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Scattering in Quantum Dots via
Noncommutative Rational Functions

Laszl6 Erdos, Torben Kriiger and Yuriy Nemish

Abstract. In the customary random matrix model for transport in quan-
tum dots with M internal degrees of freedom coupled to a chaotic envi-
ronment via N < M channels, the density p of transmission eigenvalues
is computed from a specific invariant ensemble for which explicit formula
for the joint probability density of all eigenvalues is available. We re-
visit this problem in the large N regime allowing for (i) arbitrary ratio
¢ := N/M < 1; and (ii) general distributions for the matrix elements
of the Hamiltonian of the quantum dot. In the limit ¢ — 0, we recover
the formula for the density p that Beenakker (Rev Mod Phys 69:731-808,
1997) has derived for a special matrix ensemble. We also prove that the
inverse square root singularity of the density at zero and full transmis-
sion in Beenakker’s formula persists for any ¢ < 1 but in the borderline
case ¢ = 1 an anomalous A2/ singularity arises at zero. To access this
level of generality, we develop the theory of global and local laws on the
spectral density of a large class of noncommutative rational expressions
in large random matrices with i.i.d. entries.

Mathematics Subject Classification. 15B52, 461.54, 60B20, 81V65.

1. Introduction and Results

Since the pioneering discovery of E. Wigner on the universality of eigenvalue
statistics of large random matrices [38], random matrix theory has become one
of the most successful phenomenological theories to study disordered quantum
systems, see [2] for a broad overview. Among many other applications, it has
been used for open quantum systems and quantum transport, in particular to
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predict the distribution of transmission eigenvalues of scattering in quantum
dots and wires. The theory has been developed over many excellent works
starting with the ground-breaking papers by Mello et al. [30] and by Ver-
baarschot et al. [37]; for a complete overview with extensive references, see
reviews by Beenakker [7,8], Fyodorov and Savin [21] and Schomerus [35].

We will focus on quantum dots, i.e., systems without internal structure,
coupled to an environment (electron reservoir) via scattering channels. Quan-
tum wires, with a typically quasi one-dimensional internal structure, will be
left for further works. In the simplest setup the quantum dot is described by a
self-adjoint Hamiltonian (complex Hermitian matrix*) H € CM*M acting on
an M-dimensional state space CM. It is coupled to an environment with N
effective degrees of freedom via an M x Ny complex coupling matrix W. Follow-
ing Wigner’s paradigm, both the Hamiltonian H and the coupling matrix W
are drawn from random matrix ensembles respecting the basic symmetries of
the model. Typically, the entries of W are independent, identically distributed
(i.1.d.), while H is a Wigner matrix, i.e., it has i.i.d. entries on and above the
diagonal. We allow for general distributions in contrast to most existing works
in the literature that assume H has Gaussian or Lorentzian distribution.

The Hamiltonian of the total system at Fermi energy E € R is given by
(see [7, Eq. (80)])

Ny M M Ny
H= Bl + > ) Hul+ >3 (1) Waalal + |a) Wiy ul] -

One common assumption is that the interaction W is independent of the Fermi
energy L.
At any fixed energy E € R, we define the scattering matriz (see [7, Eq.

81)])
S(E):=1-2riW*(E-I—H+irWW*)~'Ww ¢ cNoxNo, (1.1)

This is the finite-dimensional analogue of the Mahaux—Weidenmiiller formula
in nuclear physics [28] that can be derived from H in the Ny — oo limit. The
definition (1.1) will be the starting point of our mathematical analysis. Since
H = H*, one can easily check that S(F) is unitary.

To distinguish between transmission and reflection, we assume that the
scattering channels are split into two groups, left and right channels, with
dimensions N1 + Ny = Ny and the interaction Hamiltonian is also split ac-
cordingly; W = (W7, W) € CM*(Ni+N2) Therefore, S(F) has a natural 2 x 2
block structure and we can write it as (see [7, Eq. (23)])

se) = (7 o). 12)

where R € CN1 N1 R! € CN2XNz are the reflection matrices and T € CN2*M |
T' € CN1*XN2 are the transmission matrices.

1Our method works for the real symmetric case as well, but for simplicity, we stay in the
complex Hermitian symmetry class.
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As a consequence of unitarity, one finds that 77, T'(T")*, I — RR* and
I — R'(R")* have the same set of nonzero eigenvalues. For simplicity, we as-
sume that Ny = Ny = N, i.e., generically these four matrices have no zero
eigenvalues, the general N1 # Ny case has been considered in [11]. We denote
these transmission eigenvalues by A1, As, ..., An. They express the rate of the
transmission through each channel. By unitarity of S, clearly A; € [0,1] for
all 7; A; = 0 means the channel is closed, while A\; = 1 corresponds to a fully
open channel. The transmission eigenvalues carry important physical proper-
ties of the system. For example, TYTT* = > . \; gives the zero temperature
conductance (Landauer formula [7, Eq. (33)]), while

D> Xl =N) =TTT* — Te(TT*)? (1.3)

is the shot noise power, giving the zero temperature fluctuation of the current
(Bittiker’s formula, [12], [7, Eq. (35)]). The dimensionless ratio of the shot
noise power and the conductance is called the Fano factor (see [8, Eq. (2.15)])

F = Zz)gj(l);)\l) (1.4)

The current fluctuation is therefore given by a certain linear statistics of the
transmission eigenvalues, and thus, it can be computed from the density p of
these eigenvalues. Therefore, determining p is a main task in the theory of
quantum dots.

In many physical situations, it is found that p has a bimodal structure
with a peak at zero and a peak at unit transmission rates. Furthermore, p
exhibits a power law singularity at the edges of its support [0,1]. One main
result of the theory in [7] is that in the M > N >> 1 regime at energy E =0
the density of transmission eigenvalues for a quantum dot is given by

1

PBee(A) = m’

(the answer is different for quantum wires), i.e., it has an inverse square root
singularity at both edges, see [8, Eq. (3.12)]. In this case, the Fano factor is
F = 1/4 which fits well the experimental data.

The goal of this paper is to revisit and substantially generalize the prob-
lem of transmission eigenvalues with very different methods than Beenakker
and collaborators used. While those works used invariant matrix ensembles
for H and relied on explicit computations for the circular ensemble, we con-
sider very general distribution for the matrix elements of H. In particular, we
show that in the regime ¢ := N/M € (0,1], M — oo, the empirical density of
transmission eigenvalues has a deterministic limit p = pg and we give a simple
algebraic equation to compute it. The solution can be continuously extended
as ¢ — 0, the equation simplifies for ¢ = 0, the density becomes explicitly
computable and it coincides with (1.5); limy—0 pp = pp=0 = Ppec for E =0
and our formula holds for any E in the bulk spectrum of H. While no short
explicit formula is available for the general case ¢ € (0, 1], we can analyze the
singularities of py for any fixed ¢ € (0, 1] in detail.

(1.5)



4208 L. Erdés et al. Ann. Henri Poincaré

F(¢, E=0)

T
L]

0.254 |

T
L]

0.253F

T

0.252

T
L]

0.251f .

0.250 "

L L L Il L L L Il L L L Il L L L Il L L L Il ¢
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. Fano factor for £ =0 and ¢ € (0,1)

More precisely, we rigorously prove that for any fixed ¢ € (0,1) the
density pg has an inverse square root singularity both at 0 and at 1,

po(N) ~ ATY2, for 0 < \ < 1, and

1.6
po(N) ~ (1 —\)~1/2, for0<1-Ak1, (1.6)

qualitatively in line with pge. from (1.5). However, p, is not symmetric around
A= % and the Fano factor at £ = 0 slightly differs from i when ¢ # 0. Figure 1
shows the Fano factor for different values of ¢ numerically computed from our
theory. We mention that the deviation from 1/4 is within 2% for the entire
range of ¢ € [0,1) which is well below the error bar of the experimental results
presented in Fig. 6 of [7] and adapted from [31].

The value ¢ = 1 is special, since the singularity of p at A &~ 0 changes to

Pom1(N) ~ A28 for 0 < A < 1 (1.7)

from A\~/2 in (1.6), while the inverse square root singularity at 1 persists. This
enhancement of singularity signals the emergence of a J-function component
at 0in pg as ¢ becomes larger than 1, which is a direct consequence of TT™* not
having full rank when N > M. We remark that this regime is quite unphysical
since it corresponds to more scattering channels than the total number of
internal states of the quantum dot. In realistic quantum dots, NV is smaller
than M since not every mode of the dot may participate in scattering. We
therefore do not pursue the detailed analysis of p, for ¢ > 1, although our
method can easily be extended to these ¢’s as well.

There are two main differences between our model and that of Beenakker
et al. First, the distribution imposed on the random matrix H is different and
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we consider random W. Second, our current method works in the entire regime
¢ = N/M € (0,1], while Beenakker assumes M > N, i.e., ¢ < 1. We now
explain both differences.

Following Wigner’s original vision, any relevant distribution must respect
the basic symmetry of the model; in our case, this demands that H be com-
plex Hermitian, while no symmetry constraint is imposed on W. Respecting
basic symmetries, one may define ensembles essentially in two ways. Invariant
ensembles are defined by imposing that the entire distribution be invariant; it
is typically achieved via a global Gibbs factor times the natural flat measure
on the space of matrices satisfying the basic symmetry. Wigner ensembles and
their generalizations impose distributions directly on the matrix elements and
often demand independence (up to the basic symmetry constraint). These two
procedures typically yield different ensembles.

While in the simplest case of random Hermitian matrices both types of
ensembles have been actively investigated, for ensembles with more compli-
cated structure, like our S that is a rational function of the basic ingredients
H and W (1.1), up to recently only the invariant approach was available. So-
phisticated explicit formulas have been developed to find the joint distribution
of eigenvalues for more and more complicated structured ensembles (see [18]),
which could then be combined with orthogonal polynomial methods to obtain
local correlation functions. The heavy reliance on explicit formulas, however,
imposes a serious limitation on how complicated functions of random matri-
ces, as well as how general distributions on these matrices can be considered.
For example, the Gibbs factor is often restricted to Gaussian or closely re-
lated ensembles to remain in the realm of explicitly computable orthogonal
polynomials.

There have been considerable developments in the other type of ensem-
bles in the recent years. Departing from the invariant world, about 10 years
ago the Wigner—Dyson—Mehta universality of local eigenvalue statistics has
been proven for Wigner matrices with i.i.d. entries, see [16] and references
therein. Later, the i.i.d. condition was relaxed and even matrices with quite
general correlation structures among their entries can be handled [14]. One
of the key ingredients was to better understand the Matriz Dyson equation
(MDE), the basic equation governing the density of states [1]. Together with
the linearization trick, this allows us to handle arbitrary polynomials in i.i.d.
random matrices [13] and in the current work we extend our method to a large
class of rational functions. Note that even if the building block matrices have
independent entries, the linearization of their rational expressions will have
dependence, but the general MDE can handle it [see (2.13)]. In our work, we
deal only with bounded rational functions and relatively straightforward regu-
larizations of unbounded rational functions, the general theory of unbounded
rational functions is still in development, see [29] and references therein. We
stress that the distribution of the matrix elements of H and W can be prac-
tically arbitrary. In particular, our result is not restricted to the Gaussian
world.
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In comparison, the result of Beenakker et al. [8, Sect. III.B], see also [10,
Sect. V], postulates that H is GUE, while W may even be deterministic and
only its singular values are relevant. For example, if all nonzero singular values
are equal one and Ng = 2N < M, ie., ¢ < %, then S can be written as

_ I+irH ~

S —, H:=QT(H-E-1)'qQ,
I —irH @ ;e

where @ € CM*2N with Q;; = 6;;. In fact, for the sake of explicit calculations,
it is necessary to replace the GUE by a Lorentzian distribution (irrelevant
constants ignored),

P(H) ~ det[I + H*~M| (1.8)

since in this way H is also Lorentzian, and argue separately that in the sense of
correlation functions (1.8) is close to a GUE when M is very large [10, Section
IIT]. Under these conditions S becomes Haar distributed on U(2N) as M — oo
and N is fixed; this is the step where M > N is necessary. Furthermore, one
can verify [7, Section IT.A.1] that at energy F = 0 the transmission eigenvalues
of a Haar distributed scattering matrix follow the circular ensemble on [0, 1].
Therefore, \;’s have a well-known joint distribution

P({)\l}) ~ H(/\J — )\,’)2 on [0, l]N,

1<j

and their density can be easily computed, yielding (1.5) in the N — oo limit.

While Beenakker’s result relies on an impressive identity, it allows little
flexibility in the inputs: H needs to be Lorentzian with very large dimension;
moreover, M > N and E = 0 are required. In contrast, our setup allows for a
large freedom in choosing the distribution of H, it covers the entire range M >
N and also applies to any F in the bulk; however, for computational simplicity
we model the contacts W also by a random matrix. While the most relevant
regime for scattering on quantum dots is still M > N, as scattering involves
surface states only, a very recent work [20] introduces absorbing channels well
inside the quantum dot that leads to physical models with M ~ N.

The flexibility in our result stems from the fact that our method di-
rectly aims at the density of states via an extension of the MDE theory to
linearizations of rational functions of random matrices. It seems unnecessarily
ambitious, hence requiring too restrictive conditions, to attempt to find the
joint distribution of all eigenvalues. Even for Wigner matrices, this is a hope-
less task beyond the Gaussian regime. We remark that the present analysis of
the density of transmission eigenvalues for the quantum dot is only one conve-
nient application of our approach. This method is powerful enough to answer
many related questions concerning the density of states such as the analysis of
the scattering poles [19] as well as extensions from quantum dots to quantum
wires that we will address in future work.
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1.1. Model and Main Theorem

In order to accommodate all parameters that will appear in our analysis, we
introduce a generalized version of the scattering matrix (1.1)

S(w):=1—-2iyW*(w-I—H+iyWW*)~'Ww (1.9)

with v > 0 and w € C; for ¢ € (0,1/2] and w € CL UR for ¢ € (1/2,1],
where Cy := {2z € C : Imz > 0} denotes the complex upper half plane.
The constant v > 0 quantifies the coupling between the internal quantum dot
Hamiltonian H and the external leads Wy, Ws, i.e., the effective Hamiltonian
of the open quantum systems becomes H —iyWW*. The spectral parameter
w is used to regularize the potentially unstable inverse in (1.9). Note that for
¢ € (0,1/2) the matrix WW* has a nontrivial kernel (and even for ¢ = 1/2
it has a very small eigenvalue), hence initially a regularization with a small
positive imaginary part is necessary that will later be carefully removed. For
the technically easier ¢ € (1/2, 1] regime, we may directly choose w to be real
since the eigenvalues of WW™* are bounded away from zero with very high
probability.

The general formula (1.1) recovers the scattering matrix (1.1) by setting
v =, Rew = F and Imw = 0. The regularized scattering matrix still has the
2 x 2-block structure from (1.2) with '€ CV>*¥. We consider the following
random matrix model [see (1.1) and (1.2)]

1 1
WL
w—H+iyWW+ "N — H —iAWW*

Ty pri=TT" = 4y Wy Wa,

(1.10)
where the triple of parameters (w, ¢,~) belongs to the same set as for (1.9).
Furthermore, for M, N € N, ¢ := N/M the matrices H € CM*M and
Wi, Wy € CM*N are three independent random matrix ensembles satisfying
the following assumptions

(H1lqd) H is a Hermitian random matrix having independent (up to sym-
metry constraints) centered entries of variance 1/M;

(H2qd) W, and W are (non-Hermitian) random matrices having inde-
pendent centered entries of variance 1/M;

(H3qd) entries of H, W7 and Wa, denoted by H (i, 5), W1 (4, j) and Wa(4, j)
correspondingly, have finite moments of all orders, i.e., there exist ¢,, > 0,
n € N, such that

max E“\/MH(@])VL]
1<i,j<M
4+ ma (1.11)
1
1

"

s (E[[VAWL(,)[") +E[[VMWa()"]) < pu.
J

INIA
INIA

N

Remark 1.1. (Constant matrices) In (1.10) and later in the paper, for B € C,
n € N and [,, € C™*" the identity matrix of size n, we use the shorthand
notation B - I, = B. This notation is used only when the dimension of I,, can
be unambiguously determined from the context.
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Remark 1.2. In the sequel, we consider the coupling constant v to be a fixed
positive number; therefore, we will omit the dependence on ~ in our notation.

Denote by pr, ,(dX) == + Zi\il 0y, the empirical spectral measure of
T4, where \; are the eigenvalues of the Hermitian matrix T, ¢. To simplify
the presentation, we will assume in this paper that the dimensions of the
matrices H, W; and W5 grow over a subsequence (N, M) = (kn,In), n € N,
ie., N/M = ¢ is kept fixed. One could easily extend our argument to include
the general situation when one considers two sequences N = N,, and M = M,
tending to infinity such that ¢,, = N, /M,, — ¢.

We now formulate our two main results. The first one, Theorem 1.3, is the
global law for the empirical eigenvalue density; it shows that ur, ,(d)) has a
deterministic limit denoted by py, ¢(dA). The second result, Theorem 1.4, con-
tains key properties of p,, ¢(d\). It shows that the regularization in the spectral
parameter w can be removed and that p,, 4 can be continuously extended to
¢ — 0; moreover, it explicitly identifies its singularities at zero and one.

Theorem 1.3 (Global law). Fiz a positive real number v > 0 and a rational
number ¢ € (0,11 N Q. Let w be a fized spectral parameter: for ¢ € (0,1/2] we
assume that w € Cy, while for ¢ € (1/2,1] we assume w € C;UR. Then, there
exists a deterministic probability measure py, ¢(dX\) with supp py,¢ C [0, 1] such
that pr, ,(dX) converges weakly to py. s(dX) in probability (and almost surely)
as M, N — oo with N/M = ¢.

Theorem 1.4 (Properties of the transmission eigenvalue density). Let the num-
bers v,w, ¢ and the measure p,, 4(d\) be as in Theorem 1.3.

(i) The function

(((o, 1/2]NQ) x c+) u (((1/2, 11nQ) x (C4 U R)) 3 (¢, w) = pu,g(dX)

from Theorem 1.3 with values in probability measures on [0,1] can be
extended to a function on (0,1] x (C; UR) that is continuous in the weak
topology. In particular, the weak limit
pE7¢(d>\) = C_,_laiglﬂE pw7¢(d>\) (1.12)

exists for all E € R. For every E € R and ¢ € (0,1] the measure
PE,»(dN) is absolutely continuous, i.e., pg ¢(dX) = pE,g(A)dX. The func-
tion pg,¢(A) is bounded when X is away from 0 and 1. Furthermore, the
weak limit pg.o(dX) = limg o pE.o(dX) ezists for every E € R.

