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A column generation approach to a carpentry cutting stock
problem: a case study for planks cutting in Zimbabwe
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Abstract

The carpentry sector like any other industry issthevith a cutting stock problem to
minimize incurred waste. The main purpose of thiejget was to develop a
mathematical model which will solve the cutting ctoproblem using column
generation approach for Ashtons Company in Chinhokie interview method was
used to collect data relating to the cutting stgckblem. The column generation
approach of iterative computational routines wasdusecause it develops successively
better solutions until an optimal solution is obtd. The results revealed that the
method is an appropriate method in solving busingsblems, that is, how many
boards should be cut to meet demand with minimucnried waste. A user friendly
graphical user interface was developed using Vi8aaic programming which could
be used by the carpentry manager.

Keywords cutting stock problem, feasible solutioptimal solution, integer
programming

Introduction

The cutting stock problem arises from many physaggilications. Imagine that you work
in a carpentry department, and you are the manadke cutting stock division. We have
a number of very long pieces of wood of fixed léngtaiting to be cut, yet different
customers want different numbers of pieces of wob#arious sized length. How are
you going to cut the pieces of wood so that thetlaanount of turnovers is wasted? This
turns out to be an optimization problem which isisteger programming (IP) problem.
In this study we tried to develop an algorithm éarpentry cutting stock problem that
employed column generation approach to obtain atimap integer solution. We
formulated a branching rule that could be incorfetanto the sub-problem to allow
column generation at each node in the branch-andétree.

When small items are being cut out from large dijetevo problems arise. The first one
is the assortment problem addressing the issuédhabdsing proper dimensions for the
large objects. The second one is the trim losslpmoaddressing the issue of how to cut
out the small items from the given large objectsunh a way that waste material will be
minimized, (Hinxman, 1979).
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In practice, the small items are known as ordérdigl the large objects are known as
stock material. Especially in this project and otimelustries, the small items are called
the product piece of wood (in this case are boafdsngth 75cm, 125cm, and 225cm)
while the large objects are called the raw piedesamd (the board of length 425cm). In
the cutting process the stock material can seldenuded as a whole, some residual
pieces or trim loss will be produced. Since thenary objective of the cutting process is
to minimize the wastage the problem is known asttime loss problem, (Dyckhoff,
1990). The combination of the assortment probleththa trim loss problem is known as
the cutting stock problem (CSP).

The CSP arises in many mass production industriesaevarge stock sheets or reels must
be cut into smaller pieces. Usually stock mate@aéspulp and paper, steel, glass, wood,
plastic and textiles, (Dyckhoff, 1990). This studgncentrates on the CSP in the
carpentry department which have wood as the staafenmal. The problem studied is a
real life problem occurring at Ashtons Company ihir®oyi. The company started
selling the pieces of wood from 2000. Due to therent harsh economic conditions
prevailing in Zimbabwe, there is need to plan aoche with the best outcome out of the
few resources available.

In production industry, stock material (pieces @od) need to be cut properly to avoid a
situation where organisation cease to provide wiajods and services due to poor
resource management. The researcher liased widipgrdry department of Ashtons in

Chinhoyi and realise that, despite current Zimbalka@nomic conditions, the cutting of

pieces of wood (board) incurred much waste. Thedsoaere cut using traditional ways

which has a lot of waste incurred. The wastage triggd to increase in cutting down of

trees to meet the demand, which might lead to dstation. The thrust of this project is

to apply the column generation approach to deterrthia optimal number of boards to be
cut to meet demand with minimal waste incurred. fitehod can be applied in different

sectors of the economy, in industry, banking, eeejiimg, education, or even in

households.

Since each decision problem is characteristicatiingex and can have a significant
impact on the health of a firm, it is almost impb&s for any decision maker to
intuitively take full account of all the factors jmmging on a decision simultaneously.
Therefore, it becomes useful to find some methodepiarating such decision problems
into parts in a way that would allow a decision erato think through the implications of
each set of factors at a time in a rational, céastsmanner, (Winston, 1994). The study
comes in to provide the tools for decision makiogthe operation manager of Ashtons
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Literature review
The cutting stock

The very first formulation of the CSP was produbgdKantorovich in 1930, although it
was published in English only in 1960, (Kantorovyidl®60). Scientific research started
about forty five years ago and fast growing numlrglifferent formulations solution

methods for the CSP have been presented since(Kasélahti, 2002).

