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1 Introduction

The 4d N = 1 SU(2) gauge theory with 8 fundamental chiral fields admits 72 dual frames
which are rotated into each other by the action of the coset groupW (E7)/S8 [1]. In addition
to the original description, there are 35 Seiberg dual frames [2], 35 Csaki-Schmaltz-Skiba-
Terning (CSST) dual frames [3] and 1 Intriligator-Pouliot (IP) dual frame [4]. Since the
theory has 8 fundamental chirals without any superpotential, it preserves the SU(8) global
symmetry. In the Seiberg and CSST dual frames, however, this SU(8) symmetry is broken
to SU(4)× SU(4)×U(1) in the UV whereas it is restored at the IR fixed point.

In [1] it was shown that those 72 dualities form an orbit of W (E7)/S8 and also found
that this structure persists for higher rank USp(2N) theories provided an extra matter in
the traceless antisymmetric representation of the gauge group USp(2N) is added. In the
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higher rank case 35 frames correspond to the duality discussed in [5] while the other frames
correspond to generalizations of Seiberg and IP dualities.

It is natural to wonder whether it is possible to construct theories which actually
display E7, or other enhanced symmetries, rather than being rotated to a dual frame by
the E7 Weyl action. The first theories with E7 were constructed in [6]. This E7 model as
well as many other models with enhanced global symmetries can be realised geometrically
by compacftifying the 6d N = 1 SCFTs on a Riemann surfaces with fluxes for the global
symmetry of the six-dimensional theory [7–16]. It is indeed expected that the subgroup of
the 6d symmetry preserved by the flux will also be the global symmetry of the resulting
4d N = 1 SCFT. It also often turns out that the expected global symmetry is not visible
from the UV quiver description of the SCFT but it emerges in the IR.

The 6d perspective allows us to make interesting predictions for models with symmetry
enhancements in 4d. These can then be tested with a more direct 4d analysis, like the
computation of the superconformal index [17–19]. On the other hand it is also possible to
develop purely 4d QFT strategies to understand and predict symmetry enhancements.

In this note we follow two main strategies to discuss several models with SU(2) gauge
group and 8 chirals and various amounts of singlets displaying E6, SO(10), SO(9), SO(8)
and F4 symmetry in the IR.1 We also construct higher rank versions of these models,
showing that N = 1 USp(2N) theories with 8 fundamental and one antisymmetric chirals,
with various selections of singlets and superpotentials, display E6, SO(10), SO(9), SO(8)
and F4 symmetries in the IR.

The first strategy relies on the relation between the symmetry enhancement and the chi-
ral ring relations of marginal operators, which was discussed in [15] and can be summarised
as follows. As observed in [21] conserved currents and marginal operators contribute to
the order pq of the superconformal index:

I = · · ·+ (χind-mar − χcur)pq + . . . (1.1)

where χcur and χind-mar denote the characters of the representations of the conserved current
and of the independent marginal operators with

χind-mar = χmar − χrel (1.2)

where χrel is the character of the representation of the relations satisfied by the marginal
operators. Let us assume there are marginal operators of the form O(1)O(2), with O(1) 6=
O(2), in the representation R(1) ×R(2) satisfying a relation

O(1)O(2)
∣∣∣
τ

= 0 (1.3)

where τ is the representation of the relation. For simplicity, it is assumed that O(1)O(2)

is neutral under any U(1) global symmetry. Thus, the index contribution of O(1)O(2) is
given by

(χR(1)χR(2) − χτ )pq . (1.4)
1Turning on suitable complex masses, these models flow to the WZ models with same global symmetry

discussed in [20].
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One can remove those marginal operators by flipping either O(1) or O(2). Say we flip
O(2) by an extra flipping field F in the representation R

(2). Then, we have additional
contributions originating from F and its supersymmetric partner ψF (where ψF denotes
the fermionic partner of the scalar F ):

FO(2) ∼ χ
R

(2)χR(2)pq ,

O(1)ψF ∼ −χR(1)χR(2)pq ,

FψF ∼ −χ
R

(2)χR(2)pq , (1.5)

which cancel the contribution of O(1)O(2) and leave −χτpq. The remaining contribution
−χτpq, which used to be the chiral ring relation of marginal operators, now joins the
current. Thus, the total current multiplet contribution is enlarged to −(χcurrent + χτ )pq
and may form the adjoint representation of an enhanced global symmetry.

In section 2 we will extend this method and consider rank one models where only part
of the marginal operators are removed. This has the effect of breaking the UV manifest
symmetry to a subgroup, but we will gain a variety of interesting IR enhancements.

The second strategy was proposed in [22] and relies on the interplay between self-
dualities and enhanced symmetries. With “self-duality” we mean that the dual theory
has exactly the same gauge group, the same matter content (including gauge singlets)
and the same superpotential of the original theory, but the two theories are related by a
non-trivial map on the operator spectrum and on the global symmetries. The existence
of self-dual frames implies that the theory is invariant in the IR under a larger set of
transformations than the manifest UV symmetry group. In favorable situations, these
additional transformations can lead to a symmetry enhancement in the IR. More precisely,
if GIR is the IR symmetry group, then we should be able to identify as many equivalent
frames of the theory as the dimension of the Weyl group of GIR. In the case in which
part of this symmetry is enhanced in the IR, that is GUV ⊂ GIR, then we expect the
transformations W (GIR)/W (GUV) to come from non-trivial self-dualities of the theory
while the transformations of W (GUV) are trivial invariances of the UV Lagrangian.

Reversing the argument, whenever we have self-duality frames we might expect an
enhanced symmetry. For example for the USp(2N) theories with 8 fundamental and one
antisymmetric chiral fields mentioned above, by adding extra singlets, we might find a
subset of the 72 dual frames which are actually self-dualities in the sense specified above
and provide the missing frames to account for an enhanced IR symmetry. Following this
strategy [22] constructed an SU(2) theory with E6 global symmetry and [23] a USp(4N)
model with E7 ×U(1) global symmetry, which for n = 1 is related to the model of [6].

In section 3 we will apply this line of reasoning to the models of section 2, listing
the extra self-duality frames accounting for various types of enhancement and checking
the superconformal index. We will also discuss various deformations which break some
of the manifest UV symmetries leading to further interesting IR enhancement. In 4 we
will present the higher rank version of these models involving USp(2N) gauge groups. In
the appendix A we quickly revise the action of the Seiberg, CSST and IP dualities on
the global symmetries. In appendix B we will discuss the IR behavior of the FE[USp(4)]
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theory, which is part of the family of FE[USp(2N)] theories discussed in [14], arguing that
it enjoys SO(10)× U(1)2 global symmetry. Finally in appendix C we study the plethystic
logarithm of the index to extract the relation satisfied by marginal operators.

2 Flips, relations and enhanced global symmetries

In this section we apply the first strategy to look for models with interesting symmetry
enhancement patterns. We begin by revisiting the discussion of the E7 model of [23] from
this perspective.

Let’s consider the USp(4) gauge theory with 8 fundamental chirals Qi, i = 1, . . . , 8
one traceless antisymmetric chiral X and a singlet x2 with W = x2X

2. Its superconformal
index is given by2

I = 1 + 28 t−
1
2 (pq)∆Q + 28 t

1
2 (pq)1−∆Q + t−2(pq)1−∆A

+ (336 + 70) t−1(pq)2∆Q + 28 t−
1
2 (p+ q)(pq)∆Q

+ (378 + 336− 63− 1) pq + . . . (2.1)

where ∆Q is the R-charge of the 8 fundamental chirals and ∆A is that of the antisymmetric
chiral. ∆Q and ∆A satisfy a relation 4∆Q + ∆A = 2 which comes from requiring the
existence of a non-anomalous R-symmetry. The first three terms are the contributions of
the chiral ring generators3

m0,ij ≡ Trg (QiQj) , m1,ij ≡ Trg (QiAQj) , x2 (2.2)

respectively, where the first two are in the antisymmetric representation of the SU(8) flavor
symmetry while the last one is a singlet. In addition, one can see the current multiplet
contribution −(63+1) pq, which reflects the SU(8)×U(1)t global symmetry. In this theory,
the marginal operators are given by

m0,ijm1,kl (2.3)

satisfying the relation

m0,[ijm1,kl] = 0 , (2.4)

which can be explained as follows [23]. Consider the object QaiQbjQckQdlXef , where both
the USp(4) gauge indices a, b, c, d, e, f and the SU(8) flavor indices i, j, k, l are not
contracted. We want to show that if we antisymmetrize all the flavor indices, there is no
way of contracting the gauge indices to make a gauge invariant object. This is because
Qa[iQ

b
jQ

c
kQ

d
l], where all the flavor indices are antisymmetrized, transforms in the fourth

antisymmetric power of the fundamental representation of USp(4) (since theQs are bosons),
2We unrefine the fugacity for the U(1) symmetry associated to the antisymmetric chiral.
3Throughout the paper Trg will denote the trace over the gauge indices. Since all the gauge groups that

we will consider are of USp(2N) type, these traces have to be intended with the insertion of the two-index
totally antisymmetric tensor J = IN ⊗ i σ2.
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which is just a singlet. Hence, there is no way of multiplying this by the antisymmetric
Aef and contracting the gauge indices so to make a non-vanishing gauge invariant object.
Thus, those in (2.3) subject to the relation (2.4) are 28× 28− 70 = 378 + 336 independent
marginal operators.

One can remove the marginal operators by flipping either m0 or m1, where the two
choices are merely related by a duality. Once the marginal operators are removed, the 70
relations among them now join the current. Thus, the total number of conserved currents
is 63+1+70 = 133+1, which form the adjoint representation of E7 × U(1). The model
where m0 is flipped by M0 is exactly the model with E7 × U(1) global symmetry found
in [23].

One may wonder whether we can analogously construct an SU(2) model with E7
symmetry. If we look at the index of the SU(2) theory with 8 chirals and W = 0:

I = 1 + 28 (pq)
1
2 + 28 (p+ q)(pq)

1
2 + (336− 63) pq + . . . , (2.5)

we note two things: first, the global symmetry is SU(8) without additional U(1) because
there is no antisymmetric matter for the SU(2) theory; second, the only chiral ring gener-
ators are the mesons m0,ij = Trg (QiQj), which transform in the antisymmetric represen-
tation of such SU(8) flavor symmetry. The marginal operators in this theory are given by

m0,ijm0,kl (2.6)

subject to the relation

m0,[ijm0,kl] = 0 . (2.7)

One way to see where these relations originate is along the lines of the argument we used
for the USp(4) gauge theory. If we consider the combination Qa[iQ

b
jQ

c
kQ

d
l] where all the

SU(2) gauge indices are not contracted while the SU(8) flavor indices are antisymmetrized,
it should transform in the fourth antisymmetric power of the fundamental representation
of SU(2), which doesn’t exist. Hence, we can’t construct a gauge invariant object out of it.
Thus, those in (2.6) subject to the relation (2.7) are 28·29

2 −70 = 336 independent marginal
operators.

One may attempt to remove the marginal operators by flipping m0 such that the 70
relations are translated into 70 conserved currents as above. However, even though we
introduce new flipping fields, say M0,ij , which flip m0,ij such that the original marginal
operators are removed, M0,ij provide new marginal operators M0,ijM0,kl subject to the
same number of relations M0,[ijM0,kl] = 0. Thus, there is no change in the contributions
of the relation and the current multiplet. This is because the assumption O(1) 6= O(2) in
the above argument fails to hold. Indeed, a similar situation happens for higher odd ranks;
there are operators of R-charge 1 whose squares give marginal operators which cannot be
removed by the flipping of the operators of R-charge 1. Therefore, one cannot obtain an
E7 model for odd-rank theories, at least in this way.

Since in SU(2) models we cannot achieve the symmetry enhancement by removing
completely the marginal operators we can try to introduce flips of operators which break the
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SU(8) global symmetry into subgroups and only partially remove the marginal operators.
We will see that while those partial flips reduce the manifest global symmetry in the UV,
they eventually lead to intriguing patterns of symmetry enhancements in the IR.

Since the partial flips break the UV global symmetry, they can be organised along
the line of the symmetry breaking pattern of the SU(8) global symmetry. The maximal
subgroups of SU(8) are:

SU(7)×U(1) ,
SU(6)× SU(2)×U(1) ,
SU(5)× SU(3)×U(1) ,
SU(4)× SU(4)×U(1) .

(2.8)

The R-charges of the chiral fields in the original theory preserving SU(8) are determined
by the anomaly condition and do not change along the RG-flow because there is no U(1)
that can be mixed with U(1)R. On the other hand, if the UV symmetry is broken as
in (2.8) by introducing flipping fields we do have a U(1) symmetry. If this U(1) is not
mixed with U(1)R, the R-charges of the operators do not change and we cannot remove
the marginal operators for the same reason we explained before for the E7 case. Thus,
nothing interesting happens in this case. On the other hand if the U(1) is mixed with
U(1)R, the contributions charged under U(1) at order pq before the flip won’t appear at
order pq anymore after the flip. Thus, only the U(1)-neutral contributions will remain at
order pq and, among these, those with negative sign that used to correspond to relations
before the flip are of our interest since they may now combine to the flavor current. Thus,
when we will decompose operators, relations and currents using the branching rules for
the (2.8) cases, we will only look at the U(1)-neutral contributions. As we are going to
discuss below only the symmetry breaking to SU(6) × SU(2) × U(1) has neutral sectors
suitable for our discussion and leads to E6 ×U(1) IR global symmetry.

