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Disjointness of Linear Fractional Actions on
Serre Trees

By Henry W. Talbott

Abstract. Serre showed that, for a discrete valuation field, the group of linear fractional
transformations acts on an infinite regular tree with vertex degree determined by the
residue degree of the field. Since the p-adics and the polynomials over the finite field
of order p act on isomorphic trees, we may ask whether pairs of actions from these two
groups are ever conjugate as tree automorphisms. We analyze permutations induced
on finite vertex sets, and show a permutation classification result for actions by these
linear fractional transformation groups. We prove that actions by specific subgroups of
these groups are conjugate only in specific special cases.

1 Introduction

For a commutative ring R with unit 1g, one may consider the projective special linear

group

PSL(2,R) = { ‘Cl

Z ra,b,c,deR,ad—-bc= IR}/{iI}

Groups of this form are ubiquitous in algebra, and have a rich theory. A foundational
result on special linear groups over fields is due to Borel and Tits (1973; see also Margulis,
1989): if two fields F; and F, satisfy certain properties, PSL(2,F;) = PSL(2,F,) if and only
if F; = F,.

We will be interested in matrix groups of discrete valuation fields, or of the rings
of integers of these fields. Two accessible examples of such fields are Q,, the p-adic
numbers, and [, (x)), the field of fractions of polynomials over the finite field F,,. In both
cases, p must be a prime integer. These fields, along with other objects mentioned in
this introduction, will be rigorously defined in the next section.

Qp and F,((x)) have many common properties: their respective valuation norms
both have image set {0} U{p"},cz, and there exists a canonical norm-preserving bijection
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2 Disjointness of Linear Fractional Actions on Serre Trees

between these fields. However, these fields are not isomorphic (in fact, they do not even
have the same characteristic), so PSL(2,Q) # PSL(2,F,((x))). While these linear groups
are globally distinct, one may ask if there is some sense in which the algebraic struc-
tures of these groups are locally similar. Serre trees provide a framework for comparing
PSL(2,Q,) and PSL(2,F,((x)) locally.

Specifically, Serre observed (1977) that to every discrete valuation ring R, one can
associate an infinite regular tree Ty, and that this tree admits a faithful group action by
PSL(2,R). Since PSL(2,Q) and PSL(2,F,((x))) both act on T, the regular tree in which
every vertex has p + 1 neighbors, we can ask whether any two actions from these groups
are conjugate with respect to the full automormorphism group of the tree, Aut(T),) (fig.
1). In other words, does there exist f € PSL(2,Q,), g € PSL(2,F,((x))), and h € Aut(T))
such that (thinking of each element as an automorphism of T ),

g=hofoh™

If so, what can we say about f and g? Notice this condition is weaker than isomorphism
of the two groups, or even isomorphism of subgroups, since we are allowed to conjugate
by elements of Aut(T,) that do not arise by action of either PSL(2,Q,) or PSL(2,F, (x))).
In fact, conjugacy gives a very high amount of flexibility in some cases: for example, any
two tree automorphisms that fix one point of T}, and act on its neighbors via a cyclic
permutation of length p + 1 are conjugate, via choosing an appropriate / to 'line up’ the
cycles around the fixed points.

PSL(2,Zy) Aut(Ty)  psL(2,Fy(x)

Figure 1: A diagram showing the inclusions of PSL(2,Z,) and PSL(2,F,[x]) in Aut(T ).
The arrows represent injective homomorphisms. We ask whether, up to conjugacy in
Aut(T,), the images of the two projective matrix groups overlap.
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Henry W. Talbott 3

For the projective special linear groups PSL(2, Z,) and PSL(2,F [x]) derived from the
respective rings of integers of Q, and [, ((x)), we determine a condition for two actions
to be conjugate. This condition turns out to be highly restrictive, even with the flexibility
given by working with conjugacy in Aut(T ).

Theorem 1.1. Let f € PSL(2,Z,), g € PSL(2,F,[x]), and h € Aut(T), where T}, is the Serre
tree of Z, and Fp[x]. Also let iy : PSL(2,Z,) — Aut(T,) and i, : PSL(2,F,[x]) — Aut(T})
be natural inclusions, and assume

i2(8) = hoiy(f)oh™
Then Ord(f) = Ord(g) < oo, and moreover Ord(f) = Ord(g) is a divisor of (pz%)p.

The primary reason this condition is restrictive is that elements of PSL(2,Z,) or
PSL(2,F,[x]) with finite order are rare. In fact, it can be deduced from our primary
technical lemmas that in the following exact sequences, the third nonzero term s are
torsion-free (this fact was known to Serre and Tate (1968), although they do not provide
a proof):

0—PSL(2,F,) — PSL(2,Z,) — PSL(2,Z,)/PSL(2,F,) — 0

0—PSL(2,F,) — PSL(2,F,[x]) — PSL(2,F,[x])/PSLZ,F,) — 0

By avoiding torsion, working with general matrices becomes significantly easier. How-
ever, the above language of exact sequences will generally be avoided in favor of explicit
constructions.

We will also examine the space of invertible projective affine transformations over a
field or ring:
a b
0 1
In the case of Aff(Z,) and Aff(F,[x]), we obtain a corollary for affine transformations:
Corollary 1.1. Let f € AffiZ,,), g € AffiF,[x]), and h € Aut(Tp) so that g = ho fo h~Y. Then
Ord(f) = Ord(g) < oo, and additionally Ord(f) = Ord(g) is a divisor of p(p — 1).

Aff(R) = { [

:aeR*,beR}

In section 2, we will rigorously define Serre trees and their associated group actions.
In section 3, we will analyze the action of PSL(2,Z,) on T, and derive crucial geometric
information about this action. In section 4 we will determine similar information for
PSL(2,F,[x]) and prove theorem 1.1 as a consequence.

2 Key Definitions

2.1 Discrete Valuation Rings, 7, and [ ,[x]

Z, and [ [ x] are two natural examples of discrete valuation rings, or rings with unique
maximal ideals. For our purposes, it is most useful to define Z, as the ring of formal

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



4 Disjointness of Linear Fractional Actions on Serre Trees

power series in p:

(e.0)
Zp= {Zaipi ca; €{0,1,..,p—1} forall i,}
i=0
Addition and multiplication are done using the normal rules for manipulating power
series, with the exception that coefficients are carried. When we restrict to elements
of Z,, with finite power series expansions, we recover the monoid Z-, with the usual
addition and multiplication rules.

F,[x] is defined analogously to Z,, but with x in place of p, and with coefficients in
Fp:

m .
Fplx] = {Z a;x':a; €F, forall i}
i=0
Addition and multiplication are carried out by using the normal rules for power series
expansions, treating coefficients as elements of [,.
The fields of fractions of Z,, and [F,[x] are isomorphic to Q, and [, ((x)), respectively,
where Q, and [, ((x)) are obtained by allowing finitely many negative coefficients:

@p:{Zaipi:kez,aie{0,1,...,p—1} for all i,ak;éO}U{O}
i=k

w .
Fp((x) = { Y aix':ke€Za;€F,foralli,ay # 0} u {0}
i=k
For z € Q, or z € [, ((x)) with the above notation, the canonical valuation function is
defined as ¢(z) = k, and the induced valuation norm is then given by |z| = p_‘P(z) = p_k .
There exists a valuation-preserving (and thus norm-preserving) bijection from Q, to
F,(x)), given by

W:Qp = Fpl(x), W(Z aipi) =Y ax!
i=k i=k

This observation will become critical once Serre trees are introduced.

2.2 Serre Trees

The Serre tree Tg of an arbitrary discrete valuation ring R can be defined in terms of
the order of its residue field, or the field obtained by quotienting the ring by its unique
maximal ideal. In this case, both T» , and Tr, (x1 have residue field F,. As a consequence,
Tz, and T, (x are both isomorphic to the infinite regular tree with p + 1 vertices, which
we will denote T, (fig. 2).

Serre trees are part of a much larger family of geometric objects, the Euclidean build-
ings, and are a fundamental class of examples of 1-dimensional Euclidean buildings

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



Henry W. Talbott 5

Figure 2: The local structure of the infinite regular tree T».

(Brown, 1989). Serre originally defined these trees as arising from scale-equivalence
classes of rank-two modules over a given base ring (1977); it is not obvious from Serre’s
original definition that the objects presented are trees, nor that they have the regular
structure described above. We will instead follow the more concrete geometric interpre-
tation given by Armitage and Parker (2007).