In the following paragraph we define some importardracteristics of the CSP. CSP can
be efficiently classified by using the classifiectheme developed by Dyckhoff (1990).

Since there is a strong relationship between auiind packing, the scheme applies to
both problem categories. The relationship resutisifthe duality of material and space,
the duality of solid material body and the spaceup@ed by it. In certain sense, cutting

can be seen as the space occupied by small objiecthie space occupied by large
objects. On the other hand, packing can be seenttisg the empty space of the large
objects into parts of empty space some of whichoameipied by small items, the other
being trim loss, (Loren, 2000). The cutting stoc&ljem can be described as follows:

Assume dis the demand for product i. The stock consistpietes of wood that can be
cut in pattern or combination j. The possible padeare denoted by;g being the
number of products of length i that are the nundfeapplying pattern j. The number of
times pattern or combination j will be used is Xhe cutting pattern can now be
formulated as the Mixed Integer Programming MoHeakelahti (2002).

The column generation approach

Column generation approach is a powerful tool folvieg large linear programming

problem (LPP). Such Linear programming may arisemwthe columns in the problem
are not known in advance and complete enumerafi@il golumns is not an option. It

appears this approach has been successfully egdplorgeveral other applications, such
as the well known cutting stock problem, vehiclatimg and crew scheduling, (Haessler,
2002).

When a linear program has many variables, it iy Weene consuming to price out each
non-basic variable individually. The column genemtapproach come into play to price
out each non-basic variable, and tell which vagadfiould enter the basis. It can be used
to increase the efficiency of the revised simpliggoathm.

Winston (1994) used column generation approaclolieeghe CSP for Woodco and the
minimum waste incurred was only 15 feet. The knelsab problem as solved using
branch-and-bound procedure, the master problemselaed by an advanced method of
simplex method called the product form of the iseetWinston (1994) also cited that if
we have a starting basic feasible solution for & G&e need not to list all possible ways
which a board may be cut. For each iteration, algmonbination (one that will improve

the z-value when entered into the basis) is geeerhy solving a branch-and-bound
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problem. The fact that we do not have to list B# ways a board can be cut is very
helpful, a CSP that was solved by Gilmore and Ggn{d961) cited in Winston (1994)
for which customers demanded boards of 40 diffelemgth involved over 100 million
possible ways a board could be cut. At the lagiestd the column generation procedure
of this problem, solving that single branch-and+mbproblem indicated that none of the
boards can be cut. At the last stage of the colgemeration procedure of this problem,
solving that single branch-and-bound problem inmidathat none of the 100 million
(non-basic ways) would price out favorably. Thistinoel is certainly more pleasant than
using, the 1 by 3 column vector, cBasic Variablel Bn revised simplex algorithm to
price out all 100 million variables. The column geation saves time. Thus, this
motivated the researcher to use the column geparafpproach to solve the CSP for
Ashtons Company. Kalvelagen (2002) in his papecri®ss an implementation of the
column generation algorithm using GAMS. The welb¥wm cutting stock problem was
used. The algorithm consists of 2 different modalsnaster problem and sub-problem
which exchange information. A mixed integer problémn this problem was trivially
formulated in GAMS once they have enumerated allsiide cutting patterns. Even for
this extreme problem with 4 lengths they have 13sjide patterns or combinations. They
manage to minimize the waste incurred. The reviewranch and bound procedure and
the product form of the inverse will be considestdce they are going to be used in
solving the LPP of the CSP.

Methodology and mathematical formulation
Problem statement
The following case study was investigated in thislg.

The researcher interviewed the operations manager of a carpentry department. The interview
showed that the Ashtons Company from the previous sales in carpentry department is expecting to
cut 20 boards of length 425cm. These boards will be cut such that they get 25 boards of 75¢cm, 25
boards of 75¢cm and 15 boards of 225¢cm. But does this combination of cutting the boards of length
425 optimal? Does it give minimum incurred waste? Ashtons Company sells 75¢cm, 125¢cm and
225cm pieces of wood (boards). The operations manager of carpentry department, who must meet
demand by cutting up 425cm boards, wants to minimize (min) the waste incurred to meet the
demand for a week. The operations manager of carpentry department must decide how each
425cm board should be cut.