(i) If ¢ =1 and v > 0, then pg,4(N) has the following asymptotics near 0
and 1:

(a) for E€R

C L1 I+ B2, —1/3
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(b) for |E| < 2(2y/1+ 692 +~1 = 29> —2)!/2
1 4%
T & +2E? +4

wherefoz—\/Q 1+692+~44—292 -2 —~2E2,

(i) If ¢ € (0,1) and v > 0, then

pEa(\) = (1=XN)"Y24+0(1) as A\ —1_, (1.14)

(a) for E€R
2 12 ¢4 2 2 242
pE,6(N) = 17 B + (50 +2¢) (t—'_’y 60) A Y240(1) as A — 0y,
g 4v€0 (€3 + 20)

(1.15)
where & > 0 is the unique positive solution of

&+ (E®+8p—4)&) +40(E” + 56 —4)& +16(¢ — 1)p> = 0. (1.16)
(b) for |B| < E. = 1(2y/T+20+26)7" + (26— D*1" — 29°(26 -

1/2
1) — 2) the density satisfies
1 g

pE,6(N) = ;m(l—/\)’l/ﬂ-O(l) as A — 1_, (1.17)
where

¢ = —y/E? - E2. (1.18)

(iv) If 9 =0, v > 0 and |E| < 2 the density is given globally by the explicit
formula

2
pE’O(A):; i v(1+1?) 4-— B2 e,
T(14+72) A +72(4—E2)(1-)) | A=)

(1.19)

Proofs of Theorems 1.3 and 1.4. We now explain the structure of the paper
that contains the proof of both theorems. The density function pg () will be
derived from a deterministic equation, the Dyson equation of the linearizaton
of (1.10) [see Egs. (2.13) and (2.27) for ¢ = 1, as well as (3.7) and (3.18) for
¢ € (0,1) ]. This equation plays a central role in our analysis. Sections 2 and 3
contain the proofs of the model specific parts of Theorem 1.4 which use some
key conclusions of the general theory on noncommutative rational functions
developed in Appendix A. The ¢ = 1 case is treated in Sect. 2 with full details,
while in Sect. 3 we explain the modifications for the general rational ¢ € (0,1)
case. Theorem 1.3 is proven in Lemma 2.5 for ¢ = 1 and Lemma 3.4 for general
rational ¢ € (0,1) using the general global law from Appendix A. Part (ii) is
proven in Sect. 2.5 after having established key properties of the solution for
the Dyson equation. Section 3 follows the same structure as Sect. 2 and proves
parts (i), (iii) and (iv) of Theorem 1.4 for the ¢ € [0,1) case. O

Remark 1.5. The restriction |E| < E, in Theorem 1.4 is used to identify the
regime in which the density pg 4 has two singularities. For |E| > E,, the sin-
gularity at A = 1 disappears and the support of the density becomes bounded
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away from A = 1. Physically, this indicates that there are no fully open channels
in this regime. This effect is most severe in the case ¢ = 0, where the system
becomes completely reflective as |E| increases above the threshold E, = 2.
Our approach is also applicable for |E| > E,, but for the simplicity of the
presentation, we restrict our analysis to the physically more relevant situation
when two singularities exist simultaneously.

We formulated Theorem 1.3 about the specific matrix (1.10). However,
our method works for very general noncommutative (NC) rational expressions
in large matrices with i.i.d. entries (with or without Hermitian symmetry)
generalizing our previous work [13] on polynomials. For convenience of the
readers interested only in the concrete scattering problem, the main part of our
paper focuses on this model and we defer the general theory to Appendix A.
The details of this appendix are not necessary in order to follow the main
arguments in Sects. 2 and 3 provided some basic facts from the appendix are
accepted. These facts will be re-stated for the specialization to our concrete
operator T, 4 from (1.10). On the other hand, Appendix A is written in a
self-contained form, so readers interested in the general theory can directly go
to it, skipping the concrete application.

In Appendix A, we first give the precise definition of the set of admissi-
ble rational expressions that requires some technical preparation, see Sect. A.1
for details. Roughly speaking, we can consider any rational expression whose
denominators are stably invertible with overwhelming probability. We remark
that this property holds for (1.10) since the imaginary part of w— H+iyWW*
has a positive lower bound as long as ¢ > 1/2 or w € C. With this definition
at hand, we develop the theory of global and local laws as well as the identi-
fication of the pseudospectrum for such rational expressions in Sects. A.6 and
A5, respectively.

2. Proof of Theorem 1.4 for the Special Case ¢ = 1

In this section, we study the model (1.10) for fixed v > 0, ¢ = 1 and w €
C, UR. This special choice of parameter ¢ ensures that the linearization of
T, ¢ has a fairly simple structure, which makes the proof of Theorems 1.3
and 1.4 more transparent and streamlined. Generalization to ¢ € (0,1) is
postponed to Sect. 3. Since the parameter ¢ is fixed to be equal to 1, we will
omit the dependence on ¢ in the notation throughout the current section. The
information about linearizations of general rational functions is collected in
the Appendix A.1. Here, we often refer to specialization of these results to
T,.

2.1. Linearization Trick and the Dyson Equation for Linearization

We consider the random matrix model T, defined in (1.10) as a self-adjoint
rational function of random matrices H, W; and Ws. In order to study its
eigenvalues, we introduce the self-adjoint linearization matrix H,, € C8V*8N
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0 0 0| o0 0 0 0 Wy
0 0 L] 0 0 0 0 Wi
0 -1 0] o 0 0o ws 0
0 0 0] o0 0 s 0 Wy
Ho=119 o o 0 — ol wr 0 (2.1)
0 0 o -+ 0 o wr 0
0 0 W2 0 W1 W1 0 w—H
W, W, 0| Wi 0 0| w—H 0

with w € C4 UR. Denote by J,,, € C™*™ m € N, a matrix whose (1, 1) entry
is equal to 1 and all other entries are equal to 0. For any n € N and R € C™**™,
we define ||R]|| to be the operator norm of R. The following definition is a
specialization of the notion of generalized resolvent from Appendix A.3.

Definition 2.1 (Generalized resolvent). We call the matrix-valued function z —
(H,, — zJs @ Ix)~! defined for z € C, the generalized resolvent of H .

The results below are formulated using the notion of asymptotically over-
whelming probability.

Definition 2.2. We say that a sequence of events {Qx} yen holds asymptoti-
cally with overwhelming probability (a.w.o.p. for short) if for any D > 0 there
exists Cp > 0 such that

Cp

(2.2)

Consider the set

on = {IH] <3, Wl <3, W] <3, [(vw) 7 <12} (23)

Note that WIWW* is a sample covariance matrix with concentration ratio 1/2,
hence its spectrum is asymptotically supported on an arbitrarily small neigh-
borhood of [(1— %)2, (1+ %)Q] with very high probability. The limiting sup-
port follows from the classical Bai-Yin theorem [6], the corresponding large
deviation result under somewhat different conditions follows, e.g., from Corol-
lary V.2.1 of [17]. In fact, the boundedness of |[(WW*)~!| and |[W;]| also
follows from [33], at least for subgaussian distributions. Alternatively, under
our conditions (1.11) this result also follows from Lemma B.1 in the Appendix
by choosing n = M, [l = 1 and m = 2. Similarly, from the properties of classical
Wigner and #d ensembles (see, e.g., [5, Section 5]), we obtain that the event
{I1H]|| < 3, ||Wi|l < 3, ||[W2]| < 3} also holds a.w.o0.p., and we conclude that
for any D > 0 there exists C'p > such that

PlON] >1- “p (2.4)

ND”
In the rest of this section, we consider the random matrix models (1.9) and
(1.10) restricted to the set On. Since on this set the smallest eigenvalue of

WW?* cannot be smaller that 1/12, we have that ||(w—H+iyWW*)~1|| < ﬁ

for all w € C4 UR, and thus, the model (1.10) is well defined on Oy. In
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the next lemma, we establish an a priori bound for the generalized resolvent
(Hw — zJg ®IN)71.

Lemma 2.3 (Basic properties of the generalized resolvent).
(i) For any y > 0 there exists C., > 0 such that a.w.o.p.

_ 1
|(H, —zJs® In) | < C, (1 + Imz) (2.5)
uniformly for all z € C4 and w € C; UR.
(ii) For allw € CL UR, z€ Cy and 1 <i,j <N
(Ho—2heiy) ] =[(Tw-200)7"] . 1<ij<N. (26)
1] ]

Proof. Let H Sjnit) be the linearization matrix obtained via the linearization
algorithm described in Appendix A.2

0 0 0 0 0 29W3 0 0
0 0 0 0 Wi—(w-H)—/AW1 — /AW
0 0 0 0 0 —yAWr i 0
g Ginit) _ 0 0 0 0 0 —\AWs 0 —i
v 0 Wi 0 0o -1 0 0 0
29Wa —(w — H) —/AW1 —/7W2 0 0 0 0
0 —\AWr i 0 0 0 0 0
0 —\AWs 0 i 0 0 0 0

(2.7)
Denote by {E;;,1 <i,j <8} the standard basis of C#*®

Eij = (51@5]‘1)2[:1,

where dop is the Kronecker delta. Then, one can easily check that H,, in (2.1)
can be obtained from H Snit) by applying the following transformation
H,, = T Py Py3 P34 Poy Pas H™) Pog Poy Py Poy Prs T (2.8)
with T = diag(1, =27, 557, =27, 35> g55720 —27 25) © In, Pij = (Eyj +
E;;+ Zlgé{i,j} Ell) ® Iy. Note that all transposition matrices ﬁij in (2.8) leave
the upper-left N x N block intact. Thus, (2.6) follows from the Definition A.5
of linearization and the Schur complement formula [see, e.g., (A.20)] by taking
A =CNXN,
In order to prove the bound (2.5), consider the set Oy defined in (2.3).
One can sce that H™Y satisfies the bound (2.5) by specializing Lemma A.10
for A = CVN zy = H, yy = Wy, yo = Wa, C = 12/ and the rational
expression ¢ being (1.10) on the set O, as well as using the standard relation
between the operator and max norms, similarly as in, e.g., (A.47). On the other
hand, Hgnit) and H,, are related by (2.8). For any R € C®*8 applying the
transformation R +— ﬁinlgij does not change the norm of R, while applying
the map R +— TRT might change the norm by an irrelevant nonzero constant
factor only. We thus conclude that H,, also satisfies the bound (2.5) with a
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constant C., being possibly different than the one for H g“it). Since the set O

satisfies (2.4), the bound (2.5) holds a.w.o0.p. O
Define
0 0 0 0 0 ‘;
k=0 0 T, k=0 -z 0 (2.9)
0 -+ 0 - 0 0
and

0w 0 1 1 0 0 1
“3_(10 0)’ “‘“(1 0 o)’ “5_(1 1 o)‘ (2.10)

With this notation H,, can be rewritten as
H, = Ko(w)®In+ K @H+L @W,+LI@W; + Ly@Wa+ Li@ W3, (2.11)
where Ko = Ko(w), K1, L1, Ly € C¥*® are given by their block structures as

k1 0 0 0 0 0 0 0 O
Ko=|0 ko 0], K=[0 0o o |, L,=]0 0 o],
0 0 K3 0 0 —01 0 Ka 0
0 0 0
Ly=|0 0 0], (2.12)
K5 0 0

and 0 = ? é) is the usual Pauli matrix. Consider the Dyson equation for

linearization (DEL)
1
— 7 = s Ko(w) +T'[M] (2.13)

with a linear map I' : C8*8 — C8*8 given by
T'(R] := K1RK,+LiRL}+LiRL1+ LoRL5+ Ly RL,, R e C®*®. (2.14)

Lemma 2.4. (Existence and basic properties of the solution to the DEL (2.13))
For any v >0, we Cy UR and z € C define M, ., € C®*® as

M, = (ids ® Ts) ((Ko(w) —2Jg) ®1s+ K1 ® s

—1
+L1®c1+L1‘®c’{+L2®cQ+L;®c§) , (2.15)

where s,c1,co are freely independent semicircular and circular elements and
Ts is a tracial state on a C*-probability space (S, 7s) with the unit element 1.
Then,

(i) For any v > 0 there exists C, > 0 such that M, ,, satisfies the a priori
bound

1
< — .
M0l < Cy (1 + Imz) (2.16)

uniformly for allw € Cy UR and z € C4.
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(ii) For any v > 0, w € CL UR and z € Cy, matriz M,,, satisfies the
DEL (2.13) and has positive semidefinite imaginary part, ImM, ,, > 0.
Moreover, for all v > 0 and w € C; UR, the matriz-valued function
2+ M, is analytic on C,.

(i) For any v >0, w € Cy UR and z € C1 function z — M, ., admits the

representation
Vi (A
M, . = My +/ Vuldd) ), (2.17)
R A —Z
where M € C¥*8 and V,,(d\) is a positive semidefinite matriz-valued
measure on R with compact support. In particular, lim, o M ., = M3°.

Proof. Fix v > 0 and denote the noncommutative rational (in fact, polyno-
mial) expression

Q1w (T, Y1, Y2, 91, Y5) = w —  +iy(y1y7 + y2y3)- (2.18)

Using the fact that ¢;c} + cac5 has free Poisson distribution of rate 2, which in

particular implies that ||(cic} + cach) ™t < (1 — %)*1, we conclude that the

triple (s,c1, c2) belongs to the effective domain Dy (4, ,}:c with C' =~71(1—
%)_1 for all w € Cy UR (see Sect. A.1 for the corresponding definitions).
Following the proofs of Lemmas A.7 and A.10 and specializing them to

our concrete case, we obtain that for any fixed v > 0 there exists Cy > 0 such
that

H (Ko(w)—2J3) ® Ls+K1 ® s+L1 @ c1+L; @ ¢}

1
<c,(1+ ) 2.19
cexsgs +Imz ( )
uniformly for all w € C; UR, which yields the a priori bound (2.16). Part (ii)
of Lemma 2.4 now follows directly from parts (ii)—(iv) of Lemma A.12. Finally,

(2.17) follows from the representation (A.27) in Lemma A.12. O

Ly ® e+ Ly ® c;)*l‘

With DEL (2.13), we associate the corresponding stability operator 2, 4, :
C8*® — C®*® given by

Z.w|R]==R—-M,,T[R|M,,, RecC®® (2.20)

The following lemma is directly obtained from Proposition A.19 and establishes
Theorem 1.3 and the weak limits in the part (i) of Theorem 1.4 for ¢ = 1.

Lemma 2.5 (Global law for pr ). For w € C; UR the empirical spectral mea-
sure pr,, (dX) converges weakly in probability (and almost surely) to p,(d\),
where py,(dX\) := (e1, Vi (dN) eq) is the (1,1) component of the matriz-valued
measure Vi, (dX\) from (2.17). Moreover, supp py, (dA) C [0,1] for allw € CLUR
and py,(dX) converges weakly to pg(d)\) as w € C4 tends to E € R.

Proof. We apply Proposition A.19 to the rational expression in random matri-
ces (1.10). By (A.78), for any w € C4 and fixed 6 > 0 the generalized resolvent
of the linearization (H,, — zJs ® Iy)~!, corresponding to G, in (A.78), con-
verges uniformly on {z : Imz > 671, |z| < 0} to M., ® Iy, corresponding
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to M ® Iy in (A.78). In particular, the identity (2.6), similarly to (A.79)
(see also Definition A.17), implies the pointwise convergence of the Stieltjes
transform of the empirical spectral measure of T',: for any 6,¢, D > 0 there
exists a constant Cg . p > 0 such that

N } < Co.c.0 (2.21)

1 —1
P“NTT(T“’_ZIN) S ML) 2 | < R

uniformly on {z : Imz > 67! |2| < 0} and w € C; UR. The convergence
in (2.21) together with (2.17) imply that the weak convergence

Nlim pr,, (dXN) = pyw(dX) (2.22)

holds in probability (see, e.g., [4, Theorem 2.4.4]).

Now we prove the almost sure convergence. Take any 2y € C,., a sequence
{zi} C C4 of different complex numbers with z; — zp such that zo is the
accumulation point of {z;}. Define the sequence of events

Ay = { 1211_%{%% (Tw - ziIN)71 — M., (1, 1)’} > \/IN} (2.23)

Then it follows from (2.21) and the Borel-Cantelli lemma applied to {Ay}
that with probability 1

1 -1
lim T (Tw - ziIN) =M., »(1,1) (2.24)
for all ¢ € N. Finally, applying the Vitali-Porter theorem we conclude that the
weak convergence (2.22) holds almost surely.

To prove the bound on the support of p,,(d\) note that the scattering
matrix S(w), related to T, = TT* via (1.2), is unitary. This implies that all
singular values of T are located in the interval [0, 1], thus supp ur, C [0,1].
But from (2.22), we know that the empirical spectral measure of TT™* converges
weakly to p,(d)), which yields suppp,, C [0,1].

It follows from (2.19) and the definition of M, ,, in (2.15) that for any
weCLUR, FE€Rand z € Cy

1 \2
2
M.y — M. 5| < 2C2 |w — E| (1+R) . (2.25)
This implies the pointwise convergence
limE M, w=M.E (2.26)

for all z € C1. By (2.17) and p,,(dA) = (e1, Viy(dA) €1), the (1,1)-components
M, »(1,1) and M, g(1,1) define the Stieltjes transforms of the measures p,, (d\)
and pg(d)\) correspondingly, from which we conclude that (2.26) yields the
weak convergence of p,,(d\) to pg(d\) as w — E. O

Note that M, ,, is a matrix-valued Herglotz function. Therefore, from the
properties of the (matrix-valued) Herglotz functions (see, e.g., [22, Theorems
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2.2 and 5.4)), the absolutely continuous part of p,,(d)) is given by the inverse
Stieltjes transform of M, ,,(1,1) (see Lemma A.12)

1
pw(A) == 1lim —ImM) 1, (1, 1). (2.27)
nlo '

We call the function p, (), defined in (2.27), the self-consistent density of
states of the solution to the DEL (2.13). It will be shown in Sect. 2.5 that
pw(dA) is in fact purely absolutely continuous, i.e., py(dX) = py(A)dA. The
statements (a) and (b) of part (ii) of Theorem 1.4 will be derived from the
study of M, ,, for the spectral parameter z being close to the real line.

Note that our particular choice of linearization (2.1) allows rewriting the
original DEL (2.13) in a slightly simpler form. More precisely, if

Ri1 Rip Rus
R = Ry Roo Ros S (ngs (2.28)
R31  R3» Ras

with Riq, Ros € C3*3 and R33 € (CQXQ, then (212) yields

t
K5R33K5 0 0
F[R] == 0 KZR33I€4 0 s (229)
0 0 01R3301 + K4Rgglii + HsRlllﬂig

so that the image T'[R] is a block-diagonal matrix. Together with the definition
of Ky in (2.12), this implies that the right-hand side in (2.13) is a block-
diagonal matrix with blocks of sizes 3, 3, and 2 correspondingly. We conclude
that any solution to the DEL (2.13) has a block-diagonal form, which, in
particular, allows us to write

My 0 0
M.o=[0 M o (2.30)
0 0 M

with M, My € C3*3 and M3 € C?*2, where we omit the dependence of the
blocks on z and w. Now DEL (2.13) can be decomposed into a system of three
matrix equations of smaller dimensions

1

— M =zJ3— K1+ IitsM3/£5, _MLQ = —Kg + RZM3H4 (231)
and
1 1
_E = —KB(w)_ 727%(12+03)7%0'2+M3
1

— + o1 M30+, 2.32
72([270’3)7%02+M3 ( )

1 0 0 0 -1
Pauli matrices. The proof of Theorem 1.4 is based on the study of matrices
Ml, M2 and Mg.

where o1 = (O 1)7 oy = (? _1> and o3 = (1 0 ) are the standard
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2.2. Useful Identities

From now on and until the end of Sect. 2, we study the matrix-valued function
M, with w = E € R. We start by collecting several important relations
between the components of M g.

