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ABSTRACT  
This paper explores variational–composite hybrid fixed point 
iterative scheme for the solution of third order three-point 
boundary value problems. The method shows a strong 
convergence which makes it an efficient and reliable technique for 
finding approximate analytical solutions for third order three-point 
boundary value problems of ordinary differential equations with 
variable coefficients. From the numerical experiments carried out, 
the accuracy of the method was confirmed through the order of 
convergence obtained.  
 
Keywords: Variational, Iteration, Composite, Hybrid, Fixed point, 
Order. 
 
INTRODUCTION 
With the rapid development of linear and nonlinear science, many 
numerical methods have been developed and used in an attempt 
to solve various types of boundary value problems (BVPs), such 
as fixed point iteration method, homotopy perturbation method 
(HPM) and variational iteration method (VIM). The existence and 
multiplicity of solutions of three-point boundary value problems 
have been extensively studied in the literature. Multi-point 
boundary value problems arise in various areas of applied 
mathematics and engineering. In Al-Mustapha & Adeboye (2017), 
the concept, development and applications of variational-
composite hybrid fixed iteration method was discussed. The 
method shows a strong convergence which makes it an efficient 
and reliable technique for finding approximate analytical solutions 
for both linear and non-linear three point boundary value 

problems. Adeboye (1999) first defined a 𝐻1 Galerkin method on 
boundary value problems and then converted it to a fixed point 
iterative process which led to super convergence. Li & Wu 
(2011)a and Li & Wu (2011)b introduced the reproducing kernel 
method for solving linear singular fourth order four-point boundary 
value problems. Also, they presented the analytical approximation 
of nonlinear singular fourth order fourth-point boundary value 
problems by combining homotopy perturbation method and 
reproducing kernel method for solving linear singular fourth order 
four-point boundary value problems. Geng & Cui (2009) 
presented a method for solving nonlinear multi-point boundary 
value problems by combining homotopy perturbation and 
variational iteration methods.  John et al. (2003) presented some 
results on existence and nonexistence of positive solutions of 
fourth order nonlinear differential equation three-point boundary 

value problems. Geng (2009a) and Geng (2009b) introduced a 
new reproducing kernel Hilbert space method for solving 
nonlinear fourth order boundary value problems. Iyase (2010) 
presented some results concerning the existence of solutions for 
the fourth order three-point boundary value problems. Tatari & 
Dehgan (2006) used the Adomian decomposition method for 
solving multi-point boundary value problems. 
In this paper, we aim to apply variational-composite hybrid fixed 
point iterative method proposed by Al-Mustapha and Adeboye 
(2017) to differential equations of the third order three-point 
boundary value problems with variable coefficients. 
 
MATERIALS AND METHODS 
 
Variational Iteration Method (VIM) 
This method is implemented to give approximate and analytical 
solutions for a class of boundary value problems and it produces 
the solutions in terms of convergent series. 
General Lagrange Multipliers are introduced to construct 
correction functional for the systems in this method. The 
Multipliers in the functional can be identified by the variational 
theory. The starting function can be freely chosen with possible 
unknown constraints which can be determined by imposing the 
boundary/initial conditions. 
To illustrate the basic concept of the technique, consider the 
following nonlinear system 

𝐿𝑤 + 𝑁𝑤 = 𝑔(𝑥)                                                                 (1) 

Where 𝐿 and 𝑁are linear and nonlinear operators respectively 

and 𝑔(𝑥) is a forcing term. The correction functional for the 

problem (1) can be approximately constructed as follows: 

𝑤𝑚+1(𝑥) = 𝑤𝑚(𝑥) + ∫ 𝜆(𝐿𝑤𝑚(𝜉) + 𝑁𝑤�̃�(𝜉) − 𝑔(𝜉)𝑑𝜉

𝑥

0

 ,

𝑚 ≥ 0                                              (2) 
where, 𝜆 is a general Lagrange Multiplier, that can be identified 

optimally via variational theory; here, 𝑤𝑚 is the 𝑚th approximate 

solution and 𝑤�̃� is considered as restricted variation, i.e., 

𝛿𝑤�̃� = 0, making the correction functional (2) stationary 

 
Variational-Composite hybrid fixed point iterative method 
(VCHFPIM) 
Let 𝐴 be Hilbert space, 𝑇: 𝐴 → 𝐴  a nonexpensive mapping with 