We can then further break the SU(6)×SU(2)×U(1) symmetry. We may consider either
the breaking of SU(6) or SU(2). The breaking of the latter into U(1), however, doesn’t
have U(1)-neutral relations, thus, we only need to consider the breaking of SU(6) into:

SU(5)×U(1) ,
SU(4)× SU(2)×U(1) ,
SU(3)× SU(3)×U(1) .

(2.9)

In this case only the SU(4) × SU(2) × U(1) breaking has U(1)-neutral sectors and as we
will see leads to SO(10)×U(1)2 IR global symmetry.

Lastly, we consider the breaking of SU(4), which includes

SU(3)×U(1) ,
SU(2)× SU(2)×U(1)

(2.10)

where only SU(2) × SU(2) × U(1) has U(1)-neutral relations and as we will see leads to
SO(8)×U(1)3 IR global symmetry.
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2.1 SU(8)→ SU(6)× SU(2)×U(1) breaking and E6 ×U(1) enhancement

We begin by decomposing SU(8) representations in terms of SU(6) × SU(2) × U(1)v (we
use the branching rules of [24]):

• Conserved currents:

63 = (1,1)0 + (1,3)0 + (6,2)4 +
(
6,2

)
−4 + (35,1)0 . (2.11)

• Relations:

70 = (15,1)−4 +
(
15,1

)
4 + (20,2)0 . (2.12)

• Independent marginal operators:

336 = (1,1)−12 + (6,2)−8 + (15,1)−4 + (21,3)−4 + (70,2)0 +
(
105′, 1

)
4
. (2.13)

For each contribution above, the U(1)-neutral sectors are as follows.

• U(1)-neutral conserved currents:

39 = (1,1)0 + (1,3)0 + (35,1)0 . (2.14)

• U(1)-neutral relations:

40 = (20,2)0 . (2.15)

• U(1)-neutral independent marginal operators:

140 = (70,2)0 . (2.16)

As we explained, the U(1)-charged sectors won’t appear at order pq once the U(1) is mixed
with U(1)R along the RG-flow. The marginal operators originate from the (symmetric)
product of 28 m0,ij = Trg (QiQj), which is decomposed into

28 = (1,1)−6 + (6,2)−2 + (15,1)2 , (2.17)

so we see that the U(1)-neutral marginal operators are given by (6,2)−2 × (15,1)2 =
(20,2)0 + (70,2)0. Thus, we can remove the marginal operators by flipping either (6,2)−2
or (15,1)2. This partial flip breaks SU(8) to SU(6)× SU(2)×U(1)v.

In the models where (6,2)−2 or (15,1)2 is flipped, the U(1)-neutral marginal operators
disappear and 39 of the U(1)-neutral conserved currents are enlarged by the 40 U(1)-neutral
relations. Therefore, we have 79 = 39 + 40 = 78 + 1 conserved currents in total, which
may constitute the adjoint representation of E6 × U(1)v. In section 3.1 we will check this
enhancement using the superconformal index.

The (1,1)−6 singlet can be either flipped or not without affecting the enhancement.
The models with (6,2)−2 or (15,1)2 flipped are related by the Intriligator-Pouliot duality
plus the flip of (1,1)−6.
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Our analysis actually holds regardless of the gauge rank. The only change is that there
is another U(1)a in the UV global symmetry acting on the traceless antisymmetric matter.
Hence, we expect higher rank models exhibiting E6 × U(1)v × U(1)a obtained by partial
flips of operators constituting the marginal operators. We will discuss this in section 4.

We close this section with a comment on the other cases in (2.8). For SU(7) × U(1)
and SU(5)× SU(3)×U(1), the 70 relations are decomposed into

70 = 35−4 + 354 ,

70 = (5,1)−12 +
(
5,1

)
12 +

(
10,3

)
−4 +

(
10,3

)
4 (2.18)

respectively. In both cases, there is no U(1)-neutral sector. We therefore exclude those
cases. Lastly, let us consider SU(4)2×U(1). In this case, there exist U(1)-neutral relations
and one may attempt to remove marginal operators to turn those relations into conserved
currents. However, this requires the flip of the operators in the representation (4,4)0,
which is equivalent to the Seiberg duality. Indeed, those operators corresponding to (4,4)0
have R-charge 1, which is not affected by the flip because it is not charged under U(1).
Thus, it suffers from the same problem as the complete flip expecting E7 and doesn’t lead
to any enhancement, which is consistent with the fact that the flipped theory is merely the
Seiberg-dual theory.

2.2 SU(8)→SU(4)×SU(2)2×U(1)2 breaking and SO(10)×U(1)2 enhancement

Next, we consider the case where we further break SU(6) to SU(4)× SU(2)×U(1)u so we
decompose all the contributions according to the branching rules for SU(6)×SU(2)×U(1)v
to SU(4)× SU(2)2 ×U(1)u ×U(1)v. We list only the neutral contributions:

• Conserved currents:

(1,1)0 = (1,1,1)0,0 ,

(1,3)0 = (1,1,3)0,0 , (2.19)
(35,1)0 = (1,1,1)0,0 + (1,3,1)0,0 + (15,1,1)0,0 + . . . .

• Relations:

(20,2)0 = (6,2,2)0,0 + . . . . (2.20)

• Independent marginal operators:

(70,2)0 = (6,2,2)0,0 + (10,2,2)0,0 + . . . . (2.21)

Several. . . indicate the contributions charged under U(1)u × U(1)v. Recall that the oper-
ators constituting the U(1)-neutral marginal operators come from the product of (6,2)−2
and (15,1)2 in (2.17), which are decomposed into

(6,2)−2 = (1,2,2)−2,−2 + (4,1,2)1,−2 ,

(15,1)2 = (1,1,1)−4,2 + (4,2,1)−1,2 + (6,1,1)2,2 (2.22)
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under SU(4) × SU(2)2 × U(1)u × U(1)v. One can see that the U(1)2-neutral marginal
operators are either from (1,2,2)−2,−2 × (6,1,1)2,2 = (6,2,2)0,0 or from (4,1,2)1,−2 ×
(4,2,1)−1,2 = (10,2,2)0,0 + (6,2,2)0,0. Therefore we can remove the U(1)2-neutral
marginal operators by flipping one of (1,2,2)−2,−2 and (6,1,1)2,2 and one of (4,1,2)1,−2
and (4,2,1)−1,2. For example, we can decide to flip (6,1,1)2,2 and (4,2,1)−1,2 so the
manifest symmetry is broken to SU(4)×SU(2)2×U(1)u×U(1)v. Other choices of flipping
lead to models related by dualities.

Once the U(1)2-neutral marginal operators are gone in this way the 24 = (6,2,2)0,0
U(1)2-neutral relations join the 23 = 2× (1,1,1)0,0 + (1,1,3)0,0 + (1,3,1)0,0 + (15,1,1)0,0
of the U(1)2-neutral conserved currents and we expect enhanced global symmetry SO(10)×
U(1)u × U(1)v with 24 + 23 = 47 currents. In section 3.1 we will check this enhancement
using the superconformal index. The higher rank version of this model is discussed in
section 4.

Here the fact that (1,1,1)−4,2 is not flipped is important to realize SO(10)×U(1)u ×
U(1)v because if (1,1,1)−4,2 is also flipped, the broken UV symmetry is SU(6)× SU(2)×
U(1)v rather than SU(4) × SU(2)2 × U(1)u × U(1)v and we end up with the model in the
previous subsection, which exhibits E6 ×U(1)v rather than SO(10)×U(1)u ×U(1)v.

Let’s quickly check the other breaking patterns of SU(6). For SU(5)×U(1) and SU(3)×
SU(3)×U(1), the neutral relations are decomposed into

(20,2) = (10,2)−3,0 +
(
10,2

)
3,0 ,

(20,2) =
(
3,3,2

)
−1,0 +

(
3,3,2

)
1,0 + (1,1,2)3,0 + (1,1,2)−3,0 (2.23)

respectively. In both cases, there is no U(1)-neutral sector so we exclude those cases.

2.3 SU(8)→ SU(2)4 ×U(1)3 breaking and SO(8)×U(1)3 enhancement

Lastly, we consider breaking SU(4) to SU(2)× SU(2)×U(1)t so we further decompose the
U(1)2-neutral contributions of SU(4)×SU(2)2×U(1)u×U(1)v to SU(2)4×U(1)t×U(1)u×
U(1)v. We list only the U(1)3-neutral contributions:

• Conserved currents:

2× (1,1,1)0,0 = 2× (1,1,1,1)0,0,0 ,

(1,1,3)0,0 = (1,1,1,3)0,0,0 ,

(1,3,1)0,0 = (1,1,3,1)0,0,0 , (2.24)
(15,1,1)0,0 = (1,1,1,1)0,0,0 + (3,1,1,1)0,0,0 + (1,3,1,1)0,0,0 + . . . .

• Relations:

(6,2,2)0,0 = (2,2,2,2)0,0,0 + . . . . (2.25)

• Independent marginal operators:

(6,2,2)0,0 = (2,2,2,2)0,0,0 + . . . ,

(10,2,2)0,0 = (2,2,2,2)0,0,0 + . . . . (2.26)
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Recall that the operators constituting the U(1)2-neutral marginal operators come from the
product of operators in (2.22), which are decomposed into

(1,2,2)−2,−2 = (1,1,2,2)0,−2,−2 ,

(4,1,2)1,−2 = (2,1,1,2)1,1,−2 + (1,2,1,2)−1,1,−2 ,

(4,2,1)−1,2 = (2,1,2,1)1,−1,2 + (1,2,2,1)−1,−1,2 ,

(6,1,1)2,2 = (1,1,1,1)2,2,2 + (1,1,1,1)−2,2,2 + (2,2,1,1)0,2,2 (2.27)

under SU(2)4 × U(1)t × U(1)u × U(1)v. One can see that the U(1)3-neutral marginal
operators come from

(1,1,2,2)0,−2,−2 × (2,2,1,1)0,2,2 ,

(2,1,1,2)1,1,−2 × (1,2,2,1)−1,−1,2 , (2.28)
(1,2,1,2)−1,1,−2 × (2,1,2,1)1,−1,2 .

Therefore, one can again remove the U(1)3-neutral marginal operators by flipping one of the
two representations in each line. For example, we can flip: (2,2,1,1)0,2,2, (1,2,2,1)−1,−1,2
and (2,1,2,1)1,−1,2. Other choices of flipping lead to models related by dualities.

Once the U(1)3-neutral marginal operators are gone in this way, 16 = (2,2,2,2)0,0,0
U(1)3-neutral relations join the 15 = 3× (1,1,1,1)0,0,0 + (1,1,1,3)0,0,0 + (1,1,3,1)0,0,0 +
(1,3,1,1)0,0,0 + (3,1,1,1)0,0,0 U(1)3-neutral conserved currents such that the expected
enhanced global symmetry is SO(8)×U(1)t×U(1)u×U(1)v, which has dimension 16+15 =
31. In section 3.1 we will check this enhancement using the superconformal index. The
higher rank version of this model is discussed in section 4.

Here one can also flip either (1,1,1,1)2,2,2 or (1,1,1,1)−2,2,2, but not both, without
affecting the enhancement because they cannot make a U(1)3-neutral marginal operator.
If both are flipped, however, the broken UV symmetry is SU(4)× SU(2)2 ×U(1)u ×U(1)v
rather than SU(2)4×U(1)t×U(1)u×U(1)v and we end up with the model in the previous
subsection, which exhibits SO(10)×U(1)u×U(1)v rather than SO(8)×U(1)t×U(1)u×U(1)v.

We close by quickly checking the other breaking patterns of SU(4). For SU(3)×U(1)
the neutral relations are decomposed into

(6,2,2)0,0 = (3,2,2)−2,0,0 +
(
3,2,2

)
2,0,0 . (2.29)

Since there is no U(1)-neutral sector we exclude this case.

3 Flips, self-dualities and symmetry enhancements

In the previous section we observed that by considering three different partial flips breaking
the SU(8) UV global symmetry of the SU(2) theory with 8 fundamental chirals to

SU(6)× SU(2)×U(1)v ,
SU(4)× SU(2)2 ×U(1)u ×U(1)v ,
SU(2)4 ×U(1)t ×U(1)u ×U(1)v ,

(3.1)
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we expect to find models exhibiting enhanced IR global symmetries

E6 ×U(1)v ,
SO(10)×U(1)u ×U(1)v ,
SO(8)×U(1)t ×U(1)u ×U(1)v

(3.2)

respectively. In section 3.1 we will check that these models indeed enjoy the expected
symmetry looking at the superconformal index expansion and in addition, following the
second strategy discussed in the introduction, we list all the duality frames accounting for
the enhanced global symmetry. In section 3.2 we will consider various deformations, which
in particular lead to models with SO(9) and F4 symmetries.

