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ABSTRACT: This paper established Galerkin Finite element method coupled with Newmark Beta time integration 

method to analyze Winkler foundation subjected to a harmonic moving load on a uniform Bernoulli – Euler Beam. 
MATLAB software was used to implement the Newmark time integration method to obtain the Analysis. The deflection 

of the Beam increase when the acceleration of the load was change from �� � 2�/�� to �� � 15�/��. Also when the 

position of the load was change from � � 5 to � � 10. It was observed from the results that the position of the load and 

the acceleration of the moving load affect the deflection of the Beam. 
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A lot of engineering structures under moving loads 

get cracked during their life span. The applications 

of these structures have many magnitude of 

application in almost every field. This effect appears 

due to over stressing or during dynamic load. 

Understanding relationship between deflection and 

load on these structures is of high practical important 

to engineers. There has been a continuous flow of 

important contributions resulting in a vast body of 

literature on Dynamic analysis of Beam. Mehmood 

(2015) analysed Dynamic response of frame 

structures under a moving point load. Direct time 

integration method coupled with Galerkin method 

was used in the analysis. Fryba (1972) is also an 

excellent literature on Dynamic analysis of Beam. 

Following the same approach, Mermertas (1998) 

examines the interaction between curved bridge deck 

and a vehicle assuming to have four (4) degree of 

freedom. Different researchers have investigated 

Uniform Bernoulli – Euler Beam with different load 

type such as Senapl et al. (2010), Bong-Jo and Yong-

Sik (2012), Ogunyebi and Sunday (2012), Vlada et 

al. (2013).  

 

Kien and Ha (2011) studied Dynamic characteristic a 

uniform Beam subjected to a moving load and axial 

force on a Winkler foundation. Galerkin method and 

Newmark time integration was used to obtained the 

Dynamic response. The result obtained showed that 

the magnificent factor was reduced during 

acceleration motion by the effect of resonance but 

increase during decelerated motion. In this work, the 

speed of the moving load is taken to vary with 

acceleration and the deflection of the load along 

longitudinal axis of the beam is also considered 

which make the degree of freedom at each node to 

be three (3). The objective of this research work was 

to investigate the effect of acceleration of load, 

velocity of load and position of the load on a 

Uniform Bernoulli – Euler Beam of a Winkler 

Foundation subjected to Harmonic moving load. 

 

MATERIAL AND METHODS 
Figure 1 below shows a simply supported Bernoulli 

– Euler Beam on a Winkler foundation with an 

accelerating load. The load moves from left to right 

in a variable speed 

 
Fig. 1: A uniform beam with pinned-pinned support on a Winkler 

foundation under a moving point load 

. 

A Bernoulli – Euler Beam equation under Eccentric 

axial force and a moving point load is as 
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In the above model, one parameter k  was used to 

model the elastic support based on the classical 

Winkler model. 

 

The initially condition of the Beam at rest is given 

as: ���, 0� � 0���, 0� � ����, 0��� � 0� �         �2� 

And Boundary condition ���,�������,������� ��!,���! "#$��
���%��!,���!% "&$�� '  �� � � 0 ��( � � )*+,

+-            �3� 

 

The external load /��, �� in �1� is defined using 

Green’s function as: /��, �� � 0 cos 4�5 6� 7 �8���9      �4� 

The reaction force 0 exerted by mass �;� on the 

Beam when the effect of inertia of the moving loads 

is considered given by the Newton’s second law as: 0 � ; <= 7 (��>�8���, �?(�� @      �5� 

 

Substituting AB�5� into AB�4� gives the transverse 

force between the moving load and the Beam, 

induced by the vibration of the Beam as 

 

 
Also the longitudinal force between the accelerating 

load and the beam, induced by the vibration as  

 

 
The total differential of the function �>�8���, �?with 

respect to time �, with variable contact point � is 

computed as 

 (��>�8���, �?(�� � �����, ����� C 2 �����, ������ (�8���(� C �����, ����� <(�8���(� @� C ����, ���� (��8���(��       �8� 

 

Where  �8��� � �� C E�� C ����2       �9� �8���(� � E��� � E� C ���      �10� �8���(�� � ��      �11� 

 

Substitute �10� & (11) into (8), we have 

 (��>�8���, �?(�� � �����, ����� C 2E �����, ������ C �E�� �����, �����C �� ����, ����       �12� 
 

Finite Element Discretization: We need to introduce 

expression for the shape function GH  to be able 

calculate the nodal load vector, mass matrices and 

stiffness matrices 

 
 

Fig 2. A uniform Beam element and its nodal degree of freedom. 

