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ABSTRACT

This study obtains a new set of integral conditions for oscillation of nonautonomous delay
differential equations with positive and negative coefficients. It is however, discovered that every

solution of the equation oscillates infinitely.
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INTRODUCTION

Delay differential equations are similar to ordinary
differential equations but their evolution involves past
values of the state variable. The solution of delay
differential equations therefore, requires knowledge of
not only the current state, but also of a certain time

X(t)+p(t)x(t-7)=0,120.

The purpose of this work is to consider a more
generalized form of equation (1.1) and give a detailed
description of the oscillatory solution of the generalized
equation for infinite conditions.

previously. This paper is motivated by the publication
of Li (1996) who obtained some integral conditions for
oscillation of nonautonomous delay differential
equations. However, we are concern with the study of
first order linear delay differential equation of the form

(1.1)

subject of investigation to many researches. Notable
among them are for instance Barr (1995) who
considered the linear delay differential equation for
r=1

The problem of establishing integral conditions for
oscillation of delay differential equations has been

x(t)+p(t)x(t-1)=0 (1.2)
where p(t) to be a continuous function on the interval [0,00 ) He therefore, established some

connections between (1.2) and more general delay equations and used those facts to prove some well — known
oscillation results. Philos and Sficas (1998) set a new oscillation criterion for the delay differential equation

X(t)+p(e)x(e=-7(1))=0 (1.3)
where p and T are nonnegative continuous real — valued functions on the interval [ 0, ) Philos and

Sficas (1998) also considered the function T and defined it by
T(t)=t-r(t)t=0, (1.4)
which is increasing, such that
lim?7 (1) =co. (1.5)
That criterion according to them concerned the case where

t
}iﬁrginf T([)p( s ) ds Sé.
Stavroulakis (2004) considered first order linear delay differential equation
A(e)+p(t)x(r(r))=0, =24 (1.7)
and the second order linear delay equation
X(t)+p(e)x(r(r))=0, 124 (1.8)

where p and 7 are continuous functions on [7,,%), p()>0, 7(r) is non-decreasing, 7 ()<t for

(1.6)

t2t, and lim 7 ( t ) = 0. He therefore, presented several criteria for the first order equation, for instance

t— o
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when

0<limian. p ds<l and hmsupj p )ds<1, (1.9)

[ > 00

and for the second order equatlon for instance when

liminf ()T(s)p( )ds<l and lim ()T(s)p(s)ds<l. (1.10)
-0 e -0 t

In another development, Li (1996) introduced a new oscillation of the nonautonomous delay differential
technique to analyse the generalised characteristics equations. He considered the first order delay
equations to obtain some infinite integral conditions for differential equation

X(t)+p(t)x(t-7)=0 (1.11)

where p ( t ) = (0 is a continuous function and 7 is a positive constant, or the more general one

n
() p(t)x(t-17)=0 (1.12)
i=1
where p, ( t ) =0 are continuous and T, are positive constants. Miyazaki (1996) studied the scalar equation

x'(t)=p(t)x(t—r) (1.13)

where T is a positive constant and p :[ 0,00 ) — R is a continuous function. The following results were
obtained by Miyazaki (1996);

(i) Suppose that T<w/4.1If x ( t ) is not an oscillatory solution of equation (1.13), then

limx(r)=0. (1.14)

— 00

Also considering the case p ( t ) =sint,i.e.,

x'(t)=(sint)x(t—r) (1.15)

(i) If 0<T<71/6, then every solution of (1.15) of all solutions of the linear delay differential equation

tends to zero as ¢ — 00 . Moreover, Ladas and Qian with positive and negative coefficients

(1990) obtained sufficient conditions for the oscillation

y(1)+P(1)y(1-1)-0(1)y(1-0)=0 (1.16)
VIVJ,eZDC[[tO,oo),N]andr,am[o,oo). (1.17)

Ladas and Qian (1990) further considered extensions negative coefficients. Other studies include the work of
of their work to include problems concerning neutral Yuanji (1990) who studied the oscillation in the
differential equations and some applications to the nonautonomous scalar differential equations with
global asymptotic stability of the trivial solution. deviating arguments and got some oscillation criteria.
Elabbasy et al (2000) presented infinite integral As an application of the results, Yuanji (1990) proved a
conditions for the oscillation of all solutions of first conjecture posed by Hunt and Yorke (1984), which was
order delay differential equations with positive and stated as follows; consider

x'(t):—gqi(t)x(t—r,.(t)) (1.18)

where T, and ¢, are continuous and positive valued on [ 0, )

if

q(1)29,T(1)=20 (1.19)
holds and

}{H}oﬂrlf()ﬂ Zq( )exp{ (t)}>1, (1.20)

then all solutlons of equation (1.18) oscillate. Also Yuanji (1991) studied the oscillatory behaviour of first order
differential equations with deviating arguments of the form

x'(t)+ip[x(t—r[):o (1.21)
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where p,,T,,1<i<n areconstants. In addition to

that, he obtained necessary and sufficient conditions to
guarantee that equation (1.21) is oscillatory, and also