In the case study, each decision made must comespoa way in which a 425cm board

can be cut. Many ways of cutting a board need adbe considered. For example it
would be unwise to cut a board into one 225cm, @& 125cm, we could just easily cut
the board into a 225cm piece, 125cm piece and en‘fece. Any pattern that leaves

75cm or more of the waste need not be considereduse we could use the waste to
obtain one or more 75cm board. The Table 1 showslifferent ways for cut a board of

425cm in the cutting stock problem.
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Tablel Ways to cut a board of 425cm in the cuttingtock problem

Number of Number of 125cm Number of 225cm  Waste in

Combination 75cm boards boards boards cm
1 5 0 0 50
2 4 1 0 0
3 2 2 0 25
4 2 0 1 50
5 1 1 1 0
6 0 3 0 50

Decision variables
Let xi = number of 425cm boards cut according tmlemation i

Thus,

X1 = number of 425¢m boards cut according to combination 1.
X2 = number of 425¢m boards cut according to combination 2.
x3 = number of 425¢cm boards cut according to combination 3.
X4 = number of 425¢cm boards cut according to combination 4.
Xs = number of 425¢cm boards cut according to combination 5.
Xs = number of 425¢cm boards cut according to combination 6.

Mathematical model

Using information on Table 1, the following LPPe(ilinear programming problem) can
be formulate:
Ashtons waste + total customer demand = total length of boards cut

Total customer demand = 25(75) + 20(125) + 15(225)

Thus; the total customer demand =7750cm

Total length of the boards cut = 425(X1 + X2 + X3 + X4 + X5 + Xe)

Ashtons waste (in cm) = 425x1+425x%0+425%3+425x4+425x5+425x6 - 7750

Ashtons' objective function is to minimize incurnedste, hence
min z = 425x, + 425x, + 425X5 + 425x%, + 425X+ 425%g — 7750  ceeeeeeeeee (1)
This means that Ashtons carpentry department camize its waste by minimizing the

number of 425cm of boards that must be cut. In libl#t, Ashtons faces the following
constraints:

— Constraint 1: At least 25 boards of length 75crbeaut
— Constraint 2: At least 20 boards of length 125aabt
— Constraint 3: At least 15 boards of length 225crhecut;

where Constraint 1 becomes, 5x1 + X2 + 2X3 + 2X4 + X5 > 25;
Constraint 2 becomes, x» + 2x3 + X5 + 3xs > 20; and
Constraint 3 becomes, x4+ X5 > 15.
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The coefficient ofx; in the constraint fokcm boards is just the number kifm boards
yielded if a board is cut according to combinatiofit is clear that xshould assume
integer values. The linear programming problensiodows:
min z = 425x, + 425%, + 425x3 + 425x,4 + 425x5 + 425%x¢ — 7750

such that:

5X1 + X, + 2X3 + 2X4 + X5 > 25 (board of length 75¢cm constraint)

Xy + 2X3 + X5 + 3%g > 20 (board of length 125cm constraint)

X4 + X5 > 15 (board of length 225cm constraint)

xi>0 where i=1;2;...;6.

Solution method

The branch-and-bound procedure was used when golthe CSP using column
generation approach. Therefore, the optimal saluiioAshtons' cutting stock problem is

given by % = g X6 :g and % = 15. We could obtain a "reasonable” integer smhuby

rounding % upwards. This will yield the integer solution x 3, % = 1 and % = 15.
Substituting the values of, x2, x3, x4, Xs and % from column generation approach into
objective function (1) gives:
z = 425(0) + 425(3) + 425(0) + 425(0) + 425(15) + 425(1) -750
= 8075 -7750
= 325.

