card(X) and M := card(V). Each
(Y)teq1,...my is valued in a set Y which could be a discrete set, R? or some subset thereof.

Use 1o(x) for the probability mass function of X (initial distribution), p(x, z) for the transition
probability of (X;)sc0,... 7} from x to z (transition kernel), and g(x, y) for the conditional probability
mass or density function of Y; given X; (emission distribution).

For any U €V and x = (x"),ey € XV the shorthand 2V = (x")yey is used. Similarly, for any
probability mass function y on XV its marginal associated with U is denoted by u. When % is
any partition of the set V, u is said to factorize with respect to % if:

px) = [ ¥, xexV,
Kex

and in this situation the shorthand is used:

p= @ k.

Kex

The total variation distance between probability mass functions on XV, say u and v, is denoted
by:

lu=vl:= sup |u(A)-v(A),
Aeo(X)

with the obvious overloading of notation p(A) = ¥ e 4 p(x) and where o(XV) is the power set of XV
When working on the marginals of p,v it will be convenient to denote the local total variation
(LTV) distance associated with U €V,

lp=vig:= sup ¥A)-+Y(A).
Aea(XV)

Further assume that (X¢)sc0,.. 7}, (Y¢)teq,.., 7y is an FHMM as in definition 2.2, and so:

3.1) plx,2z)= H pl(x,2%), x,zeXV
veV

where each p’(x",2") is a transition probability on X.
Consider now a factorial structure of the likelihood function x — g(x, y). Let F be a finite set
and let ¢ = (V,F,E) be a factor graph associated with x — g(x,y), that is a bi-partite graph with

vertex sets V,F and edge set E such that g(x,y) can be written in terms of factors:

(3.2) g,y =[] & &ND,y), xexV,yev,
feF

where N(-) is the neighbourhood function,
3.3) Nw)={w'eVUF:(w,w)eE}, weVUF.

In applications each observation y will typically be multivariate and each likelihood factor

N(f)

g NP, y) may depend on y only through some subset of its constituent variates, but the details
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Figure 3.1: An example of factor graph for a fixed time step ¢ of an FHMM where V ={1,2,3,4,5}
and F = {f1, f2, f3, f4}. So g(x,y) = g*((x',x?),y)g((x!, 2%, %), »)g3(x?,x*), y)g*((x*, %), )

will be model specific, and they are not introduced at this stage. Remark that equations (3.1) and
(3.2) are the mathematical formalization of “local structures” , indeed equation (3.1) says that
each component of the hidden variable is evolving independently, while equation (3.2) stands

that the emission distribution can be decomposed in pieces that can be built locally.

The filtering and smoothing distributions of the FHMM described in this section can be
computed by the forward-backward algorithm given that the state-space is finite and discrete.
The computational cost of doing so is G(TL?M) and it can be reduced to G(TMLM*1) if the
low-cost forward-backward algorithm by Ghahramani and Jordan [1997] is used. However, the
exponential in the dimension term cannot be avoided, making the computation of the filtering

and smoothing distributions unfeasible.

3.3 Approximate filtering and smoothing

To introduce the approximate filtering and smoothing techniques — called the Graph Filter and
Graph Smoother — consider the filtering and smoothing recursions, (2.4) and (2.6), and fix any
partition £ of V. Suppose that one has already obtained an approximation to m;_1, call it ;_1,
which factorizes with respect to £ . Then due to (3.1), P7i;_1, also factorizes with respect to
X . However C;Pii;_1 does not factorize with respect to £ in general. Section 3.3.1 defines an
approximation to the Bayes update operator C;, denoted C;”, where m is a parameter, such that
= C;’l Pii;—1 does factorize with respect & .

Once (74)sefo,.., 7y have been computed in this manner, a sequence of approximate smoothing
distributions (#7)sc(0,.. 7} Will be obtained by setting i\ := #ir and then #;_17 = Rz, 7y, for
t=T,T-1,...,0. Due to (3.1) and the fact that (7;):0,...1) each factorizes with respect to £, it
follows that (747)se(0,..., 1) also factorizes with respect to £".

The key ingredient in all of this is finding a way to approximate the action of the Bayes
update operator C; in an accurate but computationally inexpensive manner. The next objective is

to introduce the details of how to do so.
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3.3.1 Approximate Bayes updates via localization and factorization

Let d : (V UF)? — R, be the graph distance on ¢, meaning that d(w,w’) is the number of edges in
a shortest path between w and w’. Augmenting the definition of the neighborhood function (3.3),
define, for any J €V,

NI(J):={v' € V such that Jv € J with d(v,v) < 2r + 2},
N{(J):={f € F such that Jv € J with d(v,f) = 2r + 1}.

Then for a given probability mass function p on XV, a partition of V denoted % and m = 0 define:

Yoext k=gt [enrao g/ V), you(z)

(3.4) CE (K = . KexEKew,
t K 2 zexv erN;"(K)gf(zN(f),yt)u(z)
(3.5) Cru= @ ¥
Kex

Note the dependence of C;" on £ is not shown in the notation.

To see the motivation for (3.4)-(3.5), observe from the definition of the Bayes update operator
(2.5) and factorial likelihood function (3.2) that the marginal distribution of C;u associated with
some K € % is given by:

N(f)

, Yu(2)
YOH , K e XK.

K) . 22XV K=ok erFgf(Z

(3.6) (Co o
e 2zexV erF gf(ZN(f),yt)IJ(Z)

The definition (3.4)-(3.5) thus embodies two ideas: localization, in that CT’KM is an approximation

N, y,) in

(3.6) by the “local-to-K” product []sc NTHE) gl ND, y,); and factorization, in that C;” u factorizes

to the exact marginal (C;u)X obtained by replacing the likelihood function [] feF glz

with respect to £ by construction. Figure 3.2 illustrates sub-graphs of ¢ associated with each of
the neighborhoods N ;"(K ), Ke X.

It is important to note that the factorization idea alone is not enough: computing the marginal
distribution (C;1)X has a cost which is exponential in M in general for likelihoods of the form
(3.2), even when u factorizes with respect to £ . So taking Qg J((Ctp)K as an approximation to
C:u would offer no computational advantage. This distinguishes the setup in this chapter from
the one in [Rebeschini and Van Handel, 2015, Finke and Singh, 2017], discussed in section 3.1,
and it is the reason motivating the introduction of localization through the parameter m.

More detailed consideration of the complexity of computing C;”u is given after proposition 3.1,
which quantifies the approximation error associated with C;" and is one of the building blocks in

the overall analysis of the approximate filtering and smoothing method.

In order to state proposition 3.1 some further definitions are needed. Firstly, introduce the
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R
| \ | | |
Figure 3.2: An example of sub-graphs associated with the neighbourhoods N }’c”(K ), K € #, when

V =1{1,2,3,4,5}, F ={f1,f2,f3,fs}, £ =1{{1,2},{3},{4},{5}} and m = 0.

following attributes of the factor graph 4.

(3.7 d(J,J"):=minmind(w,w’), J,J'cVUF,

wed w'ed’

1
ng = -—maxd(K,v), KeX,
2 veV

n .= II(zlejaZ){( nkg,
Y := maxcard(N(v)),
veV
Y® := maxcard(N°(v)),
veV

(3.8) Y := max card(N(v)nN@®")).

v,v'eV

Note the dependence of n on % is not shown in the notation. The interpretation of the above

attributes of the factor graph is simple:
* d(J,J')is the minimal distance between the elements of two sets in the factor graph;
* ngk is the maximal distance between elements in K and outside K;
* nis the maximal ng associated to the partition %,

* Y is the maximal number of factors in F' connected to a component in V;

Y@ is the maximal number of components in V which are distant 2 from a component in V;
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CHAPTER 3. EXPLOITING LOCALITY IN FHMM

* Y is the maximal number of common factors in F' connected to two components in V;

Secondly, given a probability mass function ¢ on XV and a random variable X ~ y, denote by
¥ the conditional distribution of XV given {XV "\ = 2V}, and define

Cfiv, ::% sup ||u;—,ug|, v,v' eV,

x,zeXV iV =zV\
!
COI‘I‘(/J, ﬁ) = E%,X Z eﬁd(v,v )CIJ
€

Iy
v,U
v v'eV

where > 0 is a given constant.

Proposition 3.1. Fix any partition % of V and any t€{1,...,T}. Suppose there exists x € (0,1)
such that:

1
(3.9) x<gl (xN(f),yt)s—, vieXV,feF.
K
Assume that for a given probability mass function | on XV there exists B >0 such that:

o1
(3.10) 22 Corr(u, B) + 2P Y® (1 - K2Y) <7

Then forany K € #, J €K and m €{0,...,n},
(3.11) | Cepe— CTU”J <d4e”F (1 - Kb(m,l’)) card(J)e P™,

where b(m, &) := 2maxge x max, yn-1g){card(N(v))}, with the convention that the maximum

over an empty set is zero.

The proof of proposition 3.1 is given in section 4.2 of chapter 4. The term Corr(y, ) quantifies
the strength of dependence across the coordinates of X = (XV),ecy ~ u . A probability distribution
u satisfies the decay of correlation property if it exists a 8 such that Corr(y, B) is bounded above
[Rebeschini and Van Handel, 2015]. The hypothesis (3.10) places a combined constraint on this
dependence, the constant ¥ which in (3.9) controls the oscillation of the likelihood function factors
gl xND y,), and the graph attributes Y, Y and Y. In particular, if Y, Y? and Y are particularly
small then the hypothesis (3.10) is likely to be satisfied, meaning that there is a preference on
factor graphs with a few number of connections (see the meaning of Y, Y and Y after equation
(3.8)), where the local structures are more evident. This preference on sparse factor graphs is
also reflected in the bound, indeed b(m,. %) is small if the elements of V have few connections in
the factor graph.

Turning to the bound (3.11), one can examine its dependence on the partition # and the
parameter m. The quantity b(m,.%") is non-increasing with m. In practice, b(m, %) will often be
decreasing with m, and is always zero when m = n since then N{,"‘l(K )is V. Also b(m, %) will
often decrease as % becomes coarser and in the extreme case of the trivial partition £ = {V},

the constant b(m, %) is always zero, because N l’,”_l(K ) is again V, and so v ¢ V is equivalent to
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KR g e e

Figure 3.3: Solid lines indicate a chain factor graph with 4 likelihood factors and V ={1,2, 3,4, 5},
hence M = 5. Dashed lines indicate extension to M = 6,7 by adding f5 and X® then fs and X7,

v € . Combined with the e ™ term, this means || Ceu— C;" [J” s can be made small by choosing
the partition £ to be suitably coarse and m to be suitably large.

It is important to note that Corr(u, 8), x and Y appearing in the hypotheses (3.9) and (3.10),
and the quantities on the right hand side of (3.11) do not necessarily have any dependence on
M, where recall that M := card(V'). For instance, when p = ®,cy ¢’ then Corr(u, 8) = 0 and one
can easily construct families of FHMMSs of increasing dimension in which «x, Y, Y® Y, b(m, x)
are independent of M: consider the simple case where the factor graph is a chain as shown in
figure 3.3, and the dimension of the model is increased by adding f5 and X® then fg and X@
as shown by the dashed lines. In this situation, for any v € V the cardinality of N(v) and N, B(U)

remain unchanged as the dimension of the model increases.

Algorithm 3 Approximate Bayes update

Require: A, {N7"(K)}kex, N Klker, WEYken 8" G0} per
1: for K € # do

K —{K'e # :K'nN™K) # ¢}

for x € XK do
fi(x) — [grep 15 (x
for f eN}’Z"(K) do

Ax) — filx) - g” (+N, y)
Normalize [i to a probability mass function on XX

Marginalize out components K \ K: K — pX
return (ﬁK Ken

K')

Algorithm 3 shows the steps involved in computing C;” 1 in the case that u factorizes with
respect to A . To simplify considerations of the computational cost of algorithm 3, suppose that
for each K € £ there exists a collection of elements in £ that is a partition of N]*(K). This is a
typical feature of regular graphs such as lattices. In this case, the complexity of algorithm 3 is

readily found to be:

d(N (K
O |card(%) max card (N?’(K))L?S)écar (NHK)) .
Kex

The elements of the computational cost are derived as follows:
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* card(%) is obtained because each correction is repeated on all the elements of the partition;

J Ir?al/x card (N ]’Z‘ (K )) is derived from including all the desired factors in the computation;
€

d(N]'(K)) . . . . . .
R is the cost of including all the desired factors in the approximate correction.

o K

Crucially the exponent of L in this cost, which is proportional to maxge » card(N]*(K)), does
not necessarily grow with the overall dimension M, see again the chain example in figure 3.3. This
suggests that the overall cost of filtering and smoothing method built around the approximate
Bayes update operator C;” may avoid the exponential-in-M factor in the cost G(TMLM*1) of
exact filtering and smoothing for FHMMs.

3.3.2 Graph Filter
As an approximation to the operator F; introduced in subsection 2.1.2 define:
Fr.=Crp,

where the dependence of IN:;” on £, inherited from C;”, is not shown in the notation. The

approximate filtering distributions are then defined by the recursion:
(3.12) Foi=Ao,  Ap=Flaeg, tefl,...,T}

theorem 3.1 builds from proposition 3.1 and quantifies the approximation error associated
with (74)sej0,..., 13- Further to (3.7)-(3.8), in order to state theorem 3.1, some additional quantities

and definitions must be introduce. For J SV,

(3.13) J:={ved:YfeNw),N()cJ},
aJ = J\d,
ON(J)={f eN(J):N(f)nV\dJ # g}
Moreover, given a probability mass function p on XV and the transition kernel P on X"

and two random variables such that X ~ y and Z|X ~ p(X,-), denote by w; , the conditional
distribution of XV given {X Vi = XV 7 — 2} and define

~ 1
v v v i
Cv’v, =g Sup  sup |y~ Hg,|l, U,V eV
zeXV  xzexV:
PAACIPN'ACY
— i
Corr(u, f) := max Z ePdw o) ok Y
vev v'eV oy

where > 0.

Remark 3.1. If the components of X are independent, i.e. u = Q,cv 1°, then C’ff » =0 for any
v #v' and so Corr(y, B) = 0 for any > 0.
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Theorem 3.1. Fix any collection of observations {y1,...,yr} and any partition & of V. There
exists a region R < (0,1)3 depending only on Y,Y and YP, such that if, for given (e_,e.,x) € R,

1
e-<p’(x’,z2")<e,, and x<g’ (xN(f),yt) <-,
K
forall x,z € xV,ve V,feF,te{l,...,T}, then for B >0 small enough depending only on Y, Y, Y?e_ e,
K for any Ag satisfying:

Corr(Ag, f) < 2¢~P (1 - 6—‘) +2e20Y® (1427
€

+

and forany K e %, J <K and m €{0,...,n}:
s — el < a1 () (1 - KW“) card(J) +y1(f) (1 - KWL”’")) card(J)e P™, vie{l,...,T},

where m;,7; are given by (2.4) and (3.12) with initial condition Ay; a1(B),y1(B) are constants
depending only on B, and

a(X) :=2maxmaxcard(N(v) nON(K)),
Ke# vedK

b(m, £):=2max max card(N()),
Ke X v¢gNIY(K)

with the convention that the maximum over an empty set is zero.

The proof of theorem 3.1 is in section 4.2 of chapter 4. Explicit expressions for %y, 8, a1(f)
and y1(p) are given in the proof of the theorem and its supporting results, see (4.9) for %y and
B, and (4.10) for a1(B) and y1(B). Note that the assumption on Corr(Ag, B) plays the same role of
(3.10) in proposition 3.1 and ensures that the initial local dependencies are not too strong.

The second term on the right hand side of the bound on |7; — 74|l ; given in theorem 3.1 is,
up to a numerical constant, equal to the upper bound obtained in proposition 3.1, see discussion
there of its dependence on m and £ . The first term on the right hand side of the bound on
lms — 71l ; depends on the neighborhood structure of the factor graph ¢. Loosely speaking, the
constant a(£) is small when the graph is sparsely connected and the partition is coarse, and
in the extreme case of the trivial partition £ = {V}, the constant a(%") is zero because, in the
notation of (3.13), V =V and so dV is empty. The quantities in the hypotheses and bound of
theorem 3.1 exhibit the same dimension-free qualities as discussed after proposition 3.1.

Implementation of the approximate filtering method is shown in algorithm 4, which is referred
to from now on as the Graph Filter. Noting that the complexity of computing #%X — (Pu)X, which is
o (TL2II?EaJ§card(K)), is dominated by the cost of algorithm 3, with an additional 2 at the exponent
of L, the overall complexity of algorithm 4 is then:

7 (Tcard(l’ )max card ( N ?1 ( K)) 1.2 maxcard(N;"(K)) .
Kex

The elements of the computational cost are derived as follows:
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Algorithm 4 Graph Filter

Require: «Z,{N}”(K)}Kex,{N,Z”(K)}Kejg,{ftg}Kel,{p”(-,')}uev,{gf(~,~)}feF,{yt}t:{1,...,T}
1: for K € # do

2. kK

3 Compute pX(.,):=[Tyex p*C,")
4: fortefl,..., T} do

5: for K€ % do
6
7
8

for 2K € XX do
AEK) — Y K exK pK(xK,zK) . ﬁ{{_l(xK)

(7K ) —algorithm 3(4,INT (Bhex, (NP Khce e, W Ve g (9} per )

9: return {(#X) ke x }i=0,..1)

* T is derived from cycling over time;

¢ card(%) is obtained because each prediction and correction is repeated on all the elements

of the partition;
* maxcard (N }T (K )) is derived from algorithm 3;
Kex

2maxcard(K) . . . . ..
L kex is the cost of the matrix-vector operation when computing prediction over

all v € K and K € # which is then upper bounded by the cost of algorithm 3, given that

L}{na}{( card(K) <L max card(N]"(K))
€. €.

For the chain graph example in figure 3.3 with % = {{1},{2},...}, the complexity is:
0 (Teard(#)min{2(m + 1), M - L2min0m+ DM

Thus the exponent of L has the dimension-free property of becoming independent of M depending

on m when M is large enough.

3.3.3 Graph Smoother

The approximate smoothing distributions are defined by simply substituting the approximate

filtering distributions into recursion (2.6):

(3.14) AT =fT, iyt = Ra, T, te{T-1,...,0}.

Theorem 3.2. Fix any collection of observations {y1,...,yr} and any partition & of V. There
exists a region R < (0,1) depending only on Y,Y and YP, such that if, for given (e_,e.,x) € R,

1
e-<p'(x’,2%)<e,, and x=<g’ (xN(f),yt) < o
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Algorithm 5 Graph Smoother

Require: Z,(p"(;, Vvev, @#)ken 1=0...1)
1: for K € # do

e .

3: Compute pX(.,-):=TT,ex p’C,")

4: forte{T-1,...,0} do

5: for K € # do

6: for zX e XK do

7: for xX e XK do

8: DEEK, xK) — pK(xK,zK)ﬁf(xK)

9: Normalize pX(zK ) to a probability mass function on XX
10: for xX e XK do
11: g (F) = X oxexx pEEE, FFE | 125

12: return (75 )kes)i=,...1)

forall x,ze XV, veV,f e F,t€{1,...,T), then for B> log(2) small enough depending only on
Y, Y, Y® e_ €., x and for any Ag satisfying satisfying:

Corr(Ag, B) < 2e7F (1 - 6—‘) +2e2PY@ (1 - KZY) ,
€+

and for Ke #,J <K and m€{0,...,n}:
||ﬁt|T —ﬂt|T“J < ag(ﬁ,e_,€+)(1 - K“(‘l)) card(J) +)/2(,6,€_,6+)(1 - Kbu“/’m)) card(J)e P,

where 1y, 74T are given by (2.6) and (3.14) with initial condition Ao, ag(B,e_,e.) and ya(B,e—,€)

are constants depending on e¢_,e., f and
a(A) = 2maxmaxcard(N(v) NnoN(K)),
Ke X veoK

b(m, £):=2max max card(N(v)),
KeX vyeNI LK)

with the convention that the maximum over an empty set is zero.

The proof of theorem 3.2 is in section 4.3 of chapter 4. The only difference between the bound
in this theorem and that in theorem 3.1 are the constants as(f,e_,¢;) and y2(B,¢e_,€.), explicit
expressions can be deduced from the proof. The assumption on the initial distribution A is the

same as in theorem 3.1.
The approximate smoothing method, shown in algorithm 5 has complexity
3 d(K
0 (Teard(a )L ¥ ( ’) ,

where:

¢ Tis derived from cycling over time;
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¢ card(%) is derived from repeating the operation on all the elements of the partition;

3maxcard(K)
Kex

e L is obtained from the computation of the reversed kernel and its application to

the previous smoothing approximation.

Assuming 3maxge » card(K) is smaller than 2maxge » card(N]*(K)), which is typically the

case in practice, the overall complexity of algorithm 4 combined with algorithm 5 is:

d(N" (K
5] Tcard(J()maxcard(N}"(K))LZ?S‘;’(“"’lr (NJHK)) ‘
Kex

Discussion on m and £ As already mentioned, the proposed algorithms are built upon two

layers of approximation:
¢ factorization: the target distribution is approximated with a product of marginals;

* localization: each marginal is approximated with a localized version, which excludes “far

away” factors.

The two layers are guided by two quantities: the partition £ and the parameter m. m is
associated to localization, instructing how many factors f € F' to include in each approximation
of the marginals. Obviously, a bigger m guarantees a better approximation, but it also implies
a higher computational cost. & refers to factorization and determines the structure of the
marginals to be computed. Again, a coarser £ gives a better approximation, but it is more
computationally intensive.

Choosing m and % is not straightforward, and several aspects must be considered. In the
following we give a list of suggestions for the choices of m and % to contain the computational

cost of the algorithms.

1. m and £ should be chosen such that in any of the marginals approximation only a subset
of F' is used, otherwise, if all the factors are included, running the Graph Filter-Smoother

is as expensive as the forward-backward algorithm.

2. & should look at the structure of the factor graph and try to include the least factors. For
instance, in figure 3.2 the partition is chosen to be % = {{1,2}, {3}, {4}, {5}}, but another valid
partition is & * = {{1,3},{2}, {4}, {5}}. However, % is better than . * because for the same
m =0 the element {1,2} in % requires less factors than the element {1,3} in £ ™* (similar
argument for {3} in % and {2} in & *).

3. m should be selected to avoid factors with high degree. Indeed, including too many “hub”

factors could blow up the computational cost.

Remark that the above suggestions are focused on controlling the computational cost and they do
not take into account the approximation quality. This latter aspect is difficult to evaluate and it

is generally suggested to try multiple combinations of m and £".
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3.4 Numerical results

This section treats the experimental part. Subsection 3.4.1 describes a class of FHMM’s with
conditionally Gaussian observations used as a running example in Ghahramani and Jordan [1997]
and which is used in the numerical experiments run in this thesis. The purpose of the first set of
experiments, in section 3.4.1, is to illustrate the practical implications of the previous theoretical
results, assessing the performance of the Graph Filter and Smoother methods against exact
filtering and smoothing, both in terms of accuracy and computational speed. In subsection 3.4.1
the performance of EM algorithms for parameter estimation built around the Graph Smoother
is compared with the variational approximations presented in Ghahramani and Jordan [1997].
Subsection 3.4.2 outlines a model of traffic flow on the London Underground and illustrate
parameter estimation and prediction using the Graph Filter and Smoother.

The experiments were run on the University of Bristol’s BlueCrystal High-Performance
Computing machine. Precisely, they used either one or two standard compute nodes each with 2
X 2.6 GHZ 8-CORE INTEL E5-2670 (SANDYBRIDGE) chips and 4GB of RAM per core.

3.4.1 Synthetic data

With X a finite subset of Z, V ={1,...,M} and Y = R%, consider the Gaussian emission model
from Ghahramani and Jordan [1997]:

y 1
ge,y) = = @) F eXp{—§ [y—a(x)]TZ_l[y—a(x)]},

where a(x) is a vector whose entries may depend on x.

Y /V(cXZ-#cX1 o?) /V(CX%+CXZU) /\/(CX4+CX;U) /V(cX%JrcX4 o?)
X! ~pX}L, X7~ p(X2, X} ~pX3 |, X} ~p(X}, ~pX? .9

Figure 3.4: Factor graph for the model in section 3.4.1 the case F = {f1,f2,f3,f4} and V =
1,2,3,4,5}.

The case d, = M — 1 is considered along with the specific forms of Z and a(x):

S=0% and a(x)= (af (x)) with aof ()= ¢ (xf +af +1) ,

fel{l..M-1}
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where ¢ > 0 is a constant. Under these assumptions, N(f)={f,f + 1} and

gf(xN(f)

[yf —c(xf +xf+1)]2}

1
el
o2n o 202

The corresponding factor graph ¥ is a chain, as already seen in figure 3.3, and it is illustrated
in figure 3.4. The transition probabilities and initial probability mass function are assumed to
have identical components across V,

Lo) = [T A5x"),x e X" and A = g, VveV;
veV

plx,z)= H p'(x",2"),x,z2€ XY and p’=p, VYveV.
veV

Throughout the experiments the partition £ is:

K ={1},...,{M}}.

Accuracy and speed performance for filtering and smoothing X ={0,1} and three data

sets of length 7' =500 are simulated from the model with parameters:

0.6 04
(3-15) ﬂo(xv) = 1’ xU = 1,VU € V’ {ﬁ(xv)zv)}xv,ZUEX = ( ))

0.2 0.8

First consider the execution time of the approximate filtering and smoothing method, i.e., the
combination of algorithm 4 and algorithm 5, as a function of the parameters m and M. Figure 3.5
shows execution time as m and M vary. The execution time of exact filtering and smoothing using
the algorithm of Ghahramani and Jordan [1997], henceforth “GJ” , is included for reference.

It is apparent from the top row of plots that with m fixed, the execution time of the Graph
Filter and Smoother initially increases super-linearly with M up to some point which depends on
m, and from then on it is linear in M. This is most visually evident for the large values of m and
is consistent with the complexity of the combined Graph Filter and Smoother method discussed

in subsection 3.3.3, which for the model considered here is:
(3.16) G (TMmin{Z(m +1).M - 1}L2min{2(m+1)+1,M}) '

By contrast, the execution time of GJ increases exponentially with M, making its implementation
extremely expensive in high-dimensional cases.

When M is fixed, it is clear from the bottom row of plots in figure 3.5 that the execution time
of the Graph Filter and Smoother is super-linear in m up to some point which depends on M, and
then is constant in m. Again this is consistent with (3.16). The phenomenon of the cost becoming
constant in m arises because as m grows, eventually all factors are included in the products in
CT’K, see (3.4).

The next set of experiments examine the accuracy. Recall two important characteristics of

the bound of theorem 3.2: the bound does not depend on the overall dimension, M, and decays
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Figure 3.5: Execution time for the combined filtering and smoothing algorithms as a function of
m and M. Each vertical pair of plots corresponds to one of three simulated data sets. GdJ is the
exact filtering and smoothing algorithm of Ghahramani and Jordan [1997].

exponentially with m. The region % in theorem 3.2 is non-empty, but for the specific parameter
settings in (3.15) there does not exist (e_,e.,k) € Z( such that the assumptions of the theorem on
p? and g’ hold. Thus technically theorem 3.2 does not hold in this example. However, figure 3.6
and figure 3.7 encouragingly show that the LTV between the exact and approximate smoothing
distributions exhibits the characteristics of not depending on the overall dimension, M, and

decaying exponentially with m.

Comparison to variational inference within EM for parameter estimation Here the
accuracy of parameter estimation using the Graph Smoother within an approximate EM al-

gorithm is illustrated. The performance is compared with the approximate EM approach of
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Figure 3.6: The LTV distance between the approximate and exact marginal smoothing distribu-
tions averaged over both the components X ;, X Lf+4, withi=1,...,8, and the T' = 500 time steps.
With m fixed the average LTV is constant in M for M large enough. The three plots correspond to
the three simulated data sets.

Ghahramani and Jordan [1997] in which variational approximations to the smoothing distri-
butions are employed. For background on EM see Dempster et al. [1977] and Ghahramani and
Jordan [1997] (section 3.1).

Ghahramani and Jordan [1997] (sections 3.4 and 3.5) describes two families of variational
distributions for FHMM which can be used to compute the E-step in EM approximately: a “fully-
factorized” scheme in which the variational distribution is chosen to statistically decouple all
state variables, (X} )yev, t =0,...,T, in the HMM, and a “structured” approximation, in which the
variational distribution is Markovian in time but statistically decouples state-variables across
V. The former is going to be called completely decoupled, while the latter is going to be named
spatially decoupled.

The computational cost of computing the approximate smoothing distributions using either

the completely decoupled or spatially decoupled schemes is:
(3.17) OUTL?>M*(M - 1)%),

where I is the number of iterations of the fixed-point equations needed to find the variational
approximation. I = 20 was sufficient for convergence in the considered experiments, indeed
Ghahramani and Jordan [1997] (page 254) suggest 2 — 10 iterations is typically sufficient. Recall
that for M large enough, (3.16) is exponential in m, but linear in M, while (3.17) scales no faster
than M®. Whether or not the variational approximations can be computed more quickly than

the Graph Smoother is dependent on the model in question. The experiments did not show a
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Figure 3.7: The LTV distance between the approximate and exact marginal smoothing distri-
butions of certain components of X},...,X?’I and the 7' = 500 time steps. The LTV decreases
exponentially with m. The three plots correspond to the three simulated data sets.

substantial difference in speed.

Details of the EM updates using the Graph Smoother are given in the appendix A. The only
difference between these updates and those using the variational approximations is in the E-step,
where the expectation is simply taken with respect to the corresponding approximate smoothing
distribution.

The model described in subsection 3.4.1 is considered, with X = {0,1} and T = 200, and

generated a data set with true parameter values:

0.6 04

, ¢c=2 and o’ =4.
0.2 0.8

fo(x")=1,x"=1,YveV, {H",z2")p vex = (
The EM algorithms based on the Graph Smoother and the fully and spatially decoupled varia-
tional approximations were run for 20 different EM initializations. Tables 3.1 and 3.2 show the
mean of the final estimates over the different initial conditions for M =3 and M = 10, respectively.
Graphical results are presented in figures 3.8 and 3.10 for M = 3 and figures 3.9 and 3.11 for
M =10.

In figure 3.8 the EM algorithms associated with the Graph Smoother converge to points closer
to the true parameter values than those using the variational approximations. Using m = 1 rather
than m = 0 in the former yields a slight increase in the accuracy. In figure 3.10 the results using
the Graph Smoother are not more accurate in all cases, but the completely decoupled variational
method generally performs badly. In figure 3.9 the results for the Graph Smoother are again

more accurate. In figure 3.11 it is notable that the estimates of the transition probabilities are
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a little more accurate with m = 0 rather than m = 1 but substantially more accurate than with
either of the variational schemes. Again the completely decoupled variational approximation

performs poorly. These observations are numerically evident also from tables 3.1 and 3.2.

¢ estimate with Graph Smoother . o* estimate with Graph Smoother ¢ estimate with Variational methods ) o estimate with Variational methods

‘ — Tred? —— Trie ¢ : — Tred*
—— Graph Smoother: m=0 , —— Graph Smoother: m=0 —— Completely decoupled VM . —— Completely decoupled VM
Graph Smoother: m=1 Graph Smoother: m=1 —— Spatially decoupled VM —— Spatially decoupled VM

w12 o k E: o w15 W 1 aw L ¢ W 5 W 1 aw Uy w w5 om0 Im o aw
iterations iterations. iterations iterations

Figure 3.8: M = 3. Estimation of ¢ and ¢ using approximate EM based on the Graph Smoother
and the completely and spatially decoupled variational approximations by Ghahramani and
Jordan [1997]. Horizontal axes correspond to EM iterations. 20 different EM initializations shown
for each algorithm setting.

¢ estimate with Graph Smoother .0’ estimate with Graph Smoother c estimate with Variational methods | 0 estimate with Variational methods

True ¢ True ¢
Graph Smoother: m=0

Graph Smoother: m=1 7‘ —— Spatially decoupled VM

Completely decoupled VM

True o2

True o*

Graph Smoother: m=0 ——  Completely decoupled VM

Graph Smaother: m=1 —— Spatially decoupled VM

[T R C Tt 5 5o @ 0 0w 5 s s 1% 150 R T R T
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Figure 3.9: M = 10. Estimation of ¢ and o2 using approximate EM based on the Graph Smoother
and the completely and spatially decoupled variational approximations by Ghahramani and
Jordan [1997]. Horizontal axes correspond to EM iterations. 20 different EM initializations shown
for each algorithm setting.

