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Minkowski and Hölder type inequalities for a new generalized
fractional integral.

Miguel Vivas-Corteza, Jorge Eliecer Hernández Hernándezb

mjvivas@puce.edu.ec

jorgehernandez@ucla.edu.ve
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Resumen
El presente estudio se refiere a algunas desigualdades de tipo Minkovski y Hölder usando un nuevo operador integral
fraccional generalizado del tipo de Raina. Usando el modelo de función generalizada de Raina, F σ

ρ,λ, que involucran
ciertos parámetros y una secuencia acotada de números reales positivos, se da una nueva definición de integral fraccional
generalizada y de esto se deducen algunos otros operadores integrales fraccionarios clásicos. También la validez de los
resultados principales en el marco de Riemman se comprueban las integrales fraccionarias de Liouville, Hadamard,
Katugampola, Prabhakar y Salim.
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Abstract
The present study is concerning about some inequalities of Minkoveski and Hölder type using a new generalized fractio-
nal integral operator of Raina’s type. Using the Raina generalized function model, F σ

ρ,λ, which involve certain parameters
and a bounded sequence of positive real numbers, a new definition of a generalized fractional integral is given and some
others classical fractional integral operators are deduced from this. Also the validity of the main results in the setting of
Riemman–Liouville, Hadamard, Katugampola, Prabhakar and Salim fractional integrals is proved.
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1. Introduction

The study of integral inequalities has had a great evolution through the tools provided by fractional
calculus during the last decades, and its application has been related to areas such as rheology, dynamic
systems, biophysics, electrical networks, phenomena of blood flow, material science, science, mechanics,
power, economy and control theory , see for more details [1, 3, 4, 6, 25, 27, 34]. In a work by Sonine (1869)
dealing with arbitrary order differentiation we can find the first definition of the classical Riemman–Liouville
fractional integral and later works led to the expression that until now is used

Iαa+ f (x) =
1

Γ(α)

∫ x

a

f (t)dt
(x − t)α−1 , (x > a). (1)

For easy application of fractional calculus mathematician have given many different definitions of fractio-
nal derivatives and integrals, out of which the most commonly used and invoked is the Riemann-Liouville
operator. Some of the most studied and used in science are: Hadamard fractional integral [24], Katugampola
fractional integral [23], Prabhakar fractional integral [28], Salim fractional integral [32]. During the twentieth
century many authors have developed works leading to generalizations of this fractional integral, some of
them add specific non-singular kernels, for example, Mittag-Leffler type functions. In particular, the works
of: Prabhakar introduced in the kernel of the Riemann-Liouville fractional integral the three-parameters
Mittag-Leffler function [28], Garra et al., in 2014, defined the Hilfer-Prabhakar fractional derivative, this
fractional derivative is a generalization of Hilfer derivative in which Riemann-Liouville fractional integral is
replaced by Prabhakar fractional integral [16], Atangana and Baleanu proposed the so-called AB fractional
derivative operators which contain in the kernel the one-parameter Mittag-Leffler function [5], among others.

Following this model that modifies the nucleus of the Riemman Liouville integral, R. K. Raina introduces
a type of fractional integral considering a more general nucleus in a study given some results determining
similar properties for the generalized Wright’s hypergeometric functions [31]. Also, there exist many in-
tegral inequalities related to the Raina fractional operators; the reader may refer to [10, 11, 20, 37] the
aforementioned fractional integral operator was improved.

2. Preliminaries

Some definitions of fractional integrals have appeared later than the classic Riemman-Liouville fractional
integral. Some of them are listed in the following.

The left and right Hadamard’s fractional integral was introduced in [19] (1892)

Hα
a+ f (x) =

1
Γ(α)

∫ x

a

(
log

x
t

)α−1 f (t)dt
t

(2)

Hα
b− f (x) =

1
Γ(α)

∫ x

a

(
log

t
x

)α−1 f (t)dt
t

(3)

for functions defined on an interval (a, b) with 0 ≤ a < b < ∞ and α > 0.
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In [23] the left and right Katugampola fractional integral are introduced as follows

%Iαa+ f (x) =
%α−1

Γ(α)

∫ x

a

t%−1

(x% − t%)1−α f (t)dt (x > a), (4)

%Iαb− f (x) =
%α−1

Γ(α)

∫ b

x

t%−1

(x% − t%)1−α f (t)dt (x < b). (5)

for all complex-values Lebesgue measurable functions in f ∈ Xp
c (a, b), α, ρ > 0 and 0 ≤ a < b < ∞, where

Xp
c (a, b), is the set of all complex-values Lebesgue measurable functions such that(∫ b

a
|tc f (t)|p

dt
t

)1/p

< ∞, (c ∈ R, 1 ≤ p < ∞)

or
ess sup

a≤t≤b
|t f (t)| < ∞, (c ∈ R, p = ∞).

