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Abstract

A rational affine parametrization of an algebraic surface establishes a rational correspondence
of the affine plane with the surface. We consider the problem of computing the degree of such
a rational map. In general, determining the degree of a rational map can be achieved by means
of elimination theoretic methods. For curves, it is shown that the degree can be computed by
gcd computations. In this paper, we show that the degree of a rational map induced by a surface
parametrization can be computed by means of gcd and univariate resultant computations. The
basic idea is to express the elements of a generic fibre as the finitely many intersection points
of certain curves directly constructed from the parametrization, and defined over the algebraic
closure of a field of rational functions.
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0. Introduction

Let 2(f) be a rational affine parametrization of a unirational surface ¥ over an
algebraically closed field KK of characteristic zero. Associated with the parametrization
(i), we have the rational map ¢»: K> — V; 7 — 2(i ), where ¢»(I<?) C V is dense.
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¢» induces, over the fields of rational functions, the monomorphism ¢3,: K(V) —
(7 ); R(x, y,z) — R(P(t)). Then, the degree of the rational map ¢4 is defined as the
degree of the finite field extension ¢J(K(V)) C K(7); that is deg(¢p») = [K(7): ¢,
(K(¥))]. In fact, deg(¢») is the cardinality of a generic fibre of ¢». The aim of this
paper is to compute deg(¢p»).

The notion of degree appears in some applied and computational problems, for in-
stance in plotting since the degree measures how often the parametrization traces the
image. Also, when computing the implicit equation of a surface by means of resul-
tants, the degree appears as the power of the defining polynomial [2]. In addition, the
birationality of ¢4 is characterized by deg(¢»)=1, and therefore it provides a method
for testing the rationality of V' or the properness of 2(f). Moreover, when the degree
is 1, the expression of the fiber of a generic element provides the inverse mapping of
b2 (see [5]).

In general, the problem of determining the degree of a rational map can be ap-
proached by means of elimination theoretic methods. For the case of curves, in [8] a
method for computing the degree by means of gcds is presented. Moreover, it is also
shown how deg(¢») is related to the degree of the rational parametrization; that is to
the maximum degree of the rational components in the parametrization. This fact pro-
vides a nice characterization for the birationality in terms of the degrees of the rational
components of #(t) and the partial degrees of the implicit equation of the curve (see
[9]). This behavior does not hold for the case of surfaces (see [6]). Furthermore, in [7]
the problem of simplifying the degree of a proper surface parametrization is analyzed.
In addition a properness criteria for the surface case can be found in [5].

In this paper we prove that the degree of the induced rational map of a rational
surface parametrization can be expressed as the degree of a polynomial that is di-
rectly computed from the parametrization by means of gcds and univariate resultants.
Therefore, we extend the results presented in [8] to the case of unirational surfaces.
Geometrically, the idea is to prove that the elements of a generic fiber of ¢, are “es-
sentially” the finitely many intersection points of three plane algebraic curves defined
over the algebraic closure of (%, /). These associated plane curves are directly gen-
erated from the parametrization. In fact the elements of the fibre are those intersection
points, of these three associated plane curves, not lying on the curve defined by the
least common multiple of the denominators of 2(7). Then, preparing appropriately
the input parametrization, by means of a linear change, one ensures that no pair of
intersection points of the associated curves is on the same vertical line. From this fact,
one deduces that the cardinality of the fiber, i.e. the degree of ¢, is the degree of a
polynomial which roots correspond to the first coordinate of the fiber element, and that
is computed as the content of a univariate resultant. These ideas are also applied to
the explicit computation of the elements of the fibre. In addition, from these results we
derive two algorithms for computing the degree of ¢4, that have been implemented in
Maple and which running times are very satisfactory.

The structure of the paper is the following. In Section 1, we give the terminology,
we present the general assumptions showing that they can be assumed without loss of
generality, and we state some preliminary results. Section 2 focuses on the problem
of computing the degree of the induced map. For this purpose several subsections are
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considered. First the computation of the elements in the fiber is analyzed. Secondly
we show how to compute the cardinality of the fiber when working within a suitable
non-empty Zariski open subset of IK%. Finally, in the last subsection, we see how
these results can be generalized to compute the degree. In Section 3 we present the
algorithms, and in Section 4 a brief experimental analysis of the algorithms is given.
We also introduce an appendix with the data information used in Section 4.

1. Preliminaries and terminology

In this section, we introduce the notation and terminology that will be use throughout
this paper, as well as some preliminaries results.

1.1. Notation

Let I be an algebraically closed field of characteristic zero, let 7 = (¢1,%,), and let
- f f f -
q1(1) q2(t) g3(1)
be a rational parametrization of a surface V', where ged(p;,q;) =1, Vie {1,2,3}. As-
sociated with the parametrization 2(f), we have the rational map
bp: KPSV

s 2(7),

where ¢»(IK?) C V is dense. We denote by deg(¢) the degree of ¢». Moreover, we
introduce the following polynomials:

Gi(f_»ﬁ) = pi(t_)q[(ﬁ) - Pi(ﬁ)%(f_) € K[ﬁ][f], Vie {13273},

where h=(hy, hy), and G4(7 )=lem(q:(7 ), g2(7 ), q3(7 )) € K[7]. Note that the polynomials
G1,G,,Gs are in K[f_z][f], while G, belongs to [[7]. The reason for this construction is
that Gy, G, Gz will control the intersection points that give information on the degree,
while G4 will take care of the zeros of the denominators of the parametrization.

Also, for i =1,2,3 we denote by Zi(t1,h) =1c(Gi(7,h),1,) the leading coefficient of
Gi(f,h) w.rt t,. In addition, for every @€ K2, and i = 1,2,3, we denote by G¥(7) the
polynomial G;(,&), and by V;* the algebraic set defined over K by G¥(7). Also, we
denote by ¥, the algebraic set defined by G4(7). Note that ¥ is empty if and only if
2(t) is a polynomial parametrization, and otherwise it is a plane curve.

In order to analyze deg(¢») we will study the cardinality of a generic fibre. For this
purpose, for every & € K? such that (&) is defined, we denote by Z () the fibre of
& via ¢p; i.e

Fp(@) ={ie | 2(1) = 2(3)}.
Throughout the paper, we will work with a non-empty open subset of [<? associated

to the parametrization 2(f ), where certain properties are satisfied. This open subset will
be denoted by €/, and it is defined as follows. First, we consider a non-empty open



102 S. Pérez-Diaz, J.R. SendralJournal of Pure and Applied Algebra 193 (2004) 99—121

subset X~ of V' such that for all & € X the fibre % 4(&) is zero dimensional. Note that
X always exists (see, e.g [10, p. 76]). Now, included in the constructible set 22~!(X)
of [K?, we take a non-empty open subset that we denote by Q. In this situation, €/, is
defined as

Q, =02\ )NQ.