Method 20(0), 1o(1) c o2 p(0,0),p(0,1),p(1,0),p(1,1) lplx

True values 0.000, 1.000 2.000 4.000 0.600, 0.400, 0.200, 0.800  1.095
Graph Smoother m =0 0.137,0.863 1.753 4.642 0.072,0.928,0.518,0.482 1.171
Graph Smoother m = 1 0.001,0.999 1.779 4542 0.075,0.925, 0.549, 0.451 1.171

Completely decoupled Variational Bayes 0.384,0.616 1.498 6.562 0.075, 0.925, 0.084, 0.916 1.306
Spatially decoupled Variational Bayes  0.393,0.607 1.960 6.223 0.362,0.638, 0.385,0.615 1.366

Table 3.1: Parameters estimates for the case M = 3 with Graph Filter-Smoother and variational
Bayes at the end of the EM algorithm. The estimates are found by taking the mean over the
different initial conditions. ||p ||z stands for the Frobenius norm of the transition matrix p.
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Figure 3.10: M = 3. Estimation of [ip and p using approximate EM based on the Graph Smoother
and the completely and spatially decoupled variational approximations by Ghahramani and
Jordan [1997]. Horizontal axes correspond to EM iterations. 20 different EM initializations
are shown for each algorithm setting. Traces corresponding to the 2 elements of the initial
distribution fip and 4 elements of the transition matrix p are superimposed on each plot.
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Figure 3.11: M = 10. Estimation of fip and p using approximate EM based on the Graph Smoother
and the completely and spatially decoupled variational approximations by Ghahramani and
Jordan [1997]. Horizontal axes correspond to EM iterations. 20 different EM initializations
are shown for each algorithm setting. Traces corresponding to the 2 elements of the initial
distribution fip and 4 elements of the transition matrix p are superimposed on each plot.
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Method 20(0),A0(1) c o2 p(0,0),p(0,1),p(1,0),p(1,1) lplg

True values 0.000, 1.000 2.000 4.000 0.600, 0.400, 0.200, 0.800  1.095
Graph Smoother m =0 0.152,0.848 1.786 4.617 0.570, 0.430, 0.150, 0.850 1.121
Graph Smoother m =1 0.320,0.678 1.691 4.566 0.466, 0.534, 0.099, 0.901 1.158

Completely decoupled Variational Bayes 0.469,0.531 1.833 6.260 0.343, 0.657, 0.336, 0.664  1.347
Spatially decoupled Variational Bayes  0.026, 0.678 1.423 5.804 0.044, 0.956, 0.040, 0.960 1.356

Table 3.2: Parameters estimates for the case M = 10 with Graph Filter-Smoother and variational
Bayes at the end of the EM algorithm. The estimates are found by taking the mean over the
different initial conditions. ||p ||z stands for the Frobenius norm of the transition matrix p.

3.4.2 Analyzing traffic flows on the London Underground

This section analyses the passenger inflow-outflow on the London Underground from three per-
spectives: one step ahead prediction; missing data imputation with multi-step-ahead prediction;
multi-step-ahead prediction under disruptions and improvements (building new lines).

Transport For London, the operator of the London Underground, has made publicly available
“tap” data, consisting of a 5% sample of all Oyster card journeys in a week during November
2009 [Transport for London, 2018]. The data consist of the locations and times of entry to and
exit from the transport network for each trip.

Similar Transport for London data have been analyzed by Silva et al. [2015], who developed
models of numbers of trips between pairs of stations in the Underground network to quantify the
effects of shocks such as line and station closures and to predict traffic volumes. The modelling
approach described by Silva et al. [2015](Supporting Information) is very sophisticated, including
several components such as regression of the numbers of passengers entering stations onto
time, a cascade of nonparametric binomial models for the numbers of passengers inside the
transport system who entered at each station and a Bayesian probabilistic flow model. One of
many attractive features of this approach is that it avoids the computational cost of network
tomography models for traffic data [Guimera et al., 2005, Colizza et al., 2006, Newman et al.,
2011] which is prohibitive in the context of large transport systems due to the exponential growth
of problem size in the number of network links.

Similar computational difficulties are encountered with some dynamic Bayesian network
models of flow on transport networks. For example, Hofleitner et al. [2012] proposes a dynamic
mixture model for travel times where the mixture component represents a time-varying con-
gestion state associated with each link in the transport network. In principle, inference in this
model can be performed using a particle filter, but as noted by Woodard et al. [2017], due to
high-dimensionality the cost of doing so accurately (with respect to Monte Carlo error) is very
demanding.

It is not the objective of this thesis to conduct as detailed modelling exercise as in these works,
but rather to establish a proof of principle that the Graph Filter-Smoother is naturally suited to

the topological structure of transport networks and shows promise for traffic prediction using
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even a very simple FHMM. This leaves a potential for a deeper investigation of traffic modelling

using FHMM’s in future work.
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Figure 3.12: Locations in longitude and latitude of 20 stations from the the Central line and the
Jubilee line of the London underground. Stations are represented as yellow nodes, while train
lines are green edges.

3.4.2.1 Dataset and model

Consider 20 stations on a central portion of the Central line and the Jubilee line. Stations’ names
and geographical locations are shown in figure 3.12. The dataset consists of the inflow and the
outflow of passengers from Monday to Friday per station every 10 minutes from 00:00 am to 00:00
am of the next day. The data are split into training given by Monday, Tuesday and Wednesday
and test consisting of Thursday and Friday.

Given that inflow and outflow are modelled, consider two factors per each station, one for

the inflow, the other for the outflow. Precisely, per each f €{1,...,20}, denote with y, " the inflow
at time ¢ in station f and with yf Ut the outflow at time ¢ in station f. Consider then the lines
as the hidden unit of an HMM. Model each line as bidirectional and use the notation x;J for
i,j€{1,...,20} and i # j to the state of the line connecting station i with station j at time ¢ with
the train moving from i to j. In this case, the index set V is the collection of all bidirectional
lines in the tube’s network. The nodes of the factor graph are then: the factors associated to the
stations’ inflow and outflow (the number of nodes in figure 3.12 multiply by two); the bidirectional
lines (the number of edges in figure 3.12 multiply by two). To build the edges of the factor
graph consider the relation between stations and lines. If at time ¢ the inflow in station i is

substantial then lots of passengers are going to leave station i and fill the lines x; Similarly,
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if the outflow in j at time ¢ is large then lots of people are coming from the lines xtJ . For these
reasons for i,j €{1,...,20}, with i, j connected through a line in the tube’s network, the line x;’J
is connected with ytl’m and yi °“! The described procedure builds the factor graph ¢ and the

related neighbourhood function N(-).

) 0 100 200 300 400 500 ‘ 0 100 200 300 400 500 ‘ 0 100 200 300 400 500 0 100 200 300 400 500
iterations iterations iterations iterations

Figure 3.13: EM estimates using the Graph Filter-Smoother algorithm, see appendix A, of the
initial distribution and transition matrix per each line. Each coloured line corresponds to a
different line and direction in the tube’s network.

The state-space of each line is X ={0,1,2,3}, which can be interpreted as different levels
of busyness in the line. Although the study is restricted to only 20 out of over 300 stations in
the full London Underground network, exact filtering and smoothing would be computationally
unfeasible since M = 48 (the number of lines multiplied by the number of directions), L =4 and

hence the cardinality of the overall state-space X" is 4%8.
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Figure 3.14: EM estimates using the Graph Filter-Smoother algorithm, of A/® and A/-°**, Each
coloured line correspond to a different station flow (inflow or outflow) in the tube’s network.

The emission distribution is given by:

2(x,y) = 12—0[ gf,in (xf,N(f)’yf,in) gf,out (xN(f),f’yf,out), xe >\<‘V,
f=1

where g/ (x/ V) yf-in) and gf-out (xNF yf-0ut) are Poisson distributions:

. . yfin
y
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where xf NI (x{ J )jen(f) and xiv(f W= (xi’f)ieN(f). The A parameter can be interpreted as a

flow intensity which varies across stations and inflow-outflow. Similarly, consider an initial
distribution and a transition matrix per each line, i.e.:

20

po@ =TT [T wg’ (x”J), xexV
i=1jeN()
20 .. .. ..
p,2)=[] [] p* (x”,z”), x,zeXV.
i=1jeN()

The total number of parameters is then 1000: 40 from the flow intensity, 768 from the
transition matrices, 192 from the initial distribution.

The static parameters are learnt through an EM algorithm, more details are available
in appendix A. The EM algorithm uses the Graph Filter-Smoother with m = 0 and Z as in
subsection 3.4.1 (partition of singleton over V). The algorithm was run on the training set with
random initial conditions on the learnable parameters. The estimates are shown in figure 3.13

and figure 3.14. The estimates are found to be robust for different initial conditions.
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The estimate of the initial distribution sets all the lines to the state 0, meaning that all the
lines are quiet in the early morning of Monday (the interval from 00:00 am to 00:10 am).

The interpretation of the transition kernel is more difficult. Generally, the estimates can
be clustered in three groups, which are heuristically called: “stable” , “quiet” , “busy” . Remark
that the names of the groups do not have any quantitative meaning and they are used to refer
to estimates with commonalities. Firstly, a line belonging to the stable group has a transition
kernel that prefers keeping the state fixed, i.e. the stochastic matrix has high probabilities on
the diagonal. Most of the lines are found in this group. Secondly, the quiet cluster has lines with
transition kernel’s estimates where state {3} is difficult to reach, this means that given the state
{2} at time ¢ it is very likely to go backward to the state {1} or stay in {2}. These estimates appear
in lines connecting low-flow stations and precisely in lines between: hubs and low-flow stations
(e.g Liverpool Street inflow with Aldgate outflow); high-flow stations and low-flow stations (e.g
Canary Wharf inflow with North Greenwich outflow); low-flow stations and low-flow stations
(e.g. Stepney Green inflow with Whitechapel outflow). Finally, a line in the busy group can easily
reach states {2,3}. For instance, if a line in the busy group reaches state {1} at time ¢, it moves
to state {2} with high probability and it keeps moving forward to state {3} in the next time step.
These estimates are typical for lines connecting high-flow stations with high-flow stations, e.g.
Liverpool Street inflow with Bank outflow.

The interpretation of figure 3.14 is straightforward, indeed A/ scales the intensity of the flow,

hence bigger estimates of A/ are referred to stations with higher flows.

Flow prediction without missing data Prediction over the test data is performed through
the posterior predictive of Graph Filter-Smoother, i.e. per each time step ¢ = 0 a posterior

predictive sample y;.1 is obtained as:

(3.18) Xt ~Tje, X1~ PXt,0),  Yer1 ~ 8(Xp41,0),

where g, p are computed through the EM algorithm run on the training set (Monday, Tuesday,
Wednesday) and 7.. is obtained by running recursively the Graph Filter on the test data (Thursday,
Friday). Note that (3.18) provides a sample from the posterior predictive, the mean of this sample
is then used as prediction for the test set. The first column of figure 3.15 shows the mean and
the 0.95 credible interval of posterior predictive samples for the data from Thursday to Friday.
For ease of presentation consider the plots on four stations, plots on all the other stations are
available in appendix A section A.2.2. The results indicate that the model is able to track the
peaks of the inflow and outflow that occur during the morning and afternoon rush hours, which
vary in magnitude from station to station. Moreover, credible intervals show satisfying coverage
of the true data.

The proposed method is compared with an LSTM trained on one-step-ahead prediction over
the inflow-outflow, more details about the architecture and training are available in appendix A,

section A.2.1. The LSTM takes as input inflow-outflow data over all the stations at time ¢ and
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Figure 3.15: One step-ahead posterior predictive mean (solid red line) and 0.95 credible intervals
(red bands) using the Graph Filter-Smoother on four stations. Blue solid lines stand for the
observed data from Thursday to Friday. The first row shows the inflow, the second row shows the
outflow. The name of the station is reported at the top of each plot, along with the estimate of the
corresponding A/,
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Figure 3.16: One step-ahead prediction with the LSTM. Per time step, a sample of size 100 is built
over different training of the LSTM where solid red lines show the mean and red bands show the
region between the 0.025 and the 0.975 quantiles. Blue solid lines stand for the observed data
from Thursday to Friday. The first row reports the inflow, the second row reports the outflow. The
name of the station is written at the top of each plot.

output predictions for time ¢+ 1. 100 LSTMs (different initial conditions and seeds) are trained on
Monday, Tuesday and Wednesday. As for the Graph Filter-Smoother method, testing is performed
on Thursday and Friday. First column of figure 3.16 shows LSTM’s predictions on four stations
only, more details are available in the appendix A, section A.2.2. Figure 3.16 shows that different
trainings of the LSTM lead to similar performances with bands that are narrower than figure
3.15.

Table 3.3 reports RMSEs for the posterior predictive mean of Graph Filter-Smoother and
the LSTM. The mean and standard deviation of the RMSE for the posterior predictive mean of
Graph Filter-Smoother are computed over 100 samples of the posterior predictive mean. The
mean and standard deviation of the RMSE for LSTM are computed over 100 LSTMs optimization

(i.e. different initial conditions and seeds, which is a common procedure in machine learning).
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The proposed algorithm has performances that are comparable with the LSTM even though the
LSTM is explicitly trained to minimize the RMSE on the one-step-ahead prediction.

Method No missing  Missing without peak Missing with peak
Graph Filter-Smoother 4.796+0.011 5.399+0.014 5.493 +£0.019
LSTM 4.639+0.138 7.427 +2.080 6.178 +1.425

Table 3.3: RMSE comparison between the posterior predictive mean of Graph Filter-Smoother
and LSTM. “No missing” refers to the performance on the full test set. “Missing without peak”
refers to the test set performance when data from ¢ = 130 (around 9 pm on Thursday) to ¢ =170
(around 4 am on Friday) are missing. “Missing with peak” refers to the test set performance
when data from ¢ = 230 (around 2 pm on Friday) to ¢ = 270 (around 9 pm on Friday) are missing.
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Figure 3.17: Multi-step-ahead posterior predictive mean (solid red line) and 0.95 credible intervals
(red bands) using the Graph Filter-Smoother on four stations with missing data in a quiet period
(without peak). Blue solid lines stand for the observed data from Thursday to Friday (the missing
data are included). Grey dashed lines show the start and the end of the missing data window.
Stations’ names are reported at the top of each plot.
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Figure 3.18: Multi-step-ahead posterior predictive mean (solid red line) and 0.95 credible intervals
(red bands) using the Graph Filter-Smoother on four stations with missing data in a busy period
(with peak). Blue solid lines stand for the observed data from Thursday to Friday (the missing
data are included). Grey dashed lines show the start and the end of the missing data window.
Stations’ names are reported at the top of each plot.
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Flow prediction with missing data Suppose now that data cannot be collected in the period
from ¢ to ¢ + h, for instance, because the sensors in the stations are broken and people come in
and out without tapping their Oyster cards.

Graph Filter can automatically impute missing data by applying the “prediction” operator
without the “correction” operator. Precisely, multi-step-ahead posterior predictive from ¢ to # + A

can be pursued as follows:

Xt ~ Teit,
Xt+1 ~ p(xt9')7 yt+1 ~ g(xt+1)')9

Xt+2 ~p(xt+17')7 5’t+1 Ng(xt+27')7

Xpeh ~PXisn-1,"),  Fern ~ 8Xtsn,).

The sample ¥;41,...,¥:+5 provides a way to impute the missing data y;+1,...,Viih-

Similarly, LSTM can do multi-step-ahead prediction by using the output on the current time
step as input for the next time step. Remark that the considered LSTM is trained exclusively for
one-step-ahead prediction (i.e. LSTM maps y; onto y;+1). As an alternative, one could train LSTM
on multi-step-ahead predictions (i.e. LSTM maps y; onto y;+1,...,¥:+4), Which requires to know
the missing data window in advance. However, that is generally not plausible, e.g. missing data
in traffic applications are caused by broken sensors and the time they are out of order cannot be

predicted in advance.
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Figure 3.19: Multi-step-ahead prediction with the LSTM on four stations with missing data in a
quiet period (without peak). Per time step, a sample of size 100 is built over different training of
the LSTM where solid red lines show the mean and red bands show the region between the 0.025
and the 0.975 quantiles. Blue solid lines stand for the observed data from Thursday to Friday.
Grey dashed lines show the start and the end of the missing data window. Stations’ names are
reported at the top of each plot.

RMSE performances between LSTM and the proposed method in a missing data scenario are
compared in the second and the third column of Table 3.3. Two cases are distinguished: missing

data in a quiet period (second column) and missing data in a busy period (third column). LSTM
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Figure 3.20: Multi-step-ahead prediction with the LSTM on four stations with missing data in a
busy period (with peak). Per time step, a sample of size 100 is built over different training of the
LSTM where solid red lines show the mean and red bands show the region between the 0.025
and the 0.975 quantiles. Blue solid lines stand for the observed data from Thursday to Friday.
Grey dashed lines show the start and the end of the missing data window. Stations’ names are
reported at the top of each plot.

has evident robustness issues, the RMSE varies consistently depending on the initial condition
and on the training (high standard deviation). On the contrary, the proposed method is more
stable, with a standard deviation that is 100 times lower than LSTM and an RMSE that is
significantly lower in mean. This appears in the experiments for missing data in both busy and
quiet periods. Graphical illustrations on selected stations can be found in figures 3.17, 3.18, 3.19,

3.20, more figures can be found in appendix A.

Flow prediction under disruptions and improvements The section concludes with a
multi-step-ahead prediction when the factor graph changes over time. Indeed, improvements
(new lines are built) and /or disruptions (some lines are closed) may occur in the underground,
which can be modelled by adding and /or removing lines from the tube’s network.

LSTM is not able to adapt to the new structure of the network and it keeps predicting as
nothing has changed. On the contrary, the Graph Filter-Smoother can modify the factor graph
(remove and /or add elements of V') and study the effects that this has on future inflow-outflow.

In the case of improvements at time ¢, a line connecting i and j is added. To include this line
in future predictions the extra line has to be added to the factor graph and two additional hidden
units, referring to the two directions of the added line, are created. Then each new hidden unit is
associated with a prior at time ¢ — 1 and an estimate of the transition matrix. The former is done
by setting to zero with probability one the new line because the line does not exist at t — 1. The
latter is estimated as the mean element by element of the transition matrices of the other lines
(an alternative approach could be to consider a mean over the lines connected to the stations i,
only).

In the case of disruption at time ¢, a line connecting i and j is closed (removed). To exclude

the line from future prediction the two hidden units associated with the closed line can be simply
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removed from the factor graph. After that, the removed hidden unit is not considered in the
recursion.

Figures 3.21 compare graphically how the flows react when removing a line connecting Mile
End and North Greenwich and when adding a line between Bank and London Bridge. Generally,
removing a line in the proposed model implies a decrease in the inflow-outflow of the connected
stations, while adding a line causes an increase in the inflow-outflow of the connected stations.
Note that competition among stations as in Silva et al. [2015] is not implemented, hence it should
be expected a change only on the surrounding stations. More complicated spatial dependencies

can be considered in the Poisson emission, but these studies are left to future works.
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Figure 3.21: Predicted flows for Bank and London Bridge when removing a line (first and second
columns), and for Mile End and North Greenwich when adding a line (third and fourth columns).
Solid lines are posterior predictive means. Bands are 0.95 credible intervals. In red: Graph
Filter-Smoother without any changes. In black: Graph Filter-Smoother when removing a line. In
green: Graph Filter-Smoother when adding a line. Blue solid lines are the observed data without
any changes. Stations names and A/ estimates (without changes) are reported at the top.

Summary There are several advantages of using Graph Filter-Smoother when modelling

traffic flows.

¢ As it has been described in the paragraph “Dataset and model” , all the parameters of the
proposed model can be easily interpreted. This compares with LSTM whose weights do not

have any interpretation and it must be considered as a black-box.

* The proposed method can quantify uncertainty. In particular, the experiments showed that
0.95 credible intervals cover most of the data. On the contrary, LSTM does not have any

way to quantify uncertainty and it is overconfident in its predictions.

¢ Experimentally, Graph Filter-Smoother is able to impute missing data efficiently without
drastic changes in the prediction performance (RMSE in table 3.3). Conversely, LSTM has
robustness issues with different training (different initial conditions and gradient steps)

leading to very different predictions.
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* The proposed method is flexible and it can adapt to sudden changes in the structure of the
factor graph without retraining from scratch. The latest part of the experiments proposed a

way to modify the Graph Filter-Smoother to adapt to changes in the tube’s network.
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CHAPTER

EXPLOITING LOCALITY IN HIGH-DIMENSIONAL FACTORIAL HIDDEN
MARKOV MODELS-THEORETICAL PROOFS

This chapter consists of three sections. In section 4.1, some of the key definitions are gathered
together for the reader’s convenience and some further objects and lemmas needed for the main
proofs are introduced. Section 4.2 and section 4.3 are dedicated to proving respectively theorems
3.1 and 3.2. Upon first reading, one may skip straight to section 4.2, where an outline of the main
steps in the proof of theorem 3.1 is given. As already mentioned, a significant part of this chapter
has been submitted to publication and it is available in the appendix of Rimella and Whiteley
[2019].

Before commencing, a comment on generality and notation. In the previous sections a state-
space X, which is a set of finite cardinality, and probability mass function on XV for some U €V
are considered. In order to make notation visually compact, throughout the current section
expectations with respect to such mass functions are written as measure theoretic integrals,
e.g. [la(x)u(dx). Here it is to be understood that u(dx) = u(x)y(dx) where v denotes counting
measure, and hence [14(x)u(dx) = u(A) = Y. ;ca 1(x). This integral notation reflects the fact that
many of the results from this thesis do not rely on X being a set of finite cardinality and could be

replaced by a Polish spaces as for the definitions in section 2.1 of chapter 2.
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CHAPTER 4. EXPLOITING LOCALITY IN FHMM- THEORETICAL PROOFS

4.1 Definitions and Preliminary results

The following definitions associated with the factor graph ¢ are needed (some definitions are

repeated from (3.7)-(3.8) and reported here for the convenience of the reader):
d(J,J’) :=minmin{d(e,e)}, J,J SV xF,
eed e'ed’

N)={feF:Jved withd(,f)<1}, JcV,

N2(J):={v'eV:Ived withd(v',v)<2}, JCV,
N (J):= {v' €V such that Jv e J with d(v,v)<2r+2}, JCV,
Ni(J):={f € F such that Jv € J with d(v,f)<2r+1}, J<V,
1
ng:= Erlrjlee%lxd(J,v),
Y := max{card(N(v))},
veV
Y® := max{card(N°(v))},
vevV
Y := max {card(N(v) NN (")},
v,v'eV
J={ved:YfFeNW),N(f)cd}, JcV,
oJ =J\dJ, JcV.

Remark that NS(J )= N2(J) and the following inclusion relation holds:
JN%J)=NAJ)cNXJ)c---cN™J), m=1,
and similarly on the set F':

N =NYHESNHI)S--SNJD), m=1

Let S be a product of Polish spaces, i.e.: S = Qe Sz, where [ is a finite index set.

Definition 4.1. Given two probability distribution u,v on S, the total variation distance (TV)

and the local total variation distance (LTV) are:

. ||,u—v|| = sup |u(A)-v(A)|.
Aea(S)

* lu-vl,= sup  p@-vA)I, Jel.
Aco(Qpeg Sk)

Definition 4.2. Let u be a probability distribution on S and let X ~ u. The conditional distribu-

tion over the component i € I is defined as:
Hi(A)=P(X e AIX =4N), e
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Definition 4.3. Let p be a probability distribution on XV with X ~ p and let P(x,dz) =
p(x,2)w(dz) with x,z € XV be the transition kernel of the considered FHMM with Z|X ~ P(X,-),
then forveV:

My (A) = [FD(XU eAIXVVW =4V Z 22), x,ze X",

Lemma 4.1. Fix any collection of observations {y1,...,yr} and consider a probability distribution
pon XV. Given the optimal correction operator as in (2.5), the conditional distribution of Csu over

the component v €'V is given by:

J1aG) T renw) &7 NP, y)pdx®)
S renw 8 N, ypb(dx)

Similarly, the one step forward conditional distribution over the component v €V is:

S1aG) T renw 8" N, y)p? (x?, 2°)ul(dx?)
ST renw 8T N, y)pP(a?,2¥)pl(d )

ex”.

(Ci(A) =

(Ce)y (A) = . x,zeXV.

Proof. The proofis a trivial consequence of the form of the correction operator as in (2.5) and
Definition 4.2. The procedure is the following:
(Cep)(A x V)
(Ce)(X x xV\?)
S @ <2 ) T repnve & GO, y) T reniw 8 @D, yu(dz)
o @ X B ) e 8 GO, y) T reniw) 7 GND), yu(dx)
fervwm & GNP,y [1aE & ) [ penw) 87 @D, yu(ds)
T rerww &8 @D, 30 [Ix@ o @) T rene) 87 @GN, y)p(d)

SUAG e @) T eni 8 @, ) 7——52

- V0 @ xEV ) u(d E)
@ GV T reN() &N @D, T (‘;(Ji’?m)#(d@
SIAGE) Trenw) g7 GNP, yul(dz)
Jfene g @D, youydzs)
The form of (C;u)} ,(A) follow the same procedure with the addition of the kernel p”(x”,2") at the

end, where the isolation of the component v is a consequence of the factorization of the transition

(Ct,ll);(A) =

kernel.
[ |

Definition 4.4. Fix any collection of observations {y1,...,y7} and consider a probability distribu-
tion p on XV. For K € # and m ={0,...,n} define:

SlaK )erN;n(K) gl N D, yudx)
fl_[fEN;n(K)gf(xN(f),yt)u(dx)

(€ F uxa) =

and define:

(4.1) Cru= @ T p.
Kex
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Given that the approximated correction operator is applied to probability distributions that

factorize over the partition %, the quantity of interest is = ®gec.» X hence:

S1aGE) [ Tenrao g g ", you? K (dDpk (da)
JMtenra 8° @R,y E(dR)pK (dxK)

(€K uyA) =

meaning that C;" {1 can be written as:

J1a@ger [ erN;"(K)gf (xg(f),yt),UV\K(di)H(dx)
JMkex [Trenrao g’ @R, youV E(dD)u(dx)

(Cru)A) =
where xx is a collection of auxiliary variables:

x}’{ : with # € XV K and x e XV.
v ifveK

{ 2 ifvek
The above definition is used to distinguish the components that are integrated out (with a tilde)

from the ones that are not (without a tilde).

Lemma 4.2. Fix any collection of observations {y1,...,yr} and let u be a probability distribution
on XV such that p= Qgcx X . Given the new correction operator as in (4.1) the conditional
distribution of C;” U over the component v € K with K € X is given by:

S1aG) [ Tienrac g g you K (dDus(dx)

, xexV.
JMpenm) g’ (xg(f’,yt)uV\K (dx)uz(dxv)

(ClrwuA) =

Similarly, the one step forward conditional distribution over the component v € K with K € X is

given by:

fUA(xU)ferN}"(K)gf(xlz\{](f),yt)ﬂV\K(di)pv(xv,Zv),ualé(dxv)

, X,Z€ xV.
[ Tpenrao gl g, you" \E(d)p® (o2, 2 ) (d )

Crw?,(A) =

Proof. The proof follows from Definition 4.2, Definition 4.4 and the form of the operator when u

factorizes. The form of these conditional distributions can be obtained with the same procedure
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as in the proof of lemma 4.1. Consider v € K:

(CMu)A x 2V0)
Cr (X x 2V )

fﬂAxxV\v("AC)HK’EIferN;”(K’)gf(fcgr(f),yt)ﬂV\K’(d.ff)u(d:f:)
f”xxxV\v(fC)HK/ezferN;n(K')gf(fcg,(f),yt)uV\K'(dic)p(dfc)
fﬂAxxV\v(&)ferN}“(K)gf(fcg(f),yt)IJV\K(dfc)u(dfc)
fHXxxV\v(Jz)foeN}’{’(K)gf(-’??g(f),yt)ﬂV\K(dﬁz)u(dfC)

Crwi(A) =

Xxx

A AN X d/\
fl]xxxV\u(x)fo(—:N}'{‘(K) gf(xK(f),yt)#V\K(dx)fﬂ wdx)

V0 (B X2V N u(dR)

S146) [ Trenmao 8" g, you” K (dpl(da)
- [fenp )8 @R,y E(d®)pi(d ) '

N ~N(f) VK (Jx (d%)
B fquxV\”(x)fnfeN}"(K)gf(xK s Ve (dx)fu V\v(’;v:;V\v)#(dfc)

Moreover given that for ve K and = Qgic.z ,uK' then pf = (,uK); then (C;”,u);(A) = (C;"’KM)Z(A),

which can be easily checked by substituting u} with (uX )Y in the previous computations. |

Lemma 4.3. Let u,u’ and v,v' be probability distributions on S. Assume that there exists € € (0,1)
such that:
v(A)=ew(A) and V'(A)=zeu'(A).

Then:
[v-+| =2 -e)+e|u—1|.

Proof. The proof is available in lemma 4.1, pag.32 of Rebeschini and Van Handel [2015]. |

Lemma 4.4. Let u,v be probability distributions on S and A a bounded-strictly positive measur-

able function on the same space. Consider:

_ J1Ia@)Ax)u(dx) _ J1a@A@)V(dx)
m )= = s M T v
Then: AG)
_oSUP AR
fin —val <252y

Proof. The complete proofis available in lemma 4.2, pag.32 of Rebeschini and Van Handel [2015].
|

Theorem 4.1 (Dobrushin Comparison theorem). Let u,v be probability distributions on S. For
i,j €1 define the quantities:

1 S o
(4.2) C;j=—- sup |p;—u; and bj=sup|ul—-vi|.
2 ries xeS
N =N
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Assume that:
maxz Cij<1 (Dobrushin condition),

el jel
then the matrix D := Y ;5o C?, where C° is the identity matrix, converges and for an arbitrary J <1

it holds:

le=vly=) > Dijbj.

ied jel
Proof. See for example theorem 8.20 of Georgii [2011]. |

Lemma 4.5. Let I be a finite index set with m(-,-) a pseudometric on it. Let C be a nonnegative

matrix with rows and columns indexed by I. Assume that there exists A €(0,1) such that:

max ) e™)C; <A
iel jel

Then the matrix D =Y ;- C! satisfies:

.. 1
maxz em(”J)Di,j < —.
1el jel 1-

Moreover:
e—nﬂLJ)

Y. D;j< :
jEJ b 1_A/

Proof. The proof is available in Rebeschini and Van Handel [2015] (lemma 4.3, pag.33). Remark

that a pseudometric m(:,-) on I is a metric on I where it is allowed that m(i,j)=0evenifi# ;. R

4.2 Graph Filter
The proof of theorem 3.1 consists of three main steps:

¢ establish an LTV bound between filtering distributions with different initial conditions,
under a decay of correlation assumption for the initial distributions. This is the subject of

proposition 4.1 in subsection 4.2.1;

e control the approximation error between the Bayes update operator C; and C;", under decay

of correlation assumptions, this is the subject of the propositions in subsection 4.2.2;

¢ prove that the required decay of correlation assumptions hold uniformly in time, this is the

subject of subsection 4.2.3.

These steps are then brought together to complete the proof of theorem 3.1 in subsection 4.2.4.
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4.2.1 Stability of the filter with respect to initial distributions

Definition 4.5. Given v,v’' € V and p probability distribution on XV define the quantity:

1
Cv,v =3 sup , ”IJ; - :“;j*c ” .

a ! _ A
2 x,ReXV VN =gV

Then for a fixed > 0:

Corr(u, B) := maxz ﬁd(””)C

veV eV

Definition 4.6. Given v,v’' € V and p probability distribution on XV define the quantity:

v v
IJx,z - :ufc,z .

~ 1
oo
C,, = 2 sup sup ‘
’ zeXV  xzeXV:
PAACIEPN ‘A Y

Then for a fixed > 0:

(/3_65'(;1,,6) max Z eﬁd(”’”/)Cff "
v'eV ’
Proposition 4.1. Fix any collection of observations {y1,...,yr} and any partition & of V. Suppose
that there exists (e_,e.) €(0,1)? and « €(0,1) such that:

N(f)

1
e-<p’(x’,2%)<ey; and ngf(x VS —,
K

forall x € XV,zexV,ve V,.feF,te{l,...,T}). Let u,v two probability distributions on XV, and

assume there exists 3> 0 such that:

- 7y 1
Corr(u, f) + 2eP (1 )+e2ﬁY(2) (1 K Y) 2’

€4

then for all t€{0,...,T},Ke€ & and J <K:

vl

/“Lx 2z x,z

||FT...Ft+1p—FT Ft+1v|| < 2¢ AT~ t)Zmax{e pd(v,u") sup )

v'ev x,2eXV

|

Proof. Define the probability distributions:

T

T
p(A)afﬂA(xO;T) [T pxe-1,2)8(r, y2) | @ widar)u(dxo),
k=1 k=1

T T
pr [1aon) | ] pn-1,m0e0on0) | @ viduvdzo)
k=1 k=1

It can be observed that:
le=pln=IFr...Fiu-Fr...Fiv],,

and the proof proceeds by applying the Dobrushin theorem (theorem 4.1) to p, o where the index
set is given by I = Uz;o(t,V) and the subset is (T, J).
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The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem
4.1,1i.e.:

pL—pk

Ci,j=— sup ‘
x,zex!:
2N =T\

In the following passages consider x = (xg,...,x7), where x; € xV.

® Consider i =(0,v) and v € V then:

T T
JUAGEN e o & F1r) T p(Ere1,80)8Fr, 1) @ Y(dER)p(d o)

P (A) = = =
f”x(fg)ﬂ{x\of\v,xm}(ig\v,il;T)kljlp(fckfl,ik)g(ik,yk)k@l y(dxp)p(do)

T
g(xl,yl)kl;[2p(xk—1,xk)g(xk’yk) fﬂA(ﬁg)ﬂ{xX\v’xl}(k(‘)]\v,ﬁl)p(fo,fl)ﬂ(dﬁo)

T ” VN0 =y e = »
g(x1,yl)kljzp(xk—hm)g(Xk,yk) SBeEhsy v ey (Fo > %1)p (0, F1)pu(d o)

_ JTaGp @ () .
R TRCED

(A),

where the last passage follows from the factorization of the kernel and the definition of uY.

The next step is to distinguish the different cases in which pfc can differ from p;, where
INj _ zINj
' =5,

- Ifj=(0,v) and v’ € V then: C;;<C! .

; (1 - Z—‘) v'=v
- Ifj=(1,v)and v €V then: C;;< . ,
0 v'#v
where the result follows from lemma 4.3, obtained by a majorization of the kernel

part.
- If j=(k,v') with £>1and v' €V then: C;;=0,

because in p’. there is no dependence on x; with ¢ > 1.