2.3 p-adic Balls, the Ultrametric Inequality, and Serre Trees

For two elements x, y in a field with norm ||, define d(x, y) = |x — y|. The valuation
norms on Q, and F, ((x)) both satisfy the ultrametric inequality, or for any x, y, z,

d(x,z) < max(d(x, y),d(y, 2))
This inequality is a strengthening of the standard triangle inequality. As a consequence,

translations of balls are either disjoint or equal:

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



6 Disjointness of Linear Fractional Actions on Serre Trees

Lemma 2.1. LetB(xy, 1), B(x2, ) be two closed balls in Q, with equal radius. ThenB, = B
orBinBy =@.

Proof. When r = 0, we have that two points are either equal or disjoint, which is
certainly true in this field. Assume r > 0. Since the norm is discrete except at 0, we can
assume without loss of generality that r = p* for some k € Z. If B(x1, ) nB(x2, 1) # @, then
assume y € B(xy,r) NnB(xy, r). For any z € B(xy, 1), d(z, x1) < r. Additionally, d(x;,y) <,
and d(y, x2) < r. Applying the ultrametric inequality twice,

d(z,x2) <max(d(z,x1),d(x1,y),d(y,x2)) <T
So z € B(xp,r), and B(xy, ) < B(x2, r). By symmetry, B(x;,r) =B(xp, 7). B
Corollary 2.2. For any k € Z, the balls of radius p* partition Q p-
Corollary 2.3. LetB(x,r) < Q. If y € B(x, ), thenB(x,r) =B(y, r).

Effectively, any point in a p-adic ball serves as its 'center’! Identical results hold in
the case of [, ((x)).

We will assume for the remainder of the paper that all balls are closed with nonzero
radius. Now, let V be the set of all balls in @, with radius pk for some k € Z; by the remark
in the proof of the above lemma, this covers every ball in @, up to equality. V serves
as the vertex set of T), under our construction. Visually, we can think of balls of equal
radius being stacked in horizontal ’layers’ in order of radius, with each layer representing
a partition of @, into balls. Arranging balls of greater radius ’higher’ on the tree, the
partition corresponding to each layer refines the partition above it (see fig. 3). We will
notate each ball using coset notation, so that B(z, p~%) = z + p*Z p represents the ball of
radius p~* 'centered’ at z. With this notation, two balls z + p*Z pand z'+ p*z p are equal
ifand only if z— 2’ € p*Z,,.

The edge set E of T), is defined via maximal containment:

Definition 2.1. If B; and B, are two distinct balls in some field, B; is maximally contained
in By if B; B, and there exists no B3 such that B; C Bs C B,.

Example 2.1. If B = 1+237,, then B is maximally contained in 1+227,, and B maximally
contains 1 +2*Z, and 1 + 23 +247,.

E is then defined as the set of all unordered pairs of balls such that one is maximally
contained in the other. Over the p-adics, if the radius of B; is pk and the radius of B, is
pf , an alternate way of characterizing maximal containmentis thatB; c By, and k= j -1,
orBpcBjand k=j+1.

Definition 2.2 (p-adic Serre tree). Let V), be the set of all balls in Q,, and let E;, be the
set of unordered pairs (B, B2) such that B, B € Q, and either B is maximally contained
in B, or B is maximally contained in By. Then T, = G(V,, Ep), the graph constructed by
interpreting V), as a vertex set and E, as an edge set, is the Serre tree of Q.

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



Henry W. Talbott 7

Figure 3: A rooted subtree of T,, labeled with the 2-adic ball associated to each vertex.
Each ball contains two maximal sub-balls.

It is not immediately obvious from the above definition that T, is in fact a tree. We
give a proof sketch: assume By = B(ay, p*?) is a vertex contained in a cycle C of T,. Notice
that any ball in T, is adjacent to p balls of smaller radius and 1 ball of larger radius. Of
the two vertices adjacent to By in C, at least one is a ball with smaller radius, pko‘1 ; call
this ball B, . If B, is the other vertex adjacent to B; in C, it must have radius pk"_z, since
the only ball adjacent to B; in C with greater or equal radius to B; is By. Continuing
this argument, we form a chain of adjacent vertices By, B1,B>,Bs, ... ¢ C with strictly
decreasing radius. So no B,, € C can be equal to By, a contradiction.

Having constructed Tz,, we have all the structure in place to build Tg . We re-
marked earlier that there is a norm-preserving bijection between Q, and F,((x)). As
a function between Q) and [F,((x)), this bijection sends balls to balls, and preserves
both radii and containment (and therefore maximal containment). Since Tz, was only
defined in terms of balls on Q,, and their relations, our bijection shows that Tf ,(x can be
constructed in exactly the same manner as Tz p and moreover Tr,x =Tz, in the sense
of graph isomorphism.

Definition 2.3 (Laurent Serre tree). Let V), be the set of all balls in [, ((x)), and let E,, be
the set of unordered pairs (B, B,) such that By, By € F,((x)) and B, is maximally contained
in B; or B; is maximally contained in B;. Then T, = G(V,, E,), the graph constructed by
interpreting V,, as a vertex set and E, as an edge set, is the Serre tree of F, ((x)).

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



8 Disjointness of Linear Fractional Actions on Serre Trees

2.4 Linear Fractional Transformations on T p

We claimed that the Serre tree Tg admits a group action by PSL(2,K), where K is the
field of fractions of R. How is this action defined? Rather than use the matrix notation
presented in the introduction, we will represent PSL(2,K) as a group of linear fractional
transformations:

az+b
cz+d

PSL(2,K):{f(z): :a,b,c,deK,ad—bc:l}
With this notation, the group law on PSL(2,K) becomes function composition, and each
element f(z) is an invertible function f : P! (K) — P! (K). As is standard, we think of P! (K)
as Ku {oo}. The map

q

is the canonical isomorphism between the matrix notation of PSL(2,K) and our new
notation. We will use both notations, depending on context, and will sometimes use
M(z) to notate a matrix M € PSL(2,K) acting on some vertex or point z.
; ; ; _ az+b
.One apparent issue is that representations of the form f(z) = =7
unique. After all, for any element s,

a b
c d

cz+d

)_ az+b

are not quite

az+b_ s az+b_ asz+bs

cz+d s cz+d csz+ds
However, a quick calculation shows that

selles ad)= el )

So the only choice of s that leaves the determinant fixed is s = 1. But these choices of
s correspond to multiplying by +I, which we quotiented by to obtain PSL(2,K)! So the
?ZZ:Z notation is well-defined once we require that ad — bc = 1. This issue of multiple
representations can thus mostly be ignored, although it will be useful in section 4.4.

Similarly,

as bs
cs ds

Aff(K) ={f(z)=az+b:acK"*, beK}

: L . o . la b
where the multiple representations issue is resolved by requiring that any matrix 0 d

corresponding to an affine transformation satisfy d = 1.

If f(z) € PSL(2,Qp) and B c Q,, is a ball, then either f(B) is a ball or f(B)® is a ball,
where f(B) is the pointwise image of B (Parker, 2007). Since no ball B contains the point
oo € P1(Z p),» checking whether co € f(B) is a practical way to check whether f(B) or
f(B)¢ is a ball. Associating each ball B with B¢, f(z) defines a bijection on the vertices
of the p-adic Serre tree. Moreover, if B; and B, are two p-adic balls such that B, is

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021
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Figure 4: The action of six elements of PSL(2,Z,) on a portion of the tree T»; specifically,
the vertex 0 + Z, and the three adjacent vertices 0 +271Z,, 0+ 2Z,, and 1 + 2Z,. In each
subfigure, 0 + Z, is the central vertex, and is fixed by the action.

maximally contained in By, and neither balls is mapped to the complement of a ball,
then either f(B;) is maximally contained in f(B,) or f(B>) is maximally contained in
fBy) (Parker, 2007). If either B; or B, is mapped to the complement of a ball, this
statement holds after taking proper complements. Since f(z) can be thought of as a
bijective vertex map that preserves edge relations, f(z) acts as an isomorphism on Tg,.
Proofs of these assertions can be reduced to direct calculations. Moreover, this images-
of-balls construction transfers essentially verbatim to the case of PSL(2,[F,((x))) acting
on T, and the proofs generalize to this case without issue.