When ρ = 0 we arrive to the Riemman–Liouville fractional integral and using L’Hopital rule we deduce that

lı́m
ρ→0+

(%Iαa+ f )(x) = Hα
a+ f (x) and lı́m

ρ→0+
(%Iαb− f )(x) = Hα

b− f (x).

Many works have been published concerning this fractional integral with fractional integral inequalities
[9, 14].

Also, in [21] the authors introduced a conformable fractional integral defined by means

(
ϑ
$I

µ
a+ϕ

)
(x) =

∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)µ−1

ξϑ+$−1ϕ(ξ)dξ, for (x > a) , (6)

and (
ϑ
$I

µ
a+ϕ

)
(x) =

∫ b

x

(
ξϑ+$ − xϑ+$

ϑ +$

)µ−1

ξϑ+$−1ϕ(ξ)dξ, for (x < b) , (7)

where µ > 0, ϑ ∈ (0, 1], $ ∈ R ≥ 0 such that ϑ + $ , 0. For this conformable fractional integral the
Chebyshev inequality and some properties of linearity, boundedness an some applications to differential
equations are presented in the following works [21, 22].

Special functions have many relations with fractional calculus, and Mittag-Leffler function is a particu-
larly significant one in this area [18]. For example, the left and right Prabhakar fractional integral is defined
in [28] by means of

εa+(α, β, η,w) f (x) =

∫ x

a
(x − t)β−1Eη

α,β[w(x − t)α] f (t)dt (x > a) (8)

and

εb−(α, β, η,w) f (x) =

∫ b

x
(t − x)β−1Eη

α,β[w(t − x)α] f (t)dt (x < b), (9)

where α, β, η,w ∈ C, Re(α) > 0, Re(β) > 0 and Eη
α,β is the Mittag-Leffler function

Eη
µ,β(x) =

∞∑
k=0

(η)k

Γ(µk + β)k!
xk. (10)
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The left and right Salim fractional integral is introduced in [32] which is defined by means

Iγ,δ,qµ,β,w,p,a+
℘1(x) =

∫ x

a
(x − ξ)β−1Eγ,δ,p

µ,β,q[w(x − ξ)µ]℘1(ξ)dξ, (11)

and

Iγ,δ,q
µ,β,w,p,b−℘1(x) =

∫ b

x
(ξ − x)β−1Eγ,δ,p

µ,β,q[w(ξ − x)µ]℘1(ξ)dξ, (12)

where µ, β, γ, δ,w ∈ C and mı́n{<(µ),<(β),<(γ),<(δ)} > 0, p, q > 0, q < <(µ) + p, where Eγ,δ,p
µ,β,q is the

modified Mittag-Leffler function

Eγ,δ,q
µ,β,p(x) =

∞∑
k=0

(γ)qk

Γ(µk + β)(δ)pk
xk. (13)

Concerning the Prabhakar fractional integral several works have been published about properties, series
representation, some applications to Lagenvin equations, among others [15, 16, 17, 29, 33]. Also, some
estimations of fractional integral operators for convex functions and some fractional integral inequalities for
generalized convex functions have been studied for the Salim fractional integral [8, 30, 32].

Meantime, the Raina fractional model is proposed in [2, 31] as one important models of fractional cal-
culus and this is defined by integral similar to (1) but with a generalized Mittag-Leffler type function in the
kernel. This is defined as follows.

Definition 2.1. For any function ϕ which is L1 on an interval [a, b], the left and right Raina fractional
integral operators applied to ϕ(x) are defined by the following integral transforms, for λ, ρ > 0, w ∈ R:(

Jσ
ρ,λ,a+;wϕ

)
(x) =

∫ x

a
(x − ξ)λ−1 F σ

ρ,λ

[
w(x − ξ)ρ

]
ϕ(ξ)dξ, (x > a) , (14)

and (
Jσ
ρ,λ,b−;wϕ

)
(x) =

∫ b

x
(ξ − x)λ−1 F σ

ρ,λ

[
w(ξ − x)ρ

]
ϕ(ξ)dξ, (x < b) , (15)

where ϕ is such that the integral on the right side exits and F σ
ρ,λ is the function, given by [31]:

F σ
ρ,λ(x) = F

σ(0),σ(1),...
ρ,λ (x) =

∞∑
k=0

σ(k)
Γ (ρk + λ)

xk, (16)

where ρ, λ > 0, |x| < R, and σ = (σ(1), . . . , σ(k), . . .) is a bounded sequence in R, where R represents the set
of real numbers.

