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ABSTRACT
This manuscript is a study on Birkhoff centre of a Pre-A*-algebra. In fact, it is proved that Birkhoff
centre of a Pre A*-algebra is also a Pre A*-algebra and identified that the centre of Birkhoff centre
of a Pre A*-algebra is a Boolean algebra.
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1. INTRODUCTION

The notions of lattice concerned aspects were detailed conferred by Birkhoff (1948). In an outline
script Manes (1993) initiated the perception of Ada, based on C-algebras by Fernando and Craig
(1990).

Chandrasekhararao et al. (2007) bring in the impression Pre A*-algebra (A, A, V, (—)™) akin to
C-algebra as a reduct of A*- algebra. Venkateswararao et al. (2009) added the structural
compatibility of Pre A*-Algebra with Boolean algebra. Further, Satyanarayana and
Venkateswararao (2011) ascertained the thought of ideals of Pre A*-algebras. Boolean algebra
depends on two element logic. C-algebra, Ada, A*- algebra and our Pre A*-algebra are standard
expansions of Boolean logic to 3 truth values, anywhere the third truth value indicates an undefined
one.

We recognize the Birkhoff Centre of a Pre A*-algebra and attest various associated results as well.
Swamy and Murti (1981) initiated the perception of centre of a C-algebra and bear out that it is a
Boolean algebra through induced operations. Furthermore, Swamy and Pragathi (2003) initiated
the observation of Birkhoff’s centre of a semigroup and extended the above concept for a general
semigroup and proved that the Birkhoff’s centre of any semigroup is a relatively complemented

distributive lattice.
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Let us summon up with the objective of, if S is a semigroup and there exists 0, 1 such that x 0 =0
x=0and 1 x = x for all x belongs to S, then S is named a semigroup with 1. An elementain S is
referred as a Birkhoff central element of S if there exit semigroups say S; and S, with 0 and 1 an
isomorphism S onto S; x S, which maps a onto (0, 1). The set with Birkhoff central elements of
S is referred to be Birkhoff centre of S. This conception is extended to a Pre A*-algebra with 1

and attested that the set of all central elements of a Pre A*algebra with 1 is a Pre A*-algebra.

1. Preliminaries
1.1. Definition (Chandrasekhararao et al., 2007):

An algebra (A, A, Vv, (=)7) where A is a non-empty set with 1; A,v are binary operations and

(=) ~ is aunary operation on A satisfying:

(@ x~ =xforallxin A

(b)x Ax=xforall xin A

©)xAy=yAxforallxinA

Ay " =x"vy forallx,yin A
@xA(yAZ)=(XAYy)Azforallx,y,zin A
HxA(yvz)=xxAy)V(xAz)forallxy zinA

(@ xAy=xA(x~Vvy)forall x,yin Ais called a Pre A*-algebra.
1.1. Example (Chandrasekhararao et al., 2007):

The set 3 = {0, 1, 2} by means of operations A, v, () ~ defined below is a Pre A*-algebra.

A 0 1 2 v 0 1 2 X X
0 0 0 2 0 0 1 2 0 1
1 0 1 2 1 1 1 2 1 0
2 2 2 2 2 2 2 2 2 2

1.1. Note (Chandrasekhararao et al., 2007): The above example make sense the following:
(@) 27 = 2. (The only element in the set 3 with this property)

(b) 1 Ax=xforall x € 3. (1 is the meet (A) identity in 3).

() 0 v x=xforall x € 3. (0is the join (V) identity in 3).

(d2Aax=2vx=2forallx € 3.
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1.2. Example (Chandrasekhararao et al., 2007):
2 = {0, 1} with operations A, v, (-)” defined below is a Pre A*-algebra.

A 0 1 v 0 1 X X
0 0 0 0 1 0 1
1 0 1 1 1 1 1 0

1.2. Definition (Satyanarayana and Venkateswararao, 2011):

Let A be a Pre A*-algebra. An element x € A is described as a central element of A if x v x™ and

the set {x € A/ x v x~=1} of all central elements of A is referred the centre of A, denoted B (A).