Example 2.2. IfB=1+237; and f(z) = (1 +2)z+ (1 +22), then

fB) =f)+22Z,=1+2)+(1+2%)+2°2, =22 +2%7, =0+2%7,

(1+2)z+2

(1+2+22)z+(1+22) and

As a more complex example that is best left to a computer, if f(z) =
B=2"1+2+2%+25+27,, then

FB)=1+2+22+23 424+ 254274287,
Example 2.3. Figure 4 shows how six elements of PSL(2, Z,) locally act on T».

Parker (2007) also shows that the group action homomorphisms PSL(2, Q) — Aut(T )
and PSL(2,F,((x))) — Aut(T}) are injective:

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



10 Disjointness of Linear Fractional Actions on Serre Trees

Lemma 2.4. The actions of PSL(2,Qp), PSL(2,F,(x))), AfQ)), and AffiF ,(x))) onT, are
faithful.

Due to the above lemma, we can think of these groups as embedded subgroups of
Aut(T,). We will often abuse notation and use f(z) or M(z) to refer to both the linear frac-
tional transformation and its corresponding automorphism on T, - this identification
makes more sense once we consider rays of T),.

2.5 Rays, Ends and the Boundary of T,

Serre (1977) observed that the 'boundary’ of T}, can be associated with the projective line
over its base field, in our case either Q,, U {oo} or [, ((x)) U {oo}. Intuitively, this statement
makes sense: as one chooses a path down the tree, one chooses a nested sequence of
balls of decreasing radius, which converge to a single point. On the other hand, all paths
of balls of strictly increasing radii eventually converge, so we label this "'upwards’ limit
point oo (using the picture suggested by fig. 3). This idea can be made precise by defining
rays (see fig. 5):

Definition 2.4. A ray r on Ty is an infinite path of vertices with one endpoint and no
backtracking. Two rays r; and r» are equivalent if their intersection is again a ray, and
an equivalence class of rays is called an end. A line / on Ty is an infinite path of vertices
with no endpoints and no backtracking.

The set of ends of T, is in bijection with both @, U {oo} and [, ((x)) U {oo}, and this
bijection agrees with the already-established bijection between Q, and [, ((x)). As sug-
gested above, an intuitive way to see this is that an end represents all nested sequences of
balls that 'zoom in’ to the same point, and defining ends in this way is the standard way
of extending the idea of 'boundary’ to the infinite tree T,. For any element & of Aut(T}),
the fact that h is a tree automorphism implies it sends equivalent rays to equivalent rays,
and hence is a well-defined map on ends.

Crucially, ends interact nicely with the actions of PSL(2,Q,) and PSL(2,F,(x)))
(Parker, 2007). We'll state this fact for Q,, and the equivalent statement will also hold
for 5, ((x)). Although we won't give a full proof, this lemma holds because we define the
action of linear fractional transformations on vertices in terms of pointwise images of
balls.

Lemma 2.5. LetM € PSL(2,Q,), and letE, be the end of T, associated to some z € P! (@p).
IfM(z2) is the image of z under M : P*(Q,,) — P1(Q,), and M(E,) is the image of E (i.e. the
equivalence class of images of rays in E;) under the automorphism M : T, — T, then

M(E;) = Em(z)

Sometimes, it will be helpful to go back and forth between the automorphism M
induces on T, and the map M induces on the 'boundary’ of T; this second map is just
the function M: P1(Q,) — P1(Q)).

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021
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Figure 5: A line (blue) and two equivalent rays (red) on T».

2.6 Conjugation and Orbits

One of the most useful tools we’ll use is conjugation, since it preserves the permutation
structures we'll be interested in. For a set S, a group G actingon S, and s€ S, g €G,
define Ordg (s) as the least positive integer m such that g (s) = s if such an m exists, and
oo otherwise. Then:

Lemma 2.6. LetS be a set and let G be a group actingonS. Foralls€ S, and g, h € G such
that Ordg(s) is finite,
Ordyg(s) = Ordy,gp-1(h(9))

Proof. Assume that g””*(s) = s for some m = 1. Then (hgh 1) = hg™h™!, and
(g™ (h™' (h($))) = k(g™ (s)) = h(s)
So Ordj,gj,-1(h(s)) = Ordg(s). On the other hand, if (hgh™Y™(h(s)) = h(s), then
h(g™ (h™" (h(s))) = h(s)
— h(g"(s)) = h(s) — g"(s)=s

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 1, 2021



12 Disjointness of Linear Fractional Actions on Serre Trees

So Ordg(s) = Ordj,gp-1(h(s)). In conclusion,
Ordg(s) = Ordy,gp-1(h(9))

|

In particular, if S is finite of size n, then the symmetric group S, naturally acts on S,
and a bit more work shows that conjugation in S,, preserves the orbit structures induced
by permutations.

3 Analyzing PSL(2,Z,)

3.1 Preliminary Lemmas and Computational Tools

a b
d
description of how M acts on vertices of T),.
If c=0,then aisaunitand d=a"'; M corresponds to the function

LetM = € PSL(2,Z)). Our first goal will be to obtain a specific computational

az+b
=d’z+ab
a-1

flz)=

f(z) fixes oo, so must send balls to balls and complements of balls to complements
of balls. Moreover, the action of a general affine map is straightforward to compute:

Lemma3.l. Leta,beZ,, a€ Z,, and letr + kap be a p-adic ball. Then if f(z) = az+ b,

far+p*z,) =fn+p*z,

Proof. As stated above, f(z) fixes oo, so the image under f of r + kap is a ball.
Moreover, this image certainly contains f(r).
The claim now follows from the fact that f(z) is an isometry on Q. For r,s € Q,

| f(r)=f(s)|=I|(ar+b)—(as+Db)| = |a(r—s)|=lallr—s|=|r—sl|

since a is a p-adic unitandso |a|=1. &
In particular, for a,b€ Z,, abe Z,,s0 f(0+Zy)=ab+Z, =0+ Z,,.
If ¢ # 0, we can apply a standard decomposition to M. Notice b is substituted out via

the relation b = @:

1o -1

1 O

c 0
0 ¢!

1 ac

1 dc!
= A>RDA

0 1

a b| _
c d|

Note that not all of these matrices necessarily lie in PSL(2, Z,,). The first and last matrix

. . c 0
are affine, so act as isomorphisms on Q. 0 ! corresponds to the map f(z) = ¢?z,
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andif c = pku where ke Zand ue Z¥, and r + prp is some ball, f(r +ZJZP) =c%r+
p/*2kz,,. In effect, f(2) = c?z acts as a dilation map.
0 -1
1 0
assume p*u + ijp is a ball such that u € Z}, as above. If pru+ Zij does not contain
0, r(pku + Zpr) = r(pku) + 2f‘2kZp. On the other hand, any ball containing 0 can be
written in the form 0+ p/Z,, and r(0+ p/Z,) = p~/Z,. Calculations verifying these
assertions are performed by Parker (2007), and are of a similar spirit to lemma 3.1.
Applying the above rules in succession via the decomposition of M gives an explicit
rule for the action of M. Lemma 3.2, originally stated by Parker (2007), provides an
example of this type of computation, and is proven here in the interest of clarity:

corresponds to the map r(z) = —%, and has a somewhat complex action:

a b

Lemma 3.2. LetM = d

€ PSL(2,Zp). ThenM(0+Zp) =0+ Z,.

Proof. The case of ¢ = 0 is a consequence of lemma 3.1. Otherwise, M decomposes
into A,RDA; as above. First, assume c is a unit. Then

A0+Zp)=dc +Z,=0+2Z,
sincedc ez p- Again, since c is a unit,
D(0+Z,)=0+2,

R(0+Zy,)=0+Z), and lastly A»(0 + Z,) =0+ Z,, for an analogous reason as A;.
Now assume c is not a unit, so ¢ = p*u where k > 0 and u is a unit. d is necessarily a
unit, as otherwise ad — bc = 1 would be a nonunit. A1 (0+Z)) = pkdu '+ Zp. Then

D(p_kdu_1 +2Zp) = pkdu+p2k2p
Since 0 ¢ p*du+ p**z,,
R(pFdu + kaZp) . T pzk—zkzp = _p kg ly +2Z,
Lastly,
Ag(—p_kd_lu_1 +Zp) = —]o_kal_lu_1 +ac! +7Zp

Moreover, if co € M(0+ Z), then there exists some z € Z), so that bz+d = 0. But since
b is a nonunit, bz is a nonunit, and bz + d is a unit. So bz + d = 0 is impossible, and oo is
not in the image of M. In other words, M(0 + Z,,) is a ball, rather than the complement of
a ball.