A +ipie_)"" =0
1

discussed the equivalence of two kinds of oscillation for
equation (1.21). He found that equation (1.21) is
oscillatory if and only if the characteristic equation

(1.22)

has no real roots. Ladas and Stavroulakis (1982) studied the oscillatory behaviour of equations of the forms

y'(f)’fiz:,p,-y(t—r,.):o

and
v(r)-2py(t-1,)=0,
i=1

where p, and 7,,i=1,2,K,n are positive

constants. They proved that if each one of the
conditions they established was satisfied then it implies
that every solution of equations (1.23) and (1.24)
oscillates. A generalization in the case where the

Lemma 2.1 (Gyori and Ladas, 1991)

(1.23)

(1.24)

coefficients p,,i=1,2,K ,n are positive and

continuous was also presented.

MATERIALS AND METHODS

Presented here are the existing lemmas that will serve
as basis for the establishment of our results in
subsequent section.

Let aD(—OO,O),TD(O,OO),tODR and suppose that a function x(t)DC[[ZO,OO),R] satisfies

the inequality
x(t)Sa+ max x(s) for t21¢,,

t—-T<s<t
then x( t ) cannot be a nonnegative function.

Lemma 2.2 (Gyori and Ladas, 1991)
Assume that

g; and TI.DC[[IO,OO),RJ'J for i=1,K ,n.

Then the differential inequality

x'(t)+ZZ;:qi(t)x(t—T,.(t))SO,tZt0

has eventually positive solution if and only if the equation

y’(t)+§qi(z)y(t—Ti(t)):O,tZtO

has an eventually positive solution.

(2.1)

(2.2)
(2.3)

(2.4)

A similar result holds for advanced delay differential inequalities. Thus

Lemma 2.3 (Gyori and Ladas, 1991)

Assume that equation (2.2) holds and suppose that the differential inequality

x'(t)—gqi(t)x(t+7;(t))20

has an eventually positive solution. Then the equation

y'(t)—gqi(t)y(t+];(;)):0

(2.5)

(2.6)

also has an eventually positive solution. Proofs of lemmas (2.1), (2.2) and (2.3) are found in Gyori and Ladas

(1991).
Lemma 2.4 (Li, 1996)
Consider the delay differential equation

x'(t)+iRi(t)x(t—rl.)=0,t2t0
i=1

(2.7)

t+T; .
and assume that lim supj R, ( s ) ds >0 for some i and x( t ) is an eventually positive solution of
t

foo

equation (2.7), then for the same i,
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timing XU 0) oy (2.8)
S0
Lemma 2.5 (Li, 1996)

If equation (2.7) has an eventually positive solution, then
t+7;

'R(s)ds<l,i=1,K,n (2.9)

eventually. Li (1996) gave the proofs of lemmas (2.4) and (2.5).
Also consider the first order delay differential equation

X(t)+P(t)x(t-0)-0(t)x(t-7)=0, (2.10)
where P(t) and Q(t) are positive continuous real functions and O, T are positive constants. The

following statement holds;
Lemma 2.6 (Elabbasy et al/., 2000)
Assume that for

R(t)=P(t)-0(t+1-0), (2.11)

0] J‘rt+gR(s)ds>O, t=t, forsome £, >0.

(i) J.:R(t)ln[eJ.:MR(s)ds}dt=00.

Then every solution of equation (2.10) oscillates.
Consider the generalized first order delay differential equation

x'(z)+§g(t)x(t—a,.)—ggj(z)x(t—rj)m, (2.12)

where E(t),Qj(t)DC([Z‘O,OO),RJr) and Ji,TjD[O,OO) , for i=1,K,n and

j=1,K , m . The following statement holds;

Lemma 2.7 (Elabbasy et a/., 2000)
Assume that all conditions from lemma (2.6) are satisfied,

P ito
g, :max{q,dz,(g,K,Jp},th Rl.(s)ds>0 for t=1¢, for some #,>0. Also assume
i=1

that
(iii) lirgsup LHJ" R, ( s ) ds>0.

