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Kozyra: The Structure of Functional Graphs for which a Square Root Exists

Abstract

The notion of a replica of a nontrivial in-tree is defined. A result enabling to
determine whether an in-tree is a replica of another in-tree employing an injective
mapping between some subsets of sources of these in-trees is presented. There are
given necessary and sufficient conditions for the existence of a functional square root
of a function from a finite set to itself through presenting necessary and sufficient
conditions for the existence of a square root of a component of the functional graph
for the function and for the existence of a square root of the union of two components
of the functional graph for the function containing cycles of the same length using the
concept of the replica.

1 Introduction

The main problem of interest in this article is to determine a functional square root (half
iterate) of any function f: X — X, where X is a finite set. Generally, fractional iterates
(iterative roots of n-th order) are defined as follows: f % is a function g: X — X such that
g" = f, for all n € N and the n-th iterate of a function f: X — X is defined for non-negative
integers in the following way:

® f() = ZdX
° fn+1 - fofn

where idx is the identity function on X and f o g denotes function composition.

1.1 Historical Background

The problem of half iterates and fractional iterates has been studied since the 19th century.
One of the earliest research on this topic is Charles Babbage’s research from 1815 of the
solutions of f ( f (a:)) = x over R, so-called the involutions of the real numbers [12]. For the
given function h the solution ¥ of Schréder’s equation

U (h(z)) = s¥(x), where the eigenvalue s = h'(a) and h(a) = a

enables finding arbitrary functional n-roots [35]. In general, all functional iterates of h are
given by hy(z) = U (s"¥(z)), for ¢ € R. Kneser studied [18] the half iterate of the expo-
nential function. Szekeres [34] dealt with regular iterations of real and complex functions.
Curtright and Zachos [6] analyzed the problem of approximate solutions of functional equa-
tions.

The concept of fractional iterate is strictly connected with the notion of an nth root of
a graph, since each function from a finite domain to itself can be depicted by its functional
graph. The concept of the square of a finite, undirected, and without loops or multiple lines
graph was introduced by Harary and Ross, [16]. They presented a criterion for a graph to
be the square of a tree. This concept can be generalized. Let G be an undirected graph.
The nth power of G, written G", is defined to be the graph having the same vertex set as G
with two vertices adjacent in G" if and only if there is a path of length at most n between
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them. A graph G has an nth root H if H" = G. If n = 2, we say that H is the square root
of G. Mukhopadhyay [31] characterized graphs that have at least one square-root graph and

proved that a connected undirected graph G with vertex set {vy,...,v,} has a square root
if and only if G contains a collection of n complete subgraphs Gy, ..., G, such that for all
i,7€{1,...,n}:

1. U, G =G,

2. v; € Gy,

3. v; € G it and only if v; € G;.

Harary et al. [15] characterized graphs whose squares are planar. Geller [10] characterized
digraphs that have at least one square root. Lin and Skiena [24] invented a linear time
algorithm for finding the tree square roots of a given graph and a linear time algorithm for
finding the square roots of planar graphs.

Motwania and Sudanb [30] proved that computing any square root of a square graph, or
deciding whether a graph is a square, is an NP-hard problem. The following results concern
square root finding problem in terms of the girth of the square root. The girth of a graph G
with a cycle is the length of its shortest cycle. An acyclic graph has infinite girth. Chang et
al. [5] found a polynomial time algorithm to compute the tree acyclic square root. Farzad et
al. [8] presented a polynomial time characterization of squares of graphs with a girth of at
least 6. They also proved that the square root (if it exists) is unique up to isomorphism when
the girth of the square root is at least 7 and proved the NP-completeness of the problem for
square roots of girth 4. Adamaszek [1] proved that the square root of a graph is unique up
to isomorphism when the girth of the square root is at least 6 if it exists. Farzad and Karimi
[7] showed that the square root finding problem is NP-complete for square roots of girth 5.
Thus they proved the complete dichotomy theorem for the square root problem in terms of
the girth of the square roots: Square of graphs with girth g is NP-complete if and only if
g <>5.

There is also vast polish literature devoted to iterative roots. Ger [11] and Kuczma [20]
dealt with functional equation p?(z) = g(x). Kuczma [22] dealt with iterative functional
equations. Kuczmal[21],[23] and Zdun [38] described fractional iterations of convex functions.
Zdun [36, 37] dealt with differentiable fractional iterations and with the problem of existence
and uniqueness of continuous iterative roots of homeomorphisms of the circle.

1.2 The Structure of the Article

The following section contains some basic notions and facts from Graph Theory as well as
some of the previous Kozyra’s results [19] used later in this article. In the third section, the
concepts of a coil and a replica, as well as their properties, are described. This section lays
the foundation for the main results of this article presented in the fourth section, in which
our attention will be focused on necessary and sufficient conditions for the existence of a
square root of a component of a functional graph or the existence of a connected square root
of the union of two components of a functional graph, containing cycles of the same length.
In this section, an example clarifying and using previous results is given.
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2 Preliminary

In the first subsection of this section some basic, coming from [14], and occurring later in
this article, terminology and facts from graph theory are presented. It can be omitted by
readers acquainted with standard terminology from graph theory. The second subsection of
this section contains some of Kozyra’s [19] results that will be used in the further parts of
this article.

2.1 Basic Definitions and Facts

A graph G = (V, E) consists of two sets V and E. The elements of V' are called vertices
(or nodes). The elements of E are called edges. Each edge has a set of one or two vertices
associated to it, which are called its endpoints. An edge is said to join its endpoints. If
vertex v is an endpoint of edge e, then v is said to be incident on e, and e is incident on
v. A self-loop or loop is an edge that joins a single endpoint to itself. The graph union
of two graphs G and H is the graph G U H whose vertex-set and edge-set are the disjoint
unions, respectively, of the vertex-sets and the edge-sets of G and H. A subgraph of a graph
G = (Vg, Eg) is a graph H = (Vy, Ey) such that Vy C Vg and Ey C Eg. In a graph G,
the induced subgraph on a set of vertices W = {wy, ..., wy}, denoted G(W), has W as its
vertex-set, and it contains every edge of G whose endpoints are in W. A directed edge (or
arc) is an edge e, one of whose endpoints is designated as the tail, and whose other endpoint
is designated as the head. An arc that is directed from vertex u to v is said to have tail u
and head v. A multi-arc is a set of two or more arcs having the same tail and same head. If
the digraphs under consideration do not have multi-arcs, then an arc that is directed from
vertex u to v is represented by the ordered pair (u,v). A digraph (or directed graph) is a
graph each of whose edges is directed. A trivial graph is a graph consisting of one vertex and
no edges. A simple digraph is a digraph with no self-loops and no multi-arcs. The underlying
graph of a directed or partially directed graph G is the graph that results from removing all
the designations of head and tail from the directed edges of G. The degree (or valence) of
a vertex v in a graph G, denoted deg(v), is the number of proper edges incident on v plus
twice the number of self-loops. The indegree of a vertex v in a digraph, denoted in_deg(v),
is the number of arcs directed to v; the outdegree of vertex v, denoted out_deg(v), is the
number of arcs directed from v. Each self-loop at v counts one toward the indegree of v
and one toward the outdegree. A vertex w in digraph D without multi-arcs dominates (or
beats) vertex v in D whenever (u,v) is an arc of D. The out-set of a vertex v in a digraph D
without multi-arcs, denoted O(v), is the set of all vertices that v dominates, and the in-set
of v, denoted I(v), is the set of all vertices that dominate v.
A walk in a graph G is an alternating sequence of vertices and edges,

W = (/U[),Gh'l}l,eg, s 76717/071)

such that for j = 1,...,n, the vertices v;_; and v; are the endpoints of the edge e;. If,
moreover, the edge e; is directed from v;_; to v; , then W is a directed walk. The length of
a walk is the number of edges (counting repetitions). A walk is closed if the initial vertex
is also the final vertex; otherwise, it is open. A trail in a graph is a walk such that no edge
occurs more than once. A path in a graph is a trail such that no internal vertex is repeated.
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A cycle is a closed path of length at least 1. The cycle graph C,, is the n-vertex graph with n
edges, all on a single cycle. The distance between two vertices in a graph is the length of the
shortest walk between them. A graph is connected if between every pair of vertices there is
a walk. A digraph is (weakly) connected if its underlying graph is connected. A component
of a graph G is a connected subgraph H such that no subgraph of G that properly contains
H is connected. In other words, a component is a maximal connected subgraph.

A tree is a connected graph with no cycles (i.e., acyclic). A directed tree is a digraph
whose underlying graph is a tree. A source in a digraph is a vertex of indegree zero. A basis
of a digraph is a minimal set of vertices such that every other vertex can be reached from
some vertex in this set by a directed path. An in-tree is a directed tree with a distinguished
vertex r, called the root, such that for every other vertex v, the unique path from v to r
is a directed path from v toward the root r. A functional graph is a digraph in which each
vertex has outdegree one.

Fact 2.1. [14, Fact 19, p. 188] Let D be a functional graph, and let G be the underlying
undirected graph. Then each component of G contains exactly one cycle. In D this cycle is
a directed cycle, and the remowval of any arc in it turns that component into an in-tree.

The depth or level of a vertex v in in-tree, denoted by lev(v), is its distance to the root,
that is, the number of edges in the unique directed path from v to the root. In an in-tree a
vertex w is called a descendant of a vertex v (and v is called an ancestor of w), if w is on
the unique path from v to the root. If, in addition, w # v, then w is a proper descendant of
v (and v is a proper ancestor of w).

2.2 Reformulation for the Problem of Determining a Functional
Square Root

The notion of a half iterate can be translated into Graph Theory language. Any function
e:{1,...,n} = {1,...,n} can be represented as corresponding to ¢ the directed graph G =
(V, E) denoted by G(¢), with V ={1,...,n} and E = {(k,0): k,l € {1,...,n} & (k)=
l}.