Observe that for every & € Q/, the cardinality of #,(&) is equal to deg(¢»). Finally,
if 4 is a subset of any affine algebraic set we will denote by A its Zariski closure.

1.2. General assumptions

Since 2(7) is a surface parametrization, at least two of the component gradients are
not parallel. Let us assume w.l.o.g that {V(p1/q1), V(p2/q2)} are linearly independent
as vectors in K(#,%)°. This in particular implies that p,/qi, p2/g> are both not con-
stant, and ensures that ¥;* and V;* are plane curves, while /5 might be either a plane
curve or [K?, if the third parametrization component is constant.

Also, we assume that none of the projective curves defined by each of the numerators
and denominators of the parametrization components passes through the point at infinity
(0:1:0), where the homogeneous variables are (#,f,w). Note that the degree of a
rational map is multiplicative under composition, therefore the composition of ¢, and
linear transformation will preserve the degree of ¢». Thus, we also can assume w.l.o.g.
the previous condition. Also, note that under these conditions, if G,-H(tl,tz,w,hl,hz)
denotes the homogenization of G;(¢1,%,k;,h,) as a polynomial in K[/][7], it holds that
GH(0, 1,0,A) # 0 for i =1,2. This in particular implies that, for i = 1,2, the leading
coefficients /;(¢1,/4) only depends on A. It also holds that /3(¢;,/) only depends on A
if Vi* is a curve, i.e. if the third parametrization component is not constant; if it is not
a curve then Gs(¢1,t,h,hy) is identically zero and thus /3(t1,ﬁ):O. Therefore, in the
following we simplify the notation and we write /i(h), by taking into account that /3
could be identically zero. Finally note, that in these conditions we have that

ged (Zi(h),¢;(h)) =1, for i,j€{1,2,3} with i # j.
INOITY!

1.3. Preliminaries results

In the following we show that for every & in a non-empty open subset of [<?, there
exists a one to one relationship between the intersection points of the three varieties
VE Vi, Vi, and the roots of a univariate polynomial computed by a resultant. We start
with the following lemmas.

Lemma 1. For every 4 € Q',, the varieties Vi, Vi, Vy* do not have common compo-
nents.

Proof. Let us assume that there exists & € Q' f» such that V}*, V;*, V5 have common
components, and let M € [{[7] be the defining polynomial of all the common compo-
nents; note that V}*, V;* are plane curves and F5* is either a plane curve or the whole
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plane. Then, there exist N; € IK[7] such that

qi(t) pi(8) — pi(t )qi(&) = M(E)Ni(t), for i=1,2,3.
Observe that ged(gq;(7),M (7)) =1 for i = 1,2, since otherwise it would imply that
ged(g;, pi) # 1. 1t also holds that ged(qs(7),M (7)) # 1; indeed: if Vi is a curve, i.e.
if the third parametrization component is not constant, the same reasoning works; if

it is not a curve then g3 is a non-zero constant and the results trivially holds. We
consider the set

Az ={Be?/M(B)=0, qi(B)#0 for i=1,2,3}.

Az is an open subset of the curve defined by M(7), and since it holds that ged(g:(7),
M(7))=1 one has that A3 is not empty. Moreover one has that A; C % »(&) which is
impossible since Card(Ay) = oo and F»(&) is zero dimensional because &€ Q/,. [

On the other hand, since the leading coefficients #; only depend on / the next lemma
follows trivially.

Lemma 2. Let Qy be the non-empty open subset of K* defined as
Qr=0Q,n{ac K?|/(d) #0 fori=12}.

For all 5€Qy the polynomials G¥(i), and G5(7) + ZG5(t )€ K[Z,i] do not have
factors depending only on the variable t,.

Lemma 3. Let L be a subfield of K, and let Cy, Cy, C5 be plane algebraic curves over
F, with no common components, defined by the polynomials Fy, F,, F3 € L[t,t], re-
spectively. Let F,F,,F5 be such that each two of their leading coefficients, w.r.t. one
the variables, have trivial gcd. Let Fy do not have a factor in L[t,]. The t,-coordinates
of the intersection points of Ci, Cy, Cs are the roots of the content w.r.t Z of the
resultant w.r.t. ty of the polynomials Fy,F, + ZF}.

Proof. See Proposition 1, in [5]. [

Lemma 3 can be easily extended to more than three curves. Applying these results
one has the following theorem.

Theorem 1. For all & € Qy it holds that:

1. The ty-coordinates of the intersection points of Vi, V¥, Vi are the roots of the
polynomial S¥(t,) = Contentz(Res,(GH(7), G3(I) + ZG5(7))).

2. The ty-coordinates of the intersection points of Vli, Vf, Vf, Vy are the roots of
the polynomial T*(t,) = Contentz yy(Res, (G (7 ), G3(f ) + ZG3(1 ) + WG4(7))).

3. The ti-coordinates of the points in (VF OV NVIO)\N(VFENVINVENVL) are the
roots of the polynomial

Si(t)

S0 =Ty
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A similar reasoning can be done taking a generic element /# of IK2. For this purpose,
we denote by F the algebraic closure of the field [<(%), and by ¥/ the algebraic set
defined over F by the polynomials Gi(7, /)€ F[f], i = 1,2,3. By Lemmas 1 and 2, we
deduce that V!, V!, V' do not have common components, and that the polynomials
Gi(f,h), and Gz = G»(7,h)+ ZG5(, ) do not have factors in [F[¢;]. Therefore, one gets
the next result.

Theorem 2. (1) The t;-coordinates of the intersection points of_V};, VZ”_, V3h_ are the
roots of the polynomial S\(t;,h) = Contentz(Res,(G(Z,h), Go(t, h) + ZG5(t, h))).
(2) The ti-coordinates of the intersection points of Vlﬁ, Vzh_, V3’7 , Vi are the roots of
the polynomial T(t,h)= Content, y)(Res,(Gi(7,h), Go(, h) + ZG5(F, h) + WG4(T))).
(3) The ti-coordinates of the points in (Vlﬁ N Vzh_ N V3h_) \ (Vl’; N Vzh_ N Vf; NVy) are
the roots of the polynomial
~ Si(t,h)

S(t,h) = e

These theorems motivate the following definition.

Definition 1. The polynomial S%(¢,) in Theorem 1 is called the t1-coordinate polyno-
mial associated to the pair (2(t),4), and the polynomial S(¢;,4) in Theorem 2 is
called the t;-coordinate polynomial associated to P(t).

The polynomial S(#,,4) has been introduced in Theorem 2 as a factor of the polyno-
mial S](tl,fz), and it has been expressed as a quotient. Nevertheless, at the end of the
next section, we will see that one may replace this quotient computation by crossing
out the factors of S)(#,4) in K[#].