0

(iv) [ZRi(t)Jln{eg L””iRs(s)ds}dt:oo

)

where R, ( t ) =P ( t ) - Z o, ( t+17, -0, ) Then every solution of equation (2.12) oscillates. Lemma
k0,
(2.6) and lemma (2.7) were proved in Elabbasy et a/. (2000).

RESULTS conditions for every solution of oscillation of equation
The aim of this paper is to present a more general form (3.1) below. We categorise the results obtain in this
of delay differential equations that involve both section in form of theorems (3.1) and (3.2)
positive and negative coefficients and obtain as main respectively. These established theorems are what we
results an entirely new set of infinitely integral have achieved and considered as our results.
Consider the delay differential equations

() Za()x{(=7(0))-Za,()e(-7(0)=0 (31)

where g; ( t ), q; ( t ), T ( t ) and T/ ( t ) are continuous and positive valued on [ 0,00 ) .

l

It is important to note that the two new theorems

presented here give a detailed description of the

oscillatory solution of equation (3.1) for infinite integral ~ nonnegative function, while Theorem (3.2) describes in

conditions. Theorem (3.1) explains that if certain dﬁta“ that every solution of equation (3.1) oscillates.
Thus;

189
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Theorem 3.1. Consider equation (3.1). Assume that all conditions from lemma (2.1) are satisfied and suppose
that the inequality

x(z)sC{ max (5)+ max (s)},tZto (3.2)

t—T,<s<t t=T;<sst

then Xx cannot be a nonnegative function.

Proof: For the sake of contradiction, let assume that x( t ) 20 for t=>1,. First we claim that x( t ) is a
bounded function. Otherwise there exists a f, 21, such that

x(tl)Z[ max (s)+ max (s)

ty—T;<s<t to~T;<s<p :|
Then equation (3.2) yields
x(zl)sm[ max (5)+ max (s)}sC”(q)q(q), (3.4)

n-T,<s<h 1 =T;<s<t

(3.3)

which is a contradiction. Hence setting
M=limsupx(t)<00. (3.5)

t - o0
It now follows from equation (3.2) that
M<c+M<M, (3.6)

which is not possible. Hence the proof is complete.
Consider equation (3.1) and the general advanced delay differential equation with mixed argument

1 r
y()+2a () v (=1 (r))+ 2, (1) y(1+7,(1))=0,124, (3.7)
i=1 =l
where q[(t),qj(t)DC([to,OO),RJ') and Ti,TjD[O,OO) , for i=1,2,K.,1 and

j=1,2,K, r. By solution of equation (3.7) we mean a function y( t ) 0 C( [ t,—p ), R ) that for some

t, satisfies equation (3.7) for all f =1¢,, where 0= max{ max Tl ,max T } .

1<isl I<j<r

Considering equation (3.7) above, the result below indicates that every solution of equation (3.1) oscillates.
this completes the proof.

Theorem 3.2. Assume that all conditions from lemmas (2.1), (2.2) and (2.3) are satisfied. Let
-_— ' l»
A ( ¢ ) = & ( 3.8 )
y(1)

be nonnegative and continuous, and also there exists f =7, such that y(tl)>0 and

(t )e_l.ti/l(s)ds—j;/l(a)da
1

y( t ) =y . If the advanced delay differential inequality

z'(t)+§q,.(t)z(t—Ti(t))+§qj(t)z(t+Tj(t))20,t2t0 (3.9)

has an eventually positive solution, then every solution of equation (3.1) oscillates.

Proof: Theorem (3.1) indicates that the solution x( t ) to equation (3.1) cannot be a nonnegative function.

Assume the contrary that equation (3.1) has an eventually positive solution x( t ) . Then by lemma (2.3) we have

that the inequality (3.9) has an eventually positive solution if and only if equation (3.7) also has an eventually
positive solution.