Definition 2.1. Let G = (V, E)) be a functional graph. A functional graph G’ = (V| E’) is
called a square root of graph G ift

vu,v S V(U,U) € E — E|w S V('LL,U)), (U),’U) S El

There is straightforward relation between a functional square root of a function ¢ and a
square root of the functional graph G(p). If ¢ is a half iterate of ¢, then G(¢) is a square
root of G(¢). Similarly, for any function ¢, if G’ is a square root of G(¢), then G' = G(¢)
for a half iterate ¢ of ¢.

Kozyra [19] presented four algorithms determining all half iterates and seven algorithms
finding one functional square root of any function f: X — X defined on a finite set X,
if these square roots exist and characterized functions which are their selves half iterates.
Moreover, Kozyra found formulas for the number of all half iterates of constant and the
number of all identity functions defined on an n-element set, as well as, he proved that these
numbers are greater than 2"~!. In this article there are used two results from [19]:
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Theorem 2.1. [19, Thm. 9, p. 7] Let « be a function from a finite domain to itself and
G(a) be its functional graph. Then there exists a half iterate of o iff

1. for each component in G(«) there exists its square root
or

2. for each component Gy = (Vi, E1) of G(a) which has no square root there exists an-
other component Go = (Va, E3) of G(a) containing a cycle of the same length as this
contained in G such that there exists a square root of the graph being the union of
these components — Gz = (Vi U Vo, By U Ey).

Proposition 2.1. [19, Prop. 10, p. 9] Assume that « is a function from an n-element set
to itself and its functional graph G(«) is a component containing a cycle a := (ag, ..., ax_1)

of length k and A :={aqg,...,ax_1}. Then:
1. If there exists a half iterate 3 of o, then k is an odd number and )4 = aF+1/2|,.

2. If B is a function and G(«) is the cycle graph Cy containing the cycle a, then 32 = «
iff B = a /2,

3 Coils and Replicas

Theorem 2.1 represents a general way how to find a square root of a functional graph. In
this section, the concepts of a coil and a replica are defined as well as their properties are
characterized. These concepts allow finding a square root of a component or the union of two
components containing a cycle of the same length, what is described in the fourth section.
Thus the problem of finding a square root of a functional graph can be completely solved by
employing these tools.

Let G be a functional graph and C' = (V, F) be one of its component. Then by Fact 2.1, C'
contains exactly one cycle ¢ = (¢, ..., c—1) and for each x € V sub-graph in — treec(z) =
(Va, E;) defined as follows:

e V, is the set consisting of z and all vertices v € V '\ {cy,...,cx1} for which there
exists the unique path in the induced subgraph
C(V \ {coy...,ck—1} U {z}) from v to .

o B, ={e € E:Fdypecv,:e=(u,v)}
is an in-tree with the root x.
Definition 3.1. Such sub-graph in —treec(x) will be called the in-tree generated by element

x in graph C. An in-tree G = (V, E) will be called strictly nontrivial, if there exists a vertex
v € V whose level is greater than 2 or equals 2.
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3.1 Colils

Definition 3.2. Let G; = (V4, Ey) and Gy = (V4, Ey) be nontrivial in-trees with roots
and 79, respectively. A coil of graph G with graph Gs is a graph G = (V; U V5, E) such
that the following three conditions are satisfied:

(Cl) G is an in-tree with the root

(C2) Vo e v [(@,h) € By 4= 3, c 1(a,0), (0,5) € E]

(C3) Vuw e v |(u,0) € By <= Jy e vi(u,a),(a,v) € EJ
The set of all coils Gy with G5 of is denoted by Coils(G1, G2).

Proposition 3.1 (Some properties of coils). Let G; = (Vi, E1) and Gy = (Va, Ey) be non-
trivial in-trees with roots 1 and ro, respectively. If graph G = (Vi U Vi, E) is a coil of graph
G with graph Gy, then:

1. (ry,7m) € E

2. ECVixVy U VaxV

3. if a is an ancestor of b in Gy, then a is an ancestor of b in G for all a,b € Vi
4. if w is an ancestor of v in Ga, then u is an ancestor of v in G for all u,v € Vj
5. if a is a source in Gy and (a,v) € E, then:

e if v is a source in Go, then a is a source in G

e if (u,v) € Ey, then u is a source in Gy and in G

Proof. 1. Let u € V; be such that (u,ry) € FEs, then by (C3), there exists a € Vj such
that (u,a) and (a,r2) € E. Hence by (Cl) a # r;. So there exists b € V] such
that (a,b) € Fj. Then by (C2), there exists v € V5 such that (a,v), (v,b) € E,
hence by (C1), v = 7. Suppose that b # 7y, then there exists ¢ € V; such that
(b,c) € Ej, thus by (C2), there exists w € V3 such that (b,w), (w,c) € E, so by
(C3), (ro,w) € Fy — a contradiction, since ry is the root of Gy. Therefore b = r; and
(7’2,7“1) e FE.

2. Ifa € Vi \ {r}, then there exists b € V; such that (a,b) € Ej, hence by (C1) and
(C2), there exists the unique u such that (a,u) € Fandu € Vo. Ifu € Vo \ {r},
then there exists v € V4 such that (u,v) € Es, so by (C1) and (C3) there exists the
unique a such that (v,a) € EFanda € V;. By (C1) and (1), (r2,7) € E and it is
the unique path from ry to r;. Summarizing, £ C V; x Vo U Vo x Vi,

3. If a is an ancestor of b in (G1, then there exists the unique path
(ag,...,an) from a to b in Gy, since Gy is an in-tree. By (Cl) and (C2), for each
i €{0,...,m — 1} there exists the unique u; € V5 such that
(ag, ug, @1, - .., Um—_1, Q) is the unique path from a to b in G.
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4. The proof is analogous to the proof of (3)

5. Assume that a is a source in Gy and (a,v) € E. Suppose that a is not a source in G,
then by (2), there exists u € V4 such that (u,a) € FE, hence by (C3), (u,v) € Ex,
thus v is not a source in G3. Assume now additionally that (u,v) € FE, and suppose
that u is not a source in GG3. Then there exists ¢ € V5 such that (t,u) € F5, hence
by (C3), there exists b € V; such that (b,u) € E. But (a,v) € E and (u,v) € Ej,
therefore by (C1) and (C3), (u,a) € E. So we have (b,u) € F and (u,a) € FE,
thus by (C2), (b,a) € E; — a contradiction, since a is a source in G. Therefore u is
a source in Ga, and therefore if u were not a source in G, then by (2) and (C2), the

vertex a wouldn’t be a source in Gj.
O

3.2 The Relation between Coils and Replicas

A key notion in this article is a replica.

Definition 3.3. Let G; = (V4, E1) and Go = (Va, Ey) be nontrivial in-trees with roots
and 79, respectively. Gy is called a replica of Gy iff there exists a function p: Vi \ {ri} = V5
such that the following four conditions are satisfied:

R1 ab € Vi \ {7’1}(0’ b) € b = (90<a)7(10(b)) € ks

R2) Vo e v\ {Tl}(a,rl) € By = p(a) =19

(R1) V,

(R2) V,

(R3) Yo c 1o\ o\ tipFa e vi\ {m): (0,9(a)) € By

(R4) Vaybrass [((@1,01) € EyA(as,bs) € By Aby # by) = plar) # ¢las)]

As one can see, the concept of a replica is similar to an isomorphism. The reader interested
in algorithms for determining the isomorphism of graphs can find more information at the
following papers [2, 3, 4, 9, 13, 17, 25, 26, 27, 28, 29, 33]. Before we formulate a theorem
that establishes a relation between coils and replicas, let us consider the following example.

Example 3.1. Consider three in-trees from Fig. 1. We shall show that the in-tree Gy =
(Va, Es) with the root ry is a replica of the in-tree G; = (V1, F4) with the root r1: Define
function ¢ as follows

Y= {(a'la Tg), (a27 b1)7 ((137 bl)? (a47 b3)7 (a5a 7“2), (a67 b4)}
We shall prove that ¢ satisfies condition (R1) — (R4):

(R1) Note that (gp(a2),cp(a1)) = (by,12) € FEy, ((p(ag),gp(al)) = (b1, 12) € Es, (gp(aﬁ),ap(%)) =
(ba,72) € B, (p(as), p(az)) = (b3, b1) € E,

(R2) Note that Ig, (1) = {a1, a5} and ¢(a;) = p(as) = ry

(R3) Note that Vo \ ¢(v1 \ {r1}) = {ba, b5, bs} as well as (b, p(az)) € Es, (bs, p(ag)) € Es,
and (bs, p(a1)) € Ex

Published by Digital Commons@Georgia Southern, 2021
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Qg ag
l l bo bs C2 c3
N N
a9 as bl b5 “
a3 — a4 — T bg —> T2 «— by T3
as b4 Ge b5
v
Ty «—— T2
AN
ay by Qs b3 ay
AN N N
bG a3 b2

Figure 1: Three in-trees with roots r1, 9, r3 and a coil of in-tree with root r; with in-tree
with root 7,

(R4) Suppose that there exist xy1,zs,y1,y2 € Vi such that (z1,11) € Ei, (x2,y2) € FEj,
y1 # Yo and (x1) = @(x2). Then x1 # x4, since Gy is an in-tree. Moreover, {x;, 25} =
0 (ry) = {a1,as} or {xy, 25} = 71 (b1) = {as,a3}. Hence we obtain that {y;,ys} =
{r1} or {y1, 92} = {a1}, so y1 = y» — a contradiction.

Note also that the in-tree at the bottom of Fig. 1 is an example of a coil of the in-tree G,
with the in-tree Gs.

We shall show that the in-tree G5 = (V3, E3) with the root r3 is not a replica of the in-tree
G1 = (V4, Ey) with the root r;: Suppose that there exists a function ¢: Vi \ {r1} — V3 that
satisfies conditions (R1) — (R4). Then by (R2), ¢(a1) = ¢(as) = rs. Moreover, by (R1),
(¢laz), p(a1)) € Es and (p(ag), p(as)) € Es, since (as,a1) € E; and (ag,a5) € Ei. So
(¢laz),r3) € Es and (p(ag),r3) € Es, thus ¢p(az) = ¢(ag) = ¢;. Thus ¢ does not satisfy
condition (R4) — a contradiction.