 

Let assumed the axial displacement of the Beam for 

the longitudinal vibration to be linear, so the shape 

functions for the longitudinal vibration along� 7��I� is given as �! � GHJH � GKJK C GLJL � MGK GLN OJKJLP    , I � 1,4      �13� 

Where GK � 1 7 �Q        �14� GL � �Q         �15� 

For the transverse displacement and rotation along 

the  R 7 ��I�, we use cubic interpolating function 

known as Hermite cubic polynomial for our shape 

function given as  

 

 

�S � MG� GT GU GVN WJ�JLJUJV
X       �17� 

Where G� � � 7 2��Q� C �TQT        �18� 

GT � 1 7 3��Q C 2�TQT        �19� 
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GU � 3��Q� 7 2�TQT        �20� 

GV � 7 ��Q C �TQ�        �21� 

The assumed displacement for each element is given 

as 

 
Then applying the Galerkin finite element method to 

a single discretize Beam with length l is  

 Z MGN[ <\] �L���, ����L C � �����, ����� 7 /� �����, ����� C ^���, �� 7 /��, �� @ (� � 0_
�       �23� 

 

After some integration and applying the Boundary conditions gives, 

Z `(�G(�� a[ \] �����, ����� (� C Z MGN[� �����, ����� (�_
�

_
� 7 Z b(G(� c[ /� �����, ����� (� 7 /�MGN[_

�
����, ���� d�

_

C Z MGN[^���, ��(� 7 Z MGN[/��, ��(� � 0     �24�_
�

_
�  

Assembling the elements we have 

e fZ `(�G(�� a[ \] �����, ����� (� C Z MGN[� �����, ����� (�_
�

_
� 7 Z b(G(� c[ /� �����, ����� (� 7 /�MGN[_

�
����, ���� d�

_g
h�K C Z MGN[^���, ��(� 7 Z MGN[/��, ��(� � 0_

�
_

� '        �25� �  is the number of elements considered. 

Therefore, AB�25� becomes 

e iZ MGjjN[\]MGNjjkJl(� C Z MGN[�mJno(�_
�

_
� 7 Z MGjN[/�MGjNkJl(� 7 /�MGN[_

� MGjNkJl|�_
g

h�K C Z MGN[^MGNkJl(� 7 Z MGN[/��, ��(� � 0_
�

_
� q       �26� 

Substituting AB�6�, �7� and �12�  into �26� we have 

e fZ MGjjN[\]MGNjjkJl(� C Z MGN[�mJno(�_
�

_
� 7 Z MGjN[/�MGjNkJl(� 7 /�MGN[_

� MGjNkJl|�_
g

h�K C Z MGN[^MGNkJl(�_
�7 Z MGN[ f; s= 7 <�����, ����� C 2E �����, ������ C �E�� �����, ����� C �� ����, ���� @t cos 4�5>� 7 �8���?'  (�_
�

� 0'       �27� 

e fZ MGjjN[\]MGNjjkJl(� C Z MGN[�mJno(�_
�

_
� 7 Z MGjN[/�MGjNkJl(� 7 /�MGN[_

� MGjNkJl|�_
g

h�K C Z MGN[^MGNkJl(�_
�7 Z MGN[ f; s�� 7 <�����, ����� C 2E �����, ������ C �E�� �����, ����� C �� ����, ���� @t cos 4�5>� 7 �8���?' (�_
�

� 0'       �28� 

 

And can be simplified and written in familiar way as: 

 M;NmJno C MuNmJ�o C MvNkJl � w     �29� 

 

Where  

 

