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Resumen
El presente trabajo trata acerca del estudio de la integral del tipo∫ b

a
(x − a)p/k(b − x)q/k f (x)dx

para p, q, k > 0, considerando algunas desigualdades para funciones (m, h1, h2)−convexas. De estos resultados se derivan
algunas otras desigualdades integrales para otras clases de funciones convexas generalizadas.
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Abstract
The present work deals with the study of the integral of the type∫ b

a
(x − a)p/k(b − x)q/k f (x)dx

for p, q, k > 0, considering some inequalities for (m, h1, h2)−convex functions. From these results some others integral
inequalities for other class of generalized convex functions are obtained.
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1. Introduction

Convexity is a basic notion in geometry, but it is also widely used in other areas of mathematics. The
use of techniques of convexity appears in many branches of mathematics and sciences, such as Theory
of Optimization and Theory of Inequalities, Functional Analysis, Mathematical Programming and Game
Theory, Theory of Numbers, Variational Calculus and its interrelation with these branches shows itself day
by day deeper and fruitful [9, 12, 17].

Definition 1.1. A function f : I → R is said to be convex if for all x, y ∈ I and t ∈ [0, 1] the inequality

f (tx + (1 − t)y) ≤ t f (x) + (1 − t) f (y)

holds.

Over time, several problems and applications have arisen, and these have given rise to generalizations
of the concept of convex function, and also numerous works of investigation have been realized extending
results on inequalities for this kind of convexity: quasi-convexity [20], s-convexity in the first and second
sense [2], logarithmic convexity [1], m−convexity [16], h−convexity [22, 23] and others [24].

The study of special functions has had special attention with the works of R. Diaz and E. Pariguan [6] and
A. Rehman et. al. [18], in which the subject of the generalized k−Gamma function and generalized k−Beta
is treated, in turn, these appear in the study of fractional integrals. Also the research field corresponding to
inequalities, generalized convexity and fractional integrals has been extensively studied [10, 25].

Motivated by the works of W. Liu [14], M. E.Özdemir et. al. [15] and Hernández Hernández [11], the
purpose of this paper is to study the integral∫ b

a
(x − a)p/k(b − x)q/k f (x)dx

for p, q, k > 0 for (m, h1, h2)−convex functions and establish some bounds for the aforementioned integral.

2. Preliminaries

Concerning the generalized convexity the following definitions will be necessary.
Pavić and Ardic in [16] give the following definition.

Definition 2.1. Let I ⊂ R be an interval containing the zero, and let m ∈ (0, 1] be a number. A function
f : I → R is said to be m−convex if the inequality

f (tx + m(1 − t)y) ≤ t f (x) + m(1 − t) f (y)

holds for all x, y ∈ I and t ∈ [0, 1].

In the same study some interesting properties of the m−convex functions are given.
S.S. Dragomir et. al. in [7] introduced the following definition.

Definition 2.2. Let I ⊂ R an interval. A function f : I → R is said to belong to the class P(I) or to be
P−convex if it is non negative and for all x, y ∈ I and t ∈ [0, 1], satisfies the following inequality

f (tx + (1 − t)y) ≤ f (x) + f (y)
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It is useful to mention that the class P(I) contain all the non-negative convex and quasi-convex functions.
Also, M. Alomari et. al. in [2] used the concept of s−convexity in the second sense as Hudzik and L.

Maligranda in [13] introduced it.

Definition 2.3. Let s ∈ (0, 1]. A real valued function f on an interval I ⊂ [0,∞) is s−convex in the second
sense provided

f (ta + (1 − t)b) ≤ ts f (a) + (1 − t)s f (b)

for all a, b ∈ I and t ∈ [0, 1]. This is denoted by f ∈ K2
s .

Some interesting properties of this class of functions were given by S.S. Dragomir and S. Fitzpatrick in
[8], by example: all functions in K2

s are locally Hölder continuous of order s on (a, b) and therefore Riemann
integrable on [a, b].

In 2007, S. Varošanec in [22] introduced a new concept of generalized convexity.

Definition 2.4. Let J an interval of R such that (0, 1) ⊂ J and h : J → R a non negative real valued function
such that h . 0. A function f : I → R is said to be h−convex or that f belong to the clas S X(h, I) if f is non
negative and for all x, y ∈ I and all t ∈ (0, 1) the following inequality holds

f (tx + (1 − t)y) ≤ h(t) f (x) + h(1 − t) f (y).