This verifies that M(0 + Z,,) is a ball of radius 1. Lastly, notice that M(0) = bdlez pr
since d is a unit. Therefore M(0 + Z;) can be written as bd !+ Zp, which is equal to
0+Z, 1
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14 Disjointness of Linear Fractional Actions on Serre Trees

Lemma 3.2 gives us a fixed point to work with. Since we know 0 + Z, is fixed by
PSL(2,7Z), and that functions in PSL(2, Z,,) act as graph isomorphisms on T, functions
in PSL(2,Z,) must permute the sets of vertices of distance k from 0 + Z, for all k = 0.
We will call these vertex sets layers (fig. 6).

Definition 3.1. Let T, be the p-adic Serre tree. For k = 0, L, the kth layer from the
vertex 0+ Z,, is the set of all vertices of T, of distance exactly k from 0+ Z,,.

L; consists of the vertices adjacent to 0 + Z,, and contains p + 1 vertices. Moving
outwards on T, [Lx| = (p+ ) p*~L.

Figure 6: The layers L, Lo, and L3 of T».

Since each L is finite, passing from the action of PSL(2, Z,) on T}, to its action on L
reduces our problem to analyzing permutations of finite sets. We can restrict further to
especially nice permutations by considering matrices of a certain form.

A standard fact about Z, is that there is a surjective ring homomorphism ¢, pro-
jecting Z,, to Z/ p"Z for any n, obtained by taking the quotient of Z,, by the ideal p"Z,,.
In effect, we discard terms in our power series with coefficient p” or greater. Any such
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projection map ¢, extends to a projection homomorphism
W, :PSL(2,Z,) — PSL(2,Z/p"7)

by applying ¢, to each entry of a given matrix.

Definition 3.2. A matrix

bl epsLiz,z,)

a
M_[c d

is identity-like if

V(M) = [(1) (1) ePSL(2,Z/pZ)

An analogous definition (obtained by projecting to PSL(2, Z/ pZ)) applies to matrices
in PSL(2,Z/p"Z). Identity-like matrices are immediately useful:

Lemma 3.3. LetM € PSL(2,Z},) be identity-like, or of the form

1+pa pb
pc l+pd

forsomea,b,c,d € PSL(2,Z,). Then M fixesL;.

Proof. We know that pc is not a unit, so we decompose M:

M = A,RDA,
l1+pa pb | _
pc l+pd|
1 (I+pa)po) ][0 —-1][pc © 1 (1+pd)(pc)!
0 1 1 0][0 (pot|]|o 1

The first step will be to check that 0 + p_IZp is fixed. A;(0+ p—lz,,) =plcl+dc !t +
p_IZp. Assume that ¢ has the form p*u, where u is a unit, so pc = p**'u. Then

Dip~'ct+dc +ptzy) = pPfpT e +deTh + ka“Zp

= pc+p*dc+p**'z,

0 is not contained in pc+ p*dc+ p?**1Z,, since |pc + p?dc| = |pcl = p~**V. Therefore,

R(pc+ p?dc+ p*ft1z

p) =
1 (2k+1)—2(k+1)Z _
p=

-1
— Z
pc+p2dc+p TP Ly

pc+p?dc
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16 Disjointness of Linear Fractional Actions on Serre Trees

And lastly

+p_IZp :(1+pa)(pc)_1— +p_1Z,,

Apl———— - -
2\ pe+ p2dc pc+ p2dc

We could attempt to simplify the center of the above ball, but we will instead notice that
the only ball of radius p~inL; is0+ p~'Z p- Since M permutes L, necessarily

1+ pa)(po)™' - +p'2,=0+p7'2,

pc+ p?dc
and
MO+p'z,)=0+p 'z,

We will now turn our attention to balls in L; of the form r + pZ,,, where r can be assumed
tobein {0,1,..., p —1}. M cannot invert balls of this type: that would imply there is some
z€r+ pZy, such that M(z) = oo, or pcz+1+ pd = 0. But we can see that pcz+1+ pd
is a unit. Moreover, M must send each r + pZ, to another ballin L;, and 0+ p~'Z,, is
fixed. So in fact M must send r + pZ,, to some r' + pZ,, such that M(r) € r' + pZ,,. To
show r + pZ, is fixed by M, it is therefore sufficient to show that M(r) —r € pZ,,. This is
not so bad:

r+par+pb r+par+pb r+pcr2+pdr
—r = —

M(r)—r= =
(n-r per+1+pd l1+pcr+pd 1+ pcr+bd

3 p(ar+b+cr2+dr)
B 1+ pcr+bd

The denominator is a unit, while the numerator is divisible by p. Therefore M(r)-r € pZ,,
as claimed. ®

3.2 Integral Branches and Orbits

Lemma 3.3 is an example of a broader phenomenon, whereby in some cases we can
reduce the coefficients of M to their representatives modulo p*Z p when working on the
layer L. To make this phenomenon more precise, we will need yet more definitions.

Definition 3.3. Let v € T),. A branch of T at v is a connected component of T, — v. If
v =0+ Z,, the integral branches are those containing a point of the form a + pZ, where
a€{0,1,...,p—1}. For a general v, the downwards branches are those not containing co
on their boundaries.

The term ‘downwards branches’ is meant to line up with the visualization in figure 3.
Of course, the above definitions easily carry over when interpreting T, as the Serre tree
of F,[x] rather than Z,,.

The three branches of a given v in T, are shown in fig. 7, and lemma 3.3 implies that
identity-like matrices fix the branches of 0 + Z,,. We will now generalize lemma 3.3.
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Figure 7: The three branches of a vertex v in T,. A point in T}, will have p + 1 branches.
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18 Disjointness of Linear Fractional Actions on Serre Trees

Lemma 3.4. Let My,M; € PSL(2,Z,) be identity-like. Let r + kap lie on an integral
branch of Ty, and additionally assume that V(M) = Yr(M). Then My (r + kap) =
Mo(r + kap).

Proof. Since r + p*Z p is on an integral branch, r € Z,,. Additionally, since M; and M»
are both identity-like, they will send r + p*Z p to balls on the same integral branch, and
on the same layer L. Let

a b

Ml:cd

c d

]) M2:

a b’]

Neither matrix can send r + p*Z p to the complement of a ball: this would imply that for
some z € r+kap, cz+d =0orc'z+d' =0, respectively. Since ¢ and ¢’ are nonunits and d
and d' are units, this equation cannot be solved by any z € Z,,. Therefore, M, (r + p*z p) =
M (r) + p¥Z,, and My (r + p¥Z,) = Ma(r) + p¥Z,,. So we merely need to show that
M (r) - Ma(r) € p*z,,.

ar+b adr+b

cr+d cr+d

_(ar+Db)(c'r+d")~(a'r +b)(cr+d)

B (cr+d)(c'r+d')

Applying ¢ to the numerator of the above expression, we observe @i(a) = @i(a'),
@r(b) = (b)), ei(c) = Pi(c), and @(d) = @i(d"). So @i of the numerator is equal
to 0in Z/ka, showing M (r) —Ma(r) € kap. [ |

We need two more lemmas, which will allow us to make simplifying assumptions
when calculating the order of a point under an identity-like matrix M. The first lemma is
a counting argument. It uses the fact that the identity-like matrices of PSL(2, Z,) form
a subgroup J, which is easily seen by noticing ] = kerw,, where v is the projection
map from PSL(2, Z,) to PSL(2,Z/ pZ). Likewise, define J,, as the identity-like matrices in
PSL(2,Z/p"Z), which is a subgroup by a similar projection onto PSL(2,Z/pZ).

M (r) —Ma(r) =

Lemma3.5. Letn=1andp > 2. Then

2 1 3n-2
IPSL(2,Z/p"Z)| = %
and
|]n| — p?)l’l—?)
Ifp=2, then
IPSL(2,Z/2"7)| =3-23"72
and

Unl — 231’1—3
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b
al If a and

b are both nonunits, ad — bc = 1 is impossible, so assume a is a unit. We may now
choose any elements of Z/p"Z for b and ¢, which restricts d to d = 1+—abc by ad — bc =
1. Since there are p” ! nonunits in Z/p"Z, there are (p — 1)p™ ! units, so there are
(p=Dp" H(PM(P™ = (p—1)p3"*~! matrices in Z/ p"Z such that the top left entryis a
unit.