Remark 2.2. Observe that, if we select

ρ = 1, λ = 0 and σ(k) = ((µ)k(β)k/(γ)k) for k = 0, 1, 2, ... in (16), then we get the classical Hypergeo-
metric Function, that is

F σ
ρ,λ(x) = F(µ, β; γ; x) =

∞∑
k=0

(µ)k(β)k

(γ)kk!
xk,

where µ, β and γ are parameters which can take arbitrary complex or real values such that γ ,
0,−1,−2, ..., and (a)k is the Pochhammer symbol given by

(b1)k =
Γ(b1 + k)

Γ(b1)
= b1(b1 + 1) · · · (b1 + k − 1), k = 0, 1, ...,

and restrict its domain to |x| ≤ 1 (with x ∈ C),
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if we take σ(k) = (1, 1, 1, ...) with ρ = µ, (<(µ) > 0) , λ = 1 and restricting its domain to x ∈ C in
(16), then we get the classical Mittag–Leffler function, defined as

Eµ(x) =

∞∑
k=0

1
Γ(µk + 1)

xk.

if we take σ(k) =
(η)k
k! , ρ = µ and λ = β, we get the following extension of the Mittag-laffler function

(10) defined in [28].

if we take σ(k) =
(γ)qk

(δ)pk
, ρ = µ and λ = β in (16), we get another extension of the Mittag–Leffler function

(13) defined in [32].

Remark 2.3. It is easy to verify thatJσ
ρ,λ,a+;wϕ andJσ

ρ,λ,b−;wϕ are bounded integral operators on Lp(a, b),(1 ≤
p ≤ ∞), if

M := F σ
ρ,λ+1

[
w(b − a)ρ

]
< ∞.

In fact, for ϕ ∈ Lp (a, b) we have∥∥∥Jσ
ρ,λ,a+;wϕ

∥∥∥
p
≤ M ‖ϕ‖p and

∥∥∥Jσ
ρ,λ,b−;wϕ

∥∥∥
p
≤ M ‖ϕ‖p ,

where

‖ϕ‖p =

(∫ b

a
|ϕ(x)|p dx

)1/p

.

Remark 2.4. The importance of the Raina’s operators stems indeed from their generality. That is, by spe-
cifying the coefficient σ(k), we can obtain many useful fractional integral operators, as follows:

if we choose λ = µ, σ(0) = 1, σ(k) = 0 for k , 0 and w = 0 in Definition 2.1, we can deduce (left and
right) Riemman–Liouville fractional integrals:(

I
µ
a+ϕ

)
(x) =

1
Γ(µ)

∫ x

a
(x − ξ)µ−1 ϕ(ξ)dξ, (x > a, µ > 0); (17)

(
I
µ
b−ϕ

)
(x) =

1
Γ(µ)

∫ b

x
(ξ − x)µ−1 ϕ(ξ)dξ, (x < b, µ > 0). (18)

if we choose σ(k) =
(η)k
k! , ρ = α, λ = β and a = 0 in Definition 2.1, we get the left and right Prabhakar

fractional integrals (8) and (9).

if we choose σ(k) =
(γ)qk

(δ)pk
, ρ = µ and λ = β in Definition 2.1, we get the left and right Salim fractional

integrals (11) and (12).

Th following Lemma will be useful for the development of this work and its prove is in [12].

Lemma 2.5. Let h be a real concave function defined in the interval [a, b]. If x ∈ [a, b] then

h(a) + h(b) ≤ h(b + a − x) + h(x) ≤ 2h
(

a + b
2

)
. (19)
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3. Main Results

Definition 3.1. For any function ϕ ∈ L1([0,∞]), and any interval [a, b] ⊂ [0,∞] with 0 < a < b, the
conformable left and right Raina fractional integral operators applied to ϕ are defined by the following :

(
ϑ
$J

σ
ρ,λ,a+;wϕ

)
(x) =

∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
ϕ(ξ)dξ, (20)

for (x > a) ,

and (
ϑ
$J

σ
ρ,λ,b−;wϕ

)
(x) =

∫ b

x

(
ξϑ+$ − xϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(ξϑ+$ − xϑ+$)ρ

]
ϕ(ξ)dξ, (21)

(x < b) ,

where λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R ≥ 0, ϑ + $ , 0 , σ a bounded arbitrary sequence of real (or
complex) numbers and ϕ is such that the integral on the right side exits, with F σ

ρ,λ as the function given in
[31].