Obviously if h(t) = t all the non-negative convex function belong to the class S X(h, I); if h(t) = 1 then
P(I) ⊂ S X(h, I), and if h(t) = ts then K2

s ⊂ S X(h, I).
Numerous works have been published using h−convex functions applied to the Hermite-Hadamard and

Hermite-Hadamard-féjer inequalities [3, 19].
In [21], Shi et. al. introduced the following definition.

Definition 2.5. Assume f : I → R, h1, h2 : [0, 1]→ R and m ∈ [0, 1]. Then f is said to be (m, h1, h2)−convex
if the inequality

f (tx + m(1 − t)y) ≤ h1(t) f (x) + mh2(t) f (y)

holds for all x, y ∈ I, and t ∈ [0,1] .

Some special properties of the (m, h1, h2)−convexity are given in [26] and, several results regularity proper-
ties and also a study of bounds of the second degree cumulative frontier gaps of functions with this kind of
generalized convexity are proved in [4, 5].

Also, in the development of this work we use the k−Beta function and it is useful recall some notes about
it. From the work of R. Diaz and E. Pariguan [6] it is extracted the following.

Definition 2.6. Let x ∈ C, k ∈ R and n ∈ N+ For k > 0, the Pochhammer k−symbol is given by

(x)n,k = x(x + k)(x + 2k) · · · (x + (n − 1)k).

Definition 2.7. For k > 0, the k−Gamma function Γk is given by

Γk(x) = lı́m
n→∞

n!kn(nk)
x
k −1

(x)n,k
x ∈ C \ kZ−.

Definition 2.8. The k−Beta function Bk(x, y) is given by

Bk(x, y) =
Γk(x)Γk(y)
Γk(x + y)

Re(x) > 0,Re(y) > 0.
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Also, the same authors established an integral representation for the k−Beta function as follow [6, Pro-
position 14]:

Bk(x, y) =
1
k

∫ 1

0
t

x
k −1(1 − t)

y
k−1dt,

also a property follows from the definition, as it can be sawn in [18]:

Bk(x + k, y) =
x

x + y
Bk(x, y) and Bk(x, y + k) =

y
x + y

Bk(x, y). (1)

Some others properties of the k−Beta functions, and also for k−Beta function with several variables, can be
found in the work of M. Rehman et. al. [18].

3. Main Results

As is proved in Lemma 1 in [11], for an integrable function f : I → R on I we have∫ b

a
(u − a)p/k (b − u)q/k f (u)du = (b − a)

p+q
k +1

∫ 1

0
(1 − t)p/k tq/k f (ta + (1 − t)b)dt (2)

for some fixed p, q, k > 0.
The following results for functions whose absolute values are (m, h1, h2)−convex, including r−th powers

of them, are established.

Theorem 3.1. Let f : I → R be an integrable function on I, and p, q, k > 0. If | f | is (m, h1, h2)−convex on
[a, b], where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du ≤ (b − a)

p+q
k +1 (I(h1) | f (a)| + mI(h2) | f (b)|) , (3)

where

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt

and

I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt.

Proof. Using the (m, h1, h2)−convexity of | f |, we have∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ (b − a)
p+q

k +1
∫ 1

0
(1 − t)p/k tq/k | f (ta + (1 − t)b)| dt

≤ (b − a)
p+q

k +1
∫ 1

0
(1 − t)p/k tq/k (h1(t) | f (a)| + mh2(t) | f (b)|) dt

= (b − a)
p+q

k +1
(
| f (a)|

∫ 1

0
(1 − t)p/k tq/kh1(t)dt + m | f (b)|

∫ 1

0
(1 − t)p/k tq/kh2(t)dt

)
.
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Doing

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt

and

I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt

we have the desired result. The proof is complete.

Remark 3.2. If in Theorem 3.1 we take m = 1 and h1 = h2 then the Theorem 3.1 in [11] is obtained.

Using a suitable choice of the parameter m and the functions h1, h2 it is possible to find others important
results.

Corollary 3.3. Let f : I → R be an integrable function on I, and p, q, k > 0. If | f | is convex on [a, b], where
a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du ≤ (b − a)

p+q
k +1 kBk(p, q)

(p + q)3,k

(
(q)2,k p | f (a)| + (p)2,k q | f (b)|

)
.