1.1. Theorem (Satyanarayana and Venkateswararao, 2011):
Let A be a Pre A*-algebra with 1. Subsequently, B (A) is a Boolean algebra in the midst of the

operations A, V, (—)".

1.1. Lemma (Satyanarayana and Venkateswararao, 2011):
Every Pre A*-algebra with 1 satisfies the following:

@xvi=xvx~. (b)x A0O=xAx",

1.2. Lemma (Satyanarayana and Venkateswararao, 2011):

Every Pre A*-algebra by means of 1 satisfies the following:
@XAXTVX)=XV(EX"AX)=X (B)(XVX)AY=(XAY)V(XTAY)
©XVY)Az=(XAZ)V (X~ AYAZ)

1.3. Definition (Satyanarayana and Venkateswararao, 2011):
Let A be a Pre A*-algebra. An element x in A is a central element of A if x vV x~=1 and the set {x

e A/ x Vv x~=1} of all central elements of A is referred the centre of A denoted B (A).

1.4. Note (Venkateswararao et al., 2009): If A is a Pre A*- algebra with 1, then 1, 0 are in B (A).

If the centre of a Pre A*- algebra concurs with {0, 1}, then we declare that A has trivial centre.
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1.2. Theorem (Venkateswararao et al., 2009):
Let A be a Pre A*-algebra with 1. Then B(A) is a Boolean algebra by means of the operations A,

v, (—)".

2. BIRKHOFF’S CENTRE
In this segment, we describe Birkhoff centre of a Pre A*- algebra, in addition we shall bear out

assorted properties.

2.1. Definition:

Let A be a Pre A*- algebra with meet identity. An element a € A is assumed to be Birkoff central
element of a Pre A*- algebra A if there exist Pre A*- algebras A1 and A2 with 1 (meet (A) identity)
and an isomorphism f: A— A1 X Az such that f (a) = (11, 02). (Where 11, is the meet identity in Az
and 0 is the join (V) identity in Az in that order).

2.2. Definition:
The set of all Birkhoff central elements of a Pre A*- algebra A is described Birkoff centre of A
and denoted BC (A).

2.1. Lemma:
Let A be a Pre A*- algebra with meet identity. Then for each element a € BC (A) entails a~ € BC

(A).

Proof: Let a be an element in BC (A). Then there subsist Pre A*- algebras A;and Az; and an
isomorphism f: A— A1 x Az such that f () = (11, 02).
Now, define g: A— Az X Az such that g (X) = (X2, X1) whenever f (X) = (X1, X2).
Let X, y € A such that f (X) = (X1, x2) and f (y) = (y1, Y2).
At that moment, f (X Ay) = (X1 A Y1, X2 AY2), as f is a homomorphism.
Consequently we have, g (X Ay) = (X2 A Y2, X1 A Y1)
= (X2, X1) A (y2, Y1)
=9(x) A g(y)-
In the same way, we can provide evidence that, g (x V'y) = (x) v g(y).
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To substantiate that g (x™) = [g(x)]".

Let f (X) = (X1, X2). Then g (X) = (X2, X1).

Regard as, f (X) = (X1, X2). This entails, (f (X))~ = (x1,%X2)~ = (X17, X27).

Hence we have, f (x™) = (x;7, x,7). (Since f is a homomorphism).

As aresult, g(x™) = (x27, x17) = (X2,%x1)”~ =(g(x))~. Therefore, g is a homomorphism.
Besides reflecton, f (™) = (f(a))~ = (14,0,)" =(1,7,0,7) =(04, 1,).

Subsequently we be obliged to have that g(x™) = (1,, 0;).

In view of the fact that g is defined as so is f and as f is a bijection, then clearly so is g.
Therefore, g is an isomorphism.

So we categorize x~is a Birkhoff’s central element. Hence, x™ € BC (A).