2. Degree of the induced rational map

In this section we show how to compute the degree of the rational map induced by
the surface parametrization. This problem may be approached by means of elimination
techniques as Grobner basis. However, we see how this can be done by means of
univariate resultants and geds. For this purpose, the section is structured as follows.
First, we study the problem of actually determining the elements in the fibre. Secondly,
we adapt these results to compute the cardinality of the fibre without computing ex-
plicitly its elements. Finally, we show that the degree of the #;-coordinate polynomial
associated to the pair (2(7), &), is preserved under almost all specializations of the
variables /;, hy. Then, the degree of the induced rational map is proved to be equal
to the degree in #; of the f,-coordinate polynomial associated to (7).

2.1. Computation of the fibre

We first observe that for every &€ Qs (see Lemma 2) the fibre % »(&) can be
expressed as

Fp(@) ={fe K |GI(f{)=Gi({)=Gi({)=0 and Gu(7) # 0},
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that is,
Fp(@) =NV OO\ NN N,

Therefore, from Theorem 1, one deduces that

Theorem 3. The ti-coordinates of the elements in F (i) vare the roots of the
t1-coordinate polynomial associated to the pair (P(t),3).

A similar reasoning to the one we have done in the previous section, for introducing
the #;-coordinate polynomial associated to the pair (2(7), &), might be also considered
in order to compute the #,-coordinates of the elements in the fibre. Afterwards combin-
ing those #; and #;-coordinates one can determine the elements in % »(&). Nevertheless,
in order to avoid the above combinatorial checking one can proceed in the different
way. Let & € Q5 and let S%(¢;) be the t,-coordinate polynomial associated to (2( ), &).
Then, for every root, a, of S%(#,), i.e. for the t,-coordinates of the elements in the fibre,
we consider the polynomial

ngK[tz](Gii(a7 [5) ), G%_(a, 15 ), G%_(a, %) ))
ngK[tz](G‘f(a, 1), G;‘_(a, t), Gg‘_(a, 1), Ga(a,tp))

In these conditions, it is clear that the following theorem holds:

MI() = e K[xn]

Theorem 4. If G € Q, then F (@) = {(a,b) € K| S%(a) = 0, M(b) = 0}.

Example 1. Let V' the surface parametrized by 2(t1,t,), defined by

2142
P(t, ) = (12

4 2 2.2 2, 4 4 2
s 1 =3 266 + 1 =G+ 6+ 6, b+ 1) =24
L+t — 14

2.2
-+2qzz—%t§).

We consider & € Q4, for instance & = (3,2). We apply Theorem 4 to compute the
elements of % »(&). For this purpose, first of all, for i = 1,2,3, we determine the
polynomials G%(7) defining the algebraic curves V*:

Gi(T)= -3t} — 1 + 56 + 41,
GiI)=1t! =36 +268 —140 — 5 + 165 + 1,
G{(T)=t, + 1 — 268 + 26865 + 15 — 153,

as well as the polynomial G4(7)=lem(q(7), q2(7 ), g3(f ))=t2+13 — £, that defines the
curve V3. Now, we compute the polynomial S¥(#;) defining the 7,-coordinates of the
intersection points of V¥, V;, Vi, and the polynomial 7%(#;) defining the -coordinates
of the intersection points of V%, V5, Vi, V4 (see Theorem 1). We get

S%(t;) = Contentz(Res, (GH(7), GH(T) + ZGX(T))) = (t1 — 3)(t, + 3)(4t7 — 27),

T%(11) = Contentyz yy(Res, (G1(7), G3(I ) + ZG3(T ) + WG4(7))) = 1.
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Therefore, the ¢;-coordinate polynomial associated to the pair (2(f), &) is given by

S¥(t)
T%(t)

SHt) = = (1, — 3)(t; +3)(4tF — 27).

The roots of the polynomial S%, i.e. the f,-coordinates of the elements in the fibre,
are ay = —3, ay =3, a3 = 3V/3, as = —3/3. Now, for every root @; we compute the
polynomial

ngK[[Z](Gii(aiatZ)b Gg(ais tz)s Géi(aiat2)) c
gedyp,1(Gi(ai 1), Gy(ai t2), G5(ai t2), Ga(ai,12))

M (1) = Kls],

which roots provide the #-coordinates of the elements in the fibre. Hence, one gets
that

T o) = {(3,2),(_3,2), (;ﬁ —25> , <_§\/§’ —25) }

which implies that deg(¢») = 4.
2.2. Cardinality of the fibre

In this subsection we deal with the problem of computing the cardinality of the
fibre, without determining explicitly its elements. For this purpose, we characterize the
cardinality by means of the degree of the ¢ -coordinate polynomial associated to the
pair (2(f), &), where & is in a non-empty open subset of [, From this result we will
derive a probabilistic method to compute deg(¢p2 ).

Lemma 4. Let q € K[t,12], g not identically zero, and Ay = {aeQy|q(a)=0} C K2,
Then it holds that

L. Ay =20V \P(A})) is a non-empty open subset of V.
2. There exists a non-empty open subset Q, of ?~'(A,), such that for every &€ Q,,
it holds that 7 »(3) N A; = 0.

Proof. (1) Clearly A, is open. Furthermore, if A, =), one has that ¥ decomposes as

a union of two closed sets, namely V' = (V'\ 2)UZ(Ay). Moreover, since D£zcCV,
one has that '\ X' # V. Then, 2(A;) # (). Therefore, since V is irreducible one has
that 2(A7)=V, which is impossible because dim(#(A1;)) < 1 (see [4, Theorem 11.12;
p- 139]).

(2) Since 27!(4,) is a constructible set (see [4]), there exists a non-empty open
subset of [<? in 9‘1(/1,1). We denote it by €,. Now, we take & € £,, and we prove that
F»(&)N Ay =0). First of all note that since & € Q, C 2~1(Ay,), one has that 2(%) € A,

and hence Z(&) ¢ 2(A;). Now, let us assume that there exists BeFp(a)N A3
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Then, 2(&) = 2(f), with BEA;‘. Therefore, (&) € #(A;) € 2(A;), which is a
contradiction. [

In the following, we will work with a non-empty open subset of K2 associated
to the parametrization 2(7), where certain properties are satisfied. This open subset
will be denote by QJ, and it is defined as follows. First, we consider the

Jacobian matrix:
v(2) )

To(t)= V( )(t)

V(p3> (7)
q3

and we denote by M(7) the 2 x 2 principal minor of #». Since we have assumed
that {V(p1/q1), V(p2/q2)} are linearly independent as vectors in K(7)*, one has that
M is not identically zero. Thus, applying Lemma 4 to A}, = {a€ Qy»|M(a) = 0},
there exists a non-empty open subset Qy; C 2~ 1(Ay), where Ay =20V \2(43)),
such that for every &€ Qy, it holds that #,(&) N A}, = 0. In these conditions, Q!, is
defined as

"‘c ’Q"E

QL =0,NQy.
Observe that Q!, is a non-empty open subset of K.