If equation (3.8) holds and further assume that A ( t ) satisfies the generalized characteristic equation

1 r/l(s) s r —[h o)do
M) =Xa (1) =3 (1)L (3.10)
i=1 j=1

i=1,2,K,l and j=1,2,K,r.
190
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By lemma (2.6) and the fact that

.10 P (3.11)
r

we can have A ( t) to be

This implies that

VL als)as B[ e (0)do-Ta (B[ g (0)ao ], A(s)ds
‘;qi(t)Dg.[:_riqi(s)dsEJ-:J,A(U)dUZZ:qi(I)DH[elzl:l: :_Tiql.(s)dsj

4

DjZ::‘LHT’qj(U)dJ—ZIqj(I)D]n[e;fq’qj dajDZj 5(3.13)

Taking the integral of both sides of equation (3.13) from 7 to N ,for N >T , we have

[0S, a)E] " ale)aoas |
-L”i‘;qz-(r)[;J;”-'qjmq;_g(s)dsdayf
—L”ij(r)(i;_Tl_q,-(s)q;*u(a)dadqdf

[/ Sa(0) [« Z]al)as [ E[ ol 0)ao fo
‘Ifg%(f (m[e’ZI”T dUJDZI 4 ]z. (3.14)

Interchanging the order of integration, and expressing the terms on the left hand side of inequality (3.14) only, we
find that

qu, (er”% Di(s)dsdajdt

191



BAJOPAS Volume 11 Number 2 December, 2018
N-T; s+T; s 1 r
ZL js L_T_Zqi(’)Dz;qj(d)m(s)dadt ds
J = j=
N-T; s+T; s r 1
+], “ L_T,.Z;%(f)DZ:,q,-(s)Di(a)dzdsjda,
j= i=

Tanel JDZITI (s)dsdodr
j A (j I Zq D .q,(0)dodr st
o) [T, ZCI qu( )d1 Jda.

[ [zr S5 ) ()dords s
[I O[], Zal) B (0)aas |as
U 17, Sul)Bals)as MM
[1 ZI DZI ¢,(0)dods Jd
-qu ) 0e ST 0 (VB o) sao far

eeeee

z! [ I al yioas Jor
ol )ds dJJd

dt
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01"
(1 Zf DZI q;(0)dods jd:
[1 ZI g, ( (s)ds dajdt.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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J 7

and

[ a0 Bals)asdost j=1.2K r
ST i=1

eventually.

@z%(a)dads<Li=LLK,l

(3.20)

(3.21)

Then by equations (3.19), (3.20), and (3.21) we find that

DANEIE o

A1) |a

zf:(j;q,.u)jm(e;f_ﬂi 7

R e

Or

1), < y(N-1))
n ;ln y(N)

P[00 o[ 51 ST

N r r +T/
LS00 u S0t
J= Jj=
However, in view of (iv) from lemma (2.7), we have
1 y(t_Ti)_,_hm r y(t—Tj)
r-o L

i= )’( ! ) J=l y( t )
Therefore, by implication, this means that

y(1-7, y(r-T,) _
y(1) y(1)

Moreover, by lemma (2.4) we have

(=7 ) y(1=T)

y(t) (1)

lim =

t - 0

=0,

) +lim

t -

lim

t - 0

+ liminf

t— o

liminf

t -

00,

dUdsjd

ql dsdajd (3.22)

dUdsjd

ql dsdajd (3.23)

(3.24)
(3.25)

(3.26)

This contradicts equation (3.25) and the proof is complete. Therefore, every solution of equation (3.1) oscillates.

That ends the proof.

DISCUSSION

As earlier mentioned, this work is motivated by the
work of Li (1996) where integral conditions for
oscillation of nonautonomous delay differential
equations were obtained. We observed that most of
the conditions from Li (1996) and other similar works
concentrated on positive coefficients of the delay
equations as highlighted in section (1) above. Although
some considered nonautonomous delay differential
equations with both positive and negative coefficients
like Ladas and Qian (1990) and Elabbasy et a/. (2000),
theorems (3.1) and (3.2) we obtained are considered
as improvements on their respective conditions for

oscillation of equation (3.1) where p,, i=1,2,K ,n
and q; j=1,2,K,1 are continuous on specified

intervals.

We also discovered that based on the newly
established results, that certain restrictions associated
with some of the existing gaps as we identified in the
literature are addressed with introduction of the new
set of infinite integral conditions for oscillation of delay
differential equations with positive and negative
coefficients. For instance, if ¢ =0 in equation (3.1),

then the equation is similar to any of the equations
(1.12), (1.21) and (1.23) by Li (1996), Yuanji (1991)
and Stavroulakis (1982) respectively. Consequently, all
conditions for the solutions of equations (1.12), (1.21)
and (1.23) are satisfied respectively by our new set of
conditions. Attempts to impose any of the conditions
by Li (1996), Yuanji (1991) and Stavroulakis (1982)
respectively to equation (3.1) will fail to be satisfied.
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CONCLUSION

The key objectives of this paper are being addressed in
section (3.0). This include formulations and proves of
theorems (3.1) and (3.2), which gave detailed
description of the oscillatory solution of equation (3.1)
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