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ABSTRACT

Plates are important structural elements used to model bridge decks, retaining walls, floor slabs, spacecraft panels,
aerospace structures, and ship hulls amongst. Plates have been modelled using three dimensional elasticity theory,
Reissner’s theory, Kirchhoff theory, Shimpi’s theory, Von Karman's theory, etc. The resulting plate equations have
also been solved using classical and numerical techniques.in this research, the Galerkin-Vlasov variational method
was used to present a general formulation of the Kirchhoff plate problem with simply supported edges and under
distributed loads. The problem was then solved to obtain the displacements, and the bending moments in a
Kirchhoff plate with simply supported edges and under uniform load. Maximum values of the displacement and the
bending moments were found to occur at the plate center. The Galerkin Viasov solutions for a rectangular simply
supported Kirchhoff plate carrying uniform load was found to be exactly identical with the Navier double
trigonometric series solution.

Keywords: Kirchhoff Plate, Reissner Plate, Galerkin-Viasov method, Navier double trigonometric series method,

uniform load.

1. INTRODUCTION
Plates are initially flat structural members bounded by
two parallel planes, called faces and an edge[1]. Plates
have been considered as two dimensional extensions
of beams. This two dimensional structural action of
plates results in lighter structures, and this offers
immense benefits. Plates can be submitted to static
loads, dynamic or transient (time dependent) loads or
in plane loads, resulting in three types of analysis
namely - static or elasticity analysis, dynamic analysis
and stability analysis.
The focus of this paper is the static elasticity analysis
of plates since the loads are considered to be static.
The aims and objectives of the elasticity analysis of
plates are:
(i) the determination of deflection due to applied
static loads and the critical values of the
deflection

* Corresponding author, tel: +234-803-310-1883

(ii) the determination of the internal force functions
such as the bending moments, and their critical
values.

Plates have been classified based on their shapes as
rectangular, triangular, circular, skew, square,
elliptical etc plates, and based on their material
properties as isotropic, anisotropic or orthotropic,
homogeneous, heterogeneous, etc. Plates have also
been classified based in their thicknesses as thin
plates, moderately thick plates and thick plates [2-4].
Plates are used in bridge decks, retaining walls, ship
decks, hulls, aircraft and spacecraft panels, and are
thus important structural forms in civil, mechanical,
aerospace, and naval engineering.The focus of this
paper shall be on rectangular thin plates made of
homogeneous, isotropic material.

1.1 Justification of the Galerkin-Vlasov’s Method
The Galerkin-Vlasov method is proposed in this work
due to the merits of the method which include:
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(i) Due to the relative ease in selecting shape
functions for almost all boundary conditions
encountered in practice, Galerkin-Vlasov method
can be considered more universal than the other
variational methods like Ritz Variational Method,
Galerkin Variational Method and the Kantorovich
Variational method [5]

(ii) Further simplification
computation in the method due to the quasi-

results in numerical
orthogonality of the eigen functions of the
vibrating beam used as the basis function in the
method [5].

(iii) The problem is reduced to the evaluation of the
integrals of simple with quasi-
orthogonal properties.

(iv) The choice of appropriate basis functions simply
reduces to a matter of choosing beam functions
with identical boundary conditions as those of
the plate.

(v) The accuracy of the method is excellent, despite
the relative ease of the numerical computation
involved [5].

(vi) The method has considerable merits in the
manual solutions of plate flexure problems [5].

However, the method has the disadvantage that as a
variational method, it is not suited for automated
computer applications [5].

functions

1.2 Research Problem

The research problem considered in this paper is
stated as follows:

Given a rectangular thin plate made of homogeneous,
isotropic material, we wish to apply the Galerkin-
Vlasov variational technique to solve the elasticity
problem of finding the deflection and the internal
bending moments, and their critical values for simply
supported edges and uniformly distributed static
loads over the entire surface of the plate.
Mathematically, the research problem is to present a
Galerkin-Vlasov variational formulation of the
Kirchhoff plate problem given by Equation (1)for
rectangular plates with simply supported edges.
DV2V2w(x,y) = P,(x,y) €Y)
where w(x,y) is the transverse displacement of the
plate middle surface,

P,(x,y)is the transverse load distribution on the
plate,

D is the flexural rigidity of the plate and V2 is the
Laplacian operator.