* Consider i =(¢,v) with0<t<T and v € V define:

N0 o NGNoy - o y _
x, = (&7, %, ),  Xo.rnt = (Xo:4-1,%+1:7) and  xo.7\¢ = (X0:4-1,%¢41.7)
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then:

T T
JIAGD e }(5621\”,io;T\t)kl:IIP(ik—Lfck )g(fck,yk)k@l p(dxy)u(dxo)

»X0:T\t

pgct,v)(A) —

T T
fﬂx(ng)ﬂ{x;’\v,xOZT\t}(iy\vafO:T\t)kl:llp(fck—lyfk)g(fk,yk)k@lw(dik)ﬂ(dio)

[T gz, yx) [ plxp—1,%z)
k#t k#tt+1

M gler,ve) TT pler_1,xz)
k#t k#tt+1

T
Sla& )ﬂ{xtv\u,xm}(i}’\” s X0:\)P (X1, X0)p (X4, X14+1)8 (Xt yt) k@l Y(dxp)d o)

JIED e

»X0:T\

T
2 o P i1, 80P Err1)g E1,30) ® Wld (o)
aGDP Y Ep @Al DT ey 8T @ Y vy (dED)

S PP EPUE,a, DT reni & Ger U ywd (dEY)

where the last passage follows from the factorization of the kernel and the factorial repre-

sentation of the observation density. The next stage is to distinguish the different cases in

which pl can differ from pf.c, where x/V = IV,

If j=(k,v')withk<t—2and v'€V then: C;;=0.

(l—i—;) v =v
0 v’#v’

where the result follows from lemma 4.3, obtained by a majorization of the kernel

- Ifj=(-1,v)andv' €V then C;;< {

part.

(1 _ K2card(N(v)mN(v’))) v € Nz(v) \v
- Ifj=@,v)andv'eV then C; ;=< ’
0 otherwise

where the result follows from lemma 4.3, obtained by a majorization of the observation
density part. Recall that the only factors that contain v are the ones in N(v) so the

components that are connected to these factors are the ones in N%(v).

0 v £v ’
where the result follows from lemma 4.3, obtained by a majorization of the kernel

s o
- Ifj=@+1,v)andv' €V then C;;< -

part.
- Ifj=(k,v")withk=¢t+2and v’ €V then: C;;=0.
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¢ Consider i =(T,v) and v € V then:

T T
fUA(i%)ﬂ{xg\vyonT_l}(ig\”,560;T—1) 1 p(X-1,%)8(&r, y2) & w(dXp)dXo)
pT(4) = ‘ k=1 k=1

X

T T
J ”x(fc”T)ﬂ{xg\v,xOZT_l}(fcg\”,io:T—1)kl:[1p(kk—1,ik)g(ﬁk,yk)k@lw(dik)u(dio)

-1 T-1
ljlg(xk,yk)kl:lop(xk—bxk)

N

== -
[T g(xr, y2) 11 plxp—1,xz)
E=1 =0

T
ffUA(i%)ﬂ{xpu’xapl}(ﬂ?g\” ) 560;T—1)1U(5CT—1,5CT)g(9?T,yT)k(§)1 y(dxg)p(dxo)

T
IS ﬂx(x;)u{xg\u,xO:T_l}(fcg\”,xo;T_l)p(xT_l,azT)g(xT,yT)k@lw(dxk)Mdazo)

_ fHA(’EUT)p(x%—v’EUT)erN(v)gf(xl}r(f)\v,yT)w”(dxl})
SPGB T enw & ap Ny )y (d7s)

- If j=(k,v") withk<T-2andv' €V then: C;;=0.

(1 - E—*) v'=v
-Ifj=(T-1,v)and v’ €V then: C;;=< * ,
0 v #£v
where the result follows from lemma 4.3, obtained by a majorization of the kernel
part.

(1 _ K2card(N(v)ﬂN(v’))) o' e Nz(v) \v
-Ifj=(T,v)and v' €V then: C, ;=< ’
0 otherwise

where the result follows from lemma 4.3, obtained by a majorization of the observation

density part.

Given the previous results, for any v € K:

U%Veﬁd(v,u')és,vl +ef (1 _ E_;) i =(0,v)
Z eI, j< 2ef (1 - E—) + Y (1—x2eardNOINN@N)phdwr) = (¢ p)
il ’ "7 veN2(v)
N (1 _ g__) + Y (- x2eard NN, pdwy) ;= (T,v)
* v'eN2(v)

where m(i,j) = flk —k'| + Bd(v,v’) for i = (k,v) and j = (k',v") with k,k'€{0,...,T} and v,v' €V is
the pseudometric of interest on the index set I. But then by combining the above calculation with

the assumption:

maXZ Ci,j = maXZ em(l’J)Ci,j
el jel iel jel

< (flaﬂ(u,ﬂ) +2eP (1 - 6—_) + (1 —KQY)max Z PV
€+ VeV LieN2(v)

Cort - 1
= Corr(u, f) +2¢” (1 - 6—) +e2Py®@ (1 —KZY) <—.
€4+ 2
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Given that } ;7 C; j <3 jer M) i,j then the Dobrushin theorem (theorem 4.1) can be applied,

meaning that:

[Fr-Fiu=Fr. Pl =lo=pla.s = 2 2 Db

ved je

The second step is to control the quantities b, as in (4.2) of theorem 4.1:

%~ pil-

bj=sup
xex?

Remark that the form of pf; is already known from the study on C; j, hence ﬁi is the only thing
that has to be computed.

e If j=(0,v') and v’ € V then:

oy LGP GO e Axg)
= ! ! ! ! = v b
px fpvr(xg ,xl{ )'Vgo(dxg ) X0,X1

where the procedure is exactly the same as for ﬁi”’”’)(A) with v rather than y, hence:

UI

!
1%
U -v
X0,X1 X0,X1

bj= sup

xo,x1€XV
e If j=(k',v') with £’ =1 and v’ € V then:
pl(A) = pl(A),

because the difference is only on the initial distribution which disappear as consequence of
the Markov property, hence:
bj=0.

Moreover, given that max;c; Y- M) ij < % then lemma 4.5 can be applied and so:
jeI

max Z em(l’J)Di,j <2.
iel jed

By joining step one and step two it follows that:

”FT...Flp—FT...FlV”J

<Y Y. Dy jb;

ved jel
= Z Z D(T,v),(o,v’)b(o,v')

veJv'eV

T|+pdv,v") —BIT|-Bd(@,") o

= Z Z eﬂl i D(T’U)’(O’U/)e AITI=f Sup (1 Hxo,x; ~ Vo,x1

vedJv'eV x0,x16XV

! ’
< 2e_ﬁT Z n}ax e_ﬁd(v,v) sup | uﬂléo,xl — Vixo,x1 .
ved V'EV x0,01€XV
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Given that the above bound depends only on how many times the operator F; is applied then:

|

v’__vﬂ
Hyz" Va2

|| Fr...Fipiu—Frp... Ft+1v||J < 2¢ AT-D Z max{e_ﬁd(v’”’) sup
ved

!
v'eV x,zeXV

4.2.2 Control on the approximation error
The next objective is to bound the approximation errors:

sup [[(FP0), —(Feire- D2, |, t<T,
x,zeXV

I |~:’7'117~Tt—1 - Ftﬁt—an, t=T,
or equivalently:

sup |(C7w3, —(Cow?,|, t<T,

x,zeXV

[ u=Canl, =T,
where u=Pii;_1.

Proposition 4.2. (case: t <T) Fix any collection of observations {y1,...,yr} and any partition A
of V. Suppose that there exist x € (0,1) such that:
1
K= gf (xN(f)yyt) =-,
K
forallxeXV,feF,te{l,...,T} and px¥,2") >0 forall x,z € XV, veV. Let i be a probability
distribution on XV such that u= Qgec.y X and assume that there exists f> 0 such that:
< 1
2K_2YCOI‘I‘(,U, B)+ 2¢2P Y@ (1 - KzY) < %
Then for a fixed t€{1,...,T-1}, Ke #,ve K and me{0,...,n}:
sup H(C;",u)z’z - (Ctﬂ)z,z || <2 (1 - K“(Z)) +4e~Pm (1 - Kb(‘](’m)) ,

x,zeXV

where
a(X) = 2maxmaxcard(N(v) NN (K)),
Ke X vedK

b(m, £):=2max max card(N(v)).
KeX v¢eNIY(K)

Proof. Remark that if = Qg » [,tK/ and v € K with K € # then from lemma 4.2:
S1aG) [ Trenpaog! g 7 you? K (dop (e, 2" us(da)
S Tpenmac g g ", yop? E(d)p® (e2, 29 )pi(dx)

= (ML),

Crw? (A=

where x,z € XV.
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Given v € K with K € %, it must be noticed that two cases can be distinguished: v connected
with factors that are connected only with elements inside K (using the thesis’ notation v € K) and

its complement (exists a factor connected with v that is connected with elements outside K).

Consider the case v € K, then N(v) are factors that depend only on components in K, so for
X,z € XV:
@ we(A)
N -
fﬂA(xv)l_[feN(u)gf(xN(f),yt)foeN;"(K)\N(v)gf(xK(f),yt)#V\K(dx)p”(x",zv)ufc(dx")

ferN(v)gf(xN(f),yt)ferN;"(K)\N(v)gf(xz(f),yt)ﬂV\K(dJE)p”(x”,Z”)ﬂ,”c(dx”)

N(f) -
S Trenpaowe 8 g yon” @) [1,60) oy 8 @V, yopt (e, 20 da)
S Trenpaornw 8’ @y yop? K@D S Trevw g VO, yop (e, 2)pida)

1A T renw 87 @V, y)p? (7, 2")pl(d®)
ST renw & ND, y)pP (¥, 2¥)pi(dx?)

= (Cp)2,(A),

where the last passage follows because all the dependencies on v inside the previous integral are
removed. From the above procedure it has been proved that (C:n’K/J);’Z(A) =(Cw)y (A) forv e K

and so:
sup ”(C;n/'l);)c,z - (Ct:u);)c,z ” =0,

x,2eXV

which proves the statement for v € K.

Consider now the case v € 0K, using the triangular inequality:
ICP w2 = Comy o] = NCF . = (C i+ ICE s = (Cer |

where n ;= maxgc y ng.

Firstly, ||(C’; Wy, — (Cep)y , || can be controlled by rewriting (C? Wy, as an integration of (C;p)y ,.
Indeed, given that N ]’}(K )=F, it is possible to rearrange (C? ,u)z,z as follows:

J1aG0) [ Tper g XD,y K (d2)p¥ (¥, 22 ul(dx’)
K
S Tsergf XD, yopV E(d@)p? (xv,20)pl(da?)
[1a(ax)gex, yo)p® (¥, 2" )ul(dx?)uV E(d %)
8tk y)p¥(x?,z0)pi(dx? )V E (d %)

v Uil VY,V or S8k, y)p (6 2V (dxY) VK, 7~
J 18 lr, y0p" 0 2 da) Fog @ (@)

[ 8lxk, yp¥(x?, 20 )pi(dx? )V K (d %)
Gy (A) [ glak, y)p® (¥, 2°)pz(dx”)
") [ak,y)pP(?, 20 )ul(dat)uY K (d)

@l (4)=

WK (),
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where x,z € XV. But then:

I(CF ) (A) = (Ce)y (A)

[(Cep)l, L(A) = (Cew)? (A)] [ glak, y)p¥ (2, 2" ul(dx”)
f S8k, y)pP(x?, 20 ul(dx?)uV E(d %)
= sup |(Ct/~1)z,z(A) - (Ctlvl);,z(A)L

£,xexV\:
#K=xK

/J,V\K(djé)l

But given that A is arbitrary it follows:

|Cows.—Comiall = sup (o, (4)=(Cupn(A)].

£,xexV e,
#K=aK

Note that the supremum is constrained on X = xX meaning that the factors in N(v) calling

elements outside K can be removed:
Sla@) T @Dy I g @ND,y)pt (R, 2")ul(dr")

v FENWNIN(K) fEN@®\ON(K)
(Ce (A) = . N " Y
’ M g@NDyy T glGND,y)pURY,2")ui(drY)
fEN)NIN(K) FEN@\ON(K)
Sla@) T gl GND,y)pt @Y, 2")uldE’)
>y 2eard(N(v)noN(K) FENWNON(K)
B M gl GND,y)p*(,2")pi(d )
FEN@N\ON(K)

where the majorization follows from the assumption on the kernel density. The procedure can be
repeated for (C;u)y , and the same inequality is obtained, because all the differences between x
and X are outside K. Hence by applying lemma 4.3:

(G 2o = (Copp | = 21— iemmdW RO < (1 FREFGF AN

52(1—1<“(JL’)).

Secondly, the control H(C?’” Wiz — (C? Wz | must be done, to do so, the Dobrushin theorem can
be used. Define the probability distributions:
fﬂA(xl\g\K,xK)g(xK’yt)pv(xv’ZU)IJV\K(deV\K)uK(de)

J8xk, y)p? (¥, 20V E (dxg V) uK (dxK)

p(A) =

b

S1aG O penpao g6 ", yop (e, 2 )Y K (daeie N ()

pa)= N(f) V\K VK K (I K
JMpenma) 8z, ydp? (¥, 2)p" M (doeg VO (d )

where x,z € XV. It can be observed that by construction:

lo=bll1w = €L~ €2,

meaning that the Dobrushin theorem can be applied to p, 0 where the index set is I =(0,V\K)u
(1,K) and the subset is (1,v). Remark that in this case the first number has not a meaning of

time, but they are just some indexes that distinguish the spaces.
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The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem
4.1.

¢ Consider i =(0,b) and b € V\ K with b € K’ then:

~ fﬂA(.féb)U{xV\K\b,xK}(J'ZV\K\b,JEK)g(f,yt)pv(sz,ZU)/JV\K(szV\K)/JK(d.%K)

(0,b)
; A=
PxV\nyK fI]A(ib)ﬂ{xV\K\b,xK}(icV\K\b,ch)g(fc,yt)pv(fc”,ZU)MV\K(dch\K)uK(dch)
~ Mrerne 8N, y,)
[rer\ne) 8N ®, y;)
fUA(J?Ib)ﬂ{xV\K\b’xK}(JEV\K\b,QEK)f g(b)g(ch(b),yt)p”(ic”,z”)uV\K(dicV\K)
€
fﬂx(fcb)U{xV\K\b,xK}(ch\K\b,DEK)f g(b)g(ch(b)’yt)pv(iv,zv)ﬂV\K(djV\K)
€

_ J1a@) ene & GNP, y)ub(da®)
 [Trenw g GND, y)ub(dxb)
_J1IAGO e & GV, y) (55 (dx")
e g @GN, y)(uE ) (dxb)
- If j=(0,b") and b’ € V \ K then there are two cases:
# if b’ € N%(b) then by lemma 4.3:

Cis= (1 B K2card(N(b)nN(b’))) + K2card(N(b)nN(b’))CZ o

« if b’ ¢ N2(b) then LA@AWVdD)

TTAGovdn) and by lemma 4.4:

-2 d(N (b
CiijQK card( ())CZ

’b/ b
where the bound follows from a multiple application of the kernel assumption

Kcard(N(b)) < erN(b)gf(xN(f),yt) < K—card(N(b)).

- If j=(1,b') and b’ € K then from lemma 4.3:

)

o < 1- K2card(N(b)ﬂN(b’))) ifd € N2(b)
i7j -
0 otherwise

given that K # K', because b € V \ K, then for sure the only difference is in the factors

because the conditional distribution K’ depends only on elements inside K'.

® Consider i =(1,b) and b € K then:
fHA(DZb)ﬂ{xV\K,xK\b}(DZV\K\b,DZK)g(JZ',yt)pv(.fév,Zv)/JV\K(d.fZIV\K)/JK(dkK)
fI]A(ib)l]{xV\K’xK\b}(iV\K\b,D?K)g(ic,yt)pv(icv,ZU)MV\K(dch\K)pK(dch)

) JIAGO) Tpenoy g GV, ylpP G, 2) 1@ b (dad)

B S Trenw) & N, y)Ipv (v, 22)]® pb(dxb)

) JLAG) T renay g @GN, ylp? G, 22O (K (dad)

T [ Trenm) 8" GNO, y)lpP e, 220K )b (dxd)

pgcl,b)(A)
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where the procedure is the same as in i = (0, 5). Remark [p?(#?,2z")]"® can be not considered

because if b = v then that variable is integrated out.

- If j=(0,b') and b’ € V\ K then from lemma 4.3:

o< (1- K2card(N(b)ﬂN(b’))) b e N2(b)
i,j= )
0 otherwise

again the difference can be only on the factors because b’ is outside K.
- If j=(1,b) and b’ € K then there are two cases:
# if b’ € N?(b) then by lemma 4.3:

Cij< (1 _ chard(zv(b)nzv(b’))) . K2card(N(b)nN(b’))CZ o

+ if b’ ¢ N2(b) then by lemma 4.4:

. —2card(N (b)) ~H
Cij<2 Cb’b,.

But then:

max Y cij< max Y em(i’j)Ci,j < max )y oM((0,6),(0,6)) [(1 _ K2card(N(b)nN(b’)))
S el Geg &V beN2b)

+K2caurd(N(b)mN(b’))CZb ] + Z em((O,b),(O,b’))2K—2card(N(b))CZb
' b'eN2(b) ’
+ ¥ em((o,b),(l,b'))(l_chard(Mb)nN(b')))}
b'eN2(b)

<202y (1 - K2Y) +max Z 21<72°ard(N(b))eﬁd(b’b,)CZ b
b€V | pren2p) ’

+ Z 2K—2card(N(b))eﬁd(b,b’)cg Y }
b'¢N2(b) ’

<2¢2PY®@ (1 - KZY) +2x 2 max Z eﬁd(b’b,)CZ b
beV pev ’

1 1
< 2K_2YCOI‘I‘([J, B)+ 202P Y@ (1 - K2Y) < >

where m(i, ) = Bd(v,v’) for i = (k,v) and j = (k,v') with v,v’ € V and k&, %’ € {0, 1} is the pseudomet-

ric of interest on the index set. Hence the Dobrushin theorem applies:

1wy, = Cwi ] =llo =0 < _ZID(I,U),jbj-
JE

The second step is to control the quantities b;, as in (4.2) of theorem 4.1. Recall that if
b'e N L(K) then N(b')c N *(K). Given the form of the conditional distribution of / is the same
of the conditional distribution of p, with a restricted number of factors, then g can be analysed at

first and then the resulting form can be extended to p.
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e If j=(0,b") and b’ € V\K, then:

ﬁgco,b )(A)
JIAGE M @ 7K) T gf @D y)pr ¥, 20V K (dzV )k (d#K)
’ fENT(K)
 IAG Nk i @V 2K T gl GND, y)pr v, 20V K (dEV K (d2K)
’ fENT(K)
[renr@nnw, g@V®, y,)
renrannw) 8EN®Y, 1)
JIAG Mg iy @V 7K) gV y)pU (0, 2V )V K (dzV K)
’ feN}”(K)nN(b’)
fl]X(jéb’)I]{xV\K\b"xK}(jév\K\b/ajaK) I1 g@N®) ypv (v, 20 )uV K (dxV \K)

fFENEINN(D')

~b' N / ~h!
Sla@® )erN}’{‘(K)mN(b’)gf(xK(f):yt)HoIz CELD

N ! ~b!
JTfenranne) 8" (g ", youl (dzb)

Remark that NOV;*(K)) = NJ"(K) so if b’ € N~ (K) then N(b") € N7*(K), hence by lemma
4.3:

b

b < 2(1 _,K2card(N(b/))) b ¢ Nlr)n—l(K)
j =
0 otherwise

where the result follows from the majorization of the observation density in pﬁc‘)’b" in the

worst case scenario when N ?(K YNNG =@.

e If j=(1,b') and b’ € K then:

pi )

fl]A(xb,)”{xV\K,xK\b’}("zV\K’%K\b/)f NH(K)gf(JEN(f),yt)pv(.fv,Zv)[JV\K(dQZZV\K)[JK(d.fK)
E m
f

 JIAG Mg e (8K ,xK\b’)f NH(K gf@ND, y)p? (&Y, 20)uV K (d &V \E)uK (d %K)
€ )’Z‘ )

fﬂA(xb/)erN}"(K)nN(b’)gf(xN(f):yt)ﬂgIz/(dxb/)
JTfenrnnen g N ), ¥ Ul (dx®")

where the procedure is the same as in i = (0,5’). Given that b’ € K then surely b’ € N 1K)

hence:
b;=0.
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By putting all together and by applying lemma 4.5:

[€p s, €] < X Do, by = 21— FE™
jel

veNT-1(%) card(N(v))})

dw,b) ,=pdw,b’
Z e Paw,b" ,—pd (v, )D(Lv),(l,b’)
b’$N;n_1(K)
<4 (1 - Kb(J(,m)) o~ PAWVANIHK))

<de7Pm 1y Hm),

where the last passage follows from v € J € K and so:
dw,VAN™ LK) =d(K,V \N;”_l(K)) >m,

indeed the minimum distance between v € J and V \Nl’,"_l(K ) is bigger than the minimum
distance between K and V \ N (K) given that < K. At the same time all the element that
are far m — 1 from K (the ones in N~ }(K)) are removed meaning that the minimum distance is

surely m. It can be concluded that:
|7 g . — (o o] = 201 =) + e (152
|

Proposition 4.3. Fix any collection of observations {y1,...,yr} and any partition £ on the set V.
Suppose that there exist x € (0,1) such that:

k=g’ (xN‘f),yt) <

R

b

forallxeXV,feF,te{l,...,T}. Let U be a probability distribution on XV such that U=Qrex pK

and assume that there exists 8> 0 such that:

2k %Y Corr(y, B) +2e*PY? (1 - KzY) <

DN =

Then for a fixed t€{l,...,T-1}, Ke #,ve K and me{0,...,n}:

(€K w2 —(Cow)?

sup < 2(1—1(“(]()) +4ePm (l—Kb(‘]'“/’m)),

xexV

where
a(X) := 2maxmaxcard(N(v) NON(K)),
Kex vedK

b(m, £):=2max max card(N(v)).
KeX v¢ NI LK)

Proof. The proof follows the same procedure of proposition 4.2, where the kernel term p?(x?,z")

has been removed. |
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Consider now the case ¢t = T, here marginal distributions over a set J are considered, this
differs from the previous analysis which focused on conditional distributions. This alternative
scenario simplifies the bound compared to the one in proposition 4.2, indeed the dependencies
from the components outside K, with K € # and JJ € K, are removed. Moreover, this case can be
decoupled from the FHMM scenario, indeed it is a general Bayes update. Note that proposition

4.4 is equivalent to prove proposition 3.1, given that T is completely arbitrary.

Proposition 4.4. (case: t = T) Fix any observation yr and any partition A on the set V. Suppose
there exists x € (0,1) such that:

1
K= gf(xN(f)ayT) = )
K

forall xe XV ,feF. Let 1 be a probability distribution on XV and assume that there exists >0
such that:
21<_2YCorr(p, B)+ e2hy@ (1 - 1<2Y) <

DN | =

Then for a fixedve Ke #, J <K and me€{0,...,n}:
|Cru-Cul, <4 (1-x>™) card(nre ™,
where b(m, X) = 2maxge x max, ¢ xym-1g) card(N(v)).
Proof. Given that J € K then:
|Cru=Cul, = (o -5 ,

which is obvious because the comparison is on marginals on </ that is equivalent to marginalize

first on K and then marginalize again on J. Remark that:
S1aGE) Tpenm) g7 ND, yru(dzx)
feny
S/ erN}"(K)gf N, yp)u(dx)

(€ Fua) =

J1aGE)g (e, yr)p(dx)
S glx, y)u(dx)

(CrpX(a) =
Define the probability distributions:

S1a@) g, yr)p(dx)
A) =
P [ g(x, y)udx)

S "A(x)l_lfeN;"(K)gf N yr)udx)

5(A) =
’ Jfenn) 8" N, yryudz)

It can be observed that by definition:
~ ~m, K
lo-5l,= H(CTH)K -Cp uHJ,
meaning that the Dobrushin theorem can be applied to p,p where the index setis I =V.
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The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem
4.1.

* Consider i =v and v €V then:

fnA(xv)nxV\”(;CV\v)HfEN(U)gf(;cN(f),yT)erF\N(U)gf(iN(f),yT)/J(dgE)
fnx(iv)ﬂxV\v(ﬂzV\v)l_[feN(v)gf(fN(f),yT)HfEF\N(v)gf(j;N(f)’yT)u(dfc)
_ erF\N(v)gf(xN(f),yT) fI]A("zv)ﬂxV\”GCV\U)erN(U)gf(J'éN(f)’yT)y(dj;)
 Trerww 87 @D, yr) [IxGE o E ) Tenw) 87 GO, yr)u(dz)
S1AG) renw g’ GNP, yr)ul(dz’)

JTfenw g @D, yriuydzs)

px(A) =

- If j=v" and v’ € V then two cases can be distinguished:

# if v’ € N2(b) then by lemma 4.3:

Cij< (1 _ K2card(N(v)mN(v’))) + x2eardN@)NN Q") Cl; -

+ if v’ ¢ N2(v) then by lemma 4.4:

C: < 2K—2card(N(v))C#
l,J — U,U"

But then by assumption:

V) 2card(N()NN (")
maxZCi,jSmax{ Y ™ [(1—1( )
iel jel veV VeN2(v)

2card(N(v)NN @) ~H m(,v") o, —2card(N(v)) ~H
+K Cv,v’ + Z e 2K ° Cv,v’}
v'eN2(v)

< 2K_2YCOIT([J, B+ e2Py@ (1 - KZY) <

DN | =

where m(i,j) = fd(v,v’) is the pseudometric of the index set. Hence the Dobrushin theorem

applies:

|Con-C3¥u] = lo-pl,= ¥ 3 Dise;.
ied jeV

The second step is to control the quantities b, as in (4.2) of theorem 4.1.
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e Ifj=v'and v €V:
Py (A)

SIA@EN e @GN T g@PDyr) T g’ @GN, yp)uds)
feNFEINN @) FENFE\N(@")

B S I @y (V) I1 gf GNG) yp) I gl @ND, yp)u(dx)
FENTE)NNW) fENTER\N(©')

erN;ﬂ(K)\N(v')gf N yr)
- erN;"(K)\N(v')gf(xN(f),yT)
fﬂA(iv’)ﬂxV\v’(fv\v’)HfEN}'ﬁ(K)mN(v’)gf(-’zN(f),yT)/J(di)
. fﬂx(&”')ﬂxvxv/(i"\v/)l_[feN;n(K)nN(vr)gf(aiN(f),yT)u(dic)

i ”A(xv)erN;"(K)nN(v')gf N, yp)ul(dx)
Jrenp@innw) 87 @D, yr)uz(dx)

Remark that v’ € N™ 1K) implies N(v) < NZ(K), hence:

b

2(1 - Kanrd(N(v'))) v e N;n—l(K)
j =
0 otherwise

where the bound follows from an application of lemma 4.4.

By putting all together and by using lemma 4.5:

~m,K 2 €A m— d(N(v))
||(CTﬂ)K — C;L ,u“J =< Z Z Di’jbj <2 (1 —-K MaXgex MAX,, ym-1 ) CAT v ) Z Z Dv’vr
ied jeV ved v'e N LK)

<4 (1 _ p2MmaXKey MAX,, ym -1 card(V <v)>) y BV \NT LK)
ved
<4(1-xmH)) card( e F™,

where the last part follows from the same observation on the distance as in proposition 4.2.

Proof. of Proposition 3.1 An application of proposition 4.4, since the time step 7' is arbitrary.

4.2.3 Decay of correlation

The next step is to prove that the following decay of correlation conditions hold uniformly in ¢:

Corr(E - !
Corr(F}7t,-1, ) +2e” (1 - e_) +e2Py® (1 —KQY) <,
€4 2

DN | =

2x~2Y Corr(Pii;_1, ) + 2e2P Y@ (1 _ K2Y) N
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Proposition 4.5. Suppose there exists (e_,e.) € (0,1) such that:
e- =p’(x’,2") <eq,

for all x,z € XV ,v € V. Given a probability distribution p on XV assume that there exists >0
such that:

_— ) 1
Corr(,u,,ﬁ)+e‘6 (1 - 6—) = 3’

€+
then:
€~ _
Corr(P/J,ﬁ)S2(1——)e p.
€

+

Proof. Recall that:
J1a@EY)px, 2)u(dx)yp(dz)
[ px,2)udx)yv(dz?)

where v is the counting measure. Recall also that:

(Pw), =

COI‘I‘(PIU, ﬁ) =max Z eﬁd(v,v’)cpﬂ

vev v'eV v’
where:
Py 1
C.h== sup |[(Pwi-(Pwi].
’ 2 eV
z,ZeX":
2V sV

The strategy is hence to firstly control:

. i ~ i
, with AT LA

[(Pw? - (Pu)?

and then sum over all v’ to find a bound for Corr(Pu, f).

Define the probability distributions:

o) = L1422y ()
[ plx,2)p(dx)ypr(dzv)

(A = J1a(x,2Y)p(a, 2)u(dx)yp’ (d2Y)
T [, AHudoydz)

where z,2 € XV such that 2V \? = 8V It can be observed that by definition:

lo =l = IPwE =Pk,

meaning that the Dobrushin theorem can be applied to p,p where the set of index is I =(0,V)u
(1,v).
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The first step is to bound C; ; for all the possible combinations of i, j € I, as in (4.2) of theorem
4.1.

® Consider i =(0,b) and b € V then:

SIAGO o 5@V, 2°)p(E, )d Ry (d2)
" T @)pre 20 (@2, 2°)p(E, H)d D)y (dEY)
_ [1a@)pP b, 20)ub(dxb)
T [pb@b,2bykdrb)

- If j=(0,b') and b’ € V then:
Ci,j = C'g b
- If j=(1,v) then by lemma 4.3:

Ci,js{(l_i_*) b=v

0 otherwise ’
where the kernel part is upper bounded.

¢ Consider i =(1,v) then:

[LIAGOLE)pE, H)udR)p’ (d2°)
[Ix(E)(E)p(E, H)ud )y (dEY)
_ [1aE)pP(a, 2y (d2)
- fpv(xv,gv)wv(dgv) :

pA) =

- If j=(0,b) and b’ € V then by lemma 4.3:

Ci,j<{(1_§_+) b'=v

- 0 otherwise

where the kernel part is upper bounded.

- If j =(1,v) then:
C;;=0.

because the component v is integrated out.

But then:
m(i,j) ~N B €_ 1
max ) e™"/C; j < Corr(y,p)+ef [1-—| <,
1€l jel €4 2
where m(i,j) = plk —k'| - Bd(v,v") for i = (k,v) and j = (k',v’) with k,k" € {0,1} and v,v' € V is the

pseudometric of interest. Hence the Dobrushin theorem applies:

Pz =Pzl =llo-pllown =2 .

Di,jbj.
ied jeV
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CHAPTER 4. EXPLOITING LOCALITY IN FHMM- THEORETICAL PROOFS

The second step is to control the quantities b}, as in (4.2) of theorem 4.1. Remark that the

conditional distributions of ¢ are the same of p with 2 instead of z.
* Consider j =(0,b’) and b’ € V then:

[14GEPY (&Y, 28 )b (dzb )
[ pb' (&Y, 50)ub (dxb")

<{2(1—§—+) b =o'

0 otherwise

p004) -
Then by lemma 4.3:
bj
because 2V =zV N,

* Consider j =(1,v) then:

JIAEY)P (x¥, V)P (dEY)
[P, 20y (dzY)

pus(A) =

Then:

because the variable z is integrated out.

By putting all together:
”(P,U)U —(P/J)v ” = Z D(l U),]b] =2 (1 - _)D(l 0),(0,0")-
JjevV

Hence:

€_ '
Corr(Ppu, B) = max > ed®v )CP” < ( —) e Pmax > ePdlwv "PD v 001
v'eV €+ veV yev

<2 (1 - —‘)e‘ﬁ.
€+

Proposition 4.6. Fix any collection of observations {y1,...,yr} and any partition % on the set V.
Suppose that there exists (e_,e,) €(0,1) and x € (0,1) such that:

e-=p’(x’,z2%) <e, and «x ng(xN(f),y) < -

b

forall x,z € XV,ve V,feF,te{l,...,T}. Let u be a probability distribution on XV and assume
that there exists > 0 such that:

N | —

Corr(y, ) + 2¢” (1 - 6_—) +o2BY@ (1 _ KZY) -

€+

Then for any t€{1,...,T} and m €{0,...,n}:

Corr(F}'p, ) < 2e™F (1 - 6—‘) +2e2PY® (1 - KZY) .

€+
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Proof. Recall that for x,z € XV:

(IEmM)U (A)
Ja@/ H o ap ) T pal xudzoyyV E@pY (R, 20y (i)
weN™(K)
I gf (fo Ly T prG udxo)yY K @)py(E?, 20y (di)
feNF(K) weN (K)
and:
Corr(Ft u, B) —max Z P )Cvtvfl,
v'eV
where C X # = 1/2 sup sup (F ) —(IE;" W% ,||- The idea is again to firstly control

ZEXVx z2eXV: xV\v _xV\v

each term of the Corr and then sum on them.