Remark 3.2. From this definition we obtain some of the following fractional integral:

1. If ϑ = 1 and $ = 0 then we obtain the left and right Raina’s fractional integral given in (14) and (15)
2. if we choose ϑ = 1 , $ = 0 and λ = µ, σ(0) = 1, σ(k) = 0 for k , 0 and w = 0, we can deduce the

Riemann–Liouville fractional integrals (left and right) (17) and (18).
3. if we choose ϑ = 1 , $ = 0, and σ(k) =

(η)k
k! , ρ = µ, λ = β and a = 0 we get the Prabhakar fractional

integral given by (8) and (9).
4. if we choose ϑ = 1 , $ = 0 and σ(k) =

(γ)qk

(δ)pk
, ρ = µ and λ = β , we get the well-known Salim fractional

integral given by (11) and (12).
5. if we choose λ = µ, σ(0) = 1, σ(k) = 0 for k , 0 and w = 0, we can deduce the left and right Khan

fractional integrals given by (6) and (7).
6. If we choose % = ϑ + $ > 0 and λ = µ, σ(0) = 1, σ(k) = 0 for k , 0 and w = 0, we can deduce the

left and right Katugampola fractional integrals given by (4) and (5).

Theorem 3.3. Let λ, ρ > 0, p ≥ 1, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0, ϑ + $ , 0 and σ = {σk}
∞
k=1 a bounded

arbitrary sequence of real (or complex) numbers. Let f , g be real functions defined on [a,∞), such that
Jσ
ρ,λ,a+;w f p(x) < ∞ and Jσ

ρ,λ,a+;wgp(x) < ∞. If 0 < m ≤ ( f (t)/g(t)) ≤ M, t ∈ [a, x] , then the following
inequality holds [(

ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]1/p
. (22)

Proof. Since f (t)/g(t) < M, t ∈ [a, x] , x > 0 then we have

f (t) ≤ Mg(t) + M f (t) − M f (t)

and so
(M + 1)p f p(t) ≤ Mp ( f + g)p (t).

79



M. Vivas, J. Hernández / Matua Revista Del Programa De Matemáticas VOL: VIII (2021) pǵina: 80–91 80

Multiplying both side by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
we obtain

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
(M + 1)p f p(t)

≤

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
Mp ( f + g)p (t).

Integrating over t ∈ [a, x] we have

(M + 1)p
∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
f p(t)

≤ Mp
∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
( f + g)p (t).

which is equivalet to (
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x) ≤

Mp

(M + 1)p

(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x),

therefore [(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p
≤

M
(M + 1)

[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]1/p
. (23)

Now, using the fact that mg(t) ≤ f (t), we obtain(
1 +

1
m

)
g(t) ≤

1
m

( f + g) (t),

similarly we have [(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p
≤

1
(m + 1)

[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]1/p
. (24)

Adding (23) and (24) the desired inequality (22) is obtained.

Remark 3.4. Letting λ = α, σ = (1, 0, 0, 0, ...),w = 0 y a = 0 en el Theorem 3.3 we have[(
Iα0+ f p

)
(x)

]1/p
+

[(
Iα0+gp

)
(x)

]1/p
≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(
Iα0+ ( f + g)p

)
(x)

]1/p

wich coincides with Theorem 2.1 en [12]. In particular, if α = 1 then

‖ f ‖p + ‖g‖p ≤
(

1 + M(m + 2)
(M + 1) (m + 1)

)
‖ f + g‖p ,

making coincidence with Theorem 1.2 in [7]. With the choice of parameters given in numeral 3 of Remark
3.2 in Theorem 1, we obtain the inequality for the left Prabhakar fractional integral[

(εa+(α, β, η,w) f p) (x)
]1/p

+
[
(εa+(α, β, η,w)gp) (x)

]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [
(εa+(α, β, η,w)( f + g)p) (x)

]1/p .
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Also, using the appropriate choices of the parameters given in numeral 4 (Remark 3.2) in Theorem 1, we
have the following inequality for the left Salim fractional integral[(

Iγ,δ,qµ,β,w,p,a+
f p

)
(x)

]1/p
+

[(
Iγ,δ,qµ,β,w,p,a+

gp
)

(x)
]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(
Iγ,δ,qµ,β,w,p,a+

( f + g)p
)

(x)
]1/p

.