If a is not a unit, b must be a unit. We may choose any element for d, and c is
restricted to ¢ = %. Choosing one nonunit, one unit, and one arbitrary element gives
(P H((p-1Dp"YHp" = (p-1)p*"2 possible matrices. Therefore,

Proof. All elements of SL(2,Z/p"Z) can be written in the form

ISL(2,Z/p"2)| = (p-Dp*" '+ (p-Dp*" 2= (p-D(p+1p*" >
To obtain the size of PSL(2,Z/p" Z), recall that
PSL(2,Z/p"Z) =SL(2,Z/p"Z) {1}

and {+I} is a subgroup of size 2 when p > 2 (i.e. 1# —-1). For p =2, 1= -1, and
PSL(2,Z/p"Z) =SL(2,Z/ p" 7).
As for J,;, we can notice that any identity-like matrix in SL(2,Z/p"Z) can be written
in the form
l1+pa pb
pc 1l+pd

where a, b, ¢, d are elements of Z/ p"_IZ. The only restriction that must be satisfied is

(1+ p?bc) - (1+ pa)
1+ pa

(1+pa)(1+pd)—p2bc: l < pd-=

_pbc-a
" 1+pa

— d

Therefore choosing a, b, c determines d uniquely. Sicne a, b, and ¢ can be chosen
arbitrarily from Z/p"~1Z, we find

n—1)3 — 3n-3

Jnl=(p p

For p > 2, going from SL(2,Z/p"Z) to PSL(2,Z/ p"Z) doesn’t affect the size of J,, since
—1¢], by definition. For p =2, —1 =1, so again nothing changes. &

2_
Corollary 3.6. LetM € PSL(2,Z/p"Z) and p > 2. Then Mz is identity-like. If p = 2,
then M® is identity-like.
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20 Disjointness of Linear Fractional Actions on Serre Trees

Proof. Let v, : PSL(2,Z/p""Z) — PSL(2,Z/pZ) be the projection map and p > 2.

2_
Since 1 is a homomorphism and [PSL(2,Z/pZ)| = w,

nz—l)n) (p*>-1p

wn,l(M—(z =y T =1

() w?-1
by Lagrange’s theorem. But v, (M = p) =1lis equivalent to M S being identity-like.
The situation when p =2 is analogous. B
This lemma has a fairly powerful consequence regarding orbits of points on T, under
M. But first, a definition:

Definition 3.4. Let M € PSL(2,Z,) and let v be a vertex of T),. Let Ordy (v) be the order
of v under the group action of M.

Since any v € T, lies in Ly for some k, and all Ly are finite PSL(2, Z,,)-invariant sets,
Ordm(v) is always a finite positive integer. We can now state another lemma:

Lemma 3.7. Let M be an identity-like matrix in PSL(2,Z,) and let v be a vertex of T,
lying on the intersection of Ly and an integral branch. Then the order of v under M is
equal to p™ for some non-negative integer m.

Proof. By lemma 3.4, it suffices to consider the image of M in PSL(2,Z/ ka), which
we will denote M. Since My € Ji, Lagrange’s theorem and lemma 3.5 tells us that

3k-3 3k-3
MZ =1, and hence Mz (z) = z. It follows that OrdM(z)|p3k_3, so Ordy(z) = p™ for
somem=0. 1

Lemma 3.2 shows that we can analyze the action of M € PSL(2,Z ) on T, by analyzing
the permutations it induces on the finite sets Ly. Lemma 3.3 shows that for certain
matrices, we can restrict our attention to considering the subpermutation M induces
on the intersection of each integral branch with Ly. Lemma 3.4 shows we can even
reduce M by projecting it down to PSL(2, Z/ p*¥Z). We have reduced studying the action
of PSL(2,Z) on T}, to studying the action of a finite matrix group on a finite set, which
will prove to be a fairly tractable problem.

3.3 Finding Orbits of Exponentially Increasing Length

Our goal will be to show that for some M € PSL(2,Z,,), a fixed e € Z), and a sequence of
balls (e + ka p) where k — oo, Ordy (e + pk Zp) increases exponentially with respect to
k. For this paper, ’increasing exponentially’ will mean that Ordy (e + p*Z p) is bounded
below by some function ar*=? where a€R-g, beR, and r € R>1. Finding precise values
of a, b, and r is unimportant to us, although in this case we can generally take r = p. The
next lemma is the primary building block of our main theorem:
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Lemma 3.8. LetM € PSL(2,Z,), M # I be an identity-like matrix, and

a b

M:cd

For sufficiently large k and for some e € Z,,, Ordy;(e + p*z p) increases exponentially with
respect to k.

Proof. We will make the assumption for now that e = 0, and will only be required to
take other values of e in special cases of M. Projection to PSL(2,Z/pZ) shows that all
powers M" are identity-like. Define

M" =

an by
cp, dj

Assume for our matrix M that a =1+ pi“ Ug, b= pib Uup, ¢ = pic U, and d =1+ pid Uq,
where ug, uy, u;, ug are all units and i, iy, i, ig are all positive integers. We will go
through the proof in this general case, and then explore relaxing these assumptions.
We want to find the order of 0 + p*Z p under M, which is equivalent to finding the
least n such that
M"(0+p*Z,) = bu _pe pkz,
n

Since d,, is a unit for all n, this condition is equivalent to
by, € kap — |byl = p_k

As we saw from lemma 3.7, 0+ p*Z p has orbit length of the form p’. Therefore, to find
the least n above, it’s sufficient to check n = pl for various [. Our calculations will make
use of the binomial theorem for matrices, which we can apply in this case since the
identity matrix commutes with all matrices.

We will consider the effect of raising M to a single power of p.

)p
)p
iau ibu
p“Ua pUp
pu:. pliug

1+ pi“ u, po Up
pluc 1+pliuy

(L
00

0 1
We have (¥) = p, and a well-known combinatorial result asserts that p divides (’;) for all
l=j=sp-1

-

pi.“ Ug p%b Up
pu. pliug

p-J

J
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22 Disjointness of Linear Fractional Actions on Serre Trees

Also assume for the moment that p = 3, so that p divides each of the entries of MP~2
and can be factored out from this matrix. Then we can factor pM? out of all terms of the
above binomial expression except the first two:

2

(-)

The (...) term represents the rest of the binomial expression after factoring, and can safely
be ignored. Expanding (M —1)?, we have

10|,
o 1|"P

p¥eud + ptieupue  pPup(pleug + piiug)
pluc(pug+pliug)  pPaud+ pttieuyu,

pi_a Ug pf.b Up
pu. pliug

pi.a Ug pfb Up

+
plc uC pld ud p

1 0
0 1

pia Uag pib Up
pu:. pliug

(-)

tp

Pulling out the upper-right entries from the above sum, we find

by =0+ p(p™up) + p(p™" up(p'uq + p'iug))(...)

ip+1

= p (1 + (P ug + pdug)(...)

As above, (...) represents terms from the rest of the binomial expansion. We now compare
|b| to |by|:

—(ip+1)

bl = 1pupl=p~", byl =1p"  up+ (pug+pug)(.))l=p
This equation holds because 1 + (p“u, + p' up)(...) is a unit.
We have essentially shown that |b,| = %Ibl. Now, we can take MP as our new M

and rerun the above argument on (MP)? = Mpz, which will show that |bp2| = %Ib,,l.
Proceeding inductively,

1
bpnl = 1)

For sufficiently large k such that p~* < |b|, the least m such that MP" (0 + p*Z p) =
0+ p¥z,, will be the least m such that

bl _
<P
Such an m will be equal to k — C for some constant C depending on |b| but not on k.

Therefore, for sufficiently large k we find that Ordy (0 + p*Z p)=p"= p*=C increases
exponentially in k.
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We now wish to relax the assumption we made that p*eu,, p uy, p*u., and pauy
are all nonzero. From the expression

_ iptl

b,=p up(1+ (P g+ p'iug)(...)

we can see that p'au, =0, p“u, =0, or p'dug = 0 do not affect our result that | by| = %Ibl.