Theorem 3.1. Let Gy = (Vi, Ey) and Gy = (Va, Ey) be nontrivial in-trees with roots 1 and
1o, respectively. Then there exists E C Vix Vo U Vox V) such that (Vy U Vy, E) € Coils(Gy, Gs)
iff G2 is a replica of Gy.

Proof. (=)
For each a € Vi \ {r} define function ¢: V; \ {ri} — V4 as follows:

e let b € V] be the unique element such that (a,b) € FEj, such b exists and is exactly
one, since (71 is a in-tree;

e by (Cl) and (C2) from definition 3.2, there exists exactly one v € V3 such that
(a,v),(v,b) € E;

https://digitalcommons.georgiasouthern.edu/tag/vol8/iss1/8
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e put p(a) :==wv.
We shall show that ¢ satisfies conditions (R1) — (R4) from Definition 3.3:

(R1) Fixanya,b € Vi \ {r1} and assume that (a,b) € F;. Then by definition of ¢, (¢(a), b),
(b, o(b)) € E, hence by condition (C3) from definition 3.2, (¢(a), (b)) € Es.

(R2) Fix a € Vi \ {m} and assume that (a,7;) € £E;. Then by definition of ¢,
(a,p(a)), (p(a),r1) € E. Suppose that ¢(a) # ro. Then there exists v € V5 such
that (¢(a),v) € Es, so by (C3) there exists b € Vj such that (¢(a),b) and (b,v)
belong to E, thus b = rq, since the outdegree of any vertex apart from r; in in-tree
equals 1, hence (r;,v) € FE — contradiction with (C1).

(R3) Assume that u € Vo \ Im(p). Then u # rq, since by (R2), 72 € Im(yp). So there
exists v € Vi such that (u,v) € FEjy, thus by (C3), there exists a € Vj such that
(u,a),(a,v) € E, moreover a # r1, since (a,v) € FE and r; is the root. Therefore
by definition of ¢, p(a) = v, thus (u,p(a)) € Eyanda € Vi \ {r}.

(R4) Fix aj,as,b1,by € Vi and assume that (ai,by), (az,b2) € FE;. Then by (C2) and

definition of ¢, (a1, p(a1)), (p(ai),b1), (a2, p(az)), (¢(az),by) € E. Suppose that
Sp(al) = QD(CLQ), then by (Cl)a bl = bZ'

(<) Assume that ¢: V; \ {r} — V5 satisfies conditions (R1)—(R4). By (R3), for
each v € Vi \ Im(p) there exists @ € Vi \ {r1} such that (v,p(a)) € FE,. Let
: Vo \ Im(p) — Vi \ {r1} be a function of choice such that (v, p(¢b(v))) € E, for each
v € Vo \ Im(p). Define arc set

E:={(a,p(a):a € Vi \ {r}} U {(v,¥(v)):v € Vo \ Im(p)}
U{(p(a),b):a € Vi \ {ri},b € Vi,(a,b) € Ei}.

We shall prove that G = (V; U V4, E) is a coil Gy with Gy:

(C1) Note that for any vertex v € Vi \ {ri} U V; its outdegree in G equals 1: If
a € Vi \ {ri}, then the arc (a, p(a)) is the unique arc belonging to E whose tail is a.
Similarly if v € V4, \ Im(p), then (v, (v)) is the unique arc belonging to £ whose
tail is v. Assume now that v € Im(p). Then v = p(a) for a vertex a € V; \ {r},
(a,b) € E for exactly one vertex b € Vi and (v,b) € E. Suppose that (v,b0') € E
for a vertex b € Vj. Then there exists a’ € Vi \ {ri} such that (¢/,0') € E; and
p(a') = p(a) = v, hence by (R4), b=V

Fix any @ € Vi \ {ri}. Then there exists unique path from a to r; in G -
(ag, a1, ...,ay), since G1 is an in-tree. Moreover the sequence

(ag, p(ap), a1, p(ay),...,ra,71) is the unique path from a to r, in G. If v € Im(p),
then v = p(a) for a vertex a € Vi \ {ri} and if (ag,as,...,a,) is the unique path
from a to ry in Gy, then (v,aq,p(a1),...,r2,71) is the unique path from v to r; in G.
Similarly for any v € Vo \ Im(p), let a =¢(v) € Vi \ {ri} and (ao,...,a,) be
the unique path from a to ry in Gy, then (v, ag, p(ap), a1, ...,re,r1) is the unique path
from v to ry in G.
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(C2) Fix any vertices a,b € V;. Firstly assume that (a,b) € E;. Then by definition of F,
(a,p(a)), (p(a),b) € E and v = p(a) € V,. Now assume that (a,v), (v,b') € E.
Then by definition of E, v = ¢(a) and there exist b € V; such that (a,b) € E; and
a € Vi \ {ri} such that (¢/,0') € E; and ¢(a’) =v. So by (R4), &’ = b and thus
(CL, b/) S El.

(C3) Fix any u,v € Vs.

(=) Assume that (u,v) € Ej.

We shall show that v € Im(p): If u € Vo \ Im(p), then by (R3), (u, (b)) € FE
for a vertex b € Vi \ {ri}, hence v = p(b) and v € Im(y), since Gy is an in-tree and
the outdegree of u equals 1. Soif v € Vo \ Im(p), then u € Im(p), sou = ¢(a)
for a vertex a € Vi \ {ri}, and there exists unique ¢ € Vj such that (a,¢) € Ej.
If ¢ = 7y, then by (R2), u = ¢(a) = 19, but (u,v) € E, — a contradiction, since G is
an in-tree with the root ro. So ¢ € Vi \ {ri} and by (R1), (¢(a),¢(c)) € Es, so
©(c) = v, since p(a) = u and Gy is an in-tree, thus v € Im(yp) — a contradiction.

Assume that u € V4 \ Im(yp). Then (u,¢(u)) € E,

a:=vu) € Vi \ {n}, (a,¢(a)) € E and (u,p(a)) € E,. Hence v = ¢(a), since
G5 is an in-tree, thus (u,a) € FE and (a,v) € E.

Assume that u,v € Im(p). Then u = p(a) and v = ¢(b) for some a,b € Vi \ {ri}
and (a,c¢) € FEjforsomec € Vi \ {ri}. Then by (R1), (u,p(c)) € Es,so ¢(c) =,
since G5 is an in-tree. Moreover, by definition of E, (¢(a),c), (¢, o(c)) € E, so (u,c)
and (c,v) € E.

(<) Assume that (u,b), (b,v) € FE for some b € V;. Then by definition of E,
v=op(b). fu e Vi \ Im(p), then (u,¥(u)) € E,so(u)=b, since G is in-tree. So
by definition of ¥, (u, p((u))) = (u,v) € Es. Ifu € Im(p), then u = p(a) for some
a € Vi \ {r} and (a,c) € E; for some ¢ € V;. We shall show that ¢ # r1: Suppose
that ¢ = r;. Then by (R2), ¢(a) = 7y, and by definition of E, (¢(a),r1) € E. Hence
(u,r1) € E, thus b = 1y, since (u,b) € E and G is an in-tree. Therefore (ry,v) € E,
since (b,v) € FE — a contradiction with definition of E. So by (R1), (¢(a),¢(c)) € Ex,
hence by definition of E, (¢(a),c), (¢,p(c)) € E, thus ¢ =band v = ¢(c), since G is
in-tree and therefore (u,v) € Fs.

[]

3.3 A Characterization of Replicas by Sources and Other Proper-
ties of Replicas

Definition 3.4. Let G = (V, E) be an in-tree with the root r and S be its basis (set of
sources). Then:

1. An element t € S is called trivial iff its level equals 1, i.e., lev(t) = 1.
2. A source d € S is called dominated iff
(a) lev(d) > 2 and
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(b) vw € V(d7w) € b= Eluw € V(U,?})7 (va) < E7 i'e'7 ]<I(O(d))) 7£ @
3. A subset B C S is called a balanced set iff

(a) lev(b) > 2 and b is not dominated for all b € B and
(b) Elv € va € B(b,U) € E7 i'e'7 vb € BB g ](O(b))

4. A source b € S is called balanced iff b € B for a balanced set B.

5. A subset B C S is called a mazimal balanced set iff B is a balanced set and for all
B'C Sif BC B, then B’ is not a balanced set.

6. A source m € S is called mazimal iff

(a) lev(m) > 2 and m is not dominated as well as

(b) Vo c v(m,v) € E= —~Jycv\ m(u,v) € E ie, I(O(m)) = {m}.

7. The first common descendant of vertices u,v € V,
denoted by F'CD(u,v), is the vertex k& € V such that:

(a) k is a descendant of u and v and

(b) if [ is a descendant of u and v, then either [ = k or [ is a descendant of k, for any
vertex [ € V

8. The important indegree of a vertex v, denoted by imp_in_deg(v), is the number of arcs
directed to v such that their tail is not a source in G}

9. The important in-set of v, denoted by I'mp_I5(v), is the set of all vertices that dominate
v and they are not sources.

Remark 3.1. Each source in an in-tree is trivial, dominated, balanced or maximal.

Proposition 3.2 (Some properties of replicas). Let G; = (V4, Ey) and

Gy = (Vi, Ey) be nontrivial in-trees with roots r1 and ro, respectively. Assume that Gy is a
replica of Gy and p: Vi \ {ri} — Vs satisfies conditions (R1)-(R4). Let Gy = (Im(yp), EY)
be the induced subgraph of Gy on the set Im(p), i.e. E)y = {(u,v) € Ey:u,v € Im(p)}.
Then:

1. Y e v\ {m}((a, r) € Ep <= ¢(a)= 7“2)
Vv € v [((u, v) € EyANu € Im(gp)) — v € [m(go)]
eachv € Vo \ Im(yp) is a source in Gy

Ve e Vi \ {rl}levG1 (CL) = levG2<90<a)) +1

SRR NS

Vi e m(gyin-degay(u) <3, ¢ -1, in-degg, (a)

6. Vy € Im(ap)impfinfdegG’z (u) < Za € o= 1(u) Z.Tn’p*infdegCh (CL)
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Vo e vi \ {myimp-in_degg,(a) <3, ¢ ImpI g (o(@) in-degay (u)
Vab e vi \ {r}0 < levg, (FCD(a,b)) — levg, (FCD(p(a), ¢(b))) < 1

Ifa € Vi \ {ri} is a mazimal or balanced source in G1, w € V, and (u,p(a)) € Es,
thenu € Va \ Im(yp) and u is a mazimal or balanced source in Gs.