Consider the probability distributions p and p:

p(A)

S1ao, €K 1 8 NP, ) T1 p e 2)p" (e 2 tdzoyy K (e )
fENTK) weN™(K)

M gf«ND y) TI pw(xo’xw)pv(xv,Zv)u(dxo)wV\KUU(xV\KUv) ’
fENT(K) weN™(K)

p(A)

fI]A(xO £V \Kuv) I gf(xN(f) y) TI pw(x ,&Y)pU(RY U)ﬂ(de)V/V\KUU( VAKUv)
fENm(K) weNJH(K)

I gf(xN(f)’yt) il pw(x0 ,fcw)p”(fcv,z”)/.t(dxo)wV\KUU(o?:V\Kuv) ’
feENJHEK) weN(K)

where x,% € XV, such that 2V ?" = xV\*'. It can be observed that by definition:

lo =l = H(r:;n ~(FPwE,

meaning that the Dobrushin theorem can be applied to p,0 where the complete set of index
I=(0,V)u(,V\Kuv).

The first step is to bound C; ; for all the possible combinations of i, j € I, as in (4.2) of theorem
4.1.

® Consider i =(0,b) and b € V then:

l_[feN;n(K)gf(xN(f),yt)p”(x”,z”) S1AG) Mpenma PP @Y, ) p(d o)
erN"‘(K)gf(xN(f) y)p?(x?,2Y) waeNgn(K)pw(xg’,xw)u(dxo)

_ AGDPPf,xP b, (dxf) b A

S pb(b,xP)pd (dxb)

(0 b)(A) —
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- Ifj=(0,b')and b’ € V then: C; ;=< C’Z b

1-& "=b
- Ifj=(1,b)and b’ e VAK Uv thenbylemma4.3: C;;< ( e*) , where
0 otherwise

the kernel part is upper bounded.
* Consider i =(1,b) and b e V\ K Uv then:
P (A)

HfEN}’Z‘(K)\N(b)gf (N

7yt)

- Mrenraonw 8 NP, 1)
S I penpanne & @V, yop® g, a")lp? ¥, 2y (dx)
ferN;"(K)mN(b)gf(xN(f),yt)pb(xS,xb)[p”(x”,2”)]"b(“)wb(dxb)
J1aGO) enranane 87 @D, y)p® g, x0)p (21" 1y (dx®)

ST penpaonne &7 @N D), y)p g, x0)p? (e, 2))»Oyb(dxb)

(1-2) b'=0b
- If j=(0,b') and b’ € V then by lemma 4.3: C; ;< * ,
0 otherwise

where the kernel part is upper bounded.

- If j=(1,b') and b’ € V\ K Uv then by lemma 4.3:

J

o - 1 _K2card(N(b)ﬂN(b'))) b e N:}n(K) ﬂNz(b)
ij <
0 otherwise

where the observation density part is upper bounded.
But then:

max Y ™6, .S(To‘ﬁ.(u’ﬁ)_'_eﬁ(l_ €_) fmax Y efOH) (1 Zeard NN )
el ]EI J €+ beV b’ENZ(b)

S _ 7\ 1
< Corr(y, B) + 2¢P (1 - 6—) + Y@ (1 - K2Y) < >

€+
where m(i, j) = plk —k'| + Bd(v,v") with i = (k,v) and j = (k',v’) for k,k' € {0,1} and v,v’' € V is the

pseudometric of interest. Remark also that 2e? > ef. Then the Dobrushin theorem can be applied:

|Frws,. - e,

=[p=pllqn= ZD(l,v),jbj-
jel

The second step is to control b, as in (4.2) of theorem 4.1.

e If j=(0,b") and b’ € V then:

o), o J1adp? b 20 (dxf) P
S P (el & () o
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where the computations are the same as in p;‘;’ﬁ?. Hence by lemma 4.3:

_e 1
b, < 2(1-%) b'=v |
0 otherwise

because x; and %; differ only on v'.

e If j=(1,b") and b’ € V\ K Uv then:

aon, TGO enraorver g’ @V, y0p? (el 2P @Y, 20 Vy? (d2?)
15 2 (A) = A~ ’ NN A ’ AR/
o JMenpaonnen g GO, yp? (xf 20 [p? (@0, 2)1 Oyb'(d2b')
Hence by lemma 4.3:

2(1— KZCard(N(b')ﬂN(v’))) b e N2(Ul) A Nlr)n(K) \ v
<
J = )
0 otherwise

where the case b’ = v is still zero because the only difference is on v'.
By joining step one and step two it follows:
lo =6l =Dawombom+ 2. Dawapbap
b'eN2(v')

e ~
=2 (1 - _)D(l,v),(O,v’) +2 (1 - sz) >, Dawaw-
€+ bl€N2(U!)
Remark that if v’ € V and b’ € N2(v') then obviously b’ € V and v’ € N2(b’). Moreover, by the

triangular inequality d(v,v’) < d(v,b’)+d(v’,b’). Then by summing over V and by applying lemma
4.5:

) AP H e d(,v") 2Y dwv’)
Z eﬁ v, Cvfy < (1_6_) Z eﬁ VR D(l,v),(O,v’)+(1_K ) Z eﬁ URY Z D(l,v),(l,br)
eV + /ey v'eV b'eN2(v')
€_ d !
< 1__) Y. "D ) 0.0
€+/yev

2Y ! [}
H1=T) X Y PO OD G )
v'eV H'eN2(v')

€_ Y, ’
52(1__ e_ﬁ+(1_’<2Y)e2ﬁ Y Y DAy
€4 b'eV v'eN2(b")
52(1—6—‘ e P +2Y(2)(1—K2Y)e2ﬁ.
€+

Given that the bound does not depend on v the thesis follows from the definition of (’33&(?;'1 i, B).
|
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Corollary 4.1. Fix any collection of observations {y1,...,yr} and any partition % on the set
V. There exists a region %y < (0,1)® depending only on Y, Y and Y9, such that if, for given
(€—7€+7K) € ‘%0}

1
e-<p'(x",z")<e, and « ng(xN(f),yt)S -,
K

forall x,ze XV ,feF,veV, te(l,...,T}, then for B>0 small enough depending only on Y,Y, Y®,

€_,€e4, K, for any Ag satisfying the decay of correlation property:

(4.3) Corr(Ao, f) < 2¢ P (1 _ =

€+

+2e26Y@ (1 - KZY)

and forany te{l,...,TYand m €{0,...,n}:

Core(F - W1
(4.4) Corr(F}"#;-1, ) +2¢” (1 - 6—) +e2Py® (1 - KZY) <=
€+ 2
and
v 1
(4.5) 2k 2Y Corr(P#;_1, f) + 2e2P Y@ (1 - KZY) =3

where 7i;_1 is the approximated filtering distribution obtained through (3.12).

Proof. The proof is inductive in ¢. To initialize the induction, let ¢ = 1. The aim is to identify

ranges of values for f,e_,e; and x such that:

Corr(E - 1
(4.6) Corr(FT' Ao, ) + 2¢P (1 - 5_) +e2BY@ (1 _ sz) <l
€4 2
and
¥ 1
@7 21~ Y Corr(P Ao, p) +e* Y® (1 - KZY) <.

Start by analysing (4.6). Note that there is a bound for Corr(Ao, B) given by (4.3). So for any
B>0,(_,es)e(0, 1)2and x € (0,1) there is the upper bound:

€_

Corr(Ag, B) + 2¢P (1—

ety ® (1-x27)

< 2e_'3(1 - 6—‘) + 2e2ﬁY(2)(1 - 1<2Y) +2¢P (1 - 6—‘) + 2Py (1 - KZY)
€4 €4

3Y(2)(1—K2Y)+2 1- ] e,
€+

32(1—6—‘ +

€+

In order to apply proposition 4.6 and obtain (4.6), the next step is to derive constraints on S,

€_,e; and x such that:

(4.8) 9 (1 - 6—‘) + 2P <

€4

N~

3YD(1—x2Y) 12 (1 - 6—‘)

€+
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This holds for 8 such that:

VIR
=9 g GY(Z)(l—K2Y)+4(1—§_;) = Po-

and to guarantee >0 when (e_,e.,«) €(0,1)3, i.e. the logarithm being positive, further impose:

1—4(1—6—‘) >6Y(2)(1—K2Y)+4(1—€—_).
€4 €4

Informed by these considerations define the region:

Ry = {(e_,e4,%)€(0,1): 8 (1 - e—‘) +6YP(1-x2) <1y,

€+

Hence by choosing (e_,e4,x) € %é and g < ﬁ%, the inequality (4.8) holds as required and so,

noting 7y = Ag, proposition 4.6 can be applied to give:

c’;rrr@'fﬁo,ﬁ>+zeﬁ(1_ 6_-) ey (1-52Y)

€+
<2¢7P (1 i
€+

52(1—6—‘)+
€4

+2e%Y® (1-x77) + 269 (1 _ 6_—) + YD (1-2)
€+

ezﬁ,

Y (1-x27) +2 (1 - 2—;)

which has been already proved to be less than 1/2 for § < ,Bé and (e_,€e4,k) € %(1).

Turning to (4.7), first note the following upper bound:

Corr(Ag, B) + e (1— 6—‘)

€+

< 2e—ﬁ(1 - 6—‘) +2e20Y® (1477 4 f (1 - 6—‘) ,
€+ €4

and with the previous choice of 8,e_,e; and x it can be noticed that:

Corr(8,, ) +ef (1 - E—‘) < 2e‘ﬁ(1 - E—‘) +2ePYD(1-12Y) 4 f (1 - 6—‘)
€4+ €4+ €4

52(1—6—‘)+
€+

. _ 1
3Y(2)(1—K2Y) +2(1— 6—)] 2P < 5
€+

Hence the assumption of proposition 4.5 holds without any additional restrictions, meaning that:

2K_2YCOFF(Pﬁ0,ﬁ) <4x 2V P (1 - 6—_) .
€4

The next step is to identify constraints on 3, e_,e, and x in order to guarantee the second of the

following two inequalities:

21<_2YCorr(P7”r0, B+ 2e2Py®@ (1 - K2Y) <4x 2V h (1 - e__) +2e2Py® (1 - KzY) <

€+

N~
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To do so, impose:

1
B < §log

K2Y_8(1_E_:) 2
(41{(2) (1 _ KzY) «2Y ) =Fo.

and again for positivity of the logarithm:

K2 _g (1 _ e—‘) >4Y® (1 _ KzY) K2Y

€+

This leads to define:

Ry = {(e_,e+,1<) €(0,1% 11 —4Y@ (11212 > 8(1— 6—‘)}
€+

and hence by choosing § < ,6% and (e_,e4,K) € %g:

1
21<_2YCorr(P7”t0, B)+ 22y (1 - KzY) < 3
It has been proved that with:
(4.9) Bo=min{B}, 52} and (e_,ei,x) € Ry =Ry N %2,

both (4.4) and (4.5) hold for ¢ = 1.

Suppose now that (4.4) holds for ¢. Then since ﬁﬁlﬁt = fT;+1, proposition 4.6 can be applied for
t+1 and so:

Corr(F™ 72, ) + 2P (1 ——

€+
2(1—6—‘)+
€4

which has been already proved to be less than 1/2 for 8 < By and (e_,e,x) € Z¢ — see (4.8).

+e2Py®@ (1 - K2Y) <

62’6

b

Y (1-x27) +2 (1 - z—;)

Given that (4.4) holds for ¢ then:

— _ 1
Corr(ﬁt,ﬁ)+eﬁ (1— 6—) <-,
€4 2

proposition 4.5 applies and so for the previous choices of B,e_,e,x:

, - _ 1
2¢2hY @ (1 - KZY) + 2K_2YCOFT(Pﬁt, B < 2e2Py2 (1 - KzY) +4x 2V e P (1 - 6—) < >
€+

which completes the treatment of (4.5).

Hence the induction is complete and for 8 < By, (e—,€e+,%x) € Z both (4.4) and (4.5) hold for all ¢.
[ |
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4.2.4 Proof of theorem 3.1

Proof. For notational convenience the proof is stated for n7 — 77, but since T is arbitrary this is

also not a restriction.

The quantity 77 — 77 can be expressed as a telescopic sum, indeed:

T
T —7Ar = FT F16x - FZ} FT'éx = Z (FT Ft+1Ftﬁ't_1 - FT Ft+1F;nﬁ't_1),
t=1

hence given J € K € A/, by the triangular inequality:

T-1
lnp—7rly< ), |Fr...FeeiFefieo1 —Fr.. . FoaF e ||, + |Friir-i - FR -1 ;-
=1

If e_,e;,x and B are chosen according to corollary 4.1 then proposition 4.1 can be applied for

te{l,..T-1}

But given that also proposition 4.2 and proposition 4.4 can be applied then by considering v’ € K':

T-1
!
\mp =7l < Z 2¢AT-D) Z max e Pd@.v) sup
=1 ved V'EV xexV zveX

! ~ !
|(Ft”t—1);0’zu —(F* 7tt-1), 20

+ ” Frapr_1- ﬁrﬁﬁT_an.

sup ”(Ftﬁt_l)g;,z - (?;"ﬁt_l)zlbz <2 (1 - Ka(‘]()) +4ePm (1 - Kb(‘]("")) ,

x1eXV,2¥" eX

and
|Frar-Fpara], <4e P (1-x*"%) card(J).
Hence putting everything together:

Iz =Ty
< [2 (1 - K“‘J“) +4ePm (1 - K”(Jf”’”)]

Y 1+4e7 P (112 5)) card ()

T-1
. Z 9~ BT-1)
t=1 ved

< [2 (1 - Kam) +4ePm (1 - Kb(‘l’m))] pyeard)
+ 407 (11 5)) card()
(4.10) = a1(B) (1 — 5 >) card(J) +y1(f) (1 — b H ’m)) card(J)e P™.
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4.3 Graph Smoother

As for the filtering distribution, the proof of theorem 3.2 follows by breaking down the problem.

Consider the difference between the optimal smoothing and the approximate one:

Ra, it 1r — R, er1r =R#, ... Rap_ it — R, ... R 77
T—¢-1
+ Y Rz ...Ra  Ra. s+ — Rz, .. Ra,o Ry evse1iTs
s=0

hence the overall proof can be split in three steps:
1. control the part outside the sum: approximate smoothing stability (section 4.3.1);

2. control the part inside the sum: approximate smoothing stability and smoothing error

control (section 4.3.2).

Remark that for the proof of theorem 3.2 corollary 4.1 is needed, so condition 4.3 must hold.

The following definition is needed.

Definition 4.7. Let p,v be probability distributions on XV, let Z ~ y and X|Z ~ FV(Z ,-), Where
Fv(z,~) = p(x,z)v(dx)/fp(x,z)v(dx). Then define:

v
(1) (A):=P(Z" € AIZ"" = 2,X =x).

4.3.1 Approximate smoothing stability

It must be proved that an application of the approximate smoothing operator to 7i7 is not too

different from the same applied on 7.

Proposition 4.7. Fix any collection of observations {y1,...,yr} and any partition % on the set V.
There exists a region R <(0,1)3, as in corollary 4.1, depending only on Y,Y and Y@, such that if

for given (e_,e+,x) € Ry,

N(f)

1
e-<p’(a’,z2")<e; and x=<gl GNP yp<=,
K

forall x,z € XV,f eF,veV,tell,..., T}, then for B> 0 small enough depending only on Y, Y, Y®,
€_,e4, K, forany t€{0,...,T—-1},Ke X and J €K and m €{0,...,n}:

Proof. Denote with (ﬁt(-, -) the reverse kernel density with reference distribution the approxi-

” Rﬁt RﬁT_lfi'T — Rﬁt RﬁT_IJTT ”J

Tr-1 fir-1

= —
(7t )xTyxT—l —(xr )xT,xT—l

’
<26 P00 Y maxd ¢ PA0)  gup
ved Y 4 xp_1,x7eXV

mated filtering distribution, i.e.:

p(x,2)
[ p(&,2)7:(d%)’

Et(z,x) =
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Then:

R#,...Rap  fir(A) = fHA(xt)gt(le,xt)ﬁt(dxt)- P ro1Gr,xp_Dir_1(dxr_1iAr(dxr),

Rz, ... Ry ar(A) = f 1A Ger) B eCeran, x0)7e(day) ... P r—1(xp, xp—1)7r—1(dxr—_1)mr(dxr).

Consider the following probability distributions:

p(A):= f 1A, .., 27) B (e, 207 () ... B r-10or, 27— Fp-1(dxp-1)mp(dxr),

p(A) 3:fHA(xt,---,xT)gt(le,xt)ﬁt(dxt)---ET—I(XT,xT—l)ﬁT—l(de—l)ﬁT(de),

the quantity of interest can be reformulated in terms of LTV on p, g:

IR, ... Rersir = Ra, ... Ra iz | ;= [0 =6l ¢y -

So, it is enough to find a bound for ||p - ﬁ”( ;) to guarantee the proof of the statement. The
Dobrushin theorem can be used on the distributions p, p where the index set is I = U,T;: t(k, V) and
the subset is (¢,¢/).

The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem 4.1.

The notation x = (x;,...,x7) is used, where x, € XV for k =¢,...,T and x\xz = (xt,...,ka\v,...,xT)

(and the same with a tilde).

* Consider i =(¢,v) and v € V then:

ﬁgct,v)(A)

TG GNED D Ers1, EDFUARY). .. B ro1Gor, B D7 1(dEr-DAr(dEr)

Sl E\ED B (Fee1, 8T E). .. p 7-1(Er, Er-1)Fp-1(dFp-1)A7(dET)
B fﬂA(x?)(lgt(le,xt)(ﬁt);t(dxg _ J1aG)p g, x], @S, (doxy

[Pl dxd)  Sprag D@L (dap)

where the last passage follow from the independence of the numerator of the reverse kernel
from x;. Now the different cases in which pi can differ from sz’ where IV = #M must be

distinguished.

- Ifj=(,v)andv' €V then: C;;=< évﬁtv/.

| 1-5) o=
- Ifj=(+1,v")and v’ €V then: C;;< ’ ’
0 v #v
where the result follows from lemma 4.3 is obtained by a majorization of the kernel
part.
- If j=(k,v") withk>t+1and v’ €V then: C;;=0,

because in pi there is no dependence on x; with 2 > ¢+ 1.
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¢ Consider i =(k,v) witht+ 1<k <T and v € K with K € £ then:

ﬁi;k,v)(A)

JIAGE e (N B P (Fer1, 207N Ey)... p 7-1(Er, Bp_)Fp-1(dEr-DAr(dET)

Jleves G\ED B (Er41,8)7(dE)) .. p 7-1Gp, Bp-1)Ap-1(dEr-DF(dEr)

B J1aGD) P -1 (h, 1) Bk (ps1, %8R, (o)

fgk—l(xk,xk—l)gk(xk+1,xk)(ﬁk)gk(dxk)

0GB o1 Gon, 1)V (Y, )Y, (dox)

I B =10, xp- )P (8,20, (), (dxp)

where the last passage follows from the definition of the denominator of (ﬁk (xp+1,xp) that
is independent from xz given that x;, is integrated out. At this point the computations on
the numerator are carried out and similar calculations follow on the denominator when

A =X. Firstly the definition of (;);, can be expanded:

fﬂA(x”)Fk-1(x,xk—1)p”(x”,x,’;+1)

M geg oyl T paxm1(dagy” K@)
feNHEK) weNMK)

M gy Doyl 11 pPe?, =i 1(dxo)yV K@y (dx?)
fEN,’JL(K) weN"(K)

v [Twev p* () _1,2")
= I]A(x ) ” Nl d
[ fTwer PGy, @ ()
'e

v dxv)

TGN
K

M geg oyl T paxm1(dagy” K@)
weN™(K)

fENTHK) o
N Y (dx)

f T o8 byl T pt g a)edzo)y @y (da)
€Ny weN?

pY(xy_q,x")
= | lax?) — p (x¥,xY )
f S Twer PP (Y, x)AK_ (dxX_)) kil

M &gyl T paxm1(duy” K@)
fENTHEK) weNK)

M gyl T pe6dxm1(daoy” K@y (da?)
feENFHEK) weNMK)

p'(dx")

:fﬂA(x”)p"(xZ_l,xv)pU(xv’xilé+1)

M gyl T paexa) Kdxy EyV K@)
feN(K) weNTH(K)\K

. NQ(K)gﬂxﬁﬁ‘f L0 [ I PG (s @y da)
ENY weN]

Y’ (dx?),

where the factorization of 77;_1 and the factorization of the kernel have been used. Given
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that the same holds for the denominator the expression can be simplified a bit more. Define:

Ny, 3:f[lA(xv)pv(x}l;_pxv)pv(xv’xll:aﬂ)

fEN}"(K) weN(K)\K

Dy, :=fp"(x;’é_l,x”)p”(x”,x};l)

f [T &«XPy T1  peGdxa) Edad KV K@y ds).
feNF(K) weN(K\K

Then:

~(k,v) JVk
Y(A)===.
P (A) Dy,

- Ifj=(",v)withk' <k-2andv' €V then: C;;=0.

t) o
- Ifj=(k-1v)andv'eV then C;;< ' ’
0 v #v
where the result follows from lemma 4.3, obtained by a majorization of the kernel
part.
- Ifj=(k,v')andv' €V then C;;<

K

{ (1 _ K2¢ard(N(v)r1N(v’))) v e N2(w)\ v

otherwise
where the result follows from lemma 4.3, obtained by a majorization of the observation

density part. Recall that the only factors that contain v are the one in N(v) so the

components that are connected to these factors are the one in N 2(v).

: (1-£) v'=v
-Ifj=(k+1,v)andv'eV then C;;< + ,
0 v #v
where the result follows from lemma 4.3, obtained by a majorization of the kernel

part.

-Ifj=k',v)withk'zk+2and v’ €V then: C;;=0.
¢ Consider i =(T,v) and v € V then:
ﬁgcT,U)(A)

S (BN ED) B (Bt E)7(d Ry p 7-1(Fp, Bp—)Fp-1(dEp-D)Ar(dET)

Sl E\E) B 1(Frs1, 870 R .. p 71, Er-)Fr1(dEr ) r(dET)
_ JuG B raer,xr)@r)y, (dxh) Ny

[ BraGrar D@L, dat)  Dr’
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where:

N —fﬂA(xT)p (xT l’xT)f f(x]}f(f),yT)
fENT(K)

H w(xT l,xT)nV\K(d V\K)V/V\K(d V\K)'l// (de)
weNJEK)O\K

DTisz (xT 1axT)f f(xij(f)ayT)
FENT(K)

W(xT ]_;xT)HV\K(de\K)wV\K(de\K)w (de)
weN™E)N\K

which follows from similar passages as in i = (k,v).

- If j=(',v)with ' <T-2and v'€V then: C;;=0.

(1 - g—’) vV =v
-Ifj=(T-1,v)and v’ €V then C;;< s ,
0 v'#v
where the result follows from lemma 4.3, obtained by a majorization of the kernel

part.

(1 _ Kanrd(N(v)nN(v’))) v € N2(v)\ v
-Ifj=(T,v)andv' eV then C;;< ,
0 otherwise

where the result follows from lemma 4.3, obtained by a majorization of the observation
density part. Recall that the only factors that contain v are the one in N(v) so the

components that are connected to these factors are the one in N2(v).

Given the previous results, for any v e V:

> eﬁd(”)C”t +eﬁ( ) i=(0,v)
v'eV
$eniig, < 2B (2] e 3 (1NN )
el v €N2(v)
eP (1 - E—*) + X (1 - K2°ard(N(”)“N(”/))) ePdwY) = (T,v)
* v'eN2(v)

where m(i,j) = Blk — k'| + Bd(v,v’) for i = (k,v) and j = (k',v") with k,k' € {t,...,T} and v,v' € V is

the pseudometric of interest on the index set I. But then given the region % is considered:

maxZC”sCorr(nt,ﬁ)+2e ( —)+e2ﬁY(2)(1 KY)

1
iel j€I €4 2

Given that } ;c;C;; <Y jer e, ,; then the Dobrushin theorem (theorem 4.1) can be applied,

meaning that:

|R#, ... Ry ir = Ra, ... Ry 1”T||J—||P p”(tJ) ZZD(L‘U),J

ved jel
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The second step is to control the quantities b, as in (4.2) of theorem 4.1:

ox = Px| -

bj=sup
xeX!

Remark that the form of ﬁi is already known from the study on C; ;, hence it is enough to compute

p. and then compare it.
e If j=(k,v") with k< T and v’ € V then:
pL(A) = LA,

because the difference is only on the final integral (on 77 and 77) which disappear as

consequence of the Markov property derived from the reversed kernel, hence:

ijO.

e If j=(T,v") and v’ € V then:

ngT,U/)(A)

SIAGL, 0 G\ED B 1(Err, E)TNAE).... P 7-1(Er, Er-1)Fr-1(dE7-)mr(dr)

Sl G\NED D 1(Ere1, £, .. B r-1(Er, Br-1)Ar-1(dEr-Dn(d )

JIaG) B 10, x7-1) ()l (daly)

S B r-1(er, xp_0) () (dal)

Moreover, given that max;c; Y. e™/)C ij < % then lemma 4.5 can be applied and so:
JjeI

max Y ™D, ;<2
iel jed

By joining step one and step two it follows that:

” Rﬁt cee RﬁTilﬁ'T - Rﬁt vee RﬁTflﬂT ”J
<> Y Duwjbi <) D Duwnawnbaw)

ved jel vedJ v'eV
T—t|+Bd(v,v") —BIT—t|-Bd(v,v")
<Y Y TP ) e PITHZPA
veJ v'eV
fir-1 r-1
= '
sup (T )xT,xT—l —(mr )xT,xT—l
xT,l,xTGXV

Tr-1 -1

<=y Lty
(7T )xT,xT—1 —(mr )xT,xT—l

<2 AT-0 Z max{e_ﬁd(”"") sup

’
ved v'eV xT_l,xTGXV

|
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Proposition 4.8. Suppose there exist (e_,e.,x) € (0,1)3, such that:
e-<p'(x’,z") <e,,

forall x,z € XV,veV. Then for any v €V and for any xg,x1 € XV and m €10,...,n}:

fp-1 ﬁ;T_fl €+ 2
(H1 o= (T e =2 (5] sup e, =i .

x1€XV

where 7i; is the approximated filtering distribution obtained through recursion 3.12 and m; is the

approximated filtering distribution obtained through recursion 2.4.

Proof. Denote with (ﬁt(-;) the reverse kernel with reference distribution the approximated

filtering distribution, i.e.:
p(x,2)

P& = e D)

Consider the probability distributions:

M ] 1A B 7-1(x1, %)), (dx?)

X1,%X0

J B r-11,20)(r7)3, (dY)

(FT) A)= J "A(ic_l{)ﬁ r-1x1,%0)(r)y, ()
J B r-1(x1,%0)( 773, (dx})

It can be observed that the form [14(x)A(x)v(dx)/ [ A(x)v(dx) allows to apply lemma 4.4. Hence:

fro1 ir-1 €, 2
(T o= (P Y| 22(52) s0p om0, =t .

xIEXV

(4.11)

Remark that in this case the function A in lemma 4.4 is Et_l(il,xo)ﬂxy\v(iy\”) hence the result

follows from the following observations:

! ! !
1)
v'e v .
! ap! I\ ~ N ’
S A1 pY (&G %) )7i-1(d o)
v'eV\v

* D t—1(9~51,x0)ﬂx¥\v(3~c¥\v) =< (z—f)

! ! !
[T p"(xy.x7)
e__) eV X
1o ap! I\ ~ A b
) [ I pY &Y a8 )7-1(d&o)
v/'eViv

L t_l(f:l,xo)ﬂxy\v(f:y\v) = (

where the ratio is constant in x] and the inequality holds also for the sup and the inf. |
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4.3.2 Approximate smoothing stability and smoothing error control

Here it must be proved that an initial application of the optimal smoothing operator followed by
a sequential application of the approximate smoothing operator to a probability distribution y is
not too different from an initial application of the approximate smoothing operator followed by a

sequential application of the approximate smoothing operator to the same probability distribution

13

Proposition 4.9. Fix any collection of observations {y1,...,yr} and any partition & on the set V.
There exists a region R < (0,1)3, as in corollary 4.1, depending only on Y,Y and Y@, such that if

for given (e_,€e4,x) € R,
1
e-<p'¥,z%) <e; and x<g™N D y)<=, Vx,zeXV,feF,veV,te{l,..., T},
K

then for B> 0 small enough depending only on Y,Y,Y®, e_ e, x, for any t€10,...,T -1}, me
{0,...,n} and for any s ={0,..., T —t+1}:

” Rﬁt e Rﬁt+s—1 Rﬁt+su - Rﬁt e Rﬁt+s—1 R”t+s“” J

<2¢ Ps Z max{e_ﬁd(v’”’)
ved v'eV

~ v’ . v’
(TTs+s )x”s,z (445 )xt+s,z

b

Proof. Denote with D (-,-) the reverse kernel with reference distribution the optimal filtering
distribution and with Ft(', -) the reverse kernel with reference distribution the approximated

filtering distribution, i.e.:

p(x,2) and gt(z,x) = p(x,2)

P i) = ) TP 2md2)

Then:
Rﬁt e Rﬁt+SM(A)

= fﬂA(xt)gt(xt+l,xt)ﬁt(dxt) e §t+s(xt+s+1yxt+s)ﬁt+s(dxt+s)ﬂ(dxt+s+l)7

R#, ... Ry, . (A)
= f ﬂA(xt)gt(leaxt)ﬁt(dxt) ces <[_’t+s(xt+s+laxt+s)7Tt+s(dxt+s)ﬂ(dxt+s+l)'

Define the probability distributions:

pz(A)::[HA(xtan~,xt+s)§t(xt+laxt)ﬁt(dxt)~'-<]7t+s(27xt+s)7[t+s(dxt+s)a

ﬁz(A):=[[IA(xt,...,xt+s)(ﬁt(xt+1,xt)ﬁt(dxt)...EHs(z,st)ﬁHs(dst).
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The quantity of interest can be reformulated as follows:

“ Rﬁt cee RﬁHs—l Rﬁns:u - Rﬁt e RﬁHs—l R”Hs:u“J

= sup
Aeo(X9))

f 1A P (a1, )7 AX) ... P o1s(2, s ) Trss(dxsss)u(d2)

- f ”A(xt)gt(xtﬂ,xt)ﬁt(dxt) cee Ft+s(2,xt+s)ﬂt+s(dxt+s),u(d2)|

= sup

ff"A(xt)gt(leaxt)ﬁt(dxt)---§t+s(2axt+s)ﬁt+s(dxt+s)
Aeco(XY))

_fI]A(xt)gt(xt+laxt)ﬁt(dxt)«"Ft+s(zaxt+s)nt+s(dxt+s) #(d2)|

= sup f| /HA(xt)Et(xt+1:xt)ﬁt(dxt)-~~Et+s(zaxt+s)ﬁ't+s(dxt+s)

Aeo (X))
_fI]A(xt)(ﬁt(xt+1yxt)f[t(dxt)~--Ft+s(2,xt+s)”t+s(dxt+s) ‘ﬂ(dz)

= sup{ sup fl]A(xt)gt(le,xt)ﬁ:t(dxt)---§t+s(21xt+s)ﬁt+s(dxt+s)
zeXV | Aea(X?))

]

- f L) B o1, X0)F () . B s (2 tws e o(dtns)

= sup ||Pz 'z ”(t,J)'
zexV

Hence it is enough to find a bound for || 0z— Pz ||(t ) to guarantee the proof of the statement.
The Dobrushin theorem can be used on the distributions p,,0, where the index set is I =
U;;;st(k,V) and the subset is (¢,J).

The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem
4.1. In the following passages the notation x = (x;,...,x:+s) is considered, where x;, € XV for

k=t,...,t+sand x\x,‘; = (xt,...,x;’\”,...,st) (and the same with a tilde).

* Consider i =(¢,v) and v € V then:

fI]A(-'i'g )[Ix\xg &\ ig)gt(%t+la£t)ﬁt(dit) cee EtJrs(Z, xt+s)ﬁt+s(d£t+s)

5 VGV Ay —
() (A) = —————————— —— -
Sl ENE) P (X1, 8)71(AZe) . P t45(2, Xpas) Tt 45(AFp4s)

_ fI]A(xlt})(Et(xt+1,xt)(ﬁt);t(dxlt}) _ J1aGp (g, xp, S, (dox])

[P, x)@)l(dad) UG, )R (dxg)

where the last passage follow from the independence of the numerator of the reverse kernel
from x;. Now the different cases in which pfc can differ from p;, where 'V = ¥ must be

distinguished.
- Ifj=(t,v)andv' €V then: C;;< éftw.
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0 v #£v ’
where the result follows from lemma 4.3, obtained by a majorization of the kernel

(1—6—‘) v'=v
-Ifj=@¢+1,v)and v'eV then: C; ;< €+

part.
- If j=(k,v)withk>t+1and v’ €V then: C,;=0,

which is obvious given that in pi there is no dependence on x; with & > ¢+ 1.
® Consider i =(k,v)witht+1<k<t+sandveK cV then:

(7.)(A)

JIAGED A E\E B (Eea1, VAR .. P 452, R1)Trws(d i)

Sl G\NEDB (1, EOTAAED .. B rrs(2,Eers)rs(drs)

B f”A(xz)‘l?kfl(xk:xkfl)gk(karl,xk)(ﬁk)zk(dxk)

fEk—l(xk,xk—l)(ﬁk(xk+1,xk)(ﬁk)glék(dxk)

G B 1 xi-DP (g G () N

S Bro1Gorxp—)pU Y, 22, A% dag)  Di

where x;+5+1 = z and everything follows the same procedure explained in the proof of

proposition 4.7, in particular:
Ny, ::fI]A(x”)p”(xzfl,xv)pv(xv,xzﬂ)

f M &« [ pYa 2] Kded Ey" K@y ds?),
fEN;"(K) weN(K)\K

Dy, :=fpv(xz_l,x”)pv(xv,x};ﬂ)

f M &P [1 puad ) Kday KV K@y da®).
feN{(K) weN™K)\K

- Ifj=(k",v)withk' <k-2andv' €V then: C;;=0.