We begin by introducing all the fields and their charges. In this section we will work
with conventions in which only the SU(2)4 × U(1)t × U(1)u × U(1)v subgroup of the full
UV symmetry is explicitly manifest. This is done by splitting the 8 fundamental chiral
fields into four doublets Q1, . . . , Q4, one for each SU(2) flavor symmetry. The singlets we
introduced in the previous section to break the SU(8) symmetry will also split accordingly.
All models will have bifundamental singlets D1, D2, D3 coupled as:

W0 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2) , (3.3)

where Tr1,2,3,4 denote the traces over the SU(2)1,2,3,4 flavor indices. For some models
we will also consider singlets bi with i = 1, · · · , 4 contributing bi Trg Tri(QiQi) to the
superpotential. In general we will denote by Ti with i = 1, 2, 3 the theory where the
interactions involving respectively b1 or b1, b2 or b1, b2, b3 are turned on. We will also
denote by T̂i the theory where also the interaction involving b4 is turned on. We use a
different notation in this case because this latter interaction is not involved in the symmetry
enhancement process but we might need to turn it on to avoid having decoupled fields.

For convenience we will also work in a different basis for the U(1)3 symmetry. Specif-
ically, we will use a parametrization of the abelian symmetries that we will denote by
U(1)x1 ×U(1)x2 ×U(1)x3 which is related to the one U(1)t×U(1)u×U(1)v of the previous
section by the following redefinition of the charges:

Qt = 2(Q1 −Q2),
Qu = 2(Q1 +Q2 − 2Q3),
Qv = 2(Q1 +Q2 +Q3) , (3.4)

or equivalently at the level of the fugacities in the index

x1 = t2u2v2,

x2 = t−2u2v2,

x3 = u−4v2 . (3.5)

The charges of the fields with this new parametrization are as in table 1, where we also
give a possible choice of UV trial R-symmetry U(1)R0 .
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SU(2)1 SU(2)2 SU(2)3 SU(2)4 U(1)x1 U(1)x2 U(1)x3 U(1)R0

Q1 2 • • • 1
2 0 0 0

Q2 • 2 • • 0 1
2 0 0

Q3 • • 2 • 0 0 1
2 0

Q4 • • • 2 −1
2 −1

2 −1
2 2

D1 • 2 2 • 0 −1
2 −1

2 2
D2 2 • 2 • −1

2 0 −1
2 2

D3 2 2 • • −1
2 −1

2 0 2
b1 • • • • −1 0 0 2
b2 • • • • 0 −1 0 2
b3 • • • • 0 0 −1 2
b4 • • • • 1 1 1 −2

Table 1. The representations of the chiral fields under the symmetry groups.

Figure 1. Quiver diagram for the T0 model.

3.1 Self-dualities and enhancements

3.1.1 SO(8)×U(1)3 models

We start discussing two models enjoying the SO(8)×U(1)3 enhancement. In the first model
T0 we introduce only the singlets D1, D2, D3 interacting withW0. The label for the theory
stands for the fact that we don’t introduce any of the bi fields in this case. The matter
content of the theory is summarized in the quiver diagram of figure 1.

Combining the information on the U(1)3 charges of table 1 with the redefinition (3.4)
we can see that the operators flipped by D1, D2, D3 in W0

Trg(Q1Q2) , Trg(Q2Q3) , Trg(Q1Q3) (3.6)

are precisely the operators (2,2,1,1)0,2,2, (1,2,2,1)−1,−1,2, (2,1,2,1)1,−1,2 of section 2.3.
Hence, we expect in this case that the manifest SU(2)4 ×U(1)3 UV global symmetry gets
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enhanced in the IR to SO(8)×U(1)3. This can be checked computing the superconformal
index of the theory T0. We first perform a-maximization [25] to find the values of the
mixing coefficients of the R-symmetry with U(1)x1 ×U(1)x2 ×U(1)x3 corresponding to the
superconformal R-symmetry, which we approximate to

R1 = R2 = R3 '
11
10 . (3.7)

The superconformal index then reads4

I0 = 1 + v−6(pq)
7

20 (1 + p+ q) + (8vv−2u−2 + 8sv−2u t−1 + 8cv−2u t)(pq)
9

20 (1 + p+ q)+

+ (v2u−4 + v2u2t−2 + v2u2t2)(pq)
11
20 + v−12(pq)

7
10 + (8vv−8u−2 + 8sv−8u t−1+

+ 8cv−8u t)(pq)
4
5 + ((35v + 1)v−4u−4 + (35s + 1)v−4u2t−2 + (35c + 1)v−4u2t2+

+ 56vv−4u2 + 56sv−4u−1t+ 56cv−4u−1t−1)(pq)
9

10 + (8vu−6 + 8su−3t3 + 8cu3t−3+

−(28 + 3))pq + · · · . (3.8)

In the expression of the index, each number is the character of an SO(8) representation
and, in particular, the term −(28 + 3)pq highlighted in blue reflects the current multiplet,
which is in the adjoint representation of SO(8)×U(1)3. In this case we also have 72−48 =
24 marginal operators. Notice that the fact R1 = R2 = R3 implies, among the three
U(1) symmetries, only U(1)v mixes with the R-symmetry. Thus, although we have used
approximate R-charges for the expansion of the index, the terms independent of fugacity v
are exact; the terms of order pq, corresponding to 24 marginal operators and 31 conserved
currents, are such examples.

Now according to the argument in [22], since the size of the Weyl group of SO(8) is
given by

|W (SO(8))| = 4!× 23 (3.9)

and
∣∣W (SU(2)4)

∣∣ = 2! 2! 2! 2! is manifest, we expect 12 = 4! 23/(2! 2! 2! 2!) self-dual frames
including the original theory itself. To find the self-dual frames we proceed as follows.
We specialize the SU(8) fugacities vector ~u defined in (A.2) according to the breaking of
SU(8)→ ∏4

i=1 SU(2)i ×U(1)t ×U(1)u ×U(1)v:

u = (v u t y1, v u t y
−1
1 , v u t−1y2, v u t

−1y−1
2 , v u−2y3, v u

−2y−1
3 , pq v−3y4, pq v

−3y−1
4 ) ,

(3.10)

where yi is the SU(2)i fugactity. This corresponds to choosing one particular representative
in the oribit of the UV SU(2)4 Weyl group. Now we implement the Seiberg, CSST and
IP dualities. As explained in appendix A, these dualities transform the fugacities vector
respectively as in eqs. (A.8), (A.11), (A.5). Inspecting the transformed vectors we can
identify the self-dual frames. Those will correspond to frames where we have a collection

4Since none of the U(1) symmetries participates in the enhancement it is equivalent to parametrize them
with U(1)x1,x2,x3 or U(1)t,u,v when computing the index. We decide to use the latter parametrization.
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Figure 2. Quiver diagram for the T1 model.

of charged chirals with the same R-charge and U(1)t,u,v charges as in the original frame.
We also checked that the self-dual frames have the same collection of singlets. In the end
we have found that the 12 self-dual frames are realized by

1 original ,
3 Seiberg ,
8 CSST (3.11)

dualities.
Another model exhibiting SO(8) × U(1)3 enhancement is T1, obtained including the

singlet b1 with the superpotential5

W1 =W0 + ∆W1, ∆W1 = b1 Trg Tr1(Q1Q1) (3.12)

where W0 is given by

W0 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2) . (3.13)

The matter content of the theory is now summarized in the quiver diagram of figure 2.
Notice that the new b1 field is flipping the meson Trg(Q1Q1) corresponding to the operator
(1,1,1,1)2,2,2 in the notation of section 2.3.

Performing a-maximization we find the following approximate values of the mixing
coefficients:

R1 '
15
13 , R2 = R3 '

14
13 . (3.14)

The index computed with this R-symmetry is then given by

I1 = 1 + v−6(pq)
9

26 (1 + p+ q) + v−2u−2t−2(pq)
11
26 (1 + p+ q) + (8vv−2u−2+

+ 8sv−2u t−1)(pq)
23
52 (1 + p+ q) + 8cv−2u t (pq)

6
13 (1 + p+ q) + (v2u−4 + v2u2t−2)(pq)

7
13 +

5Given the symmetry of the quiver in figure 2 this is equivalent to introducing the singlet b2.
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+ v−12(pq)
9

13 + v−8u−2t−2(pq)
10
13 + (8vv−8u−2 + 8sv−8t−1u)(pq)

41
52 + 8cv−8u t (pq)

21
26 +

+ v−4u−4t−4(pq)
11
13 + (8vv−4u−4t−2 + 8sv−4u−1t−3)(pq)

45
52 + ((35v + 1)v−4u−4+

+ (35s + 1)v−4u2t−2 + (56c + 8c)v−4u−1t−1)(pq)
23
26 + (56vv−4u2 + 56sv−4u−1t)(pq)

47
52 +

+ 35cv−4u2t2(pq)
12
13 + (t−4 +u−6t−2)(pq)

25
26 + (8vu−6 + 8su3t−3)p

51
52 q

51
52−(28 + 3)pq+ · · · ,

(3.15)

Again the index organises into characters of SO(8) and at order pq we can see the contri-
bution of the SO(8)×U(1)3 current highlighted in blue.

We can explain the enhancement of theory T1 in terms of self-dualities exactly in the
same way as for theory T0. Indeed, the operator Trg(Q1Q1) is trivially mapped to itself
under all the self-dualities (3.11). Hence, these are also self-dualities of theory T1 and the
same counting we did for T0 explains the SO(8) enhancement for T1.

The singlet b4 is also a spectator from the point of view of the self-dualities (3.11).
This means that theories T̂0 and T̂1, where we also turn on b4 Trg Tr4(Q4Q4) in the super-
potential, will still exhibit the SO(8)×U(1)3 enhancement.

3.1.2 SO(10)×U(1)2 model

Now we consider a model with the IR SO(10)×U(1)2 symmetry. We denote this model by
T2 as, in addition to the usual D1, D2, D3 singlets, we also introduce the singlets b1, b2.
The superpotential is

W2 =W1 + ∆W2, ∆W2 = b2 Trg Tr2(Q2Q2) (3.16)

where W1 is given by

W1 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2)
+ b1 Trg Tr1(Q1Q1) . (3.17)

The matter content of the theory is summerized in the quiver diagram of figure 3, but
the full manifest UV global symmetry is actually SU(4)× SU(2)3 × SU(2)4 × U(1)2, since
SU(2)1, SU(2)2 and one U(1), specifically 2(U(1)x1 − U(1)x2) = U(1)t, recombine to form
SU(4). In particular D3 and b1, b2 form the antisymmetric representation of SU(4), which
flip the mesonic operators

Trg (Q1Q2) , Trg (Q1Q1) , Trg (Q2Q2) , (3.18)

corresponding to the operator (6,1,1)2,2 of section 2.2. Indeed, as it can be seen combining
the data contained in table 1 and the map of the charges (3.4), their charges are compatible
with those expected from the branching rule (2.27). The singlets D1, D2 also recombine
to form the bifundamental representation between SU(4)× SU(2)3, which flips

Trg(QiQ3) , i = 1, 2 , (3.19)

corresponding to the operator (4,2,1)−1,2.
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Figure 3. Quiver diagram for the T2 model.

Performing a-maximization we find the following approximate values of the mixing
coefficients:

R1 = R2 '
8
9 , R3 '

21
20 . (3.20)

Notice that equal R1 and R2 imply U(1)t doesn’t mix with the R-symmetry, which is
consistent with the fact that U(1)t is part of the nonabelian symmetry SU(4). The index
computed with this R-symmetry is then6

I2 = 1 + v−6(pq)
7

20 (1 + p+ q) + 10 v−2u−2(pq)
7

16 (1 + p+ q) + 16 v−2u (pq)
73

160 (1 + p+ q)+

+ v2u−4(pq)
21
40 + v−12(pq)

7
10 + 10 v−8u−2(pq)

63
80 + 16 v−8u (pq)

129
160 + (54 + 1)v−4u−4(pq)

7
8 +

+ 144 v−4u−1(pq)
143
160 + 126 v−4u2(pq)

73
80 + 10u−6(pq)

77
80−(45 + 2)pq+ · · · . (3.21)

Each number is the character of an SO(10) representation and, in particular, the term
−(45 + 2)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(10)×U(1)2.

Let’s now discuss the self-duality frames responsible for the enhancement. The size of
the Weyl group of SO(10) is given by

|W (SO(10))| = 5!× 24 , (3.22)

where
∣∣W (SU(4)× SU(2)2)

∣∣ = 4! 2! 2! is manifest. Thus, 20 = 5! 24/(4! 2! 2!) self-dual
frames including the original theory itself are expected. Also in this case to find the self-
dual frames we specialize the SU(8) fugacities vector ~u defined in (A.2) according to the
breaking of SU(8)→ SU(4)× SU(2)3 × SU(2)4 ×U(1)u ×U(1)v

u = (v uw1, v uw2, v uw3, v uw4, v u
−2y3, v u

−2y−1
3 , pq v−3y4, pq v

−3y−1
4 ) , (3.23)

6We choose to parametrize the two U(1) symmetries that don’t participate in the enhancement
with U(1)u,v.
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where wi are the SU(4) fugacities subjected to the constraint ∏4
i=1wi = 1. In this case

we collect a subset of the transformations (A.8), (A.11), (A.5) corresponding to Seiberg,
CSST and IP dualities respectively for which we get a transformed vector associated to a
collection of chirals with the same R-charge and U(1)u,v charges, as well as the same set of
singlets. In the end we have found that the 20 self-dual frames are realized by

1 original ,
7 Seiberg ,
12 CSST (3.24)

dualities.
Also in this case the singlet b4 is a spectator from the point of view of the self-

dualities (3.24), so the theory T̂2, where b4 Trg Tr4(Q4Q4) is turned on in the superpotential,
still enjoys the SO(10)×U(1)2 enhancement.

