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ABSTRACT 

This work presents the computational modelling of the velocity distribution of an incompressible fluid flowing in a 

cylindrical annulus pipe, using the finite element method. The result shows that the velocity distribution increases 

from the boundaries until midway between the boundaries where it was maximum. Also, the velocity increases as 

the viscosity decreases. The results obtained were compared with exact second order differential equation solution. 

The results obtained were highly accurate and converges fast to the exact solution as the number of elements 

increases. 
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1. INTRODUCTION

 

The flow of fluids is important for many engineering 

applications. Consequently, an understanding of the 

characteristics of fluid flow is of considerable interest 

in many areas of engineering and science [1]. Annular 

flow is a flow regime of two-phase gas-liquid. It is 

characterized by the presence of liquid fluid flowing 

on an annulus shaped channel. Annular flow is 

important in drilling and production in deviated and 

horizontal wells [2]. Concentric annular flows of fluids 

in pipes have had a number of engineering 

applications. Such as chemical mixing devices, 

bearings and in the drilling of oil wells [3]. The motion 

of fluid in a concentric annular pipe is governed by the 

Navier-Stokes equations. The fluid may be 

compressible, slightly compressible or 

incompressible. 

The determination of an accurate characterization of 

fluid flow has been the subject of previous research. 

Some of these researchers include but not limited to 

Stokes, Reynolds, Navier, Bernoulli, Petroff and 

Summerfield. Their works formed the fundamental 

principles of fluid dynamics [4] and [5]. As a result of 

the complicated form of the Navier Stokes equation 

which governs fluid flow, researchers have resorted to 

numerical means for finding approximate solutions to 

them. Numerical computation of fluid flow through 

concentric annular has been considered by a number 

of researchers. [6] used the finite difference method 

for simulation of thermal flow in a horizontal 

concentric annulus. Natural convection heat transfer 

in concentric horizontal annular containing a 

saturated porous media has been addressed by [7] 

using Galerkin’s technique. Finite volume technique 

was applied by [8] for the prediction of flows through 

concentric annulus with center body rotation. [9] used 

the finite element method to solve a problem on the 

velocity distribution in viscous incompressible fluid 

using the Lagrange interpolation function and 

compared their results with the exact differential 

equation solution. [10] used finite volume to analyse 

flow in a concentric annular tube having narrow gap. 

In this study, finite element method was used to 

analyse the distribution of velocity of a viscous 

incompressible fluid flow using Lagrange 

interpolation function in a cylindrical annulus pipe. 

 

2. GOVERNING EQUATION 

Consider the steady laminar flow of a Newtonian fluid 

with constant density in a long annular region 

between two coaxial cylinders of radii R0 and Ri as 

shown in Figure 1. The differential equation governing 

the velocity distribution is given by: 
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Figure 1: Fluid flow between two coaxial cylinders 

 

 

In (1), U is the velocity along the cylinder (i.e., the z 

component of velocity), µ is the viscosity, L is the 

length of the region along the cylinders in which the 

flow is fully developed, P1 and P2 are the pressures at z 

= 0 and z = L, respectively. P1 and P2 represent the 

combined effect of static pressure and gravitational 

force. 

The boundary conditions are given by:  r = Ri: U(r) = 

0 and r = R0 : U(r) = 0. 

 

2.1 Weak Formulation 

Solving the strong form of equation (1) is not always 

efficient. Hence we seek to obtain the weak form of the 

governing differential equation by multiplying 

equation (1) by the weighted function (w) and 

integrating the final equation over the domain, we 

obtain 
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In equation (2) 0f is given by  
     

 
 known as the 

velocity gradient. Integrating equation (2) with 

respect to   and   and then incorporating the 

boundary conditions, we obtain 
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Integrating equation (3) by parts, we obtain 
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 , then equation (4) becomes 
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For an arbitrary degree of interpolation function given 

by equation (6) 
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And assuming that     
 , equation (5) becomes 
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Equation (7) can be transformed into matrix form as:  
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The Lagrange interpolation functions are given by 

equations (9) – (11). 
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Substituting equations (9) – (11) into equation (8), 

we obtain expressions for 
eK and 

ef  as shown in 

equations (12) and (13) respectively. 
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2.2 Exact Solution 

The governing equation to the problem is: 
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But 
     

 
  

   

 
 in which,    is a constant since the 

viscosity and velocity profile are constants in the fully 

developed region 
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Integrate eq. 15 with respect to r, we have, 
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Integrating eq. 19 again with respect to r, we have, 
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At this time, we input the boundary conditions. The 

two boundary conditions may be evaluated by 

applying the boundary conditions of zero velocity at 

the inner and outer walls, i.e., 

 r = Ri: U(r) = 0  r = R0 : U(r) = 0 

After inputting the boundary conditions, we have that 
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Therefore,    
  

  
  
     ln   . Substitution of these 

values for the constants of integration into the 

equation yields the final expression for the velocity 

profile: 
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3. NUMERICAL EXAMPLE 

To illustrate the model and its accuracy, we consider 

the following example. 