2.2. Lemma:
Let t be an element in a Pre A*-algebra A. Thent A={t A a/a € A}isaPre A*-algebra by the

induced operations A and Vv of A and the unary operation defined by (t A )" =tAa™.

Proof: Giventhatt A={t A a/a eA}.

Let us choose the elements, t A x,t A y,t A z fromthe sett A, where X, y, zare in A.
(1) Reflecton, (t A x) **=(tAX)*=tAX "=t A x.

Asaresult, (t A x) **=t A x.

(2)Regardas, (t A x) A (t AX)=tA(XAX)=t A X

Therefore, (t A X) A (t A X)=t A X

() Mullover,t Ax) At AY)=tA(EAY)=tA(YAX=(tAY) A (tAX).
Therefore, t AX) At AY)=(t AYy) A (tAX).

(4) Consider, (t AX) A EAY)*=AAE AY))*=IA(XAY) " =tA (X VY
Z(AAXT) v (tAY) = AX)*V (EA Y-

Therefore, (t A x) A (EA Y))*=(t A X)* v (t A y)*

(5) Consider, t A x A((EAY) A(EAZ))=tA(XA(YAZ))=tA((XAY)AZ)
=((t A )AL A YA A 2).

Therefore, (t A ) A((E A V) A (EAZ)=((EAX) A(EAY)A (tA 2).

(6) Consider, (t A x) A((tAY) v (EA2Z)=(tAx)ACA(Y V 2))
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=tA(xA(yVz)=t A(XAY)Vv(XAZ))
=(t A XAY)V(EA (XAZ))
=((t Ax)A(EAY)V (EAX) A (tAZ)).
Therefore, t AX) A((tAY) VEAZ)=((t A X) A (tAY)) v ((EAX) A (tAZ)).
(7) Consider, t AX) A ((tAX)* V(LAY))
Z(EAX)A(tAX)V(EAY))
S(EAXAEAKXTV YY)
StAXAETVY))
=tA(XAY)
Z(tAX)A(tAY).
Asaresult, tAx) A(tAX)*V(EAY)=HAX)A(tAY).

As a consequence, (tA, A, v, ") is a Pre A*-algebra.

2.3. Lemma: BC (A) is a Pre A*- algebra.

Proof: Let a, b be any elements from BC (A). Then there exists Pre A*- algebras A1, A2 and As,
A4 with 1 and isomorphisms f: A = A; X A, such that f (a) = (11, 02) and g: A - A3 X A, such
that g (b) = (13, 04).

Now, we have to prove that a A b is an element in BC (A). That is, we have to find an isomorphism
h: A— Ag X Ag such that h (a A b) = (15, 0s) (where 15 € Asand O¢ € Ag).

Suppose that g (a) = (3, t4), where. t3 € Az and t4 € As.

Define, As = t3 Az where t3 (=13) is a meet identity in Az and t; A t3~ (= 03) is a join identity and
ts Az ={ts A a/a € As}.

As a result of lemma 2.2, t3 Az is a Pre A*- algebra with 15 = t3 (meet identity in As) and join
identity Os (= t3 A t3~ = 03).

In addition, define, As = t4 As X Az. Then Ag is also a Pre A*- algebra in the company of meet
identity 16 = (ts, 12) (= 14, 12), and join identity Os = (ta A t,~, t2 A t,7) (= (04, 02).

Notethat 02 =t2 At,7"=02 A t2).

Forany x in A, let f (X) = (s1, S2) and g (X) = (X3, X4) where s1 € Ay, S2 € Az and X3 € Az, X4 € Aa.
Define h: A = As X As by h (X) = (A X3, ((ta A Xa), S2)) for any x € A.