Example 3.2. As an illustration of Definition 3.4 and Proposition 3.2, let us again consider
in-trees G; and Gy with roots r; and ry, respectively, from Figure 1. Note that Gy has the
set of sources S7 = {as, a4, a6}. Among these sources, az is dominated, however a4 and ag
are maximal. The in-tree Gy has the set of sources Sy = {bo, b3, b5, bs}. Note that {bs, b3}
is a maximal balanced set, bg is a trivial source, and bs; is a maximal source in Gy. Let us
remember that the function ¢ supporting that G is a replica of G; has the following form

¢ = {(a1,12), (as,b1), (az, b1), (as, b3), (as,2), (ae, ba) }.

Let G}, = (Im(yp), EY) be the induced subgraph of Go on the set Im(yp). We shall show that
some statements of Proposition 3.2 hold :

Note that ]m(cp) = {7‘2, bl, b3, b4} 2 {7’2, bl} = O(bl) U O(bg) U O(b4)
Note that V5 \ Im(y) = {ba, b5, bs} C 5.
For each i € {1,5} and j € {2,3,6}:

— levg, (a;) = 1, levg, (a;) = 2, and levg, (as) = 3;

- @(ai) = T, leveg(h) =0, Sﬁ(aj) S {b1,b4}, ZGUGQ(bl) = leveg(b4) =1, @(CM) = b,
and levg, (b3) = 2

So levg, (a;) = levg, (p(a;)) + 1 for all i € {1,...,6}.

Note that in_degey (r2) = 2, ¢~ (r2) = {a1, a5}, in-dega, (a1) = 2, and in_degg, (as) =
1, so assertion 5 from Proposition 3.2 holds, for example, for u = ry.

Similarly, statement 6 is true for u = ry, since imp_in_degg, (r2) = 1 < 1 = imp_in_dege, (a1)+
imp_in_degc, (as), and ¢~ (ra) = {a1, a5}

Note that imp_in_dega, (a1) = 1 < 1 = in_degg, (b1) and Imp_Ig, (p(a1)) = Imp_Ig,(re) =
{01}.

Note that levg, (FCD(as,aq)) = levg,(a1) = 1 and levg,(FCD(¢(as), ¢(aq))) =
levg, (FCD(by, b3)) = levg, (b)) =1

Note that ag is maximal source in Gy, (bs,by) = (bs, p(ag)) € Es, as well as by €
Vo \ Im(p) and b5 is a maximal source in Gs.

Proof. 1. Fixanya € V; \ {r:} and assume that ¢(a) = ro. Then there exists the unique

b € Vi such that (a,b) € Ej. Suppose that b # ry, then by (R1), (p(a), (b)) € Es
— a contradiction, since p(a) = ry is the root of G5. The converse implication is true
by definition.
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. Assume that (u,v) € Fyand u € Im(p). Then u = p(a) for somea € Vi \ {r}
and there exists the unique b € Vj such that (a,b) € E;. If b = ry, then by (R2),
u = p(a) = ry — a contradiction. So b # r; and by (R1), (¢(a), p(b)) € FEs, hence
v = ¢(b), since G is an in-tree and u = p(a).

. Assume that v € V5 is not a source in G5. Then there exists u € V5 such that
(u,v) € Ey. lfu € Im(p), then by (2), v € Im(p). If u € Vo \ Im(yp), then
by (R3), there exists w € Im(y) such that (u,w) € Es, but Gy is an in-tree, thus
w=vandv € Im(p).

. Fixanya € Vi \ {ri}. Let (ag,...,an) be the unique path from a to r; in Gy. Then
by (R1) and (R2) (¢(ao), ..., ¢(am_2),72) is the path from (ag) to r9 in Go and this
path is unique, since G5 is an in-tree.

. Fix any u € Im(p). We shall show that

Igy(u) = ¢ U e

b€ p_1(u)

Ifv € p(Ig, (b)) for some b € ¢_y(u), then v = ¢(c) for some ¢ € Vi \ {r;} such
that (c,b) € Ei,s0by (R1), (o(c), (b)) € Ej, hence (v,u) € Ej, thusv € Ig(u).
On the other hand, if v € Ig (u), then (v,u) € Ej, moreover v = p(c) for some
c € Vi \ {r}, so(c,b) € Efor someb € Vi. Note that b # 7, otherwise
by (R2), v = ¢(c) = ry - a contradiction, since (v,u) € FEj. Therefore by (R1),
(p(c), (b)) € Eb, thus (v,¢(b)) € Ei, so p(b) = u, since Gy is an in-tree, hence
v=y(c),c € Ig(b)and b € ¢_i(u).

Therefore we have

indegay(u) = #lay(w) <# | 1)

. Fix any u € Im(p). We shall prove that

ImpIgy(uw)Ce | | Imple, ()

bEp~1(u)

Assume that v € Imp_Ig, (u). Then (v,u) € FEj; and there exists w € Im(p) such
that (w,v) € EY, thus there exist d,c € Vi \ {ri} and b € V; such that w = ¢(d),
(d,c) € Eyand (c,b) € Ey. Note that b # ry, otherwise by (R2), ¢(c) = 1y, but by
(R1), (w,p(c)) € Eb, hence p(c) =v and (v,u) € FEj. Therefore by (R1) and fact
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that GY is an in-tree, p(b) = u, v = p(c) and ¢ € Imp_Ig, (b). So we obtain:

imp-in_dege, (u) = #FImp_lg (u)

<#o| |J Imple,®))| <# |J Impls(b)

bep~1(u) bep—1(u)

< Y #Imple, ()= > imp.in.dege,(b)

bep—1(u) bep~1(u)

7. Fixany a € Vi \ {r} and assume that Imp_I(a) = {by,...,b,}. Then there exist
ClyovoyCm € Vi \ {r1} such that (¢;,b;) € Ej foralli e {1,...,m}, so by (R1),
(p(c), (b)) € Eyand (o(b;),p(a)) € FEjforallie{l,...,m}. Moreover by (R4),
#{p(c1),...,¢0(cm)} = m. Therefore we have:

imp_in_dege, (a) = #Imp_I(a) = m = #{p(c1),...,0(cm)}
<# U Igw< D indege,(u)

u € Imp_I(p(a)) u € ImpI(p(a))

8. Fix any a,b € Vi \ {ri} and let (am,amn_1,...,a1,a9) be the unique path in
Gy from a to r; and (b,,...,b1,bg) be the unique path in G from b to r;. Then
by (R1) and (R2), (¢(am),...,p(a1)) is the unique path in Gy from ¢(a) to ro and
(@(bn),-..,p(by)) is the unique path in Gy from ¢(b) to ro. Suppose that ay = by =
FCD(a,b). Then a; # bjforalli € {k+1,...,m}and je {k+1,...,n}. So
by (R4), p(a;) # @(b;) foralli € {k+2,...,m} and j € {k+2,...,n}, thus
FCD(p(a), p(b)) = p(axr) and leve, (FCD(p(a), ¢(b))) = k —1 or FCD(p(a), (b)) =
plaxsr) and levg,(FCD(p(a), (b)) = k.

9. Assume that a € Vi \ {r;} is a maximal or balanced source and (u,p(a)) € FEs.
Then there exists ¥ € V; such that (a,b') € E;. Moreover levg, (a) > 2 and by
(4), levg, (¢(a)) > 1 and thus levg, (u) > 2. Suppose that u € Im(p), then u = p(e)
for some e € Vi \ {rm}. Thus (¢,f) € E; for some f € Vjand f # 1,
otherwise by (R2), u = ¢(e) = ry and (u,¢(a)) € FEy — a contradiction. Therefore
(f,g9) € Ejforsome g € V;and by (R1), (u,o(f)) € Es, s0o(f)=p(a), since Gy
is an in-tree. Hence by (R4), g = ¥/ and a is dominated — a contradiction. Therefore
u € Vo \ Im(p) and by (3), u is a source in Gj.

Suppose that u is dominated. Then there exist s,¢ € V5 such that (s, t), (¢, 0(a)) € Ex.

Then by (3), t € Im(p), since t is not a source in Gy. Thus t = ¢(d) for some
d € Vi \ {ri}and (d,c) € E for some ¢ € Vj. Note that ¢ # 71, otherwise by
(R2), t = ¢(d) = ry and (t,p(a)) € E5 — a contradiction. So there exists b € V)
such that (¢,b) € E; and by (R1), (t,¢(c)) € Es, thus ¢(c) = ¢(a), since Gy is an
in-tree. Therefore by (R4), b = b and a is dominated — a contradiction.

[

The following theorem enables us to determine whether an in-tree is a replica of another
in-tree through finding an injective mapping between some subsets of sources of these in-
trees.
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Theorem 3.2. Let Gy = (Vi, Ey) and Gy = (Va, Es) be nontrivial in-trees with roots 1
and o, respectively. Let S be the basis of G;, M* be the set of all mazimal sources in S*
and B be the family of all mazimal balanced sets included in S* for i = 1,2. Then Gy is a
replica of Gy if and only if there exist functions s : B — S* such that s")(B) € B for all
B € B andi=1,2, there exist sets Sguz C S* and Seomes € S? such that #Sque = #Seomes
M' U sD(BY) C Syue and M? U 52 (B?) C S,omes, there exists an injection 1 Sguz — Seomes
such that:

Va e 54,0 <levg, (a) = levg, (Y(a)) <1 (1)
Vab € Su0 <levg, (FCD(a, b)) — levg, (FCD(¢(a), v (b)) < 1. (2)

Terms dux and comes come from Theory of Music and make a reference to the necessary
parts of a fugue: Subject and Answer.