Lemma 2.6. For all E € R and z € C4

M, g=(Q M,zgQ), (2.33)

where Q~ = diag(—1,—1,1,—1,1,1,—1,1) € C¥*3. In particular, for all E €
R,zeCp and1 <k <8

M. gk, k) = M, _p(k, k). (2.34)

Proof. Let HS;C) € S8%8 be given by

0 0 0 0 0 0 0 c

0 0 15115 0 0 0 0 ch

0 —I1s 0 0 0 0 ch 0
O o 0 0 0 0 10 Tls 0* cr

0 0 0 0 —gels 0 c; 0

0 0 0| —Ils 0 0 ct 0

0 0 C2 0 (&) C1 0 E]ls — S

Cc2 [ 0 c1 0 0 FEls — s 0

(2.35)

where s is a semicircular element, ¢, co are circular elements, all freely inde-
pendent in a C*-probability space (S, 7s), so that

M. = (ids ® 75)(HS) — 2Js @ 15) . (2.36)

Using the fact that —s, —cj and —c5 form again a freely independent family
of one semicircular and two circular elements, we can easily check that (here
x denotes multiplication in S8*8)

-1
(idg®Ts)(((Q*®15)x (H®) -2 /5@ 15) x(Q*@ﬂs))t) = M., (2.37)
from which (2.33) follows after factorizing Q. 0

Lemma 2.7. For all E€R and z € C,

M, 5(8,8) = 4v*z M, (7,7). (2.38)
Proof. Using the Schur complement formula, the lower-right 2 x 2 block of the
inverse of H(ESC) — 2zJs ® 1 s can be written as
4’72616{ E]LS —s+ i’Y(ClcT + CZC;) - (2 39)
Els — s —ivy(cicf + cach) Leaes ’ ’

For convenience, change the rows in the above matrix, so that

0 1 i Els—a Leger !
M3 (1 0) = (1d2 & TS) ( 4’Y§C10T EESQQG*> 1 s (240)




4222 L. Erdés et al. Ann. Henri Poincaré

where we introduced

a:=s+ iv(clcik + CQC;). (2.41)
Notice, that since ci¢j + cacs has a free Poisson distribution of rate 2, cicj +
cocy > (1— %)2]15 and thus both diagonal elements of the matrix on the right-
hand side of (2.40) are invertible. Rewrite the matrix in the square brackets in
the following way: for the entries of the first row apply the Schur complement
formula with respect to the (1, 1)-component, and for the second row apply the
Schur complement formula with respect to the (2,2)-component. This leads to
the following expressions for M, (7,7) and M, g(8,8)

1 1 1
M. g(7,7) = —1s| — €2 (242
=5(1,7) z ( FEls —a 2E115 —a* — %qciﬁ@@ ( :
1 1
M, 5(8,8) = 4275 | — ey '
=.2(8,8) Els —a* 1E]ls —a— %Cz%ﬁclc’{

(2.43)

Under 75, we can swap the labels of ¢; and ¢y and replace a with — a* without
changing the value in (2.43). After completing these operations, we obtain

) 1 . 1
Mep(8,8) =4 TS( Els+a " ?Elg+a — Loy precpcs >
(2.44)
Multiplying both fractions under 75 in (2.44) by — 1, and swapping FE to — E
by (2.34), a comparison with (2.42) yields (2.38). O

Lemma 2.8. For all E € R and z € C4
M. g(8,7) — M. p(7,8) = 1; ..5(8,8) (2.45)

Proof. Denote

1 i i
N N O N
T := ( 752 8) + Mz, Tp:= (i 74) + Ms, (2.46)
vy

Y

so that (2.32) can be rewritten as

1 1 1
E—Egl—ﬁ—ﬂ+01M301:0. (247)
Then from (2.38), we have that
1
det Ty — det Ty = AM. (7, 7) = - Mx,p(8,8) = 0 (2.48)
Rewrite (2.47) componentwise using (2.48)
1 2 4
. 1)Mz 8,8) = —— 9.49
(@35 ~ @oer + )M = (2:49)
(— ! +L)M (7.8)+ M. g8 T = E— 21 (250
det M5 detTy »ELD »ES 1 v det Ty’ '
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(- dethS + dele)Mz,E(s, 7)+ M. 5(7,8) = E + %ﬁ (251)
1 2 1
(det M detTy T 1)MZ’E(7’ 0= dat, (2.52)
Subtracting (2.51) from (2.50) gives
1 2 i 4
(3o~ gy T 1) (Mes(8.7) = Mop(78) = —— g, (25)
which together with (2.49) implies (2.45). O

2.3. Boundedness of M, r Away from z =0 and z =1

Lemma 2.9. (Boundedness of M, g) For any small 8 > 0, there exists Cp > 0
such that

1
sup{ IM.gl = |21 > 0,[1— 2 > 0, Tz > 0, | B < 9} <0y (254)

Proof. Introduce the following notation for the entries of M3

mi1 mig — MZ7E(7? 7) Mz,E(778> (2 55)
mo1  Maa ) M. g(8,7) M.g(8,8))’ '

so that, in particular, (2.38) and (2.45) can be rewritten as

Mmoo — 4’722’777,11, (256)

i
Mo — Mg = §m22~ (2.57)

Our goal is to show that M, g and in particular M, g(1,1) is bounded every-
where if z is away from 0 or 1. From (2.31), we have that

1
Mo + 2 Ma2 moi

My, = — mo2 ma2 ma1 —
i
mi2 mig + 5 miq

21

ma2 ma1 ma1 — 1;
My = — mi9 ‘ mi1 + # mi1 , (258)
mig + 1; mii miy
which after some elementary computations yields
det M L e = L (2.59)
e = e = .
LT L det Ty’ 27 det T,
and
1 4m11
M, g(1,1)=—— — , 2.60
£(1,1) z  zdetTy ( )

where Ty was defined in (2.46). The functions {m;;,1 < 4,j < 2}, {M;,1 <
1 < 3} and {T;,1 < ¢ < 2} defined above all depend on the variables z and F,
but in order to make the exposition lighter we drop the explicit dependence on
these variables from the notation. Using (2.58)—(2.60) it is enough to show that
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for any fixed (2o, Foo) With 200 € Co, 200 ¢ {0,1} and E., € R we have that
lim. gy (-, B IMij| < oo fori,j € {1,2} and lim; ). gy |det T1| > 0.

We now prove some additional relations that can be obtained from (2.56),
(2.57) and (2.49)—(2.52). Plugging (2.56) and (2.57) into (2.50) (recall that we
are using notation (2.55)) gives

1 2 21
- _— 1) 4~i _—
( det M;5 + det Ty T+ )mae o+ Sylem + v det Ty

which, after applying (2.52) to the terms in the parenthesis, can be rewritten
as

=0, (2.61)

1 2i
_— 2) =F— ——— —4~i . 2.62
(’)/ZZTTLH det T1 * M Yy det T1 e ( )
From the definitions of 77 and M3 we have
1
det T7 = det M3 + 4(2’ — 1)m11 — ?, (263)
while (2.52) gives
1 1 1
9 ) - 1. 2.64
det T} ( ~v22mqq det M3 + ( )

Combining (2.63) and (2.64), we get the following quadratic equation for
det M3

1 1
(det Ms)® + det Ms (4(zl)m11+ . . <1+2>)
YeEMma Y

+(4(z ) — ;2) ~0. (2.65)

Note that (2.62)—(2.65) hold for all E € R and all z € C;..
Using the above relations, we proceed with a proof by contradiction.
Assume that there exists a sequence (z,, F,)%; C Cy x [-071,671], such

that |m§?)| — o0 as n — oo (here and below we denote the evaluations at
(2n, Er) by adding the superscript (n)). Solving (2.65) for det M35 allows us to
express det M3 in terms of mqy

1 1
det My = 2{ — 4z — Dmyy + (1+ ?)

1 1 1 1 1
F4(z = Dmu [1 - 2<2<z_1>(1 )+ _1>m

(s} (2.66)

By passing to a subsequence, we may assume that the choice of the + sign in
(2.66) is constant for all n.
If we take the — sign in (2.66), then
det MV = —4(z, — 1)ymi™ + 0 (1) (2.67)
and by (2.64)
det T =2, n— oo. (2.68)
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From (2.62), (2.56), (2.57) and (2.68),
mgg) = —27i znmgrf) +0(1), mg{) = 2vi znmu +0(1), (2.69)

and therefore

det M = %z, () = 425 (miD) " = 021 =2 ()" +0 (il

(2.70)
which contradicts to (2.67) since |z, (1 — z,)| is separated away from 0.
If we take 4 sign in (2.66), then
n 1
det M{" =—1+0 | ——— |, (2.71)
3|
11
and from (2.63)
det T\ = 4(z, — )m{™ + 0 (1). (2.72)
But then again, from (2.62), (2.56), (2.57) and (2.72),
mgg) = —27i znmg?) +0(1), mél) = 2i znm%) +0(1), (2.73)
so that
det Mén) =4v%2,(1 — zn)(mgrf))2 +0 (|m§7{) ’) ) (2.74)

which contradicts to (2.71). Therefore, we have proven that mq; is bounded
everywhere away from the points z € {0,1}. It is clear from (2.56) that
the boundedness of mi; guarantees the boundedness of mgs. On the other
hand, assuming that mo and msg; [see (2.57)] are unbounded implies that
|det M| — oo and |det T™| — oo on some sequence (z,, E, ), which
contradicts to the boundedness of mj; in (2.61). We conclude that all entries
of M3 are bounded everywhere away from the points z € {0, 1}.

Assume now that there exists a sequence (2, E,)5; C C4 x [—-071,071]
such that det T\™ — 0 as n — co. Then by (2.62)

(1@) +0 (det T1<">)> m(Y = ,% L0 (det Tl(n)) ’ (2.75)

V2 znmy
which together with the fact that mﬁl) is bounded implies that
miy = ~2iyzaml} + 0 (det 7). (2.76)
Then by (2.56) and (2.57) we find
det Mén) =4v%2,(1 — zn)(mg?))Q +0 (det Tl(n)> ) (2.77)

and conclude from (2.77) and (2.63) that det M?E”) does not vanish as n — oo.
But then (2.64) implies

n ]‘ n
m{y = 7o O (aet (™). (2.78)
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and thus by (2.63) and (2.78) also

o1
det M{" = = —2(z, — 1)

. +0 (det Tf’”) : (2.79)

Y2 2n

as well as

det M?E ) = 4y 2, (1=2) ——+O (det Tl( )) = (1—zn)W+O (detTl( )) ;

dytz;

(2.80)
by (2.77) and (2.78), which contradicts to (2.79) since z, is away from 0. We
conclude that |detT;| is bounded away from 0, which together with (2.60)
establishes (a non-effective version of) (2.54).

In order to keep the presentation simple, above we showed that ||M, gl is
bounded for z € C;\{0,1} and E € R without providing an explicit effective
bound Cjy as formulated in (2.54). Note that the constants hidden in the O (+)
terms (for example, in (2.67)—(2.70), (2.71)—(2.74) or (2.75)-(2.80)) depend
only on |z, |1 — 2z,| and E,. Therefore, using the assumptions |m§?)| > Dy
and | det Tl(n)| < 1/Dy for n large enough and carefully chosen Dy > 0 instead
of [m{™| = 0o and | det T"| — 0 as n — oo, together with the a priori bound
(2.16), eventually leads to the uniform bound (2.54). O

2.4. Singularities of M, g(1,1)
Lemma 2.10. (Behavior of M, g(1,1) in the vicinities of z =0 and z = 1)
(a) For all E€R

1+ B2 _,, 1
M, p(1,1)= ¢ e z +0 BEE as z — 0; (2.81)
(b) for all |E| < 11/20/T+ 677 + 77 — 2 - 292
1672
M. g(1,1) = i) (z—1"Y240(@1) asz—1, (2.82)

T 2EZ 44+ 167482
where the constant & < 0 is as in part (ii) of Theorem 1.4 (see also
(2.95)).

The choices of the branches for (-)'/3 and (-)'/? are specified in the course of
the proof below.

Proof. We multiply (2.32) from the left by M3 and from the right by (Z; +
M3)(Zy — Z3)~Y(Zy + M3) with the short hand notation

1

Zy=
! 272z

1 1

(IQ + 0'3) — —09, ZQ = —2([2 — 0'3) — —02. (283)
Y Y

Subsequently, the equation for M3 takes the form A = 0 with

A = (Zl—M3+M301(M301—E)(Z1 +M3)> (ZQ+M3)—M3. (2.84)

1
Zy — Za
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Using that (Z; — Z9)71 = _%(IQ + 03) + §(I2 — 03) and performing the
matrix products we see that the entries of A € C2*2 are polynomials in the
entries of M3, F and z.

Step 1: Ezxpansion around z = 0. We will now first construct a solution
to (2.32) in a vicinity of z = 0 by asymptotic expansion. Later, in Step 3, we
will show that the constructed solution coincides with Mz defined in (2.15)
and (2.30). For this purpose, we write t = 21/3 with an analytic cubic root on
C\(i (—00,0])) such that (—1)*/3 = —1. Then, we make the ansatz

—~ U C T SPY
M= [ Tt ) (2.85)
Ay 8ort Ay ot
where we will determine the unknown functions =; := (§;; (t))?,j:r Plugging
(2.85) into (2.84) reveals that
47 (qu1 +t 49t (qra + t
A— Y 2(6111 P11) 2 4(;]12 P12) 7 (2.86)
—4y%t(go1 +tpa1)  —167"t°(qaz + tpa2)
where the entries of P := (pij)ij:l are polynomials in ¢, E,&; and where
Q= (Qij)?,j:1 is given by
1 2 - E E
0- < 677 + &11822 §11é12 ) §12 + 2511522 ) ' (2.87)
§21 + E&11622 —1o57 — S11&5p + E&21822

Thus, the equation A = 0 is equivalent to () + tP = 0. For ¢t = 0, the three
possible solutions are

2
=) = (_éCQ ESC ) . where (1+ E?)(% = —161?. (2.88)
Since det V=Q|i—o = —3¢*(1 + E?)? the equation Q +tP = 0 is linearly stable
at t = 0 and can thus be solved for Z; in a neighborhood of =y when ¢ is
sufficiently small. Since the equation is polynomial, the solution =; admits a
power series expansion in t. Now we define the analytic function M3(z) through
(2.85) on a neighborhood of z = 0 in C\(i(—o0,0])) with Z the solution to
@ +tP =0 and the choice ¢ < 0 in (2.88).

We will now check that for any phase el¥ £ —1 in the complex upper
half-plane the imaginary part of M3(fe'?¥) is positive definite in the sense that
for any fixed £ > 0 we have

inf inf  Tm(u, Ms(0e¥)u) > 0, 2.89
pel g i T, Mo (07 u) (2.89)

for sufficiently small 6 > 0. Indeed, for any vector u = (u1,uz) € C? we find

Im(u, Msu) > BIm(—t " |ug|? — t2|usg|?) — Cluy ||uz]|t]

1 C 1
> 65<|t||u12 + t|2|u2|2) — — —|u1)?* = CRJuso||t]*  (2.90)

for some constants 3,C > 0, small ¢, an e-dependent constant B. and any
R > 0. For R = 2C/j3. and sufficiently small ¢ this is still positive.
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Step 2: Ezpansion around z = 1. For the expansion around z = 1, we
proceed similarly to the discussion at z = 0. We set ¢ = \/z — 1, where the
square root has a branch cut at i (—oo, 0] and v/1 = 1. Here, we make an ansatz
with a reduced number of unknown functions by exploiting the identities (2.38)
and (2.45), namely

. & E_ 641 4 mt
My=| g  ie," o 2”(_1 O (2.91)
Erlat+n+ i £t +1)
We will determine the unknown functions ¢ and v. Plugging (2.91) into (2.84),

multiplying out everything and simplifying afterwards reveals

A <—64174(Q1 + tp1) — 5555 (q2 + tp2) )

2 . 2.92
5255 (@2 +tp2) (@ +tpr — 2 (g2 + tpa)) (2.92)

where p1,po are polynomials in ¢, F, £, v and where
@ =&+ (2B° + 4+ 478 + 7 (VB +4E%(1 +1°) - 16)
— 16173 E +1E*y%¢v +4icv + 16y, (2.93)
@ =8v+ 4 ++*E*¢r — 167°E.
The solution to the system (g1, ¢2) = 0 at ¢ = 0 has the form

167°E VR
- i=2Et + =
a7y )
4 1
+$(1 +7%)€* +4E° <1 +7 + 252> ~16=0 (2.94)

In r = 0 from (2.94) we choose the unique negative solution (as long as the
expression inside the square root is positive)

b0 = —\/2V/TH 612 + 78 — 2 — 292 — 422, (2.95)

We compute the Jacobian

2
det Ve, (q1.2) = 4€2 (8 +2v°(12+ E%) ++* <W4§2 - 2E2> - 297%¢% + 727'>

(2.96)
and evaluate at ¢ = 0 with £ = £, to find

det Ve, o (q1,q2) = 16¢3 (1+74+ 14672474 — 42 (—6+\/1+672+74)) < 0.

(2.97)
In particular, £ and v admit a power series expansion in ¢.