Let f (y) = (r, r2) and g (y) = (Y3, Ya).
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Subsequently, f (X Ay) = (S1 A1, S2AT2), g (XAY) = (XsAYs, XaAya), F(x™)=(s;7,s,”) and
g(x™) =(x37, x,7) as f and g are isomorphisms.
Consider, h (X Ay) = (t3 AX3AY3), (ta A XaA Ya, S2 A T2))
= (BAX3AL3AY3), (a4 AXa AtaAYa, S2 AT2))
= (3 A X3, (ta A Xa, S2)) A (t3 Ays, (ta A ys, 12))
=h (x) Ah(y).
Now consider, h (x™) = (3 Ax37, (la A x4, s37)) (since (tz A X3)" =t3 AX3")
= (x3", (Xax, 537))
= (h(x))".
Consider, h (X V'y) = (t3 A (X3V Y3), (ta A (XaV Vs, S2 V I2))
= ((ts A x3) V (t3 Ay3), ((ta A Xa) V (taA ya), S2 V I2))
= (3 A X3, (ta A X4, $2)) V (t3 Ay3, (12 A ya, 12))
=h(x) Vv h(y).
In view of that, h is a homomorphism.
To show h is injective, first we prove h (a A b) = (15, 06). (€ A5 X Ag = t3 Az X (ty Ay X Ay))).
Notethat 1s € Ag = t; A; ={tsAa/a € As}and0s € Ag =t, Ay X A,
={ts A a | a € As} X A,, where 1sis the meet identity in t; A; and Ogis the join identity in t, A, X
A,.
We have, f (a) = (11, 02), g (a) = (I3, ts) (= (13, t4)), g (b) = (13, 04), f (b) = (1, t2).
Now consider, h (a A b) =h (a) A h (b) (since h is a homomorphism)
(ash(a), h(b) € Ag x Ag =t3 Az X t, A, X Ayand a, b are Birkoff central elements of A)
= (t3 A t3, (ta A ts, 02)) A (t3 A 13, (ta A 04, 12))
= (t3,(ta A 04,0, At2))
= (t3, (taAO4, 2 A £,7))
= (t3, (ta A 847, 02))
(by lemma 1.1(b), we have, x A0 =X A x~ and t2 A t,~ defined as 02)
= (1s, Op).
Let X, y € A such that h(x) = h(y). To prove that x = y.
Thents A Xs= ts3 Aysand t4 A Xa= ts A ysand sz = r2. In order to prove X =y we require to prove

sy =riand sz = ro. So it suffixes to prove s; = r1 as already we have s> =ro.
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Now consider g(a) A g(X) = (ts, ta) A (X3, X4)
= (t3 A X3, ta A Xa)
= (3 Ays, taAYa)
=g@Ag(y).
Since g is a homomorphism, g (@aAX) =g (@Ay).
This implies, a A X =a Ay (since g is one-one).
Subsequently, f (a A x) = f (a Ay) (since f is well defined).
Hence, f (a) A T (X) =T (a) A T (y) (since f is a homomorphism).
This leads to, (11, 02) A (1, S2) = (11, 02) A (r1, r2).
Hence, (11 A s1, 02AS2) = (L1 Arg, 02 A1),
This implies, (S1, 02 A s2) = (r1, 02 A 12).
Thus, s1 = r1and sz = r; (already in the above we have, s2=r?)
Therefore, (s1, S2) = (1, r2).
So, f (x) =1 (y).
This implies, x =y (since f is one-one).
Therefore, h is one — one.
Let (X, y) € As X As. Then (X, y) = (t3 A X3, (ta A X4, S2)) for some xz € Az, xa € Asand s; € Ao,
Since t3 Axs € t3 A3 C Az, (13 A X3, ta AXs) € A3 X Ag and g is onto, there exist t €A such that
g (t) = (t3 A X3, ta A Xa).
Now gaAt) =g(@) Ag)
= (t3, ta) A (3 AX3, taAXa)
= (t3 Ats AX3, t4 Ats AXs)
= (t3 A X3, 4 A Xa)
=9()
Therefore, g (A At) = g (t) —---m-m-mmmmmm e 1