V2V is the biharmonic operator.
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1.3 Research Aims and Objectives

The aims and objectives of this study include:

(i) to propose a
formulation of the Kirchhoff plate problem for
static loads.

(ii) to solve the Galerkin-Vlasov variational problem
and find the deflection function for Kirchhoff
plates with simply supported edges and under
uniform loads.

(iii) to use the moment - displacement relations for
Kirchhoff plates to find the bending moment
functions, and their critical values.

(iv) to compare the results of the Galerkin-Vlasov
solution with the results from literature sources.

Galerkin-Vlasov  variational

2. LITERATURE REVIEW

Several types of plate theories exist. The basic idea of
all plate theories is to simplify the three dimensional
problem of plates described by the theory of elasticity
to two dimensional approximations; usually done by
integrating out a dimension.

Accordingly, a review of existing literature shows the
following plate theories: thin plate theories,
moderately thick plate theories and thick plate
theories [1, 2, 3]. We present a review of the following
plate theories: Exact plate theory, Reissner’s sixth
order plate theory, Von Karman plate theory, Mindlin
plate theory, Shimpi's refined plate theory and
Kirchhoff plate theory.

2.1 Exact Theory of Plates

This is defined by the three dimensional elasticity
equation of plates. The exact theory of plates is a three
dimensional presentation of the plate flexure problem
based on a satisfaction of the
diffferential equations of equilibrium, the kinematic
equations and the material constitutive laws [5],[1].
Th.e governing equations are a system of fifteen
differential equations, which need to be solved subject
to the conditions of restraint and the loading. Three
approaches are used to solve the resulting equations,
namely - stress based approach, displacement based
approach approach. The resulting
governing equations are complicated and difficult to
solve in analytical form [1], [5].

simultaneous

and mixed

2.2 Reissner’s Sixth Order Plate Theory

Reissner’s stress based theory of plate presents an
integration prblem of sixth order. Reissner’s plate
theory for isotropic plates is a system of three
simultaneous differential equations. [5] [6].In the
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Reissner’s plate theory, the distributions of stress
components through the plate thickness are assumed
to be:

1240y 12y 124y
Oxx = Z'Tl O-yy = Z. h_3 ,Txy = Z. h3
30, 22\* 30, 22\?
(-6 ) o= 5 (- ()
2h h 2h h
—q 2z 22\3
=g 2=3(5)+ (7) @

In (2), Gxx Oy Oz are the normal stresses and Ty, Ty
Txz are the shear stresses, /4 is the plate thickness, My,
M), are the bending moment distributions, @ Q) are
shear forces distributions and z is the position of an
arbitrary point on the plate thickness.

Thus, the assumed distribution of in plane stresses are
linear, the transverse shear stresses are quadratic and
the transverse normal stress is cubic in the plate
thickness direction. These stress components satisfy
the stress equilibrium equations of three dimensional
elasticity theory. The transverse displacement of
Reissner’s theory is a function of the three space
coordinates of the plate, complicating its
determination. In order to simplify the governing
equations, Reissner introduced the thickness -
integrated transvese displacement W(X, y) as:

h/Z

wo=a [ wro(1-())a @

wx,2) = o w(x,y,z A z  (3)
_hy,

Reissner applied the Castigliano’s theorem of least

work to the energy functional of the plate to obtain the
following three simultaenous differential equations