Proof. (=)
Assume that ¢: V; \ {r1} — V4 satisfies conditions (R1)—(R4).
For each B € B! define sV : B! — S in the following way:

1. if p(a) € S%foralla € B, then choose a € B and put s()(B) := a;

2. if ¢(a) ¢ S? for some a € B, then choose such a € B that ¢(a) ¢ S? and put
(1)(3) =
s = a.

Put Sguz := M U sM(By), Seomes := 0, s := 0 and ¢ := (). For each a € Sg,, modify
¥, s and Seomes as follows:

1. if p(a) € S?% then put ¢ :=¢ U {(a,p(a))},
Seomes = Seomes U {@(a)}; if additionally p(a) € B for some B € B?, then put
@2 5@ 0B, o)

2. if p(a) ¢ S?, then choose u € V5 such that (u, p(a)) € E,and put ¢ :=¢ U {(a,u)},
Seomes = Seomes U {u}. Note that by (9) from Proposition 3.2, such u € V5, \ Im(p)
and it is maximal or balanced source, soif u € B € B2, then put s? := s® U {(B,u)}.

We shall show that 1) is an injection:

e Assume that a,b € Sy, and ¢(a),p(b) € S?. Then ¥(a) = p(a), ¥(b) = ¢(b),
moreover (a,a;) € FE; and (b,b) € E; for some a;,by € Vi \ {r1}, since
levg, (a) > 2 and levg, (b) > 2. Suppose that ¢(a) = ¢(b), then by (R4), a; = by, so
there exists B € B! such that a,b € B, soa= b= s (B), since Sy, N B = s(B)
for each B € B'.

e Assume that a,b € Sy, pla) € 5% and @(b) ¢ S%. Then by definition of 1,
b(a) =pla) # Pb) € Vo \ Im(p).

e Assume that a,b € Sy, and @(a),p(b) ¢ S?. Then (¢¥(a),p(a)) € E, and
(¥(b), (b)) € Es. Suppose that ¥(a) = ¥(b). Then p(a) = ¢(b), since Gy is an
in-tree, and (a,a;),(b,b;) € FE; for some ay,b; € Vi, so by (R4), a; = by, thus
a=b=sV(B) for some B € B'.
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Now we have guaranteed that M* U s (B') C Sy, but not necessary M? U s (B?) C
Seomes- We shall show that if u € M? \ Seomes Or there exists B € B? such that v € B and
BN Seomes =0, then u € Vo \ Im(p) and there exists a € S' such that a is dominated
or balanced and (u,¢(a)) € Es:

Assume that u € M? \ Scomes Or there exists B € B? such that u € B and BNSpmes = 0.

e Suppose that u = ¢(a) for some source a € Vi \ {ri} (ais a source, since ¢(a) is a
source). Then a ¢ Sy, since u & Scomes. Moreover a can not be trivial, since otherwise
by (R2), u = ¢(a) = ry. Of course a is not maximal, since M* C Sy,,. Suppose that
a € B for some B € B!. Then (a,b), (s (B),b) for some b € V; \ {ri}. Thus by
(R1), if ¢(sW(B)) is trivial, then u = ¢(a) is trivial — a contradiction, if ¥ (s (B))
is maximal, then u is dominated — a contradiction, if 1)(s)(B)) is balanced, then u
is dominated or balanced and u € B such that BN Seomes # 0 — a contradiction,
if 1(s™Y(B)) is dominated, then u is also dominated — contradiction. Therefore a is
dominated. So there exist b,c¢,d € Vi \ {ri} such that (a,d),(b,c),(c,d) € E;.
Thus by (R1), (u,¢(d)),(¢(b),¢(c)),(¢(c),p(d)) € Es, so u is dominated in G - a
contradiction. Therefore u € V5 \ Im(p) and by (3) from Proposition 3.2, u is a
source in G.

e By (R3), there exists a € Vi \ {ri1} such that (u,p(a)) € FE,. Suppose that a is
not a source. Then there exists b € Vi \ {ri} such that (b,a) € E, so by (R1),
(p(b), p(a)) € Es, thus u is not maximal, hence u must be balanced. Note that b is
a nontrivial source, since if b were not a source, then v would be dominated, moreover
b is not trivial, since a € Vi \ {r1}. Moreover b is not dominated, since otherwise
there would exist ¢,d € Vi \ {r} such that (d,c), (c,a) € Ej, and by (R1), u would
be dominated. So b is maximal or balanced. If b is maximal, put b’ := b, otherwise
put b := s(V(B), where b € B € B'. Note also that ¢(') is a source in Gy, since
otherwise u would be dominated, so by definition of S.pmes, ©(0') € Seomes, thus there
exists B € B? such that u € B and p(I/) € BN S.omes - a contradiction.

e Therefore (u,p(a)) € Eyanda € Vi \ {r} is asource in G;. Of course a can not
be trivial, since otherwise ¢(a) = ry, but levg,(u) > 2 as u is maximal or balanced.
Suppose that a is maximal, then by definition of S,y,cs there exists v € S.pmes such
that (v,p(a)) € FE,, moreover v is balanced, hence there exists B € B? such that
u,v € B,thusu € Bandv € BNS.mes - a contradiction. Therefore a is dominated
or balanced.

Let My := M? \ Secomes and By := . For eachu € M? \ S,pmes choose a € S! such that
(u,p(a)) € Eyand modify Sguz, Seomes and 1 in the following way: put Sgue := Saus U {a},
Seomes = Seomes U {u} and ¢ ;== U {(a,u)}. For each B € B? such that B N Seomes = 0
choose u € B and a € S' such that (u,p(a)) € Fy and modify By, Siue, Seomes, ¥
and s as follows: put By := By U {u}, Sguz := Saue U {0}, Seomes := Seomes U {u},
Y= U {(a,u)} and s :=s? U {(B,u)}.

We shall show that ¢ remains still an injection. After above modifications it suffices to
show that v is a function. Suppose that for some a € S! there exist u,v € My U By such
that (a,u),(a,v) € ¥. Then (u,¢(a)),(v,¢o(a)) € Es, sou,v € By. Moreover, u,v € B
for some B € B2, thus u = v, since B N Seomes = 52 (B) for each B € B2.
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By definition of ¢, ¥(a) = ¢(a) or (Y(a),p(a)) € E, for each a € Syua, so 0 <
levg, (Y¥(a)) — levg, (w(a)) < 1, but by (4) from Proposition 3.2,
levg, (p(a)) = levg,(a) — 1, thus 0 < levg, (a) — levgz(w(a)) < 1 for each a € Sgus.
For the same reason, FCD(w( ), (b)) = FCD(p(a),¢(b)), so by (8) from Proposition 3.2,
0 <levg,(FCD(a,b)) — levg,(FCD(¢(a), (b)) < 1 for all a,b € Sy

(=) N | |

Assume that there exist functions s®: B’ — S? such that s®)(B) € Bforall B € B
and i = 1,2, there exist sets Sz € S' and Seomes C S? such that #Sz.: = #Scomess
MU sM(BY) C Sgue and M2 U 52 (B?) C Sepmes, there exists an injection ©: Szue — Seomes
satisfying conditions (1) and (2).

We shall show that there exists a function ¢ satisfying conditions (R1)-(R4). Define
w: Vi \ {ri} = V, in the following way:

e For each a € Sy, put:

,_ ¢(CL>, if leUGz W(a)) = leUGl (a) -1
pla) = v, if levg, (¥(a)) = levg, (a) and ¥ (a) dominates v in G

Let (G, @1, - - ., ap) be the unique path in G from a to r; and
(Um—1,...,Up) be the unique path in G5 from ¢(a) to ry. For each i € {1,...,m — 1}
put ¢(a;) = u;_1.

e For each trivial a € S' \ Sy put o(a) :=ry.

e For each dominated a € S' \ Sy, there exists ¢ € M' U s (B') such that a
dominates a vertex belonging to the unique path (¢, €1, ..., ¢o) from ¢ to 1 in Gy,
therefore (a,c;) € F for somei € {1,...,m—2}. For each dominated a € S' \ Sy
choose such ¢ and put p(a) := ¢(c;41), which is determined in the first step.

e For each BEB'anda € B \ Sgu. put ¢(a) := (s (B)).

Firstly, we shall prove that the relation ¢ is defined correctly, i.e., ¢ is actually a function.
Assume that a,b € Sgue, ¢ € Vi \ St Let (apm, ..., a) be the unique path from a to 7y in
G1, (bn,...,by) be the unique path from b to r in Gy, (4m-1,...,u) be the unique path
from p(a) to ro in Gy, and (vy,—1,...,vp) be the unique path from ¢(b) to ro in Go. Assume
that k = levg, (¢) < FCD(a,b) =1 < min{m,n}. Then a; = b; for all i € {0,...,{}. By
(2), | — 1 < levg, (FCD(¢(a),v(b))) < 1. Sow; =uv; for all i € {0,...,] —1}. Hence in
particular, p(ag) = ug_1 = vp_1 = @(bx). Thus the value ¢(c) does not depend on the choice
of a € Sy, such that ¢ belongs to the unique path from a to ;.

We shall prove that ¢ satisfies conditions (R1)—(R4):

(R1) Fix any a,b € Vi \ {ri} and assume that (a,b) € E;. Then there exists ¢ € S*
such that a = ¢; for some j € {2,...,m}, where (¢, ...,co) is the unique path from
ctor, in Gy. Let (up_1,...,up) be the unique path from ¢(c) to 7o in G5. Then by
definition of ¢, p(¢;) = w;—q forall i € {1...,m} and (p(a), (b)) = (¢(c;), ¢(cj—1)) =
(’U/jfl,’lj/jfg) € EQ.

(R2) By definition, ¢ satisfies (R2).