Additionally, using the choices of the parameters indicated in numeral 5 (Remark 3.2) in Theorem 1 we
obtain the inequality for the left Katugampola fractional integral[(%Iαa+ f p) (x)

]1/p
+

[(%Iαa+gp) (x)
]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(%Iαa+( f + g)p) (x)
]1/p ,

taking limit when %→ 0+ we obtain the inequality for the Hadamard fractional integral[(
Hα

1 f p
)

(x)
]1/p

+
[(

Hα
1 gp

)
(x)

]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(
Hα

1 ( f + g)p
)

(x)
]1/p

wich coincides with Theorem 6 in [35]. Also, for the Khan fractional integral we have[(
ϑ
$Iµa+ f p

)
(x)

]1/p
+

[(
ϑ
$Iµa+gp

)
(x)

]1/p

≤

(
1 + M(m + 2)

(M + 1) (m + 1)

) [(
ϑ
$Iµa+( f + g)p

)
(x)

]1/p
,

Theorem 3.5. Let p ≥ 1, λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0, ϑ + $ , 0 and σ = (σk)∞k=1 a bounded
arbitrary sequence of real (or complex) numbers.Let f , g be real functions defined on [a,∞), such that(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x) < ∞ y

(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x) < ∞. If 0 < m ≤ ( f (t)/g(t)) ≤ M, t ∈ [a, x] , then the following

inequality holds [(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]2/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]2/p
(25)

≥

(
(M + 1)(m + 1)

M
− 2

) [(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p [(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p
.

Proof. Multiplying (23) and (24) it follows that

(M + 1)(m + 1)
M

[(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p [(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p
(26)

≤
[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]2/p
.

By an application of the Minkowski inequality in the right side of (26), we have[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]2/p
≤

([(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p
)2
.
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It follows that[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]2/p
(27)

≤
[(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]2/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]2/p

+2
[(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p [(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]
.1/p

Using the inequalities (26) and (27) the desired result (25) is obtained .

Remark 3.6. Letting λ = α, σ = (1, 0, 0, ...),w = 0 y a = 0 in Theorem 3.5 we have[(
Iα0+ f p

)
(x)

]2/p
+

[(
Iα0+gp

)
(x)

]2/p
≥

(
(M + 1)(m + 1)

M
− 2

) [(
Iα0+ f p

)
(x)

]1/p [(
Iα0+gp

)
(x)

]1/p

which coincides with Theorem 2.3 in [12]. In particulr, if α = 1 then

‖ f ‖2p + ‖g‖2p ≥
(

(M + 1)(m + 1)
M

− 2
)
‖ f ‖p ‖g‖p

making coincidence with Theorem 2.2 in [13]. Following Remark 3.4 we have the result in Theorem 3.5 for
Prabhakar and Salim fractional integrals[

(εa+(α, β, η,w) f p) (x)
]2/p

+
[
(εa+(α, β, η,w)gp) (x)

]2/p

≥

(
(M + 1)(m + 1)

M
− 2

) [
(εa+(α, β, η,w) f p) (x)

]1/p [
(εa+(α, β, η,w)gp) (x)

]1/p .

and [(
Iγ,δ,qµ,β,w,p,a+

f p
)

(x)
]2/p

+
[(

Iγ,δ,qµ,β,w,p,a+
gp

)
(x)

]2/p

≥

(
(M + 1)(m + 1)

M
− 2

) [(
Iγ,δ,qµ,β,w,p,a+

f p
)

(x)
]1/p [(

Iγ,δ,qµ,β,w,p,a+
gp

)
(x)

]1/p
.

respectively. Also for the Katugampola fractional integral we have[(%Iαa+ f p) (x)
]2/p

+
[(%Iαa+gp) (x)

]2/p

≥

(
(M + 1)(m + 1)

M
− 2

) [(%Iαa+ f p) (x)
]1/p [(%Iαa+gp) (x)

]1/p ,

and letting %→ 1 we have the result for the Hadamard fractional integral[(
Hα

1 f p
)

(x)
]2/p

+
[(

Hα
1 gp

)
(x)

]2/p
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≥

(
(M + 1)(m + 1)

M
− 2

) [(
Hα

1 f p
)

(x)
]1/p [(

Hα
1 gp

)
(x)

]1/p
.