Step 3: Coincidence of Mg and Ms, asymptotic behavior of M, g(1,1).
Here, we show that the asymptotic expansion MJ around z = 0,1 coincides
with M3 defined in (2.15) and (2.30), the solution to DEL (2.32) constructed
from free probability. For this purpose, for any small § > 0, we construct a
modification M 57 g of the explicit solution M, g (given by (2.36)) as follows

M? = (ids @ 75) (HS® — 205 @ 15) 7, (2.98)
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with

K1 ®1ls 0 Kt @ 3
HSQ’& = 0 Ko ® 1s ki ®cy

Ks ®c2  Ka®c1 01®(E~Jls—(1—5)~s)—601M301®ﬂ3
(2.99)
where ¢; are circular and s semicircular elements. Since the original generalized
resolvent has the bound [ M. g|| < C(1+ L), we also get

IM2 5 — M. 5|l < Cp.:6. (2.100)
Now, similarly as in (2.31)—(2.32), we derive the DEL corresponding to the

generalized resolvent of H SC)’S and find
L =23 — k1 + (1 = O)REMSks, ——= = —ko+ (1 — 0)k! M3ky,
My M3
(2.101)
L _ g L L (1= §)oy Moy + 601 M.
— —=—FEo; — - —d)o o o1 Mso,
Mg 1 Zl n Mg ZQ + Mg 14M307 14301
(2.102)
where we exploited the block structure of M z{ p and denoted
M0 0
Mp=|0 M 0 |. (2.103)
0 0 M

Notice that Im(dalﬁgal) >0and R— —FEo; — (Z1 + R)™' - (Za+ R)~' +
(1 — 0)o1Roy is a positivity preserving analytic mapping. The existence and
uniqueness of the solution to (2.102) now follow from [25, Theorem 2.1]. In-
verting both sides of (2.102), we obtain a fixed point equation M$ = ®5(M3)
for M:if , where the map ®5 can be read off from the inverse of the right-hand
side of (2.102). Clearly, ®5 with any J > 0 is a contraction with respect to the
Carathéodory metric mapping the set of 2 x 2 matrices with (strictly) posi-
tive definite imaginary parts strictly into itself (for more details, see [25]). In
particular, there  is a unique solution with positive semidefinite imaginary part
and thus M = Mj3 for § > 0. Together with (2.100) and taking the limit 6 | 0,
we conclude M3 = ]\A/[/g, In particular, M3 has a power law expansion around
the singularities at z = 0, 1.

Finally, plugging the expansions (2.85) and (2.91) into (2.60) yields the
asymptotics (2.81)-(2.82). O

2.5. Proof of (i) and (ii) of Theorem 1.4 for ¢ =1

We will need the following classical result from the theory of Herglotz functions
(see, e.g., [22, Theorem 2.3])

Lemma 2.11. Let m : C; — C4 be a Herglotz function with representation

m(z) = m™ —l—/

R —z

v(d\) (2.104)



4230 L. Erdés et al. Ann. Henri Poincaré

for m®™ € R and a Borel measure v(d\) on R. If for some p > 1 and interval
ICcR
sup / Imm(A +in)[PdX < oo, (2.105)
o<n<1JrI
then the measure v(d\) is absolutely continuous on I.

Proof of (i) and (ii) of Theorem 1.4 for ¢ = 1. The weak limits in the
part (i) of Theorem 1.4 have been established in Lemma 2.5.

We know from (2.17) that M, g(1,1) is a Herglotz function admitting the
representation (2.104) with m™ = M (1,1) and v(d\) = (e1, Ve(d\) e1) =
pr(dX\). Therefore, the absolute continuity of pg(d\) = pr(A\)dX is a direct
consequence of Lemma 2.11 and Lemmas 2.9 and 2.10 establishing together
the integrability of A — ImMjyi, g(1,1) in the form (2.105) on the whole real
axis for any p < 3/2.

Finally, the asymptotic behavior of pg(A) (1.13)—(1.14) near its singular-
ities at 0 and 1 follows from Lemma 2.10 and the inverse Stieltjes transform
formula (2.27). This, together with the global law established in Lemma 2.5,
finishes the proof of Theorem 1.4 for ¢ =1 . O

3. Proof of Theorem 1.4 for General Rational ¢ € (0, 1)

In this section, we explain how the techniques described in Sect. 2 can be used
to prove Theorems 1.3 and 1.4 in the case when ¢ = k/l € (0,1) for fixed
k,l € N,i.e., when M = In and N = kn for some integer n tending to infinity.
In addition to the steps used in Sect. 2, we need to tensorize the setup to
accommodate for rectangular matrices. For example, the M x N = In X kn
matrices W7 and W5 will be viewed as [ x k rectangular block matrices with
blocks of dimension n x n. As we will see later, this allows us to treat the
linearization matrix as a Kronecker random matrix in independent Wigner and
i.i.d. matrices, which in turn makes various probabilistic estimates of the error
terms in the corresponding DEL readily accessible from [3]. The restriction
¢ = k/l makes the presentation conceptually easier.

Note that different values of ¢ = k/l € (0,1) require slightly different
approaches. For ¢ € (1/2,1), the matrix T, € CF™*" given by (1.10)
is well defined and bounded with very high probability. Indeed, in this case
the product WW?* is a sample covariance matrix with concentration ratio
ﬁ € (0,1), therefore similarly as in Sect. 2.1, one can define a sequence of
events Oy y holding a.w.o.p. [see (2.4) and (3.2)] such that for any small
0 > 0 and big enough n > ng(9), the spectrum of WW* is contained inside the
interval [(1— ﬁ)Q(l —0),(1+ \/127))2(1—&—6)] when restricted to ©4 n (see, e.g.,
[5, Section 5]). Thus, as n tends to infinity, the matrices in the denominator
of (1.10) have positive imaginary parts and therefore bounded inverses with
very high probability.

On the other hand, for ¢ € (0,1/2] we need to proceed via regularization
by replacing iyWW* with iyWW™* + ieply; for some small € > 0 to ensure
the invertibility of the denominators in (1.10). This requires a more careful




Vol. 22 (2021) Scattering in quantum dots 4231

analysis of the e-dependence of various bounds and identities before we can
take € — 0.

Note also that for ¢ > 1, Rank(T'g 4) < M and the spectral measure
of the matrix T'g , has an atom of mass 1 — 1/2¢ at zero, while, as we will
show, for ¢ < 1 the spectral measure pr, , does not have the pure point
component. The regime ¢ = 1 studied in Sect. 2 is borderline: the limiting
spectral measure of T'g 4 does not have atom at 0, but its behavior near the
origin is more singular than in the case ¢ < 1.

3.1. Linearization Trick and the Dyson Equation for Linearization

In order to apply the linearization trick for ¢ = k/l € (0,1), we split H, W,
and W5 into blocks of size n x n, so that

H= (ﬁij) , W= (Wl,ij)izl... (3.1)

1.0 1, Wa=(Waij)i=1..
1.1 J=1.k j=1.

L
1.k

i.:
i=
with E-j,WLij,WQ,ij € C™ ™. Note that for any i € {1,...,}, Vi - I?” is
a (normalized) Wigner matrix of size n, and for any i # j, VI - ﬁij is a
(normalized) i.i.d. matrix of size n. Similarly, all the matrices v/1 - Wl,ij and
V- /Wz’ij are also i.i.d. matrices of size n. All these matrices are independent
apart from the natural constraint }AIij =H i
Define the events

{IH| <3, W]l <3, [Wal| <3, [WW*) 7Y < —— 15—} g€ (1/2,1),

o (- 209
{IlH[l < 3, WAl <3, Wl <3}, ¢ € (0,1/2],
(3.2)

for some § > 0. Similarly as in Sect. 2.1, one can show that the events Oy x
hold a.w.o.p. and the random matrix models (1.9) and (1.10) for ¢ € (1/2,1)
and w € Cy UR restricted to Oy n are well defined (see Remark A.21 and
Lemma B.1). At the same time, in order to deal with ¢ € (0,1/2], we consider
the regularized models (1.9) and (1.10) with w € Cy, i.e., Imw > 0 strictly
positive, which guarantees the invertibility of w — H + iyWW™* without any
additional restrictions on H and W.

The linearization matrix H,, ¢ for (1.10) is defined as in (2.1). This is a
Kronecker random matrix consisting of (6k + 21) x (6k + 2I) blocks of size n.
We now introduce a tensorized version of the generalized resolvent that takes
into account the additional structure coming from (3.1).

Definition 3.1 (Generalized resolvent). Let (¢, w) € ((0,1/2]xC4)U((1/2,1) x
(C+ UR)) with ¢ = k/l € Q. We call the matrix-valued function C; >
2z (Hyp — 2J; @ I1,)71 the generalized resolvent of H,, 5. Here, we de-
note Ji = Zle E;; € COR+20x(6k+2) with {E;;} being the standard basis
of C(6k+20)x (6k+21)_

Lemma 3.2 (Basic properties of the generalized resolvent).
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(i) For any v > 0 and ¢ € (1/2,1) N Q, there exists C 4 > 0 such that
a.w.0.p.

_ 1
|(Huw,p —2dk @ 1) 71| < C”’¢<1+Imz> (3:3)
uniformly for all z € C4 and w € C; UR.
(ii) Foranyvy >0, ¢ € (0,1/2]NQ and w € C, there exists Cy 4., > 0 such
that a.w.o.p.

|(Hup — 2T @ L) 7| < Cyp (1 + Imlz) (3.4)
forall z € Cy.
(iii) For all (¢,w) € (((0,1/2]NQ) x C4) U (((1/2,1) N Q) x (C4 UR)) and
1<i,j<N

(Hyg— 20k @ 1) 7| = [(Tug =210 1<ij<N (35)

ij i

Proof. Denote by Dy (4, ,};c the effective domain related to the noncommu-
tative rational function ¢ (z,y1, Y2, ¥5,y5) = w — . +iv(y1y; + y2y3 ). More
precisely [see (A.4)], the set Dy (4, ,3:c consists of all triples of elements
(Z,91,72) such that

As explained at the beginning of this section, for ¢ = k/l € (1/2,1)
a.w.o0.p. the random matrices H, Wi and Ws defined in (3.1) belong to the

domain Dg (4, ,};c With constant [see (3.2) with § = 1/2] C = W
S T V24

1
(J1,w(£7@1>@2’?3fa g;)

’ <c. (3.6)

depending only on v and ¢.

For ¢ = k/l € (0,1/2] on the other hand, the evaluation of the function
g1, on random matrices H, W; and W5 is invertible only for Imw > 0, in
which case the norm of the inverse of ¢ ,, evaluated on any triple (&, g1, §2) is
bounded by —%

yImw *

With the above choice of the constant C'in Dy (4, . 1:c depending on the
value of ¢, the proof of (i)—(iii) can be obtained from the same argument as in
Lemma 2.3 by restricting H,, ¢ to the events O4 y defined in (3.2) and taking
into account the dimensions of H, W; and W5 and the relation N = kn (see
Remark A.21). O

From the structure of the linearization, we derive the DEL corresponding
to Hw7¢

= 2T Fo(w) + T, [M] (3.7)

for an unknown matrix-valued function M depending on z, w and ¢, having
the following components:



Vol. 22 (2021) Scattering in quantum dots 4233

(i) the expectation matrix is given by

K1 ® I

Ko(w) == Ko ® Iy, (3.8)

K3(w) @ I

with matrices k1, k2, £3(w) defined as in (2.9)—(2.10);
(ii) the operator 'y : C(6k+20)x(6k+21) _, C(6k+20)x(6k+21) maps an arbitrary
matrix
Ri1 Riz Rus
R= R21 R22 R23 c (C(6k+2l)><(6k+2l) (39)
R31 Rz Rss

with Ry1, Ras € C3%%3k Ras € C2%2! into a block diagonal matrix with
the first 3k x 3k block equal to

l
the second 3k x 3k diagonal block equal to

1
Ké ((idg ® Tl“l)Rgg) Ky ® Iy, (3.10)

1
Ki ((idz & lTrl)RB?,) kg @ Iy, (3.11)

and the lower-right 2/ x 2[ block equal to

1 1
Ks <(id3 ® lTrk)R11> KL @ I+ Ky ((idg ® lTrk)Rm) Kh @I,

1
+01 <<1d2 X lTI‘[)Rgg)CTl ® 1. (312)

Here, for n € N, we denote by Tr,, the trace of an n X n matrix k4, k5 are
defined as in (2.10) and o, is a standard Pauli matrix. The operator I'y
is the tensorized analogue of I' from (2.29).

Now we can proceed similarly as for ¢ = 1 in Sect. 2 just the (3 + 3 +
2) x (3 + 3+ 2) structure of the linearized matrices is replaced by larger block
matrices structured as (3k + 3k + 21) x (3k + 3k + 21).

Lemma 3.3. (Existence and basic properties of the solution to the DEL (3.7))
For anyy > 0, (6,w) € (((0,1/21Q) x C;) U(((1/2,1)NQ) X (C4 UR)) and
z € Cy define M, ,, € COk+2D)x(6k+2D) g4

M, = (id6k+2l ® Ts) [((Ko(w) — ZJk) RIs+ K1 ® H () + L1 ® Wl(sc)

o)\ * sc * sc)) -1
+L’{®(Wf”) + Ly @ Wy )+L2®(W2( )) ) ] (3.13)
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where Wl(sc) and WQ(SC) are I X k matrices consisting of freely independent circu-
lar elements multiplied by 1/\ﬂ, and H®) 4s an | x 1 self-adjoint matriz with
freely independent semicircular elements multiplied by l/ﬂ on the diagonal
and freely independent circulars multiplied by 1/v/1 above the diagonal.

Then,

(i) For any~y >0 and ¢ € (1/2,1)NQ, there exists C 4 > 0 such that M, ,,
satisfies the a priori bound

1
< — .
1Mo < Cr (14 1) (3.14)

uniformly for allw € Cy UR and z € Cy.
(i) Forany~ >0, ¢ € (0,1/2]NQ and w € C4, there exists C, 4., > 0 such
that function M. ., satisfies the a priori bound

1Mol < s (14 1) (3.15)

(iii) For any v >0, (¢, w) € (((0,1/2]NQ) x C;)U(((1/2,1)NQ) x (C;+ UR))
and z € Cy, matriz M, ., satisfies the DEL (3.7) and has positive semi-
definite imaginary part, ImM, ,, > 0. Moreover, for all v > 0, (¢, w) €
(((0,1/2] N Q) x CL) U (((1/2,1) N Q) x (Cx UR)), the matriz-valued
function z +— M, ,, is analytic on C.

(iv) For any~y > 0 and (¢,w) € (((0,1/2]NQ)xC)U(((1/2,1)NQ) x (C+UR))
function z +— M, ,, admits the representation

Ve d)\
Mzw—M“¢+/ Vap(dd) (3.16)

where Mgy € COR+20x(6k+2D) s g self-adjoint matriz, and Vyy 4(d\) is a
positive-semidefinite matriz-valued measure on R with compact support.

Proof. The proof follows from parts (i)—(v) of Lemma A.12 (see also Re-
mark A.21). Similarly as in the proof of Lemma 3.2, notice that the non-
commutative rational expression ¢ , = w —z +iv(y1y; + y2y3) evaluated on
matrices & = HG% g = Wl(sc) and yp = WQ(SC) expresses different behavior in
variable w for ¢ € (0,1/2) and ¢ € [1/2,1).

In the first case, ¢ € (1/2,1), the invertibility of ¢i, evaluated on
(s,c1,c2) does not depend on w and thus (s,c1,c2) € Dy, 14,.,}:c With C =
C(v,¢). In the case ¢ € (0,1/2], g1, is invertible if and only if Imw > 0,
and the norm of (ql,w)_1 depends on Imw. This, in particular, means that
(s,c1,¢2) € Dy, {q1..};0 With a w-dependent constant C(7y, ¢, w).

This leads to two different a priori estimates: a bound (3.14) uniform in
w for ¢ € (1/2,1) and a w-dependent bound for ¢ € (0,1/2]. The rest of the
proof follows directly from Lemma A.12. O

We omit the dependence of M. ,, on ¢ for brevity. With these notations,
we have the following global law establishing Theorem 1.3 and partially (i) of
Theorem 1.4 for ¢ € (0,1). The proof of the weak limit (1.12) for ¢ € (0,1/2)
is postponed to Sect. 3.6.
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Lemma 3.4 (Global law for T, 4, ¢ € (0,1)). For (¢, w) € ((0,1/2] x C4) U
((1/2,1) x (C4 UR)), ¢ = k/I, the empirical spectral measure pr, ,(dX) con-
verges weakly in probability (and almost surely) to py ¢(dX), where

s (d) = L TH (T Vi dN)) (317)

18 the normalized trace of the upper-left k x k submatriz of the matriz-valued
measure Vi, ¢(dX) from (3.16). The support of the measure p., 4(dN) is a subset
of the interval [0,1]. Moreover, for any ¢ € (1/2,1) and E € R, the measure
Puw,(dN) converges weakly to pg 4(d\) as w € Cy tends to E € R.

Proof. The proofs are similar to the case ¢ = 1 (see Lemma 2.5 and Re-
mark A.21) after taking into account the dimensions of the matrices H, Wi
and W5 and the additional structure (3.1). O

Definition 3.5 (Self-consistent density of states). We call the function

1
Pw,d)()\) = 17}{8 ﬁImTr(JkMAHn,w) (318)
that gives the absolutely continuous part of py, 4(d\), the self-consistent den-
sity of states of the model (1.10).

Since supp(pw.¢) C [0,1] by unitarity of S(w), part (iii) of Theorem 1.4 can
be established by proving the boundedness of the upper-left & x k& minor of
M. ., for the spectral parameter z bounded away from 0 and 1 (Sect. 3.3), and
analyzing the asymptotic behavior of this upper-left submatrix in the vicinity
of the special points z = 0 and z = 1 (Sect. 3.4). The study of M. ,, is simplified
by the particular form of Ky(w) and I'g, which implies that

My ® Iy
Mz,w = M2 ® Ik (319)
Ms® I
with M, My € C3*3 and M3 € C2*2 satisfying
1 1
— E =zJ3— K1+ KEMgﬁg), _E = —Ko + KZM3H4 (320)
and
1
— ﬁ = —lig(’w) + (blig,MlFaé + (]5/€4M2lifl + o1 Mszoq. (321)
3

Similarly as in the case ¢ = 1, plugging (3.20) into (3.21) leads to the following
self-consistent equation for M3

. (w) o
— — = —k3(w) —
M3 —Q,Y%Z(12+U3)—%02+M3
o

- + o1 M3o+, 3.22
72([270'3)7%0’2+M3 ( )

which is the analogue of (2.32) for ¢ # 1.
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3.2. Useful Identities
Below we prove that identities similar to (2.34), (2.38) and (2.45) hold for
¢ € (0,1).
Lemma 3.6. For all (¢, w) € (((0,1/2]NQ) x C4)U(((1/2,1)NQ) x (CL UR)),
v>0and z € Cy

(1) Ma.o(i,i) = M. _w(i,i) for all 1 < i < 6k + 21;

(i) M, (6k +1+ 1,6k +1+ 1) = 44?2 M., ,,(6k + 1,6k + 1);

(i) Maw(6k + 1+ 1,6k +1) — M. (6k + 1,6k + 1+ 1) = M, ,(6k + 1 +

1,6k+1+1) (1 — 'ﬂ;;w det T1) , where, similarly as in (2.46), we denoted

_ 1 i
T = ( Viz 8) + Ms (3.23)
Ty
Denote the entries of M3 in (3.19) by m;;, 1 < 4,5 < 2. Then, the parts
(ii) and (iii) of the above lemma can be rewritten as
Moo = 4722m11, (324)
i I
mo1 — M2 = 1777122 (1 — M det Tl) .
v 2¢
Proof. In order to establish Lemma 3.6, we can follow the proofs of Lem-
mas 2.6-2.8 and apply them to the matrix

(Ko(w) — 2J3) @1s + K1 @ H® + L, Wl(sc) +Li® (WlsC)>

(3.25)

YL WS + L@ (WQ()) . (3.26)

Note that the above matrix (3.26) is obtained from (2.35) by substituting c¢1,
co and s with matrices Wl(sc), WQSC) and H® correspondingly, and taking
into account the dimensions of these matrices. For example, if we replace each
diagonal entry of the matrix @~ from the proof of Lemma 2.6 by the tensor
product of this entry and a corresponding identity matrix (I or I;), we obtain
that the diagonal blocks of M, ,, and M, _ coincide.

