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Abstract: To avoid mathematical complexity, Interval T2FSs (IT2FSs) have been pertained in majority of the
fields. Type-2 fuzzy sets (T2FSs) handle a greater modeling and uncertainties that exist in the real world
applications especially in control systems. One of the important components that influence the fuzzy controller
is the triangular norm, which is the aggregation operator. For getting the stability of a control system T-norm
operator can be preferred. Gaussian Interval Type-2 Membership Function (GIT2MF) has been used in this
research. Mathematical properties of aggregation operator also proved using Gaussian Interval Type-2
Weighted Arithmetic (GIT2WA) operator. The aim of this research is analyzing the stability of an inverted
pendulum using Interval Type-2 Fuzzy Logic Controller (IT2FLC) and the results are compared with
traditional Proportional Integrated Derivative (PID) controller. It is observed that IT2FL controller gives better
stability under imprecise condition.

Keywords: Gaussian membership function, T-norm, type-2 fuzzy sets, PID controllers, interval type-2 fuzzy
logic controller, inverted pendulum, stability analysis.

1. Introduction

Fuzzy Control Systems (FCSs) is an abstraction of the human maturity for using linguistic rules with vague
implication in order to develop control behavior [1]. A triangular norm plays an important role in Control systems.
Fuzzy Logic Controller (FLC) consists of linguistic IF-THEN rules. In the comparison of Typel (T1) and Type-2 (T2)
categories in FL, T1FL system has the difficulties in emulate and curtail the effect of uncertainties, due to its certainty
i.e., for every input there is a crisp membership grade. While in the case of T2 Fuzzy Logic Systems, at least one T2FS
must be taken which should be characterized by membership grades which independently fuzzy. This case is useful in
situations where the difficulties are concluded the exact membership grades and this would be useful to handle such
cases, also it has the possibility to outperform their T1 counterparts. To disciple T2 fuzzy output sets into T1, a type
reducer is needed and therefore the defuzzifier for giving precise output can develop them. Moreover in IT2FSs, every
element of footprint of uncertainity (FOU) has a unity secondary membership grade. Under fuzzy based control design,
membership functions and rule base are the important things and it is difficult to determine. In this work, to construct
the antecedents of the rule base IT2FS is used, to handle uncertainties, whereas for consequents T1FS is applied. Type
reduction process is differentiate T2 from T1 since for each fired rules the outputs are T2FS and this should be done
prior to the defuzzifier is manipulate to provoke an output in a crisp manner. Center of sets can be the type reducer.
This will incorporate each and every T2 outputs and produce T1 set, which is the type reduced set. It has been noted
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that Interval T2FL controllers are applied in control of, the mobile robot quality, sound speakers and admission in ATM
networks [2].

FL controllers are regularly designed by T1FS, which is known as T1FL controllers, and it has been applied in
many of the fields, specifically in controlling complex non-linear systems and the researchers faced the difficulties in
modelling and handling uncertainties. The disadvantage of this model is failing to seize all the feature of a certain plant.
Generally, controllers which will handles more uncertainties are preferable. Since MF virtually expresses the fuzziness,
its characterization is the main aspect of the fuzzy operation [3]. The most applicable membership functions in control
applications are Triangular and Trapezoidal. Since these MFs are producing poor approximations, Gaussian
Membership Function (GMF) is chosen as it gives actual representation at each point. In fuzzy inference theory, MFs,
Triangular norm operators, defuzzification methods and input types to the controller are the main components. The
selection of T Norm, defuzzifier and GMF has the greatest influence of the fuzzy controller [4]. Classical control
designs are based on point to point whereas FL controller is either range to point or range to range i.e. FL controller is a
function from an input data vector to a scalar output [5, 6]. In this work, GIT2MF with uncertain mean and standard
deviation is considered. In the case of T2FS, the antecedent and consequent parts are T2 or any one of the two. Usually
consequent part is taken as T1 ([7, 8, 9, 10, 11]. The FOU processes the stability analysis of the system [12, 13, 14].
Input components will affect the stability of the system. Hence to maintain the stability of the systems inputs have to be
monitored in a regular manner [15, 16, 17, 18, 19].

2. Hlustrations

2.1 Gaussian Membership Function
Gaussian membership function for a fuzzy set is defined by (x) = exp [— ! ™), == <x <<, wheremis
D

2 o

the mean and o is the standard deviation.