Similarly for the Khan fractional integral we have[(
ϑ
varpiI

µ
a+ f p

)
(x)

]2/p
+

[(
ϑ
$Iµa+gp

)
(x)

]2/p

≥

(
(M + 1)(m + 1)

M
− 2

) [(
ϑ
$Iµa+ f p

)
(x)

]1/p [(
ϑ
$Iµa+gp

)
(x)

]1/p
,

Theorem 3.7. Let p, q ∈ R with p > 1 and 1/p + 1/q = 1. Let λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0,
ϑ + $ , 0 and σ = (σk)∞k=1 a bounded arbitrary sequence of real numbers. If f , g : a, b → R are functions
such that f p, gq, f g ∈ L1 ([a, b]) and

0 < m ≤
f (x)
g(x)

≤ M, for any x ∈ [a, b] , a, b ∈ [0,∞)

for all t ∈ [a, x], then

((
ϑ
$J

σ
ρ,λ,a+;w f

)
(x)

)1/p ((
ϑ
$J

σ
ρ,λ,a+;wg

)
(x)

)1/q
≤

( M
m

)1/pq (
ϑ
$J

σ
ρ,λ,a+;w f 1/pg1/q

)
(x).

Proof. Using the fact that f (x)
g(x) ≤ M for all t ∈ [a, x], we have

g1/q(t) ≥ M−1/q f 1/q(t),

so, multiplying in both sides by f 1/p we get

f 1/p(t)g1/q(t) ≥ M−1/q f (t). (28)

Multiplying both sides of (28) by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
and integrating over t ∈

[a, x]we obtain ∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
f 1/p(t)g1/q(t)dt

≥ M−1/q
∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
f (t)dt,

from which the following is obtained((
ϑ
$J

σ
ρ,λ,a+;w f 1/pg1/q

)
(x)

)1/p
≥ M−1/pq

((
ϑ
$J

σ
ρ,λ,a+;w f

)
(x)

)1/p
. (29)

Similarly, using the lower bound m ≤ f (x)
g(x) we have

f 1/p(t)g1/q(t) ≥ m1/pg(t). (30)

83



M. Vivas, J. Hernández / Matua Revista Del Programa De Matemáticas VOL: VIII (2021) pǵina: 84–91 84

So, Multiplying both sides of (30) by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
and integrating over t ∈

[a, x]we obtain ((
ϑ
$J

σ
ρ,λ,a+;w f 1/pg1/q

)
(x)

)1/q
≥ m1/pq

((
ϑ
$J

σ
ρ,λ,a+;wg

)
(x)

)1/q
. (31)

Therefore from inequalities (29) and (31) we obtain the desired result( M
m

)1/pq (
ϑ
$J

σ
ρ,λ,a+;w f 1/pg1/q

)
(x) ≥

((
ϑ
$J

σ
ρ,λ,a+;w f

)
(x)

)1/p ((
ϑ
$J

σ
ρ,λ,a+;wg

)
(x)

)1/q
. (32)

The proof is complete.

Remark 3.8. Letting λ = α, σ = (1, 0, 0, ...),w = 0 in Theorem 3.7 we have

((
Iαa+ f

)
(x)

)1/p ((
Iαa+g

)
(x)

)1/q
≤

( M
m

)1/pq (
Iαa+ f 1/pg1/q

)
(x)

which coincides with Theorem 2.3 in [12]. In particular, if α = 1 then(∫ x

a
f (t)dt

)1/p (∫ x

a
f (t)dt

)1/q

≤

( M
m

)1/pq ∫ x

a
f 1/p(t)g1/q(t)dt.

Following Remarks 3.4 and 3.6 we obtain the result in Theorem 3.7 for Prabhakar, Salim, Katugampola,
Hadamard and Khan fractional integrals.

Theorem 3.9. Let p, q ∈ R with p > 1 and 1/p + 1/q = 1. Let λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0,
ϑ + $ , 0 and σ = (σk)∞k=1 a bounded arbitrary sequence of real numbers. Let f , g : a, b → R be two
positive functions such that such that

(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x) < ∞ y

(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x) < ∞. If

0 < c < m ≤
r f (t)
g(t)

≤ M, for any t ∈ [a, x] , (33)

then

M + r
r(M − c)

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p

≤
((
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

)1/p
+

((
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

)1/p
(34)

≤
m + r

r(m − c)

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p

Proof. From the given condition (33) we get

m − c <
r f (t)
g(t)

− c < M − c,

and from here we obtain

1
(M − c)p (r f (t) − cg(t))p ≤ gp(t) ≤

1
(m − c)p (r f (t) − cg(t))p .
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Multiplying by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
and integrating over t ∈ [a, x]we obtain

1
M − c

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p
≤

((
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

)1/p
(35)

≤
1

m − c

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p

Again from condition (33) we obtain
−1
m
≤ −

g(t)
r f (t)

≤
−1
M

then
1
c
−

1
m
≤

1
c
−

g(t)
r f (t)

≤
1
c
−

1
M

which gives
m − c

mc
≤

r f (t) − cg(t)
cr f (t)

≤
M − c

Mc
.