On the other hand, b = 0 appears to create a problem, as this implies M fixes all 0+ p*Z p-
We can resolve this issue by conjugating M. Let e € Z;,. Then

1 elfa O]([1 e]\"'
0 1|[c d|\[0 1 B
1 ejla 0|1 -e
0 1f[c d]|0 1
[1 e]]a -ea] [a+ec —ea+ed-e*c
10 If|c d-ec|] | ¢ d—ec

The upper right term of this matrix is e(d — a — ec). If ¢ # 0, we can certainly find some e
such that e(d — a — ec) # 0, and identity-likeness is preserved by conjugation. Showing
this new matrix has orbits of exponentially increasing length for 0+ p*¥Z p is equivalent to
showing M has orbits of exponentially increasing length for vertices of the form e+ p*z p-

On the other hand, if b =0 and ¢ = 0, M is a diagonal matrix, and a,, = a", b, = b™.

In this case, we will let e = 1. Since M(1) = 4, and more generally M™ (1) = %5 = (%)™, let

g=f=1+ p'fus. We can assume uy # 0 since 9 = +1 together with ad — bc = ad = 1

implies M is the identity matrix in PSL(2, Z ).

k> _ k a k
M +p™Zp)=1+p"Z, < 7 lep™Z,

a\m
M™(1+p*z,) =1+p*z2, = (3) ~1eptz,

Define fp, = (%)™ = (1+ p/ up)™. We can analyze raising f to the p:

. p . .
fr=fP=0+pTup? =Y (?)(P’fuf)’
j=0

Assuming p = 3 (and using i = 1), we can factor out p?’/*! from (’;)(pif uys)! for j =2,
and have

if+1

1+p ua+p2if+lu§(...)

Therefore )
lfp—1=—=If-1]
P p
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24 Disjointness of Linear Fractional Actions on Serre Trees

An analogous inductive argument as in the previous cases shows that for sufficiently
large k, Ordy (1 + p*Z p) increases exponentially in k.

We are left with the special case of p = 2. Luckily, a direct calculation will suffice. Let
n_ lan by
M7= ¢, dn
want to find the least n such that

asusual,and a=1 +2i“ua, b= 2ibub, c= ZiCuC, andd =1+2i ug. We

M*(0+257,) =0+2%k7, = |b,|<27F

0+ 27, has orbit length 2/ for some j. Consider squaring M:

M2 = [[1+20ua 20w :
AL TR 1+24uy,
[V 0], [ ua 2uy] (2 ua 2w, 2
o1 ey, 2lyy ey, 2y,

_[r o], 2{u+1ua sz“ub

01 215+1uc 21d+lud
22lay2 4 2Wley . 2y (2lau, + 21 uy)
2leucRlaug+2Mug)  2%'ul + 20 ey,

So
by =0+20 gy + 20y (2l + 21 uy) = 20y (2 + 2% u, + 2" uy)

Since 2 + 2%y, + 2"y, isn’t a unit, |by| < |b|. If both iy, igz = 2, then in fact |2 + 2%y, +
2ldug| = 1,50 |by| = 3|b|. However, 2+ 2", + 2'¢ u4 might not have norm exactly 1 - this
scenario could occur if either i; =1 or i; = 1. In a worst-case scenario, we could have
2 +2lay, + 24y, =0, in which case M2 fixes 0 + 2KZ,.

If 2+ 2%y, + 2" ug| < § but 2+ 2%y, +2'duy # 0, then |by| = %Ibl for some fixed
. However, this scenario required i, = 1 or iz = 1, or in other notation, |a— 1| = % or
ld—1|= % Using the above calculation, we can observe that

ap = 1+2'at y, 42202 4 olvtiey, .

Each of 2/e*!y,, 22/ay2, and 20*% uj,u. have norm atleast 1, so |a, — 1| < 3. Analogously,
ldy — 1| < % Since this property avoids the issue we encountered above, we can rerun our
calculation and precisely determine |b4| = %|b2|. Continuing inductively,

1 1
|b2| = ———|ba|

2m+l—1

|Dom| = T

For sufficiently large k, this shows Ordy; (0 + 2XZ) increases exponentially in k.
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If (2 + 2la Ug + 2ia ug) =0, then a+d =0, or a =—d. Plugging into the determinant
equation ad — bc = 1, —a? = 1+ bc. Reduce this equation mod 4: b and ¢ are both
divisible by 2 by the identity-likeness assumption, so bc vanishes, and we are left with
a’ = -1 mod 4. This equation has no solutions, so we arrive at a contradiction.

If b =0, then we conjugate as in the p > 2 case and repeat that argument. If b= ¢ =0,
then as beforesete=1, f=4=1 +2ifuf, and f;, = (%)m = +2ifuf)m. Then

M™(1+2%2,) =1+2%2, = |f-11=27F
We know this point has order 2" for some n, so we’ll analyze the effect of squaring f:

_ if V2 _ 41 2if 2
L=00+2Yup =1+2" uf+2’fuf

Certainly |, — 1| <|f —1|,but |, — 1| = 3| f — 1| fails if iy = 1, or | f — 1| = 1. However, as
long as 2%y + 227 u? # 0, we will instead obtain some [ so that | f, — 1| = %If— 1|. But

now | fo, — 1| < %, so we can induct on the above calculation and obtain

1 1
|f2m -1= om-1 |f2| = om+l-1 |f2|

The proof now follows as in p > 2. If in fact 2/ ur+ 22ir u?, =0,then f2=1and f = +1,
contradicting our assumptions.

Since the p =2 case is taken care of, we are done. B

This addresses the question of finding orbits of exponentially increasing length on
some branch. Since we'd like orbits of exponentially increasing length on more than one
integral branch, we need to work out some subtleties related to how we proved lemma

3.8.

3.4 Conjugation and Generalizing to Multiple Branches

Lemma 3.9. LetM € PSL(2,Z,), M # 1 be an identity-like matrix, and

a b

M:cd

For at least two integer branches By, B, of T, and for sufficiently large k, there exist points
p1, P2, € B; such that p; €Ki, and Ordy\(p;) increases exponentially in i.

Proof. This proof will break down into checking several cases. First, assume b # 0.
Since b # 0, we apply the proof from lemma 3.8, and see directly that points of the form
0+pkz p has exponentially increasing orbits under M with respect to k.
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26 Disjointness of Linear Fractional Actions on Serre Trees

1 —
Now, letM’:[O le for some unit e € Z;,. Then
1 —e]lla b][1 e
/ =1 _
MMM) ‘[0 1] |c d] 01
_[1 —e||la b+ae
10 1]||c d+ec

a—ec b+ae—de—-eé*c
c d+ec

Notice that the term b + ae — de — e®c is a quadratic polynomial with respect to e. More-

over, since b # 0, this polynomial is nonzero, and so only has finitely many solutions
e € Z,. Since each branch not containing 0 + pZ,, contains infinitely many possible
choices for e, choose any e on such a branch such that —ce? + e(a— d) + b # 0. For this
choice of e, 0 + p*Z p has exponentially increasing orbits under M'M(M’ )L, s0e+pkz p
for all k = 1 has exponentially increasing orbits under M.

We can now turn to the case where b = 0. If ¢ # 0, we can conjugate:

1 -1
1 0

0 -1
1 1

a b
c d

d-—c —-c
a+(c—d) a+c

Since —c # 0 and conjugation preserves orders of elements within each integral branch
(although the branches and the points themselves could be shuffled), this reduces to the
previous case.

If both b =0 and ¢ = 0, then we know from the proof of lemma 3.8 that 1 + kap has
exponentially increasing orbits under M. We'll consider the sequence of points 2 + p¥Z p
for increasing k = 1. Since M(z) = z,

k k an k
M"2+pkz,)=2+p*27, = 2(;) —2ep*z,

If p # 2, this condition is equivalent to (%)n —lepkz p since 2 is a unit. So the fact that
the sequence 1+ p~Z p for k = 1 has exponentially increasing orbits implies that 2 + p*z p
has the same property. If p = 2, then

2((%)”— 1) €2k7, e (g)n— 1e2k17,

The above expression, recalling the proof of lemma 3.8 in the case of p = 2, implies that
Ordy (2 +257,) = %OrdM(l +2k7,) for sufficiently large k. Since we know the orbits of
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1+ pkz p are exponentially increasing in k, the same property holds for 2 + pkz p- Lastly,
observe that 2 + p*Z p lies on a different branch than 1 + p*z p - this last point is worthy
of some elaboration, since different behavior occurs for p =2 and p > 2. When p > 2,
1+ pZ, and 2 + pZ,, are both adjacent to 0 + Z,, and lie on the branches containing
1+ kap and 2 + kap, respectively. When p = 2, points of the form 2 + 2%Z, lie on the
branch with 0+ 27, as the vertex adjacent to 0 + Z5: this is the only integer branch aside
from the branch containing 1 +27,. B

We now have all the ingredients we need in the p-adic case, and can turn our atten-
tion to the case of F, ((x)).