[5]:

h? ;2—u
272y, — _ ) 2
DV*V*w =p, 10(1—.11)sz €]
3 D6V2 +h2V2 hz( 1 )apz c
D=7 W T 10 " 10\1 - 1) ox ®)
3 D6V2 +h2V2 hz( 1 )apz .
=", T 70 U 10\1= 1) oy (6)
The bending and twisting moments are given by
M. =D 62w+ 0*w\ h?dq,
xx = oxz " Hay2 ) T 5 ax
h% [ h?
_E(l — /") Pz (7)
02 02 h? o
0x? dy? 5 dy
h?2/ u
~T5(75) P ®)
0*’w  h%?[dq, 0dq
My, = —D(1— — (=2 +== 9
xy ( H)axay+10<6x+6y) ©)
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The Reissner’s plate theory is an extension of the
Kirchhoff - Love plate theory, accounting for first
order shear effects. Reissner plate theory gives stress
and strain fields that are consistent with elasticity
solutions; and are applicable to moderately thick
plates. However, the governing equations involve
complicated systems of partial differential equations
for which satisfactory solutions are not found for
complex loading and restraint conditions [5], [1], [2].

2.3 Von Karman Plate Theory

The Von Karman large deflection plate theory yields
the system of equilibrium and compatiblity equation
given by

D
“Viw = L(w, ¢) + 2 (10)
h h
1 1
EVZQ-"(?C,)/) = _EL(W' w) (11)
where Lis a differential generator defined as
0’wa*¢p 0*wa?¢p 0*w 0%¢
Lw,¢) = (12)

0x? 0x% = dy? 0y? B dxdy 0xdy
In (12), w(x,y) is the transverse displacement of the
plate, p, is the transverse load distribution, D is the
flexural rigidity of the plate, £ is the modulus of
elasticity and ¢ is the Airy’s stress function.

Von Karman plate equations are coupled nonlinear
partial differential equations of the fourth order.Von
Karman’s large deflection plate theory considers the
longitudinal displacement of the middle plane caused
by the deflection and hence the middle plane stress
and strain. The Von Karman’s equations cannot; in
general be solved directly in analytical form, except
using some approximate methods [3, 5].

2.4 Mindlin Plate Theory

The Mindlin plate theory, which is a first order shear
deformable theory, does not require that the cross-
section remains orthogonal to the middle surface
which is the neutral surface after deformation [7].

Therefore, €,, # 0 and ¢, # 0. The theory assumes

that the state of deformation is described by the
transverse displacements in the z direction of the
middle surface w(x,y) at z = 0 and the notations 0y
and 0, of the middle surface [8]. The displacement
field at a generic point of the plate are w =
w(x,y,z=0)=w(xy),ulx,y z) =20,(x,y)and v =
z60,(x,y) and where u, vand w are the displacement
[8, 9] components in the x y and z directions
respectively.

The governing equations of isotropic Mindlin plaes
are:
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a6, 086 —q
2 —x, vy _ 1
VW o+t 5 = G (13)
a6, 00 —q
(X Z Y - £
v <6x + ay> = (14)
D 629x+629y +D(1—u) 629x+629y
0x2 dy 2 0x? = 0yox
—kGh(e +6w> 15

The shear strain and shear stress variation across the
plate thickness is considered in the Mindlin plate
theory. However the assumption of constant shear
strain variation over the plate thickness violates the
predictions of structural theory since the shear stress
is known to be parabolic over the plate thickness. This
discrepancy is corrected using a shear correction
factor k Also the Mindlin plate theory contradicts the
shear - free boundary condition on the plate surfaces.
The governing partial differential equations are
difficult to solve mathematically even for simple loads
and restaint conditions.Mindlin plate theory yields a
system of three differential equations in terms of
three unknown displacement parameters for isotropic
plates.

2.5 Shimpi’s Refined Plate Theory [Shimpi’s (RPT)]
Shimpi [10] developed a new refined plate theory and
its two variants, variationally consistent variant and
variational inconsistent variant. Shimpi’s variationally
consistent RPT equations are:

q
22:—
vvi= (16)
—-h? ¢
2 o= — = 1
Vew, S =)D a7

where w; is the displacement due to bending, wsis the
displacement due to shear, g is the transverse load, D
is the flexural rigidity p is the Poisson’s ratio and 4 is
the plate thickness.