2.2 Gaussian Membership Function with Type-2 Fuzzy Set

Here two different cases are considered for GITMF according to the nature of the parameters, mean (m) and
standard deviation (o) namely GIT2MF with fixed mean and uncertain standard deviation (FM & USD) and fixed
standard deviation and uncertain mean (FSD & UM) as follows:
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Fig. 1 - GIT2MF with FM & USD
and itis defined by () 1x-m?2

Yox = exp [—( ~J1,0€(oy,07]

271






Nagarajan et al., Int. J. of Integrated Engineering Vol. 11 No. 1 (2019) p. 270-282

vs{ %)
A

1
UMG
p LMF
» X
my my
Fig. 2 - GIT2MF with FSD & UM
anditis definedby () 1x-m?
Ypx =exp [_E( —U)-] ,m € [my, my)
2.3 Triangular Norms Used
Consider Dubois Prade (DP) triangular norms as defined below:
DP T-norm:
— X
TCoy) = (€
DP T-conorm: 1)y
TC(x,y)=1-| i @)

max[(1—x),(1-y),(1-v)]

In this paper, T-norm is used as it is preferable for control systems with min and max operations and T-conorm
will be used in the stage of defuzzification in the control system with uncertain parameters.

3. Operational Laws
Let DB, B be three Gaussian Interval Type-2 Fuzzy Numbers and 9 € [0,1] then the following operations are hold.

Addition Operation:

2

1x1—m1 1x2—m2

D —exp[— 1—exp[=,(" 3

n® R ( )] ®3)
max((1-exp[=3(, ) D.(1-exp[—5( ) D, 1-9)
Multiplication Operation:
el Dexpl-§F52 5
— 1 — exp exp[—

Dl® DZ_ =1 71&1;1 z 1;27;2 2 ] @

max((exp[=50 | YD, (expl—,C ) D9

Multiplication by an ordinary number and Power:

t
1x—m?2

(A-exp[=(—31)

t
1x—m?2

max((1—exp[—(,)1),(1-9))

t.D=1- ®)
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1x—-m?2 ¢
- (exp[=(—>1)
(6)

1x—m?2 ¢
max((exp[—_(z - )1).9)

4, Proposed Theorems

The below theorems are constituting the mathematical properties of aggregation operator (AO) namely triangular
norms and shows the role of their properties in the control system. Here the theorems of first, ldempotency,
associativity and stability represent the facts that a control system can have any number of inputs (finite), unanimity of
the system, the system can extend the process without ambiguity and the strength of the system respectively.

Theorem 4.1: Let' 1xi-m; ? ) be a collection of GIT2FNs then their aggregated value by
Di= (exp [-, (T )D,i=12,-,n

GIT2WG operator is still a GIT2FN and

1x—m2 w
e - MOT(1—exp[= (“—H 1)
GIT2WA (DD--,D) =1— 2o
® 1 2 n 1x1-m12 @ 1xp-mp 2 @ lxp—mn2 @n
max((1=exp[~5(,, ) D (=exp[=5(,. )] s (—exp[=,(, )] 1-9)

)
where MOT is Multiplication Of Terms.

Proof:

By the method of mathematical induction. For n = 2, using the law of multiplication by an ordinary number,

1x=m 2 w1

w.D=1- (A-expl—(,) D
1

x—m 2 @
max((1-expl5(— D - |

Xx—m w
MOT(l—exp[—E 5D

i

Now, for i = 1,2. GIT2WA (_D,;D) = 1-
w

x1=m @ 1xp-mp2 @2 ’

1 2
max((1-exp[—( l) D Qe[ D (1-9)

o1

1 xj—m; 2g

GIT2W AP17D;) =1 — MOT(1—exp[5( ;) D

1 Xq—m, 1 xy—my @ .
maX((l—exp[—E( o1 ) ])‘(1—6761)[—5( o ) DAA-9)

Forn=k,

1x-m?2 @
MOT(1—exp[= (+—H ]
2

o

GIT2WA (D1, Dy, -, D) =1 —

1x-mg% @ o 2 @ 1aemp? @

1x
( D (A-exp[—( ) o (1-exp[—( a0 D ,1(—19))

max((l—exp[—2 o1

Forn=k+1,
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GIT2WALR B, R Ri1) =1—