3.1.3 E6 ×U(1) model

The last model we consider is the one exhibiting the E6 × U(1) symmetry enhancement
of [22].7 Following the same nomenclature of the previous cases, we call this theory T̂3
as on top of the singlets D1, D2, D3 we also introduce all the singlets b1, b2, b3, b4 with
superpotential

Ŵ3 =W2 + ∆W3 + ∆W4, ∆W3 = b3 Trg Tr3(Q3Q3), ∆W4 = b4 Trg Tr4(Q4Q4)
(3.25)

where W2 is given by

W2 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2)
+ b1 Trg Tr1(Q1Q1) + b2 Trg Tr2(Q2Q2) . (3.26)

In this case we have to include also the singlet b4 since otherwise the operator TrgTr4(b4Q4Q4)
would be free in the IR. The matter content of the theory is summerized in the quiver
diagram of figure 4, but the full manifest UV global symmetry is actually SU(6)×SU(2)4×
U(1), since SU(2)1, SU(2)2, SU(2)3 and two U(1) out of U(1)3, specifically U(1)t and
U(1)u, recombine into SU(6). In particular the singlets D1, D2, D3 and b1, b2, b3 form the
antisymmetric representation of SU(6), which flips the mesonic operators

Trg (Q1Q2) , Trg (Q1Q3) , Trg (Q2Q3) ,
Trg (Q1Q1) , Trg (Q2Q2) , Trg (Q3Q3) , (3.27)

corresponding to the operator (15,1)2 of section 2.1. Indeed, as it can been seen combining
the data contained in table 1 and the map of the charges (3.4), their charges are compatible

7Such an E6 model can be also obtained from the compactification of the E-string theory in 6d on
a sphere with flux breaking the E8 symmetry of E-string into E6 × U(1) × SU(2) [26]. The last SU(2)
symmetry only acts on the decoupled operators in the IR and the interacting SCFT is described by the E6

model of [22].
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Figure 4. Quiver diagram for the T3 model.

with those expected from the branching rules (2.22)–(2.27). The singlet b4 instead flips
the meson Trg(Q4Q4) corresponding to (1,1)−6. Performing a-maximization we find the
following values of the mixing coefficients:8

R1 = R2 = R3 = 10
9 , (3.28)

which indicates U(1)t and U(1)u do not mix with the R-symmetry because they are part
of the nonabelian symmetry SU(6). The index computed with this R-symmetry is then9

Î3 = 1 + 27 v−2(pq)
4
9 (1 + p+ q) + v6(pq)

2
3 + 351 v4(pq)

8
9−(78 + 1)pq + · · · . (3.29)

Each number is the character of an E6 representation and, in particular, the term −(78 +
1)pq highlighted in blue reflects the current multiplet, which is in the adjoint representation
of E6 ×U(1)v.

In [22] this enhancement was explained by studying the self-dualities of the model,
similarly to what we did for the previous cases. The size of the Weyl group of E6 is
given by

|W (E6)| = 27 × 34 × 5 = 51840 , (3.30)

where |W (SU(6)× SU(2))| = 6!× 2! is manifest. The remaining 36 = 51840/(6! 2!) should
be realized as self-dualities. In order to determine which of the 72 frames correspond to
self-dualities, we specialize the SU(8) fugacities vector ~u defined in (A.2) according to the
breaking of SU(8)→ SU(6)× SU(2)4 ×U(1)v

u = (v w1, v w2, v w3, v w4, v w5, v w6, pq v
−3y4, pq v

−3y−1
4 ) , (3.31)

where wi are the SU(6) fugactities subjected to the constraint ∏6
i=1wi = 1. In this case

we collect a subset of the transformations (A.8), (A.11), (A.5) corresponding to Seiberg,
8Performing a-maximization in the theory without the singlet b4 we would find a value of the mixing

coefficients for which the operator Trg(Q4Q4) is below the unitarity bound, meaning that it becomes a
decoupled free field in the IR.

9We choose to parametrize the U(1) symmetry that doesn’t participate in the enhancement with U(1)v.
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CSST and IP dualities respectively for which we get a transformed vector associated to a
collection of chirals with the same R-charge and U(1)v charges, as well as the same set of
singlets. In the end we have found that the 36 self-dual frames are realized by

1 original ,
15 Seiberg ,
20 CSST (3.32)

dualities.

3.2 Symmetry breaking deformations

So far we considered singlets bi coupling to SU(2) flavor singlet mesons Trg Tri(QiQi) which
ensures that the manifest symmetry includes SU(N) groups. On the other hand we can
introduce extra deformations of the form bi Trg Trj(QjQj) with i 6= j.

In the E6 ×U(1) model T̂3 all the SU(2) flavor singlet mesons are already flipped and
thus trivial in the chiral ring, so this model cannot be deformed in this way. We will thus
focus on the deformations of the SO(10)×U(1)2 model T2 and the SO(8)×U(1)3 model T1
(the theory T0 can’t be deformed in this way as it doesn’t contain any of the bi singlets).

3.2.1 SO(10)→ SO(9)→ F4 deformations

We begin with the T2 model. Looking at W2 in eq. (3.16) we see that Trg Tr1(Q1Q1) and
Trg Tr2(Q2Q2) are trivial in the chiral ring while Trg Tr3(Q3Q3) is not. Thus, we can obtain
a new theory T ′2 by introducing a stable10 deformation term11

W ′2 =W2 + ∆W ′2, ∆W ′2 = bi Trg Tr3(Q3Q3) (3.33)

where W2 is given by

W2 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2)
+ b1 Trg Tr1(Q1Q1) + b2 Trg Tr2(Q2Q2) . (3.34)

Here i can be either 1 or 2. For definiteness, we will take i = 2 and we sahll denote
the deformed theory by T ′2 . This deformation breaks the manifest UV symmetry SU(4)×
SU(2)3 × SU(2)4 ×U(1)2 of theory T2 to

SU(2)1 ×USp(4)× SU(2)4 ×U(1)2 . (3.35)

This can be seen as follows. The deformation (3.33) breaks one combination of U(1)x1 ×
U(1)x2 ×U(1)x3 . Specifically, at the level of fugacities it imposes the constraint

x−1
2 x3 = 1 ⇐⇒ t2u−6 = 1 , (3.36)

10Here “stable” is meant with respect to the chiral ring stability criterion of [27].
11Using the superconformal R-charge of theory T2 we can check that this deformation has R-charge

R[bi Trg Tr3(Q3Q3)] ' 1.9173 < 2 so it is a relevant deformation.
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which means that a combination of U(1)x2,x3 or equivalently of U(1)t,u is broken. We
decide to parametrize the surviving combination of these two U(1), which we shall denote
by U(1)ũ, as

u = ũ, t = ũ3 . (3.37)

At the level of the charges this means

Qũ = 4(2Q1 −Q2 −Q3) ,
Qv = 2(Q1 +Q2 +Q3) . (3.38)

One can then check for example that the fields Q2 and Q3 have the same R-charge and
U(1)ũ,v charges and can thus be organized into the fundamental representation of USp(4).
Similarly, the singlets D1 and b2 can be organized into the traceless antisymmetric represen-
tation of USp(4). Finally, the singlets D2 and D3 can be collected into the bifundamental
representation of SU(2)1 ×USp(4).

The Weyl groupW (USp(4)×SU(2)2) of the manifest symmetry is of size 2!×22×2!×2! .
Similarly to what we did in the previous subsection, one can check that out of the 20 self-
dualities (3.24) of the original T2 theory only 12 map ∆W ′2 to itself and remain self-dualities
of the deformed theories. These correspond exactly to the self-dualities (3.11) of the SO(8)
models, which were

1 original ,
3 Seiberg ,
8 CSST . (3.39)

Therefore, the expected size of the Weyl group of the enhanced symmetry is now∣∣∣W (USp(4)× SU(2)2)
∣∣∣× (1 + 11 self-dualities)

= (2!× 22 × 2!× 2!)× 12
= 4!× 24

= |W (SO(9))| . (3.40)

Thus, we expect that the SO(10)×U(1)2 model T2 deformed by (3.33) has the SO(9)×U(1)2

IR symmetry with the UV symmetry SU(2)1 × USp(4) × SU(2)4 recombining into SO(9)
in the IR.

This is confirmed by the superconformal index expansion. Performing a-maximization
we find the following approximate values of the mixing coefficients:

R1 '
8
9 , R2 = R3 '

11
10 . (3.41)

The index computed with this R-symmetry is then12

I ′2 = 1 + v−6(pq)
27
80 (1 + p+ q) + v−2ũ−8(pq)

7
16 (1 + p+ q) + 16 v−2ũ−2(pq)

71
160 (1 + p+ q)+

+ 9 v−2ũ4(pq)
9

20 + v2ũ−4(pq)
11
20 + v−12(pq)

27
40 + v−8ũ−8(pq)

31
40 + 16 v−8ũ−2(pq)

25
32 +

12We choose to parametrize the U(1) symmetries, which don’t participate in the enhancement,
with U(1)ũ,v.
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+ 9 v−8ũ4(pq)
63
80 + v−4ũ−16(pq)

7
8 + v−4ũ−10(pq)

141
160 + (126 + 9 + 1)v−4ũ−4(pq)

71
80 +

+ 128 v−4ũ2(pq)
143
160 + 44 v−4ũ8(pq)

9
10 + ũ−12(pq)

79
80−(36 + 2)pq + · · · . (3.42)

Each number is the character of an SO(9) representation and, in particular, the term
−(36 + 2)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(9)×U(1)2. Thus, the deformation (3.33) added to the SO(10)×U(1)2

model T2 leads to a new theory exhibiting the IR symmetry enhancement

USp(4)× SU(2)2 ×U(1)2 −→ SO(9)×U(1)2 . (3.43)

We can further deform the T ′2 theory. From W ′2 in eq. (3.33) we see that one linear
combination of Trg Tr2(Q2Q2) and Trg Tr3(Q3Q3) is flipped by b2, but there is another
linearly independent combination, say Trg Tr3(Q3Q3), which is non-trivial in the chiral ring.
Thus, we can obtain a new theory T ′′2 by introducing another stable deformation term13

W ′′2 =W ′2 + ∆W ′′2 , ∆W ′′2 = b1 Trg Tr3(Q3Q3) (3.44)

whereW ′2 is given in (3.33). This deformation breaks the manifest UV symmetry SU(2)1×
USp(4)× SU(2)4 ×U(1)2 of theory T ′2 to

USp(6)× SU(2)4 ×U(1) . (3.45)

This can be seen as follows. The deformation (3.44) breaks one combination of the two
U(1) symmetries. Specifically, at the level of fugacities it imposes the constraint

x−1
1 x3 = 1 ⇐⇒ ũ−12 = 1 , (3.46)

which means that the U(1)ũ symmetry is broken. Hence, the surviving abelian symmetry
is U(1)v, which we recall was defined in (3.4)–(3.5). One can then check for example that
the fields Q2,3, which we already collected into the fundamental representation of USp(4),
have also the same R-charge and U(1)v charge of Q1 and we can thus organize them into
the fundamental representation of USp(6). Similarly, the singlets D1, D2, D3 and b1, b2
can be organized into the traceless antisymmetric representation of USp(6).

The manifest Weyl group is W (USp(6)×SU(2)), whose size is 3!×23×2! . In addition,
all the 12 self-dualities of the SO(9) × U(1)2 model still remain self-dualities after the
deformation (3.44). The expected size of the Weyl group of the enhanced symmetry is then

|W (USp(6)× SU(2))| × (1 + 11 self-dualities)
= (3!× 23 × 2!)× 12
= 1152
= |W (F4)| . (3.47)

Thus, we expect the SO(9)×U(1)2 model T ′2 deformed by (3.44) to have the IR symmetry
F4 ×U(1) with the USp(6)× SU(2) UV symmetry recombining into F4 in the IR.

13Using the superconformal R-charge of theory T ′2 we can check that this deformation has R-charge
R[b1 Trg Tr3(Q3Q3)] ' 1.96101 < 2 so it is a relevant deformation.
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This is confirmed by the superconformal index expansion. Performing a-maximization
we find the following approximate value of the mixing coefficient:

R1 = R2 = R3 '
21
19 . (3.48)

The index computed with this R-symmetry is then

I ′′2 = 1 + v−6(pq)
13
38 (1 + p+ q) + 26 v−2(pq)

17
38 (1 + p+ q) + v2(pq)

21
38 +

+ v−12(pq)
13
19 + 26 v−8(pq)

15
19 + (324 + 1)v−4(pq)

17
19−(52 + 1)pq + · · · . (3.49)

Each number is the character of an F4 representation and, in particular, the term −(52 +
1)pq highlighted in blue reflects the current multiplet, which is in the adjoint representation
of F4 ×U(1). Thus, the deformation (3.44) added to the SO(9)×U(1)2 model T ′2 leads to
a new theory exhibiting the IR symmetry enhancement

USp(6)× SU(2)×U(1) −→ F4 ×U(1) . (3.50)

Note that T ′′2 can be also obtained from T3 by integrating out the trace part of the
antisymmetric representation of flavor SU(6) constituted by (D1, D2, D3, b1, b2, b3), which
breaks SU(6) into USp(6). This can be done by introducing an additional singlet c with a
superpotential ∆W = c (b1 + b2 + b3), which makes both c and the trace part b1 + b2 + b3
massive. Once those massive fields are integrated out, the resulting theory is exactly T ′′2
with the superpotential (3.44). The enhanced IR symmetry E6 × U(1) is then partially
broken to F4 ×U(1).