0 v'#v ’
where the result follows from lemma 4.3, obtained by a majorization of the kernel

(1—6—‘) v =v
- Ifj=(k-1,v)andv' €V then C;;< €+

part.

(1 _ K2card(N(v)ﬂN(v’))) v € N2(w)\ v

>

- Ifj=(k,v)andv' €V then C;;<
0 otherwise

where the result follows from lemma 4.3, obtained by a majorization of the observation
density part. Recall that the only factors that contain v are the one in N(v) so the

components that are connected to these factors are the one in N2(v).
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0 v #£v ’
where the result follows from lemma 4.3, obtained by a majorization of the kernel

(1—6—‘) v'=v
- Ifj=(k+1,v)and v’ €V then C;;< -

part.

- Ifj=(",v')with k' 2k +2and v' €V then: C;;=0.

Given the previous results, foranyveV and t+1<k <t+s:

d(v,v) At e .
i U%Veﬁ Cv,v, +ef (1 6+) 1=(0,v)
2 e"C = c 2card(N@)NN@)y,pdwy))
jet 2P (1-5)+ ¥ (1-xcZeardWONNENepdwe) = (k,p),
1 veN2(v)

where m(i,j) = Blk — k'| + Bd(v,v’) for i = (k,v) and j=(k',v") with k, k' €{t,...,t +s} and v,0' €V
is the pseudometric of interest on the index set I. But then by combining the above calculation
with the corollary 4.1:

max Y. C; ; < Corr(7t,, )+ 2¢” (1 - 6—‘) +e20Y® (1527 <
iel ]EI €4

DN —

Given that } ;7 C;; <Y jer e )Ci, ;j then the Dobrushin theorem (theorem 4.1) can be applied,

meaning that:

” Rﬁz e Rﬁns—lRﬁHle - Rﬁz e Rﬁz+s—1 Rﬂt+s“”J = sup ”pz — P ”(t,J) = Z ZD(t,U),ij"
zexV ved jel

The second step is to control the quantities b, as in (4.2) of theorem 4.1:

bj=sup ||(Pz)i - (ﬁz)gc

xex!

Remark that the form of (ﬁz)fc is already known from the study on C; ;, hence it is enough to

compute (pz)jic and then compare it.
o If j=(k,v") with k <t+s and v’ €V then:
(p2)H(A) = (5)i(A),

because the difference is only on the final kernel which disappear as consequence of the

Markov property derived from the reversed kernel, hence:

bj=0.
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e If j=(¢+s,v') and v’ € V then:

SISt @NEL DB @11, EOTAR) . D ras(@ R ras( )

p(t+s,v')(A) —
X - ’ < - N~ - — ~ ~
f”x\xtv;(fc \N&, )P (&1, X)TUAXL) .. P tas(2,8p45)Tp45(dTtss)

! <« «— ! !
JIAG, )P rs—1(Cers, Xt45-1) D 145(2, X046)(Tp)y,, (dX], )

— — ’ ’
f D trs—1(Xp4s,Xp45-1) P 145(2, xt+s)(nt+s)alét+s(dx;}+s)

AN o / /
JIAGE, ) P trs—1(trs, Xers-1)D" (a0, o, 2N ss)y,, (doxy. )

- — ’ ’
f P t+s—1(xt+s,xt+s—1)pv(xlt]+3,Zv)(ﬂt+s)glét+s(dxlt}+s)

! <« ! !
f 7y (xlt)+s )P t+s-1(Xe4s, X151 )(7Tt+s)zt+s,z(dx¥+s)

(T ! !
J P ers—1its, Xpps-1)Ti15)y,,, (dx], )

where the last few passages follow from: the factorization of the transition kernel p(x, z);
the fact that z is a constant and at the denominator of the reversed kernel the dependent
variable x;.¢ is integrated out; the fact that the numerator and the denominator can be
rewritten as integrals with respect to the one step forward conditional distribution. Now

from the same procedure as in(4.11) in proposition 4.8:

v’ v
P (”t+s)xt+s)z .

€4 2 ~
bj=2(—| sup ||(Ffirol,.,,

Xp4s,2€XY

Moreover, given that max;c; Y. e™/)C ij < % then lemma 4.5 can be applied and so:
JjeI

max Z em(l’J)Di,j <2.
iel jed

By joining step one and step two it follows that:
” Rﬁt e Rﬁt+s—1 Rﬁt+slu - Rﬁt e Rﬁt+s—1 Rﬂt+slu||J = sup ” Pz~ Pz ”(t,J)
zexV
<sup ) D Diw,bji=< Y. Y Duw)trsp)diu+sw)

zeXVved jel ved v'eV
t+s—t|+pd(v,v’ —Blt+s—t|-pd(w,v’
= sup Z Z eﬁl s=t+palv U)D(t,v),(t+s,v’)e Ple+s=ti=pd(v.v)

zeXVved v'eV
€4 2
21— sup
€7 xiig2eXV

2
<4(€—+) —Bs { —Bd(v,v")
< e Z max-e

v’ v’
P (nt+3)xt+s,z

(ﬁ:t+s)xt+5)

!

~ v v’
(nt+s)xt+syz = (t4s)

}

€ veg V'EV Tevs
€+ 2 —Bs —Bd@,v") ||~ v’ v’
= 4 6_ e ZJII},IEa‘;({e ‘(nt+s)xt+37z - (nt+s)xt+s’z }
- ve
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Proposition 4.10. Fix any collection of observations {y1,...,yr} and any partition A& on the
set V. There exists a region %o < (0,1)3, depending only on Y,Y and Y@, such that if. for given
(€—7€+7K) € e%70:

1
e-<p’(x’,z2")<e; and x<glGND y)<=,
K

forall x,ze XV,f e F,ueV,te(l,...,T}, then for B> log(2) small enough depending only on

Y,Y,Y?, ¢_ ., chosen according to corollary 4.1, for any t € {1,...,T} and m €{0,...,n}:

T(,B,K,m,Jf)eﬁ

. Vtefl,...,T},Vxy,zeXY,
ef-2 !

([COMPEC M
where 7i; is the approximated filtering distribution obtained through recursion 3.12,

(B, x,m, ) :=2 (1 - K“(J"/)) +4e-Pm (1 _ Kb(J(,m)) ’

and a(X') and b(m, %) are as in proposition 4.2.

Proof. Consider the quantity of interest, it is possible to decompose it as follow:
”(ﬂt);l,z —(@)y, | < ”(Ftﬂt—l);}chz —(Feft-1)5, |+ ||(Ftﬁt—1);1,z - (r:;nﬁt—l);l,z I,

where the second quantity can be controlled using proposition 4.2 given that corollary 4.1 holds,

from the choices of B,e_,¢e,,x, while for the first quantity the Dobrushin machinery must be used.

Consider the probability distributions:

fHA(xO,xg)erN(v)gf(lewf),yt)pv(xg,xl{)”tfl(dxo)pv(xg,Zv)wv(xi)

plA):= NG
Srenw & (7 7, y)p? (cf, x)ms-1(dxo)p? (], 22 )y (x)

S1a@o, ¥ Trenw) & @Y P, y)p? (68,2 -1(dxo)p¥ (x4, 2 )y ()

pa):= NG
S renw & (7 77, y)p? (cf, x)7-1(dxo)p? (], 22 )y¥ (x7)

It can be observed that:

”P - ﬁ”(l,v) = ”(Ftnt—l);l,z N (Ftﬁt_l)zl’z ” ’

So again the Dobrushin theorem can be applied to p, g where the index set is I =(0,V)u(1,v).

The first step is to bound C; ; for all the possible combination of i, j € I, as in (4.2) of theorem
4.1.
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¢ Consider i =(0,b) and b € V then:
P (4)

SO b oy (0 ED TTpeny 8T (F) 7, y00p" (%5, &) 1(d0)p" (&, 2° )y ()

T @ o @ ED Tenw 8 @7, y)p° @, E)7:-1(dZ0)pP (&, 2 Yy (&

Mpevw g @Y, yopt a2 JUAGD o oy (0, Z)P (FG, 21 (d o)y (&

Trenw e &P, yopvat,20) S @ 0@ 0, &)p! (5, 871 (dEo )y (&)
S1aG)p (xf,x8)(F, 15, (dxf)
S pPab, xb)#-1)8, (dxh)

- Ifj=(0,b")and '€V then: C;;=<C

0 otherwise
where the kernel part is upper bounded.

b
. (1 - 5—’) b=v
- If j=(1,v) then by lemma 4.3: C;; < *

¢ Consider i = (1,v) then:

JIAGEDL G penw 8”@, y)p® @4, #)7-1(dZo)p" (Y, 2y (&)

~(1,v)

Pxo,x (A)=
T @D G T penw & @YD,y p? (38,207 - 1(dZo)p® (R, 20 )y (&)
B JIAGD e g @YD, yp? (68, x)p? (x4, 2 )y (dx?)

ST enw & @y, y)pv el )t (e, 20 Yy (dal)

(1-£) b=v

€y

- If j=(0,b) and b € V then by lemma 4.3: C, ;< ,
0 otherwise

where the kernel part is upper bounded.
- If j=(1,v) then: C;;=0.
But then:
mGNC. < Corr( [
maxZe Cij=Corr(fi;—1,p)+e” [1-—].
el Jjel €4

Given that B > log(2) is desired, ¢_,e;,x,B can not be chosen according to corollary 4.1. To
overcome this it is enough to modify the region %:
K -g(1-&)

4Y® (1 _ KzY) K20 >4 and

R = {(e_,€+,1<)€ (0,1)3 :

2]
6Y(1-127)+4(1- &) >4}'
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hence for (¢_,e;,x) € ¢ and B as in corollary 4.1:

— _ 1
Corr(ﬁt_l,ﬁ)+eﬁ (1 - 6—) <-.
€4 2

Hence the Dobrushin theorem applies:

lo-p ”(l,v) = ZD(Lv),J’bJ’-
jel

The second step is to control the quantities b}, as in (4.2) of theorem 4.1. Remark that the

conditional distributions of p have the same form of the ones of p with 7;_; instead of m;_1
e If j=(0,b") and b’ € V then:

P(O,b/)(A) = an(xS')pb’(xS’,xl{/)(”t—l)ié(dxg/)
%0,%1 fpb/(xgraxll)/)(”t—l)gc)(/)(dx(l;,)

K

hence:

bj= sup
x0,01€XV

b’ ~ b’
(Tt-1)gy 2y = Ft-1)gg 1

e If j =(1,v) then:

S Trenw g () P, yop? (h,2)p? (cf, 2"y (dx?)

ﬁ(]-,U) (A) —
X0,%
o S rene & @YD ypv (e, x)pv (e, 20 yv (da

hence:

because the only difference between p,p is on ;-1 and 7;—1.
By putting all together, it can be concluded that:
“(Ftﬂt—l);)cl,z - (Ftﬁt—l);)cl,z ” = ZD(I,U),jbj
jel

d(v,b’ —Bdw.b)—
= Z D(l,v),(o,b')e/3 ©,60+p ,~pd(,b")-p sup
bev x0,x1€XV

b’ ~ 4
(M-, = Ft-1gg

b’ ~ b’
(nt_l)xo,xl - (nt_l)xo,m

b’ ~ b
(”t_l)xo,xl - (nt_l)xo,ﬁh

b'ev x0,016XV

<2e P sup {e‘ﬁd(”’b’) sup

By joining this with proposition 4.2 in equation 1:

||(7tt);1,2 — (), - | = 2e P sup{e P gup
b'eV x0,x1€XV

}

+1(B,x,m, x).
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This result can be iteratively applied. Indeed given that:

”(”1)x1 ; _(”1)x1 3 ” <9207 F ;1;8 {e—ﬁd(v,b’éufxv () )20 - — (0, )20 o } +1(B,x,m, %)
X0,X1
= T(:B,K’mﬂl)’
then:
t-1 . F)eP
|2, -Gl L | < 1Bk, m, 2D Y. (2ePY < W
J=0 -

where the last passage follow trivially from the definition of geometric sum and f>1log(2). W

Proposition 4.11. Fix any collection of observations {y1,...,yr} and any partition & on the
set V. There exists a region %o < (0,1)%, depending only on Y,Y and Y@, such that if. for given
(e-,€4,K) € Ry,

NP 1

e.<p(x",z%)<e, and ngf(x V)< —,
K

forall x,ze XV,f e F,uveV,te{l,...,T}, then for > log(2) small enough depending only on
Y,Y,Y? ¢_ e, x, chosen according to corollary 4.1, for any te€{1,...,T} and m €{0,...,n}:

(B, x,m, & )eP

|Gz, =@z, || < =55

for all t € (1,...,T},Vx1,z € XV, where 7, is the approximated filtering distribution obtained

through recursion 3.12,
7,1, m, H) = 2 (1= x"F)) 4 g7 (1 xcHm),
and a(X') and b(m, &) are as in proposition 4.2.

Proof. The proof of this result follows the same procedure of proposition 4.10, the only difference
is that p”(x{,2") is missing. |
4.3.3 Proof of theorem 3.2

Proof. Let J €K € &, then by the triangular inequality:

” Rﬁtﬁt+1|T_Rnt7Tt+l\T||J < ” Rﬁt...Rj‘rTilﬁ'T_Rjit...Rf[TilﬂT”J
T-t+1
+ Z ” Rz, ... Ra R ees+1r =Rz, - Ray, R”t+snt+3+1|T”J'

Given that fB,e_,e;,x are chosen such that both corollary 4.1 and proposition 4.7 and proposition
4.9 hold then:

JTT 1 7TT 1
T !
””L‘IT ”ﬂT”J <2e A=) Z max- e ~pdwr) Sup (nT)xT 1,X7 (”T)xT 1,XT
ved V'€V xp-1,07€XY
T-t+1 d
+ Z 2¢Fs Zmax{ ~pdwv) |(7T +s)xt+s, (”t+s)xt+s, }

UEJUEV
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Similarly also proposition 4.10, proposition 4.11 and proposition 4.8 apply:

}

! !
(nr)y, = (T},

2
”ﬁtlT _n”T”J =4 (Z_Jr) e PIT-D Z max{e_ﬁd(v,v’) sup

veg VEV x1exV
2T-t-1
+a(STY e Y maxfesien T<ﬁﬂ<,ﬁm,%)eﬁ}
€-) s=0 ved V'EV ef -2
2
<4 (€—+) e PT-D %" max{e—ﬁd(v,v’) (B, x,m, K )eP }
€- ved V'EV ef -2
2T-t-1 ﬁ
ra(S) 3 et ¥ may fepaeertr 0]
€~ s=0 veg V'EV eP -2
2
<4 (€_+) e BT-D T(ﬁ,K,M,Ji/)eﬁ card(J)
€_ eﬁ -2

card(J)

(e+)2 e? 1(B,x,m, H)ef
+4|—
e_) ef-1 eb—2
:4(€_+)2 [e—ﬁ(T—t) G
€- eB-2 ef—1eP-2
card(J)[2(1-x"H)) + 4¢P (1 HH )]

=ag(f,e-,€) (1 - K“(Z)) card(J) +ya(B,e_,€4) (1 - Kb(f’m)) card(J)e Pm
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CHAPTER

DYNAMIC BAYESIAN NEURAL NETWORKS

his chapter proposes a new hybrid model between an FHMM and a Bayesian neural
network called a Hidden Markov neural network (HMNN). Section 5.1 and 5.2 introduces
the background and all the main steps to build HMNNs. Section 5.3 compares HMNNSs
with different baselines on multiple scenarios. As already mentioned, a significant part of this

chapter has been submitted to publication and it is available in Rimella and Whiteley [2020].

5.1 Introduction and literature review

Hidden Markov models (HMMs) are an efficient statistical tool to identify patterns in dynamic
dataset, with applications ranging from speech recognition [Rabiner and Juang, 1986] to com-
putational biology [Krogh et al., 2001]. Neural networks (NNs) are nowadays some of the most
popular models in machine learning and artificial intelligence, and they have shown outstanding
performances in several fields. This chapter proposes a novel hybrid model called a Hidden
Markov neural network (HMNN), which combines a Factorial hidden Markov model [Ghahramani
and Jordan, 1997] with a Bayesian neural network.

Intuitively, the aim is to perform Bayesian inference on a time-evolving NN. However, even
computing the conditional distribution of the weights given the data of a single NN is a complex
task and is generally intractable. Monte Carlo sampling techniques provide a way to approxi-
mate an evolving posterior distribution, however, they suffer from the curse of dimensionality
[Rebeschini and Van Handel, 2015] and high computational cost [Rimella and Whiteley, 2019].
The rich literature on variational Bayes [Blei et al., 2017] and its success on Bayesian inference
for NN [Graves, 2011, Kingma and Welling, 2013, Blundell et al., 2015] have motivated the use

of this technique in HMNNSs. In particular, the resulting procedure ends up being a sequential
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counterpart of the algorithm Bayes by Backprop proposed by Blundell et al. [2015]. As for Blun-
dell et al. [2015] a pivotal role is played by the reparameterization trick [Kingma and Welling,
2013], which generates unbiased estimates of the considered gradient.

HMNN:Ss find their place in time series forecasting and, in particular, in the continual learning
field. As pointed out by Kurle et al. [2019], the majority of researchers focused on preventing
forgetting [Kirkpatrick et al., 2017, Nguyen et al., 2017, Ritter et al., 2018], however sudden
changes of the statistics of the data may be an intrinsic property of the generating process itself.
In this case, preserving full knowledge is not desirable and the useless information should be
forgotten. This operation can be done through the application of a stochastic transition kernel
[Kurle et al., 2019], which can be thought of as the Markov transition kernel of an HMM. In this
sense, HMNNs embrace the adaption idea of Kurle et al. [2019] and presents it through the well-
established HMMs with the further generalization to a bigger class of variational approximations
and stochastic transition kernels.

From NNs-HMMs hybrids to continual learning, there are multiple related works. The

following paragraphs group similar works together and review them.

Combining NNs and HMMs. Multiple attempts have been accomplished in the literature to
combine HMM and NN. In Franzini et al. [1990] an NN is trained to approximate the emission
distribution of an HMM. Bengio et al. [1990] and Bengio et al. [1991] preprocess the data with
an NN and then use the output as the observed process of a discrete HMM. Krogh and Riis
[1999] proposes Hidden neural networks where NNs are used to parameterize Class HMM, an
HMM with a distribution over classes assigned to each state. In neuroscience, Aitchison et al.
[2014] explores the idea of updating measures of uncertainty over the weights in a mathematical
model of a neuronal network as part of a "Bayesian Plasticity” hypothesis of how synapses
take uncertainty into account during learning. However, they did not focus on artificial neural
networks and the computational challenges of using them for data analysis when network weights

are statistically modelled as being time-varying.

Bayesian DropConnect & DropOut. DropConnect [Wan et al., 2013] and DropOut [Sri-
vastava et al., 2014] are well-known techniques to prevent NN from overfitting. Kingma et al.
[2015] proposes variational DropOut where they combined fully factorized Gaussian variational
approximation with the local reparameterization trick to re-interpret DropOut with continuous
noise as a variational method. Gal and Ghahramani [2016] extensively treat the connections
between DropOut and Gaussian processes, and they show how to train NNs with DropOut (or
DropConnect [Mobiny et al., 2019]) through a variational Bayes setting. Variational DropConnect
has several common aspects with the cited works, but the whole regularization is induced by the
variational approximation’s choice and the corresponding reformulation of the reparameterization

trick, which is a novel approach.
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Bayesian filtering. There are multiple examples of NN training through Bayesian filtering
[Puskorius and Feldkamp, 1991, 1994, 2001, Shah et al., 1992, Feldkamp et al., 2003, Ollivier
et al., 2018]. In particular, the recent work of Aitchison [2018] proposed AdaBayes and AdaBayes-
SS where updates resembling the Kalman filter are employed to model the conditional distribution
over a weight of an NN given the data and the states of all the other weights. However, the
main difference with HMNN is the dynamical evolution of the underlying NN, indeed Bayesian

filtering methods for NN do not consider any change in time.

Continual learning. There are multiple similarities between the proposed work and continual
learning methods. This paragraph gives a quick overview of the most popular ones. Elastic Weight
Consolidation (EWC) [Kirkpatrick et al., 2017] uses an L2-regularization that guarantees the
weights of the NN for the new task being in the proximity of the ones from the old task. Variational
continual learning (VCL) [Nguyen et al., 2017] learns a posterior distribution over the weights of
an NN by approximating sequentially the true posterior distribution through variational Bayes
and by propagating forward the previous variational approximation (this is like setting the
transition kernel of the HMNN to a Dirac delta). Online Laplace approximation [Ritter et al.,
2018] proposes a recursive update for the parameters of a Gaussian variational approximation
which involves the Hessian of the newest negative log-likelihood. None of the cited techniques
builds dynamic models, and even if this could be solved by storing the weights at each training step
there is no forgetting, meaning that EWC, VCL, Online Laplace focus on overcoming catastrophic
forgetting (see section 1.2) and they are not able to avoid outdated information. Lastly, the most
similar procedure to HMNNSs is the one proposed by Kurle et al. [2019], where the authors
perform model adaption with Bayes forgetting through the application of a stochastic kernel.
However, HMMs are not even cited and the form of the kernel and variational approximation
are straightforward (they do not use mixtures). For these reasons the proposed work differs from
Kurle et al. [2019] not only from a presentation point of view but also in terms of generalization
properties, in the sense that Kurle et al. [2019] is a simplified HMNN.

5.1.1 Contributions

This chapter develops an evolving-in-time neural network called a Hidden Markov neural network
(HMNN), which is able to forget the useless information and adapt to new changes in the data.
The main contributions of HMNNS are the following.

¢ They are FHMMs where the Markov chain models the evolution in time of the weights
of a neural network and the emission distribution is given by the output of the neural
network. This motivates the forgetting procedure proposed in Kurle et al. [2019] through

the well-known HMMs and extends it to any form of transition kernel.
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* The algorithm Bayes by Backprop [Blundell et al., 2015] is used sequentially to train
HMNNs and the reparameterization trick [Graves, 2011, Kingma and Welling, 2013,
Blundell et al., 2015] is reformulated for a class of Gaussian mixtures, which induces
a regularization (i.e. penalizing the complexity of the neural network) over the neural

network similar to DropConnect, called a Variational DropConnect.

¢ Experimentally, Variational DropConnect outperforms Bayes by Backprop on MNIST, where

the performance is measured in terms of classification accuracy.

* They compare favourably against multiple baselines in conceptual drift applications (i.e.

the statistical properties of the data change over time).

¢ The proposed model can be used to forecast the next frame in a video, and it performs better

than competitors like Long short-term memory (LSTM).

5.2 Hidden Markov Neural Networks

A factorial hidden Markov model (W;,2;):>0, as in subsection 2.1.1, with latent state-space RV,
is called Hidden Markov Neural Network (HMNN) if the hidden process (W;);>¢ outlines the
evolution over time of the weights of a neural network. Here the finite set V collects the location
of each weight, hence v € V can be thought of as a triplet (/,i,j) saying that the weight W/
is a weight of the NN at time ¢, and precisely related to the connection of the hidden unit :
(or input feature i if [ —1 = 0) in the layer [ — 1 with the hidden unit j in the layer [ (which
might be the output layer). Similarly to chapter 2, use the notation: A¢(-) for the probability
density function of Wy (initial density); p(w;-1,-) for the conditional probability density function
of W; given W;_1 = w;_1 (transition density of the Markov chain); g(w;,%;) for the conditional
probability mass or density function of &; given W; = w; (emission density). Remark that, as in
subsection 2.1.1, an HMNN is also an FHMM hence the weights evolve independently from each
other:
pw',w)= H pP(W),w’), w,weR".
veV

There is no restriction on the form of the neural network and the data 2;, however, HMNN is
presented with feed-forward neural networks and under a supervised learning scenario, where
the observed process 2; is composed by an input x; and an output y;, such that the neural
network associated to the weights W; maps the input into a probability density or mass function
over the output space, which is done by the emission density g(w;,2;) for W; = w;. Figure 5.1
shows the evolution over time of an HMNN and the input-output flow when Z; is composed by an
input x; and an output y;.

Throughout the chapter, it is assumed for simplicity that the considered probability measures

have the Lebesgue measure on R as reference measure. Moreover, the same notation is used for
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xt W(”l) W(772)

Y

A 4

A 4

W;""?’) >Vt
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\_/

Dt = (xt,y1)

Figure 5.1: On the bottom: diagram explaining the evolution over time of an HMNN. Lines
between W;_; and W; stand for the multidimensional nature of W;, while lines between W; and
9; are used to represent the input-output flow through the NN when 2; = (x¢, y;). On the top: the
input-output flow when the NN has three layers.

both the density and the corresponding probability measure, for instance, 1y refers to both the
probability density and the probability measure (the use of one or the other should be clear from

the context).

5.2.1 Filtering algorithm for HMNN

As in subsection 2.1.2, denote with 7; the filtering distribution of the HMNN, i.e. the conditional
distributions of W; given the data 92;,...,%2;. The filtering distribution is computed through

recursion (2.4), which is included below for completeness.

(51) o == A«O, Tt = Ftﬂt—la Ft = CtP, tE{l,...,T},
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where given the probability measure p (with density p) the “prediction” operator P and the

“correction” operator C; are defined as:

Pp(A) ::fI]A(w)p(w',w)p(w')dw'dw, Cip(A) = fﬂA(w)g(w,_@t)p(w)dw’ Aeo@®Y).
Jew, 2 pw)dw

Recursion (5.1) is intractable for any chosen non-linear architecture of the underlying neural

network.

The aim is then to build an approximate filtering recursion on the same flavour of the Graph
Filter, see subsection 3.3.2. Variational inference can be used to approximate sequentially the
target distribution n; with a variational approximation gg, belonging to a pre-specified class of
distributions 2. The approximate distribution qg, is uniquely identified inside the class 2 by a
vector of parameters 0;, which is picked up by minimizing a Kullback-Leibler (KL) divergence

criteria:
(5.2) qp, = arg min KL(gg||7;) = arg min KL(qg||C;Pm;_1),
Qe Q2

the above equation is choosing the q € 2 closest to the filtering distribution ;.

However, equation (5.2) is still intractable because it requires the filtering distribution at
time ¢ -1, i.e. m;_1, which is approximated by qg, , and not available in closed form.

Under a proper minimization procedure, qg, = 7; when 7;_1 is known, qg, , = 71;—1 when m;_»
is known, and so on. Given that 7 is the prior knowledge 1¢ on the weights before training, a
qe, approximating 71 using (5.2) can be found and propagated forward by following the previous
logic. In this way an HMNN is trained sequentially using (5.2), by substituting the filtering
distribution with the latest variational approximation. The approximated filtering recursion is

then defined as follows:
(5.3) g6, :=Mro, qo,:=VaCPqp, , te{l,...,T}

where the operators P, C; are as in recursion (5.1) and for a probability distribution p the operator

V g is defined as follows:
Vg9(p) :=arg min KL(qgg||p),
qoE2
where 2 is a chosen class of probability distributions as explained before. Note that there is the

implicit assumption that 1g € 2.

Notes on the KL-divergence The Kullback-Leibler divergence can be rewritten as:
5.4) KL(qg||C;Pm;_1) = const. + KL(qg||Pm;-1) — Eq, ) [log (g(w,2:))],

indeed for a general time step ¢:
KL(qglIC¢Pms-1) = Egyuw) [log(qo(w)) —log (C;Pm;—1(w))]
= const. + Eg, () [log(go(w)) —log(g(w,2;)) —log (Pm;—1(w))]
= const. + KL(qg||P7;-1) — Eg,w) [log (g(w, 2:))],
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where:

gw,2)Pmi_1(w) )

logC;Pm;_1(w) =1
og ;P l(LU) og fg(w,@t)P”t—l(W)dw

=log(g(w,2;)) +log(Pm;—1(w)) —log (fg(w,@t)Pntl(w)dw .

Note that for recursion 5.3 ; is substituted by qg,.

Alternatively, one could maximize the ELBO:

ELBO(0;%2;) = Eg,w)[log(gw,2;))] - KL(qgl|Pm;-1).

5.2.2 Sequential reparameterization trick

The minimization procedure exploited in recursion (5.3) cannot be solved in a closed form and
a suboptimal solution can be found through gradient descent. This requires an estimate of the
gradient of KL(q||C;Pgy, ,).

As explained in Blundell et al. [2015], derivatives of expectations can be written as expec-
tations of derivatives under some conditions, this is summarized in the following proposition
(proposition 1 of Blundell et al. [2015]).

Proposition 5.1. Let € be a random variable having a probability density given by q¢(w) and let
w = h(0,€) where h(0,¢) is a deterministic function. Suppose further that the marginal probability
density of w, qg(w), is such that qo(w)dw = v(e)de. Then for a function f with derivatives in w:
O g, f (w,0)] _E of w,0) ow N of (w,0) ‘
a0 ow 040 a0

Proof. The proofis provided in Blundell et al. [2015]. |

v

Hence if the variational approximation gg(w) is chosen such that it can be rewritten as a

probability distribution v through a deterministic transformation A, i.e. w = h(0,¢€), then:

0KL(qolIC:Pqo, )

dlog(gow)) ow , dlog(ge(w)) dlog(Pqo, ,(w)) dw
a6 - 0 - 0

ow 00 00 ow 00 | w=h(,¢)
dlog(g(w,%2;)) ow
ow 00 | w=n@,e)

(5.5)

—Lwv

where (5.4) is used with gy, , instead of 7;_1 to propagate forward the approximation. This
is a reformulation of the reparameterization trick [Opper and Archambeau, 2009, Kingma
and Welling, 2013, Rezende et al., 2014, Blundell et al., 2015], and precisely an application of
proposition 5.1 where f is log(gg(w)) —log (C;Pqy, ,(w)).

Given (5.5) the expectation [E, can be estimated via straightforward Monte Carlo sampling:

0KL(qg!IC;Pqq,_,) 1 % { dlog(gp(w)) 0w +alog(q9(w))_alog(quH(w))a_w
5.6) 40 N& ow 06 00 ow 00 | w=h.e)
_ [0log(g(w,2:)) dw }
ow 00 | w=h0,6)) c—etv
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with €? ~ v. Given the Monte Carlo estimate of the gradient, the parameters 6, related to the
variational approximation at time ¢, can be updated according to any gradient descent technique.
Algorithm 6 displays this procedure and, for the sake of simplicity, the algorithm is written with

an update that follows a vanilla gradient descent.

Algorithm 6 Approximate filtering recursion

Require: T;10();(p"C, Noev;(@i=1,... 150 )i=1,... 132, )31
1: Set: 7g=Ag
2: fort=1,...,T do

3:  Set the initial condition: §; =0\”

4: repeat

5: eD~y, i=1,...,.N

6: Estimate the gradient V with (5.6) and 6 =6;
7: Update the parameters: 0; =0;+1V

8: until maximum number of iterations

9: Set: ; =qy,

10: return (Qt)tzl,m,T

As suggested in the literature [Graves, 2011, Blundell et al., 2015], the cost function in (5.4)
is suitable for minibatches optimization. This might be useful when, at each time step, 2; is

made of multiple data and so a full computation of the gradient is computationally prohibitive.

5.2.3 Gaussian case

A fully Gaussian model, i.e. when both the transition kernel and the variational approximation
are Gaussian distributions, is not only convenient because the form of A(6,¢) is trivial, but also
because there exists a closed-form solution for Pgy, ,(w). Another appealing aspect of the Gaussian
choice is that similar results hold for the scale mixture of Gaussians, which allows us to use a
more complex variational approximation and a transition kernel of the same form as the prior in
Blundell et al. [2015]. In this chapter we use the notation A (:|m, s2) for a Gaussian density with
mean m and variance s2, while when sampling use N(m, s?) for the Gaussian distribution with
mean m and variance s2 and Be(y) for the Bernoulli distribution with parameter y.

Start by considering the variational approximation. Choose gp := ®,cv gy where g, is a
mixture of Gaussian with parameters 6 = (m?,s") and y’ hyperparameter. Precisely, for a given

weight w" of the feed-forward neural network:
(5.7) qhwY) =y N (W' Im”,(s")%) + (1 —y")N (w10,(s")?),

where y’ €(0,1], m’ € R, (s¥)? € R,. This technique is called variational DropConnect because
it can be interpreted as setting around zero with probability 1 —y" the weight in position v of
the neural network and so it plays a role of regularization similar to Wan et al. [2013]. Under

variational DropConnect the deterministic transformation A(0,¢) is still straightforward. Indeed,
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given that qg factorises, then A(0,¢) = (h'(0",€")),ev (each w’ depends only on 6Y ) and wV is

distributed as (5.7) which is equivalent to consider:

w’ =nm’ +¢&sY, with n~Be(y"),¢é ~N(0,1).

Hence A”(0",€”) =nm" + {sY, where 0¥ = (mV,s") and €’ = (,¢) with n Bernoulli with parameter
v’ and ¢ standard Gaussian, meaning that it is enough to sample independently from a Bernoulli
distribution and a Gaussian distribution. The collection of hyperparameters (y'),cy represents
the variational DropConnect rate per each weight in the NN and generally y* = y° per each
v,0 € V. Remark that (y”),cy must be considered as fixed and cannot be learnt during training,
because from (5.5) the distribution of € has not to be dependent from the learnable parameters
(this can be relaxed with the concrete distribution [Maddison et al., 2016]).