4 Analyzing PSL(2,F,[x])

4.1 Geometric Preliminaries

Assume N € PSL(2,[F,[x]) is conjugate to an element of PSL(2, Z ) as tree automorphisms.
In other words, there exists some M € PSL(2,Z,) and some ¢ € Aut(T}) so that

N:(poMoq)_1

We will also assume that M is identity-like, since our analysis of actions on PSL(2, Z,)
focused on matrices of this type. We can use the conjugacy equation above to determine
a substantial amount of basic information about N.

First, note that M fixes 0+ Z,. If welet (0 +Z,) = vg =1+ xkO[Fp[x], then

N(vo) = (M@~ (1)) = 9(M(0+Z,)) = 9(0+ Z,,) = vg

So N fixes vy. Since ¢ is a tree automorphism, it induces a bijection between vertices
adjacent to 0+ Z,, and vertices adjacent to vg. Since M fixes all vertices adjacent to 0+Z,
a calculation similar to above will show that N fixes all vertices adjacent to vy.

More generally, let L’_be the set of vertices of distance k from vp. ¢ necessarily
induces a bijection Ly — L_for every k, and by properties of conjugation (lemma 2.4)
the existence of an element of order O under M in Ly implies the existence of an element
of order O under N in L’k, and vice-versa.

We should look at the p + 1 vg-branches of T, in relation to N. As in definition 3.3,
we’ll use the term 'downward branch’ to refer to the p branches of vy not containing oo at
their boundary. Since it is a tree automorphism, ¢ necessarily sends branches of 0 + 7,
to branches of vy.

Lemma 4.1. Let N and M be as above. Then an integral branch of 0 + Z,, containing
points of exponentially increasing order is mapped to a downward branch of vy.

Proof. We know from lemma 3.8 that there are at least two integral branches of 0+ Z,,
containing points of exponentially increasing order. At most one of these branches can
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28 Disjointness of Linear Fractional Actions on Serre Trees

be mapped to the single non-downwards branch of vy, so the other must be mapped to
a downwards branch. B

Our plan is now to show directly that no downwards branch of v, can contain points
of exponentially increasing order. First, note that since N fixes the non-downwards
branch containing oco at its boundary, N cannot send any ball on a downwards branch
to the inverse of a ball. Moreover, since all balls on the intersection of some L’k with a
downward branch have the same radius, N fixes the radii of balls on downward branches.
Combining these two facts, we obtain that for any g + x* F,[x] on a downwards branch,
N(q + x*Fp[x]) = N(q) + x*F  [x].

Conceptually, the next lemma is comparable to lemma 3.4:

Lemma 4.2. AssumeN satisfies the conditions in the last paragraph, so N(q + x*F plx]) =

N(q) + x*F plx] for all vertices on downwards branches of vy. Fix k = 0 and assume that
g=xl ug for some unitug andly € Z, so that q + xk[Fp [x] lies on a downwards branch of
vo. Assume that for some m, N'" is of the form

1+ xla Ug xl Up

N =
xle U 1+ xla Ug

for some units ugq, up, uc, uq and integers lg, Iy, I, lg = max(k+1,k+1-31,). Then N
fixes q + xk[F,, [x].

Begin with
(4 xlaug)g+xruy,

N™(q) - q =
(@)-q xleueq+ 1+ xlauy)

A+ xlaug) g+ xuy - xleucq® - 1+ x'ug)q

xleueq+ (1 + xlauy)

We want to show this expression is in xkF,,[x]. lg =1, and I, = k+1-3l, implies
lc 21-3l;and thus I +[; = 1. Therefore, the norm of xe Uucq+ 1+ xld ug) will be 1, since
the norm of xu, is p~'¢ and the norm of x*u.q is p~%*!a), Therefore showing that

1+ xla Ug)q + xl up— xle ucq2 -1+ xla Uq)qe xk[F,, [x]
implies

1+ xlay +xluy—xleu.g -1+ xlu
( a)q b cq ( d)qE.X?k[Fp[X]

xleueq+ (1+ xlaugy)
as desired. But
1+ xla Ug)q + xl up— xle ucqz -1+ xla uq)q

Xl ugq+ xuy - xucq® - xMugyq

_ g+l I lo+21 2 g+l
=X Ugug+ XU — X 67ucuq—xd TUqUg
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Ifl;=0,thenby l,+14, lp, Ic+214,lg+ 145 = k+1, the above expression must be in xk[Fp[x].
Ifl; <0, then Iy, Iy, lc,lg = k+1-3lg,and so o+ Ig, Iy, Ic + 214,15 + 14 = k + 1. Therefore,
the above expression must be in x* F,[x]. Either way, we obtain

N (q)—q¢€ xk[Fp [x]

= N"(q+x"F,[x]) = g+ x"Fp[x]

[ ]
So by calculating powers of N, we can find an upper bound for Ordy (g + xkF,, [x]).

4.2 Showing Orbit Lengths are Linear in k

Lemma 4.3. LetN € PSL(2,F,[x]) be an identity-like matrix such that N # 1, and assume

N =

a b
c d

Also fix q € F,(x)) and vy € T), and assume N fixes both vy and its branches. Lastly,
assume q + xk[Fp[x] lies on a downward branch of vy for all sufficiently large k. Then
Ordn(q + xk[Fp [x]) is bounded above by a linear function in k.

Fix some sufficiently large k = 0, so that g + xk[Fp [x] = xla Ug + xk[Fp[x] lies on a
downwards branch of vy. Let
am,m by

m __
N _Cm dm

By lemma 4.2, our goal is to find sufficiently large m so that all elements of N — I have
norm less than or equal to p~™&k+1Lk+1-3l) Assume a =1+ x'*u,, b= x"uy, ¢ = x'u,
and d = x'd uq, such that ug,, up, u, ug are all units and I, I, I, l; = 1. Consider raising

N to the pth power:
“{lo 1

xl“ua xlbub
xlCuc xldud

xl“ua xlbub
xlCuc xldud

_ 1+ xleu,  xlvuy,
U L+ x1,uq

j=o\J
We now use the fact that p divides (7) forall 1 < j < p— 1. Moreover, since our base ring

F,[x] has characteristic p, all terms in the above binomial expansion will vanish except
the first and last. We're left with

e
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Now, let [, = min(l,, Iy, lc, ;) = 1 be the minimal valuation of the entries, so that

xla_lm ua xlb_lm ub
xlc_lm uc xld_lm ud

xl“ua xlbub
xlCuC xldud

— ylm

The above matrix is still an element of PSL(2,[F,[x]), so all of its entries will remain in
[, [x] under matrix exponentiation. Now

xltl_lm ua xlb_lm ub p

xlc_lm Uc xld_lm Uy

xla Ug xl up P

Imyp
=(x"m)
xlCuc xldud

and we see that after multiplying (x')” = x'» back into the above matrix, the minimal
valuation of the entries will be at least pl,,.

Define the maximal norm of an identity-like matrix N to be the maximum of the
norms of the entries of N —I. For N above, its maximal norm is p_lm by definition of [,
the minimal valuation. We have shown that N” has maximal norm at most p~P»,

NP? is still identity-like, so we can induct on the above calculation and conclude
that the maximal norm of N”' is less than or equal to p~?'!m. After substituting in
equivalent definitions, lemma 4.2 directly states that if the maximal norm of Npl. is
less than p~max(k+Lk+1-3l)) then NP fixes g + x*F ,[x]. But the maximal norm of N”" is

bounded above by p"’ilm, and

p Pl < prmaxkFLIH=8l) s pi] > max(k+1,k+1-31)
Now, max(k + 1, k + 1 —3l,) increases linearly in k, and I, is fixed. Therefore, the least
power p’ such that p'l,,, = max(k+1, k+1-31,) also increases linearly in k for sufficiently
large k, and is in fact bounded above by pmax(k + 1, k + 1 —3/,). But this power p'is
exactly what we need to raise N to in order to guarantee it fixes g + x*F p[x]! Notice here
that we want to determine the rate of growth of p?, rather than i, since p’ is the power
by which we're exponentiating N.