Lemma 5. For every d € Ql,, there exists a non-empty open subset O} C K such that
for every Zy € OL it holds that every point T € F(d) is a simple point of transversal
intersection of the two plane curves with equation G{, and G5 + ZyG5.

Proof. Let 4 € Q! », and let us consider T € # »(a). Observe that in particular & € Q,
and Card(Z »(&)) = deg(¢»). Now, we note that the following two statements hold:

1. Since #(T)=2(x), it holds that the kth row of #Z,(T) is (l/qk(T)qk(a_c))VG,f(T).
Indeed: The kth row of #,(T), is given by

V<Pk> (T)= ((5Pk/5t1 XT)qi(T) — (9gx/ 011 )(T)Pk(T)
9k

‘Ik(T)
(Opr/0t)(T )qi(T) — (5Qk/af2)(T)Pk(T)>
q(T)
1 (dpk _@qk pi(T) Opi gy pk(T)>
q(T)( D= D gy oD ™ Dy )
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Therefore, since (pr/qx)(T) = (pi/qr)(&), one deduces that
Dk 1
(e s
qk qk(T)qi(&)

0 0 0 0
x ( S (D=5 (T put), ;f(T)qk(&)—ég(T)pk(oz))

= VGKT).
a(T)gr(3) "

2. Since d € @y, and T € F (&), by Lemma 4 one has that T & A7,; that is M(T') # 0.
Thus, rank( Z4(T)) = 2.

Taking into account statements (1) and (2), one deduces that for i=1,2 the gradient
of G is not zero at T. Therefore, the gradient of G5 +ZyG5 at T is not zero for every
Zy in the non-empty open subset of I defined as

o) ={Z € K|VGHT)+ ZVGLT) # 0}.

Thus for every Z, € .o7;, T is a simple point of the two plane curves with equation
Gf =0 and G5 + Z,G5 = 0.

Now let us prove that there exists an open subset of [ containing the Z, values for
which, G‘f, and G§O intersect transversally at the points 7 in the fibre. First of all, let
us see that V%, V5, V¥ do not have a common tangent at 7. Note that, because of the
previous reasoning, 7' is a simple intersection point of the three curves. Now, let us
assume that the three curves do not intersect transversally at 7. This implies that for
every i,j€{1,2,3}, with i # j, VG/(T) and VG}(T) are parallel. Then taking into
account statement (1), one has that rank(_#»(7)) < 2, which is impossible because of
statement (2).

Now, we consider the subset of K defined as

oty ={Z € K| VGHT)+ ZVG5(T) is not parallel to VG}(T)}.

We prove that KK\ .o/, is a closed subset of K. One has to find those values of Z for
which there exists pz € K such that

pzVGUT) — ZVG{(T) = VG3(T).

This last equality generates a linear system in the variables {pz, Z} over K(¢,1).
But since rank(_#») = 2, one has that this linear system cannot have infinitely many
solutions. Therefore .o/, is non-empty and open subset of K, and for every Zj € .o/,
the curves GY, and G intersect transversally at 7.

Thus, 7; ensures that the points in the fibre are simple intersection points, and .27,
guarantees that these intersections are transversal. Therefore, @; =1 Neth CK. O

Lemma 6. For every & € Qu, there exists a non-empty open subset ©% C K such that
for every Zy € @% it holds that (0:1:0) is neither on the projective curve defined by
GY nor on the projective curve defined by G5 + ZyG5.

Proof. We have assumed that for i = 1,2, it holds that G,-H(O,I,O) # 0. Thus, in
particular, for every & € Q», we have that Z;(&) # 0, and then we deduce that (0:1:0)
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gZ}G{” U Gg” Therefore, one may take @i ={ZeK| Gf“i(O, 1,0) + ZG?’CZ(O, 1,0) #
0. O

Theorem 5. For every &€ Q),, it holds that Card(F »()) = deg, (S*(11)).

Proof. First of all note that since
F(@) =N OV N 0N ),
one has that
Card(7 »(8)) = Card(* N 1 N V) \ (K N1 NV N G)).

This cardinal is invariant under any linear change of variables done on 2(7) preserving
the general assumptions introduced in Section 1. Thus, in particular, for every & € Q,
we may consider a linear change of variables (see [3]) such that the point at infinity
(0:1:0) is not on any line connecting two points on % »(a).

Taking into account Theorem 1 and the previous lemmas, if one shows that for every
g € Ql,, the t;-coordinate polynomial, S%(¢;), associated to the pair (#(f ), &) is square-
free, one would deduce that Card(7»(%)) = deg, (S%(1)). Therefore, it only remains
to prove that S*(#,) is squarefree. Indeed, let us assume that S* is not squarefree. This
implies that S*(¢;) can be written as

SHt) = (t; —a) S%t) with r > 1,

where a denotes the 7,-coordinate of a point 7' € 7 »(&). Furthermore, since S# divides
R(t1,Z) = Res,;, (G}, G5 + ZG%) one has that

R(t1,Z)=(t1 —a)' S*(t1)R(11,Z)

with R(tl,Z )€ K[#,Z]. Now, let @; and @ﬁ- be the non-empty open subsets considered
in Lemma 5 and Lemma 6, respectively. We also consider the non-empty open subset
of K defined by

O ={ZcK|R(t,Z)#0}.

Lemma 1 guarantees that R is not identically zero because the varieties V7, V5, V5
do not have common components. Let Zy € @1 N ©% N O3. By well-known properties
of the resultants concerning to the multiplicity of intersection (see [1]), it holds that
those factors of

Ro(t1) = Res, (G, G5 + Z,GY),

defining the #-coordinates of the points 7 of Z»(&) are simple. Now, let ¢z denote
the natural evaluation homomorphism of K[#,Z] into K[¢]; that is,

0z KnzZ] — K[#]
f,2) —  f(t,2%).
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Then, taking into account the behavior of the resultant under an homomorphism (see
e.g Lemma 4.3.1, p. 96 in [11]), one deduces that

@2 (R(t1,2)) = (1 — a) S*(1)R(11,Zy) = /1Res,, (G, G5 + ZyG3) = ([ Ro(tr)
with /; €K \ {0}, and k€Z. Therefore, since the factors of Ry defining the

t1-coordinates of the points 7" of # (&) are simple, one concludes that »r=1. [

Theorem 5 provides a method to compute the degree. In the following we illustrate
this approach by some examples.