Shimpi’s variationally inconsistent plate equations
are:

q
292 _1
vEViw, = =, (18)
h2
=w, — | ——— | V2 1
w=w, <5(1—H)>Vwb (19)
2.6 Kirchhoff Plate Theory

The Kirchhoff plate theory assumes as follows:

(i) the plate thickness is small, compared to the
other dimensions, the normal stress is in the
plane of the plate.

(ii) the deflection is smallcompared to the plate
thickness.
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(iii) the middle surface is free from deformation.
(iv) normals to the middle surface remain normal to
the middle surface during and after deformation.
The equilibrium equation for Kirchhoff plate is given
by, the fourth order partial differential equation,
Equation (1).Literature review shows that plates are
analysed for elastic, dynamic and stability behaviour,
using Navier’s double trigonometric series method.
Other methods used for the analysis of plates
include:Levy Single Trigonometric Series,
Difference, Improved Finite Difference, Boundary
Element, Finite Element, Finite Strip, Weighted
Residual,Polynomial Splines, Differential Quadrature
andEnergy Minimization.

Finite

3. RESEARCH METHODOLOGY

3.1 Galerkin-Vlasov Method

This research uses the Galerkin-Vlasov method to
solve the Kirchhoff plate bending problem given by
Equation (1).

In variational form,Equation (1) can be written as:

ﬂ(DVZVZW —p) Swdxdy =0 (20)
R

where d wis a small virtual displacement

The Galerkin-Vlasov method assumes that the plate
deflection and the load are expanded using the
orthorgonal functionsXmxy and Yy of a freely
vibrating beam that is identical with the ends of the

plate.
Thus,
WEY) =D WX GOV (0)m, n
m n

=123 (21)
where Wy, are the unknown parameters of the
displacement function.

p(x,y) = i i PmnXm ()Y ()

where pn, are the parameters of the load distribution.
Then the variational Kirchhoff plate problem, using
the Galerkin-Vlasov method becomes, in general,

[| (07 wntn109)

3 Dm0 Xiidxdy =0 (23)

Wmn and pm, are parameters of the displacement

(22)

function W(X, Y) and the transverse load distribution

Pp(x, y) respectively, and since they don’t depend upon
the space variables, they could be factored out of the
double integration in Equation (23) to obtain:
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DZ Z Winn ﬂ (V*X,,, Y, )X, Y, dxdy
- z Z - f J X, Y, X,V dxdy (23)

Since X, and VY, are orthogonal functions, the
integrations simplify to

DZ z Winn ff (V*X,,. V) X, Yy dxdy
R
=Z Z P !J X2 y? dxdy (25)

Hence,the solution for w,, could be presented in

compact form as:
PonImy,
=— 26
Winn =B — (26)
where I, and [,,+are symbols defined to represent
the double integration problems in Equation (25).

Thus:

_ 2 y2
—ff X. Y, dxdy (27)
R
TImn»«f (VX Yy ) X Y dxdy (28)
R

4. GALERKIN - VLASOV SOLUTION
We define the coordinate system of the plate as shown
in Fig. 1.

YA a
— KE
—>
b
>
. 7 - b
vy ¢
y, > X
Fig. 1 Simply supported rectangular Kirchhoff plate
under uniform load

The Kirchhoff plate equation is

Viw(x,y) — M —0 (29)