MOT(1— exv[— )])
m 2 @ 1 2 2 1 G ®1-
max((1— exp[— (" ) b el (% "; ) ,~~.(1—exp[—5(¢n B¢ -9
a o O‘k
—-m 2 @et1
(1—exp[—(KHL L )
2 g4
LLk
max( (1—expl— (M)ZD o (1-9))
Tk+1
1x-m?2
MOT(1—exp[—=
2
=1- m 2 - 7 & _ 7 Ok+1
max((1— exp[— D M el D e T ()
a1 2 a2 2 Ok+1
Hence (1) is true for all the values of n.
Theorem 4.2: (Idempotency) Let 1 xi—m; 2 _ be a collection of GIT2FNs. If for all
D;= (exp [_;( oi )])'121'2""'71
‘Pi=12--,nareequal ie., D= Ithen GIT2ZWALR, D, ...,R) =D
Proof: Using theorem 4.1,
el (£
— - MOT(1—exp[=
GIT2wWA (DD--,D)=1-— 20
o 1 2 n 17m12 a ggﬂgz ap lxp—mpn? an

maX((l—exp[(l YD (A—exp[—( YD (—exp[—( DL (1-9)

on

o MOT(1—exp[—( T ;‘)2]) 2
GIT2WA_ (D,lD,--z-,D) =1- 20
w

n 111&12 @ 11;m;2 lxn—mn? @n
max((1-exp[—( ) (1—exp[—( o2 )]) - (1—exp[— ( o )DL (=)
xl—mz -
GIT2WA (DD-,D) =1~- MoTQ-ew- X 2T -
w 1 2 n 1x1—m 1x2-m2 _xXn—m mn
max((1=expl 1 )], (1meployl o ) DrmexplC G—d)

Theorem 4.3: (Associativity) If'p/pand pare the three GIT2FNs then the following result (R & B @
B =(®®D @ pis hold.
I(DrOOEfB U)smg associativity property we ha\ée bopdp =m 69 12) 69 'B. Consider,

L 2@ D= exp[—zcl_ >D@(1—exp[§

1x1— m12 1x2 mzz 1x3= m32
[(1—exv[—:( )])69(1 exp[—,C )])] a- exp[—o( )])
= —_ 1@ 1x, ‘2 X3=m 3
maxll(l—exv[—ﬂ ID@Uzexpl—C ) DIAzexpl—,(C ;) D(1-D)]
]11_m 1xz mz2
L (1—exp[— YD (-expl-G 45, ) D 1 xa—ma 2
1 1=m 2 pr— (A—exp[—£ = "HD
max[(1—exp[—+4 o1 ]) A—exp[- (5 o2 )]),(1—19)]
B max|[ (A—exp| ]2( 1) )(1_‘”‘77 1@2 mz)]) 1x3-m3 2
Txiomi T3z ? (A—expl=¢ = .7 ) D.(-9)]
max[(1—exp[—« ‘U_l %]) (A—exp[= (5 oz DD A-9]
— RDBB - -
= max[DD(l 9)] max[———=2%———D,(1-9)]
max[B,B,(1-9)] 3
1x2—m3 2 1x; 7m32
-1 (1—exp[—7( ; l)]) (1—exp[— o )1 (A—exp[- o3 D
- - 177 1x2—-m2 1x3—m3
max[(1—exp[—( DI D.A-exp[— I DA-expl-§  H],(1-9)]
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-1 ’@,{Q-ls _ (_D1 &) D2 (&) D3).
max([R,B,B,(1-9)]
This result also holds for all the values of n.

Theorem 4.4: (Stability) Let™ R be a collection of GIT2FNs. If p > 0 and

=(exp [~ (5 ) D =12 ,n
D 1xpp1—mppr 2

1= (exp [ ;(T) 1) is a GIT2FN on the set X then
GIT2W ALp P® Re1,p - DO Ri1,,p RO R+1) = p - [GIT2WALD, B, , D] © R+1.