There are other cases to consider where a=1, b=0, ¢ =0, or d = 1, but these cases
amount to little more than a difference in notation. In particular, the more extensive

casework from lemma 3.8 is not necessary here. B

Corollary 4.4. Let N, g, and vy be as in lemma 4.2. Let vy = qo + xkO[Fp [x]. Then for
sufficiently large k, Ordn(q + x*F p[x]) is bounded above by a linear function of k — ko.

Proof. This follows directly from the assertion that Ordy(g + x*F plx]) is bounded
above by a linear function of k, since k is itself a linear function of k — ky. B

The following lemma refines the above result by showing that a specific choice of g is
not important in determining the bound.
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Lemma 4.5. LetN and vy be as above, and choose some L_ for sufficiently large k. Then
for every q + x*o*F plx] on the intersection of the downwards branches of vy with L',
Ordy (g + x*otk F,[x]) is bounded above by a linear function that depends on k but not on
q.

Proof. In the proof of lemma 4.3, we bounded Ordn (g + xk°+k[Fp[x]) by pmax((ky +
k) +1,(ko + k) +1-3l,), where g is written as xla ug + xk0+k[Fp [x]. However, if vy =
xuy + xkO[Fp[x] for some unit uy and integer ry, then since g + xk0+k[Fp [x] lies on a
downwards branch of vy, we can assume that /; = min(ro, ko). This is because

g€ q+xPrFF,[x] < xOup + x*0

and so

| xcla Ug—x"upl < p_ko

If I; < ro, then |xla Ug — x"uyg| = p_lq and l; = ko, showing l; = min(ro, ko). Now, let
m =min(ry, ko). pmax((ko+k)+1, (ko+k)+1-314) < pmax((ko+k)+1, (ko+ k) +1-3m),
so we can use pmax((ko+ k) +1, (ko + k) +1—3m) as our bound. Since m does not depend
on g and this bound is still linear in k, we are done. B

We need one more lemma and corollary before the main proof.

Lemma4.6. Letn=1andp>2. Then

(pZ _ 1)p3n—2

IPSL(2,Fp[x]/x"Fp[x])| = 5

Ifp=2, then
IPSL(2,Fp[x]/x"F ,[x])| = (p* - ) p*" 2

Proof. This proofis analogous to lemma 3.5, since the numbers of units and nonunits
are the same in Z/p"Z and [, [x]/ x"F [ x].

2_
Corollary 4.7. Let N € PSL(2,F,[x]) and p > 2. Then N s identity-like. If p = 2,
then NO is identity-like.

Proof. The proofis analogous to corollary 3.1.

4.3 The Main Theorem: Incompatible Asymptotics

We are now ready for our main proof! We've already done almost all the work, and now
just need to fit the pieces together. Up until this point, we've primarily been using matrix
notation for linear fractional transformations, where functional iteration is captured
by matrix multiplication. Since theorem 4.1 is stated in terms of function notation to
match its initial presentation, we should mention that we are using dynamical iteration
notation, where f” represents the nth iterate of the function f.
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32 Disjointness of Linear Fractional Actions on Serre Trees

Theorem 4.1. Let f € PSL(2,Z,), g € PSL(2,F,[x]), and h € Aut(T ), such that g = ho fo

h~!. Then Ord(f) = Ord(g) < oo, and moreover Ord(f) = Ord(g) is a divisor of (pz# if
p>2,and Ord(f) = Ord(g) is a divisor of 6 if p = 2. If f and g are identity-like, then in
fact Ord(f) = Ord(g) = 1.

2_
Proof. Assume Ord(f) and Ord(g) are not divisors of w. We know that
g=hofoh™
A . - (P°’-Dp,
ssuming p > 2, raise both terms to the =——+:

(p*-1)p (p*-D)p

g 2 :(hofoh_l) 2

®*-p w?-p
g 2 =hof 2 oh 1
®»?-1)p (p>-1)p . L
By lemmas 3.5 and 4.5, both g2~ and f~ 2  are identity-like. Moreover, by assump-
w2 -p (p2-1p w2-p w?-1p

tionontheorders, g z #land f 2z #LLletf'=f 2z andg'=g 2z .Ifp=2,
let f' = f%and g’ = g® to guarantee identity-likeness.

Proceeding from this assumption, let 2(0) = vy (here we think of / as a function
from the p-adic Serre tree to the Laurent Serre tree), where vy = qo + xkO[Fp [x]. Define
Ly as the kth layer from 0 in the p-adic Serre tree, and L_as the kth layer from v, in the
Laurent Serre tree. By lemma 3.8, we can find two integral branches B; and B, of 0 such
that for a sufficiently large k, each B; N Ly contains a vertex vk ; such that Ord g (v ;)
increases exponentially with respect to k. By lemma 4.1, one of these branches, say
B, is mapped to a downwards branch of vy. Rename B; = B and vy ; = vi. Since
conjugation preserves orders of elements, we can consider the sequence h(vy) € L’k and
determine Ordg (h(vg)) = Ord ¢/ (vy). By lemma 4.5, Ordg (h(vy)) is bounded above by an
expression that is linear in k for sufficiently large k. So the sequence Ordg (h(vy)) is both
exponentially increasing with respect to k, and bounded above by some expression that
is linear with respect to k, as long as k is sufficiently large. Let e(k) be the exponential
lower bound and I/(k) be the linear upper bound. By

e(k) < Ordg (h(vy)) < L(k)

we have
e(k) <lk)

for all sufficiently large k. Since any increasing exponential function (i.e. one where the
base of exponentiation is strictly greater than 1) will overtake any linear function for
sufficiently large k, we obtain a contradiction.

If f and g are already both identity-like, let f' = f and g’ = g and continue as above.
|
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4.4 A Corollary for Affine Maps

Theorem 4.1 has a corollary for affine maps. First, a familiar definition:

0 119 € Aff(Z ), and let 11, : Aff(Z ,) — Aff(Z/ pZ) be
the standard projection map. Then f is identity-like if 7, (f) = 1.

Definition 4.1. Let f(z) =az+ b=

Notice that PSL(2, Z,) and Aff(Z,) have nonempty intersection, and the above def-
inition is equivalent to the definition of identity-like elements of PSL(2,Z,) on the
intersection. An analogous definition holds in the case of Aff(F, [x]).

As in the special linear case, we can force f to be identity-like by taking a sufficiently
high power:

Lemma4.8. Let f(z) = az+b € AffiZ,,). Then fPP~V is identity-like.

Choosing an element of Aff(F ) requires selecting a unit a from ), and an arbitrary
element b from F,. [, has p elements, p — 1 of which are units, so necessarily |Aff(F,)| =
p(p—1). The lemma now follows from Lagrange’s theorem and the definition of an
identity-like affine map. &

Now, the main result.

Corollary 4.9. Let f € AffiZ,,), g € AffiF,[x]), and h € Aut(T,) so that g = ho fo h™1. Then
Ord(f) = Ord(g) < oo, and additionally Ord(f) = Ord(g) is a divisor of p(p —1).

Proof Let f, g, and h be as above. Since g = ho foh™!, g2=ho f2o h™'. Now, let f
have matrix representation M, where

a b

M=l

and a is a unit. f is not generally an element of PSL(2,Z)), but f 2 has matrix representa-
tion
a’> bla+1)

2 _
M_o 1

This matrix still isn’t an element of PSL(2, Z,), but notice that f 2(z) =a’z+bla+1) can

az+a 'bla+1)

also be written as f?(z) = —7

r*

, giving an equivalent matrix representation M’ for

a albla+1)

r_
M = 0 al

and now M’ € PSL(2,Z,). An analogous argument works to show g? e PSL(2, Fplx]). Of
course, if f? and g* are in PSL(2,Z,,) and PSL(2,F[x]), respectively, then their iterates
are as well.

Since either p or p—1is even, 2|p(p — 1), and fP?~V and g”?~" are both identity-
like and in PSL(2, Z,) and PSL(2,F,[x]), respectively. So theorem 4.1 tells us that fp(p_”
and gPP~Y are identity maps.
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