In order to prove (3.24), similarly as in the proof of Lemma 2.7, use the
Schur complement formula with respect to the invertible upper-left 6k x 6k
submatrix of (3.26) to write the 2] x 2] lower-right submatrix of its inverse as

472W1(sc) (Wl(sc,) * wa(SC)Jri'y(Wl(sc)(W{SC))*+W2(SC)(WQ(SC))’) -1
E—H(SC)—ify (Wl(su) (Wl(dc))*+W2(sc) (Wz(sc))*) §W2(SC) (Wz(sc))* .
(3.27)
Then, we can switch the blocks of (3.27) as in (2.40) and apply the Schur
complement formula with respect to

The expression in (3.28) is invertible: for (¢, w) € (((1/2,1)NQ) x (C+UR)) the

spectrum of Wl(sc) (Wl(sc))* +W2(SC) (WQ(SC))* follows the free Poisson distribution
with rate 2¢ € (1,2) and is therefore bounded away from zero, and for (¢, w) €
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(((0,1/2] N Q) x C4) the invertibility is guaranteed by Imw being strictly
positive. Due to the properties of freely independent circular and semicircular
elements, switching the labels of the pair (W9, W) or changing the sign
of H®%) does not change the value of an expression involving these matrices
after applying idgit2; ® 7s. Therefore, by proceeding as in (2.42)—(2.44) with
M, .,(7,7) and M, ,,(8,8) replaced by the corresponding I x [ blocks of M, .,
and using the diagonal structure of these blocks (3.19) and the part (i) of this

lemma, we obtain (3.24).
Now it is straightforward to check by plugging (3.24) into (3.22) and
following the proof of Lemma 2.8, that (3.25) holds. This proves Lemma 3.6.
O

3.3. Boundedness of M, ,, away from z = 0 and z = 1 for ¢ € (0,1)

The goal of this section is to establish a uniform bound on ||M, || for pa-
rameter w close to the real line and parameter z bounded away from 0 and
1. This will be used later in the proof of Theorem 1.4, in particular to show
the absolute continuity of the measure pg 4(dA). In the case ¢ € (1/2,1) we
can set w = E € R and work directly with M, g. For ¢ € (0,1/2], we prove
the uniform bound for || M, || with w = E'+i¢e and small € > 0, which will
allow taking the limit € — 0 in Sect. 3.4.

Lemma 3.7. (Boundedness of M, ,,)

(i) Case ¢ € (1/2,1]: For any v > 0 and small § > 0, there exists Cy -, > 0
such that

sup{ M. gl : ¢€(1/2,1)NQ, |2| >0, |[1-2] > 60, Imz > 0, |E| < %} < Coyn;
(3.29)
(ii) Case ¢ € (0,1): Let w = E +1i¢e, € > 0. For any v > 0, small 6 > 0,
¢o € (0,1/2) and g > 0 small enough there exists Cy . gy.c, > 0 such
that

1Mzl < Co.r.60.60 (3.30)

uniformly on the set
1
{¢ €[00, 1=60lNQ, 2] 2 01— 2 6,1mz > 0,|E| < 7. ¢ € (0,0] } (3.31)

Proof. Consider first (3.29) for which ¢ € (1/2,1). By setting ¢ = 0 in
Lemma 3.6, we can proceed by establishing (3.29) in the same manner as in the
proof of Lemma 2.9. To guarantee a uniform bound in parameters z, £ and ¢,
instead of a sequence (z,, Ey,)52 as in the proof of Lemma 2.9, we assume the
existence of a sequence ((zn, En, ¢n))olq, 2n € C4, |E| < 1/0, ¢, € (1/2,1),
on which |m§?)| — 00 or |det Tl(n)| — 0. Note that for ¢,, € (1/2,1) the lead-
ing terms in the analogues of the mutually contradicting pairs of statements
(2.67)/(2.70), (2.71)/(2.74) and (2.79)/(2.80) do not depend on ¢,, (with the
exception of (2.71) where the constant —1 is replaced by ¢,, — 2).

For (3.30), i.e., ¢ € [¢po,1 — ¢o], the above argument has to be slightly
adjusted to ensure a uniform bound for small ¢ > 0. Instead of a sequence
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((zn, En,y ¢r))22; as in the first part of the proof, we now assume the existence
of a sequence ((zn, En, On, €))%, 2n € C4, |E| < 1/0, ¢ € [P0, 1 — 0],
€, > 0, on which |m§q)| — oo or |det Tl(n | — 0.

The analogues of (2.67)/(2.70) in this case are

det M{W = —4(z, — )m{™ + 0 (1), (3.32)

det Mén) =4v%2, (1 — 2, (1 — €,007)%) (m&’{)) +0 (mﬁ‘)) , (3.33)

which contradict each other if |m§7{)| — 00, €y, < €p is small enough and z, is
bounded away from 0 and 1.

Instead of the pair (2.71)/(2.74), we take the analogues of (2.71) and
(2.72) for ¢y, € [¢o,1 — ¢o] and €, >0

1
[maY|
det T = 4(z, — )m'? + 0 (1), (3.35)

and observe that since 14 1/(¢,, —2) > ¢o/(1 + ¢o) > 0 for ¢, € [bo, 1 — ¢Pol,
the above equations contradict to

— 1 = .
(det Ms; detTy + ) C2zdet Ty’ (3.36)

the analogue of (2.52), in the regime |m§7{)| — 0.
For the last pair (2.79)/(2.80) note that in the analogue of (2.75)

(L(n) +0 (det7(") Jmiy = _2al g (aetny)  (337)
v2zymyy v

with | det Ty (n) | — 0, the parameter ¢,, disappears after dividing (3.37) by ¢;

therefore, we can proceed exactly as in the proof of Lemma 2.9. We conclude,

similarly as in Lemma 2.9, that || M, || is uniformly bounded provided that

min{|z|,|1 — 2|} > 6, |[E| <1/0, ¢g < ¢ <1— ¢g and € < ¢ for some ¢y > 0

and 6, ey > 0 small enough. O

3.4. Singularities of M, g(1,1)

For ¢ € (1/2,1), the solution matrix M, g with E € R is given directly via
(3.13). For ¢ € (0,1/2], this formula cannot be directly applied when w =
E € R is real; we need an additional regularization argument. Nevertheless, in
the next lemma we show the existence of the solution to the Dyson equation
(3.20)—(3.22) for ¢ € (0,1/2] and w = E € R and we establish the asymptotic
behavior of M, g(1,1) near z = 0 and z = 1 for ¢ € (0,1). We start by
constructing an expansion of the solution M, ,, in the vicinity of z = 0 for
¢ € (0,1) and w = E + i¢e with € > 0 sufficiently small. We then use this
expansion to extend M, ,, to w = E € R for ¢ € (0,1/2] by taking ¢ | 0 and
to study the asymptotic behavior of M, g at special points z =0 and z = 1.
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Recall that the solution to the Dyson equation has the block structure
(3.19), where Mj, Ms are determined by Ms through (3.20) and M; satisfies
(3.22).

Lemma 3.8 (Existence of M, g for ¢ € (0,1/2] and singularities of M, g(1,1)
for ¢ € (0,1)).
(a) For~y >0, let M, ., 4 denote the function M, ,, defined in (3.13) evaluated
at a point (z,w, ¢) with

z€Cy and (w,¢) € (Cqx ((0,1/2]NQ)) U ((CLUR) x ((1/2,1) N Q)).
(3.38)

Then M. ., can be continuously extended to the set
z2€Cy and (w,¢) eRx(0,1) (3.39)

in the following sense: for any (w,¢) € R x (0,1) and any sequence
{(wn, $n)}nz1 C (Cs x ((0,1/2) N Q)) U ((C4+ UR) x ((1/2,1) N Q))

with (Wn, ¢n) — (w,P) as n — oo, there exists an analytic matriz-valued
function M, . : CL — C(Ok+20)x (6k+20) 5\, M, .6, such that
szwm(zg" — Mz,w,¢> (340)
uniformly on compact z-subsets of C; as n — co.
For ¢ € (0,1) and w = E € R, denote by M. g := M, g ¢ the function
defined in (3.40) omitting explicitly the dependence on ¢.
(b) For all p € (0,1), vy >0 and E€R

4 2,,2 2¢2
M, 5(1,1) = i%% 221 0(1) asz — 0, (3.41)
0

with constants & := &o(d,7y) and vy = vo(P,7y) given in (3.49) in the
proof below.
(¢) Forall p € (0,1), v >0 and |E| < Ey := Eo(b,7)
480
(& + 2B +4)
with constants Ey and & = &o(P,v) < 0 given in (3.52) and (3.54)
correspondingly.

M, p(1,1) = (z=1)"Y240(1) asz— 1, (3.42)

The branch of the square root is chosen to be continuous on C\(i(—o0,0]) such
that /1= 1.

Proof. The analysis of (3.22) for ¢ € (0,1) will follow similar steps as the
analysis of (2.32) for the ¢ = 1 case as performed in Sect. 2.4, and we will
omit the details of some straightforward albeit tedious calculations. In the
first step below, we analyze the solution to (3.22) for rational ¢ € (0,1) and
w=F+i¢ge with F € R and € > 0 small enough. Using the same procedure
that led to (2.84), we rewrite this equation as A = 0 with

A= (21 4 (1= 20)Ms + Msoy (Msoy — E + iedos)(Zy + M3))

1

m(zz + Ms) — ¢Ms, (3.43)
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and the two 2 x 2-matrices

1 1
Zy = (Iz +03) — ;02, Zy = =2(Iy — 03) — 502- (3.44)

292z

Step 1: Ezrpansion around z = 0. We construct an expansion of M3 as
a power series in t = /z in a neighborhood of z = 0. We make an ansatz
compatible with the symmetries (3.24) and (3.25), namely

i§ v &t € ig?
Wy(t) = ( qn T e BT ) (3.45)
-5+ 5f)—e iy&t

for the two functions £ = £(t),v = v(¢) of t to be determined and where the
parameters F, 7, ¢, € are considered fixed. Later, we will show that with the
right choice of functions &, v this ansatz coincides with the solution of the
Dyson equation, i.e., that M3(t) = M3(z). Here, f solves the equation ¢o = 0
for sufficiently small € > 0, where

72 1 —
qof+2det[< R >+M3
vy

is a polynomial in all variables ¢, E,v,&,v,e and f, in which it is quadratic.
The choice (3.46) for f ensures that the symmetry condition (3.25) is satisfied.

We plug (3.45) into (3.43) and, after a mechanical but very long calcula-
tion that uses g = 0 in the (2,1)- and (2, 2)-entries of A, find

i 1

Tt 416t 2192,¢,t

A:( 1yt 2het oA >, 3.47
_%qQ,e,t %ql,e,t + (l’th + ltht - ’Yeggt)qQ,e,t ( )

1903
+ 57 (3.46)

OS2~

where
~ t t
qlet =41+ €q1 + —=p1, 42.e,t = 42 + —P2,
4y gl

and pp,p2 are polynomials in ¢, E, v, ¢, &, v, e and ¢1 = ¢1,0,0,92 = ¢2,0,0, 1 are
the following explicitly defined functions of the unknowns (&, v):

@ =& -V +2Ev+4(p— 1)), q=8&(v—FE)+2vg,
5
G = —ifqs+e (% n g%) . (3.48)

In particular, the equation A = 0 is equivalent to (g1, ¢2,e,1) = 0 and thus

to (¢1,¢2) = 0 in the limit ¢ — 0 and ¢ — 0. This, in turn, fixes the values for

Vg = v|i=o and &y = &[4=o through

_ Eg
&8 + 20

7= ESH(E? 8¢ —4)Ea+4p(E> +50—4)E2+16(p—1)¢? = 0,

(3.49)
where we choose the positive solution &y for r = 0. The fact that » = 0 has
a unique positive solution &y > 0 is an explicit elementary calculation. The

Vo

positivity of & will ensure the positive definiteness of Im]\73 for z € Cy.
We compute the Jacobian of the function (g1, ¢g2) from (3.48) as
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J(&v) == det Ve, (q1,q2) = 36" + (3% — 6VE + 4E?) + 10¢ — 4)&3
+2¢(4¢ — 4+ 2Ev — 1?). (3.50)

Using that at ¢ = 0 we have ¢; = 0 and &, # 0, we can eliminate the quadratic
terms in v and obtain

J (&0, v0) = 265(3&5 + 2E° + 10¢ — 8).

Again an elementary calculation using the defining equation r = 0 for &
shows that J(&p, o) never vanishes. Thus, the ansatz (3.45) solves the Dyson
equation in a small neighborhood of z = t? = 0. Furthermore, for ¢t = u(1 +
iu) with sufficiently small w > 0 it is easy to see that its imaginary part is
positive definite. By using a regularization argument analogous to the one
from Step 3 of Sect. 2.4 and combining it with the uniqueness of solutions
to the Dyson equation with positive definite imaginary part, this implies that
M;(t) = M3(2) for all /z =t =u(l+1iu), ¢ € (0,1) and small enough € > 0.
Since both functions are analytic this also implies equality for z = 2 in the
complex upper half plane intersected with a neighborhood of z = 0.

Step 2: Extending M, ., to w = E € R for ¢ € (0,1). Fix ¢ € (0,1),
v > 0 and E € R. For ¢¢ > 0 and a coordinate pair (i,5) € {1,...,6k +
20}?, consider the family of functions {M, gic, 4, (4,7)}n>1 analytic in z with
{bn,entn>1 C ((0,1)NQ) x (0,¢) and (¢Pp, €,) — (¢,0) as n — oo. It follows
from part (ii) of Lemma 3.7 that for small enough ¢y and any small § > 0
the family of functions {M, gtie,, (4,7)}n>1 is uniformly bounded on the set
{z€Cy : |z]| >0,|1 — z| > 6}, and thus locally bounded on C.

It was established in Step 1 above that for any v > 0, E € R, ¢ € (0,1)
and € > 0 small enough the solution to Eq. (3.22) with positive semidefinite
imaginary part can be explicitly given as Mg(\/g) [see (3.45)] in the neighbor-
hood of the origin, i.e., on the set {|z| < §,Imz > 0} for § > 0 sufficiently
small. Moreover, Step 1 shows that for any z € {|z| < 6,Imz > 0}, there
exists a well-defined limit limg, . y—(4,0) M;(y/Z). Together with (3.19) and
(3.20), this implies that on the set {|z| < 6,Imz > 0} the limit M, p =
lim(¢n,€n)—>(¢,0) MZ7E+i€n¢n exists as well.

Combining the above information, we see that for any index pair (i, j),
{M. E+ie, b, (1,7)}n>1 is a family of analytic functions, locally bounded on C
that converges on {|z| < §,Imz > 0} to M, g(4, ). Applying the Vitali-Porter
theorem (see, e.g., Section 2.4 in [34]), we conclude that for any z € Cy the
limit M. g (4,7) := limg, c.)—(6,0) Mz, Etie, 6, (i,]) exists, the convergence
holds uniformly on the compact subsets of C, and, as a result, the function
z v+ M, g (i,7) is analytic on C4. Taking M, g (i,j) as the entries of the
matrix-valued function M, g defines the solution to the Dyson equation (3.21)
for ¢ € (0,1) and w=E € R.

To compute the asymptotic behavior of M, g(1,1), we use (3.45) with
e = 0 [see (3.48)], (3.20) and ¢t = /z to find M; and its upper left corner
element M, g(1,1) in the neighborhood of z =0

A+ + %68 L-1/2

M. p(1,1) =10 +0(1).
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Step 3: Expansion around z = 1. We apply exactly the same procedure
as in Step 2 of Lemma 2.10, just we insert the parameters ¢ and 7 into the
identities (2.83) and (2.84) and follow them through the analysis. Here, we
record the final result of this elementary calculation. Our ansatz is

E vt i€ -1
Ms = E t 47i2£t 1 ? " o - (2i+t ) : (3-51)
Bty L+t Et+171)
The expansion in t = v/z — 1 gives that for all |E| < Ey with

By = 2 (0 - 20) -1+ VIO 2P 12 1 29) 5

the upper-left component of M, g is given by

480
(& +77E% +4)

§o =~/ E§ — B2 (3.54)

This finishes the proof of the lemma. 0

M(1,1) =

-+ 0(), (3.53)

where & is defined by

3.5. Explicit Solution for ¢ — 0

Lemma 3.9. Let v > 0, w = E € R and ¢ = 0. Then, the Dyson equation
(3.21)~(3.22) admits a solution C1 > z +— M, p € C¥*® with ImM, > 0 and
the upper-left entry is explicitly given by

YMA-E)—(14++)*+iv(1++%) [4-E?
PA-B)+ (1 +77P2 - (- B\ 21— 2)
Moreover, this solution can be continuously extended to the set ¢ € [0, ¢o],
11—z >60,0 < |z| <07 for E € R and sufficiently small § > 0 and
oo = ¢o(0) > 0.

Proof. At ¢ = 0 and setting ¢ = 0, the Eq. (3.22) simplifies to a quadratic
matrix equation for Ms3oq, where Ms satisfies the symmetry constraints (3.24)
and (3.25), i.e.,

1

i€ vy 28
—— =—-Foy+01Msoq, M3 = < 4'7'2& 2+.2 ), (356)
M

M, g(1,1) =

(3.55)

for two functions £ and v that are easily computed to be v = E and

4 — E?
§= \/m (3.57)

The choice of root is determined by Re¢ > 0. Inserting M3 into (3.20) leads to
VA—E?) — (14+9%) +iv(1 +9%)¢
P-4 (L~ (- F2)s

We now construct the solution of (3.22) perturbatively for ¢ € (0, ¢g)
with some sufficiently small ¢g = ¢o(0) > 0 with [1—2| > @ and 6 < |z| <671

M, g(1,1) =

(3.58)
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Recall that (3.22) is equivalent to A = 0 with A defined as in (3.43). In
particular,

A = A(Z, + Ms) (Zy + M), (3.59)
7 — Zo
implicitly defining A that satisfies
Alg—o = 1+ My(01M301 — 01 E). (3.60)

Similarly as we did in the proof of Lemma 3.8 instead of considering the
equation A = 0 for a solution Mz € C?*2, we can equivalently consider it as
an equation for the two unknown functions £ and v from the ansatz (3.56) for
M. Since clearly the factors Z; + M3 and Zs + M3 in (3.59) have bounded
inverses when Mj is the explicit solution at ¢ = 0 from (3.56) with (3.57),
we can equivalently consider A=0as the equation for £ and v. Plugging the
ansatz (3.56) into (3.60), we see that Aj; = 0 and Ay = 0 already imply
A =0 and that

~ 1
Avilp=0 = 1(4 + 02 42206 — 267 4+ 2262 — 2B (v + 2£)),

~ i(F—v
A12|¢:o = —(47)6

We compute the determinant of the Jacobian of the function (§,v) — (511, 812)
to be

i(z —1)2¢2
8y
Since £ from (3.57) does not vanish we infer that (3.22) is linearly stable as

an equation for &, v for small enough parameters ¢ in a vicinity of the explicit
solution Mj from (3.56) with (3.57) for ¢ = 0. O

det V.g,y(ﬁm Avo)|p=0,p—5 =

From (3.55), we read off the density of transmission eigenvalues p(\) =
pE,¢=0(A) := 2 lim,)|o ImM) 44, £(1,1). The corresponding Fano factor for ¢ =
0 is now computable as
[ X%p()dx 1++2

SAp (NN 2(1 442 +4V4 — E2)
For v =1 and E = 0, we recover the density (1.5) and the Fano factor F' = %
obtained in [7], see Sect. 4 for more details.