Example 2. Let V' the surface parametrized by

B (=485 -n) t12+t2>
2 2 > 2 ? 4 .
8+t -1t £ t

2(th,1) = (

Let us compute deg(®,). For this purpose, one possibility is to consider &€ Q.,
and to compute the elements of the #»(a) by applying Theorem 4 (see Example 1).
The second possibility is to apply Theorem 5. For this purpose, we consider & € QJ,,
for instance & = (3,2), and we determine the polynomials G#(7) for i = 1,2,3, and
Gy(1),

GHf)=—118 + 4% + 41,

G5(T) =410 — 126} + 1261ty + 126865 — 248365 + 126543 — 445 + 1265 — 1265
+485 — 3438,

GH(T) = 16t} + 161, — 1143,

Ga(T) =lem(q1(7), q2(7 ), 3(1)) = 3(—1] + 85 — 1)
Now, we compute the polynomials S7(#;) and T%(#,) (see Theorem 1). We get
S%(t)) = Contentz(Res,,(GH(7 ), G3(T ) + ZGX(T))) = t}(t; — 3)(ty + 3)(&7 — 13),

T%(t) = Contenty yy (Res, (G{(7 ), G3(7) + ZG3(7 ) + WG4(7))) = t{.
Therefore, the ¢-coordinate polynomial associated to the pair (2(7),&) is given by

Si(t)
T%(t))

§%(n) = = (0 =3)(t +3)(1} — 13)
and thus, by Theorem 5 one deduces that deg(¢») = deg, (S%(t1)) = 4.

Example 3. Let V' the surface parametrized by

Pty 1) = 5 @-1)y t;‘—l—tf—l'
’ @-1 5 8
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Let us apply Theorem 5 in order to determine deg(®2») by avoiding the requirement
of computing the explicit values of the fibre. For this purpose, we consider & € QL. for
instance & =(2, 1), and we determine the polynomials G¥(¢) for i =1,2,3, and G4(7):

GHT)=36+1—-02, Gi)=10—36} +36 —1-271,
Gif)=6+16—-1-48, Gyi)=(#— 1.
Now, we compute the polynomials Sf(7;) and T%(#) (see Theorem 1). We get
)=t — Do+ D - 2% +2)Y, T%0) = (1 — 1) + D%
Therefore, the ¢;-coordinate polynomial associated to the pair (2(f), %) is given by

S0 = e = (0 =20 +2)*

and thus, by Theorem 5, one deduces that deg(¢») = deg,l (S%1)) =8.
2.3. Preservation of the degree

In the previous subsections we have seen that taking a generic &, i.e. an element in
the open subset Q),, one may compute the degree. In fact, taking into account how
the set Q), is constructed one might choose & deterministically. In this subsection, we
show how this difficulty can be avoided. For this purpose, we first recall some results
on gcds and resultants. More precisely, for 4 = (a,b) € K>, we consider the natural
evaluation homomorphism:

QDA: K[hlshZ’yla"'ayn]a — K[yla"'ayn]
f(hlshZayly"'yyn) = f(asbsyls"'ayn)-

Then the following two lemmas on gcds and resultants hold (see Lemma 3 in [9], and
Lemma 4.3.1, p. 96 in [11], respectively).

Lemma 7. Let f.g€ K[h.hol[1]", /=7 -ged(f.9), g=§-ged(/.g). Let A€ K be
such that not both leading coefficients of f and g w.r.t. t; vanish at A. Then

1. deg,, (ged(@4(f), @4(9))) = deg, (@a(ged(f.g))) = deg, (ged(f,9)).
2. If Res, (f,§) does not vanish at A, then @4(gcd(f,9)) = gcd(@s(f), p4(9)).

Lemma 8. Let f,g€ K[h,hl[t1]", let A€K* be such that deg, (4(f)) =deg, (f),
and deg, (94(g)) = deg, (9) — k. Then,

@a(Res, (f,9)) = @a(le( S, 1)) Res, (04(f ), 9a(9)),

where Ic(f, 1) denotes the leading coefficient of f w.r.t t,.
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Using Lemma 8 one can easily generalize Lemma 7 for more than two polynomials
as follows:

Lemma 9. Let f; € K[hy, hol[t1]*, fi= figed(fi,..., fw), i=1,...,m. Let AcIK* be
such that the leading coefficient of fi w.r.t. t; does not vanish at A.

1. deg, (gcd(@4(f1),- ., a(f))) = deg, (@a(ged(fi...., fm))) = deg,(ged(f1,...,
Jm))-

2. If Res, (f 1,f2+z;":3 Xi_of )(A) # 0, where Xj, j=1,...,m—=2, are new variables,
then @ 4(ged(f1,..-, fm)) = g8ed(@a(f1);-- - @a(fm))-

Proof. The proof of (1) is direct. Let us see (2). Since ¢4 is a homomorphism, one
has that 4(fi) = @a(f ) - @a(ged(f1,-.., fm)). Thus,

ged(@a(f1)s- s () = @a(ged(f1s- s fn) - ged(@a(f 1)s-- s @a(f m))-

By hypotheses, Res;, (f 1, f 2+ 13 Xi_2f )(4) # 0. Since the leading coefficient of f;
w.r.t. ; does not vanish at 4 one has that the leading coefficient of f | w.r.t. t; does not
vanish either at 4. Thus, applying Lemma 8, one deduces that Res;, (¢p.( f 1), @A( f 2)+
S Xicapa( /i) is not identically zero. Therefore one concludes that gcd

(@a(f s s @a(f m))=1, and then ged(@a(f1)s-- -, Pa(fu))=0a(eed(f1,. ., f)). O

In the following, we introduce a new non-empty open subset of K? associated to
the parametrization 2(7), that will be denoted by Q2. First, since (see Theorem 2)

Sy(t1,h) = Contenty(Res,,(G1(7, h), Gy (T, h) + ZGs(7, h))),
we may write

Res,,(G1(7, 1), Go(F, h) + ZGs(t, h)) = ao(t1, h) + ay(t;, ) Z + - - + ap(t;, ))Z"
and

ai(ty, h) = Si(t1,)ai(t,h), for i=0,...,m, with ged(do,...,a,)=1,

where a; € K[t;,h]. Moreover, applying Lemma 1 and Lemma 9 (1) we have that the
Res,z(Gl,Gz(t_,ﬁ) + ZG3(t_,ﬁ)) is not identically zero, and therefore one of the coeffi-
cients @; is not identically zero. Let us assume w.l.o.g that ag(tl,ﬁ) is not identically
Zero.

Now we consider the subset of K? defined as

le(ag, t1)(a) # 0
v, ={aelk? L
Res,l (ao(tl,h),al(tl,h) —+ Z )Q,la[(tl,h))(oc) 7& 0
i=2

where Ic(ag, ;) denotes the leading coefficient of ao(tl,ﬁ) w.r.t. t;. Observe that ¥,
is a non-empty open subset of K2, since lc(ag,?1), Res;, (dp, a1 + 271:2 Xi_1a;), are
non-identically zero polynomials. Reasoning similarly for the polynomial T'(¢,%)
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(see Theorem 2), we get another non-empty open subset, ¥, C 2. In this conditions,
Q2 is defined as

QL =0,n¥ NV,
Observe that Q2 is a non-empty open subset of K.

Theorem 6. For every value & € Q2 it holds that
deg, (S(11,h)) = deg, (S™(1)).