1 x—m 2 p
Proof: Using power operation of GIT2FN,.D=1 — [ el )sz ].
1
max((1— exp[— (—)]) ,(1-9)
We know that, GIT2W ALB @D Ri1, DD Ri1, -+, R ® Ri1) = GIT2ZWALBD, B, -+, R) @ Rs1 (8)
MOTH 1xmy 2 i
Now, GT2wA (D&D  )=1- __ /=070 o )P
w i n+1
max[(1— exp[—
GIT2WALp - P® R+1,p PO R+1,,0 - R D Q+1)
2 g 1 %y =114 2
MoTn+1 1x—m; n+17"Mn+1
_q j=1=exp[3C 3 (1—exp[—( onia D 9)
1 xj—mj 7 1x -m 2
max[(1—exp[—=( DD -
(l—exp[— (™1 " ]),(1-9)]
2 oj 2 on+1
GIT2WALB B, -+, D) ® Ri1 = i
MoOT" 1x1'—mj2 “J
j=1d—exp[5 (T
_ o 1 —ex _ TL+1 TL+1
1 1llﬂ12 - 12_1"22 - L an—mn 2 @( p[ ( On+1 ) ])
max((1—exp[—( )] (A-ewl= H] (el )D ,(1-9)
MOT™ 1xj—m; 2 gl 1xp4+1-Mpt1 2
i jmi-expl=3C 5y Gmerlsl (10)
max(MOT™ 1 R 2])‘77' Lantlzmntly p (1-9))
j=l—expl5( 1(1=expl=30  opps
From (9) and (10),
GIT2WALD D Ri1, DD Ry1,, R D Ry1) = GIT2WALD, B, -+, D) D Ry1.
Also we have, GIT2W ALp.Bp. B, ,p.R) = p. (GIT2WALR, B, -, R)). (12)
GIT2W ALp-B,p. B, ,p.R)
n 2p 9j
MOT 1 %y
jm1(—exp[5 5 1)
=1- 1x1-m; 2 pal 1xp-mp 2 p a2 1xn—mn?2 P ( )
max((-expl—3C , )]y Uy gy mUmerlsl Ly 19D
MoT™ 1y 2P
—1(—exp[=,C , )1 )
=1-— _ 7 2 _ 12)
1 x1-mg 2 P2 1;7ﬂ;2p(2 1 xp—mn 2 PP
max((1—exp[—5( 01)] ),(1—exp[—2( 02)] (1= exp[—z( )] ), (1=9))
Also, since
p. (GIT2WALBD B, -+, R))
W P
mor” 2%
=1- 1llﬂlzajl i llzzﬁz i 1xn— mnzah 7
max((1—exp[-5( )] ) (A—exp[—% o)) ) (A—expl=( 201 ), (A=)
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mMoT" 1% 27y
j=11—exp[=,C ;)1 )
—1- _ b _ (13)
2 P 2 P2 2 PR

1 x1-m x2=—m. 1 xn:

1. 1 mn
max((1—exp[—5( 1) 1 ),(1—exp[~2( UZ) ] ),"'.(1—63620[——2( O'n) ] ), (1-9))

From (12) and (13), GIT2W ALp.B,p. B, -, p.R) = p. (GIT2W ALB, B,---, R)). From (8) and (11), we get

C;]ITZWA(KP PO R, p PO Rer,,p RO Re1) =p - [GIT2ZW ALD, B, -+, D)] @ R+1. Hence the
theorem.

5. Basics of Control System

The derived concepts or developed equations show the desired properties namely generality and stability of any
system to produce an optimized results and the flexibility of the membership function.

5.1 Components of Fuzzy Inference System (FIS)

Rule base, Database and Reasoning mechanism are the components of FIS used for, selecting fuzzy rules, defining
the membership function and deriving sensible conclusion based on the rule of fuzzy reasoning respectively.

5.2 Gaussian Membership Function with Type-2 Fuzzy Set

Rule base, Fuzzy Inference Engine (FIE), Fuzzifier and Defuzzifier, these four components are worn to choose
fuzzy rule which shows the human thinking, judgment and perception, to combine rules to develop a scaling from crisp
inputs to T2FS as outputs, Gaussian fuzzifier to simplify the computation in the FIE when the membership functions in
the IF-THEN rules are Gaussian and a mapping from fuzzy set to crisp point and calculates the crisp output
respectively.

5.3 Role of T-norm in Control System

The role of triangular norms plays a key role in fuzzy control system, especially in getting an output. The T-norms
are expresses differently and come out with different properties as proved by the theorems.

6. Application

The pendulum moves vertically, the force F is the control input of the cart that moves horizontally and the angular
position of the pendulum 6 and the horizontal position of the cart x are the outputs. Also N is the reaction force [14].

The motion in the cart is defined by
MxX+bx+N=F

(14)
The motion in the pendulum is
(M + m)% + bx + mlfcosd — mlf?sin@ = F
(15)
(I + ml2)d + mglsing = —mlicos0
(16)
The system has to be linearized. The two linearized motion of the equations are
I+ ml2)¢ — mglp = mlx
7
(M +m)i+bx—mlp=u
(18)
The transfer function of the linearized system is
ml
d(s) q §
U(s) g bU+m®) 5 (M+m)mgl , bmgl
q q q
(19)

where
q =[(M +m)(I + mi2) — (m)?]
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N
F friction
[ -
P = bx

@) Q|_>X

Fig. 3 — Inverted Pendulum

and the state space equation of the system is 0

x ;—(1+; mi) e i mzﬁlz 2 8 x (I + mi2)

p 2
[q5] 0 0 []+11\@+m ())+Mmlu

¢ 0 —mlb mgl(M + m) 1g mi
[0 I(M+m)+ Mmi2 (M +m) + Mml? 0] [I(M + m) + Mml?]