F(E,») =1 (3.61)

3.6. Proof of Parts (i), (iii) and (iv) of Theorem 1.4

In this section, we collect the results established in Sects. 3.1-3.5 and complete
the proof of Theorem 1.4. Recall that Theorem 1.3 was proven in Lemma 2.5
for ¢ =1 and Lemma 3.4 for ¢ € (0,1).

Proof of part (i) of Theorem 1.4. The extension of py, 4(d)\) to w = E € R
for ¢ € (0,1/2] N Q as well as the limit (1.12) and the extension of pg 4(d\)
to irrational ¢ € (0, 1) follows from the equivalence between the weak conver-
gence of measures defined by (3.16) and the pointwise convergence of M, ,,
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established in Lemma 3.4 and part (a) of Lemma 3.8 for the corresponding
limits.

The weak limit limg|o pr,¢(dA\) = pE,g=0(A)dA follows from the continu-
ity of  — M, g at ¢ =0 for all z € C,, which was established in Lemma 3.8
in the regimes |z| < 0, |1 — z| < 0 and in Lemma 3.9 in the complementary
regimes |z| > 6, 0 < |1 — z| < 671, Since the Stieltjes transform of pg 4 is
given by M, g(1,1), the exact expression for pg ¢ can be derived as an inverse
Stieltjes transform of M, g from (3.55).

Similarly as for the case ¢ = 1 in Sect. 2.5, Lemma 2.11 and the integra-
bility of M, g that can be deduced from Lemmas 3.7 and 3.8 yield the absolute
continuity of py ¢(dA) = puw,¢(A)dA. O

Proof of part (iii) of Theorem 1.4. Follows from the asymptotic behavior of
M. g near z = 0 and z = 1 (3.41)—(3.42) established in Lemma 3.8, block
structure of M, g (3.19) and the definition of the self-consistent density of
states (3.18). O
Proof of part (iv) of Theorem 1.4. Follows from the explicit formula for M, g
in the regime ¢ — 0 (3.58) established in Sect. 3.5, the block structure of M, g
(3.19) and the definition of the self-consistent density of states (3.18). O

4. Comparison with the Results of Beenakker and Brouwer

Consider the scattering matrix (1.9)
S(E):=1—-2viW*(E-I—H+iyWW*)~'Ww e cNoxNo (4.1)

with w = E € R in the regime ¢ = N/M — 0 as M — oo with Ny = 2N.
This model was studied in the case of the Gaussian entries by Beenakker
and Brouwer in [7,10], and one of the remarkable results of their theory is
that in the experimentally relevant setting of the ideal coupling the limiting
transmission eigenvalue density is given by the arcsine law (1.5) (see [8, Eq.
(3.12)]. The ideal coupling assumption is formulated in terms of the matrix
S(F) having zero mean [8, Eq. (3.8)]. Below we show that in the regime ¢ — 0
the assumption E[S(E)] = 0 is equivalent to E = 0 and v = 1. By plugging
these values into (1.19) and (3.61), we recover the arcsine distribution and the
corresponding Fano factor F'(0,1) = 1/4.

Since the results of the current section do not affect the main outcomes
of this paper and are meant to be of expository nature, we will keep the
presentation rather informal, focusing only on the crucial steps and omitting
the technical details.

For simplicity, we will assume in this section that H is Gaussian. Note
that W € CM*No, 50

w=UTVv" (4.2)

with unitary matrices U € CM*M and V € CNoxNo and

r = .
r=(g). F=digtn..om) (43)
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where ~; are the singular values of W and Ny < M.

Note that Ny = 2N = 2¢M, and thus, the eigenvalues of W*W have
Marchenko—Pastur distribution with parameter 2¢. For ¢ — 0, regime that we
are interested in, the eigenvalues of W*W will be concentrated around point
1, in the neighborhood of size O(y/¢), so for simplicity of presentation we
will omit the asymptotically small term O(y/¢) and assume throughout these
computations that all v; =1, i.e., [ = In,.

After applying the singular value decomposition to W and factoring out
matrices U and U* from the inverse, we get

S(E) = I —29iVI'U* (B I — H +iAUTT'U*) " 0TV (4.4)
— 1 -2 V(I 0) (EhHHv(” ! >) (F)V*
0 O —No)x (M —Ny) 0
4.5)
=1+27iV(T*,0) (H—EJ—M(FF 0 )) <F>V*’
0 O(ar—No)x (M—Ny) 0
(4.6)

where H remains a GUE matrix. Separate the upper-left Ny x Ny block of H

H= <I§1 ff?) (4.7)

H; Hs

and note that ﬁﬁl and #ﬁg are both independent GUE matrices. Now

—2¢
the inverse matrix in (4.6) can be rewritten as
~ o - -1
Hl—E—i’}/Fl—‘t H2 (48)
76 Hy—E) = '

Using the Schur complement formula we have that the upper-left Ny x Ny
block of (4.8), the only part that does not vanish after sandwiching (4.8) by
(T'*,0) and its transpose, is given by

~ e— o~ 1.\t
<H1 _E—iyIT — H, (H3 - E) H;) . (4.9)

The semicircular law for the Hermitian (GUE) matrix ﬁﬁg implies that

~ -1 1 1 =~ 1 -t o1 1

(Hs = E)""=1— 2% (1 eyt 2¢E) ~ 1—2¢m“(1—2¢E)IM‘NU’

(4.10)
as M — oo, where myg.(2z) denotes the Stieltjes transform of the semicircular
distribution and “~” denotes that the corresponding equality holds asymp-
totically with a vanishing additive term and with high probability. Note that
random matrices Hy, Ho and Hjs are independent. Therefore, by the concen-
tration for quadratic forms (see, e.g., [15, Theorem C.1]) can be approximated
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by
-1

o 1
b7z (H —E) HE ~ (7]5)[ . 411
2( Hs 2 % mae| 755 ) Ing (4.11)

From (4.9) and (4.11), it remains to check the limiting behavior of
—1
. e 1
p— — 1 t — —_—
<H1 E —inIT msc(1 - 2¢E)) . (4.12)

Recall that since ¢ is small, we assumed that T =1 N,- In this case, using
again the semicircular law for the Hermitian matrix ﬁH 1, we have

-1
. - 1

Hy — E —i~IT" — (7E)
(1 v e\ 1224 )

-1
- . 1
~ <H1 —E—17—msc<1_2¢E)> (4.13)
1 /1= 1 1 -
=—|—H ——(FE+i se| ——F 4.14
2¢(2¢ ! 2¢( tiy+m (1—2¢ ))) (4.14)
1 1 . 1
From the asymptotics zms.(z) — —1,|z| — oo, we get that
- e 1 -t 1
H, — E—i~[T" —mg| ——F R — .
(4.16)
We conclude that as No, M — oo, ¢ — 0 (see (4.6) and (4.16))
1
E[S(E)]~1+4+27yi | — . 4.17
SEN =142 (- ) (4.17)
Now, from ms.(0) =1 we have that
2vi
E ~1-— . 4.1
SO ~1- 22 (1.18)

Finally, taking v = 1 gives E[S(0)] ~ 0.
Note that from (4.17) we have that in the limit ¢ — 0

E[S(0)]=0 < E+ms(E)=1iy, (4.19)
and for E € R, the expression F + mg.(F) is purely imaginary if and only if

E=0
E+VEP—4 E+VET-i
E+me(E)=E+ +2 _ ot .

Therefore, for ¢ — 0, E[S(F)] =0 if and only if £ =0 and v = 1.

(4.20)
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A. Spectral Properties for a General Class of Rational
Expressions in Random Matrices

A.1. Noncommutative (NC) Rational Expressions and Their Linearizations

NC rational expressions are formally defined as expressions obtained by apply-
ing the four algebraic operations (including taking inverses) to a tuple of NC
variables. A systematic overview of the abstract theory of NC rational expres-
sion and functions (equivalence classes of rational expressions) can be found in
[9]. Note that unlike polynomials, rational expressions do not have a canonical
representation, which may lead to a situation when, after evaluating on some
algebra, two rational expressions represent the same function. In this paper,
we leave aside the question of identification of rational functions, and will work
instead directly with rational expressions and their evaluations, specifying each
time on which domain the evaluation is taking place. Below we introduce a
standard set-up in which we will work and define recursively the classes of ra-
tional expressions, denoted by letter Q, together with corresponding domains
of evaluation denoted by D.

Let H be a Hilbert space, A C B(H) be a C*-algebra (of bounded opera-
tors on H) with norm |- || 4 and let 1,...,Za,,y1,--.,yg. be the NC variables
taking values in A with x, = « for 1 < a < a,. Denote by A, C A the
set of self-adjoint elements of A and let C(x,y,y*) be the set of polynomials
inx:=(r1,...,%.), ¥y = (y1,.--,yp.) and y* := (y7,...,y5, ). We define
the NC rational expressions recursively on their height using the following
procedure:

(i) Let gy := 1 4. The set of rational expressions of height 0 is defined to be
the set of polynomials in @, y, y* with the domain of definition A% x A%

(Qqy: Dy,) = (Cla, y, "), Ag; x A%). (A.1)

(i) Let g == (q1.1,---q1,0) € ()™ @2 = (G215, G2,05) € (Qgy.q,)",
oo @ = (Gns - dnyn) € (Qqy,.q,, )", assuming that (Qq, Dy, ),
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oy (Qq4,.a, 1> Dqy....q,_, ) are defined. Then, we define

1 1 1 1
QQU7~--7‘17L—17‘1n = C<m,y,y*, ;17 qT P aa £>a (A2)
1
D, ::{m €D : 7“ <oo for 1<5</ }
Qossn_1:dn (@,Y)€Dqyq,,....a,_: (@ y) la SJSbn g

(A.3)

where ql

Lim (grteegnd) and 2 o= ((g7) Y- (g,) 7).
We say that the rational expression q € Qg .4, ,.q, definedonDy 4 o
has height n.

For any C'>0 and g, € (qu)fl7 q, € (quyql)fz, .enq, € (qu_’”_yqnil)en,
define the effective domain

1
Dq,....q.:C = { x,Y) € Dq,,...q,_,;C ‘ 7”
qq,--49n ( ) doso9n—1; qn,]($7y7y*) A

C Dyq,...a,- (A.4)

This domain will allow an effective control of the norm of rational expressions
of height n.

gcmuggzn}

Remark A.1. Similar constructions of rational functions/expressions involving
their height have been exploited actively in the literature (see, e.g., [9, Chap-
ter 4], [32,39]). Note that here we allow the “denominators” without constant
terms, so they cannot be automatically expanded into geometric series for
small «,y. Hence, we need to introduce and follow explicit domains.

Remark A.2. In the sequel, the statement “q is a rational expression of height
n” will implicitly mean that there (uniquely) exist g, € (Qq, )", @2 € (Qq,.q,)",
cen q, € (qu,,,,qn_l)é" and C > 0 such that g € Qg . 4, and g is evaluated
on the effective domain Dy, .. 4 .c. Note that many of the basic results, in
particular about constructing the linearizations, can be formulated in a com-
pletely abstract form or without restriction to effective domains.

Remark A.3. When evaluating a rational expression of height n on different
C*-algebras Ay, ..., Ag, we will use the notation Dy . 4 (A;) and Dy, .. 4. .C
(A;) correspondingly.

Definition A.4 (Self-adjoint rational expression). We say that a rational ex-
pression ¢ = q(x,y,y*) is self-adjoint if ¢(x,y,y*) = [g(x,y,y*)]* for all
(x,y) € D.

A.2. Linearizations and Linearization Algorithm

Definition A.5. Let g be a self-adjoint rational expression of height n in NC
variables x, y and y*. We say that the self-adjoint matrix

Al

L= € (Clz,y,y"))" " (A.5)

¢l L
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with A € C(@,y,y"), £ € (Clz,y,y"))" V¥, L € (Cla,y,y"))m-D*(m=1),
whose entries are polynomials of degree at most 1, is a (self-adjoint) lineariza-
tion of q if

(i) the submatrix Le (Clz, y, y*)) "~ D*(m=1) g invertible, and

(i) \— €L £=¢
for all (z,y) € Dy, ,....q

n

The linearization of ¢ can be written as

Qg B
L:K0®]1A—ZKa®xa—Z(L5®yﬁ+L;®yg), (A.6)
a=1 B=1

where Ko, Ko, Lg € C™*™.

The idea of studying noncommutative rational functions/expressions via
linearizations goes back to Kleene [26]. Since the publication of this work,
various approaches and algorithms have been developed for constructing lin-
earizations of general classes of rational functions/expressions (see, e.g., [9] or
[24] for a pedagogical presentation of the subject). For reader’s convenience,
we provide below a simple linearization algorithm based on the method de-
scribed in [13, Section A.1]. We use the following observation: for matrices
A; € (Clz,y,y*))™*™ and B; € (C(zx,y,y*))"*™i+1, m; € N, the lower
right my X my submatrix of the inverse of the block matrix

B, -A;
B, -A,
. (A7)
By_1 —Ap
— A,
is equal to
—AT'B1A;'By - AN By 1A € (Cla,y,y™)) ™ . (A.8)
Now, if ¢1,...,q¢ are rational expressions having known linearizations
Aq,..., Ay, then one can easily check that the linearization of the product
woq%wlq% qkl,lwkfliwk with w; € {lA,ma,yﬁ,yg [1<a<a,l<p<

(.} can be given by

bo
B, -A
B, -A,

(A.9)

B,_.1 —-Ap
br| —Ayp
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with by = (wp,0,...,0) € (C(w,y,y*))lxml, b, = (wk,O,...,O)t S
(C{z,y,y*))™*! and B; being matrices of the form

w; 0 0
0 o --- 0

Bi=| . . . . |eC=yy)mrm (A.10)
0 0 0

Using (A.9), we can construct a linearization of rational expressions using the
induction on the height. In the case of a rational expression of height 0 (poly-
nomial function), linearization can be constructed using, e.g., the algorithm
from [13, Section A.1]. If q; € (Qq, )" and g € Qq_ 4, is a rational expression
of height 1, the linearization can be obtain using the following algorithm:

11 1 1
- — of the form w; —wy—=— - --
q,’ q7 Tgr W27,

wi—1 g wy, with wy € {1a, 20,98, 95|1 < @ < ay,1 < 6 < 4.} and

(B0) write ¢ as a sum of monomials in x, y, y*,

¢ € {14, q14,q7, 11 <~ < {1} using ﬁ = 14 if necessary;
(B1) for each polynomial q; -,,q7 ,,,1 <71 < {1 construct a linearization (not
necessarily self-adjoint) using the algorithm from [13, Section A.1];

(B2) linearization of a monomial in @, y, y*, i, q% of the form w; q%wgq% e
1
Wh_1 qkl_l wy, is given by (A.9) with A; being either linearizations of poly-

nomials ¢; € {q1,4,,47 ,, |1 <71 < 1}, or 14 (linearization of ﬁ =1,),
and w; € {14, %0, Y, ¥ 11 <@ <, 1 < B < B}

(B3) the (possibly not self-adjoint) linearization of a linear combination of
monomials (and thus ¢) is constructed by putting the linearizations of
monomials obtained at (B2) into a block-diagonal form using a procedure
similar to (R1)-(R2) from [13, Section A.1];

(B4) if after step (B3) the resulting linearization is not self-adjoint, the sym-
metrized linearization of ¢ = (¢ + ¢*)/2 can be obtained by putting the
linearization obtained at step (B3) and its conjugate transpose into a
block-skew-diagonal form similarly as in (R3) from [13, Section A.1].

Suppose that we know how to construct linearizations for rational expressions
of height < n — 1 and suppose that ¢ € Qg .. 4, is a rational expression of
height n. Then, the linearization of ¢ can be constructed using the following
algorithm, that is an adaptation of (B0)—(B4):

(S0) write ¢ as a sum of monomials in z, y, y*, qi, qi“ ey qi, ql* of the form
1 1 n n
1 1 1 :
Wy g wags We—1 g we With wy € {14, 2a,ys,y5|1 < @ < a1 <

5 é 5*} and qi € {ﬂAathqu% | 1 é t S n, 1 S Yt S Zn} using ﬁ = ILA
if necessary;

(S1) construct linearizations (not necessarily self-adjoint) of each rational ex-
pression ¢y, for 1 <t < mn, 1 < < ¢ of height < n — 1 (rational
expressions of height <n — 1);
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LA, L L of the form
q1 qy qn

wy, is given by (A.9) with A; being either lineariza-

(S2) linearization of a monomial in x, y, y*, qi
1

1,1 1
WrgrWagy " Wh—1g,
tions of polynomials ¢; € {qt,, ¢/, |1 <t <n, 1 <y <4y}, or 14, and

w; € {]lA,fUa,yﬁ,yEU <o < a,l SBSB*}

The steps (S3)—(S4) are identical to (B3)—(B4).

Remark A.6. Tt is always possible to obtain the specific form of monomials
required in steps (B0) and (S0) by adding factors 1 4 or ﬁ, as, for example,
in

v
(Ia—x)?

Note that there is some ambiguity at steps (B0) and (S0), representing the
fact that we have freedom to choose the order in which the monomials appear
in the sum, as well as freedom to put the product of the constant terms 1 4
and ﬁ between the terms w; and qi All the results of Sect. A hold for any
choice of the representation of ¢ as a sum of monomials; therefore, we do
not fix any particular order or other rules to guarantee the uniqueness of the
representation in (B0) and (S0).