Published by Digital Commons@Georgia Southern, 2021

17



Theory and Applications of Graphs, Vol. 8 [2021], Iss. 1, Art. 8

(R3) Fix any v € Vo \ Im(p). Suppose that v is not a source in Go. Then there exists
U € Scomes such that v = wu; for some i € {1,...,m — 1} where (up,...,up) is the
unique path from u to ry in Go. Let a := ¢! (u) and (ay, ..., ag) be the unique path
from a to r1 in G;. Then a € Syy., and by (1), 0 < n —m < 1. By definition of ¢,
(a;) =u;—qg for i € {1,...,n}. Thusv € Im(p) — a contradiction. Therefore v is a
source in (.

Firstly assume that v € S.pmes. Then a = ¥~ (v) € Sy and by definition of ¢,
(v,0(a)) € Es.

Now assume that v € 5% \ Seomes. If v is trivial, then (v,p(a)) € FEy for each
a € Vi whose level equals 1. If v is a dominated source, then there exists u € Seomes
such that (v,u;) € FEs for some i € {1,...,m — 2}, where (u,,...,up) is the unique
path from u to ry in Gy. Let a := ¢~ (u) and (ay, . .., ay) be the unique path from a to
r1in Gi. Thena € Sy, and by (1), 0 < n—m < 1. By definition of ¢, ¢(a;) = uj_q
for j € {1,...,n}. Thus (v,¢(a;41)). The last possibility is that v is balanced. Then
v € Bforsome B € B2 Let u:=s®(B) and (u,, ..., up) be the unique path from
u to 7o in Gy. Then u € Scomes, @ = ¥ 1 (u) € Sgue and (v, Uy,_1) € Ey. Let
(@p, ..., ap) be the unique path from a to r; in Gy, then by definition of ¢, 0 < n—m <1
and ¢(a;) = u;_; for j € {1,...,n}, thus (v, p(a,)) € Es.

(R4) Assume that (a1, by) € Eq, (az,by) € £y and by # by. Without loss of generality we can
assume that k = levg, (b1) < levg, (by) = [. Note that FCDg, (b1, by) = k if and only if
there exists ¢ € Sy, such that both b; and by belong to the unique path from ¢ to ry
in GG;. Therefore we shall consider two cases:

(a) Assume that F'C'Dg, (b1,by) = k. Let ¢ € Sguz be such that both b; and by belong
to the unique path (¢p,...,¢) from ¢ to 1 in G;. Then by = ¢, by = ¢; and
0 <k <l <m,since by # by. Let (uy,_1,...,up) be the unique path from ¢(c) to
r9 in G9. Then by definition of ¢, (a1) = @(crr1) = up # w = w(c1) = p(az).

(b) Assume that FCDg, (b1,b2) = p < k. Let ¢, d € Sy, be such that b; belongs to the
unique path (¢, ..., ¢) from ¢ to r; and by belongs to the unique path (d,, . . ., do)
from d to r; in G1. Then b; = ¢ and by = d;. Let (up,_1,-..,ug) be the unique
path from ¢(c) to o and (v,,—1,...,v0) be the unique path from ¢(d) to o in Gs.
Then by definition of ¢, ¢(a1) = @(ckr+1) = ug and p(az) = @(di41) = v;. Suppose
that ¢(a1) = p(az). Then k =l and u; = v; foralli < k. So FCDg,(¢(c),¥(d)) >
k > p. On the other hand, FFCDg, (c,d) = FCDg,(b1,b2) = p and by (2),
FCDg,(¢(c),1¥(d)) < p — a contradiction.

]

4 The Main Results

Now we have tools to settle the problem of the existence of a square root of a component of
a functional graph or the union of containing cycles of the same length two components of a
functional graph. Together with Theorem 2.1 the following results allow solving the problem
of the existence of a square root of a functional graph.
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4.1 Existence of a Square Root of a Component of a Functional

Graph
Theorem 4.1. Let G = (V, E) be a component of a functional graph, containing a cycle
a:= (ag,...,a-1) and G; = (V;, E;) denote the in-tree genemted by element a; of the cycle a
in graph G, fori € {O Jk—1}. Assume 7: {0,...,k—1} = {0,...,k—1} is the function
defined as follows: 7(i) := (Z+ u) mod k for an odd number k. Then there exists a

square root of G if and only if k is an odd number and there exists set I C {0,...,k — 1}
such that the following conditions are satisfied:

1. there exists a subgraph GP = (VP EP) of G; such that GP is a strictly nontrivial
in-tree with the root a; for alli € I;

2. there exists a subgraph Gf(i) = (VT(’E EBD.) of Gy such that GC( y Us a nontrivial in-tree

7(4)

with the root a,u and Gf(i) s a replica of GP for alli € I;
3. VPNVE C{a;} foralli € TN7(l);

4.4t € VN U e <ViD U VT%)), then t is a trivial source in G; for some i € Z; or
t e {CL(), e ,ak,l} \ Uz c [{aiuam-(i)}-

Proof. Let k be an odd number and Zj := {0, ...,k — 1}. Define function o: Z — Zj, in the

following way: o (i) := (i- %) mod k for all i € Z. Note that:

1. 7 is an injection;

[\

CT7G) = (G+EE) mod k;
3. o(i+ k) =o(i) for all i € Z;

4. olg, is an injection;

£t if 4 is an odd number ’ for all i € Zy;

) = { % if 7 is an even number
=19 k
g i<t

2 2
2j —k if j > &L

, for all j € Zy;

7. 7(c(i+ 1)) =o(i) for all i € Z.

(=)
Assume that G’ = (V, E’) is a square root of G. By Proposition 2.1, k is an odd number
and G’ is a functional graph containing the cycle a := (as(0), - - -, Gok—1y). Note that G’ is

connected, since all vertices are connected in GG, so by definition of a square root, they are
also connected in G'. Let G} = (V/, E) be the in-tree generated by element a, ;) of the cycle
a in graph G’ for i € {0,..., k —1}.
Define sets:
J = {] €Zy: 3y e VJ{Z€’UQ;_(’U) > 3}
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and [ :={o(j+1): 5 € J}=71"Yo(J)).

Suppose that J = ). Then I = (). Moreover, leve (v) < 2 for all v € V] and all
J € Zy, hence each vertex v € V is a trivial source in Ci'j for some j € Zj or it belongs to
{ag,...,ax_1}. So I satisfies conditions 1-4.

Assume that J # §). For each j € Jlet G} = (V}", EY) be the induced subgraph of
G’ on the set of vertices whose level in G is at least equal to 3 or for which there exists an
ancestor whose level in G is at least equal to 3, and let graph Hj := (W}, F};) be defined
as follows: W := V" U {a,;1} and Fy == E} U {(as(j),a0(j+1))}- Note that G7 is a
connected subgraph of G’ and an in-tree with the root a,(;) as well as Hj is also a connected
subgraph of G’ and an in-tree with the root a,(;;1). Let GP o(j41) = = (VP . E be the

U(]-l—l j+1))
induced subgraph of G,(;;1) on the set V,(;11) N W; and GU (V () E ) be the induced

subgraph of G,(;) on the set V,; NW; for all j € J. Note that GU (+1) 18 @ strictly
nontrivial in-tree with the root a,(;41) for all j € J: Fix a vertex v € W; such that
levy,(v) = m > 4 and let (pm, ..., p1,po) be the unique path from v to ay(j4+1) in H;. Then
by definition of the in-tree generated by element of cycle in G’ and definition of a square
root of graph, pi = a,(j), P2 € Gogt1), P3 € Go(), Pa € Gogpry and (pa, p2,po) is the
unique path in G,(j11) from py to ag(j41), thus GD G+1) is strictly nontrivial in-tree with the
100t Gy(j11y. Similarly (ps,p1) is the unique path in Gy from ps to a(;) and thus G
is a nontrivial in-tree with the root a,(;). By definition of coil and square root of a graph
H; € C’O@ls(G GC ), so by Theorem 3.1, Gf(i) is a replica of GP | where i := o(j + 1)
for all 7 € J.

Assume that ¢ € IN7(I). Then i = o(j + 1) = o(l) for some j,I € J. Suppose that
v € V(]Jrl N VJ%) and v # a;. Thenv € G} NGj, hence j = [, since G; N G} = () for all
Jj # 1, therefore o(j + 1) = o(j) — a contradiction.

By definition of coil, V (j+1) U VJ%) =W, forall j € J,soif

(G+1)2

tGV\ U J+1)UUC€J>

jed

then levGQ (t) < 2 for some j € Zy, so t is a trivial source in G; for some i € Zj or
t € {ao,...;ap1} \ U; ¢ HAao1) o)}

(<)

Assume that k is an odd number and there exists set I C {0,...,k — 1} such that the
following conditions are satisfied:

1. there exists a subgraph GP = (VP EP) of G; such that GP is a strictly nontrivial
in-tree with the root a; for all i € I;

. there exists a subgrap ol G ;) such that 4 1S a nontrivia
2. th b hGT(z f G h th GTC(Z)' ivial

in-tree with the root a,; and GT 0 is a replica of GP for all i € I;

D
(V(z E

T 7(4)

3. VPNVE C{a} foralli € InT(I);
4.ift € V\ U, e (ViD U VTC(Z.)), then ¢ is a trivial source in G; for some i € Z; or

t e {(lo, o ,ak_l} \ Uz € ]{ai7ar(i)}'

https://digitalcommons.georgiasouthern.edu/tag/vol8/iss1/8
DOI: 10.20429/tag.2021.080108



Kozyra: The Structure of Functional Graphs for which a Square Root Exists

By properties (1) and (2) and Theorem 3.1, for each ¢ € [ there exists a set of edges
E; C VP x V() U VS, x VP such that
H; = (VP U VT%),EZ’) € Coils(GP, Gf(i)). By property (3),if i € IN7([), then in-trees
H; and H,-1(; have only one common vertex a;. Otherwise, if i,j € 1,5 # i,j # 7(i)
and ¢ # 7(j), then sets of vertices of graphs H; and H; are disjoint. Let T; denote the set

of all trivial sources in G; belonging to the set V' \ |, . ; (V;-D U VT%)) for i € Zy. By (4),
V = {ao,...,ak,l} U U (‘/ZD U ‘/.,.C(;)) U U E
iel i€Zy,

Define set

El = {(ag(i),aa(iﬂ)): i GZk} U U EZ, U U{(t,af(i)): t & TZ}

iel i€y,
We shall show that G’ = (V, E’) is a square root of graph G: G’ is a functional graph:

e If v = qa; for some i € Z;, then by definition of £’ and properties of o and 7,
(ai,ar-1;5) € E'. It may happen that ¢ € 7(I). Then by definition of coil and
E' (a;,a;-1)) € E’;,l(i) C E'. Either way, if (a;,z) € E'then z = a,-1).

elfv € VP U VT%) \ {a;, a4} for some i € I, then there exists exactly one
w e VP U VT({Z) such that (v,w) € E!C FE' since H; as a coil is an in-tree and by
property (3), v ¢ V,” U VT%.) forall j € I\ {i}.

e Atlastifv € V \ U, ¢, (V;D U VT%)) and v is not element of the cycle a, then
v € T; for exactly one i € Z;, and by definition of E', (v,a,;)) € E'.