M;N � e iZ �MGN[MGNkJl(�_
� 7 Z MGN[; cos 4�MGNkJl_

� qx
y�K      �30� 
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MuN � e i7 Z MGN[; cos 4�2�E� C ���MGjNmJ� o5>� 7 �8���?(�_
� qx

y�K      �31� 
                   MvN � e iZ \]MGjjN[MGjjNkJl(��

�
g

h�K C Z /�MGjN[MGjNkJl(� 7 /�MGN[MGjNkJl_
�C Z ^MGN[MGNkJl(�_
�7 Z MGN[; cos 4��E� C ����� MGjjNkJl5 6� 7 �8���9 (� C Z MGN[; cos 4���MGjNkJl5 6� 7 �8���9 (�_

�
_

� q      �32� 

 M;N Represent the overall mass matrix; MJN Represent the overall damping matrix; MvN Represent the overall Stiffness matrix; kJl n Represent the acceleration, Vector of the system; mJ�o Represent the Velocity Vector of the system; kJl Represent the Displacement Vector of the system 

 

For lateral and rotation deflection  

w � e iZ MGN[; cos 4�=5�� 7 �8����_
� q        �23�g

h�K  

 

and for axial deflection. 
 

w � e iZ MGN[; cos 4���5�� 7 �8����_
� q        �24�g

h�K  

 

The equation of motion �19� can be solved for 

solution of displacement, velocity and acceleration at 

time � C ∆�  by using Numerical time integration 

method.  Beta time integration method was used 

with  { � K�   and  | � KL (average acceleration). 

Because numerical procedure produce stability issue, 

using an unconditionally stable method is practical. 

Average acceleration method is unconditionally 

stable and does not have numerical damping 

 

RESULT AND DISCUSSION  
The results of the equation of motion of Bernoulli – 

Euler Beam on Winkler Foundation are present 

graphically in the Figure below. MATLAB software 

was used to obtain the mass matrix, stiffness 

matrices and damping matrix. Newmark Beta 

integration method is implemented in the MATLAB 

software to solve the equation. The following values 

were used for simulation of the results. ) �1000, Q � 20�, � � 50 AQA�A��, \ � 30 }10~/��, ] � 0.0234�L = � 9.81�/��, � � 1000^=/�, ; � 2000^=,  ^ � 4 } 10UG/���� ���(� 7 �Q�� 0���(��I��� 

 
Fig 1a. Beam deflection without elastic support with 4 �10��(�, ^ � 0G/�� , �� �  2�/��, E� � 20�/�, � � 4, /� � 0 

 

 
Fig 1b.  Beam deflections with elastic support with  4 �10��(�, ^ � 4 } 10UG/�� , �� �  2�/��, E� � 20�/�, � �4, /� � 0 
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Fig 2.a. Beam deflection with increase velocity with 4 �10��(�, ^ � 4 } 10UG/��, �� �  8�/��, E� � 20�/�, � �5, /� � 25.7275

 
 

 
Fig 2.b. Beam deflections with increase velocity with 4 �10��(�, ^ � 4 } 10UG/��, �� �  8�/��, E� � 60�/�, � �5, /� � 25.7275

 
 

Figure 1 both (a) and (b) shows the effect of elastic 

support on the deflection of the Beam.  The 

behaviour of the graph in Figure 1 (a) and (b) shows 

that as the coefficient of the foundation stiffness is 

varied from ^ � 0  to ^ � 4 } 10UG/�� the 

frequency of the deflection gradually increases. The 

behaviour of the beam deflection is in conformity 

with the work of Kien and Ha (2011). Figure 2 (a) 

and (b) shows graphically the effect of increase in 

initial velocity on the deflection of the beam. When 

the initial velocity was E� � 20�/�  in Figure 2 (a) 

the amplitude of deflection of the Beam is higher as 

when compare with increase initial velocity to E� � 60�/�  
 

Conclusion: From the finding of this work, we 

conclude as follows: The elastic support of 

foundation when the axial force is zero affects the 

deflection of the beam, there is high effect on the 

deflection of the beam when the initial velocity of 

the moving load increases significantly, acceleration 

of the moving load over the beam, highly affects the 

dynamic response of the system. 
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