In (29) pAxy) is the distributed transverse load, D is
the flexural rigidity of the plate w(xy) is the
transverse displacement of the plate middle surface.
For simply supported edges, the boundary conditions
are:

wkx=0,y)=wlx=ay)=0

w(xy =0) =w(x,y =b) =0,
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Wi (x =0,y) =wi(x =a,y) =0
wy, (6, y=0)=w(x,y=>b)=0 (30)
The Vlasov method uses the eigen functions of
vibrating beams with
conditions as the plate.
The equation of free vibration of uniform prismatic
Bernoulli beams is
4 — 32
d*w(x,t) _ _ma w(x,t) 31)
ox* El  0t?
where m is the mass per unit length, w(x, ¢) is the

lateral deflection, £ is the Young's modulus of
elasticity and /is the moment of inertia.
For harmonic response

w(x,t) = X(x) sinw,t (32)
where w; is the natural frequency, X(x) is the shape
function of the beam.
then we obtainby substitution of Equation (32) into

Equation (31), we obtain:
2 4

“X(x) =

identical end restraint

Xiv (x) — mwy

El

where A is the shape parameter and/is the span of the
beam.

The solution of Equation (33) for simply supported

ends is

X (33)

mmx
Xn(x) = sinT, .m=1,273..0 (34)

Similarly, in the y direction,
n=1,23,..0 (35)

Hence, by the Galerkin - Vlasov method, the
displacement function is chosen as:

o o

WEY) = D) WX OV (9)

where X(x) and Yu(p), the basis or shape functions
are the eigen functions of simply supported beams in
the xand y coordinate directions, wp, are generalised
coordinates.

Hence the trial displacement function is:

oo oo

nmx
Y,(y) = sinT,

mmnx _ Nux
w(x,y) = 2 Wy Sin——sin—...m,n
a b
m n
=123, .. (36)
The variational form of the Kirchoff plate equation, by
the Galerkin-Vlasov method becomes:

mnx _ nmw
ff V4 Z Wpnr SiD sin Ty)

mux | Nmx
Pmn Sin sin >

X — — =
sm P’ sm 5 dxdy 0 (37)

Factoring out the Wi, and pm, terms from the double
integration problem in Equation (37) we obtain:

Vol. 35, No. 4, October 2016 736



APPLICATION OF THE GALERKIN-VLASOV METHOD TO THE FLEXURAL ANALYSIS OF SIMPLY SUPPORTED ...

mnx . nmy
ZZWmn Jf sm—smT)

N3%

rIX
X sin ——sin—— dxdy

"5 2| (50202

X (sm v sin T) dxdy
Evaluating the biharmonic operation in the right hand

side of equation (38) we obtain:

4 2 2
22w ] (3 25 ()
R
+ (n?n) ]sm?smnﬂ) sm%sm%dxdy

mnx ~ nmwy | rUX . STy
Dz men 'U sm—sm—sstdexdy (39

The vibrating simply supported beam function

.. mmnx . N .
smT,smTys are orthogonal functions. Hence for

(38)

m#rn, n#s, the integrals all vanish and are non
vanishing when m = r, n = s. Therefore, the Galerkin-
Vlasov variational equation simplifies to:

22 [ (CF)

(n_n) )2 sin? Tsm Tydxdy

, MIX NIy
Z Z Pmn ff sin? —sm 2 ——dxdy (40)
D b
Let I,
, MIX NIy
ff sin? —sm dedy (41)
Then
mm\2 21
2. 2. wm () + )| o
1
= Bzzpmn Linn (42)
For any m, n,
n — meL — pmn > (43)

()’ + (ﬂ)z)z wp (T4 1)
a b b?
Pmn are the Fourier series coefficients of the load
function. For uniformly distributed loads of intensity

po,
a b
4 ff mmnx nnyd d
ab Do Sin sin b xdy
00
4 ; 6
Po . nmy Po
=— dy = 44
abfSlrl b Y mnm? (44)
0
mn=1,3,5,7, ...

Hence for uniformly distributed loads,

Nigerian Journal of Technology

N. N. Osadebe, et al

. mmx _ nmy
= Z Z Wy SIN—— a smT
nmwy
16p, sin 22X gjn MY b
" Dnt Z Z mz
( + bZ)

4.1 Maximum Deflection
The maximum deflection occurs at the plate center,
and is obtained as:

_a _b)
=27 73

(45)

mn=1,3,57, ..