Proof. Letting m = 1, h1(t) = t and h2(t) = 1 − t, for all t ∈ [0, 1], using Definition 2.8 and the property
(1), it is obtained

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt =

∫ 1

0
(1 − t)p/k tq/k+1dt

= kBk(p + k, q + 2k)

= kBk(p, q)
(q)2,k p

(p + q)3,k

and

I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt =

∫ 1

0
(1 − t)p/k+1 tq/kdt

= kBk(p + 2k, q + k)

= kBk(p, q)
(p)2,k q

(p + q)3,k
.

By replacement of these values in Theorem 3.1 it is obtained the desired result.

Corollary 3.4. Let f : I → R be an integrable function on I, and p, q, k > 0. Let m ∈ (0, 1]. If | f | is
m−convex on [a, b] where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ (b − a)
p+q

k +1 kBk(p, q)
(p + q)3,k

(
(q)2,k p | f (a)| + (p)2,k qm | f (b)|

)
.

Proof. The proof follows by chosing h1(t) = t and h2(t) = 1 − t for all t ∈ [0, 1] .
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Corollary 3.5. Let f : I → R be an integrable function on I, and p, q, k > 0. If | f | is P−convex on [a, b]
where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ (b − a)
p+q

k +1 kpq
(p + q)2,k

Bk(p, q) (| f (a)| + | f (b)|) .

Proof. Letting m = 1,h1(t) = h2(t) = 1 for all t ∈ [0, 1], using Definition 2.8 and property (1) it is
obtained

I(h1) = I(h1) =

∫ 1

0
(1 − t)p/k tq/kdt (4)

=
pq

(p + q)2,k
Bk(p, q).

By replacement of these values in Theorem 3.1 it is attained the desired result.

Remark 3.6. If in Corollary 3.5 we let k = 1 then it is obtained the Theorem 2.1 in [14].

Corollary 3.7. Let f : I → R be an integrable function on I and p, q, k > 0. If | f | is s−convex in the second
sense on [a, b] for some s ∈ (0, 1], where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ k (b − a)
p+q

k +1
(

p(q + ks)
(p + q + ks)2,k

Bk (p, q + ks)) | f (a)|

+
(p + ks)q

(p + q + ks)2,k
Bk (p + ks, q) | f (b)|

)
.

Proof. Letting m = 1, h1(t) = ts and h2(t) = (1− t)s for all t ∈ [0, 1] and some s ∈ (0, 1], using Definition
2.8 and the property (1) we have

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt =

∫ 1

0
(1 − t)p/k tq/k+sdt

= Bk (p + k, q + k(s + 1))

=
p(q + ks)

(p + q + ks)2,k
Bk (p, q + ks)

and

I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt =

∫ 1

0
(1 − t)p/k+s tq/kdt

= Bk (p + k(s + 1), q + k)

=
(p + ks)q

(p + q + ks)2,k
Bk (p + ks, q) .

By replacement of these values in Theorem 3.1 it is attained the desired result.
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Theorem 3.8. Let f : I → R be an integrable function on the interval I and p, q, k > 0. If | f |r is
(m, h1, h2)−convex on [a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du (5)

≤ (b − a)
p+q

k +1
(

kpq
(lp + lq)2,k

Bk(lp, lq)
)1/l

(I(h1) | f (a)|r + mI(h2) | f (b)|r)1/r ,

where

I(h1) =

∫ 1

0
h1(t)dt , I(h2) =

∫ 1

0
h2(t)dt

and (1/l) + (1/r) = 1.

Proof. Using the Hölder inequality we have∫ b

a
(u − a)p/k (b − u)q/k f (u)du (6)

≤ (b − a)
p+q

k +1
∫ 1

0
(1 − t)p/k tq/k | f (ta + (1 − t)b, ·)| dt

≤ (b − a)p+q+1
(∫ 1

0
(1 − t)lp/k tlq/kdt

)1/l (∫ 1

0
| f (ta + (1 − t)b, ·)|r dt

)1/r

.