This implies. a A t =t (since g is one-one).
Hence, f (a A t) = f (1) (since f is well defined).
Then we have, f (a) A T (t) = f (t) (since f is a homomorphism).
This leads to (11, 02) A (Y1, Y2) = (Y1, Y2) (since t € A),
(Here, f (t) = (y1, y2), where, y1 € A1, y2 € A2).
As aresult, (11 A y1, 02 A y2) = (Y1, Y2).
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Consequently, (Y1, 02 A y2) = (Y1, Y2). ====m=mmmmmmmmmm s 2
Therefore, y2 =02 A Y2
Now, by above we observe that, y1 € A1, y2 € Ao. Subsequently, (y1, y2) € A1 X Ao.
Since f is onto, there exists, say n € A such that f (n) = (y1, y2).
Now consider, f(aAn) =f(a) Af(n)
= (11, 02) A (y1, y2)
= (11Ay1, 027 y2)
= (y1, 027 y2)
= (y1, y2). (by (2))
=f(1).
Since f is one-one, a A n =t and since g is well defined g (a A n) = g(t) ----------------------—----- 3
Also, since, n € A we have, g (n) = (21, 22).
This implies, (t3 Ats AX3, a4 Ata AXg) =g(a A t)
=9g(t) (by (1)
=g@@aan) (by (@)
=g (@) Ag(n) (since gisahomomorphism)
= (t3, Xa) A (21, 22)
= (t3A 21, ta A 22).
Therefore, ts Ats AXa=t3Azrand ta A ta A Xg =14 A Zp ----mmmmmmmmmmmm e 4
Now consider, h (n) = (tsA z1, ta A 22, S2)
= (t3 Atz AX3, (ta Ats AXa, S2))
= (t3 AX3, (ta AXq, S2)) (by (4))
= (X, y).
Therefore, h is onto. Since, a,b € BC(A) impliesaAb € BC (A) and by lemma 2.1,
a € BC(A) implies a~ € BC(A). In addition to this, a V b € BC(A).
As aresult, BC(A) is a sub-algebra of a Pre A*- algebra A and for this reason BC(A) is a Pre A*-

algebra.

2.1. Note: Let us bring to mind the designation of centre of a Pre A*- algebra [6]. Let BC(A) be a
Pre A*- algebra with meet identity 1. Then the centre of BC(A) is defined as the set B (BC(A)) =
{a€eBC(A)/ava™ =1}
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One can see that B (BC(A)) is a Boolean algebra under the operations induced by those on BC(A).

2.4. Lemma:
Leta € B (BC(A)). Then for all x in BC(A),aAx =aifand only if,aVv x=x.

Proof: Suppose thata A x = a.

Consider, a v x

=(@Ax)Vx(sinceaAnx=a)

=[an (@ vx)]V x(by axiom (vii) of definition [1.1], we have, X Ay =X A (X" V Y))
=(@@vx)A[@ vx)Vvx]

=(@VvXx)A(@ vx)

=(@ana)vx=0vx=0.

Consequently, a v x = X.

On the other hand presume thata v x = x.

Consider,aAx=aA (aVx)=a(sinceain B (BC(A))).

Hence,aAx =a.

2.5. Lemma:
Let BC (A) be a Pre A*- algebra and a be an element in B (BC (A)). In case, the set Sa= { X €
BC(A) / a Ax = a}, then S, is closed under the operations A and V. Also for any X in the set S,,

define, x* =a Vv x ™. Then (S,, A, Vv, *) is a Pre A*-algebra.

Proof: Let X, y, z be from the set Sa. Then,aAXx=aandaAy=a,aAz=a.
This entails,avx=xandavy=y,aVvz=z (Byabove lemma[2.4])

Now reflecton,aA (X Ay)=(@AX)Ay=aAy=a.

Hence, x A y belongs to the set S..

Also consider,aA(xVy)=(@AXx)vV(@aAy)=ava=a.