Waste incurred using column generation approa@2tm. The wasted incurred by the
current way of cutting the pieces of wood = 20(42B6§j50 = 750cm The carpentry
department is currently incurring a waste of 75Cafter cutting 20 pieces of wood of
length 425cm for the week. After working out theRCShe recommended number of
pieces of wood of length 425cm to be cut is 19. @kpartment will save a waste of
750cm1325cm = 425cm. They will have 2 extra pieces of avod length 75cm and 1
extra sheet pieces of wood of length 125cm aftezting the demand of the week. Save
56 percent of the waste incurred from the tradélanethod.

Graphical user interface (GUI)

A GUI was developed for the CSP of Ashtons. Itdoies an automated CSP because of
the advantage of GUI which are listed below. GUH ba used because it is user friendly,

faster for single operation, self teaching and exrpentation is easier and again good at

multi media.

The GUI for the CSP was developed using Visual 8psbgramming. Visual Basic 6.0
is a version of BASIC released in 1991 by the Msofd Corporation to allow easy,
visual oriented development of Windows applicatiBrograms such as Visual Basic 6.0,
which are designed by Microsoft Windows, are easyde once you learn a little jargon
and few basic techniques. Although Windows may seg#midating if you have never
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used it before, you need to learn only a few basahniques, (Schneider, 2004). A
pseudo code was developed using binary search inadr Isearch. It was used for
programming to come up with the source code. Tleegs code is shown below:

//a, b, c are quantities of planks (pieces of wood)//

Initialize a, b, and ¢

fa<b<c

P = the number of 75cm planks

Repeat until P ends

Cut all sizes on one plank

Loop

While b <> end

do

Cut 125cm and 225cm planks

Loop

25

Cut 225cm

read all planks

End if

Ifa<b>canda<c

Repeat until P ends

Cut all sizes on one plank

Loop

While c <> end

do cut 125cm and 225cm planks

Loop

do until b=end

cut 125cm

Loop

Read all planks

end if

fa>b<c

Repeat until c ends

Cut all sizes on one plank

Loop

While b <> end

do cut 4 by 75cm planks and a 125 cm plank Loop

While a <>end

Cut 75cm planks

Loop

Read all planks

ifa>b<canda>c

Repeat until b ends
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Cut all sizes one plank

Loop

While c ends

do cut 75cm and 225cm
Loop

While a is not equal to 0
Repeat

Cut 75cm planks only
Loop

Read all planks

End if

The pseudo code was developed into a source coidd wtoduces the GUI.

The GUI was developed because the operations mandtienot be able to use the
column generation approach for other orders inréutlihis GUI will be the best decision
tool for CSP of Ashtons. The GUI which is shownFaegure 1.

wi Ashtons Cutting Stock Probiem

-Check the appeopriste plank kength reguired
[~ 5en I~ 125em I 2%em
T5em Planks Quantiby 125cm I'-"lankf_llualtih,l - 225¢cm Flanks Duaniity -
bl S |D_, ,,,,, B
Full Flarks 1o be cul i !
0 Clear | Compate botad planks 1o be cut T | Exi |
Figure 1 Graphical User Interface for cutting stock problem designed with Visual
Basic 6.0.
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The GUI can be learnt in a short time and be udeth@ Ashtons Company. The
researcher use Visual Basic because it provideoibls one need to create window with
familiar elements like check boxes, text boxes, m@amd buttons, list box The carpentry
department manager can also use the graphicainisgface to find the number of pieces
of wood of length 425cm to be cut and the combametifor cutting from a given order.
The combinations can be printed and be used bydbele who work in the workshop
when cutting the pieces of wood of length 425cmieet the demand for each order
incurring minimum waste. The display will also shidve pieces of wood to be stored in
the stock for future use. The operations manager impressed by the use of the GUI
which makes his work easier. For example, if therapons manager has the following
demand for any other week; 20 pieces of wood af $&cm, 15 pieces of wood of size
125cm, and 10 pieces of size of wood of 225cm, ieclick on all the check boxes and
enter 20 on the first text box, 15 on the secondi H» on the third. He then clicks the
compute button. The output on Figure 2 will be thigpd in the list box. The output will
be printed using the print button and then senth® workshop and menus from the
toolbox. Example of how it is used is displayedZigelow.