1 1 1
—x. Al
IL_A—LL' AﬂA—xxIle ( )

1‘221A

The condition (ii) in the definition of the linearization is satisfied by
construction. The condition (i) follows from the following lemma, which gives

a bound on II(i(x,y,y*))’1||(c<m_1)x<m_1)®A7 where for any n € N and R =
(Rij)} ;=1 € C" @ A we denote

12|

Crxng A TS ImAX |Rijlla- (A.12)

Lemma A.7. (Invertibility of i) Let q be a self-adjoint rational expression of
height n and let L = L, € (C{z,y,y*))"™*"™ be the linearization of q con-
structed via the above algorithm. Let L be the submatriz of L defined using
the decomposition (A.5). Then, there exist an >0 and ng, € N such that for
any (z,y) € Dy, ....q.:C

(L, y,y™) " lcom-1xem-1ga < Cr, (1+C+max IIxaHA+mgX lysll.a)™a.
(A.13)

Proof. We prove (A.13) by induction on n. For n = 0 (the special case of poly-
nomial functions) (A.13) follows from, for example, [13, (3.16)]. Suppose (A.13)
holds for all rational expressions of height k& < n — 1. Consider ¢ of height n
with linearization obtained via (S0)—(S4). Steps (S3) and (S4) of the lineariza-
tion algorithm endow L with block-diagonal (S3) or block-skew-diagonal (S4)
structure with blocks being the linearizations of monomials obtained at step
(S2). Therefore, in order to obtain the bound (A.13) it is enough to consider
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only the inverses of the blocks of the form

B —A1
B2 7A2
- € (Cla,y,y")" "™ (AL4)
B, A
— A,
with A; being the linearizations of the rational expressions ¢; € { - L o<

) T
At,ve * Dt v

t <n,1 <~ <4}, and B, being of the form (A.10). One can easily check that
the inverse of (A.14) consists of the blocks of the type A;'B;A; ), Bii .. ..

The induction step, together with the Schur complement formula for A ! and
the condition that for (x,y) € Dg,....q,;C

) 1
¢z, y,y*)

implies that for each block of type (A.14) there exist C’ > 0 and n’ € N such
that

‘A <C (A.15)

-1

B, -A;
B, —A,
By_1 —A,_
_Ak cm'xm’ g A
< O+ € ma fella + ma s (A.16)

where A;’s and Bj’s in the left-hand side are evaluated at (z,y) € D. Taking
Cr, and ng, respectively, the maximum over all C"’s and the maximum over

all n”’s in the bounds (A.16) running through all monomials in the represen-
tation of ¢, leads to (A.13) O

Remark A.8. Suppose that P € C™*"™ is of the form

(A.17)

with Q € Cm=Dx(m=1) invertible. It is easy to see that if L € (C(zx,y, y*))™*™
is a linearization of a rational expression of height ¢, then so is (P®14)L(P~'®
1.4). We will use this freedom to bring linearizations to more convenient form.

A.3. A Priori Bound on Generalized Resolvents

Definition A.9 (Generalized resolvent). Let L € (C{x,y,y*))"* ™. We call
the matrix-valued function z — (L — 2J,, ® 1 4)~! defined for 2 € C; the
generalized resolvent of L.
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Lemma A.10. Let g be a self-adjoint rational expression of height n and let
L € (Clz,y,y*))™*™ be the linearization of q constructed using the algorithm
from Sect. A.2. Then, there exist Cr,, > 0 andny,, € N such that for all C > 1,
(x,y) € Dq,,...q,;c and z € C

I(L(2,y,y") = 2Jm @ 1a) " lemxmg 4
1
< O, (14 C 4+ max a4 max s )"+ (14 ). (A1)

Proof. Rewrite L — zJ,,, ® 1 4 using the block decomposition from (A.5)

L—2J,®1,= (A.19)

with L € (Cla, y,y*))m=Dx(m=1) By (ii) in the definition of the linearization
and the Schur complement formula, we have

| L

(q—214)"" —(q—214)""€"L

(L _ZJ’"L®1A)_1 = 1

—iilf(q—z]lA)_l iil—i—iilﬂ(q—zﬂfx)_ll*ii
(A.20)

Now (A.18) follows from Lemma A.7 and the trivial bound for resolvents of
self-adjoint elements

1 1
HmHA < s uniformly for z € C;. (A.21)

O

A.4. Dyson Equation for Linearizations of NC Rational Expressions

Let g be a self-adjoint rational expression of height n and let
L € (Clx,y,y*))™ ™ be its linearization constructed using the algorithm
from Sect. A.2. Write L as

. B*
L=FKy®la-» Ka®za—» (Lg®@ys+Lj@yp) (A.22)
a=1 B=1

with Ko, Ko, Lg € C™™ and Ky, K, self-adjoint. Define the completely
positive map I' : C™*"™ — C™*™ by

Qs B
P(R] =Y KoRKo+ Y (LgRLj;+L5RLs), ReC™™.  (A.23)
a=1 B=1

Definition A.11 (Dyson equation for linearizations). We call the equation

1
—4f = #m — Ko +T[M] (A.24)

the Dyson equation for the linearization (DEL) (of a rational expression).
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Lemma A.12 (Solution of DEL: existence and basic properties). Let H be a
Hilbert space and let S C B(H) be a C*-algebra containing a freely independent

family {s1,....8a.,¢1,--.,¢a,} of a, semicircular and B, circular elements in
a NC probability space (S,7s). Let q € Qq,...q, and assume that (s,c) €
Dy, .....q,;0 for s =(s1,...,54,), ¢:=(c1,...,¢p,) and some C > 0. Define
o B 1
ME) = (id,® Ts)<[(K0—zJ)®IlS—Z Ka®sa=Y (Lﬁ®cﬁ+Lg®cg)] )
a=1 B=1
(A.25)
Then
(i) there exists C’ésqc) > 0 such that
1
G| o < O .
(ii) M satisfies the DEL (A.24);
(iil) ME? depends analytically on z;
(iv) Tm M) > 0;
(v) ME) admits the representation
d\
M) = M + / M, (A.27)
R A—z

where M € C™*™ s a self-adjoint matriz, and V(dX\) is a positive
semidefinite matriz-valued measure on R with compact support;

(vi) for almost every X € R the limit lim, o7 'ImMy;;, = V(\) € C™>™
exists; if the limit is finite on some interval I C R everywhere, then V (d\)
is absolutely continuous on I and V(d\) =V (A)dA;

(vii) supp(Vi1) = supp(TrV).

Proof. Proof of (i). It follows from Lemma A.10 and the norm bounds for
semicircular and circular operators

Isalls =2, llesls =2 1<a<a., 1<B<p. (4.28)
that
Qx B —1
H((KO —2J)®1s _;KQ —;(L5®cg+Lﬂ®cﬁ) ®sa> HW%S
1
=6, U Imz ( )

for C¢) = Cp, (14 C +4)""a.

Proof of (ii). First note that the real and imaginary parts of free circular ele-
ments form a freely independent family of semicirculars. Therefore, by defining
for each 1 < 8 < 3,

Sa.+p = V2Recs,  Sa.ip.1p:= V2Imes, Ko, ip:=V2ReLg,
Ko.1p.1p = —V2ImLg, (A.30)
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M. Z(SC) can be rewritten as
4204 1
ME9) = (id,, ® T$)<[(KO —2))@ls— Y Ko® sa] ) (A.31)
a=1

and it will be enough to show that M satisfies the DEL (A.24) with T'[-] =
szﬁ * K, - K. This last fact can be established via the argument similar
to the proof of the existence of the solution to the DEL for the linearizations
of polynomials in [13, Lemma 2.6 (iv)]. This proof relies on the results of
[23, Lemma 5.4] and [27, Proposition 4.1] establishing the existence of the
solution to a particular class of matriz Dyson equations (MDE), as well as
regularization technique which allows to extend these results from MDE to
DEL. The trivial bound from [13, Lemma 2.5], which justifies the application
of the Schur complement formula and relies on the nilpotency structure of the
linearizations, in the setting of the current paper can be replaced by the bound
(A.29) coming from the specific choice of the domain of evaluation.

Proof of (iii)—(vii). The analyticity of ME follows from (A.29) and the posi-
tive semidefiniteness of ImMZ(SC) is a direct consequence of the representation

ImM ) = n (id,, @ 75) ((L(SC) —2Jp®1s) - (Jm®1s) (L(SC) —2Jp®1s) _1)

(A.32)
with LG9 .= Kq®1g —EZ:{%* K, ®S8q. Properties (v)—(vii) follow from the
general properties of matrix-valued Herglotz functions, Schur formula (A.20)
applied to (L®Y — 2.J,, © 15)~" and the bound (A.29) using the similar argu-
ment as in the proof of [13, Lemma 2.7]. O

A.5. Convergence of Spectrum for the Rational Expressions in Random Ma-
trices and the a Priori Bound for the Generalized Resolvent in Random
Matrices

The next two sections are devoted to the study of the eigenvalues of a general
class of rational expressions evaluated on random Wigner and #id matrices.

Assumption A.13 (Wigner and iid matrices). Let X1,...,X,, € CV*V and
Yi,...,Ys, € CV*N be two independent families of independent random ma-
trices satisfying the following assumptions

(H1) X, = (X, (i,j))f\fj:l, 1 < a < @, are Hermitian random matrices having
independent (up to symmetry constraints) centered entries of variance
1/N;

(H2) Y5 = (Yﬁ(i,j))ﬁ\szl, 1 < B < B, are (non-Hermitian) random matrices
having independent centered entries of variance 1/N;

(H3) there exist ¢, > 0, n € N, such that

25 (s BVNX 9P+, e BV, <
(A.33)

We call X, Wigner matrices and Yp 4id matrices.
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Denote X := (X1,...,Xqa,), Y = (Y1,...,Yp,), Y = (¥Y7,...,Y})
and let ¢ be a (self-adjoint) rational expression in «, self-adjoint and g
non self-adjoint noncommutative variables. In order to prove the local law for
q(X,Y,Y"), we will need to show that the spectrum of ¢(X,Y,Y ™) converges
to the spectrum of ¢(s, ¢, ¢*). To this end, for any € > 0, m € N and operator

R € CV*mN " denote by Spec,.(R) the e-pseudospectrum of R defined by
Spec.(R) = Spec(R)U{z € C : [[(R— 2L, @ IN) " |gmnxmn > e} (A.34)
It is easy to check that for any R € CNXmN o~ Cmxm o CN*N

IR| CmxmgCNXN, (A.35)

CmNxmN S m ||R‘

(CmN xXmN

where || - ||cmyxmy and || - ||cvx~ denote the operator norms on
and CV*¥ correspondingly.

For any (not necessarily self-adjoint) rational expression r(z,y,y*) in
NC variables @, vy, y*, denote by L, := L.(x,y,y*) € (C{x,y,y*))m > its
(not necessarily self-adjoint) linearization, which can be constructed using, for
example, the algorithm from Sect. A.2 omitting steps (B4) and (S4) if r is not
self-adjoint. Define the corresponding Hermitized linearization by

T,z *Y L 0 L,-(.’E, y7y*) - ZJ’rrLT & IIA
L™ (@ y,y7) = ((LT(:c,y,y*))* —ZJm, @14 0
(A.36)
with L"*(z,y,y*) € (C{z,y,y*))?>"*?m. For the Hermitized linearization
(A.36), we define [similarly as in (A.23)] the self-energy operator T'™*

C2mrx2me _, C2mrX2mr - given by the completely positive map
e B " *
2[R = S KRG+ (L[; R (Lﬁ’ ) + (Lﬁ’ ) RL ) (A.37)
a=1 B=1

where K[* and Lj;” are the coefficient matrices of L™ [see, e.g., (A.6)]. Note
that if we evaluate L™* on the tuple of random matrices (X,Y,Y™), then
L™*(X,Y,Y") belongs to the class of Kronecker random matrices, which were
studied in [3]. Therefore, from [3, Lemma 2.2], we have that the corresponding
Matriz Dyson equation

1
- W = wIQmT — KS’Z + FT7Z[M;7Z]7 A (C, w € C+ (A38)

has a unique solution with positive semidefinite imaginary part ImM* >
0. Moreover, for each z € C, the solution matrix M/* admits the Stieltjes
transform representation

V™2 (dA)

M® =
w R A_w ?

(A.39)
where {V"#}.cc is a family of measures taking values in the set of positive
definite matrices. In the limit N — oo the solution M»* ® In well approx-
imates (L™*(X,Y,Y") — wl)~! in the entrywise maximum norm (see [3,
Lemma B.1)).
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Remark A.14. The statement of [3, Lemma 2.2] is formulated in the more gen-
eral setting of Wigner-type matrices allowing independent but not necessarily
identically distributed entries. This model, in general, leads to a system of N
matrix equations. In our case, the matrices in X and Y have i.i.d. entries (up
to symmetry constraints), which reduces the system of N possibly different
matrix equations (see, e.g., [3, Eq. (2.6)]) to N identical matrix equations of
the form (A.38).

For any rational expression r with linearization L, define the set DI c C
by
DL .= {z : dist (0, supp p"*) < 5}, (A.40)

where p"*(d)\) = ﬁTTV“Z(d)\) and the family of measures V"*(d\) were
defined in (A.39). The set DL+ is called the self-consistent e-pseudospectrum
of r related to its linearization L,, and p™* is called the self-consistent density
of states of L"*(X,Y,Y ™).

The next lemma contains the main result of this section.

Lemma A.15 (Convergence of the (pseudo)spectrum). Suppose that q € Qq, .4,
is a (not necessarily self-adjoint) rational expression of height n, and (s, c) €
Dy,.....q,;c(S) with some constant C' > 0. Then, there exists C’E’q > 0 such
that

H(iq(X,Y,Y*))%||(C(m_1)x(m_1)®[chN < 6}’4”(1 a.w.o.p., (A.41)

where iq is defined as in (A.5). There exists also a constant C>0 depending
only on the linearization Lg and the constant C such that

(X.Y)eD, , &(CYY)  awop. (A.42)

Moreover, for any € € (0,1) the e-pseudospectrum of ¢(X,Y ,Y ™) satisfies
Spec.(¢(X,Y,Y™)) C ]D);J; a.w.0.p.. (A.43)

Proof. We split the proof of this lemma in two parts. First, we show that the
condition (A.41) together with (A.42) implies (A.43) for any, not necessarily
self-adjoint, rational expression and its linearization. After that we prove that
(A.41) and (A.42) are satisfied for q if (s,¢) € Dy, ... q,;c(S) using induction
on the height n.

Suppose that we have an arbitrary rational expression r and its lineariza-
tion L, of size m,., and suppose that there exists égr > 0 such that a.w.o.p.

IZH(X, YY) leon—nxom-ngensn < CF (A.44)

where L, is defined similarly as in (A.5). Then from the definition of the
linearization (Definition A.5) and the Schur complement formula (A.20), we
can choose C3, Cy > 0 such that

(X, Y, Y™)|cnxn < Cs (A.45)
and the sequence of inequalities
[(r(X,Y,Y") — 2In) " onvxn
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<INLA(X, Y, Y™) = 2Jpm, @ IN) " lomenxmen (A.46)
<M |[(Le(X, Y, YY) = 20, @ IN) " Homexmrgonxn (A.47)
< Cy||(r(X,Y,Y™) — 2zIn) " onxw (A.48)

hold a.w.o.p. for all z € C. Here the first and third inequalities follow from the
Schur complement formula (A.20) and the norm bounds maxi<a<a,
< 3, maxi<p<g, ||Y3llcvxy < 3 holding a.w.o.p., the second inequality holds
deterministically for all realizations of X and Y [see (A.35)], C5 > 0 depends
on ér, m, and the norms of X,, Y3, which we bound by 3, and Cy > 1
additionally depends on Cj.

Note again from (A.20) that if ET(X, Y,Y™) is invertible, then

Xollowen

Spec(r(X,Y,Y")={z€C : L (X,Y,Y") — 2J,, ® Ix is not invertible}.

(A.49)
On the other hand, using the definition of L™ from (A.36), the set on the
right-hand side of (A.49) can be described via the spectrum of L™*(X,Y,Y™)
as

{zeC:L.(X,Y,Y") — 2J,, ® Iy is not invertible}
={2€C :0€eSpec(L™*(X,Y,Y™))} (A.50)

with the identity (A.50) holding deterministically for all realizations of X and
Y.

Under the condition (A.44), the equality (A.49) can be rewritten in terms
of the pseudospectrum using (A.46) as

Spec, (r(X, ¥, ¥") C {2 € C: (Lo(X, YY) — 2, © 1) flom,snmen > %}
(A.51)
C Specq, (r(X,Y,Y7)) (A.52)

holding a.w.o.p. At the same time, from the definition (A.36) we have that the
set of the singular values of the Hermitian matrix L™*(X,Y,Y ™) coincides
with the set of the singular values of L,.(X,Y,Y ") — zJ,,. ® In, so that

1
{z €C : |(Lo(X,Y,Y") = 2Jpm @ In) " lcmmnsmen > g}

= {z € C : dist(0, Spec(L"*(X,Y,Y ™)) < ¢}. (A.53)

In order to study the spectrum of L™*(X,Y,Y ™), we will exploit the
fact that L.(X,Y,Y™) — zJ,,, ® Iy belongs to the class of Kronecker ran-
dom matrices and thus we can use the results from [3] about the location of
spectrum for this class of random matrix ensembles. By applying part (i) of
[3, Theorem 4.7] to L™*, we have (similarly as in the proof of [3, Lemma 6.1]
for bounded () that for any z satisfying dist (0, supp p"™*) > 2e, a.w.o.p.

Spec(L™*(X,Y,Y™)) N {— 3 35}

5| =0 (A.54)
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Now we claim that (A.54) holds simultanecously a.w.o.p. for all {z : |z| <
2Cs, 2z ¢ ]D)g“;}. To prove this strengthening, we apply the standard grid argu-
ment (again analogously as in the proof of [3, Lemma 6.1]) together with the
Lipschitz continuity of the eigenvalues of L™*(X,Y,Y™) in z. Together with
(A.51) and (A.53) this implies that a.w.o0.p.

Spec, (r(X,Y,Y"))
C {z € C : dist(0, Spec(L™*(X,Y,Y")) < ¢} C (Dgg U{z 2] > 203}).
(A.55)
We conclude from (A.45) that a.w.o.p.
Spec.(r(X,Y,Y™)) c DX (A.56)

This finishes the first part of the proof by establishing that for any rational
expression the conditions (A.41) and (A.42) imply (A.43).

In order to prove (A.41) and (A.42), we proceed with a proof by induction
on the height of ¢. If ¢ has height 0 (i.e., if ¢ is a polynomial), then (A.42) is
trivially true and (A.41) holds by nilpotency [13, Lemma 2.5] and the norm
bounds

| Xallevxy <3, ||¥sllcvxny <3 aw.o.p. (A.57)

Suppose that the statement of the theorem is true for all rational expres-
sions of height < n—1. Together with (s, c) € Dy, ... q,;c(S) this, in particular,
means that a.w.o.p.

(X,Y)eD 5 (CV*N) (A.58)

o539 n—1;C1
for some 51 > 0, and

(X, Y, YD) eomr-vxime-ng enxn < CF, (A.59)
for all r € Ty = {qi,y, : 0 < i <mn,1 <~ <} with g, as in the defini-

tion of Qg .. 4, We now show that there exists C' > 0 such that (X,Y) €
D ~(CNXN) a.w.0.p., or equivalently, that for all v, € {1,...,¢,}
1

q0>-4n;C
a.w.o.p.
‘ Gnn (X, YY)
Using the result established in the first part of the proof, (A.58) and
(A.59) with r = gy, imply that a.w.o.p.