From here it follows that(
M

r(M − c)

)p

(r f (t) − cg(t))p ≤ gp(t) ≤
(

m
r(m − c)

)p

(r f (t) − cg(t))p .

Multiplying by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
and integrating over t ∈ [a, x]we obtain

M
r(M − c)

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p
≤

((
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

)1/p
(36)

≤
m

r(m − c)

(
ϑ
$J

σ
ρ,λ,a+;w (r f (t) − cg(t))p (x)

)1/p

Adding (35) and (36) we obtain the desired result (34).

Remark 3.10. The inequality in Theorem 3.9 remains valid for all the fractional integrals mentioned in
Remark 3.4.

In the proof of the following theorem we will use the classical Young inequality:

xy ≤
xp

p
+

yq

q
, para cualesquiera x, y ≥ 0 y p > 1,

1
p

+
1
q

= 1.

Theorem 3.11. Let p, q ∈ R with p > 1 and 1/p + 1/q = 1. Let λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0,
ϑ + $ , 0 and σ = (σk)∞k=1 a bounded arbitrary sequence of real numbers. If f , g : a, b → R are functions
such that f p, gq, f g ∈ L1 ([a, b]) and

0 < m ≤
f (x)
g(x)

≤ M, for any x ∈ [a, b] , a, b ∈ [0,∞)

then (
ϑ
$J

σ
ρ,λ,a+;w f g

)
(x) ≤

2p−1

p

( M
M + 1

)p ((
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x) +

(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

)

+
2q−1

q

(
1

m + 1

)q ((
ϑ
$J

σ
ρ,λ,a+;w f q

)
(x) +

(
ϑ
$J

σ
ρ,λ,a+;wgq

)
(x)

)
.
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Proof. Since 0 < m ≤ f (x)/g(x) ≤ M, for any x ∈ [a, b], we have

f (x) ≤
M

M + 1
( f (x) + g(x)) ,

g(x) ≤
1

m + 1
( f (x) + g(x)) .

Using the Young inequality

f (x)g(x) ≤
f (x)p

p
+

g(x)q

q
≤

1
p

( M
M + 1

)p

( f (x) + g(x))p +
1
q

(
1

m + 1

)q

( f (x) + g(x))q

then, multiplying by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
we obtain∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
f (t)g(t)dt

≤
1
p

( M
M + 1

)p ∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
( f (t) + g(t)p dt

+
1
q

(
1

m + 1

)q ∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
( f (t) + g(t))qdt

Using the classical inequality: (c + d)p ≤ 2p−1 (cp + dp), we obtain∫ x

0

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
f (t)g(t)dt

≤
1
p

( M
M + 1

)p

2p−1×∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
( f p(t) + gp(t))dt

+
1
q

(
1

m + 1

)q

2q−1×∫ x

a

(
xϑ+$ − ξϑ+$

ϑ +$

)λ−1

ξϑ+$−1F σ
ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
( f q(t) + gq(t)) dt

=
1
p

( M
M + 1

)p

2p−1
(
ϑ
$

(
Jσ
ρ,λ,a+;w f p

)
(x) +

(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

)
+

1
q

(
1

m + 1

)q

2q−1
((
ϑ
$J

σ
ρ,λ,a+;w f q

)
(x) +

(
ϑ
$J

σ
ρ,λ,a+;wgq

)
(x)

)
.

The proof is complete.

Remark 3.12. Letting λ = α,w = 0 y σ = (1, 0, 0, ...) in Theorem 3.11 the following fractional integrals of
Riemann-Liouville type is obtained(

Iαa+ f g
)

(x) ≤
2p−1

p

( M
M + 1

)p ((
Iα0+ f p

)
(x) +

(
Iα0+gp

)
(x)

)
+

2q−1

q

(
1

m + 1

)q ((
Iα0+ f q

)
(x) +

(
Iα0+gq

)
(x)

)
.
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In particular, if α = 1 se have∫ x

0
f (t)g(t)dt ≤

2p−1

p

( M
M + 1

) (
‖ f ‖pp + ‖g‖pp

)
+

2q−1

q

(
1

m + 1

)q (
‖ f ‖qq + ‖g‖qq

)
.

making coincidence with Teorema 2.4 in [13]. With a suitable choices of the parameters in Definition 3.1
the inequality in Theorem 3.11 remains valid for the classical Riemman integral, Riemman–Liouville, Ha-
damard, Prabhakar, Salim and Khan fractional integral.