Consider now the transition kernel. It is chosen to be a scale mixture of Gaussians with

parameters 7, a,0,c, (i

(5.8) pw',w) =N (wip+ a@' - p),o?Ty) + (1 -m)N (wig+a@w' - p),(@%/cAy),

where 7 € (0,1), u € RY, a €(0,1), 0 € R, Iy is the identity matrix on RV"Y, ceR; and ¢ > 1.
Intuitively, the transition kernel tells how the weights are expected to be in the next time step
given the states of the weights at the current time. It can be interpreted, along with the previous
variational approximation, as playing the role of an evolving prior which constraints the new
distribution in regions that are determined from the previous training step. The choice of the
transition kernel is crucial. A too conservative kernel would constrain too much the training of
the weights and the algorithm would not be able to learn patterns in new data. On the contrary,

a too flexible kernel could just forget what was learnt before and adapt to the new data only.

The term Pqg, ,(w) has a closed form solution when transition kernel and the variational
approximation are as in (5.7) and (5.8). Consider a general weight v € V and call (Pqg, ,)" the
marginal density of Pgy,_, on the component v. If m?_,,s?_, are the estimates of m",s" at time
t—1 then:

(Pgo,_)' W) =y mN (W’ I’ — a(u’ - mY_), 0% + a*(st_,)?)
(5.9) +(L=y)mA (W' — ap’,0? + a®(sY_;)?)
: +y (A=A (W |1’ — alp’ —my_),0%/c® + a*(s)_;)?)

L=y )L =N (WP’ —ap’,0%/c? + a*(s]_1)?).
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The closed form in equation (5.9) is derived from the following integral:

(Pgo,.)'w")= [ p@*,0)qa, ) @")d’
= Yvﬂfﬂ (W¥Ik’ + a@® — u*),0%) N (@°1my_y,(s;_)?) dib®
(5.10) +(1- Y")nfﬂ (W’ 1’ + a@’ - p),0?) N (@0°10,(s%_,)?) dv”
+yU(1 - n)fﬂ (W’ 1’ + a@’ - p°),0%/c2) N (0¥ ImY_,,(s%_)?) dw”
+(1-y")(1- n)fﬂ (W’ |1 + a@’ — p),0%/c*) N (w°10,(s7_)?) dw”,

the formulation in (5.9) can be achieved by applying the following lemma to each element of the
sum in (5.10).

Lemma 5.1. Consider a Gaussian random variable W ~N (,ul,(f%) and let:
(5.11) W = g — alug — W)+ 03¢,
with ¢ ~N(0,1). Then the distribution ofW is again Gaussian:

W~ N(ue — alus — ul),ag + a20%).

Proof. Note that the distribution of W|W is a Gaussian distribution, so the marginal distribution
of W is going to be computed with an integral of the same form of the ones in (5.10). The
distribution of W can be directly computed by noting that W is a linear combination of two
Gaussians and a scalar, and consequently it is Gaussian itself. The lemma is proved by computing

the straightforward mean and variance from formulation (5.11). [ |

Note that (5.9) is again a scale mixture of Gaussians, where all the variances are influenced
by the variances at the previous time step according to @?. On the one hand, the variational
DropConnect rate y’ tells how to scale the mean of the Gaussians according to the previous
estimates m;_,. On the other hand, 7 controls the entity of the jumps by allowing the weights
to stay in place with a small variance 0?/c? and permitting big-jumps with o2 if necessary. As
in Blundell et al. [2015] the variance is not considered in practice because of underflow issues,

hence a transformation §; is used, precisely: s; =log(1 + exp(§;)).

5.3 Numerical results

In this section, the performances of HMNNSs are going to be tested empirically. The first aspect to
test is about the variational approximation form: the aim is to prove that variational DropConnect,
i.e. using (5.7) as variational approximation, yields better performance than Bayes by Backprop
[Blundell et al., 2015] on MNIST [LeCun et al., 1998]. The second aspect concerns a concept
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drift scenario, which refers in the machine learning literature to the case where the statistical
properties of the target variable change over time. Firstly, the ability of HMNNSs to retrieve the
evolution of the true parameters is tested in a simple conceptual drift scenario [Kurle et al., 2019].
In particular, this shows that using a more complex variational approximation, compared to the
ones in Kurle et al. [2019], does not affect for worse the parameters retrieval procedure. The
experiment is then followed by a more complex conceptual drift framework, which is built from
MNIST. Under this setting HMNNSs are compared with multiple continual learning baselines
[Kirkpatrick et al., 2017, Nguyen et al., 2017, Kurle et al., 2019]. The final experiment shows that
HMNNSs can be also applied in one-step-ahead forecasting for time series, precisely a next frame
prediction in the dynamic video texture of a waving flag is considered [Chan and Vasconcelos,
2007, Boots et al., 2008, Basharat and Shah, 2009]. As for Blundell et al. [2015] the studies are
focused on simple feed-forward neural networks.

The experiments were run on three different clusters: BlueCrystal Phase 4 (University of
Bristol), Cirrus (one of the EPSRC Tier-2 National HPC Facilities) and The Cambridge Service
for Data Driven Discovery (CSD3) (University of Cambridge).

Computational cost When running the experiments, the computational cost per time step
of an HMNN was comparable with Bayes by Backprop. Indeed, for a fixed time step, training
HMNN is equivalent to use Bayes by Backprop with a more complicated prior and variational

approximation.

5.3.1 Variational DropConnect

The experiment aims to understand if using a Gaussian mixture as variational approximation
can help to improve Bayes by Backprop.

Training is performed on the MNIST [LeCun et al., 1998] dataset, consisting of 60000
images of handwritten digits with size 28 by 28, where each image is preprocessed by di-
viding each pixel by 126. 50000 images are used as training set and 10000 as the valida-
tion set. The test set is composed by 10000 images. MNIST dataset can be downloaded from
“http://yann.lecun.com/exdb/mnist/” .

As for Blundell et al. [2015] an ordinary feed-forward neural network without any convolu-
tional layers is used. The architecture is given by: the vectorized image as input, two hidden
layers with 400 rectified linear units [Nair and Hinton, 2010, Glorot et al., 2011] and a softmax
layer on 10 classes as output. A cross-entropy loss and a fully Gaussian HMNN with a single time
step are considered. The Variational Dropconnect technique is applied only to the internal linear
layers of the network, i.e. the initial and the final layers are excluded from variational Drop-
Connect as for DropConnect [LeCun et al., 1998]. Observe that a single time step HMNN with
Y’ =1,a =0 and u =0 (vector of zeros) is equivalent to Bayes by Backprop. For this reason, the

proposed implementation of HMNN includes Bayes by Backprop, and both methods can be tested
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with the same algorithm by simply considering a grid of values of y¥ that includes both y’ =1
and y’ # 1. Set then T'=1,a = 0,u = 0 and consider y’ € {0.25,0.5,0.75,1}, m € {0.25,0.5,0.75},
—log(0) €{0,1,2}, ,log(c) € {6,7,8}, learning rate I € {107%,107%,1073}. Training is performed on
about 50 combination of the parameters (y’, 7,0, c) and the learning rate, which are randomly ex-
tracted from the pre-specified grids. For each value of y¥ we report in Figure 5.2 the performance

on the validation set of the three best models.
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Figure 5.2: Performance of HMNN (and Bayes by Backprop) on the validation set of a Bayes by
Backprop with and without variational DropConnect. The plot on the bottom is a zoom-in of the
plot on the top.

Model selection is done according to the validation score for each possible value of y’. Test
performances are reported in Table 5.1. We find out that the smaller the values of y’ the better

the performance.

Table 5.1: Classification accuracy of HMNN (and Bayes by Backprop) on MNIST’s test set
(the bigger is the better). Y’ = 1 refers to the case of Bayes by Backprop without variational
DropConnect.

Parameter value Accuracy
Y’ =0.25 0.9838
Y’ =0.5 0.9827
Y' =0.75 0.9825

v’ =1 [Blundell et al., 2015] 0.9814
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5.3.2 Concept drift: Logistic regression

In this subsection, HMNN and the adaption with Ornstein-Uhlenbeck process proposed by
Kurle et al. [2019] are compared on a simple concept drift scenario. As in Kurle et al. [2019] a
2-dimensional logistic regression problem with evolving weights is considered. Precisely, there

are two weights which evolves with the following laws:
wil) =10sin(Bt) and w§2) = 10cos(ft),

where § =5deg/sec (degrees over seconds) and ¢ = 0.
Consider then 700 time steps and each time step being composed by 10000 data which are

generated in the following manner:
x® ~U(-3,3), y*~Be(sigmoid(x*,w,))

where U(a, b) stands for the Uniform distribution on the interval [a,b] SR, w; = (w(tl), w§2)) and
sigmoid(xf,wt) is the sigmoid function with weights w; and input xf The above procedure builds
the training set to be used to train HMNN and the method proposed by Kurle et al. [2019]. Note
that this is enough for the experiment, indeed the aim of the section is to empirically test how
HMNNSs do in recovering the oscillating nature of the true weights compared to the method in
Kurle et al. [2019]. Studies on the prediction quality of HMNNSs for concept drift are left to the
next subsection.

Given the training set, a fully Gaussian HMNN is run under multiple combinations of
hyperparameters. The experiments showed recovery of the sinusoidal evolution of the weights in
each combination. The hyperparameters setting is given by: 7' = 700,a = 1, u = m;_1 (to encourage
a strong memory of the past), y* =0.75, m = 0.5, —log(c) = 0, —log(c) = 6, learning rate [ = 1073,
the results are reported in figure 5.3, along with the output from Kurle et al. [2019]. Figure 5.3
not only displays that both methods are able to recover the oscillating nature of the ground truth,
but also that the mean estimates from HMNNSs are generally noisier than the ones from Kurle
et al. [2019]. It can be concluded that using a more complicated variational approximation does

not affect the recovery of the ground truth, or at least not in the case of a simple conceptual drift.

5.3.3 Concept drift: Evolving classifier on MNIST

In this subsection, HMNNs are compared with continual learning baselines when the data
generating distribution is dynamic. This is similar to the previous subsection, indeed the data
generating distribution changes over time. However, a simple conceptual drift is not enough,

hence a dataset is artificially generated from MNIST with the following procedure.
1. As for subsection 5.3.1 each image is preprocessed by dividing each pixel by 126.

2. Define two labellers: 67, naming each digit with its label in MNIST; %65, labelling each digit
with its MNIST’s label shifted by one unit, i.e. 0 is classified as 1, 1 is classified as 2, ..., 9

is classified as 0.
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Figure 5.3: Mean of the approximate posterior distributions over 700 steps, credible intervals are

built from multiple runs. Orange stands for wl(fl), blue stands for w(tZ) and green is used for the

bias. On the top, HMNN. On the bottom, adaption with Ornstein-Uhlenbeck process by Kurle
et al. [2019].

3. Consider 19 time steps where each time step ¢ is associated with a probability f; € [0, 1]
and a portion of the MNIST’s dataset 2;.

4. At each time step, ¢ randomly label each digit in &; with either 67 or 6> according to the
probabilities f3, 1 — f3.

The resulting (2;);=1,...,19 is a collection of images where the labels evolve in ¢ by switching
randomly from %7 to 6> and vice-versa. The above procedure builds both training, validation and
test sets. The sample size of each time step is 10000 for training, 5000 for validation and and
5000 for test (the desired sample size is obtained by resampling from MNIST). To validate and

test the models the mean classification accuracy over time is considered:

1z 1
(5.12) A D1, D7) == Y.

Tt 1m Z Iy (3(x)),

x,y€D,

where Z; is the generated dataset of images x and labels y, &, is the collection of images x and
predictions y(x) on the images x using the considered model, card(%Z;) is the number of elements
in 9, i.e. the total number of labels or images.

In such a scenario, one would ideally want to be able to predict the correct labels by learning
sequentially a classifier that is capable of inferring part of the information from the previous
time step and forgetting the outdated one. Remark that when f; = 0.5 the best is a classification

accuracy of 0.5, because 67 and %5 are indistinguishable.
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Figure 5.4: On the top, performances on the validation set of time of evolving classifiers obtained
with different algorithms. BBP refers to Bayes by Backprop trained sequentially. BBP (T=1)
refers to training of Bayes by Backprop on the whole dataset. On the bottom, in brown evolution
in time of the probability f; of choosing the labeller %67; in yellow the value 0.5.

Consider a fully Gaussian HMNN with y = m;_1, to encourage a strong memory on the
previous posterior distribution. The evolving in time NN is composed by the vectorize image as
input, two hidden layers with 100 rectified linear units and a softmax layer on 10 classes as output
with a cross-entropy loss. The Variational DropConnect technique is again applied to the internal
linear layers of the network only. The parameters «a € {0.25,0.5,0.75,1} and y € {0.25,0.5,0.75, 1}
are selected through the validation set (using the metric (5.12)) while the other parameters are:
m=0.5,—-log(o) =2,log(c) =4,y = 1073, N = 1. Other values for 7,0, ¢,Y,N were tested, but there
were no significant changes in the performances. All the possible combinations of @,y are used
and training is pursued for 19 time steps and 100 epochs per each 2;. Remark that a single &; is

a collection of images and labels, which can be seen as a whole dataset itself.

The method is compared with four algorithms. The architecture of the NN is the same as for
the HMNN.
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* Sequential Bayes by Backprop. At each time step ¢ training is pursued for 100 epochs on
9;. The parameters are 7 = 0.5,—log(o) = 2,log(c) =4,y = 1073, N = 1. The Bayesian NN at

time ¢ is initialize with the previous estimates m;_1,s;-1.

¢ Bayes by Backprop on the whole dataset. Training is run for 100 epochs on the whole
dataset (no time, the sample size is 190000) a Bayesian NN with Bayes by Backprop. The
parameters are 7 = 0.5,—log(o) = 2,log(c) =4,y = 1073, N=1.

¢ Elastic Weight Consolidation. At each time step ¢ training is run for 100 epochs on 2;. The
tuning parameter is chosen from the grid {10,100,1000,10000} through the validation set
and the metric (5.12). ADAM is used to update the parameters. Remark that this method

is not Bayesian, but it is a well-known baseline for continual learning.

¢ Variational Continual Learning. At each time step ¢ training is pursued for 100 epochs
on 2;. The learning rate is extracted from the grid {1072,107%,107°} through validation
and the metric (5.12). The method does not use a coreset, because none of the considered

methods is rehearsal.

To test the method the mean over time of the classification accuracy is reported in Table
5.2. For HMNN, Kurle et al. [2019], Bayes by Backprop, EWC and VCL the parameters that
perform the best on validation are chosen and the corresponding accuracy is then reported in the
table. HMNN, the model by Kurle et al. [2019] and a sequential training of Bayes by Backprop
perform the best. It is not surprising that continual learning methods fall behind. Indeed, EWC
and VCL are built to preserve knowledge on the previous tasks, which might mix up %1 and 6>
and confuse the network.

Table 5.2: Classification accuracy for the evolving classifier (the bigger is the better). BBP refers

to Bayes by Backprop trained sequentially. BBP (T=1) refers to a training of Bayes by Backprop
on the whole dataset.

Model Accuracy
BBP (T=1) 0.503
VCL 0.744
EWC 0.760
BBP 0.780
Kurle et al. Kurle et al. [2019] 0.784
HMNN 0.786

5.3.4 Omne-step ahead prediction for flag waving

The latest step is testing HMNNSs in predicting the frames of a video. The dataset is a sequence

of images extracted from a video of a waving flag [Basharat and Shah, 2009, Venkatraman et al.,
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2015].

The idea is to create an HMNN where the neural network at time ¢ can predict the next
frame, i.e. the NN maps frame ¢ to frame ¢ + 1. To measure the performance the metric suggested
in Venkatraman et al. [2015] is used. This is a standardized version of the RMSE on a chosen

test trajectory:

1
YL lye—9:13

(5.13) M(y1.7,91:1) =
YL yel2

where yi.7 is the ground truth on frames 1,...,T and j;.7 are the predicted frames. Unless
specified differently, y1.7 is a sequence of one step ahead predictions. To have a proper learning
procedure multiple frames per time step are need, otherwise, the neural network would just
learn the current frame. To overcome this problem a sliding window with 36 frames is used,
meaning that at time step ¢ training is pursued on predicting frames ¢ —35,...,¢ from frames
t—36,...,t—1, with ¢ > 36. The choice of the length for the sliding window was empirical, multiple
lengths were considered and 36 was the first one that was not overfitting on the data inside the
window (HMNNs along with baselines are all considered in such choice).

The preprocessing phase is similar to MNIST: the video is converted in a sequence of frames
in grayscale, in addition, each frame is divided by 126 and converted in a vector form. The
dimension is reduced with PCA (130 principal components). A total of 300 frames is used, the
first 100 are used for training, validation is pursued on the frames from 100 to 150 and the last
150 frames are used for testing. Note that a single video is available, hence validation and test
must be performed online, meaning that validation and test sets are also part of the training, but
they are not seen in advance. Precisely, during validation training is pursued on the full path
from 1 to 150, then the prediction is made on the frames from 100 to 150 using HMNN from time
99 to 149. The validation score is given by the metric (5.13) on the considered path, which allows

model selection. Then training flows on the next frames and the test performance equivalently.

Table 5.3: Metric .4 value on the test set (the smaller is the better).

Model M

Trivial Predictor 0.2162
LSTM 0.2080
DropConnect 0.2063
BBP 0.1932
HMNN 0.1891

Consider a fully Gaussian HMNN with a simple architecture of three layers with 500, 20, 500
rectified linear units, the vectorized previous frame as input and the vectorized current frame as

output, and an MSE loss. Apply Variational DropConnect to all the linear layers. The parameters
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Figure 5.5: The grey columns show the prediction for different algorithms. The orange column
shows the target frame for prediction and the purple column shows the frame at the previous
time step. The rows display different frames, i.e. different time steps.

a €1{0.25,0.5,0.75}, v € {0.3,0.8,1}, m = {0.25,0.5,0.75} are chosen according to the validation set
while u =m,_1 to encourage a strong memory of the past. For the other parameters, the setting
—log(o) =2,log(c) =8,] =104, N =1 was found to perform the best. 150 epochs are used on each
sliding window.

HMNNs are compared with four models: Bayes by Backprop trained sequentially on the
sliding windows, DropConnect trained sequentially on the sliding windows, LSTM trained with
the same sliding window size, a trivial predictor that uses the previous frame as forecasting for the
current frame. The architectures for sequential Bayes by Backprop and sequential DropConnect
are the same as HMNN. For implementation purposes, an architecture of three layers with 500,
500, 500 rectified linear units is used for the LSTM.

* Sequential Bayes by Backprop. At each time step ¢ training is pursued on the current
sliding window for 150 epochs. The parameter 7 = {0.25,0.5,0.75} is chosen with grid search
and —log(o) = 2,log(c) = 8,1 = 1074, N = 1. Other choices of o,¢,I,N do not improve the
performance. The Bayesian neural network at time ¢ is initialized with the estimates at

time ¢ — 1.
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* Sequential DropConnect. At each time step ¢ training is done on the current sliding window
for 150 epochs. The learning rate I = {1072,1074,107°} is chosen with grid search using the
validation score. The neural network at time ¢ is initialized with the estimates at time ¢ — 1.

This is not a Bayesian method.

e LSTM. The window size is set to 36 and the learning rate [ € {1072,107%,1075} is chosen

with grid search using the validation score. This is not a Bayesian method.

¢ Trivial predictor. Frame ¢ is predicted with frame ¢ — 1.This trivial baseline is included as

an indicator of overfitting on the current window.

Figure 5.5 compares HMNN predictions with the considered baselines: Bayes by Backprop
trained sequentially on the sliding windows (column named BBP), DropConnect trained sequen-
tially on the sliding windows (column named DropConnect), LSTM trained with the same sliding
window size (column named LSTM), a trivial predictor that uses the previous frame as forecasting
for the current frame (column named: frame ¢ — 1). Notice that LSTM is prone to overfit on the
sliding window and so to predict frame ¢ with the latest frame seen without any uncertainty.
Similar issues appear in sequential DropConnect. This unwanted behaviour is probably due to
the absence of uncertainty quantification and so overconfidence in the considered predictions.
HMNN and sequential BBP are less certain about prediction and they create blurred regions
where they expect the image to change. This phenomenon is particularly evident in the last
row of Figure 5.5. Table 5.3 summarizes the performances using metric (5.13). Overall, HMNN
performs better than the baselines and it is directly followed by the sequential BBP.
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CHAPTER

INFERENCE IN STOCHASTIC EPIDEMIC MODELS VIA MULTINOMIAL
APPROXIMATIONS

Section 6.1 introduces the problem, what are the common approaches in the literature to perform
inference in compartmental models and the contribution of this thesis in this framework. Section
6.2 sets the mathematical framework. Section 6.3 proposes the multinomial approximation, by
showing what are the main step and results to be proved. Section 6.4 concludes the chapter with
epidemiological experiments. As already mentioned, a significant part of this chapter has been
published in AISTAT2021 and it is available in Whiteley and Rimella [2021].

6.1 Introduction and literature review

Compartmental models are used for predicting the scale and duration of epidemics, estimat-
ing epidemiological parameters such as reproduction numbers, and guiding outbreak control
measures [Brauer, 2008, O’Neill, 2010, Kucharski et al., 2020]. They are increasingly important
because they allow joint modelling of disease dynamics and multimodal data, such as medical test
results, cell phone and transport flow data [Rubrichi et al., 2018, Wu et al., 2020], census and de-
mographic information [Prem et al., 2020]. However, statistical inference in stochastic variants of
compartmental models is a major computational challenge [Breté, 2018]. The likelihood function
for model parameters is usually intractable because it involves summation over a prohibitively
large number of configurations of latent variables representing counts of subpopulations in
disease states which cannot be observed directly.

This has lead to the recent development of sophisticated computational methods for approxi-
mate inference involving various forms of stochastic simulation [Funk and King, 2020]. Examples

include Approximate Bayesian Computation (ABC) [Kypraios et al., 2017, McKinley et al., 2018,
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Brown et al., 2018, 2016], Data Augmentation Markov Chain Monte Carlo (MCMC) [Lekone
and Finkenstéadt, 2006], Particle Filters [Murray et al., 2018], Iterated Filtering [Stocks, 2019],
and Synthetic Likelihood [Fasiolo et al., 2016]. These methods continue to have a real public
health impact, for example, the ABSEIR R package of [Brown et al., 2018] features in the UK
COVID-19 surveillance protocols [de Lusignan et al., 2020]. However, the intricacy of these
methods, their substantial computational cost arising from the use of stochastic simulation, and

their dependence on tuning parameters are obstacles to their wider use and scalability.

6.1.1 Contributions

This chapter introduces a new approach to inference in compartmental epidemic models, through
the approximation of the posterior distribution over the compartments with a Multinomial

distribution. The main advantages of this method are listed below.

¢ It applies to a class of finite population, partially observed, discrete-time, stochastic models.
In contrast to ODE models, these models can account for statistical variability in disease

dynamics.

¢ It allows approximate evaluation of the likelihood function for model parameters and of fil-
tering /smoothing for compartment occupation numbers, without any stochastic simulation

or algorithm tuning parameters, in contrast to state-of-the-art techniques such as ABC.

¢ It revolves around a computationally simple filtering recursion. The resulting likelihood and
smoothing approximations can be combined with e.g., MCMC or Expectation Maximization

techniques for parameter estimation.

¢ It is shown to recover ground truth parameter values from synthetic data, and to compare
favourably against Data Augmentation MCMC [Lekone and Finkenstidt, 2006], ABC using
the ABSEIR R package [Brown et al., 2018] and ODE [Chowell et al., 2004] alternatives
analyzing real Ebola outbreak data under a model from Lekone and Finkenstadt [2006].

¢ It is used to extend a method of Kucharski et al. [2020] for estimating the time-varying
reproduction number of COVID-19 in Wuhan, China, from an ODE compartmental model

to a stochastic model.

6.2 Preliminaries

The well-known Susceptible-Exposed-Infective-Recovered (SEIR) model is used as a simple
running example. The new methods proposed in this chapter are then applied to more realistic
and complex models in section 6.4.

Perhaps the most widely applied formulation of a compartmental model is as a system of

ordinary differential equations.
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SEIR example. For a population of size n, the SEIR ODE model is:

ﬁ—__ﬁs'[’ ﬁ—ﬁ_‘s"[_pE, g:pE-yl’
n

- = 1
de¢ n d¢ d¢ v

a
initialized with nonnegative integers in each of the compartments (Sg,E¢,Ilo,R() such that
SO +Eg+Ig+Rg=n.

The most obvious drawback of ODE models is that, once model parameters and the initial
population are fixed, any discrepancy between observed data and the solution of the ODE has
to be explained as observation error, which is a serious restriction from a modelling point of
view. In practice, one can try to estimate unknown parameters and/or the initial condition by
numerically minimizing this discrepancy, e.g. under squared error loss. Standard errors for
parameter estimates can be derived using asymptotic theory for nonlinear least squares, but the
calculation of them in practice involves numerical differentiation of the ODE solution flow w.r.t.
parameters [Chowell et al., 2004].

When a probabilistic observation model is specified, Bayesian approaches allow for uncertainty
quantification over parameters via posterior distributions, but evaluating the likelihood function

for model parameters still involves numerical solution of the ODE.

6.2.1 Difficulties of inference in stochastic compartmental models

In epidemiology, one typically observes times series of count data associated with some subset of
the compartments, perhaps subject to random error, or under-reporting. Given such data, when
using stochastic models, evaluating the likelihood function of the model parameters and initial
condition requires the variables associated with unobserved compartments to be marginalized
out. This operation involves summing over all the possible configurations of the unobserved
compartments, which depends on the total population size n and the number of compartments,

making it unfeasible for models with anything but a small » and a small number of compartments.

SEIR example. The discrete-time stochastic SEIR model is:

St41=S8¢— By,
Eiy1=E;+B;—Cy,
Iiv1=1;+C;— Dy,
Rii1=Ri+Dy,

(6.1)

with conditionally independent, binomially-distributed random variables:

B; ~ Bin(S;,1— e Pl
(6.2) C; ~Bin(E;,1-e7 "),
D, ~Bin(I;,1—-e "),
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where h > 0 is a time-step size, (3, p,y are model parameters, and the process is initialized with
nonnegative integers in each of the compartments (So,E¢,lo,Ro) such that Sg+Eg+Ig+Ro=n
and n is the total population size. The interpretation of § is the rate at which an interaction
between a susceptible individual and the infective proportion of the population results in the
disease being passed to that individual. The mean exposure and infective periods are respectively
1/p and 1/y. The sequence (S, E;,I;,R¢)s>0 is a Markov chain.

Stochastic compartmental models also commonly arise in the form of continuous-time pure
jump Markov processes, in which transitions of individuals between compartments occur in an
asynchronous manner [Bretd, 2018]. Likelihood-based inference for such processes is similarly

intractable in general.

6.2.2 Notation

In the remainder of chapter 6, bold upper-case and bold lower-case characters are respectively
matrices and column vectors, e.g., A and b, with generic elements ¢’ and 5. The length-m
column vector of 1’s is denoted 1,,. A vector is called a probability vector if its elements are
nonnegative and sum to 1. A matrix is called row-stochastic if its elements are nonnegative
and its row sums are all 1. The indicator function is denoted I[-]. The element-wise product
of matrices is denoted AoB and the outer product of vectors is denoted a ® b. Element-wise
natural logarithm and factorial are denoted logA and A!. For positive integers m and n, define
Cm=1{1,...,m} and S, , = {x= [xD o xmT . D > 0 7 = 1,...,m;2ﬁ1x(i) =n}. For xe€ %, ,,
define 9(x) := [xV/n --- x™/n]T. For a matrix P (resp. a vector ) with nonnegative elements
summing to 1, Mult(n,P) (resp. Mult(n, x)) denotes the distribution of the random matrix (resp.
vector) whose elements are the incidence counts obtained from sampling n times with replacement

according to P (resp. ). This is the usual definition of a multinomial distribution.

This chapter focus on the specific case of distributions over %, ,, such as Mult(n,-), and
probability vectors on %6,. Moreover, when considering a stochastic process (x;);>¢ the notation
p(x;) is used for the probability distribution of x; and p(x;|-) is used for the conditional probability

distribution of x; given -.

6.2.3 Compartmental models as hidden Markov models

Let m be the number of compartments and n be the total population size. Define the location of
individual &£ € {1,...,n} at time ¢ = 0 as the random variable f(tk ) then the population at time ¢ =0

is the set of n random variables {f(tl), ... ,E(t")}, each valued in €6,,. Collect the counts of individuals

@), myr

in each of the m compartments at time ¢ in a vector x; = [x; € Sm.n, Where:

. n
2= kzlu[fgk) =il, i=1,...,m.
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For t = 1 let Z; be the m x m matrix with elements zii’j ) counting the individuals transitioning

from compartment i at £ — 1 to j at ¢, hence:
2= 2 e =i e =41, i,j=1,..,m.

Let 7o be a length-m probability vector and for each ¢ > 1 let n — K; ; be a mapping from
length-m probability vectors to m x m row-stochastic matrices. Given 7o and K ;, the sequence
{6(1), ... ,f(tn)}tzo is constructed to be a Markov chain where {E(D, ... ,cfg‘)} are i.i.d. with:

pE® =j=ny
and {5(1) . 6(”)} are conditionally independent given {¢\” ,g‘(”) }, with f(k) drawn from the

t-1°"
f(k) ‘th row of K; yx, ), 1.€.:

o Egk) — I fffl_)p . gr(n) ifﬂ,(l,i)l)

It follows from this prescription that the sequence of matrices (Z;);>¢ is also a Markov chain.
Indeed, conditional on Z;_1, and hence automatically on x;_; since Z;1,, = x;_1, the rows of Z;
are independent, and the distribution of the i-th row of Z; is Mult(xi‘)l,Kiln(x ) where K(ln(X )
is the ith row of K; ;(x,_,). Moreover, noting lg;Zt = x’tF, it can be observed that (x¢)¢>1 1s also a

Markov chain, but an explicit formula for its transition probabilities is not going to be needed.

SEIR example The SEIR model in (6.1)-(6.2) is equivalent to the above described compart-

mental model with m =4 and

e_hﬁn(3) 1 _ e_hﬁn(S) 0 O
G,j) _ 0 e e
©3 Benl =1 0 et 1y
0 0 0 1

for all ¢ = 1, and identifying [x!" ; (2) x§3) (4)]T

with respectively the counts of susceptible, exposed,
infective and recovered 1nd1V1duals at time £. The A in K;, represents the time resolution.

Generally, & is set to 1, but one could even do multistep ahead predictions with lower resolution.

Consider now two observations models. One relates to (x;);>1 and the other to (Z;);>1. These

are going to be the emission distribution of the HMMs.

Observations derived from (x;);>1 In this scenario, the observation at time ¢ =1 is a length-

m vector y; with elements y(l ) which are conditionally independent given x;, and:

(6.4) »P ~Bin(x!?,¢'").

The parameters q(l Ve [0,1] are collected in a length-m vector q;. When conducting likelihood-

(i) -

based inference for x; using this model, if y,”’ is a missing observation, then in the likelihood

function associated with (6.4) one should take y(l) to be 0, and set q(l) 0.
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Observations derived from (Z;);~1 In this scenario, the observation at time t=1isamxm

matrix Y; with elements yii’j ) which are conditionally independent given Z;, and:

(6.5) yii’j) - Bin(zti’j),qii’j))_

The parameters qgi’j Ve [0,1] from (6.5) are collected into a m x m matrix Q;. Missing data are

handled by putting a 0 in place of the missing yii’j ) and setting q(ti’j )=0.

SEIR example In practice, one typically observes, at each time step, counts of new infectives
rather than the total number of infectives, subject to some random under-reporting or missing
data. How can such data be represented in the model? Due to the definition of Z;, the number of

new infectives at time ¢ is exactly z(t2’3), since the only way an individual can transition to being

infective (compartment 3) is by first being exposed (compartment 2). Therefore in this case y§2’3)
following (6.5) is a count of newly infectives at time ¢, subject to binomial random under-reporting
with parameter q§2’3), as required.

It can be concluded that (x;,y;);>1 and (Z;,Y;);>1 are HMMs with initial distribution, transi-
tion kernel and emission distribution derived from the previous construction. One can then run
the forward-filtering and backward-smoothing as in (2.4)-(2.6) to compute the filtering and the
smoothing distributions. However, as already mentioned, the cost of this operations is cubic in
the cardinality of the state-space, which is card(.#, ,) for the HMM (x;,y:);>1, and depends on

the total population size n.

6.3 Approximate filtering and smoothing

Given the HMMs (x;,y:)s>1 and (Z;,Y:);>1 defined in subsection 6.2.3, this section proposes meth-
ods for approximating: the filtering distributions p(x;|y1.t), p(Z¢|Y1.+); the marginal likelihoods
p(y1:t), p(Y1:); the smoothing distributions p(x;|y1.7), p(Z:|Y1.7) for a fixed horizon T. Note that
the considered setting is taking in to account a discrete state-space, hence the measure theory
setting used in chapter 2 is simplified, i.e. the probability measures are probability vectors,

transition kernels are stochastic matrices, integrals are sums, and so on.

6.3.1 Multinomial filtering

Start from the HMM (x;,y:);>1 with emission density as in (6.4), in principle the filtering

distributions can be computed through a two-step recursion as explained in (2.4):

prediction correction

P(Xi1ly14-1) —  pXly1-1) —  pX¢lyie).