Proof. Let Gy(7,h) = Gy(i,h) + ZGs(1,h) and G} = Gz(i,&). First we see that for
g€ Q3,, deg, (Si(t1,h)) = deg, (S{(t1)). For every d € 5, one has that /(&) # 0 and
then by Lemma 8, we deduce that

@s(Res,(Gi(F, h), Gz(F,1))) = pz(£1(h) )" Res,, (G(T ), G5(T)),

where ky is a constant depending on &. Thus, if we express the resultant as Res,z(G‘f(t_ ),
G3(1)) =bi(t1) + b{(t)Z + - - + b(1,)Z", then we have that

ai(t, &) = (1@ bi(t) (D).

On the other hand, for every & € Q% one has that le(ag, 11)(%) # 0. Thus, taking into
account that Sy(#1,h) = gedyjy,1(ao(t1,h), ... ay(t1,h)), and Lemma 9 (1), we deduce
that for every &€ Q%,

deg, (Si(t1,h)) = deg, (pz(Si (01, h)) (D).

Moreover since for every & € Q2,, one has that Res,, (o, @1+ -, Xi—1d;)(&) # 0. Thus
Lemma 9 (2) implies that <p9;(Sl(tl,ﬁ)):gcdmtll((pi(ao),...,goq—(a,,)), and therefore by
(I), one deduces that

@i(Si(t1,h)) = ic[:cg(fl(oz)"fbé(n ) U@ BI(1)) = 418 ST(1).

In particular, this implies that deg, (Sf(n)) = degtl((pO;(Sl(tl,}_z)), and from (II) one
concludes that

deg, (S7(n)) = deg,, (S1(11, h)).
A similar reasoning shows that for every &€ Q2,
deg, (T*(n)) = deg, (T(11,h)).

Then taking into account that S = S,/7, S* = S§/T%, that T divides S;, and that 7%
divides S}, the statement holds. [

The following corollary follows directly from Theorem 6.
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Corollary. deg(qﬁ,@_) = deg, (S(t1,h)). Moreover, for every g€ Q% it also holds that
deg(¢) = deg, (S*(11)).

Corollary to Theorem 6 shows how to compute the degree of the rational map by
means of univariate resultants and geds. For this purpose, one computes deg, (S(11,h)),
and for computing the ¢,-coordinate polynomial, S(tl,};), associated to 2(7), one needs
to compute the polynomials S; and the polynomial 7' (see Theorem 2). In the following
we see that the computation of the polynomial 7 and the quotient of S; and 7 can
be avoided by crossing out the constant roots of Si(,4); i.e. the roots over [<. For
this purpose, we denote by F the algebraic closure of the field (%), and by Vit the
algebraic set defined over F by the polynomials G;(7,%) (see Section 1). First, we state
some technical results.

Lemma 10. (V' NV n v\ (Vo vinviaw) c VEnvaviynF\ K.

Proof. Let us assume that there exists 4= (a,b) € (V' NVENVIH\ (VI nVnvinm)
but 4 € (F\ K)?. That is, at least one component of 4 is constant. Let us say that
ac K, similarly for b. Then, 2(4) = 2(h). Thus, b cannot be constant since 2(h)
is a surface parametrization. Moreover, the above equality also implies that almost all
points on the surface defined by 2(/) are contained in the curve defined by 2(a, h,)
which is impossible. [J

Lemma 11. V' Ny nviny c K.

Proof. Let (a,b) € V"N V{’ﬂV;’ﬂlﬁ. Then, G4(a,b)=0. Thus, there exists a denominator
¢i(7) that vanishes on (a,b); let us say w.l.o.g that it is g;. Therefore, since (a,b) € V"
one deduces that pi(a,b) = qi(a,b) = 0. Now, since gcd(pi,q1) =1, it holds that the
resultant of p;, and ¢; w.r.t. #, is not identically zero. Furthermore, this resultant is
in K[#;], and its roots are the #;-coordinates of the intersection points of the curves
defined by p; and ¢; over K. Hence, since K is algebraically closed one has that a
is in K. A similar reasoning shows that b K. [

The following result follows from Lemmas 10 and 11.
Theorem 7. S(t1,h) = pph-(Sl(tl,l_z)), where ppj; denotes the primitive part w.r.t. h.

Remark. (1) Since the #,-coordinate polynomial, S(#,,4), associated to 2(7 ) is the re-
sult of crossing out the factors over K[#] of Sl(tl,ﬁ), one may consider an alternative
approach to Theorem 7 that avoids the primitive part computation. Namely, one may
specialize the variables 7 in S;(¢1,/) at two appropriate different values and then com-
pute the ged of the resulting univariate polynomials to determine the factors depending
only on ;.

(2) A similar reasoning might be also considered in order to compute the
t,-coordinates of the elements in the generic fibre. To be more precisely, for every
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root A(h)€F of S(t1,h), i.e. for the f;-coordinates of the elements in F,(h), we
consider the polynomial

ng[F[tz](Gl(A) tZa ]/_l)a Gz(Aa tZs //_l)a G3(A5 t27 //_l))
gedgy, (Gi(A, 12, 1), Go(A, 15, 1), G3(A, 15, 1), G4(A, 1))

My(tr, h) =
Lemmas 10 and 11 imply that one may compute M,(1,, k), by crossing out the constant
roots in

%C(]l(Gl(Aa tr,h), Go(A4, 15, h), G3(4, 12, h)).
5]

Example 4. Let V' the surface parametrized by

22— 1 1 B85 —1+0)8
hoTa(n -1 (G -1y

Pin,1r) = (

Let us compute deg(®»). For this purpose, we determine the polynomials Gi(7,h)
for i = 1,213. We get Gl(l_,h) :hll‘%l‘% —hy— l‘lh%h% +t, Gz(f,h) :h?h% —h — Z‘;’l‘% + 11,
and Gs(f,h) = t}3hih — 26121303 + t}65 — Ehihy + 260305 — 6 + 6 hthy — 260305 +
6 — WIZAE + 2R — WA + AL — 20208 + 13 — A + 2068 — I,

Now, we compute the polynomial Si(#;,%4) (see Theorem 2),

Sy(t1,h) = Contentz(Res,,(G(, h), Go(F, h) + ZGs(T, h))) = £5(t; — hy)*.

Applying Theorem 7 one obtains that the ¢;-coordinate polynomial associated to
P(f) is given by S(t;,h) = (t; — h1)?. Thus, by Corollary to Theorem 6 one deduces
that deg(¢») = deg, (S(t1,k)) = 2. Furthermore, in this case, one gets that Fp(h) =
{(h1,h2),(=h1,h)}.