Fix any u,v € V. We shall prove that (u,v) € FE iff there exists w € V such that
(u,w) € E"and (w,v) € E"

e Assume that u is an element of the cycle a. Then u = a; for some i € Z,.

If (u,v) € E, then v = (1) moar. Moreover i = o(j), where j = o71(i),
(ai, apj+1)) € E' and (ay(j+1), ao(j+2)) € E'. Note that o(j + 1) = 77*(z) and

k+1 k+1
O’(j+2):<j%+k+1) mOdk:(j%—i—l) mod k
k+1
= ((J%) mod k + 1> mod k= (i+1) mod k.
Therefore (u,a,-1;) € E and (a,-1(),v) € E.

If (u,w),(w,v) € E', then w = ay(j+1), U = Gy(j4+2), where j = 071(i), so (u,v) € E,
since o(j +2) = (i +1) mod k.
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e Assume that u € V.2 U VTC) \ {ai,a-} for some i € I.

If (u,v) € E,thenv € VP U VT%) and by definition of the coil H;, there exists
w e VP U VT%) such that (u,w),(w,v) € E!CFE'.
If (u,w), (w,v) € E’, then by definition of E', (u,w), (w,v) € EI, hence by definition

of H;, (u,v) € EP CEor(uv) € Ef, CE

e Assume that v € T; for some ¢ € Zj. Then (u,a;) € E and (u,a,;) € E' as well
as (ar@),a;) € E', since if 7(i) = o(j), then 7(i) = 7(c(j + 1)), hence i = o(j + 1),
since 7 is an injection.

O

4.2 Existence of a Square Root of the Union of Two Components
of a Functional Graph

Theorem 4.2. Let G' = (V1 EY) and G* = (V?, E?) be components of a functional graph,
containing cycles a* = (ag,...,ap_,) and & = (ag,...,a;_,), respectwvely, and let G =
(V},E}) denote the in-tree generated by element a’ of the cycle a’ in graph G* for i € {1,2}
and j € Zy,. For each s € 7y, define functions: 7 : Ly — L, Ts : Ly, — Ly and o {1,2} —
{1,2} as follows:

TW()=(G -1-5) modk
7)== (j+s) mod k
o(i):=3—1
forall j € Zy, and i € {1,2}. Then there exists a connected square root G' = (V, E') of graph
G = (V! U V2 E' U E?) if and only if there exist s € Zy, and subsets I', I* C Zy such that
the following conditions are satisfied:

1. there exists a subgraph Gé’D = (‘/f’D,E;’D) of graph G; such that G;’D 1s a strictly
nontrivial in-tree with the root aé- forallj € I' and fori € {1,2};

2. there exists a subgraph G*$ ey (Vi(’g EZ(?) ) of graph Gl() 0 such that G* s a

(3’
nontrivial in-tree with the root a’ ;) and G*¢ ) 1s a replica of Gj for allj € 1°0)
Ts "J Ts "\J
and for i € {1,2};

() (5)

3. VlDﬂVlCC {a%} forallj € I'n 1D and for i € {1,2};

) ’ 70 s ,C .
4.0ft € V \ [U] cn (leD U X/TEQ)U)) U Ujer <V}2D U ‘/legm(j))], then t is a
trivial source in G;- for some i € {1,2} and j € Zy, ort is an element of cycles a' or

a’.

Remark 4.1. T(l)(j) 7'3(2)(j) and Tt(2)(j) =7 ( ) for all s,j € Zy and t = k —1 — s.

(1) (2)

-1
Moreover 71" and 7{% are injections for all s € Z; and 7. () =(+1+4+s) mod k and

7 G) = (=) mod k for all 5,j € Z.
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Proof. (=)

Assume that G’ = (V, E') is a square root of G = (V! U V2 E' U E?) and G’ contains
only one component.

We shall show that there exists s € Z such that (a2(2)( . ,a;) € E"and (a! (1> ) ai) € E
for all j € Zy: Assume that (a},b) € E’. Thenb € V?, since otherwise b = a}, i and there
would have to exist two components in G’. Suppose that b ¢ a®. Then b € G2 for some
j € Zy. Let (by,...,b1,bo) be the unique path from b to a?. Then (al aQ) € F,

m mod k> j

SO (a(l],a%ﬁk_m) mod k) € E' — a contradiction, since G’ is a functional graph. Therefore
(ag, a2) for some p € Zy.

-1
Put s := (p—1) mod k. 0= Ts(l)(j) for j = 7" (0) = p and 7(1) = p, so in fact

(a;(”(p)’ ag) € E’and (ai@)(o), a}) € FE', therefore (&i@)(j), a}) € E’and (a;g)(j), a?) € F
for all j € Zj, since (ais(l)(j),ais(l)(jﬂ)) € E'and (az§2)(j),ai§2)(j+l)) € E?forall j € Z,.

Let G = (V}’, EY) be the in-tree generated by element o’ in graph G’ for 7 € {1,2} and
j € Zy,. Define sets:

Jt = {j € Ly, E|v c Vj/ilevgy(v) > 3}
[ = e ot

for i € {1,2} and j € Z;.

Suppose that J' = J? = ). Then levgi(v) < 2 for i € {1,2}, for all j € Z; and all
v € Vj” Therefore each vertex v € V is a trivial source in Gé or it belongs to the cycle
a' for some i € {1,2} and j € Z;.

Assume that J' # Qor J* # . Foreachi € {1,2} andj € J', let G} = (V/", E}’) be
the induced subgraph of G;i on the set of all vertices whose level in G;-i is at least equal to 3 or
for which there exists an ancestor whose level in G is at least equal to 3, and let graph H} =

Wi, F7) be defined as follows: W} := V" U ag(l _ and Fi .= E" U {(ai,a””, )}
jody ( ) J J J (2) G)
J Ts J

Then G”Z as a connected subgraph of G’ is an 1n—tree with the root a; and H} as connected

subgraph of G’ is also an in-tree with the root a ((i)) Ly Let G (;) 11)( ; = (V‘ZZ(; )_3 X EU((;)L?( ))
j j

be the induced subgraph of GU(.Z 0 on the set W} N vl it L 1(‘) and Gz © (V’ © EZ “) be the
induced subgraph of G’ on the set VN W} fori € {1,2} and j € J'. Then G”(Z) ') is
j
ff))_l( ) G;’C is a nontrivial in-tree with the root
G

a’ and by definition of a coil and the square root G', H; € Coils(G ((? ') G”C), so by

a strictly nontrivial in-tree with the root a

Theorem 3.1, GZC is a replica of G (( ) forie {1,2} and j € J'

Assume that j € I'n? (170 ) for some i € {1,2}. Then V;C C W} and Vji’D C W"(f(’g
therefore VZ “n VZ P win Wl am = {d}}.

it € VA [UJ’ en (V'l o u Vfg%)) UlUer (ij Y V:g’g(j)ﬂ ; then by definition

G’

J

of coil, t € V '\ <U] en WU Ujep Wf), so there exist ¢ € {1,2} and j € Z; such
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that levG?(t) < 2, thus ¢ is a trivial source in Gé» for some i € {1,2} and j € Zj or t is
element of cycles a' or aZ.

(=)

Assume that there exist s € Z;, and subsets I', I? C Z;, such that the following conditions
are satisfied:

1. there exists a subgraph G?D = (V}i’D,E;’D) of graph G; such that G;-’D is a strictly
nontrivial in-tree with the root a} for all j € I* and for i € {1,2};

’L Z,C 74,C 1 /L7C 3
2. there exists a subgraph G; () (Vfé“(j)’ VTS)(],)) of graph Gréi)(j) such that GT(Z.)(J.) is a
nontrivial in-tree with the root a’ @
.