However, the sums in the prediction and correction steps are prohibitively expensive, since they
involve summing over all possible values of x;_1 and require computing a probability vector over
Fmn-
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Approximate prediction step for x; For each x =[xV ... x™]T ¢ &m.n and length-m prob-
ability vector 7, let M;(x,7,-) be the probability mass function on %, ,, of (laZ)T, where Z is
a random m x m matrix whose rows are independent, and whose i-th row has distribution
Mult(x(i),K(tf;")). So by construction M;(x;—1,7(x;-1),X;) is the transition kernel for the Markov
chain (x;);>0 defined in subsection 6.2.3. Thus the prediction operation can be written in terms of
M;:

PEely1e-1)= Y,  PXEe-1ly1-1)p(Xexe-1)

Xt—leym,n

(6.6)
= Y pXp1lyre-1D)Me(x-1,m(Xe-1),Xe).

Xt 1€Fmn
It is proposed to approximate p(x;|y1:;—1) with a multinomial distribution and then to propagate
forward such approximation to the correction step. Precisely, assume a multinomial distribution
approximation to p(x;—1|y1.+—1) is available, then: replace p(x;-1|y1.t—1) with this approximation
in (6.6) and replace the vector 1(x;—1) by its expectation under the given multinomial distribution.
The outcome of this procedure is a multinomial distribution which approximates p(x;|y1.;—1). The

following lemma formalizes this recipe. The proof is given in the appendix B.

Lemma 6.1. If for a given length-m probability vector m, u(-) is the probability mass function
on Sm n associated with Mult(n,x) and E,[n(x)] is the expected value of n(x) when x ~ u, then
Y xe S, MXIM (X, Ey[n(X)], ) is the probability mass function associated with Mult(n,JrTKt,,,).

Approximate correction step for x; For the compartmental model described in subsection

6.2.3, the correction operator in (2.4) is:

p(yelx)p(Xely1:4-1)
(6.7) paelyr) =" p(yilyre-1)= Y. POYx)DpRely1i-1).
p(yely1:e-1) X €S n

Again the logic is to approximate p(x;|y1:;) with a multinomial distribution and then propagate
forward to the next prediction step. The core idea is to assume that a multinomial distribution
approximation to p(x;|y1.;—1) is available (this is given by the approximate prediction step) and it
is going to take the place of p(x;|y1::—1) in (6.7), resulting in a shifted-multinomial distribution
whose mean vector is used to define a multinomial distribution approximation to p(x;|y1.;). The

following lemma formalizes this recipe. The proof is given in the appendix B.

Lemma 6.2. Suppose that x ~ Mult(n, ) for a given length-m probability vector &, and assume
that given X, y is a vector with conditionally independent elements distributed: y¥) ~ Bin(x®, g®).

Then the conditional distribution of X given y is equal to that of y +x*, where

1, —
(6.8) x* ~ Mult (n - l;rny, Lm,rq))
1-x'q
with q=[qP --- ¢"™1T, and the conditional mean of x given y is:
a0, —q)
(6.9) Flxly] = y+(n—1;l,‘Ly)(—mTq).
1-x'q
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Moreover, the marginal distribution of 'y has probability mass function given by:

log p(y) =log(n!) + y (log 7 + logq) — 1% log(y!) + (n — 1% y)log(1 - " q)

(6.10) T
—log((n—1,,y)),
with the convention 0log0 = 0.

Putting together the results of lemma 6.1 and lemma 6.2 in a recursive fashion leads to

algorithm 7; line 3 is motivated by lemma 6.1, line 4 is motivated by (6.8)-(6.9).

Algorithm 7 Multinomial filtering with observations derived from (x;);>1

1: initialize g0 — 7o
2: fort=1do

3: Tyt-1 < (ﬂ}‘_m_th,zrt,m,l)T
10y, \ w10y, —
n n 1-7,, 19
5: logw; — log(n!) + y’f(lognm_l +logq;) - 1% log(yt!)
6 +Hn—13,y)log(1 -7y, 1q,)—log((n—13,y:))

One may take as output from algorithm 7 the approximations:

P(Xely1:-1) = MUIt(n,JTt|t_1),
d
P(X¢ly1:4) = y: +XZ(,

where the =~ term indicates approximation of p(x;|y1.;) by the distribution of the sum of y;

(regarded as a constant) and a random variable x} which is defined to have distribution:

-1y, —qg)

x; ~Mult|n - l;l,‘Lyt, T
1 T yp-19t

In view of (6.10), the quantities w; computed in algorithm 7 can be used to approximate the
marginal likelihood as follows:
¢ t

(6.11) p(YIzt):p(YI)Hp(YSIYI:s—l): st-
s=2 s=1

Turning to the HMM (Z;,Y;);>1 with emission density as in (6.5), the filtering recursion as in
(2.4) is:

prediction correction

P(Zi11Y1:4-1) —  pZY14-1)  —  p(Z4]Y1y),

and it shows the same computational issues as for (X;);>1. To build multinomial approximations

for (Z;,Y;);>1 the procedure is similar to the one above.
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Approximate prediction step for Z; Given Z and 7, let M,(Z,7,-) be the probability mass
function of a random m x m matrix, say Z, such that 1}‘1z =(Z1,,)T with probability 1, and such
that given the row-sums Z1,,, the rows of Z are independent and the conditional distribution of
the ith row is Mult(x(i),Kg;;)) where xT = 17 Z. So by construction Mt(Zt_bn(l%th),Zt) gives
the transition probabilities of the Markov chain (Z;);>1 defined in subsection 6.2.3. Similarly to
the x; case, it is proposed to approximate the outcome of the prediction with a multinomial. The

following lemma formalizes this recipe. The proof is given in the appendix B.

Lemma 6.3. If for a given m x m matrix P, 1 is the probability mass function associated with
Mult(n,P) and IEﬁ[n(IEZ)] is the expected value of 1~ Z when Z ~ Mult(n,P), then

Y ﬁ(Z)Mt(Z, [Eﬁ[n(l;l,‘ZZ)], *) is the probability mass function associated with Mult(n,(mr®1,,)oK; ;)
where T =11 P.

Approximate correction for Z; The correction operation is a Bayes’ rule update applied to
p(Z¢|Y1.4-1). Again as for x; the correction operation applied to a multinomial generates a shifted
multinomial, which is going to be approximated with a multinomial and propagated forward. The

following lemma formalizes this recipe. The proof is given in the appendix B.

Lemma 6.4. Suppose that Z ~ Mult(n,P) for a given m x m matrix P, and given Z, Y is a matrix
with conditionally independent entries distributed: v ~ Bin(z#7,q'“)). Then the conditional
distribution of Z given Y is equal to that of Y + Z* where

Po(1,,01,,-Q)

1-13,(PoQ)1,,

Z* ~Mult|n 15 Y1,

and
Po(1,®1,-Q)
1-17(PoQ1,,

E[ZIY]=Y+(n-1LY1,,)
Moreover
log p(Y) = log(n!) + 1L (YologP)1,, + 11 (YologQ)1,, — 17 log(Y!)1,,
+(n—1XY1,)log(1 - 1L (PoQ)1,,) —log((n — 1L Y1,,)!).
Algorithm 8 is derived from lemma 6.3 and lemma 6.4. From algorithm 8 one may take the
approximations:
P(Z|Y1:4-1) = Mult(n,Py;—1),
P(Zs|Y14) Z Y +Z],

where

Piyi10(1,®1,, —Qy)
1-15(Pym10Q)1,,

The marginal likelihood is approximated using the same formula as in (6.11) but with the

Z* ~Multn-11Y;1,,,

wy’s computed as per algorithm 8.
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Algorithm 8 Multinomial filtering with observations derived from (Z;);>1

1: initialize 7o) 0 — 7o
2: fort=1do
3: Py-1— (ri—1-19 1) oKy m, 4

i Py Y, Pu1oUnaln-Q) (12Yt1m) Prji-1°(Ln ® L~ Q1)
1-15,(Py;-10Q) 1y no ) 1-15Py-10Q)1y

5. logw; < log(n!)+ 1% (Y;0logPys—1)1p

6: +17 (Y 0logQ:)1,, — 17T log(Y:)1,,

7: +(n -1 Y,1,,)log(1 - 1T (Ps);_10Q)1,,) —log((n — 1T Y;1,,))

8: Ty — (laPﬂt)T

6.3.2 Multinomial smoothing

Given a time horizon T € N (use the same notation as in the previous chapter, this should not be
confused with the transpose symbol T), start again from the HMM (x;,y;);=1,...7 With emission
density as in (6.4), the smoothing distributions can be computed through the recursion (2.6),

which takes the form of an application of a reverse kernel:

reverse

pXely1.7) — p(Xer1lyrr).

Precisely, consider the identities:

T-1

pxo:rlyrr) = pxrlyrr) [ pelxer1,¥1:0)
£=0

P(X¢ly1:)p(Xs411%4)
p(xt+1|y1:t)

PXer1lyr) = ), PXely1:)pEer1lxe),

X €S mn

(6.14) P(X¢1X411,¥1:4) =

with the conventions p(x¢lx1,¥y1.0) = p(X0l|x1), p(X0ly1:0) = p(X0). The smoothing distributions
pX:ly1.1), t=0,...,T, satisfy the backward recursion.

(6.15) Y. pEe1lyrr)p(XelXes1,¥1:0) = PEely 1)

Xt+1€=5pm,n

All these formulae are standard identities for hidden Markov models [Briers et al., 2010], and
they are the discrete counterpart of recursion 2.6.

In order to approximate (6.15) each of the terms p(x;|x;+1,y1.+) is approximated. Consider
first the numerator in (6.14). Recall from subsection 6.3.1 that the transition probabilities of the

(X4)¢=0 process can be written in terms of (My)s>1, so:

(6.16) P(Xely1:)p(Xe111X¢) = Xy 1:6)M 1 11(Xg, (%), X5 41).

Replace p(x;|y1.;) in (6.16) by its multinomial approximation Mult(n, ;) obtained using algo-

rithm 7, and replace n(x;) in (6.16) by its expected value under this multinomial distribution, i.e.

130



6.3. APPROXIMATE FILTERING AND SMOOTHING

Ty, to give

et (XM 1 (Xg, 412, Xp11)
~ ~ b
Y geSp , Meit R Mpi1(X, 7112, Xp41)

(6.17) P(X¢|X441,¥1:4) =

where p;:(+) is the probability mass function associated with Mult(n, ;). The following lemma

gives a multinomial formulation of (6.17), the proof is available in the appendix B.

Lemma 6.5. With x;,1 considered fixed, the function which maps X; to the right hand side of

(6.17) is the probability mass function associated with 1,TnZ, where Z is an m x m random matrix
i)

; +1,L§i")) and Ly is the row-stochastic matrix with entries

whose ith row has distribution Mult(x
() 1. (,0)
Gy _ Tt el
t - )
(jt’tl;th‘Fl,JIﬂt )(l)

@)
where kt+1,itz|z are the elements of Ky+1,7,,-

Now considering (6.15) and the approximation (6.17), define the probability mass functions:

et (XM 1 (Xg, 411, X1 41)
Y Heen T (Res1)

t<T
>
X1 1€Fmm Y26 S Ht1t(Z)M 111(2, W12, X141)

e (X)) =

b

recalling from (6.17) that u7|7(-) is the probability mass function associated with Mult(n, 7z 7|7).
The following lemma gives a multinomial approximation for the smoothing distribution, the proof

is available in the appendix B.

Lemma 6.6. For 0<t¢<T, uyr() is the probability mass function associated with Mult(n, 1),

where 7y is computed as per algorithm 9.

Assuming that algorithm 7 has already been run up to a given time 7' and using lemma 6.6,

algorithm 9 can be derived, and it gives the approximation:

p(X¢ly1.7) = Mult(n, 74 7).

Algorithm 9 Multinomial smoothing with observations derived from (x;);>1
1: fort=T-1,...,0do

2: let L; be the matrix with elements lff’j ) ”(tj|t) ki{rll) ﬂtlt/(”g“th+1,ﬂt\t)(i)
3: T — (ﬂrtl;llTLt)T

Turning to the HMM (Z;,Y;);=1,... 7 with emission density as in (6.5) the smoothing distributions
can be computed through the recursion (2.6), which takes the form of an application of a reverse

kernel:

reverse

p(Zi\Y1.7) — p(Zs1Y17).
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As for the x; case, to derive our approximations start from the fact that (Z;,Y;);>1 is a hidden

Markov model, and consider the identities:

T-1
p(Z1.71Y1.7) = p(Zp|Y1.7) [ | P(Zt|Zt11, Y1)
t=1
D(Zy|Y1.0)p(Zy+11Zy)
(6.18) Z:\Z;41,Y1:1) =
P, T P(Zs411Y1:4)
P(Ze11Y1:) =) p(Ze|Y1:0)p(Zy41|Zy).
Z,
The backward recursion is in this case is:
(6.19) Y P(Zi1|Y1.1)P(Z4| 2111, Y1) = p(Zy|Y1:7).

71

Writing g,,(-) for the probability mass function associated with Mult(n,P;;), our approximation
to (6.18) is:

ﬁt‘t(zt)MHl(Zt,JTt|t,Zt+1)

(6.20) PZ4|Zs11, Y1) ———=———= )
Y7l (DM 1(Z, w2, Ly 11)

where M,,1 was introduced in subsection 6.3.1 when building the approximate filtering for Z,

and in the setting of (6.20) has the explicit formula:

(,0)
((j,g) )Z/H

— m 5o P,
M1, 7040, Z41) =M Zy = Zsr 1)1 | [[Zeia 1) [ 55
j=1 =1z

The following lemma gives a formulation for (6.20), and it is proved in appendix B.

Lemma 6.7. With Z;.1 considered fixed, the function which maps Z; to the right hand side
of (6.20) is the probability mass function such that the columns of Z; are independent and the
distribution of the ith column is Mult((ZHllm)(i),fif”)), where Et is the row-stochastic matrix
with entries

7@ L), (D)

Ls™ =py; Imy,

(@)
tit

i,J)
It
in algorithm 8.

where p(t are the elements of Py, and 7, are the elements of m; == (1£Pt|t)T with Py computed

Now considering (6.19) and the approximation (6.20), define the probability mass functions:

_ _ Ly (Z)M 1 1(Zs, 741,24 1)
6.21) Lr @)= Y Tyyrp 1) —2 - ’

—————— , t<T
Zin Y7y (LM i1(Z, 741,21 1)

b

where fi1(-) is defined to be the probability mass function associated with Mult(n, Pr7).
The following lemma is the key result to build the approximate smoothing, and it is proved in

the appendix B.
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Lemma 6.8. For 0<t<T, p,r(:) is the probability mass function associated with Mult(n, Py 1),
where Py is computed as per algorithm 10.

Assuming algorithm 8 has already been run up to a given time 7', the above lemma is used to

derive algorithm 10, from which the following approximation is obtained:

p(Zily1.7) = Mult(n, Py 7).

Algorithm 10 Multinomial smoothing with observations derived from (Z;);>1
1: fort=T-1,...,1do
2: xyr — Priyrln,

3: let L; be the matrix with elements ZE‘L’J) — p(t{t’i)/n(tfz

—T
4 Pyr—Apemyr)oly

@@,))
tlt
with Py; computed in algorithm 8.

In algorithm 10, p are the elements of P;; and ﬂ(tTt) are the elements of 7, := (laPt\t)T,

6.3.3 Computational cost

The computational cost of algorithms 7 and 8 is independent of the overall population size n,
except through factorial terms such as log(n!) and log((n — lr,fly)!). However these terms do not
depend on the model parameters K; ;, q; etc., so can be pre-computed or even not computed
at all if the approximate marginal likelihood needs to be evaluated only up to a constant of
proportionality independent of model parameters. Leaving these factorial terms out the worst-
case costs of algorithms 7 and 8 are therefore respectively G(T'm?) and G(Tm?). Costs may be
substantially lower in practice as K; ; and q; are typically sparse. Similar observations hold for
the smoothing algorithms.

This compares to O(T'mf(n)) to simulate (X;);>¢ from the model where f(n) is the complexity
of sampling from Bin(n, p), assuming no more than two non-zero entries in each row of K; ;. A
larger number of non-zero entries would imply a higher cost. Such a simulation is necessary
(but usually not sufficient) to approximately evaluate the likelihood in ABSEIR [Brown et al.,
2018]. The worst case is f(n) = O(n), but modest improvements are available if one accepts ‘with
high probability’ performance measures [Farach-Colton and Tsai, 2015]. The worst-case time
complexity of the Data Augmentation MCMC method [Lekone and Finkenstadt, 2006] is also
linear in n. Whilst the wall-clock time of any given algorithm is of course heavily dependent on
exactly how it is implemented, these considerations suggest that the proposed methods will have
attractive computational costs in many applications, where m is often many orders of magnitude

smaller than n
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6.4 Numerical results

This section analyses the numerical results obtained with the multinomial approximations. The
experiments treat different aspects of the approximation: retrieve the ground truth parameters
from a synthetic data scenario; estimate the effect of control measures in the 1995 Ebola outbreak
in the Democratic Republic of Congo; assess the accuracy of the multinomial approximation for
the filtering distribution; estimate the reproduction number of COVID-19 during its initial stage

in Wuhan.

6.4.1 The 1995 Ebola outbreak in the Democratic Republic of Congo

Simulated and real data on the 1995 outbreak of Ebola in the Democratic Republic of Congo
under a discrete-time SEIR model used by [Lekone and Finkenstéddt, 2006] are analysed to
investigate the impact of control interventions. The experiments follow closely those in [Lekone
and Finkenstadt, 2006] to allow comparisons with their Data Augmentation MCMC method.
Comparisons to the ABC method from the ABSEIR R package [Brown et al., 2018], and results of
least-squares fitting of an ODE model from [Chowell et al., 2004], which [Lekone and Finkenstidt,

2006] used as a benchmark, are included in the analysis.

Model The model of [Lekone and Finkenstidt, 2006] is the same as the SEIR model in (6.1)

with & =1, except that § is replaced by a time-varying parameter:

t<tx
ﬁt={ﬁ =t

‘Be—A(t—t*) t 2 t*

where ¢, is the time at which control measures began. Thus K; ; is as in (6.3) but with § replaced
by this B;. Also following [Lekone and Finkenstédt, 2006], the data consist of daily counts of new
cases (i.e. new infectives) and new deaths (i.e. new removals). In [Lekone and Finkenstéidt, 2006]
it was assumed these counts are observed directly, subject to known proportions of missing data.
In this thesis, a slightly more general observation model is chosen. As per subsection 6.2.3 the
observation model for Z; is considered with ¢ ti’j ) = 0 for all (1,7) except (2,3) and (3,4), and where
q(tz’?’) and q(t3’4) are treated as constant-in-¢ but otherwise unknown and to be estimated. Thus

the parameters of the model to be estimated are:
©=(6,1,0,7,4%%,4>.

Note that the initial distribution is given and set as in Lekone and Finkenstadt [2006] for both

the synthetic and real scenario.

Synthetic data Using the following settings from [Lekone and Finkenstadt, 2006]:
=02, 1=02, p=0.2, y=0.143, ¢,=130,
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Figure 6.1: Synthetic data: in red (y§2’3))t21, which are daily numbers of reported new cases, and

in orange ( y§3’4))t21, which are the daily numbers of reported new deaths, simulated from the
Ebola model of Lekone and Finkenstddt [2006]. Blue lines indicate the day ¢, = 130 at which
control measures were introduced.

and Sy = 5,364,500, Eq = 1, Ip = Ro = 0, plus ¢® = 291/316 and ¢'>* = 236/316 for all ¢ = 1

informed by realistic proportions of non-missing data [Lekone and Finkenstadt, 2006], a SEIR

model is simulated until extinction, which took 175 time steps. The data are shown in figure 6.1.
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Figure 6.2: Traceplots and histograms for the MCMC method applied to synthetic data from the
Ebola model, with the ‘vague’ set of priors (left), the ‘informative’ set of priors (centre) and the
‘noncentered’ (right) set of priors specified by Lekone and Finkenstadt [2006]. Blue lines show
true parameter values.

The parameters are estimated either through MLE’s from an EM algorithm that uses the
approximate filtering and smoothing methods, or through marginal posterior means and standard
deviations, estimated using a Metropolis-within-Gibbs MCMC algorithm which incorporates
the approximate marginal likelihood from the multinomial approximation. Figure 6.2 shows
traceplots and histograms of the MCMC output from which posterior means and posterior
standard deviations are calculated. The MCMC chain is run for 5 x 10° iterations, the first 10°
iterations are discarded for burn-in, and the remaining samples thinned to result in a sample

size of 10%. Table 6.1 shows posterior means and standard deviations under three sets of prior
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distributions over (8, A, p,y) labelled ‘vague’, ‘informative’ and ‘noncentered’ by [Lekone and
Finkenstéddt, 2006]. The basic reproduction number is Rg = f/y. The results show an accurate
recovery of the true parameter values. More information about the MCMC and the EM algorithm

are available in appendix B.

Real data This paragraph analyses the same real Congo Ebola data as in [Lekone and Finken-
stadt, 2006]. As for the previous paragraph, the parameters are estimated either through MLE’s
from an EM algorithm that uses the approximate filtering-smoothing method or through marginal
posterior means and standard deviations estimated using a Metropolis-within-Gibbs MCMC
algorithm which incorporates the approximate marginal likelihood from the multinomial approx-
imation. Traceplots and histograms for the MCMC method are displayed in figure 6.4, the ‘vague’

and ‘uninformative’ sets of priors are considered only.

Daily reported deaths

I

60 80 bt 60 80 100
Days from March 1, 1995 Day of death from March 1, 1995

Figure 6.3: Data from the 1995 Ebola outbreak in the Democratic Republic of Congo per day from
March 1, 1995, to July 16, 1995. In red daily numbers of reported new cases and in orange daily
number of reported new deaths. Blue lines indicate the 9th of May when control measurements
were introduced.

Table 6.2 summarises the results of the multinomial approximation and the considered
baselines. There are several interesting findings. 1) The results from the proposed methods
are generally closer to those from the Data Augmentation MCMC sampler of [Lekone and
Finkenstadt, 2006] than those from the ABC method of [Brown et al., 2018]; the former targets

the true posterior distribution whilst the latter does so only approximately. 2) Under the ‘vague’

Table 6.1: Parameter estimates for synthetic data under the Ebola model using our EM and
MCMC methods under three sets of prior distributions specified by [Lekone and Finkenstédt,
2006]. For the MCMC results, the posterior means is reported as the point estimate and the
numbers in parentheses are posterior standard deviations.

Parameter B A o Y qZ9 qGP Ry

True value 0.2 0.2 0.2 0.143 0.92 0.75 1.40

MLE (EM-alg.) 0.20 0.18 0.21 0.139 1.00 0.81 1.44
MCMC (vague) 0.23 (0.028)  0.21(0.080) 0.22(0.076) 0.173(0.024) 0.81(0.140) 0.66 (0.119)  1.31(0.088)
MCMC (infor.) 0.22(0.020)  0.22(0.065)  0.20 (0.035)  0.162(0.017) 0.83 (0.130)  0.67(0.112)  1.34(0.082)

MCMC (noncent.)  0.32(0.048) 0.35(0.101) 0.17(0.031) 0.256 (0.049)  0.79(0.147)  0.64 (0.125)  1.28 (0.084)
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Figure 6.4: Traceplots and histogram for the MCMC on the Ebola data.
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Figure 6.5: Analysis of real Ebola data with our method. On the left, posterior smoothing
distributions for the number of new infectives per day and on the right posterior predictive
distributions for the associated observations, i.e., subject to under-reporting. Control measures

were introduced on day 70.
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Table 6.2: Parameter estimates for the real Ebola data. Numbers in parentheses in column 5 are
standard errors, for all other columns they are posterior standard deviations. For columns 2,3,4,6
the parameter estimates are posterior means. For each of §, A, and 1/p the pairs of estimates in
column 1 were obtained from the respective bi-modal posteriors by applying £-means clustering,
with 2 =2, to the MCMC output.

Parameter B A 1/p 1/y q(2*3) q(3’4) Ry
Our MCMC method 0.36 (0.049) 0.32 (0.140) 10.39 (1.554) 2.18(0.227)
vague prior 0.22 (0.025) 0.05 (0.008) 1.86 (0.487) 6.17(1.042) 0.44(0.103)  0.36 (0.088) 1.42 (0.102)

Our MCMC method

! o met 0.26(0.033)  0.12(0.064) 6.07(1919)  6.86(0.83)  050(0.109) 0.41(0.093)  1.64(0.696)
informative prior
[Lekone and Finkenstadt, 20061 54 (9 920) 0.6 (0.009) 9.43(0.620)  571(0548)  _ i} 1.38(0.127)
vague prior
[Lekone and Finkenstadt, 20061 51 (g 017) 0,15 (0.010) 10.11(0.713) 652 (0.564) 1.36 (0.128)

informative prior
ODE + least squares
[Chowell et al., 2004]
ABC ABSEIR
[Brown et al., 2018]

0.33(0.006)  0.98 (unknown)  5.30 (0.230) 5.61(0.190) 1.83 (0.060)

0.3 (0.088) 0.36 (0.325) 7.91(2.703) 15.01 (32.863) 3.66 (6.592)

prior the proposed method finds bi-modal posterior distributions of 8, 1, and 1/p. For f, one of
the modes roughly matches the posterior mean obtained using [Lekone and Finkenstadt, 2006]
whilst the other is more similar to the least-squares estimate from [Chowell et al., 2004]; one
can conjecture that the proposed MCMC sampler has better mixing than that of [LLekone and
Finkenstadt, 20061, allowing it to find these two modes. 3) The proposed method can report

@3 gnd ¢34

estimates for g , whilst the other methods do not. Figure 6.5 shows posterior and
posterior-predictive distributions for the counts of new infectives each day. The former estimates
for the true numbers gave rise to the under-reported data, whilst the latter shows coverage of the

data hence a good model fit [Gelman et al., 1996].

6.4.2 Accuracy: filtering bias and credible interval coverage

The purpose of this subsection is to study the accuracy of the approximate filtering distributions
obtained from algorithm 8 when applied to the Ebola model described in subsection 6.4.1. The
ground truth parameter values (8,1, p,y) in the synthetic data experiment were taken together
with ¢ = 291/316, ¢®* = 236/316. Three population sizes n = 5 x 102,5 x 10*,5 x 10® are
considered, and in each case the initial distribution was 7o = [1— 1/n,1/n,0,0]T. For each value of
n, 2 x 10* data sets are simulated from the model, each over 200 time steps.

To assess accuracy, consider bias and credible-interval coverage. The former is calculated from
the empirical bias associated with the mean vector of the approximation to p(x;|Y1.;) obtained
from algorithm 8 as an estimator of x;. The latter is obtained from the empirical coverage of
the nominal 95%-credible interval for the marginal over each xii), 1=1,2,3,4. For the true (i.e.
approximation-free) filtering distributions, asymptotically in the number of simulated data sets
the bias would be zero and the coverage would be 95%.

Figure 6.6 shows that for all three values of n, the bias at every time step and for every

compartment is less than 0.1 in magnitude. This shows the approximation is very accurate: the
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Figure 6.6: Empirical bias and empirical coverage of nominal 95%-credible intervals from 2 x 10*
simulations over 200 time steps of the Ebola model. Columns from left to right: n =5 x 102, 5 x
10%,5 x 105. Top row: bias, bottom row: coverage. Red, yellow, blue, green correspond to xgi),
i =1,2,3,4, i.e. susceptible, exposed, infective, removed.

true values of xgi)

,1=1,2,3,4 are always integers, and a bias less than 0.5 in magnitude means
that, on average, if the estimated number of individuals is rounded to the nearest integer, the true
number of individuals is recovered. The credible interval coverage reported in figure 6.6 shows
that the approximate filtering distributions tend to over-represent uncertainty: the empirical
coverage at all time steps for all compartments of the nominal 95% interval is between 97% and

100%. The bias and coverage appear robust to population size.

6.4.3 Estimating the time-varying reproduction number of COVID-19 in
Wuhan, China

A compartmental model for estimating the time-varying reproduction number of COVID-19
in Wuhan, China, has recently been published in [Kucharski et al., 2020]. The model has 15
compartments: susceptibles in Wuhan become exposed and either stay in Wuhan or depart inter-
nationally, then, in either case, pass through further stages being exposed, infective, symptomatic
and confirmed. The transmission rate is modelled as time-varying (f;);=0, a-priori by a geometric
random walk, and S; is considered proportional to the reproductive number R;. [Kucharski et al.,
2020] proposed a Sequential Monte Carlo (SMC) algorithm to estimate (R;);>9 which weights
samples of (B;):>0 by the likelihood of the associated ODE solution under a Poisson observation
model.

The multinomial approximation can be used to replace the ODE model in Kucharski et al.
[2020] with a discrete-time stochastic version of the compartmental model, and their Poisson

model can be replaced by the binomial observation model from section 6.2.3. Precisely, the
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compartments are the following:

S which is the number of susceptible individuals in Wuhan (compartment 1);

E(tl’W),E(tZ’W) which are the numbers of exposed individuals in Wuhan in the first and

second stage of the incubation period (compartments 2&3);

1 §1,W), 1 ;2’W) which are the numbers of infective individuals in Wuhan in the first and second

stage of the disease (compartments 3&4);

E;LT),E?’T) which are the numbers of individuals who were initially exposed whilst in
Wuhan and subsequently travelled to other countries, in their first and second stage of the

incubation period (compartments 5&6);
1 gl’T), 1 ;2’T) which are the numbers of infective individuals who were initially exposed whilst
in Wuhan and subsequently travelled to other countries, in their first and second stage of

the disease (compartments 7&8);

R; which is the number of removed individuals (compartment 9).

The evolution of the compartments are then:

Si11=8,~BMW BT,
E(l W) _ E(l w) B(l w) B(2 W)

t+1

2,W) 2,w) 2,W) (1,W)
E i1 =E; +B, -C; R
Iiﬂm I(l,W) C(1,W) _ C(z’W),
Iger) — 1(2 W) + C(2 W) DW
ES}) _ E(l T) JrB(l T) B(2 T)

2,7) 2,7T) 2,7) (1,7)
Et+1 Et + Bt - Ct ’
Iﬁ 1T) I(l,T) C(l,T) _ C(2,T)’

2,7) 2,7 2,7 T
I 1l = =I; +C, -D;

Ry =R+ D™ + DT,

where:

1,Ww
B(t W) (1-fpp:
B(tl,T) ~Mult| S,, fip: )
1.W 1,T
S, - B&W) _ gD 1-pq
2,W . LW 2T LT
Bi )~B1n(E§ ),pc), Bfﬁ '~ E( ),pc),

C§1’W’~Bin(E(f’W’,pc), et~ B1n(E(2T) )
P ~Bin (1", pg), CP" ~Bin(1{"",p),

D™ ~Bin(1>", pg), D{" ~Bin (1", pr),
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with

(1,W) (2,W)
py=1— e PP+ m, ~h2p

pczl_e ) pR=1_e_h2y7

where f; is the fraction of cases that depart from Wuhan to other countries at time ¢ and 4 is

generally chosen to be 1. The observations consist of the new infectives in Wuhan, y§3’4), and

internationally, y§7’8), at each time step, subject to random under-reporting:

y£3,4) ~ Bin (C?,W)’ q(W)) ’ y§7,8) ~Bin (Cil,T)’ q(T)) _

The resulting model is a compartmental model with m = 10 as the class of models described in
subsection 6.2.3. Remark that the ODE model of Kucharski et al. [2020] incorporates a number of
other compartments which are used to accumulate the numbers of individuals who have passed
through certain states, but which otherwise do not play an active role in the model, hence they
are not specified here.

The SMC algorithm from [Kucharski et al., 2020] is then modified such that the weights
samples of (B;):>pare substituted by their approximate marginal likelihoods, computed using the
multinomial filtering techniques. The full algorithm is shown in algorithm 11. Two of three data
sets from [Kucharski et al., 2020] are analysed: daily counts of new infectives by date of symptom
onset in Wuhan, and internationally exported from Wuhan.

The procedure of Kucharski et al. [2020] is then followed in producing the remainder of
the results: the algorithm is ran for 100 times with npar = 3 x 102, resulting in 100 samples
of (5t,f’t|T,Zt)t:1,,_,T (more sophisticated approaches to particle smoothing are available in the
literature, but they are not used in order to make fair comparisons with results from Kucharski
et al. [2020] ).

Figure 6.7 shows results in the format of [Kucharski et al., 2020], figure 6.8 shows the results
for the SMC algorithm by Kucharski et al. [2020] applied to the same data as in this thesis
method, i.e. with the evacuation flights data left out of the analysis. The quantities reported in
figures 6.7 and 6.8 are specified in the following list, where « is the rate of reporting (the same

numerical value as in Kucharski et al. [2020]) and FW), F(D are auxiliary compartments.
1. The time-varying reproduction number (first row of the figures) R; = ,5,5/)/ fort=1,...,T;

2. The new confirmed cases by date of onset in Wuhan and China (left plot in the second row
of the figures) 5/,53’4) fort=1,...,T:

& ~Bin(n,5y;) and 5 ~Bin(2,q").