= Ashtons Cutting Stock Problem (= |

Check the appropiale plank lerglh recuied

¥ Sem v 125cm v 225cm
7o Planks Quantity 128cm Planks O uznbiy 225 Flanks Quanlily
|213 i Ii 7 15
Full Planks o be ot
17 Clear  |iComputs total plarks lobe ot | Prnt | Exil
11, 1%75em + Ix125cm + TxdéScm A

2. 1#f%em + I125cm + T225cm
A 1750w + 101 2850m + 1x225em
4. 1=5%5cm + 181 25cm « T822%cm
A 1xf5em + 1x1 20cm + 1x225cm
B, 1#75cm + Tx1.25cm » 15225cm
7. 1#75cm + 181 25cm + 1x225%cm
B 1575em + 18 25cm » 1x285cm
9. 1=/5om + Te1 Z59cm + Te2253cm
M 17 %em + 1 25cm + 1x52250m
11.1=75cm + 15125cm + 12225cm
12 17 8cm + 151 25cm + 18225cm
13 1:75cm + 15125¢0m + 1x225cm
T4 178cm + 121 25cm + 18225cm
15, 17 5em + 1:125¢0m + 1x225cm
V1B AfBom + 131 25¢m bt

Figure2 Graphical User Interface displayed after inputting data

The results show that the people in the workshdpuse 15 board of size 425cm to cut
15 pieces of each size and cut again 8 pieces @h #®ards and then cut 2 pieces of
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125cm boards and 2 boards of size 425cm. In tlie tizere is no waste incurred. There
are 17 full planks to be cut, these are 425cm soarte pieces of wood to be kept in
stock for future use in some cases are shown atrideof each cutting combination on
the list box. To clear the text in each box justcel clear button

Summary, Conclusion and Recommendation
Summary

The research describes a column generation appwaah decomposed the master
problem into knapsack problem which was solvedHgy ltranch-and-bound procedure.
The master problem was solved using the produat fafrthe inverse. The product form
of the inverse was used to solve the master protdeind the number of pieces of wood
of length 425cm for each combination. It also gitres minimal waste incurred of 325cm
from the optimal setz, xs and % after three iterations. The number of pieces obdvof
75cm, 125cm and 225cm cut was calculated and his@tcess number of each length
cut. This study showed that in order to minimize thaste incurred, the carpentry
department should cut the recommended number aepi®f wood for each order
required per week. The researcher came up witraphgral user interface using Visual
Basic programming. The graphical user interfacestiged will be used by the carpentry
department manager to meet demand for any ordér mihimum incurred waste. As
supported by Woodnough (1991) a computer is a b&uastrument in the industry.

Conclusion

The study showed that the carpentry departmentrrewtly cutting many pieces of wood
of length 425cm to meet the demand and they alsor ia lot of waste. The carpentry
department is currently cutting 20 pieces of woddvalth 425cm, but this research
shows that by applying column generation approatied by the product form of the
inverse, the carpentry department will cut 19 pseoé wood of width 425 cm with
minimum waste incurred and have an excess of Zdsaafrlength 75 cm and 1 board of
length 125cm in stock. The extra boards can be tesatket demand for the next order.
And the graphical user interface will still be uded orders for each week. The printed
combinations will be used by those people who worthe workshop.

Recommendations and further research

For Ashtons to realise a significant minimal waisieurred besides using the GUI, they
should concentrate on more rewarding pieces of wabdvith minimal waste, have an
integrated, coordinated and advanced planningtgtyaexamine carefully existing stock
resource situation and past experiences as a fmsdeciding on the new alternative
enterprise and method to their situation best,tiffeclearly the various supply needs,

58



African Journal of Educational Studies in Mathematics and Sciences Vol. 9, 2011

sources, and demands for his alternative improvéeplan, have a written document on
the carpentry department plans on the cutting stoblem rather than planning

mentally using trial and error and are recommertdadse the graphical user interface for
other orders in future to have minimum waste.

In solving real life problems, column generatiompach can also be used to solve CSP
involving cutting board of different lengths anddiis, clothing material, steel sheets,
and rolls of papers. Column generation approachatsmbe applied to create manpower
schedules for workers at Ashtons.
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