3. Algorithm and examples

The results obtained in Section 2 can be applied to derive two algorithms to com-
pute deg(¢») by avoiding the requirement of computing explicitly the elements in
the fibre. One may either compute the degree deterministically using that deg(¢») =
deg, (S(t1,h))) (Algorithm-1) or probabilistically using that deg(¢») = deg,l(Si(tl))
for & € Q2, (Algorithm-2). The result of Algorithm-2 is correct with probability almost
one. In the following, we outline these two approaches. Also, we finish this section
illustrating the algorithms with two examples.

Algorithm-1. Given a surface rational parametrization 2(¢ ) = (p1/q1, p2/q2, p3/q3), in
reduced form, the algorithm computes deg(®»):

(1) Check whether the general assumptions introduced in Section 1 are satisfied, if
not, apply a suitable linear change of variables to P(t). )
(2) Compute the polynomials G;(7,h) = pi(h)q:(t) — pi(t)qi(h) for i =1,2,3.
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(3) Compute the polynomial S(,,/) = Contentz(Res,,(G(,h), Go(, h) + ZGs(7, h)))
(see Theorem 2).

(4) Compute the polynomial S(#,%) = pP; (S1(t1,h)) (see Theorem 7).

(5) Return deg, (S(t1,h)).

Algorithm-2. Given a surface rational parametrization 2(7 )= ( p1/q1, P2/92, P3/93), in
reduced form, the algorithm computes, with probability almost one, deg(®»):

(1) Check whether the general assumptions introduced in Section 1 are satisfied, if
not, apply a suitable linear change of variables to 2(7).

(2) Take &€ K2, and compute GX(7 )= pi(@)qi(f) — pi()qi(&), for i =1,2,3, as well
as Ga(7) =lem(qi(? ), q2(7 ), q3(7)).

(3) Compute the polynomials Sy(#1) and 7%(¢;) (see Theorem 1).

(4) Compute S*(11) = S{(t1)/T*(t1).

(5) Return deg, (5%(t1)).

Finally we illustrate the algorithms by two examples. In addition we also provide
the elements of F,(h), where 4 is a generic element of 2.
Example 5. Let V' the surface parametrized by

H+84+3 (437 B4+20+6
B+3 "B8+8+3B+3+3)?)

2(h,1) = (

Let us compute deg(®»). For this purpose, we apply Algorithm-1 and Algorithm-2.
In Algorithm-1 we determine the polynomials

Gi(f,h) =634} + 36 — 3t} — 313,

Ga(t,h) =003 + 17 + 365 + 9t} h3 + el I + 27h3¢} 4 54¢F + 27h3 — 54h7
—1883 4+ 27t} — Ko — 3KS — Onle — 9Kl — 27nt — 278K — 278,

Gs(f,h) = =286 — 276 — 1862 — 12665 — 6t} + 18k — 21315 — AW 63t
—t1h3 — 26t} + 263k + kit 4+ 20t 4+ 12030 + 64 + 26548 — W3l
+6hS + 43 h3h3 4+ 27h3 — 661 + 6B36 + 6hT — 615.
We compute the polynomial S|(¢;,/4) (see Theorem 2):
Si(t1,h)y = (£ 4+ 3)°(t1 — )’ (41 + ).

Therefore, the #,-coordinate polynomial associated to 2(7) is given by S(#,h) = (t, —
h)*(t; + hy)*, and then deg(¢») = deg, (S(#1,h)) = 6. In addition, we may compute
the elements of the Z,(h), where h is a generic element of 2. The roots of the
polynomial S(tl,ﬁ) are A =h; and A, = —h;. Now, for every root 4; we compute the
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polynomials
My (t2,h) = ged(G (4, 1), Go(4,, 1), G3(4), 1)), j=1,2,
K[22]

which non-constant roots provide the #,-coordinates of the elements in the fibre. Hence,
one gets that

Fp(hy={(h1,hy), (h1,(—1/2 + 1/2iV/3)hy), (h1,(—1/2 — 1/2i\/3)hy),

(—h1, ), (—hyy (=172 4+ 1/2iV3)h), (—hi, (—1/2 — 1/2iV3))}.

Now we apply Algorithm-2. First we take & = (2,1) € K2, and we determine the
polynomials G¥(7) for i =1,2,3, and Gu(7),

Gi(T) =T — i =3,
G(F) =8¢0 + 724 — 12711 — 813 — 34343,
G3(T) = —268 + 3813 4 249 — 1565 — 3064 — 15},

Gy(T) = (5 + 18 +3)2 (£} +3).
We compute the polynomials S7(#1) and T%(#;) (see Theorem 1):
) =(t =20 + 2 +3)°,  Tu)=(4 +3)".
Thus, the #-coordinate polynomial associated to the pair (2(7),4&) is given by

Si(n)
T%(t)

Therefore, deg(¢») = deg, (S*(11)) = 6.

S*(t) =

=t -2yt +2).

Example 6. Let V' the surface parametrized by 2(f1,t,), defined by
t+ 14483 + 665 + 468 + 15 t+ 14485+ 665 + 48 + 85
1 +1+ 2"‘ 22"’ 2+2,l1+2+3t§+[§,1+ + 2+ 22‘ 2+2 -
4418 h+2+8

Let us compute deg(®»). For this purpose, we apply Algorithm-1 and Algorithm-2.
In Algorithm-1 we determine the polynomials

Gi(7,h) =41, + 1,13 — 153 + 1562 + 2415 + 66313 + 1615 + 465h3 + 465 + 513
—4hy — 3 — 24K5 — 6h3t5 — 16hS — 4563 — 4hS — hSi3,

Ga(t,hy=1t, + 36 + 15 — hy — 3h5 — I3,

Gs(f,h) =268 — hy +t + 1265 + 765 — 12k — Th3 + hy + k5 — e, — 163
+3h65 — 6h56 — 2h5 + 663k — 3t1h3 — 64115 + 6t5h3 — 4hSt, — 4hSE3
—8hS + 815 + 415hy + 415h3.
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We compute the polynomial S;(¢;,/4) (see Theorem 2):
S](f],ﬁ) = (11 — h] )2.

Therefore, the ¢;-coordinate polynomial associated to the parametrization 2(f) is given
by S(t1,h) = (t; — hy)?, and then deg(¢,) = deg, (S(t1,h)) = 2. In addition, we may
compute the elements of the Z (%), where / is a generic element of 2. The roots of
the polynomial S(tl,ﬁ) are A =h; and A, = —h;. Now, for every root 4; we compute
the polynomials

My (tr,h) = ﬁfd](Gl(Aj,lz), G2(4),0),G3(4;,1)), j=12,
[5)

which non-constant roots provide the #,-coordinates of the elements in the fibre. Hence,
one gets that

Fp(h) = {(h1, 1), (—h1,h2)}.