(A.60)

‘(CNXN -

L

Spec, (qn A, (X, Y, Y™)) C Dy /. (A.61)

€
Therefore, it is enough to show that there exists C > 0 such that for all
Yn € {1,...,£,} the point z = 0 does not belong to Dj/qg”" . By the definition
(A.40), the last condition is equivalent to

2
dist (0, supp p?on0) > =, (A.62)

Q

We now show that (A.62) holds for one fixed 7,. The desired bound (A.60)
can then be obtained by taking the maximum over C for all ~, € {1,...,¢,}.
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Fix v, € {1,...,4,}, and denote by Ly, _ (s,c,c*) € C"*™ @S the lin-
earization of ¢, -, evaluated at (s, ¢, c¢*). By examining carefully the derivation
of the a priori bound (A.18), we observe that there exists a constant ¢ > 0
depending only on the linearization and the constant C, such that

-1
| (Lo sice) o <t (A.63)

Indeed, each entry of (Lg,  (s,e,c*))”! is a polynomial in s, ¢, ¢* and
(r(s,c,c*))~! with r € 7,. Therefore, the bounds ||(r(s,¢,c*))™!|s < C that
follow from the assumption (s,c) € Dq,,....q,;c imply that (A.63) holds for
some t > 0.

Next notice, that from the definition of L™ [see (A.36)], we have that

[y I (AP

The resolvent identity

(A.64)

CZ‘NLXQ'NL@S C'ln)('ln,@s'

(LQn,-yn,Z(S7c’ C*) —wI® 18) ([ ®1ls —w <L%,Vn72(s,c, c*)) )
-1

= (L‘I’“W’Z(S7 c, c*)) (A.65)

together with (A.63) and (A.64) implies that

—1
H (an,"nmo(s’ C, c*) _ (.()I ® I].,S) ’

<2t (A.66)
(C27n><27n® S
for all w € C satistying |w| < 1/(4mt), where we used the relation between
the operator and max norms as in (A.47) to estimate the operator norm of
(L% m*(s,¢,c*))~ L. The bound (A.66) means, in particular, that

1 1
) Py S B B g A
Spec( (s,e,c)) N T Tt 0 (A.67)
The spectrum of the self-adjoint operator L% %(s, ¢, ¢*) is characterized by
the solution to the self-consistent Eq. A.38 (see, e.g., [36, Theorem 4.1.12]) via

Spec (Lq"”" (s, e, c*)) = supp p?mm0, (A.68)

which establishes (A.62) with C' = 8mt.

Finally, (A.42) together with the Schur complement formula, (A.15)—
(A.16), and the special form of the linearization blocks (A.9)—(A.10), yields
(A.41) for g € Qq,,.....q, - This finishes the proof of the lemma. O

The bound (A.41) together with the Schur complement formula (A.20)
applied to (L, (X,Y,Y ") — zJ,, ® Iy)~', the trivial bound (A.21) applied to
¢(X,Y,Y") and the norm bounds | X,|cyxy < 3 and [|Y3|cvxy < 3 holding
[similarly as in (2.3)—(2.4)] a.w.o.p., imply the trivial bound for the generalized
resolvent in random matrices.
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Corollary A.16. There exists C}qu > 0 depending only on the linearization L,
such that a.w.o.p.

. _ . 1
I(Lo(X, YY) = 270 © In) " lmempensn < CY. (1 + @) (A.69)

A.6. Global and Local Laws for Rational Expressions in Random Matrices

Denote, as before, by & a C*-algebra containing a freely independent family
{s1,..,Sa.,¢1,...,¢8,} of v, semicircular and §, circular elements in a NC
probability space (S, 7s). Let ¢ € Qg ...q, be a rational expression of height n
and assume that (s,c) € Dy, ,...q,:0(S) for s = (s1,...,8q4,), c:= (c1,...,¢3,)
and some C > 0. Let
Qe B
L=L(z,yy") =Ko®la—» Ka®za— Y (Lg@ys+Liey}) (A.70)
a=1 p=1
be the linearization of ¢ constructed via the algorithm from Sect. A.2.
In order to formulate the local law, we need to introduce the notion of
the stochastic domination.

Definition A.17 (Stochastic domination). Let ® := (Py)yeny and U :=
(Un)nen be two sequences of nonnegative random variables. We say that
® is stochastically dominated by ¥ (denoted ® < W), if for any €, D > 0 there
exists C'(g, D) > 0 such that for all N € N
C(e,D)
ND
Let ¢(X,Y,Y") € CV*N be the evaluation of ¢ on the a,-tuple of
Wigner and f,-tuple of #id random matrices satisfying (H1)—(H3), and define
the linearization matrix

Pl > N°Uy] < (A.71)

O B
H:=LX,Y,Y") = K0®IN—Z Ka®Xa—Z (Lp@Ys+L5RY5). (A.72)
a=1 pB=1

Let G, == (H — 2J ® Iy)~! € CmNXmN he the generalized resolvent of
H. Note that the generalized resolvent G, when viewed as taking values in
C™*™m @ CN*N  can be written as

N
G, = Z Gz,ij ® Eij, (A.73)
i,j=1

where the collection of matrices E;; := (0kidji)1<k,i<n form a standard basis
of CN*N and G ;; € C™*™ is an m x m matrix for each (i, j) pair. In general,
we will follow the convention that for any A € C"™*™ @ CN*N, we denote by
Ay € CNXN k1 = 1,2,...,m the (k,l)-th block according to the C™*™
factor in the tensor product, while 4;; € C™*™ 4,5 =1,2,..., N denotes the
(4, 4)-th block in the second factor, i.e.,

m N
A= Z Ep® Ay = Z Aij ® By, (A.74)

k=1 i,j=1
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in particular A;;(k,1) = Aw(3, 7).
Let M9 Cy — C™*™ be a matrix valued function given by (A.25).
For each z € C; we define the stability operator £, : C™*™ — C™*™ corre-
sponding to M by
Z.|R] =R— MEIT[R]MP, RecC™ ™, (A.75)
For n € N and an operator #Z : C"*™ — C"*", we denote by ||Z||cnxn_cnxn

the operator norm of Z generated by the the operator norm on C™**". Then,
the following holds.

Theorem A.18 (Local law for rational expressions). Let ME be defined as
in (A.25) and let £, be the stability operator corresponding to MZ(SC). If there
exist Co > 0 and T C R such that for all z with Rez € Z and 0 < Imz < 0o
(M1) | ME | g < Co;
(M2) .2 cwsn o < Co,

then the optimal local law holds for G(z) on the set Z, i.e., uniformly for
RezeZ

1
= )
Ccmxm NImz

1 Y 1
1 (s
H N D> Gai = M
=1

cmxm  Nlmz'
In particular, this implies that on the set I the optimal local law holds for
the rational expression in random matrices ¢(X,Y,Y ™), i.e., uniformly for
Rez eZ

max |G H—M(SC)d-H
1§i,j§NH = S

(A.76)

1
M1, 1)6;;
08 9 — ML 0| < R
1 o 1
~ 2ii — MEO(1,1 ‘ ATT
‘N;g’ S B (A7)

where g, = (9z,ij) N1 = (@(X,Y,Y") — 2In) " € CVXV.

Note that by the definition of the generalized resolvent and (A.20) and
the notational convention (A.74), we have that g.;; = G.;;(1,1) for all 1 <
i,j <N.

Proof. Our proof of the local law for linearizations of rational expressions
(A.76) is analogous to the proof of the corresponding result for linearizations
of polynomials in Wigner and 4id matrices [13, Theorem 5.1]. Below we provide
a summary of the important steps of that proof and show how these steps are
adjusted to the current setting of rational expressions.

1. Restricting analysis to the set where ¢(X,Y,Y ™) is well defined. In contrast
to the case when ¢ is a polynomial, the evaluation ¢(X,Y, Y ™) may not always
be well defined and the generalized resolvent G, may not always be bounded,
even when z € C, i.e., the a priori bound analogous to (2.5) in [13, Lemma 2.5]
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may not hold. But according to Lemma A.15 and Corollary A.16, this bound
can be replaced by (A.69) and the existence of ¢(X,Y,Y™) can be guaranteed
on an event © = Oy of asymptotically overwhelming probability. The entire
analysis is then restricted to this set. In particular, the indicator sets x(-) in
the proof of [13, Theorem 5.1] should be replaced by x(-) N ©.

2. Exploiting the Kronecker structure of H and regularization of the DEL.
Similarly as in the polynomial case, any linearization of a rational expression
evaluated on Wigner and iid ensembles belongs to the class of Kronecker ran-
dom matrices. Therefore, in order to obtain the initial estimates on the error
term, we use the results of [3, Lemma 4.4]. As in the polynomial setup, these
results require introducing a small regularization w = ¢u with v > 0 in order to
use the stability theory of the MDE (A.38). The bounds in [13, Lemma 5.2] are
uniform in this regularization and are a consequence of the a priori estimate
[13, Lemma 2.5]. In our current setting, they remain true when this a priori
estimate is replaced by (A.18).

3. Effective replacement of the Ward identity. Using again the a priori bound
(A.18) instead of [13, Lemma 2.5], one can obtain the Ward identity type
estimates (see, e.g., [13, formula (5.13)]) for the error terms involving the
generalized resolvent.

4. Finishing the proof. With the above modifications, the proof of Theo-
rem A.18 can be obtained by following the proof of [13, Theorem 5.1] line
by line. O

In the same spirit, we can follow line by line the proof of [13, Proposi-
tion 2.17], replacing the use of [13, Lemma 2.5] with the trivial bound (A.18),
to obtain the following global law for (the linearizations of) rational expres-
sions. Note that in the proof of Proposition A.19, we do not have to assume
that the conditions (M1)—-(M2) hold as stated in Theorem A.18. For the global
Jaw the boundedness of M * and .1 is needed only for z away from the real
axis, in which case it follows from (A.18) and the representation [13, equation

(5.22)] of £V

Proposition A.19 (Global law). For any 6 > 0, uniformly on {z : Imz >
0=t |2l <0}

1
Y V{CIOE
Jmax Gy = M50y | < <
1 & 1
— i — M) — A.
I S (A78)

where <y indicates that the constant in the definition of the stochastic dom-
ination (see Definition A.17) may depend on 0. In particular, uniformly on
{z :Imz>0"1 |2 <0}

1 e 1
)NTrgz ~ M9, 1)‘ <o - (A.79)
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The global law for the trace of the resolvent of a rational expression,
Trg., has already been proven in [39] with a somewhat different method; we
comment on this point in Remark A.20.

Proof. Firstly we show that for any rational expression ¢ as defined at the
beginning of this section and any 6 > 0, the bounds (M1)-(M2) from Theo-
rem A.18 hold uniformly on {z : Imz > 67! |z| < 0}, namely that for any
6 > 0 there exist Cp > 0 such that for {z : Imz > 6071 |2]| <0}

||MZ(SC)||C7TLX7TL S Cg, ngilncwz,xm,*,(CWLXWL S C@. (A.80)

The first estimate in (A.80) follows directly from (A.26) and (Imz)~! < 6.
In order to obtain the second estimate, we use the identity

Z[R] = (id® 7s) <(L — 2 ® 115)_1 ((MjC)*l R(M*) g 118)

(LSC B 113)1) (A.81)

for all R € C"™*™ where L := L(s, ¢, c*) is the linearization of the rational
expression ¢ evaluated on the freely independent semicircular and circular
elements (see the proof of [13, Proposition 2.17] for the derivation of this
identity). The boundedness of (M3¢)~! follows from the boundedness of M5¢,
the Dyson equation (A.24) and |z| < 6, while the trivial bound in Lemma A.10
implies the boundedness of ||(L*° —2J,, ®15) ~!||¢mxmgs holding polynomially
in #. Combining this with (A.81) and (Imz)~! < 6, we obtain the second
inequality in (A.80). Note that in the above argument, we rely on the fact
that (s,c) € Dy, ....q,;0(S).

Now we can proceed with the proof (A.78) by following the argument
used in Theorem A.18 but restricting the analysis to a subset {z : Imz >
6=, |z| <6} bounded away from the real line. The concentration inequalities
(A.78) then follow from (A.77) with (Imz)~! < 6. Finally, taking the (1,1)-
component in the averaged global law for the linearization in (A.78) yields
(A.79). O

From (A.27), the function Mésc)(l, 1) is a Stieltjes transform of a proba-
bility measure (e, V(d\)er), which together with Proposition A.19 implies
that in probability (and almost surely) the empirical spectral measure of
q(X,Y,Y™) converges weakly to {(e1, V(d\)e1) as N — oc.

Remark A.20. In [39] an induction argument on the height of rational func-
tions (similar as in the proof of Lemma A.15) was used to show, that the trace
and the norm of a rational expression in GUE (or Wigner) matrices converges
almost surely to the trace and norm of the same rational expression in semicir-
cular elements. This result implies in particular the global law for self-adjoint
rational expressions in Wigner matrices as in (A.79) (without giving the opti-
mal convergence rate) and the convergence of the (pseudo)spectrum. We use
a slightly different approach compared to [39], in particular in the proof of
Lemma A.15, by working with the linearization matrix and the generalized
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resolvent rather than directly with the rational expressions. This allows us to
prove not only the global law but also the local laws for the linearized models
in Sect. A.6, leading to the global and local laws for the rational expressions
(A.77) and (A.79) with a precise control of the convergence speed. This also
allows us to link the main outcomes of the present paper with the results
about the convergence of the (pseudo)spectrum and the global and local laws
established in [3,13].

Remark A.21. The results of Sects. A.3—A.6 can be extended to the setting
when the NC variables x1,...,2q.,,%1,...,Ys, are replaced by the matrices of
NC variables

Ta = (€alt, ) os 00, €A ys = (ys(i,])) 1201, € AP
B 1<j<ks

(A.82)

and ¢(zx,y,y*) € Ala*la with properly chosen dimensions that make the cor-
responding matrix operations well defined. The linearization of such model
has the same structure (A.6) and we can analyze it by considering the matrix
entries z4(%,7), 1 <1i,j < ko, and yg(4,7), 1 <i <lg,1 < j < kg, as the new
NC variables. Note that in this case the diagonal entries of z,, are self-adjoint.

In order to relate the spectrum of the rational expression ¢(x,y,y*) to
its linearization, the generalized resolvent should be replaced by

2 (L—2Jdy,)" " (A.83)

where J;, = Eiq:l E;; € C™*™ with E;; being the standard basis of C™*™
and m the dimension of the linearization. With the above definition the upper-
left 1, x I corner of (L — zJ;,)~! is equal to (q(x,y,y*) — I}, ® 14)" ', the
resolvent of the rational expression ¢(x,y,y*).

We can then proceed with the study of the corresponding random matrix
model, with z,, (4, %) independent Wigner matrices and all other elements being
independent i.i.d. matrices. The linearization of this model is again a Kro-
necker random matrix; therefore, all the probabilistic estimates in the above
analysis remain valid. The proof of the main results of Sects. A.3-A.6 follows
the same lines as in the I, = [, = lg = kg = 1 setting; the main changes are

notational and are reduced to incorporating the additional structure (A.82)
and (A.83).

B. Norm Bounds for Random Sample Covariance Matrices

In this section, we prove the norm bounds for random sample covariance en-
sembles that are used frequently in the paper. Although various forms of these
bounds are well known in the literature (see, e.g., [6,17] or [33]), we provide
a short alternative proof to make sure that the assumptions about the ran-
dom matrix ensembles and the probabilistic estimates match the setting of the
present paper.
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Lemma B.1. Let [,m € N and let W € C'"*™" be q (non-Hermitian) random
matriz with independent centered entries of variance 1/(In). Suppose that the
entries of W have finite moments of all orders. Then for any m <1 and § > 0,
as n — 00, a.W.0.p.

1 .
;/1)2(1—5)

Proof. Let /V[Z»j eCm 1<i1<1,1<j<m,beindependent n x n random
matrices having i.i.d. centered entries with variance 1/n, so that W can be
written as a block matrix

|(Www)~

(B.1)

Hlgmsin < (

W= (%WJ) N (B.2)

j=1l...m
Denote @ := WW*. For any z € C, the linearization of Q) — z1,, has a simple

structure
=z, w
LQ,—Z - < W* ) ) (B3)

_Imn
and using the representation (B.2) can be viewed as a Kronecker matrix in
i.i.d. matrices W;;. Denote also

o [~z ®1s we)
Lg.:(c,c”) = ( (W(c))* I, ®1s (B.4)
where W(©) .= (ﬂc”) =l and {c¢;;} is a family of freely independent circu-
j=

lar elements. By using the propertles of the Kronecker random matrices from
[3, Theorems 2.4 and 6.1], we get that for any ¢ € (0,1) a.w.o.p.

Spec (WW*) C {z : dist(0,supp p*) < e}, (B.5)
where p* is the self-consistent density of states satisfying supp p® = Spec
(L(?’Z(c7 c*)) and

—wliim ®1s Lo .(c,c¥)
LQ,z *) Wii4+m 3 Q,z\6 ) B.6
w (C,C ) <(LQ12(C, C*)) _wIler ® 15 ( )

Inclusion (B.5) can be obtained by repeating the argument from Lemma A.15
leading to (A.55), and taking into account the (I+m) x (I+m) decomposition
n (B.3) and (B.4).

Fix § € (0,1). Then, we claim that there exists a sufficiently small £ > 0
such that

{z : dist(0,supp p*) < e} N {z : Rez < (1 - \/;7/)2(1 - 5)} =0. (B.7)

Indeed, W) (W()* follows the free Poisson distribution with rate I/m > 1
(equivalent to Marchenko—Pastur distribution with parameter m/l < 1) with

Spec (W© (W ))*) = Kl - \/nT/l)2, (1 + \/mi/l)z} (B.8)
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There exists C' > 0 such that for any z € C with Rez < (1 — /m/1)*(1 —6)

<C, (B.9)

-1
H( (C) W(C _ZIZ®]15) ‘Clxl@)s -

and thus, by the Schur complement formula, there exists C>0 depending

only on C| such that
H (Lg,-(c,c®)) <C. (B.10)

From (B.6) and (B.10), we get that the resolvent of the Hermitized matrix
(B.6) is bounded at w =0

||<c<1+m)x<z+m>®5

H(L(?’Z(C’ c*)) 1||c2(l+m)x2(z+m)®s - H(LQ,Z(CaC ) Hc(z+m>x<1+m>®5 <C
(B.11)
uniformly for Rez < (1 — \/m/l)?(1 — §), from which (B.7) can be obtained
using the resolvent identity (similarly as in (A.65)—(A.67)).
Finally, (B.5) and (B.7) imply that for any § € (0,1) a.w.o.p. the smallest
eigenvalue of the positive definite matrix WW* is greater than (1—1//m/1)?(1—
9), from which (B.1) follows. O
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