This implies, x vV y is an element in the set S..

Consequently, Sa is closed under the operation A and V.

Reflecton,a Ax*=a A (aVvx™) =a(since aisin B(A)).

This involves, x* belongs to S,.
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In consequence S, is closed under «.

Now we have the following:

(1) Regard as, x "= (a Vv x™)"

zav(@VvxT)T=aVv{E AX)
=(ava“)A(avx)=aVx(asaisaBooleanelement,ava™=1) = x.
For that reason, X"'= x.

(2) Reflecton,x Ax=(avx)A(avx)=aV(XAX)=aV X=X

As aresult, X A X = X.

(3) By Considering, x Ay=(@avx)A(avy)=(avVy)A(@VX)=yAX.

Accordingly, X Ay =y A X.

(4)Regard as, (X Ay) ' =aVv (XAY)~

=av(x~vy)=@vx)v@vy)=xvy.

Consequently, (X Ay)=x"Vvy".

(5) Consider,x A(yAz)=(@vXx)A{(@avy) A(@vz)}
zaV{XA(YA2)}
=aV{(XAy) Az} (sincex,y,zareinA)
=(XAY)AZ.

Thus, X A(YyAZ)=(XAY)AZ.

(6) Consider,x A(yvz)=(avx)A{(avy)Vv(aVz)}
={@vx)A@vy)}v{@Vvx)A(aVvz)}
={avixay}vi{@v(xaz}
=(XAY)V (XA2Z).

Therefore, X A(yVz)=(XAYy)V (X AZ).

(7) Consider, x A (X'Vy)=xA{(aVvx™)Vy}
={xA(@vx7)}Vv(xAy)
=(XAXT)V(XAY) (sinceaV x=x)
=XA(XTVY)
=XAY.

Therefore, X A (X' VY) =X AY.

Thus, (S,, A, V,) is a Pre A*-algebra.

2.6. Lemma:
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Let BC (A) be a Pre A*- algebra and a € B (BC (A)). Then, f »: BC (A) = S, is an anti-

homomorphism.

Proof: Let f.: BC (A) — Sa be a mapping defined by fa(x) =a Vv x™.
Consider, faxAy)=aVv (xAy)~
Tav(TVvy")
=(avx™) v(@vy?)
=fa(x) vV Ta(y).
Therefore, fa(x Ay) =fa(X) vV Ta(y).
Again consider, fa(xVy)=aVv (x" A y7)
= (avx™) A(avy?)
=fa(x) Afa(y).
Therefore, fa(x Vy) =fa(X) Afa(y).
Finally, consider, [f,(x)]" = (aV x™)"
=av(avx™)~
=aVv(a Ax)
=avx
Similarly on the other hand consider, f,(x*) =aV (x*)~
=av(avx™)”
=aVv(a” Ax)
=aVvx
Therefore we must have, [f,(X)]* = f,(x).

Therefore, fa: BC(A) — S 4 is an anti-homomorphism.

3. CONCLUSION
This study has been endow with the notion of Birkhoff’s centre of a Pre A*-algebra and concerned

results as well. In fact, it is pragmatic that the set of all Birkhoff’s central elements of a Pre A*-
algebra, that is; Birkhoff centre of Pre A*-algebra, structures yet again a Pre A*-algebra. Auxiliary,
it is acknowledged that the set of all central elements of a Birkhoff centre of Pre A*-algebra shapes
again a Boolean algebra. It is identified that centre of the Birkhoff centre of a Pre A*-algebra is a

Boolean algebra and any element a of such algebra satisfies a Ax =a if and only if a v x = x for
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all x in Birkhoff centre of a Pre A*-algebra. A crucial set Sa={x € BC(A) /a A x = a}, was defined
by taking an element a from the Pre A*algebra (the Birkhoff’s centre of a Pre A*algebra) and
proved that it is also again a Pre A*-algebra. Finally, it is obtained an anti-homorphism between

those algebras.
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