X
1 0 0 0 X O

oo 1 Gllgl+[ju
¢

(20)

(21)

Here the nonlinear plant is an Inverted Pendulum (IP) subject to parameter uncertainty without considering the
cart movement for demonstration process. The proposed fuzzy controller is engaged for stabilizing the IP with IT2FLC.

The dynamical equation of an IP is defined as follows:
gsin(6(t)) — (ampLG(t)Z sin(26(¢)))
g() =

—— —am Lcosz(G(t))
3

a cos(6(t) u(t)

(22)

where 0(t) is the angular displacement of the pendulum, g is the acceleration due to gravity, m, is the mass of the

pendulum,m, € ;n,, . m, 1,a

_(m+M)

6.1 Interval Type-2 Fuzzy Logic Controller (IT2FLC)

M, €M, M, EE| , M. is the mass of the cart, 2L = 1m is the
length of the pendulum, u(t) is the force applied to the cart and m,, M are regarded as the parameter uncertainties.
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To fix the position of the input membership functions and uniformly distributed between -1 and +1. Limit these
inputs to a minimum and maximum values using two saturation blocks Saturation 1 and saturation consecutively. The
fuzzy controller is tuned by scaling gains. Control the spread of the input MFs by the input gains ‘Gain 1’ and ‘Gain 2’.
To rescale the axes we can change gains. The MFs are uniformly spread out and contracted for the gains, which is less
than 1 and greater than 1 respectively. The spread of the output MFs controlled by the output gain ‘Gain’ and the
changes in it will lead to scale the vertical axis of the controller surface. If we increase the gains ‘Gain 1’ and ‘Gain 2’
then the proportional gain and the derivative gain in a PD controller will be increased respectively. If the proportional

gain is increased then the system respond will be faster

Controller output Angular posittion

[:] @h simout
f INVERTED PENDULUM
‘ Mux Interpreted
E [ MATLAB Fen [ '%2 Ly ) el

[T2FLC

E b Mux P f(u) 1ls 1ls

<k
N

[

Fig. 4—IT2FLC
Controller Output
Speed
y
A
|'|l
l1l 'If =
|
f
[ ] |
» X
Time

Fig. 5 - Chart for controller output

It shows the optimized control output of IT2FLC system.

278



Nagarajan et al., Int. J. of Integrated Engineering Vol. 11 No. 1 (2019) p. 270-282

Angular Position

Y gpeed

A 23

Time

Fig. 6 - Chart for angular position
It shows its varying between the angular positions from 0 to 1.

PID Control System

The transfer function is

I N
P+4D( 1—ﬂ).
+
’ (29)

Controller output Angular posittion

[:] < D T simout

N f J—» PID(s) INVERTED PENDULUM
- Mux —I—’BO/ ' - Mux m
Au

e Dy
X :: Mux 1ls

Fig. 7 —PID Control System
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Controller Output
y

1
«10* ‘

s ” "0s ”

Fig.8 — Chart for Controller Output

It shows that poor response. P = 286.7, 1 = 733.234, D = 10081, Filter N = 269.93 . The control output is not
stationary and it’s getting decaying.

Angular Position

A

75 11} »as L

v

Fig. 9 — Chart for Angular Position

6.2 Comparison of Type-2 Fuzzy Controller and PID Controller

In process applications, PID controller is widely used but it has poor capability of controlling the system due to
inadequate knowledge of the relation of input and output parameters, whereas Type-2 fuzzy logic controller has a very
good capability in stability analysis with uncertainties in parameter. From this work, it is proved that IT2FLC deals
with stability analysis better than PID controller.
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7. Conclusion

The results reveal that Gaussian membership function gives the exact result with smoothness and T2FSs with
interval MF, handles more uncertainties and less mathematical complexity than Type-1. Therefore GIT2MF is used
and the mathematical properties of aggregation operator using IT2GWG operator are proved. These properties play an
important role in control system for the characteristics like continuity, robustness and stability. In this research,
IT2FLC is used to check the stability for an inverted pendulum and compared the result with PID controller that proved
IT2FLC is better than PID controller for this system. For future research, it will be of interest to study other types of
real world problems such as impulsive effects on optimal controller [20], directional change error evaluation [21],
water consumptions expenditure [22], solid steel beam at elevated [23] in the framework of [24] and type-2 fuzzy
controller.
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