3.2.2 SO(8)→ SO(9)→ SO(8) deformations

Now we consider the T1 model with the SO(8)×U(1)3 symmetry. While the SO(8)×U(1)3

symmetry can be realized either with or without b1, we stick to the model with b1 because
we need at least one bi field to deform the theory.

Looking at W1 in eq. (3.12) we can see that both Trg Tr2(Q2Q2) and Trg Tr3(Q3Q3)
are non-trivial in the chiral ring. Thus, we can obtain a new theory T ′1 by introducing a
stable deformation term14

W ′1 =W1 + ∆W ′1, ∆W ′1 = b1 Trg Tri(QiQi) (3.51)

where W1 is given by

W1 = Trg Tr2 Tr3(D1Q2Q3) + Trg Tr3 Tr1(D2Q3Q1) + Trg Tr1 Tr2(D3Q1Q2)
+ b1 Trg Tr1(Q1Q1) . (3.52)

Here i can be either 2 or 3. For definiteness, we will take i = 2 and we shall denote the
deformed theory by T ′1 . This deformation modifies the manifest UV symmetry SU(2)1 ×
SU(2)2 × SU(2)3 × SU(2)4 ×U(1)2 of theory T1 to

USp(4)× SU(2)3 × SU(2)4 ×U(1)2 . (3.53)
14Using the superconformal R-charge of theory T1 we can check that this deformation has R-charge

R[b1 Trg Tri(QiQi)] ' 1.91822 < 2 so it is a relevant deformation.
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This can be seen as follows. The deformation (3.51) breaks one combination of the three
U(1) symmetries. Specifically, at the level of fugacities it imposes the constraint

x−1
1 x2 = 1 ⇔ t−4 = 1 , (3.54)

which means that the symmetry U(1)t is broken. Hence, the surviving abelian symmetries
are U(1)u,v, which we recall were defined in (3.4)–(3.5). One can then check for example that
the fields Q1 and Q2 have the same R-charge and U(1)u,v charges and can thus be organized
into the fundamental representation of USp(4). Similarly, the singlets D3 and b1 can be
organized into the traceless antisymmetric representation of USp(4). Finally, the singlets
D1 and D2 can be collected into the bifundamental representation of USp(4)× SU(2)3.

The Weyl groupW (USp(4)×SU(2)2) of the manifest symmetry is of size 2!×22×2!×2! .
Similarly to what we did in the previous subsection, one can check that all of the 12 self-
dualities (3.11) of the original T1 theory are still self-dualities of the deformed theory.
Therefore, the expected size of the Weyl group of the enhanced symmetry is now∣∣∣W (USp(4)× SU(2)2)

∣∣∣× (1 + 11 self-dualities)

= (2!× 22 × 2!× 2!)× 12
= 4!× 24

= |W (SO(9))| . (3.55)

Thus, we expect that the SO(8) × U(1)3 model T1 deformed by (3.51) has IR symmetry
SO(9)×U(1)2.

This is confirmed by the superconformal index expansion. Performing a-maximization
we find the following approximate values of the mixing coefficients:

R1 = R2 '
10
9 , R3 '

15
14 . (3.56)

The index computed with this R-symmetry is then15

I ′1 = 1 + v−6(pq)
89

252 (1 + p+ q) + 9 v−2u−2(pq)
4
9 (1 + p+ q) + 16 v−2u(pq)

229
504 (1 + p+ q)+

+ v2u−4(pq)
15
28 + v2u2(pq)

5
9 + v−12(pq)

89
126 + 9 v−8u−2(pq)

67
84 + 16 v−8u(pq)

407
504 +

+ 45 v−4u−4(pq)
8
9 + 128 v−4u−1(pq)

151
168 + (126 + 1)v−4u−2(pq)

229
252 + 9u−6(pq)

247
252 +

−(36 + 2)pq + · · · . (3.57)

Each number is the character of an SO(9) representation and, in particular, the term
−(36 + 2)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(9)×U(1)2. Thus, the deformation (3.51) added to the SO(8)×U(1)3

model T1 leads to a new theory exhibiting the IR symmetry enhancement

USp(4)× SU(2)2 ×U(1)2 −→ SO(9)×U(1)2 . (3.58)
15We choose to parametrize the U(1) symmetries, which don’t participate in the enhancement,

with U(1)u,v.
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This T ′1 model can be also obtained from T2 by integrating out the trace part of the
antisymmetric presentation of flavor SU(4) constituted by (D1, D2, b1, b2), which breaks
SU(4) into USp(4). This also partially breaks the enhanced IR symmetry SO(10)×U(1)2

into SO(9)×U(1)2.
We can further deform the T ′1 theory. From W ′1 in eq. (3.51) we see that the operator

Trg Tr3(Q3Q3) is still non-trivial in the chiral ring. Thus, we can obtain a new theory T ′′1
by introducing another stable deformation term16

W ′′1 =W ′1 + ∆W ′′1 , ∆W ′′1 = b1 Trg Tr3(Q3Q3) (3.59)

whereW ′1 is given in (3.51). This deformation breaks the manifest UV symmetry USp(4)×
SU(2)3 × SU(2)4 ×U(1)2 of theory T ′2 to

SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4 ×U(1) . (3.60)

Indeed, the deformation (3.59) breaks one combination of the two U(1) symmetries. Specif-
ically, at the level of fugacities it imposes the constraint

x−1
1 x3 = 1 ⇐⇒ u−6 = 1 , (3.61)

which means that the U(1)u symmetry is broken. Hence, the surviving abelian symmetry is
U(1)v, which we recall was defined in (3.4)–(3.5). The superpotential now doesn’t preserve
the USp(4) symmetry since the singlet b1, which in T ′1 formed a USp(4) together with
D3, now appears (without D3) in the deformation (3.59). The manifest Weyl group is
W (SU(2)4), whose size is (2!)2. In addition, all the 12 self-dualities of the SO(9) × U(1)2

model T ′1 still remain self-dualities after the deformation (3.59). The expected size of the
Weyl group of the enhanced symmetry is then∣∣∣W (SU(2)4)

∣∣∣× (1 + 11 self-dualities)

= (2!× 2!× 2!× 2!)× 12
= 4!× 23

= |W (SO(8))| . (3.62)

Thus, we expect the SO(9)×U(1)2 model T ′1 deformed by (3.59) to have the IR symmetry
SO(8)×U(1).

Indeed, we have confirmed it by looking at the superconformal index. Performing
a-maximization we find the following approximate value of the mixing coefficient:

R1 = R2 = R3 '
11
10 . (3.63)

The index computed with this R-symmetry is then

I ′′1 = 1 + v−6(pq)
7

20 (1 + p+ q) + (8v + 8s + 8c + 1)v−2(pq)
9

20 (1 + p+ q) + v−2(pq)
11
20 +

+ v−12(pq)
7

10 + (8v + 8s + 8c + 1)v−8(pq)
4
5 + (56v + 56s + 56c + 35v + 35s + 35c+

+ 8v + 8s + 8c + 3)v−4(pq)
9

10−(28 + 1)pq + · · · (3.64)
16Using the superconformal R-charge of theory T ′2 we can check that this deformation has R-charge

R[b1 Trg Tr3(Q3Q3)] ' 1.95598 < 2 so it is a relevant deformation.
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Each number is the character of an SO(8) representation and, in particular, the term
−(28 + 1)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(8)×U(1). Thus, the deformation (3.59) added to the SO(9)×U(1)2

model T ′1 leads to a new theory exhibiting the IR symmetry enhancement

SU(2)4 ×U(1) −→ SO(8)×U(1) . (3.65)

4 Higher rank theories

In section 2 we have argued that enhanced symmetries are expected for USp(2N) theories
once we flip a set of operators breaking the SU(8) UV global symmetry to particular
subgroups. Since the argument holds regardless of the gauge rank, we have an infinite
family of theories for a given enhanced symmetry in the IR.17 For higher rank theories
there can be multiple operators in a given representation of the global symmetry and we
need to flip all of them to realise the enhanced symmetry.

In this section, we show how this works explicitly in some examples. We consider 4d
N = 1 USp(2N) theories with one antisymmetric chiral A and 8 fundamental chirals, and
extra gauge singlets Di

1,2,3 and a subset of bi1,2,3,4 for i = 0, . . . , N −1, whose global charges
are shown in table 2. The Di

1,2,3 singlets couple to the fundamental chirals via the following
superpotential terms:

WN
0 =

N−1∑
i=0

[
Trg Tr2 Tr3(Di

1A
iQ2Q3) + Trg Tr3 Tr1(Di

2A
iQ3Q1) + Trg Tr1 Tr2(Di

3A
iQ1Q2)

]
,

(4.1)

while the bi1,2,3,4 singlets, if present couple through

N−1∑
i=0

bil Trg Trl
(
AiQlQl

)
. (4.2)

In such higher rank cases we can also construct gauge invariant operators of the form
Trg

(
Ai
)
. These turn out to fall below the unitarity bound in all the examples we are

going to consider, so we will also need additional singlets ai that flip them through the
superpotential terms

ai Trg
(
Ai
)
. (4.3)

Similarly to the rank one case, we will denote by T Ni with i = 1, 2, 3 the theory where
the interactions involving respectively b1 or b1, b2 or b1, b2, b3 are turned on and by T̂ Ni the
theory where also the interaction involving b4 is turned on, where now the upper index
denotes the rank of the gauge group.

17Recently the USp(2N) theories with one traceless antisymmetric and eight fundamental chirals but
without the extra singlets and the superpotential, thus exhibiting SU(8) global symmetry, are shown to
have dense spectrum in the large N limit and satisfy a version of Weak Gravity Conjecture for large enough
N [28]. It would be interesting to ask similar questions to our models, which exhibit different global
symmetries in the presence of the extra singlets and the nontrivial superpotential.
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SU(2)1 SU(2)2 SU(2)3 SU(2)4 U(1)x1 U(1)x2 U(1)x3 U(1)a U(1)R0

Q1 2 • • • 1
2 0 0 −N−1

4 0
Q2 • 2 • • 0 1

2 0 −N−1
4 0

Q3 • • 2 • 0 0 1
2 −N−1

4 0
Q4 • • • 2 −1

2 −1
2 −1

2 −N−1
4 2

A • • • • 1 0 0 0 0
Di

1 • 2 2 • 0 −1
2 −1

2
N−1

2 − i 2
Di

2 2 • 2 • −1
2 0 −1

2
N−1

2 − i 2
Di

3 2 2 • • −1
2 −1

2 0 N−1
2 − i 2

bi1 • • • • −1 0 0 N−1
2 − i 2

bi2 • • • • 0 −1 0 N−1
2 − i 2

bi3 • • • • 0 0 −1 N−1
2 − i 2

bi4 • • • • 1 1 1 N−1
2 − i −2

ai • • • • −i 0 0 0 2

Table 2. The representations of the chiral fields under the symmetry groups for higher rank
theories.

4.1 E6 ×U(1)2 model

In section 2.1 we have shown that to realize the E6 symmetry we have to flip the operators
either in the representation (6,2)−2 or in the representation (15, 1)2 of SU(6) × SU(2) ×
U(1)v ⊂ SU(8). For definiteness we may take the latter, which are then given by

Trg
(
AiQ1Q2

)
, Trg

(
AiQ1Q3

)
, Trg

(
AiQ2Q3

)
, i = 0, . . . , N − 1 ,

Trg
(
AiQ1Q1

)
, Trg

(
AiQ2Q2

)
, Trg

(
AiQ3Q3

)
, i = 0, . . . , N − 1 . (4.4)

Furthermore, we also flip

Trg Tr4
(
AiQ4Q4

)
, i = 0, . . . , N − 1 ,

Trg
(
Ai
)
, i = 2, . . . , N (4.5)

because those with low powers of A, violate the unitarity bound. Thus, we introduce the
following flipping fields in total:

Di
1 , Di

2 , Di
3 , bi1 , bi2 , bi3 , bi4 , i = 0, . . . N − 1 ,

ai , i = 2, . . . , N (4.6)

with the superpotential given in (4.1)–(4.2)–(4.3). In the following, we will denote this
theory by T̂ N3 , where the lower index represents the number of towers b-singlets included,
while the upper index is the rank of the gauge group.