Consider a steady state laminar flow of a Newtonian 

fluid with constant density in a long annular region 

between two coaxial cylinders of radii Ri = 80 cm and 

R0 = 120 cm. Determine the velocity distribution for a 

velocity gradient of 5N/m and fluid viscosity of µ = 

0.75kgm/s, when the velocity at the end of the plates 

is zero. 

In other to solve this problem, a mesh of five uniform 

elements was used to represent the entire domain. 

The values of rA for the nth element is given by 0.8 + (n 

-1)h. The element matrices were obtained using 

equations (12) and (13). The stiffness matrices and 

the source vectors for the elements are shown below: 
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Third element 
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Fourth Element 
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Fifth Element 
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From the stiffness matrices and the source vectors, the 

following is obtained. 
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Imposing the boundary conditions which state that the velocity at the boundary is zero, we have: 

 
 

Table 1: Results for five elements 

Radius (m) 0.84 0.88 0.92 0.96 1 1.04 1.08 1.12 1.16 

FEM 0.0511 0.0894 0.1156 0.1302 0.1338 0.1268 0.1095 0.0825 0.0459 

EXACT 0.0511 0.0894 0.1156 0.1302 0.1338 0.1268 0.1095 0.0825 0.0459 

 

In other to increase the accuracy, the same problem 

was analysed using ten elements. The results obtained 

along with the exact solution are shown in Figure 2. 

The behaviour of the error at the nodes was observed 

as the mesh was discretized further. In particular, 

nodal velocities for the flow regime and the associated 

error in relation to the exact were obtained for 

uniform meshes of 10 and 20 elements respectively. 

The progression of the nodal error is presented in 

Table 2. 

The variation of the velocity profiles for different 

viscosities of fluid was obtained through a parametric 

study and presented in Figure 3. 

 

Table 2: Comparison between percentage errors for 
different number of elements 

Radius (m) 
Percentage Error (%) 

5 elements 10 elements 20 elements 

0.84 2.82 x10-3 4.4965x10-6 2.8163 x10-7 

0.88 6.49 x10-5 4.0863x10-6 2.5592 x10-7 

0.92 9.04 x10-4 3.7348 x10-6 2.3389 x10-7 

0.96 5.45 x10-5 3.4309 x10-6 2.1485 x10-7 

1.00 5.74 x10-4 3.1662 x10-6 1.9827 x10-7 

1.04 4.66 x10-5 2.9342 x10-6 1.8373 x10-7 

1.08 5.13 x10-4 2.7294 x10-6 1.7090 x10-7 

1.12 4.05 x10-5 2.5477 x10-6 1.5952 x10-7 

1.16 8.82 x10-4 2.3856 x10-6 1.4936 x10-7 

 

4. DISCUSSION 

To illustrate the use and accuracy of the finite element 

method, an example was considered and the solution 

obtained. The finite element method was used to 

obtain nodal velocities for progressively finer mesh of 

5, 10 and 20 elements respectively. The result of the 

numerical computation shows that the finite element 

solution converges towards the exact solution as the 

mesh becomes smaller. This deduction arose from an 

observation of the error at specific points on the 

domain of the problem as depicted in Table 2 for 

different mesh densities. 

 

 
Figure 2: A graph of velocity against displacement for 10 

elements of FEM, and the exact 
 

 
Figure 3: Variation of velocity with radius for various 

viscosities. 
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Parametric study was carried out to observe the 

evolution of the nodal velocities for different fluid 

viscosities. It is important to observe the velocity 

profiles for different viscosities as viscosity is 

temperature dependent. 

Numerical computation put forward indicates that for 

very small values of the viscosity, the corresponding 

values of the velocities were very high. As the viscosity 

increases, the velocity decreases. This behaviour is 

attributable to fact that as the viscosity increases, the 

cohesive bond between the molecules of the fluid 

increase. When this happens, there will be reluctance 

for molecules of the fluid to slide. This therefore 

affects retards the velocity of the fluid. Thus, we can 

say that with all other conditions remaining constant, 

the viscosity and the velocity of a fluid are inversely 

related. 

 

5. CONCLUSION 

The finite element method has been used to obtain the 

velocity distribution of a fluid flowing in a cylindrical 

annulus pipe. Increased accuracy of the solution was 

obtained with mesh refinement. Parametric studies 

have indicated that the velocity of the fluid flow 

exhibits an inverse relationship with fluid viscosity for 

fluid flow in a cylindrical annulus pipe. Concentric 

annular flows of fluids in pipes have had a number of 

engineering applications such as chemical mixing 

devices, bearings and in the drilling of oil wells. This 

research has been able to provide the velocity 

distribution in the domain of a concentric annulus 

pipe at a glance with a very high accuracy compared to 

other methods that provides solution at a point. 
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