Since | f |r is a (m, h1, h2)−convex function then∫ 1

0
| f (ta + (1 − t)b, ·)|r dt ≤ | f (a)|r

∫ 1

0
h1(t)dt + m | f (b)|r

∫ 1

0
h2(t)dt,

doing

I(h1) =

∫ 1

0
h1(t)dt and I(h2) =

∫ 1

0
h2(t)dt

we can write ∫ 1

0
| f (ta + (1 − t)b, ·)|r dt ≤ | f (a)|r I(h1) + m | f (b)|r I(h2). (7)

Now, using the definition of the k−Beta function and the property (1), we get∫ 1

0
(1 − t)lp/k tlq/kdt = kBk(lp + k, lq + k)

= k
pq

(lp + lq)2,k
Bk(lp, lq) (8)

So, replacing (7) and (8) in (6) it is attained the required inequality (5).
The proof is complete.

Remark 3.9. If in Theorem 3.8 we take m = 1 and h1 = h2 then the Theorem 2 in [11] is obtained.
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Corollary 3.10. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is convex on [a, b] for
r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ 2−1/r (b − a)
p+q

k +1
(

kpq
(lp + lq)2,k

Bk(lp, lq)
)1/l

(| f (a)|r + | f (b)|r)1/r ,

where (1/l) + (1/r) = 1.

Proof. Letting m = 1, h1(t) = t and h2(t) = 1 − t for all t ∈ [0, 1] we have

I(h1) = I(h2) =

∫ 1

0
tdt =

1
2
.

So, by replacement in Theorem 3.8 it is obtained the desired result.

Corollary 3.11. Let f : I → R be an integrable function on I and p, q, k > 0. Let m ∈ (0, 1]. If | f |r is
m−convex on [a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ 2−1/r (b − a)
p+q

k +1
(

kpq
(lp + lq)2,k

Bk(lp, lq)
)1/l

(| f (a)|r + m | f (b)|r)1/r ,

where (1/l) + (1/r) = 1.

Proof. The proof follows by chosing h1(t) = t and h2(t) = 1 − t for all t ∈ [0, 1] in Theorem 3.8

Corollary 3.12. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is P−convex on [a, b]
for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du (9)

≤ (b − a)
p+q

k +1
(

kpq
(lp + lq)2,k

Bk(lp, lq)
)1/l

(| f (a)|r + | f (b)|r)1/r ,

where (1/l) + (1/r) = 1.

Proof. Letting m = 1, h1(t) = h2(t) = 1 for all t ∈ [0, 1] we have I(h1) = I(h2) = 1. Then, by replacement
in Theorem 3.8 it is attained the desired result.

Corollary 3.13. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is s−convex in the
second sense on [a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤
(b − a)

p+q
k +1

(s + 1)1/r

(
kpq

(lp + lq)2,k
Bk(lp, lq)

)1/l

(| f (a)|r + | f (b)|r)1/r ,

where (1/l) + (1/r) = 1.
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Proof. Letting m = 1, h1(t) = ts and h2(t) = (1 − t)s for all t ∈ [0, 1] and some s ∈ (0, 1], we have

I(h1) = I(h2) =

∫ 1

0
tsdt =

1
s + 1

.

By replacement of these values in Theorem 3.8 it is obtained the result.

Theorem 3.14. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is (m, h1, h2)−convex on
[a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du (10)

≤ k (b − a)
p+q

k +1
[

pq
(p + q)2,k

Bk(p, q)
]1−1/r

(I1(h) | f (a)|r + mI2(h) | f (b)|r)1/r ,

where

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt and I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt.

Proof. Using the power mean inequality for r ≥ 1 we have∫ b

a
(u − a)p/k (b − u)q/k f (u)du (11)

≤ (b − a)
p+q

k +1
∫ 1

0
(1 − t)p/k tq/k | f (ta + (1 − t)b, ·)| dt

≤ (b − a)
p+q

k +1
(∫ 1

0
(1 − t)p/k tq/kdt

)1−1/r

×(∫ 1

0
(1 − t)p/k tq/k | f (ta + (1 − t)b, ·)|r dt

)1/r

.

Making use of the (m, h1, h2)−convexity of | f |r and the definition the k−Beta function, we get∫ 1

0
(1 − t)p/ktq/k | f (ta + (1 − t)b)|r dt (12)

≤

∫ 1

0
(1 − t)p/k tq/k (h1(t) | f (a)|r + mh2(t) | f (b)|r) dt

= I(h1) | f (a)|r + mI(h2) | f (b)|r ,

where

I(h1) =

∫ 1

0
(1 − t)p/k tq/kh1(t)dt and I(h2) =

∫ 1

0
(1 − t)p/k tq/kh2(t)dt.

So, replacing (12) and (4) in the inequality (11) it is attained the desired inequality (10).
The proof is complete.