Once those operators are flipped, the manifest UV symmetry is given by

SU(6)× SU(2)4 ×U(1)v ×U(1)a , (4.7)
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where, similarly to what we discussed in section 3.1.3 for the rank one case, SU(6) is formed
by SU(2)1 × SU(2)2 × SU(2)3 and the two combinations of U(1)x1,x2,x3 corresponding to
the U(1)t,u symmetries we defined in (3.4)–(3.5). According to the argument in section 2.1,
this is supposed to be enhanced in the IR to

E6 ×U(1)v ×U(1)a , (4.8)

where U(1)v is the remaining combination of U(1)x1,x2,x3 defined in (3.4)–(3.5).
This enhancement can be checked by computing the superconformal index of the theory

for low values of N , for example N = 2. In this case, performing a-maximization we
find the following approximate values of the mixing coefficients of the R-symmetry with
U(1)x1 ×U(1)x2 ×U(1)x3 ×U(1)a:

R1 = R2 = R3 '
12
11 , Ra '

1
4 . (4.9)

The superconformal index of the theory computed with these R-charges then reads

ÎN=2
3 = 1 + 27 v−2a−

1
2 (pq)

69
176 (1 + p+ q) + 27 v−2a

1
2 (pq)

91
176 + v6a−

1
2 (pq)

101
176 v6+

+ a
1
2 (pq)

123
176 + a−2(pq)

3
4 + (351′ + 27)v−4a−

1
2 (pq)

69
88 + (351′ + 351)v−4(pq)

10
11 +

+ 27 v4a−1(pq)
85
88−(78 + 2)pq + · · · . (4.10)

Each number is the character of an E6 representation and, in particular, the term −(78 +
2)pq highlighted in blue reflects the current multiplet, which is in the adjoint representation
of E6 ×U(1)v ×U(1)a.

It is worth mentioning that the existence of the N = 2 copies of the gauge singlets
listed in (4.6) is crucial to realize the E6 symmetry. Let us look at the second term
27 v−2a−

1
2 (pq) 69

176 . 27 is decomposed into the representations of SU(6)×SU(2)4 as follows:

27 → (6,2) +
(
15,1

)
. (4.11)

(6,2), the bifundamental representation of SU(6)× SU(2)4, is further decomposed into18

(6,2) → (2,1,1,2) + (1,2,1,2) + (1,1,2,2) (4.12)

of SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4, which are provided by the operators

Trg(Q1Q4) , Trg(Q2Q4) , Trg(Q3Q4) (4.13)

respectively. (15,1), the antisymmetric representation of SU(6) × SU(2)4, is also decom-
posed into(

15,1
)
→ (1,2,2,1) + (2,1,2,1) + (2,2,1,1) + 3× (1,1,1,1) (4.14)

of SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4, which are provided by

D1
1 , D1

2 , D1
3 , b11 , b12 , b13 (4.15)

18We omit U(1) charges in this discussion for simplicity.
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respectively. Similarly, the third term 27v−2a
1
2 (pq) 91

176 is contributed by

Trg(AQ1Q4) , Trg(AQ2Q4) , Trg(AQ3Q4) , (4.16)

which form (6,2) of SU(6)× SU(2)4, and

D0
1 , D0

2 , D0
3 , b01 , b02 , b03 , (4.17)

which form
(
15,1

)
of SU(6) × SU(2)4. Thus, one can see that Di

1,2,3 and bi1,2,3 for both
i = 0 and i = 1 are crucially involved in the enhancement to E6. On the other hand, the
singlets bi4 for i = 0, 1 don’t play any role in the E6 enhancement. Nevertheless, we include
them in the theory, especially b04, because b04 flips the operator Trg Tr4 (Q4Q4) which also
violates the unitarity bound.

4.2 SO(10)×U(1)3 model and SO(10)→ SO(9)→ F4 deformations

The next example is the model T̂ N2 exhibiting the SO(10) × U(1)3 global symmetry. As
we discussed in section 2.2, in order to obtain this model we need to flip, for example,
the operators in (6, 1, 1)2,2 and those in (4, 2, 1, )−1,2, which are representations of SU(4)×
SU(2)2 ×U(1)u ×U(1)v ⊂ SU(8). The corresponding operators are

Trg
(
AiQ1Q2

)
,

Trg Trm
(
AiQmQm

)
, m = 1, 2 , (4.18)

which construct (6,1,1)2,2 for each i = 0, . . . , N − 1 and

Trg Tr3
(
AiQmQ3

)
, m = 1, 2 , (4.19)

which construct (4,2,1)−1,2 for each i = 0, . . . , N − 1. In addition, we need to flip

Trg Tr4
(
AiQ4Q4

)
, i = 0, . . . , N − 1 ,

Trg
(
Ai
)
, i = 2, . . . , N (4.20)

because those with low i fall below the unitarity bound. Thus, we introduce the following
flipping fields:

Di
1 , Di

2 , Di
3 , bi1 , bi2 , bi4 , i = 0, . . . N − 1 ,

ai , i = 2, . . . , N (4.21)

with the superpotential given in (4.1)–(4.2)–(4.3).
Once those flipping fields are taken into account, the UV symmetry is broken to

SU(4)× SU(2)3 × SU(2)4 ×U(1)u ×U(1)v ×U(1)a , (4.22)

where, similarly to what we discussed in section 3.1.2 for the rank one case, SU(4) is formed
by SU(2)1 × SU(2)2 and the combination of the abelian symmetries 2(U(1)x1 −U(1)x2) =
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U(1)t. According to the argument in section 2.2, this is supposed to be enhanced in
the IR to

SO(10)×U(1)u ×U(1)v ×U(1)a , (4.23)

where U(1)u,v are the remaining combinations of U(1)x1,x2,x3 defined in (3.4)–(3.5).
This enhancement of the global symmetry can be checked using the superconformal

index for low values of the rank of the gauge group. For instance, for N = 2 we find the
following approximate values of the mixing coefficients from a-maximization:

R1 = R2 '
11
10 , R3 '

34
33 , Ra '

4
15 . (4.24)

The superconformal index of the theory computed with these R-charges then reads19

ÎN=2
2 = 1 + 10 v−2u−2a−

1
2 (pq)

23
60 + 16 v−2u a−

1
2 (pq)

529
1320 + v2u−4a−

1
2 (pq)

74
165 +

+ 10 v−2u−2a
1
2 (pq)

31
60 + 16 v−2u a

1
2 (pq)

47
88 + v6a−

1
2 (pq)

181
330 + v2u−4a

1
2 (pq)

32
55 +

+ v6a
1
2 (pq)

15
22 + a−2(pq)

11
15 + · · · −(45 + 3)pq + · · · . (4.25)

Each number is the character of an SO(10) representation and, in particular, the term
−(45 + 3)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(10)×U(1)u ×U(1)v ×U(1)a.

Analogously to the SU(2) case, one can deform the theory by introducing extra su-
perpotential terms of the form bim Trg Trn(AiQnQn) with m 6= n. The first term we intro-
duce is20

∆W ′2N =
N−1∑
i=0

bi2 Trg Tr3
(
AiQ3Q3

)
(4.26)

and we label the theory obtained from this deformation as T̂ ′2N . Similarly to what happened
in the rank one case of section 3.2.1, this deformation breaks the global symmetry of theory
T̂ N2 from SU(4)× SU(2)3 × SU(2)4 ×U(1)u ×U(1)v ×U(1)a to

SU(2)1 ×USp(4)× SU(2)4 ×U(1)ũ ×U(1)v ×U(1)a , (4.27)

where again we are parametrizing the two surviving combinations of U(1)x1,x2,x3 with
U(1)ũ,v which are defined in (3.37)–(3.38). Note, for example, that Di

1 and bi2 construct
the traceless antisymmetric representation of USp(4).

Given the approximate mixing coefficients of U(1)x1 × U(1)x2 × U(1)x3 × U(1)a with
the R-symmetry of the theory for rank N = 2

R1 '
11
10 , R2 = R3 '

16
15 , Ra '

3
11 , (4.28)

19We choose to parametrize the two U(1) symmetries that don’t participate in the enhancement
with U(1)u,v,a.

20Using the superconformal R-charge of theory T̂ N=2
2 we can check that this deformation has R-charge

R[bi
2 Trg Tr3

(
AiQ3Q3

)
] ' 1.93153 < 2 for i = 0, 1, so it is a relevant deformation.
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the superconformal index for N = 2 is given by21

Î ′2N=2 = 1 + v−2ũ−8a−
1
2 (pq)

21
55 + 16 v−2ũ−2a−

1
2 (pq)

103
264 + 9 v−2ũ4a−

1
2 (pq)

263
660 + v2ũ−4a−

1
2 (pq)

307
660 +

+ v−2ũ−8a
1
2 (pq)

57
110 + 16 v−2ũ−2a

1
2 (pq)

139
264 + 9 v−2ũ4a

1
2 (pq)

353
660 + v6a−

1
2 (pq)

181
330 +

+ v2ũ−4a
1
2 (pq)

397
330 + v6a

1
2 (pq)

113
165 + a−2(pq)

8
11 + · · ·+ (9−36− 3)pq+ · · · .

(4.29)

Each number is the character of an SO(9) representation and, in particular, the term
−(36 + 3)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(9)×U(1)ũ ×U(1)v ×U(1)a.

We should comment that the index can be also written in terms of SO(8) characters
because any SO(9) representation can be decomposed into SO(8) representations. In that
case, the term (9− 36− 3) pq would be written as

(
−28SO(8) − 2

)
pq, where 28SO(8) is the

character of the adjoint representation of SO(8). Indeed, if there is no marginal operator
that can be constructed, the conserved current must be in the representation 28SO(8) and
the enhanced non-abelian symmetry is SO(8) rather than SO(9). Thus, we have to show
that the marginal operators in the representation 9 exist in order to claim that the enhanced
symmetry includes SO(9).

Let us list the operators contributing to order pq except some boson-fermion pairs
trivially canceled. We first define the following single trace operators organized into repre-
sentations of the manifest symmetry SU(2)1×USp(4)×SU(2)4, where we omit the charges
under the abelian symmetries:

Σi =
(
Di

1, b
i
2

)
→ (1,5,1) ,

Πi = Trg
(
AiQ1Q4

)
→ (2,1,2) ,

Pi = Trg
(
AiQ2,3Q4

)
→ (1,4,2) ,

Li = Trg
(
AiQ1Q2,3

)
→ (2,4,1) ,

Mi = Trg
(
AiQ2,3Q2,3

)
→ (1,1,1) + (1,5,1) ,

σi =
(
ΨDi

1
,Ψbi

2

)
→ (1,5,1) ,

τi =
(
ΨDi

3
,ΨDi

2

)
→ (2,4,1) ,

ξ = Trg
(
AΨA

)
→ (1,1,1) ,

π = Trg
(
Q1Ψ1

)
→ (1,1,1) + (3,1,1) ,

ρ = Trg
(
Q4Ψ4

)
→ (1,1,1) + (1,1,3) ,

µ = Trg
(
Q2,3Ψ2,3

)
→ (1,1,1) + (1,5,1) + (1,10,1) .

(4.30)

21We choose to parametrize the U(1) symmetries, which don’t participate in the enhancement,
with U(1)ũ,v,a.
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Then the bosonic operators contributing to order pq are given by

Trg
(
λ2
)
→ (1,1,1) ,

M0Π1 → (2,1,2) + (2,5,2) ,
M1Π0 → (2,1,2) + (2,5,2) ,
L0P1 → (2,1,2) + (2,5,2) + (2,10,2) ,
L1P0 → (2,1,2) + (2,5,2) + (2,10,2) ,
M0Σ0 → (1,1,1) + (1,5,1) + (1,10,1) + (1,14,1) ,
M1Σ1 → (1,1,1) + (1,5,1) + (1,10,1) + (1,14,1)

(4.31)

where λ is the gaugino and the operators M0Π1, M1Π0, L0P1 and L1P0 are not all inde-
pendent but satisfy 24 relations which come in the representations

(2,1,2) + (2,5,2) . (4.32)

In appendix C we give an argument for this based on the analysis of the plethystic logarithm
of the superconformal index. On the other hand, the fermionic operators contributing to
order pq are

σ0Π1 → (2,5,2) ,
σ1Π0 → (2,5,2) ,
τ0P0 → (2,1,2) + (2,5,2) + (2,10,2) ,
τ1P1 → (2,1,2) + (2,5,2) + (2,10,2) ,
σ0Σ0 → (1,1,1) + (1,10,1) + (1,14,1) ,
σ1Σ1 → (1,1,1) + (1,10,1) + (1,14,1) ,

ξ → (1,1,1) ,
π → (1,1,1) + (3,1,1) ,
ρ → (1,1,1) + (1,1,3) ,
µ → (1,1,1) + (1,5,1) + (1,10,1) .

(4.33)

Now let us look at the bosonic operators M0Π1, M1Π0, L0P1 and L1P0, which satisfy
the relations (4.32) as well as the F-term conditions realized by parts of the fermionic
operators σ0Π1, σ1Π0, τ0P0 and τ1P1. The remaining independent one is only (2,1,2),
which cannot be lifted because there is no fermionic operator to be paired up. Similarly,
M0Σ0 and M1Σ1 can be paired up with σ0Σ0 and σ1Σ1 respectively, leaving

TrUSp(4)(M0)Σ0 , TrUSp(4)(M1)Σ1 . (4.34)

Note that those cancelations reflect the F -term conditions from the superpotential.
The remaining operators in (4.34) are in the representation 2×(1,5,1). One combina-

tion of them can become a long multiplet being paired up with the traceless antisymmetric
part of µ. On the other hand, the other combination still remains short and combines
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with the remaining (2,1,2) of M0Π1, M1Π0, L0P1, L1P0 into 9 of SO(9). Therefore, we
have found 9 marginal operators consisting of (2,1,2) from M0Π1, M1Π0, L0P1, L1P0 and
(1,5,1) from (4.34). Moreover, the remaining fermionic operators constitute the supersym-
metric partners of the conserved current in the adjoint representation of SO(9)×U(1)ũ ×
U(1)v ×U(1)a.