90) and Gi’(ci)( ) is a replica of G;’(i)’D forall j € 1°0)
s Ts "J
and for ¢ € {1,2};

0D i,C i ; i~ 0 rol . .
3.V NViY C{al} forall j € I'nrs”(170) and for i € {1,2};

: 1,D 2,0 2,D 1,0 :
Lift € VA |Uen (VU I/TS(Q)U)) U Uer (v U VTS)@”, then ¢ is a

trivial source in G for some i € {1,2} and j € Zj or t is an element of cycles a' or a*.
By properties (1), (2) and Theorem 3.1, for each j € I'"and i € {1,2} there ex-

ists a set of edges Ef € VID X VU()C U Va() X VZD such that the graph H’

(V;D U Vi((z)( L E}) € Cozls(GlD GUL(,()( )). By property (3), graphs H} and i

have one common vertex a} for j € I'N (170 and for i € {1,2}. If j1,jo € I' and
J1 # Ja, then the sets of vertices of graphs H} and H}, are disjoint for 7 € {1,2}. Similarly

if j; € I', jo € I°W 4y £ gy, §1 Ty)(jg) and jo # Ty)(jl), then the sets of vertices of
graphs H]’:1 and H]’:2 are also disjoint for ¢ € {1,2}, since the sets of vertices of in-trees G%,

(Z) 1( )

and Gg are disjoint, if 11 # is or j; # jo. Let T]’ be the set of all trivial sources in Gé
which do not belong to the set Uj cn (levD U Vég(j)> U Uj . (ngp U Vig(j)) for
all i € {1,2} and j € Z;. By property (4),

V={a},...,a;_} U {a3,...,a; ,}
1,D 2,C 2,D 1,C ;
Y U (Vf - Vn‘?’(j)) - U (‘/3’ - V%) - U T
jelt jeI? i€{1,2}

J€Zy,
Define
B ={(alp . a"): i € {1,2},] € Zu}
vy Eu {ta"f,"(z) toe Ti.

i€{1,2} ie{1,2}
j eIt JELy,

It can be proved analogously like in the proof of Theorem 4.1 that G’ = (V! U V% E') is a
square root of G. O
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150 37 23
AN / l 145
/
118 57 107 — 52
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n 76 67
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7 140 15
[ . !
74 138 94
! 24 ~
49 61 «— 79
! 39 !
n 95 — 51 «— 106 121 «— 55
9 l !
83 Cla0 — 77
[ ! t1
38 130 — 29 «— 17 72 123

U

Figure 2: 4 components containing cycles of length 1

4.3 Discussion
Consider the following sequence

a = (146,26, 142,27,78,101, 44,70, 75,27, 18, 12,147, 132,94, 142,29, 101, 68,
25,56,73,52,61,114, 30,46, 4,29, 34,88,61,111, 109, 44, 149, 57,12, 7,40, 1,
144, 36,85, 31,143, 63,44, 51,132,83,67,109, 13, 121, 69, 76, 114, 101, 20, 121,
16,124,93,103, 44, 15,131,134, 124, 71,40, 1,71, 46, 140, 40, 26,61, 134, 116,
39,29,22,44,149, 56,99, 63, 45, 30, 59, 131,61, 51,68, 11,93, 93, 137,69, 111,
134,114, 39,51, 52, 81,20, 109,99, 86, 63, 13, 101, 143,68, 76, 147, 1, 40, 21,
77,134,31,103,132, 78,44, 29,93, 139, 20, 56, 110, 108, 102, 49, 39, 138, 120,
105, 146, 80, 52, 116, 26, 52, 143, 118)
and its functional graph G = (V, F) whose nine components are presented in figures 2 — 5.
We shall find a square root G’ of G using Theorems 3.2, 4.1 and 4.2.
Note that both the component with cycle 12 and the component containing cycle 71 from
figure 2 have a square root separately and there also exists a connected square root of these

two components. The greater in-tree generated by 40 in the fourth component (Cy) contain-
ing cycle 40 is a replica of the greater in-tree generated by 29 in the third component (C})

Published by Digital Commons@Georgia Southern, 2021 25



Theory and Applications of Graphs, Vol. 8 [2021], Iss. 1, Art. 8

129 66 82 127 50
Yo/ \ VY
85 = 44 «— 7 «— 39 « 139 « 132 « 14

48/l \35 \

105 « 142 « 16 « 62

N
3
90 — 45 — 31 — 88 98 117
7 N \ v
125 33 99 — 93 <> 131 « 68 < 19
Yo S 7 N
100 » 137 » 102 » 111 64 96

Figure 3: 2 components containing cycles of length 2

42 - 144 126 65
\ N
6 80 103
92 — 59 70 — 8
101 = 69 — 134 « 124
A K
97 — 11 — 18 * N\ / 63 «—— 113
115 56 122 TN
;N v 47
87 21 89
112 - 86 - 41
149
73 — 22 « 84
SN\ !
43 — 36 143—)146<—1\
7R L 120 « 141
28 — 4 — 27 — 46
P 116
! \
10
9 — 75 81 « 108 « 136

Figure 4: 2 components containing cycles of length 3
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Figure 5: Component containing a cycle of length 9

containing cycle 29, since 37, 150 are maximal sources in in—treec,(29), 145, 23, 148, 107 are
balanced sources in in —treec, (40), lev(150) = lev(37) = 8, lev(145) = lev(23) = lev(148) =
lev(107) = 7, lev(FCD(150,37)) = lev(76) = 6 and lev(FC D(145,23,148,107)) = lev(52) =
6, so the assumptions of Theorem 3.2 are satisfied. The smaller in-tree generated by 40 in
Cy has replicas in Cj in the form of the in-tree induced on the set {17,29} or the in-tree
induced on the set {130,29}.

In figure 3 the greater in-tree generated by 93 in the second component (C5) is a replica of
the greater in-tree generated by 44 in the first component (C}), since 62 is maximal source
and 50, 14, 127 are balanced sources in in — treec, (44), 90, 100 are maximal sources in
in — treec,(93), lev(62) = 6, lev(50) = 5, lev(90) = lev(100) = 5, lev(FCD(50,62)) =
lev(39) = 2 and lev(FCD(90,100)) = lev(99) = 1. Obviously the smaller in-tree generated
by 44 in (1 is a replica of the smaller in-tree generated by 131 in Cs.

In figure 4 the in-tree generated by 146 in the second component (Cs), has no replica
in the form of the in-tree generated by 116 in the same component. Similarly this in-
tree is not a replica of the in-tree generated by 143. Therefore in order to find a square
root of these two components from figure 4, denoted here by C; and C5, we must use
Theorem 4.2 and determine their connected square root. We also use Theorem 3.2 to deduce
the form of this square root. Note that in — treec,(56) has no replica in Cy and it is a
replica of in — treec,(116), since 122 and 136 are maximal sources in in — treec, (56) and
in—treec,(116), respectively, lev(136) = 3 and lev(122) = 2. Therefore if a connected square
root of C; and C} exists, then its cycle has the following form (56, 116,69, 143, 134, 146). So
in—treec,(116) can not be a replica of in —treec, (69). Note that in —treec, (69) is a replica
of the induced subgraph Cy({28, 4, 10,27,9, 75,46, 143}) of in — treec,(143), since 97, 92 are
maximal sources in in —treec, (69), 28, 9 are maximal sources in in — treec,(143), lev(97) =
4 = lev(28), lev(92) = lev(9) = 3, lev(FCD(28,9)) = lev(46) = 1 and lev(FCD(97,92)) =
lev(101) = 1. Moreover in — treec, (69) can not be a replica of the induced subgraph
C5({112,43, 86,36, 149, 143}) of in —treec,(143) since lev(97) = 4 > 3 = lev(43) = lev(112).
The induced subgraph C({112,43,86, 36,149, 143}) of in — treec,(143) is a replica of the
induced subgraph C;({8,47,113,89,70,63,124,134}) of in — treec, (134), since 112, 43 are
maximal sources in in — treec,(143), 8 is a maximal source and 47, 113, 89 are balanced
sources in in —treec, (134), lev(112) = lev(43) = 3 = lev(8) = lev(47) = lev(113) = lev(89),
lev(FCD(8,47)) = lev(124) = 1 and lev(FCD(112,43)) = lev(149) = 1. Moreover the
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Figure 6: 2 components containing cycles of length 2
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Figure 7: The unique component containing cycle of length 4

induced subgraph Cy({112,43, 86,36, 149, 143}) of in — treec,(143) can not be a replica of
the induced subgraph C({42, 144, 126, 65, 80, 103, 134}) of in —treec, (134), since lev(112) =
lev(43) = 3 > 2 = lev(65) = lev(126). The induced subgraph C4({42, 144, 126,65, 80, 103,
134}) of in — treec, (134) is a replica of in — treec,(146), since 42 is a maximal source, 65,
126 are balanced in in —treec, (134) and 84 and 141 are maximal sources in in —treec, (146),
lev(42) = 3 = lev(84) — 1, lev(65) = lev(126) = 2 = lev(141) — 1, lev(FCD(84,141)) =
lev(1) = 1 and lev(FCD(42,65)) = lev(134) = 0.

In figure 5 in — tree(20) is a replica of in — tree(26) and in — tree(13) is a replica of
in — tree(109), therefore by Theorem 4.1, there exists a square root of component in figure
5.

In figures 6-9 components of a square root formed according to the above description are
presented.

From these graphs by Theorem 2.1, one can determine the form of a half iterate 3 of «,
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namely

B = (134,20,137, 18, 60, 27,93, 36, 59, 18, 4, 71, 109, 45, 138, 137, 40, 27, 35, 26,
81,144, 57,49, 30,25, 101, 11, 40, 114, 139, 49, 105, 13, 68, 70, 145, 71, 99, 29,
103,22, 8, 131, 132, 69, 86, 68, 61, 45, 121, 76, 13, 110, 51, 116, 52, 30, 75, 78,
51,100, 149, 7, 120, 68, 140, 44, 143, 149, 12, 29, 80, 12, 101, 67, 29, 20, 49, 1
56,88, 40, 42,93, 63, 81,39, 86, 14, 25,9, 44, 49, 61,48, 28,7, 7, 16, 46, 105, 1,
30,111, 61,118, 21, 147, 13, 39, 89, 86, 34, 75, 69, 66, 52, 109, 103, 83, 108,

130, 143, 132, 120, 45, 60, 68, 77, 85, 31, 147, 146, 54, 122, 142, 94, 88, 15, 126,
102, 134, 73,57, 56, 20, 118, 124, 148).

5 Conclusion

In the above example, it can be seen that the concept of a replica introduced in this article
allows presenting results concerning the problem of the existence of half iterates of finite
functions concisely and neatly. This key notion has also a deep characterization by sources
of an in-tree, which facilitates checking the conditions in theorems presented in the section
"The Main Results’. Thus, this work enables us to settle, whether for a given function from
a finite domain to itself there exists its half iterate, and if it exists the above theorems allow
us to determine a half iterate of this function in a relatively clear and simple manner. An
interesting direction for future research is to generalize the methods described in this article
to identify nth roots of a functional graph.
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