Remark 3.15. If in Theorem 3.14 we take m = 1 and h1 = h2 then the Theorem 3 in [11] is obtained.
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Corollary 3.16. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is convex on [a, b] for
r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ k1+1/r (b − a)
p+q

k +1
[

pq
(p + q)2,k

]1−1/r

Bk(p, q)×(
(q)2,k p

(p + q)3,k
| f (a)|r +

(p)2,k q
(p + q)3,k

| f (b)|r
)1/r

Proof. Letting m = 1, h1(t) = t and h2 = 1 − t for all t ∈ [0, 1], the values of I(h1) and I(h2) are as in the
proof of Corollary 3.3. By replacement of these values in Theorem 3.14 it is attained the desired result.

Corollary 3.17. Let f : I → R be an integrable function on I and p, q, k > 0. Let m ∈ (0, 1]. If | f |r is
m−convex on [a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ k1+1/r (b − a)
p+q

k +1
[

pq
(p + q)2,k

]1−1/r

Bk(p, q)×(
(q)2,k p

(p + q)3,k
| f (a)|r +

(p)2,k q
(p + q)3,k

m | f (b)|r
)1/r

Proof. The proof follows by chosing h1(t) = t and h2(t) = 1 − t for all t ∈ [0, 1] in Theorem 3.14

Corollary 3.18. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is P−convex on [a, b]
for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ k (b − a)
p+q

k +1
[

pq
(p + q)2,k

Bk(p, q)
]

(| f (a)|r + | f (b)|r)1/r ,

Proof. Letting m = 1, h1(t) = h2(t) = 1 for all t ∈ [0, 1] we have

I(h1) = I2(h2) =

∫ 1

0
(1 − t)p/k tq/kdt =

pq
(p + q)2,k

Bk(p, q).

By replacement of these values in Theorem 3.14 we have the desired result.

Corollary 3.19. Let f : I → R be an integrable function on I and p, q, k > 0. If | f |r is s−convex in the
second sense on [a, b] for r > 1, where a, b ∈ I and a < b, then the following inequality holds∫ b

a
(u − a)p/k (b − u)q/k f (u)du

≤ k (b − a)
p+q

k +1
[

pq
(p + q)2,k

Bk(p, q)
]1−1/r

×(
p(q + ks)Bk (p, q + ks)

(p + q + ks)2,k
| f (a)|r +

(p + ks)qBk (p + ks, q)
(p + q + ks)2,k

| f (b)|r
)1/r
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Proof. Letting m = 1, h1(t) = ts and h2(t) = (1 − t)s for all t ∈ [0, 1] and some s ∈ (0, 1], the values of
I(h1) and I(h2) are as in the proof of Corollary 3.7. By replacement of these values we find the result.

4. Conclusions

In the present work it is obtained some results concerning to the integral∫ b

a
(u − a)p/k (b − u)q/k f (u)du

for p, q, k > 0 and an integrable function f on the interval [a, b]. It was used the concept of (m, h1, h2)−con-
vexity of a function f in order to obtain several inequalities that bound in the upper case the aforementioned
integral as it is shown in Theorem 3.1, Theorem 3.8 and Theorem 3.14, and from these results some others
inequalities that involve the classical concept of convexity and the generalized concept of P−convexity and
s−convexity in the second sense were derived as it is shown in the presented Corollaries. Also some special
functions were used. Also with the choice of m = 1 and h1 = h2 the principal theorems prsented in [11] are
obtained.

For other kind of generalized convexity, for example: MT−convexity, Godunova-Levin convexity, it is
possible to establish similar results with a particular choice of the functions h1 and h2. By example, the
MT−convexity is related with the functions h1(t) =

√
t/(2
√

1 − t) and h2(t) =
√

1 − t/(2
√

t) for all t ∈ (0, 1)
and the Godunova-Levin convexity is related with the function h1(t) = 1/t and h2 = 1/(1− t) for all t ∈ (0, 1).

Acknowledgments

The author wants to thank the Consejo de Desarrollo Cientı́fico, Humanı́stico y Tecnológico (CDCHT)
of the Universidad Centroccidental Lisandro Alvarado (Venezuela) for the technical support provided for
the preparation of this work. Also, to the referees assigned for the evaluation of the same and to the editorial
team of the Revista MATUA (Revista del Programa de Matemáticas - Facultad de Ciencias - Universidad
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