The second deformation we introduce is22

∆W ′′2N =
N−1∑
i=0

bi1 Trg Tr3
(
AiQ3Q3

)
(4.35)

and we label the theory obtained from this deformation as T̂ ′′2
N . Similarly to what hap-

pened in the rank one case of section 3.2.1, due to this deformation U(1)ũ is broken whereas
SU(2)1 × USp(4) gets enhanced to USp(6). Thus, the entire UV global symmetry is now
given by

USp(6)× SU(2)4 ×U(1)v ×U(1)a (4.36)

where once again U(1)v is defined as in (3.4)–(3.5). Note, for example, that Di
1, D

i
2, D

i
3

and bi1, bi2 are organized into the traceless antisymmetric representation of USp(6).
Given the approximate mixing coefficients of U(1)x1 × U(1)x2 × U(1)x3 × U(1)a with

the R-symmetry of the theory for rank N = 2

R1 = R2 = R3 '
14
13 , Ra '

3
11 , (4.37)

we have the superconformal index for N = 2 as follows:

Î ′′2N=2 = 1 + 26 v−2a−
1
2 (pq)

225
572 + v2a−

1
2 (pq)

269
572 + 26 v−2a

1
2 (pq)

303
572 + v6a−

1
2 (pq)

313
572 +

+ v2a
1
2 (pq)

347
572 + v6a

1
2 (pq)

391
572 + a−2(pq)

8
11 + · · ·+ (26−52− 2)pq + · · · . (4.38)

Each number is the character of an F4 representation and, in particular, the term −(52 +
2)pq highlighted in blue reflects the current multiplet, which is in the adjoint representation
of F4 ×U(1)v ×U(1)a.

Again we need to check if the marginal operators in the representation 26 really exist.
We first define the following single trace operators organized into representations of the
manifest symmetry USp(6)× SU(2)4:

Πi = Trg
(
AiQ1,2,3Q4

)
→ (6,2) ,

Σi =
(
Di

1, D
i
2, D

i
3, b

i
1, b

i
2

)
→ (14,1) ,

Mi = Trg
(
AiQ1,2,3Q1,2,3

)
→ (1,1) + (14,1) ,

ξ = Trg
(
AΨA

)
→ (1,1) ,

π = Trg
(
Q4Ψ4

)
→ (1,1) + (1,3) ,

22Using the superconformal R-charge of theory T̂ ′2 N=2 we can check that this deformation has R-charge
R[bi

1 Trg Tr3
(
AiQ3Q3

)
] ' 1.9671 < 2 for i = 0, 1, so it is a relevant deformation.
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σi =
(
ΨDi

1
,ΨDi

2
,ΨDi

3
,Ψbi

1
,Ψbi

2

)
→ (14,1) ,

µ = Trg
(
Q1,2,3Ψ1,2,3

)
→ (1,1) + (14,1) + (21,1) (4.39)

where we have used the same names of the operators as those in the previous SO(9) case.
The operators contributing to order pq are now given by

Trg
(
λ2
)
→ (1,1) ,

M0Π1 → 2× (6,2) + (14′,2) + (64,2) ,
M1Π0 → 2× (6,2) + (14′,2) + (64,2) ,
M0Σ0 → (1,1) + 2× (14,1) + (21,1) + (70,1) + (90,1) ,
M1Σ1 → (1,1) + 2× (14,1) + (21,1) + (70,1) + (90,1)

(4.40)

for bosonic ones and

σ0Π1 → (6,2) + (14′,2) + (64,2) ,
σ1Π0 → (6,2) + (14′,2) + (64,2) ,
σ0Σ0 → (1,1) + (14,1) + (21,1) + (70,1) + (90,1) ,
σ1Σ1 → (1,1) + (14,1) + (21,1) + (70,1) + (90,1) ,

ξ → (1,1) ,
π → (1,1) + (1,3) ,
µ → (1,1) + (14,1) + (21,1)

(4.41)

for fermionic ones. Similarly to the previous case, M0Π1 andM1Π0 are not all independent,
but satisfy 40 relations

(6,2) + (14′,2) . (4.42)

In appendix C we check this looking at the plethystic logarithm of the superconformal
index.

Comparing (4.40) and (4.41), we find that there are exactly 26 bosonic operators in
the representation (6,2) + (14,1) that cannot be paired up with any of the fermionic
operators in (4.41). Therefore, the theory has the marginal operators in the representation
(6,2) + (14,1), which is 26 of F4. Moreover, the remaining fermionic operators constitute
the supersymmetric partners of the conserved current in the adjoint representation of F4×
U(1)v ×U(1)a.

4.3 SO(8)×U(1)4 models and SO(8)→ SO(9)→ SO(8) deformations

The last two examples are the models exhibiting the SO(8) × U(1)4 global symmetry. As
we discussed in section 2.3, in order to obtain this model we need to flip, for example, the
operators in (2,2,1,1)0,2,2 +(1,2,2,1)−1,−1,2 +(2,1,2,1)1,−1,2 +(1,1,1,1)2,2,2, which are
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representations of SU(2)4×U(1)t×U(1)u×U(1)t ⊂ SU(8). The corresponding operators are

Trg
(
AiQ1Q2

)
,

Trg
(
AiQ2Q3

)
,

Trg
(
AiQ1Q3

)
,

Trg Tr1
(
AiQ1Q1

)
(4.43)

for i = 0, . . . , N − 1 respectively. In addition, we need to flip

Trg Tr4
(
AiQ4Q4

)
, i = 0, . . . , N − 1 ,

Trg
(
Ai
)
, i = 2, . . . , N (4.44)

because those with low i violate the unitarity bound. Thus, we introduce the following
flipping fields:

Di
1 , Di

2 , Di
3 , bi1 , bi4 , i = 0, . . . N − 1 ,

ai , i = 2, . . . , N (4.45)

with the superpotential given in (4.1)–(4.2)–(4.3). We denote this theory by T̂ N1 .
Once those flipping fields are taken into account, the UV symmetry is broken to

SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4 ×U(1)t ×U(1)u ×U(1)v ×U(1)a , (4.46)

which is supposed to be enhanced in the IR to

SO(8)×U(1)t ×U(1)u ×U(1)v ×U(1)a , (4.47)

where U(1)t,u,v are again defined as in (3.4)–(3.5).
This enhancement of the global symmetry can be checked using the superconformal

index for low values of the rank of the gauge group. For instance, for N = 2 we find the
following approximate values of the mixing coefficients from a-maximization:

R1 '
10
9 , R2 = R3 '

22
11 , Ra '

3
11 . (4.48)

The superconformal index of the theory computed with these R-charges then reads23

ÎN=2
1 = 1 + v−2u−2t−2a−

1
2 (pq)

149
396 +

(
8vv−2u−2a−

1
2 + 8sv−2u t−1a−

1
2 (pq)

1087
2772

)
+

+ 8cv−2u t a−
1
2 (pq)

377
924 +

(
v2u−4a−

1
2 + v2u2t−2a−

1
2
)

(pq)
421
924 + v−2u−2t−2a

1
2 (pq)

203
396 +

+
(
8vv−2u−2a

1
2 + 8sv−2u t−1a

1
2
)

(pq)
1465
2772 + v6a−

1
2 (pq)

1483
2772 + 8cv−2u t a

1
2 (pq)

503
924 +

+
(
v2u−4a

1
2 + v2u2t−2a

1
2
)

(pq)
547
924 + v6a

1
2 (pq)

1861
2772 + a−2(pq)

8
11 +

+ · · ·+ (8cu−3t+ 8cu3t−1−28− 4)pq+ · · · .
(4.49)

23Since none of the U(1) symmetries participates in the enhancement it is equivalent to parametrize them
with U(1)x1,x2,x3,a or U(1)t,u,v,a when computing the index. We decide to use the latter parametrization.
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Each number is the character of an SO(8) representation and, in particular, the term
−(28 + 4)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(8)×U(1)t ×U(1)u ×U(1)v ×U(1)a.

Analogously to the SU(2) case, one can deform the theory by introducing extra super-
potential terms of the form bi1 Trg Trl(AiQlQl). The first term we introduce is24

∆W ′1
N =

N−1∑
i=0

bi1 Trg Tr2
(
AiQ2Q2

)
(4.50)

and we label the theory obtained from this deformation as T̂ ′1N . Similarly to what happened
in the rank one case of section 3.2.2, this deformation breaks U(1)t and makes SU(2)1 ×
SU(2)2 recombine into USp(4). Therefore, the manifest symmetry is now given by

USp(4)× SU(2)3 × SU(2)4 ×U(1)u ×U(1)v ×U(1)a (4.51)

where as usual U(1)u,v are defined in (3.4)–(3.5). Note, for example, that Di
1 and bi1

construct the traceless antisymmetric representation of USp(4).
Given the approximate mixing coefficients of U(1)x1 × U(1)x2 × U(1)x3 × U(1)a with

the R-symmetry of the theory for rank N = 2

R1 = R2 '
13
12 , R3 '

23
22 , Ra '

3
11 , (4.52)

the superconformal index for N = 2 is given by25

Î ′1N=2 = 1 + 9 v−2u−2a−
1
2 (pq)

103
264 + 16 v−2u a−

1
2 (pq)

221
528 + v2u−4a−

1
2 (pq)

5
11 + v2u2a−

1
2 (pq)

125
264 +

+ 9 v−2u−2a
1
2 (pq)

139
264 + 16 v−2u a

1
2 (pq)

283
528 + v6a−

1
2 (pq)

71
132 + v2u−4a

1
2 (pq)

13
22 +

+ v2u2a
1
2 (pq)

161
264 + v6a

1
2 (pq)

89
132 + a−2(pq)

8
11 + · · ·+ (9−36− 3)pq+ · · · .

(4.53)

Each number is the character of an SO(9) representation and, in particular, the term
−(36 + 3)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(9) × U(1)u × U(1)v × U(1)a. Note that there exist the marginal
operators in the representation 9, which can be explicitly constructed in a similar way to
the SO(9)×U(1)3 model in the previous subsection.

The second deformation we introduce is26

∆W ′′1
N =

N−1∑
i=0

bi1 Trg Tr3
(
AiQ3Q3

)
, (4.54)

24Using the superconformal R-charge of theory T̂ N=2
1 we can check that this deformation has R-charge

R[bi
1 Trg Tr2

(
AiQ2Q2

)
] ' 1.93212 < 2 for i = 0, 1, so it is a relevant deformation.

25We choose to parametrize the U(1) symmetries, which don’t participate in the enhancement,
with U(1)u,v,a.

26Using the superconformal R-charge of theory T̂ ′1 N=2 we can check that this deformation has R-charge
R[bi

1 Trg Tr3
(
AiQ3Q3

)
] ' 1.96449 < 2 for i = 0, 1, so it is a relevant deformation.
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and we label the theory obtained from this deformation as T̂ ′′1
N . Similarly to what hap-

pened in the rank one case of section 3.2.2, this deformation breaks U(1)u as well as USp(4)
into SU(2)1 × SU(2)2. Hence, the entire UV global symmetry is now given by

SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4 ×U(1)v ×U(1)a (4.55)

where as usual U(1)v is defined in (3.4)–(3.5).
Given the approximate mixing coefficients of U(1)1 ×U(1)2 ×U(1)3 ×U(1)a with the

R-symmetry of the theory of rank N = 2

R1 = R2 = R3 '
15
14 , Ra '

3
11 , (4.56)

we have the superconformal index for N = 2 as follows:

Î ′′1N=2 = 1 + (8v + 8s + 8c + 1)v−2a−
1
2 (pq)

61
154 + 2v2a−

1
2 (pq)

36
77 + (8v + 8s + 8c+

+ 1)v−2a
1
2 (pq)

41
77 + v6a−

1
2 (pq)

83
154 + 2v2a

1
2 (pq)

93
154 + v6a

1
2 (pq)

52
77 + a−2(pq)

8
11 +

+ · · ·+ [2(8v + 8s + 8c + 1)−28− 2]pq + · · · . (4.57)

Each number is the character of an SO(8) representation and, in particular, the term
−(28 + 2)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(8)×U(1)v ×U(1)a.