Theorem 3.13. Let p, q ∈ R with p > 1. Let λ, ρ > 0, w ∈ R, ϑ ∈ (0, 1], $ ∈ R > 0, ϑ + $ , 0 and
σ = (σk)∞k=1 a bounded arbitrary sequence of real numbers. Let f , g : a, b → R be two positive functions
such that such that

(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x) < ∞ y

(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x) < ∞. If

0 < m1 ≤ f (t) ≤ M1, and 0 < m2 ≤ g(t) ≤ M2

for t ∈ [a, x], then the following inequality holds[(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p

≤ M
[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]1/p
. (37)

where
M =

M1(m1 + M2) + M2(m2 + M1)
(m1 + M2)(m2 + M1)

Proof. From the given condition for g we have that

1
M2
≤

1
g(t)
≤

1
m2

and using the condition for f (t) we obtain

m1

M2
≤

f (t)
g(t)
≤

M1

m2
.

Easily we obtain

g(t)
(
1 +

M2

m1

)
≤

M2

m1
( f (t) + g(t)).

It follows that

gp(t) ≤
(

M2

m1 + M2

)p

( f (t) + g(t))p. (38)

From the condition f (t)
g(t) ≤

M1
m2

we obtain

f p(t) ≤
(

M1

m1 + M2

)p

( f (t) + g(t))p. (39)

Multiplying (38) and (39) by
(

xϑ+$−ξϑ+$

ϑ+$

)λ−1
ξϑ+$−1F σ

ρ,λ

[
w(xϑ+$ − ξϑ+$)ρ

]
, integrating over t ∈ [a, x] and

adding the resulting inequalities we obtain[(
ϑ
$J

σ
ρ,λ,a+;w f p

)
(x)

]1/p
+

[(
ϑ
$J

σ
ρ,λ,a+;wgp

)
(x)

]1/p

≤ M
[(
ϑ
$J

σ
ρ,λ,a+;w ( f + g)p

)
(x)

]1/p
.
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where
M =

M1(m1 + M2) + M2(m2 + M1)
(m1 + M2)(m2 + M1)

.

The proof is complete.

Remark 3.14. The inequality in Theorem 3.13 remains valid for all the fractional integrals mentioned in
Remark 3.4.

Conclusion

In this article, some fractional integral inequalities of Minkowski and Hölder type (Theorems 1,2,3,4,5
and 6) were established using a new generalized Raina’s fractional integral. Also from a suitable choices
for the involved parameters in the proposed Definition 3.1 the Raina fractional integral operator, Hadamard
fractional integral, Katugampola fractional integral, Prabhakar, Salim and Khan fractional integrals were
deduced. As it was be remarked (Remarks 3.4,3.6,3.8,3.10,3.12 and 3.14), the main results remain valid
for all the aforemetioned fractional integrals. In addition, some observations were presented to establish the
generalization of the results obtained with respect to others previously found by L. Bougoffa [7] and S.S.
Dragomir [13].

It should be noted that the results obtained can be generalized using the following fractional integral
defined by T. Tunç et.al. in [36](

J
σ,k,g
ρ,λ,a+;wϕ

)
(x) =

∫ x

a

g′(t)

((g(x) − g(t))1− λ
k

F
σ,k
ρ,λ

[
w(x − t)ρ

]
ϕ(t)dt, (x > a)

and (
J
σ,k,g
ρ,λ,b−;wϕ

)
(x) =

∫ b

x

g′(t)

((g(x) − g(t))1− λ
k

F
σ,k
ρ,λ

[
w(t − x)ρ

]
ϕ(t)dt, (x < b) ,

where

F
σ,k
ρ,λ (x) =

∞∑
m=0

σ(m)
kΓk (ρkm + λ)

xm,

k > 0, g : [a, b]→ R is a positive increasing function with a continuous derivative g′ on (a, b), ρ, λ > 0, |x| <
R, σ = (σ(1), .., σ(k), ..) is a bounded sequence of real numbers, Γk is the k−Gamma function, and ϕ is a
function such that the integrals exist.

The authors hopes that the results will serve as a stimulus for future research in the area.

Acknowledgement

Dr. Miguel Vivas-Cortez thanks to Dirección de Investigación from the Pontificia Universidad Católica
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