Now we apply Algorithm-2. First we take & = (3,2) € K2, and we determine the
polynomials G¥(7) for i = 1,2,3, and G4(7),

HP) =2t — 626 — 1496 + 1215 + 815 + 245,
Gy(@)=t — 31 +38 + 13,
G3(T) = —619t; — 1247 — 592£3 + 5413 + 3615 + 955,

Gy(D)=(4+8)t, +2+8).
We compute polynomials S7(7;) and T%(#;) (see Theorem 1):
H)=(n =37 THn)=1
Thus, the #-coordinate polynomial associated to the pair (2(7),&) is given by

SH(n) . 2
i) T

Therefore, deg(¢») = deg, (S*(#1)) = 2.

§%(n) =

4. Practical implementation

Algorithm-1 and Algorithm-2 have been implemented in Maple, and the running
times are very satisfactory. In addition, we have implemented the corresponding algo-
rithms (deterministic and probabilistic) based on Grobner bases for the computation
of the degree. Here, with probabilistic, we mean that the cardinality of the fibre (i.e.
the degree of the map) is computed by choosing a random point on the surface. In
the following we briefly outline the experimental computing times for some examples.
Actual computing times are measures on a PC PENTIUM III PROCESSOR 128 MB
of RAM, and times are given in seconds of CPU.



S. Pérez-Diaz, J.R. SendralJournal of Pure and Applied Algebra 193 (2004) 99-121 119

In the following table we illustrate the performance of our implementation, and the
one based on Grobner bases, showing times in seconds for some parametrizations. In
the table, we also show the degree of each parametrization, and the degree of the
induced rational map. Also, in the table, we denote by Algorithm-3 and Algorithm-4
the implementation of the deterministic and probabilistic approach based in Grobner
bases, respectively. In the appendix, we give the parametrizations considered in this
analysis. We also remark that all degrees computed by Algorithm-2 were correct.

Input deg(2(1)) deg(d») Time of Time of Time of Time of
Alg-1 Alg-2 Alg-3 Alg-4
I 4 0.049 0.004 0.191 0.020
11 11 4 0.050 0.015 0.722 0.050
11 6 0.174 0.060 14.565 0.055
v 8 8 0.005 0.004 0.103 0.050
A% 12 16 1.591 0.010 > 3000 > 3000
VI 4 4 5.295 0.090 > 3000 > 3000
Vil 6 4 450.081 0.229 > 3000 > 3000
VI 9 4 49.083 15.750 > 3000 > 3000
X 12 4 25.179 0.035 > 3000 > 3000
X 64 24 1056.522 58.428 > 3000 > 3000

Appendix A. Parametrizations in Section 4

In the following we give the input data of the examples analyzed in Section 4.

D P T

2 ’ 2 ’ 4
g—-1 2 5

P (—tztf(tlz =2) —(8 =1t —tt} + 268 + 1 + 1
2 =

g-1 7 @#-2)" B —2)?

).

—82

o 54+67656— 13401 +14465+10066
T 1£,(296,2—581,—326,—901% )

—98(t1at} — 2t + 1 — 1)
39 495222 — 19061, + 1902 )

i — 5o @-1P gd+i-1
4 = 12—1’ t4 > t8 >
1 2 2

T —40+218283 4260 +218 21613

Ps = (198 + 1))/t + 363 + 2111, — 8t + 13 — 81, + 19), (262 + 2111, — 81

+8 — 8ty + 19 + £1)%, (2t} + 36 + 2016, — 8ty + 15 — 81, + 19)/(26 + 211

811+ 8 — 8+ 19+ 1)),
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Ps = ((113 — 1613 + 921, — 6213 — 1241,1,)/(— 13082 — 1104, — 55 — 75¢3
—150t112), (=27 — 1014} + 180t) + 52115 + 226 + 2613 + 24415 — 212631,
—533262 — 32061 — 106113 — 42611, —8013)/(— 6344063 +80t,1,+-407 ),
(—123 + 178t} — 1101, + 94111, + 1868 + 4763 + 241 + 308621, + 6356262

137261 + 15418 + 526651, + 9363)/(—3 + 411 + 811)),

P; = ((56 4 292111, + 388131, + 8716213 + 5161165 + 194113 4+ 710631, + 3361
+1066¢] + 14665+1296+13146+99562 5+ 146083 5 +124561 53 +-5786 1,
+100¢,£5 + 4006213 + 6008, 15 + 400¢1 1, +16918+4361 +6315+3781,183)/(—59
+4562 4+ 90111, + 4562 4 98613, (127 — 32411, — 37263, — 4656313 — 248113
— 186113 — 4341 1,+3561, 433462 — 1121} — 1612 — 6215 — 1483 ) /(49 — 56
—101,), (37 — 60t,t, 24467, — 169365 — 721,15 — 1221155 — 1941 1, — 1481,
—15267 — 914} — 3063 — 1815 — 17063)/(—61 + 17 + 211)),

Py = ((—54 — 376121} — 94t — 2617 — 5615 — 5617 + 146 —941 —2241 1, 33681
—564813 — 2241163 — 37616363 — 941,15 + 408t t, + 1428£3¢°
+2856113 + 35701113 + 28561615 + 1428315 + 4081,1] + 464151, + 1624631]
+32481013 + 40608, 15 + 32481165 + 1624615 + 464131] + 58511 + 514}
+5165 + 581))/(—14 — 9t} — 36651, — 546167 — 361,12° — 943),(—119 + 4t}
—63t) + 567 — 1215 — T2t} 4+ 1) — 288831, — 432634F + 6151 — 288113
+415 + 1ty — 728t]t, — 2548610 — 509641, — 6370t1t; — 509641
—25486715 — 728t11] — 9145 — 91£8)/(39 — 411),(—32 4 3261} — 311, — 4947
15815 + 58¢) + 81 + 232631, 4 3486317 + 486365 + 2320115 + 32638 + 81,15
—312t[t, — 10926510 — 2184885 — 2730t} 15 — 2184415 — 10924745
—31241] — 3945 —3943)(93 + 931))),

Py = ((57 — 2211ty — 2148}t, — 44781, — 340t]t, — 85t 1,361 15 — 7411 —45¢;
+80£9 + 13068 4 66¢{° + 1147)/(78 + 941} + 471}),(85 — 71411, + 39817
+455t] — 716567 — 3461, — 1785t + 25610 + 6417)/(60t1£, + 99 + 1984
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+99¢1), (176 + 85t1t; + 36617 + 403t} — 406363 + 98671, + 496,

122060 + 5568)/(65(1 + £3)?)),

Pro=(((6; + 536 +68 + 10265 + 1165 + 9ty + 66511 + 6,° + 126,2)1)/(6 + 77
+485 498 + 665t + 10 + 5465 + 1267 + 10813, (1] + 5345 + 68
+1026 + 6185 + 94 + 61511 + ,° + 1262)(65 + 3))/(6 + 7T + 6185 + 94
+665t1 + 1,0 + 5465 + 1267 + 10843), (£ + 5365 + 68 + 10245 + 4,45
19t + 66511 + 638 + 120)H)/(85 + 77 + 1115 + 9t + 6651, + 36
+54185 + 120)* + 10813)).
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