𝐹(𝑇) ≠ ∅ and 𝑗(𝑟𝑒𝑠𝑝. 𝑘): 𝐴 → 𝐴 and 𝜏𝑗(𝑟𝑒𝑠𝑝. 𝜏𝑘) be strongly 
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monotone and 𝐿𝑗(𝑟𝑒𝑠𝑝. 𝐿𝑘) be Lipschitzian mappings. For any  

𝑥1 ∈ 𝐴, {𝛼𝑛}  is generated by  
𝑦𝑛+1 = 𝛼𝑛𝑦𝑛 + (1 − 𝛼𝑛)𝑇𝑗𝑥𝑛

𝑥𝑛 = 𝛽𝑛𝑦𝑛 + (1 − 𝛽𝑛)𝑇𝑘𝑦𝑛
}  ,              𝑛 ≥ 1                 (3) 

which is a Hybrid Iteration process, where 𝑇𝑗 and 𝑇𝑘 are the given 

operators and {𝛼𝑛} and {𝛽𝑛} ⊂ (0,1) and {𝛼𝑛}𝑛⊂ℕ (0,1) are 
sequences satisfying appropriate conditions. From equation (3) 
we have 
𝑦𝑛+1 = 𝛼𝑛𝑦𝑛 + (1 − 𝛼𝑛)𝑇𝑗[𝛽𝑛𝑦𝑛 + (1 − 𝛽)𝑇𝑘𝑦𝑛            (4) 

Suppose we set  
𝑇𝑛 = 𝑇𝑗[𝛽𝑛𝑦𝑛 + (1 − 𝛽)𝑇𝑘                                                 (5) 

Then 
𝑦𝑛+1 = 𝛼𝑛𝑦𝑛 + (1 − 𝛼𝑛)𝑇𝑦𝑛                                             (6) 

Next, we consider the differential equation of the form  
𝑦′′′ + 𝑞(𝑥)𝑦′′ + 𝑟(𝑥)𝑦′ + 𝑠(𝑥)𝑦 = 𝑓(𝑥)                           (7) 

with the boundary conditions 
𝑦(𝑎) = 𝛽1, 𝑦′(𝜉) = 𝛽2, 𝑦′′(𝑏) = 𝛽3 ,       𝑎 < 𝜉 < 𝑏        (8) 

where 𝑞, 𝑟, 𝑠, 𝑓 ∈ [𝑎, 𝑏] and 𝛽1 , 𝛽2 , 𝛽3 are constants. 
Let 

𝑦′′′ = 𝑓(𝑥) − (𝑞(𝑥)𝑦′′ + 𝑟(𝑥)𝑦′ + 𝑠(𝑥)𝑦                  (9) 

Then, using (6) the fixed point iterative scheme is obtained as 
follows: 
𝑦𝑛+1

′′′ = 𝛼𝑛𝑦𝑛
′′′ + (1 − 𝛼𝑛)𝑇𝑦𝑛

′′′

= 𝛼𝑛𝑦𝑛
′′′

+ (1 − 𝛼𝑛)[𝑓(𝑥) − 𝑞(𝑥)𝑦𝑛
′′ − 𝑟(𝑥)𝑦𝑛

′

− 𝑠(𝑥)]                                                (10) 
converges for 0 ≤ 𝛼𝑛 ≤ 1. This is the proposed iterative method 

for the solution of boundary value problems. 
 