3. The new confirmed cases by date of onset internationally (right plot in the second row of
the figures) 5/§7’8) fort=1,...,T:

2; ~Bin (n,ﬁgq’?)) and 5/27’& ~ Bin (2t,q(T)) .
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Algorithm 11 Particle filter and backward sampler for COVID-19 application

1: initialize 7wy — w0, B =Po, fori=1,...,npar
2: fors=1tot do

3: for i =1 to npart do
4 O p® lexp(V(‘)) V@ ~N(0,02)
5 Pfsﬁ 1 (”(sl)lls—l m) oK, DB
; P ~E+(1— 1$1Y31m) P(;ll 01, ®1,-Q,)
#on no J1-1500_0Qu1,
7: logw{ — log(n!) +17,(Ys 0logP{) )1, + 1%, (Y, 0logQy)1,, — 17, log(Y, D1,y
8: +(n—11 Y,1,,)log(1 - 1’,51(ng;71 0Qy)1,,) —log((n — 1T Y,1,,))
N
10: u")(.) — w(s)/ZJ ng), i=1,...,Npart
11:  resample {8, (slll}npa" accordlng to {w(l)}npart and keep track of ancestors in a; =

[a(l) . a(snparts)]

12:

13: sample ( according to {wt
14: FLyp — thﬁ, Py — Ptlt’ fr— ﬂg)

15: sample Z; from Mult(n,Pm)

16: fors=¢—-1,...,1do

17: Tt ‘_Ps+1lt1m

18 (—a®, dgy—nQ, Py P(scli  Be—pYO

s|s? o
’J) ~(J l)/~(l)
sls sIs

l)}npart

19: Let L be the matrix with elements 7,
20: fori=1,...,mdo

21: sample AR from Mult((Zs,11,,)C
22: Pslt‘_(lm ®J‘ts|t)0Ls
return {f;, Py, Zs) _,

—(z)
DL,)

4. The new confirmed cases by date in Wuhan (left plot in the third row of the figures) Aé?ﬂfiw)
fort=1,...,T:

FM=0
AF™ ~Bin (57, 1-¢7""), ACont," ~Bin(FM),1-¢7),

FW) = 500 4 AR _ AGont™.

5. The new confirmed cases by date internationally (right plot in the third row of the figures)
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A(T(;Hf(tT) fort=1,...,T:

PP o,
AFD ~Bin(£®,1-¢""), AConf; ' ~Bin(FD,1-¢7),

PO = T 4 AFD _ AGont'”,

Given figures 6.7 and 6.8, it can be noticed that the estimates obtained from algorithm 11 of
R; are generally lower, and closer to 1 than the ones from Kucharski et al. [2020] for the period
after travel restrictions are introduced; and the credible intervals for the in-sample plots are
generally wider, reflecting the stochastic nature of the proposed compartmental model. In the
bottom two plots, the posterior distributions are mostly concentrated on lower values than those
from the method of [Kucharski et al., 2020].
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Figure 6.7: Results for the COVID-19 model using algorithm 11. The red line shows the date
at which travel restrictions were introduced. Top: estimated reproduction number. Middle row:
estimated daily new confirmed cases in Wuhan (left) and internationally (right), both with in-
sample data by date of symptom onset. Bottom row, left: estimated new symptomatic but possibly
unconfirmed cases (left axis) and out-of-sample new confirmed cases data (right axis); right:
estimated confirmed international cases by date of confirmation and out-of-sample data.
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Figure 6.8: Results for the COVID-19 model using Kucharski et al. [2020] methods without
rescue flights data. The red line shows the date at which travel restrictions were introduced.
Top: estimated reproduction number. Middle row: estimated daily new confirmed cases in Wuhan
(left) and internationally (right), both with in-sample data by date of symptom onset. Bottom row,
left: estimated new symptomatic but possibly unconfirmed cases (left axis) and out-of-sample
new confirmed cases data (right axis); right: estimated confirmed international cases by date of
confirmation and out-of-sample data.



CHAPTER

CONCLUSION

his thesis extensively treated hidden Markov models by presenting the main background
and issues (chapter 2) arising when scaling-up the state-space. Novel methods to perform
inference over high-dimensional HMMs are developed (chapters 3, 5, 6), with experiments
touching several strands of applications: traffic modelling, image classification, next-frame

prediction, epidemiology.

In chapter 3, an approximate procedure for filtering and smoothing distributions in high-
dimensional FHMM is proposed. The procedure avoids the exponential-in-dimension compu-
tational cost of the forward-backward algorithm for FHMMs [Ghahramani and Jordan, 1997]
and guarantees the local total variation distance between the approximations and the filtering-
smoothing distributions to have dimension-free upper bounds.

There are number of ways in which this work could be extended or generalized. From an al-
gorithmic point of view, it seems natural to explore hybrids between variational methods of
the sort proposed by Ghahramani and Jordan [1997] and the Graph Filter-Smoother. In the
spirit of variational methods, could a layer of optimization in Kullback-Leibler divergence be
somehow combined with the approximations in Graph Filter-Smoother, with the aim of yielding
even more accurate approximations? From a theoretical point of view, it would be interesting to
investigate whether the kind of mathematical tools used to study the Graph Filter and Smoother
could also help rigorously quantify the approximation error in variational methods for FHMMs,
which appears to be an unsolved problem. Another interesting question beyond the scope of
the present work is whether the generalized Dobrushin Comparison Theorems developed by
Rebeschini and van Handel [2014] might help loosen some of the technical assumptions on which
the results rely. From a modelling point of view, there are many directions in which the London

Underground example could be further investigated. The model considered is a simple prototype,
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with straightforward spacial interactions among lanes and stations. It would be interesting to
see how it performs with spacial interactions over time, i.e. lanes do not evolve independently
from each other, and with a richer state space. Even the emission distribution could be chosen
more carefully, a zero-inflated Poisson could be used to model more precisely the quiet periods.

Chapter 5 introduces a novel hybrid model between Bayesian neural networks and FHMMs

called Hidden Markov neural network (HMNN), where the posterior over the weights is estimated
sequentially through variational Bayes with an evolving prior, that is obtained by propagating
forward through a stochastic transition kernel the approximation of the posterior at the previous
time step. Moreover, the considered variational approximation induces a regularization technique
called variational DropConnect, which resembles DropConnect Wan et al. [2013] and variational
DropOut [Kingma et al., 2015].
The idea behind HMNNSs is simple and it opens multiple research questions that can be answered
in future works. The quality of the approximation is not treated and the rate of accumulation
of the error over time is unknown. Theoretical studies on variational approximations could be
used to answer this matter [Yang et al., 2017, Chérief-Abdellatif, 2019]. A smoothing algorithm
is not considered, this could improve the performance of HMNN and open the avenue for an
approximate EM algorithm, which would avoid the heavy initial tuning of the parameters.
The neural networks architecture deployed in HMNNSs are simple and they could be extended
to recurrent neural network and convolutional neural network, to tackle more complicated
applications. The variational DropConnect idea suggests that using mixtures of Gaussians as
variational approximations can improve the performance, it would be interesting to see if that is
the case in other variational Bayes scenarios.

Chapter 6 proposes an approximation for filtering and smoothing distribution in compartmen-
tal models with fixed population. The general argument is to modify the prediction and correction
step in the forward-backward algorithm in such a way that they preserve the form of the chosen
approximation, i.e. after applying prediction /correction to a Multinomial distribution the results
is still a Multinomial distribution. The algorithm is then used in an epidemiological framework.
Several paths can be undertaken to extend this work. Little is known about the approximation,
surely a detailed mathematical study on both the quality of the approximation and the behaviour
of the approximate marginal likelihood is needed. This can be done, for example, for an increasing
population size given what is suggested by figure 6.6 in the experimental session. As showed
during the experiments, the method can be nested in MCMC and SMC algorithm to infer the
parameters of the epidemics, but how far can someone go in creating hybrids algorithms? Inter-
estingly, one option could be to use the multinomial approximation to inform the proposal in an
SMC. The Multinomial choice seems a bit restrictive, it is likely that other distributions could be
used to improve dispersion or relax the fixed population size assumption. Finally, applications in
epidemiology are presented, however compartmental models have a wide range of applications

that can be explored, e.g. pharmacokinetics, biomedicine, engineering.
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APPENDIX

EXPLOITING LOCALITY IN HIGH-DIMENSIONAL FACTORIAL HIDDEN
MARKOV MODELS

his appendix provides some extra details on chapter 3. In particular, section A.1 shows
the formulation of the EM algorithm for Graph Filter-Smoother under Gaussian and
Poisson emission. Section A.2 gives some additional details on the traffic flow experiment.

Section A.3 formulates a particle filter algorithm derived from the Graph Filter-Smoother.

A.1 EM algorithm for Graph Filter-Smoother

The parameters of the FHMMs considered in section 3.4 can be estimated with an EM algorithm
where the exact smoothing distribution is substituted with the Graph Filter-Smoother approxima-
tion. This appendix contains details of the considered maximization step for both the Gaussian

and the Poisson model.

A.1.1 Gaussian emission

From the Gaussian emission model as in subsection 3.4.1 it can be seen that the parameters are
6 = (fio, p, ¢,02). The log-likelihood is then:

M
log L(0; Xo.7, yo.7) = const. + Z log[fio(X{)]
v=1
M
+3 Y loglp(X? 1, XY)]
=1
M-
+2 2

t=1 f=1

~
[y
<

T
3 1{—%10g(02)— 1 [yf —c(x/-x[")

202

4
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Consider the EM scenario as explained in subsection 2.1.3, the aim is to maximize the expected
log-likelihood, however this expectation is taken under the approximated smoothing distribution
fiyr given the parameters 6. To make the notation lighter the dependence of 747 on 0’ is dropped.

The expected log-likelihood is:

M T M
Qr6,6)=Y Y loglo(x)lis ) + Z Z Y Y loglpa, )il p(x,2)
v=1xeX t=1v=1xeXzeX

T M-1

2
D3 Z{——log(az)——[yt —c-x—c-z }~;’l;+1<x 2,

t=1 v=1 xeXzeX
where ﬁv|’T+ is the joint smoothing distribution of X/, X7 v+l given 0’ and 7V 14T is the joint
smoothing distribution of X! |, X} given 6":
p'(x,2)ft] ()7} ()
Z.fCEXp,(iyz)ﬁlt)_l(&) ’

where p’ is the current estimate of p. Given the target function the next step is to compute the

v B
Tty g grx,2) =

gradient of @r:
oQr y
aﬂo(x) ,UO(JC) Z OIT ) ~ ( ) anT(X)
OQT L& ~v o
0p(x,2) p(x 2) tzil; L Art,2) = ( %) ;v;l”t—l #17(%,%);

f,f+1

4T (xyz);

1 1 ( 7

—_ + PR —
202 2(0?)2

2
¥, —c-x—c-z)

remark that deriving @7 is not enough, all the constraint on the probability masses must be

satisfied, i.e.:
flo®) =1-Y) fio(3) and p(x,®)=1-3 p(x,2).

zeX zeX
The M-step is then obtained with VQ (o, p,c,02) =0, precisely:
1 M
folx) = — Z o (x);

M
Z Ty ltlT(x 2)

||Mvﬁ

A

plx,2)=

1 .
T M ?
Y ¥ Al a(x)
i=1o=1 UT

M-1
p z nyf(x+z)”%+1(x,2)
=1 xeXze

T
>

t

CcC=

)

=1
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A.1.2 Poisson emission

Consider the model described in subsection 3.4.2. A graphical representation is available in figure
Al

Figure A.1: Top: a simple tube’s network with three stations. Bottom: the corresponding factor
graph build as explained in section 3.4.2.

The parameters of the model are 6 = (ug, p, 1). The log-likelihood of the model is:

logL(6; Xo.1, yo.7) = Y, logluy’ (Xg))]
i,j=1

T F L
+2 2 loglp™ (X, X )]
t=1i,j=1

{ ;’inlog(/li’in)_li’in( Z X;'J)}

y
JEN()
{y

As for the previous section, in EM the expected log-likelihood must be maximise, where the

T F
22
t=1i=1
T F . . . ..
n Z Z ;,outlog(ll,out)_al,out( Z Xiﬂ)}
t=1i=1

JENG)

+ const.

expectation is taken under the approximated smoothing distribution ;1 given the current

estimates of the parameters 0’ (as for the previous subsection the dependence of the approximate
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smoothing on 0’ is dropped). Precisely, the expected log-likelihood is:

T M
Qr(0,0) = Z > log[“o’J(x)]”mT(x) Z Y Y X loglp™(x, z)]”t ltIT(x 2)
t=1v=1xeX

i,j=1xeX zeX

t=1i= xeXiNG) JENQ)
T F . ) N N
+Y Y Ay logaleuty— Y Abeut| Yl N
t=1i=1 xeXHNG) JEN()
where nzlzj\f(l) is the joint smoothing distribution of (X Ly jen() and b o 1 AT is the joint smoothing
distribution of X t’Jl,X "/ Given the target function the gradient of @ 7 can be computed:
0 1 - 1
QJT i ﬁz)lJT X) - ij ~E)’\JT(’C)
a,UO (x) HO, (x) ’ ( )
aQT 4 l] I
— 7 (x,2)— (x,%);
9Q (0, p, MOpii(x,2) ’J(x z) ; t-LtT ’J(x x) ; t-LuT
0QT 7" i,NG)
— = - x| (x)
OALIn tzl{ Abin xegf\’(” j€§(i) t tIT

Y )iYﬁ“(x)}

¢
aQT i { l ou (
o) iout = b out xeXiNG \jeEN (D)

remark that deriving @7 is not enough, all the constraint on the probability masses must be
satisfied, i.e.:
@ =1-Y gy and p¥x,®=1-Y p™(x,2).
zeX zZeX

The M-step is then obtained by setting VQr(6) = 0, precisely:

6/ (0 = 7T (x);

i,J =
p (x Z) T ~LJ ’
t§1 nt_l‘T(x)
§ yiin
t
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A.2 Analyzing traffic flows on the London Underground:

supplementary

This section provides some additional details about the experiments in section 3.4.2. Section
A.2.1 describes the training procedure of the LSTM. Section A.2.2 provides complete plots about

the experiments.

A.2.1 LSTM details

The training set is normalized between 0 and 1. The LSTM is trained on Keras with architecture
given by an LSTM cell with 10 hidden units and input the inflow-outflow for all the twenty
stations, i.e. a 40-dimensional input, and an additional dense layer with output dimension 40
(the inflow-outflow for all the twenty stations). The total number of parameters is then 850. More
complicated (and simpler) architecture have been tested, but the chosen one was performing the
best. The weights of the neural network are trained over 100 epochs and ADAM optimizer is

used. The experiment is repeated 100 times with different seeds.

A.2.2 Plots on all the stations

Figure A.2: Posterior predictive performance with Graph Filter on all the considered stations.
The first five rows show the inflow, the remaining five rows show the outflow. In blue: the inflow
and outflow per station. In red: one step-ahead posterior predictive mean (solid red line) and 0.95
credible intervals (red bands) using the Graph Filter-Smoother.
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Figure A.3: Posterior predictive performance with Graph Filter on all the considered stations with
missing data in a quiet period. The first five rows show the inflow, the remaining five rows show
the outflow. In blue: the inflow and outflow per station. In red: one step-ahead posterior predictive
mean (solid red line) and 0.95 credible intervals (red bands) using the Graph Filter-Smoother.
Grey vertical dashed lines show the start and the end of the missing data window.
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Figure A.4: Posterior predictive performance with Graph Filter on all the considered stations with
missing data in a quiet period. The first five rows show the inflow, the remaining five rows show
the outflow. In blue: the inflow and outflow per station. In red: one step-ahead posterior predictive
mean (solid red line) and 0.95 credible intervals (red bands) using the Graph Filter-Smoother.
Grey vertical dashed lines show the start and the end of the missing data window.
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fow  ouffow  outfow

H

Figure A.5: LSTM performance on all the considered stations with missing data in a quiet period.
The first five rows show the inflow, the remaining five rows show the outflow. In blue: the inflow
and outflow per station. In red: one-step-ahead prediction with the LSTM, per time step, a sample
of size 100 is built over different training of the LSTM with solid red lines showing the mean and
red bands showing the region between the 0.025 and the 0.975 quantile.

Figure A.6: LSTM performance on all the considered stations with missing data in a quiet period.
The first five rows show the inflow, the remaining five rows show the outflow. In blue: the inflow
and outflow per station. In red: multi-step-ahead prediction with the LSTM, per time step, a
sample of size 100 is built over different training of the LSTM with solid red lines showing the
mean and red bands showing the region between the 0.025 and the 0.975 quantile.
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Figure A.7: LSTM performance on all the considered stations with missing data in a quiet period.
The first five rows show the inflow, the remaining five rows show the outflow. In blue: the inflow
and outflow per station. In red: multi-step-ahead prediction with the LSTM, per time step, a
sample of size 100 is built over different training of the LSTM with solid red lines showing the
mean and red bands showing the region between the 0.025 and the 0.975 quantile.

A.3 Graph Particle Filter

Chapter 3 is focused on a finite state-space scenario, however algorithm 4 can be reformulated
as a particle filter as for Block Particle Filter in Rebeschini and Van Handel [2015]. The key
point is to compute locally the weights associated with the elements of the partition. In such
a way, per each element of the partition only a subset of factors is considered according to the
chosen parameter m. As for Rebeschini and Van Handel [2015] algorithm 12 can be proved to be

accurate, but this is left to future works.

Algorithm 12 Graph Particle Filter

Require: J/,(N}"(K))Keja,(Nl',n(K))KeJ(,(ué{)KeJ(,(p”(',-))ueV,(gf(',-))feF,(yt)t:{l,...,T}
1: for K € # do

2: ﬁé{ — ,Lt{){

3: fortefl,...,T}do

4: forie{l,...,N}do

5: Sample i.i.d. ¥;_1(i) from the distribution 7;_;
6: Sample X} (i) ~ p”(ic‘t’il(i),-),v 1%

7. Compute wf (i) = Myenrao 8 @& PGy, Kex
8: Normalize the weights wf{ ()= ZNw{((l) Kex

Y ko)

9: Let 7i; — Qgen Zi\il w{{(i)aif{(i)

10: return ((£:(i));i=1,. N)t=0,..T
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APPENDIX

INFERENCE IN STOCHASTIC EPIDEMIC MODELS VIA MULTINOMIAL
APPROXIMATIONS

ection B.1 discusses some of the shortcomings of deterministic compartmental models,
expanding on the discussion in chapter 6. Section B.2 contains proofs of lemmas 6.1 and
6.2, plus corresponding results and proofs for the observation model from subsection 6.2.3.
Section B.3 provides additional details and numerical results for the Ebola example in subsection
6.4.1. Additional details and numerical results for the COVID-19 example in subsection 6.4.3 are

given in section B.4.

B.1 Stochastic vs. deterministic SEIR models

Perhaps the most widely applied formulation of a compartmental model is as a system of ordinary

differential equations.

SEIR example. For a population of size n, the SEIR ODE model is:

BB g=ﬁ—81—pE, g_PE—YI,

> = 1
de¢ n’ de¢ n d¢ v

T
initialized with nonnegative integers in each of the compartments (Sg,E¢,Io,R() such that
So+Eg+Ig+Ro=n.

The most obvious drawback of ODE models is that, once model parameters and the initial
population are fixed, any discrepancy between observed data and the solution of the ODE has
to be explained as observation error, which is a serious restriction from a modelling point of
view. In practice one can try to estimate unknown parameters and/or the initial condition by

numerically minimizing this discrepancy, e.g. under squared error loss. Standard errors for
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parameter estimates can be derived using asymptotic theory for nonlinear least squares, but
calculation of them in practice involves numerical differentiation of the ODE solution flow w.r.t.
parameters [Chowell et al., 2004]. When a probabilistic observation model is specified, Bayesian
approaches allow for uncertainty quantification over parameters via posterior distributions, but
evaluating the likelihood function for model parameters still involves numerical solution of the
ODE.
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Figure B.1: Proportion of infective individuals against time in simulations from the discrete-time
stochastic SEIR model with 8=0.8, p=1/5, y =1/9 and A = 1 over 200 time steps. Columns left
to right: n = 102,103,10%,107 and initial conditions (S¢,E,Io,Ro) = (n —1,1,0,0). Top row: 10
realizations from the model. Bottom row: at each time step shaded regions indicate percentile
intervals of the form [a,1— a] x 100%, for a = 0.05,0.1,0.2,0.3,0.4 estimated from 10* realizations
from the model.

Figure B.1 shows simulation output for the proportion of infective individuals in the discrete-
time SEIR model with n = 10%,10%,105,107 and initial conditions (So,E0,o,R¢) = (n—1,1,0,0),
with =0.8, p =1/9 and v =0.2. It is evident that the sample paths become smoother as n grows,
but there is still substantial variability across sample paths even with n = 107. This can be
explained by the fact that since (Eq,Iy) = (1,0) independently of n, the numbers of exposed and
infective individuals in the first few time periods of the epidemic are typically very small, despite
the fact that the overall population size may be large, and the statistical variability associated
with these small numbers has a lasting effect on the overall timing of the outbreak.

To explain how this relates to ODE limits, for n = 1 and initial proportions of the population
(sp,e0,L0,70), 1.e., sg+eg+ig+ro=1, let us write 2,(sg,eq,i0,70) for the collection of ODEs in
(B.1) together with the initial condition (nsg,neq,nig,nrgy). It can be checked by substitution
that ¢t — (S¢,E,1:,R;) is a solution of @1(sg,eq,i0,70) if and only if t — (nS¢,nE;,nl;,nR;) is a
solution of 9,,(sg,eq,10,7¢). Thus n plays a trivial role in the ODE model: it is just a scaling factor

for the solution.
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The limit theorems of Kurtz [1970, 1971] applied in this situation pertain to the probabilistic
convergence on a finite time-window as n — oo of the path of the continuous-time SEIR Markov
process with initial condition (So,E¢,lo,Ro) =(n—1,1,0,0) and compartment counts normalized
by n, to the solution of 21(sg,eq,i9,r9), Where (sg,eq,%0,79) =lim,_.,(n—1,1,0,0)/n =(1,0,0,0).
However in the solution of 2:(1,0,0,0), the exposed and infective compartments are always
empty, i.e. an epidemic never occurs. This can be reconciled with figure B.1 by observing that
there the peak in the number of infectives typically occurs later as n grows: the limiting n — oo
case is that in which a peak never occurs.

This illustrates that sequences of well-behaved stochastic models can have ODE limits which
are unrealistic to the point of being pathological, and therefore these limits are not always a

sensible justification for using ODE models.

B.2 Supplementary information about multinomial filtering

and smoothing

B.2.1 Proofs of lemma 6.1 and lemma 6.2

Proof of Lemma 6.1 Since p is the probability mass function associated with Mult(n, ), E,[n(x)] =
7T, so it is needed to be proved that ) ;c T WEIM(x,7,-) is the probability mass function as-
sociated with Mult(n,n’TKt,],). This can be achieved using the unique characterization of the
probability mass function by its moment generating function.

With x ~ g, let X ~ M(x,7,-), so by construction ) 4 S UM (x,7,-) is the marginal proba-
bility mass function of X. Therefore by the definition of M; in section 6.3.1, X = (12Z)T, where
the rows of Z are conditionally independent given x, and the conditional distribution of the ith
row of Z given x is Mult(x®, K(l )) Using these facts, the moment generating function of X can be

written:

E [exp®"b)] = E [exp(1},2b)|

m . . .
=E exp( > Z(”J)b(J))]

1,7=1

=E|E

m .. .
exp( Z Z(l,J)b(J)) <

i,j=1

m

=E|[]E

=1

exp @

m
NI b(f)) .

j=1

Now use the fact that, again by definition of M;, E [exp (Z;.”:lZ(i’j)b(j))’x(i)J is the m.g.f. of
Mult(x®, K(L )) where K; , has elements B e,

t,or
0}

m . . o
E exp(ZZ(l,])b(J)) (@)

j=1

(Z k(l ) b<f’)x
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Substituting this into (1) and then using x ~ u = Mult(n, i),

exp (i Z(i,j)b(j)) .

J=1

)
(@)

[Te

E [exp(SETb)] =E
i=1

x(i)

( (L))x(l)

_ e ) b
= Y n!'T] T J; iy e
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@D, xS, , =1
) m o)
(Z Y a VRSPt ) - (Z(nTKt,ﬂ)‘J)eb" ) :
i=1j= Jj=1
where the penultimate equality holds by the multinomial theorem. The proof is completed by
. N\
noticing that (Z;": 1(7tTKt, ”)(J)eb(J)) is the moment generating function of Mult(n,nTKt,ﬂ). ]

Proof of lemma 6.2 Under the distributional assumptions in the statement of the lemma, for
X € Smn,
n! ULEPNT)
— ()«
p(X) = ——— | |(ﬂ >,
H;n:l a1 j=1
andfor 0=y <xV j=1,....m,

m n
p(y|X) = —(q
jl:[1 YD) — y)!

(j))y(j)(l (j))x(J)

Therefore
) ) () y(j) 1— ) x(/')_y(j)
(B.1) p(x,y)=nl H o (((1')1) ('>( g‘) ) ’
j=1 YN — y )
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m (n(j))xu)(q(j))yu)(l (J))x(/)
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(B.2) = n! = d — ,
j=1 y']‘ (n_ijlyJ)!

where the final equality holds by the multinomial theorem. Dividing (B.1) by (B.2) gives

. . ENG
1 71 - gy ey
x|ly)=|n- G ,
pxly ( J;y ,Hl @D =y | T, (1= g®)
which is the probability mass function of y + x* given in the statement of the lemma. |

158



B.2. SUPPLEMENTARY INFORMATION ABOUT MULTINOMIAL FILTERING AND
SMOOTHING

Remark B.1. The probability mass function in (B.2) has the interpretation of being a multinomial
distribution over n + 1 compartments, where the count variable associated with the (m + 1)th

compartment is n -} y.

B.2.2 Proofs on lemma 6.3 and lemma 6.4

Proof of lemma 6.3 The proof is similar to the proof of Lemma 1, so some steps and commentary
are omitted. Note [Eﬁ[n((l;I,;Z)T)] = (laP)T =7, and let Z ~ M(Z,J‘t, -). The moment generating
function of Z is:

m
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Proof of lemma 6.4 The proof is very similar to the proof of Lemma 2 so is omitted. |

B.2.3 Proofs of lemma 6.5 and lemma 6.6

Proof of lemma 6.5 Recalling the definition of M, from subsection 6.3.1, the numerator in
(6.17) is:
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where 97, n(Xs,Xs:1) is the set of m x m matrices, say Z, with nonnegative entries such that
Z1, =x,, (1}Z)=x", , and 1},Z1,, =n.
Now in order to derive an expression for the the denominator in (6.17), observe that (B.3) can

be disintegrated to give:

() y2od) () 2D
' m (nsls) (ks+1,7ts|s)
L 2,01 ’
i,j=1 .

which is the probability mass function of Z ~ Mult(n, (75)s®1,,)0Ks+1,,,). Therefore using the fact
the marginal of this multinomial distribution over 1;1,‘1Z is Mult(n, ”’SI‘| Ks+1,7,,), the denominator
in (6.17) is

)
m ((”53K8+1,ns‘s)(j))x3*l

(B.4) Z /Jsls(xs)Ms+1(Xs,”sls,xs+1) =n! l_[ -
- ) |
Xs€Smn Jj=1 X1+
Dividing (B.3) by (B.4) gives:
.. (ON)]
@) 3,0 z
Z ﬁ x(j) | ﬁ sls ks+1,ns‘s 1
1 - —.
ZeTp n(Xs,Xs41)1=1 o J=1 (”’SI‘|SK3+1,”S\S)(J) z(l,.])!

Re-writing this sum with the change of variable Z:=7" and interchanging i and j yields the
result. u

Proof of lemma 6.6 The result can be proved by induction. The induction is initialized using
the fact that p;:(-) is by definition the probability mass function associated with Mult(n, 74;), and
then proceeds by combining the result of lemma 6.5 with moment generating function techniques

similar to those used in the proof of lemma 6.1. The details are omitted to avoid repetition. W

B.2.4 Proofs of lemma 6.7 and lemma 6.6
Proof of lemma 6.7 For the numerator in (6.20) is

ﬁs\s(zs)ﬂs+1(zs,nsls,zs+1)
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m (py) T T
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and for the denominator in (6.20),
Zl_ls|s(zs)Ms+1(Z3y”sls,zs+1)
Z,
,0)
m (Tl,'(j))(szrl]-m)(j) m m (k(j’i) )zsj+1
_ ! sls ) s+1,7s
(B.6) -z o7 || 1@t ] =75 — |
j=1 s+1dm j=1 /=1 Zs+l'

160



B.3. EBOLA EXAMPLE: FURTHER DETAILS AND NUMERICAL RESULTS

where the equality in (B.6) holds by combining (B.5) with the fact that the marginal of iy, over
1} Z, is Mult(n, 1% Pys) = Mult(n, 74,).
Dividing (B.5) by (B.6) results in

)
G \%

T S ) 1 [ Psls 1
(B.7) 1525 = (Zs+11p) 1 [ [ Zosr 1) U] | = —_—,
L ol J) @7y
Jj=1 i=1 nsls 2g ¢
where p(sllsj) are the elements of Py, L, is the matrix with elements Ziw) = p(s{;i)/n(si‘)s. |

Proof of lemma 6.6 The proof is by induction for s = ¢, —1,..., initialized using the fact that
Hy:(+) is defined to be the probability mass function associated with Mult(n,Py;), and for the
induction step plugging (B.7), which is an explicit expression for the right hand side of (6.20),
into (6.21), and using the fact the marginal of i 1,(Zs+1) over Zs.11,, is Mult(n,Ps1:1p,). [ |

B.3 Ebola example: further details and numerical results

This section provides more information about the numerical results from section 6.4.1.

B.3.1 Details of the EM algorithm

In numerical experiments it has been found that a robust approach to approximate maximum
likelihood estimation of ® was to take a profile-likelihood approach using an EM algorithm: 1)
choose a grid of values for (8, 1); 2) for each point on this grid, say (8, 1), run an EM algorithm

(2’3),q(3’4)) with respect to (p,y,q(2’3),q(3’4)) then

to approximately maximize p(Y1:I8,1,0,7,q
evaluate the marginal likelihood at the resulting parameter values using algorithm 8; 3) maximize
over the grid.

The EM component of this procedure follows the usual steps for a hidden Markov model
[Cappé et al., 2006], so it is just provided an outline. One step of the EM procedure is as
follows: given ® one performs forward filtering using algorithm 8 then backward smoothing using
algorithm 10 resulting in (Py7):<7. The expected complete data log-likelihood is then maximized
with respect to the parameters of interest. It turns out that for the Ebola model, the maximization

(2,3)

steps for (p,7,q ¢®%) have closed-form solutions, leading to the update equations:

T (23 T B4

t=1PyT t=1Py1
p—logll+——55 | rolgll+ G5 |,

t=1Pyr t=1PyT

T . (23) T (84
@) _ g Zi=1ds (Bd) ) Zt=1ds /m
q (2’3) b q (3’4) b

Pyr Pyr
where pE:LIYJ’) are the elements of Py 7.
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B.3.2 Details of the MCMC algorithm

A Metropolis-within-Gibbs MCMC is implemented. The algorithm is targeting the approximate
posterior distribution p(®[Y1.;) x p(Y1.40)p(®), where p(Y1.|®) is the approximate marginal
likelihood computed using algorithm 8, and

p(©) = p(Bp(Mp(P)p(P(g**)p(g®).

Three sets of Gamma prior distributions over 8, A, p,y are considered, precisely these are the ones

specified in section 3.3 of Lekone and Finkenstddt [2006] and referred to as ‘vague’, ‘informative’

and ‘non-centered’. The priors p(¢‘®?), p(¢©®*)) were taken to be uniform densities on [0, 1].
Gaussian random walk proposals were applied to each parameter, with variances manually

tuned to give acceptance rates between 20% and 40% [Roberts et al., 2001].

B.4 COVID-19 example: further details and numerical results

This section provides additional information about the COVID-19 experiment treated in subsec-
tion 6.4.3.

B.4.1 Data and Parameter settings

The series (y§3’4))t20 and (y§7’8))t20, i.e. the reported numbers of new infectives in Wuhan and
internationally, constitute two of the three data sets considered for inference by Kucharski et al.
[2020]. They additionally considered a third data set consisting of information about prevalence
of infections on evacuation flights. This prevalence data are excluded from the analysis, since the
structure of the observation model required fall outside the class of models considered in this
thesis.

f:,n,p,y are set to the same values used in Kucharski et al. [2020], including the fact that f;
is set to zero after the date when travel restrictions were introduced. g™ =0.00175,¢" = 0.8

are estimated via approximate maximum likelihood over a grid and A = 1.

B.4.2 Implementation

The implementation of this experiment is base on the R code accompanying Kucharski et al.
[2020], which is available at https://github.com/adamkucharski/2020-ncov/. The experi-
ments reported in Kucharski et al. [2020] are re-ran using their method, but excluding the
evacuation flight data mentioned in subsection 6.4.3. This allows for like-for-like comparisons of

the proposed method results with theirs.
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B.4.3 Inference and results

Algorithm 11 is based directly on the Sequential Monte Carlo algorithm of Kucharski et al. [2020],
incorporates the proposed discrete-time stochastic model instead of their ODE model. The first
stage consists of a particle filter where for time step ¢, the ith of npart particles consists of ﬁgi)
and sz,
second stage samples from the smoothing distribution of §; by tracing back the ancestors of a

and the unnormalized importance weight wgi ) is computed similarly to algorithm 8. The

selected particle - see [Andrieu et al., 2010] for details of the role of ancestors in resampling. In
addition backward steps as in algorithm 10 compute the corresponding smoothing distribution
over Z;, fort=1T,...,1.

The effective sample size for algorithm 11 and the SMC method of Kucharski et al. [2020]
applied to the same data are reported in figure B.2.
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Figure B.2: Effective sample size for algorithm 11 on the left, and for the particle filter of
Kucharski et al. [2020] on the right. Remark the evacuation flights data from Kucharski et al.
[2020] are excluded from the latter to make a fair comparison with the model proposed in this
thesis.
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