Whax = W (X

16 sin—— mnx sin—= nny
_ Po Z z 2 (46)
D6 m2
( * bZ)
m+n 2)
16p, Z Z 47
D (47)

( ()

4.2 Bending Moment Distributions
The bending moment distributions are found from the
moment displacement relations:

My = —=D(Wyy + pwyy) (48)
My, = —D(wyy + pwiy) (49)
Thus,
n? mnx . nmw

_ lépy (a2 + gz sin "G sin g

DT[4 Z Z m2 n2 2 (50)
mn ( b2>
2 2

16p, © 2 (ZZ + um )Sm_m;rx sm%

=) ) —— (51)

m2 n2
mn( bZ)

At the center of the plate, the bending moments are

2 2 m+n—2\2
1600 O O (m—z+un—z)(—1)( )
M poz:z: a b (52)
xx = DT[4 mz n2 2
o m”<?+ﬁ)
© o n m2 m4n—2\2
" _ 16p, (z*‘#ﬁ)(—l)( 2 ) »
yy_DT[‘*ZZ 7/n2 n2 2 ( )
m n mn(F+ )

The Galerkin-Vlasov result for Wmax, Mx and M,
obtained at the center of uniformly loaded Kirchhoff
plate for various aspect ratios of the plate are
tabulated in Table 1.

5. DISCUSSION OF RESULTS AND CONCLUSION
In this work, the Galerkin-Vlasov variational method
has been used to solve the problem of bending of
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rectangular Kirchhoff plate with simply supported
edges and under uniformly distributed load over the
entire plate region. Orthogonal basis functions which
were the beam vibration modal shape functions were
used to describe the displacement shape functions of
the plate, yielding considerable simplifications in the
evaluation of the integration problem.

Table 1:Galerkin-Viasov solutions for maximum
deflection and maximum bending moments in S55S
Kirchhoff Plates under uniform load on the entire plate

poa*

region0 <x<a, 0<y < bWy =6 e
4

Myymax = 82p0a2' = Wnax = 84%:Myymax = 63p0a2
b/a 01 02 03 04

1 0.0443 0.0477 0.0479 4,062 x 1073
1.2 0.0616 0.0626 0.0501 5641 x1073
1.4 0.0770 0.0753 0.0506 7.07 x 1073
1.5 0.0812 7.724 x 1073
1.6 0.0906 0.0862 0.0493 8.293x 1073
1.8 0.1017 0.0948 0.0479 9.313x 103
2 0.1106 0.1017 0.0404 10.129 x 1073
3 0.1336 0.1189 0.0404 12.233 x 1073
4 0.1400 0.1235 0.0384 12.819x 1073
5 0.1246 0.03775 12971 x 1073
o0 0.1422 0.1250 0.0375 13.021 x 1073

For simply supported edges, the general Galerkin
Vlasov solution is presented as Equantion (26). The
displacement function for a simply supported
rectangular Kirchhoff plate was found in this work to
be exactly identical with the Navier solution, and is
presented in Equation (45).

The displacement function is found to be a rapidly
convergent series of infinite terms and a few terms of
the series gives satisfactory results for the maximum
deflection which was found to occur at the plate
center.Similarly, the bending moment functions were
obtained by using the moment - displacement
equations, and the maximum bending moments were
found to occur at the centre of the plate. The bending
moment distributions and the maximum values about
the xand y coordinate axes were found to be given by
Equations (50) - (53).

The deflections and bending moments were evaluated
at different aspect ratios of the plate and the variation
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presented in Table 1. The Galerkin-Vlasov solutions
for the variation of deflections and bending moments
in simply supported rectangular Kirchhoff plates
under uniformly distributed loads are exactly identical
with the solutions obtained using the Navier’s double
trigonometric series method. The Galerkin-Vlasov
solutions for maximum deflection and maximum
bending moment for various plate aspect ratios as
presented in Table 1 agree with classical solutions in
the technical literature.
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