Numerical Applications 
Problem 1: 
Consider third order linear differential equation with variable 
coefficients 

𝑥3𝑦′′′ + 2𝑥2𝑦′′ = −6 ln 𝑥  ,        𝑥 ∈ [1, 𝑒]                      (11) 
subject to boundary conditions 

𝑦(1) = 0, 𝑦′′ (𝑒
1
2) = 9, 𝑦(𝑒) = 4                               (12) 

 𝑦𝐸(𝑥) = ln3𝑥 + 3ln2𝑥                                        (13) 
Equation (11) is transformed as follows: 
Assume from (11)   

𝑥 = 𝑒𝑧, 𝑧 = ln 𝑥 , 𝑧2 = ln2𝑥                                                (14) 

 
xzxzex z 22 ln,ln, 

  
                      
Then, (11), (12) and (13) become 
(𝑦𝑧+1

′′′ − 3𝑦𝑧
′′ + 2𝑦𝑧

′) + 2𝑦𝑧
′′ − 2𝑦𝑧

′ = 𝑦𝑧
′′′ − 𝑦𝑧

′′ = −6𝑧  (15) 
and     

𝑦𝑧(0) = 0, 𝑦𝑧
′′ (

1

2
) = 9, 𝑦𝑧(1) = 4                                      (16) 

𝑦𝐸(𝑧) = 𝑧3 + 3𝑧2                                                                (17) 
Applying variational iteration method, we construct a correction 
functional as 

𝑦𝑛+1(𝑧) = 𝑦𝑛(𝑧) − ∫
1

2

𝑧

0

(𝑡 − 𝑧)2(𝑦𝑛
′′′(𝑡) − 𝑦𝑛

′′(𝑡)

+ 6𝑡)𝑑𝑡,       𝑛 = 0,1. ⋯                   (18) 

where,   

𝜆(𝑡) = −
1

2!
(𝑡 − 𝑧)2                                                              (19) 

Starting with the initial approximation, 𝑦0(𝑧) = 𝑎𝑧 +
1

2
𝑏𝑧2  

in equation (18). 
Problem 2: 
Consider third order linear differential equation with variable 
coefficients 

𝑥3𝑦′′′ + 3𝑥2𝑦′′ = ln2𝑥 ,   𝑥 ∈ [1, 𝑒]                                   (20) 
subject to boundary conditions 

𝑦(1) = 0, 𝑦′′ (𝑒
1
2) = −1, 𝑦(𝑒) =

2

3
                                     (21) 

𝑦𝐸(𝑥) =
3

2
−

3𝑥

2(1 − 𝑒)
+

3𝑒

2(1 − 𝑒)𝑥
−

ln3𝑥

3
− 2 ln 𝑥    (22) 

 
RESULTS 
The results of problem 1 are presented in Tables I, II and III, while 
those of Problem 2 are shown in Tables III, IV and V. All 
computations were carried out using MAPLE 2017 software 
package. 
 
Table I: Comparison of results of Problem 1 when 𝑛 = 5, 𝛼 = 1 2⁄  

 
 
Table II: Comparison of results of Problem 2 when  𝑛 = 5, 𝛼 = 1 

 
 
Table III: Error estimates of Problem 1 for different derivatives 
when 𝑛 = 5 
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Table IV: Comparison of results of Problem 2 when 𝑛 = 4, 𝛼 = 1 2⁄  

 
 
Table V: Comparison of results of Problem 2 when 𝑛 = 4, 𝛼 = 1 

 
 
Table VI: Error estimates of Problem 2 for different derivatives 
when 𝑛 = 4 

 
 
DISCUSSION 
 
Interpretation 
Tables I, II and III show the results of comparison of solutions of 
problem 1 by the new method with the variational iteration method 
and as well as the exact solution. It is clearly seen that the new 
method’s approximate solutions are closer to the exact solution 
than the VIM. It is to be noted that even at the fifth iteration, the 
error is zero, that is, exact! 
The comparison of the maximum absolute errors of the new 
method with the variational iteration method and the exact 
solution of problem 2 is given in Tables IV, V and VI. Table VI 
shows solution by the new method to the derivatives which shows 
that the new method is accurate, even for the derivatives, which is 
not common. From these tables, it can be observed that the new 
method gives better approximation than the VIM. 
 
Conclusion 
From the numerical experiments carried out and summary of 
tables shown the method shows a strong convergence which 
makes it an efficient and reliable technique for finding 
approximate analytical solutions for boundary value problems of 

third order ordinary differential equations with variable 
coefficients. The method is more accurate, less complicated and 
converges faster than many well-known methods in use. 
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