One has to check if the marginal operators in two copies of the representations 8s +
8v + 8c + 2 exist. Although only SU(2)4×U(1)2 is manifest in this model, we will see that
the operators are organized in a very similar way to the F4 ×U(1)2 model in the previous
section, whose manifest symmetry was USp(6) × SU(2) × U(1)2. Thus, here we also use
a similar notation for the single trace operators, which are now in the representations of
SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4:

Πi = Trg
(
AiQ1,2,3Q4

)
→ (2,1,1,2) + (1,2,1,2) + (1,1,2,2) ,

Σi =
(
bi1, D

i
1, D

i
2, D

i
3

)
→ (1,1,1,1) + (2,2,1,1) + (1,2,2,1) + (2,1,2,1) ,

Mi = Trg
(
AiQ1,2,3Q1,2,3

)
→ 3× (1,1,1,1) + (2,2,1,1) + (1,2,2,1) + (2,1,2,1) ,

ξ = Trg
(
AΨA

)
→ (1,1,1,1) ,

π = Trg
(
Q4Ψ4

)
→ (1,1,1,1) + (1,1,1,3) ,

σi =
(
Ψbi

1
,ΨDi

1
,ΨDi

2
,ΨDi

3

)
→ (1,1,1,1) + (2,2,1,1) + (1,2,2,1) + (2,1,2,1) ,

µ = Trg
(
Q1,2,3Ψ1,2,3

)
→ 3× (1,1,1,1) + 2× (2,2,1,1) + 2× (1,2,2,1) + 2× (2,1,2,1)

+ (3,1,1,1) + (1,3,1,1) + (1,1,3,1) .
(4.58)

The operators contributing to order pq are now given by

Trg
(
λ2
)
→ (1,1,1,1) ,

M0Π1 → 5× (2,1,1,2) + 5× (1,2,1,2) + 5× (1,1,2,2)
+ (3,2,1,2) + (3,1,2,2) + (2,3,1,2) + (1,3,2,2) + (2,1,3,2) + (1,2,3,2)
+ 3× (2,2,2,2) ,
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M1Π0 → 5× (2,1,1,2) + 5× (1,2,1,2) + 5× (1,1,2,2)
+ (3,2,1,2) + (3,1,2,2) + (2,3,1,2) + (1,3,2,2) + (2,1,3,2) + (1,2,3,2)
+ 3× (2,2,2,2) ,

M0Σ0 → 6× (1,1,1,1) + 6× (2,2,1,1) + 6× (1,2,2,1) + 6× (2,1,2,1)
+ 2× (3,1,1,1) + 2× (1,3,1,1) + 2× (1,1,3,1)
+ (3,3,1,1) + (1,3,3,1) + (3,1,3,1)
+ 2× (3,2,2,1) + 2× (2,3,2,1) + 2× (2,2,3,1) ,

M1Σ1 → 6× (1,1,1,1) + 6× (2,2,1,1) + 6× (1,2,2,1) + 6× (2,1,2,1)
+ 2× (3,1,1,1) + 2× (1,3,1,1) + 2× (1,1,3,1)
+ (3,3,1,1) + (1,3,3,1) + (3,1,3,1)
+ 2× (3,2,2,1) + 2× (2,3,2,1) + 2× (2,2,3,1)

(4.59)

for bosonic ones and

σ0Π1 → 3× (2,1,1,2) + 3× (1,2,1,2) + 3× (1,1,2,2)
+ (3,2,1,2) + (3,1,2,2) + (2,3,1,2) + (1,3,2,2) + (2,1,3,2) + (1,2,3,2)
+ 3× (2,2,2,2) ,

σ1Π0 → 3× (2,1,1,2) + 3× (1,2,1,2) + 3× (1,1,2,2)
+ (3,2,1,2) + (3,1,2,2) + (2,3,1,2) + (1,3,2,2) + (2,1,3,2) + (1,2,3,2)
+ 3× (2,2,2,2) ,

σ0Σ0 → 4× (1,1,1,1) + 4× (2,2,1,1) + 4× (1,2,2,1) + 4× (2,1,2,1)
+ 2× (3,1,1,1) + 2× (1,3,1,1) + 2× (1,1,3,1)
+ (3,3,1,1) + (1,3,3,1) + (3,1,3,1)
+ 2× (3,2,2,1) + 2× (2,3,2,1) + 2× (2,2,3,1) ,

σ1Σ1 → 4× (1,1,1,1) + 4× (2,2,1,1) + 4× (1,2,2,1) + 4× (2,1,2,1)
+ 2× (3,1,1,1) + 2× (1,3,1,1) + 2× (1,1,3,1)
+ (3,3,1,1) + (1,3,3,1) + (3,1,3,1)
+ 2× (3,2,2,1) + 2× (2,3,2,1) + 2× (2,2,3,1) ,

ξ → (1,1,1,1) ,
π → (1,1,1,1) + (1,1,1,3) ,
µ → 3× (1,1,1,1) + 2× (2,2,1,1) + 2× (1,2,2,1) + 2× (2,1,2,1)

+ (3,1,1,1) + (1,3,1,1) + (1,1,3,1)
(4.60)

for fermionic ones. M0Π1 and M1Π0 are not all independent but satisfy 40 relations

2× (2,1,1,2) + 2× (1,2,1,2) + 2× (1,1,2,2) + (2,2,2,2) . (4.61)
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In appendix C we check this looking at the plethystic logarithm of the superconformal
index.

Comparing (4.59) and (4.60), we find that there are exactly 24 bosonic operators in
the representation 2× (2,2,1,1) + 2× (1,2,2,1) + 2× (2,1,2,1) + 2× (2,1,1,2) + 2×
(1,2,1,2) + 2 × (1,1,2,2) that cannot be paired up with any of the fermionic operators
in (4.60). Moreover, there are 13 bosonic (1,1,1,1) and 13 fermionic (1,1,1,1), among
which we expect at least two pairs of bosons and fermions do not combine and remain short.
This is because we already have two U(1) symmetries in the UV which do not belong to
the enhanced SO(8) symmetry in the IR. Thus, we expect at least two U(1) symmetries
in the IR, which requires two fermionic (1,1,1,1) to remain as short multiplets. Hence,
there are 26 marginal operators in the representation 2× (1,1,1,1) + 2× (2,2,1,1) + 2×
(1,2,2,1) + 2× (2,1,2,1) + 2× (2,1,1,2) + 2× (1,2,1,2) + 2× (1,1,2,2), which is twice
8s+8v+8c+1 of SO(8). The remaining fermionic operators constitute the supersymmetric
partners of the conserved current in the adjoint representation of SO(8)×U(1)v ×U(1)a.

We conclude considering the other model exhibiting the SO(8)×U(1)4 IR global sym-
metry. Indeed, similarly to what happens in the rank one case of section 3.1.1, the operators
Trg Tr1

(
AiQ1Q1

)
in the representation (1, 1, 1, 1)2,2,2 of SU(2)4 ×U(1)t ×U(1)u ×U(1)t ⊂

SU(8) are spectators from the point of view of the SO(8) enhancement. Hence, we expect
that theory T̂ N0 including the same singlets (4.45) that define theory T̂ N1 except the bi1
fields will have the same enhancement. More precisely, the manifest UV symmetry

SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4 ×U(1)t ×U(1)u ×U(1)v ×U(1)a , (4.62)

is supposed to be enhanced in the IR to

SO(8)×U(1)t ×U(1)u ×U(1)v ×U(1)a , (4.63)

where U(1)t,u,v are again defined as in (3.4)–(3.5).
This enhancement of the global symmetry can be checked using the superconformal

index for low values of the rank of the gauge group. For instance, for N = 2 we find the
following approximate values of the mixing coefficients from a-maximization:

R1 = R2 = R3 '
17
16 , Ra '

2
7 . (4.64)

The superconformal index of the theory computed with these R-charges then reads27

ÎN=2
0 = 1 +

(
8vv−2u−2a−

1
2 + 8sv−2u t−1a−

1
2 + 8cv−2u t a−

1
2
)

(pq)
89

224 +
(
v2u−4a−

1
2 +

+v2u2t−2a−
1
2 + v2u2t2a−

1
2
)

(pq)
103
224 +

(
8vv−2u−2a

1
2 + 8sv−2u t−1a

1
2 +

+8cv−2u t a
1
2
)

(pq)
121
224 +

(
v2u−4a

1
2 + v2u2t−2a

1
2 + v2u2t2a

1
2
)

(pq)
135
224 +

+ · · ·+ [8v(2u−6 + t2 + t−2) + 8s(2u3t−3 + u3t+ u−3t−1)+

+ 8c(2u3t3 + u−3t+ u3t−1)−28− 4]pq + · · · . (4.65)
27Since none of the U(1) symmetries participates in the enhancement it is equivalent to parametrize them

with U(1)x1,x2,x3,a or U(1)t,u,v,a when computing the index. We decide to use the latter parametrization.
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Each number is the character of an SO(8) representation and, in particular, the term
−(28 + 4)pq highlighted in blue reflects the current multiplet, which is in the adjoint
representation of SO(8)×U(1)t ×U(1)u ×U(1)v ×U(1)a.
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A Dualities for USp(2N) with one antisymmetric and 8 fundamental
chirals

In this appendix we briefly review the dualities enjoyed by the USp(2N) gauge theory
with antisymmetric and 8 fundamental chirals, focusing in particular on their action on
the global symmetries.

We consider the theory without the addition of any flipping fields and we denote by
A the antisymmetric chiral and by Qa the fundamental chirals, where a = 1, . . . , 8. In this
case there is no superpotential

W = 0 . (A.1)

The non-anomalous global symmetry of the theory is SU(8)v×U(1)x and the way the matter
fields transform under them can be summarized with the following vector of fugacities:

~u = {u1, u2, u3, u4, u5, u6, u7, u8;x} =

=
{

(pq)
1
4x−

N−1
4 v1, (pq)

1
4x−

N−1
4 v2, (pq)

1
4x−

N−1
4 v3, (pq)

1
4x−

N−1
4 v4,

(pq)
1
4x−

N−1
4 v5, (pq)

1
4x−

N−1
4 v6, (pq)

1
4x−

N−1
4 v7, (pq)

1
4x−

N−1
4 v8;x

}
, (A.2)

where the first 8 entries correspond to the 8 fundamental chirals, while the last entry
corresponds to the antisymmetric chiral. In this expression, the power of pq denotes the
half of the R-charge under a possible choice of trial non-anomalous R-symmetry, the power
of x denotes the charge under U(1)x and the powers of each va denote the charges under the
Cartan ∏7

a=1 U(1)va ⊂ SU(8)v, where v8 can be determined solving the following constraint
coming from requiring that the R-symmetry is not anomalous:

8∏
a=1

va = 1 ⇔
8∏

a=1
ua = (pq)2x2−2N . (A.3)
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This theory enjoys three different types of dualities [1], which are generalizations of the
Intriligator-Pouliot [4], Seiberg [2] and Csaki-Schmaltz-Skiba-Terning [3] dualities forN=1.

The generalization of Intriligator-Pouliot duality first appeared in [5]. The dual theory
is still a USp(2N) gauge theory with one antisymmetric chiral Â and 8 fundamental chirals
qa, but in addition we have 28N gauge singlet chiral fields Mab;i with a < b = 1, . . . , 8 and
i = 1, . . . , N interacting with the superpotential

Ŵ =
N∑
i=1

Mab;i Trg
(
Ai−1qaqb

)
. (A.4)

The action of the duality on the global symmetries can be easily expressed in terms of the
fugacities we introduced in (A.2)

ua → u−1
a

8∏
b=1

u
1
4
b = (pq)

1
2x

1
2 (1−N)u−1

a . (A.5)

Accordingly, we have the following operator map:

Trg
(
Ai−1QaQb

)
↔ Mab;N−i

Trg Ai ↔ Trg Âi . (A.6)

The generalization of Seiberg duality breaks the manifest SU(8)v symmetry to the sub-
group SU(4)2×U(1) in the dual frame. Indeed, the dual theory is again a USp(2N) gauge
theory with one antisymmetric Â and 8 fundamental chirals, but now the fundamentals are
naturally divided into two groups of four that we denote by qa and pb with a, b = 1, . . . , 4.
This is because we also have additional 16N gauge singlets Mab;i with a, b = 1, . . . , 4 and
i = 1, . . . , N interacting with the superpotential

Ŵ =
N∑
i=1

Mab;i Trg
(
Ai−1qapb

)
. (A.7)

The action of the duality on the global symmetries can again be expressed in terms of the
fugacities we introduced in (A.2). In order to do so, we have to make a choice on how to
break SU(8)v to the subgroup SU(4)2 ×U(1), which is equivalent to choosing how to split
the 8 chirals Qa of the original theory into two groups of four. The most intuitive option
is to split Q1,2,3,4 from Q5,6,7,8. With this choice, we have

ua → u2
+u
−1
a a = 1, 2, 3, 4

ua → u2
−u
−1
a a = 5, 6, 7, 8

(A.8)

where we defined u4
+ = ∏4

a=1 ua and u4
− = ∏8

a=5 ua. Accordingly, we have the following
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operator map28

Trg
(
Ai−1QaQb+4

)
↔ Mab;N−i

Trg
(
Ai−1QaQb

)
↔ Trg

(
Âi−1qaqb

)
Trg

(
Ai−1Qa+4Qb+4

)
↔ Trg

(
Âi−1papb

)
Trg Ai ↔ Trg Âi . (A.9)

Clearly, this is not the unique choice for splitting 8 chirals into two groups of four. In total
we have 1

2
(8
4
)

= 35 different possibilities that will give rise to inequivalent dual frames.
Finally, the generalization of the Csaki-Schmaltz-Skiba-Terning duality also breaks

the manifest SU(8)v symmetry to the subgroup SU(4)2 × U(1) in the dual frame. Indeed,
the dual theory is once more a USp(2N) gauge theory with one antisymmetric Â and 8
fundamental chirals, where the fundamentals are naturally divided into two groups of four
that we denote by qa and pb with a, b = 1, . . . , 4. This time this is due to the presence
of additional 12N gauge singlets µabi , νabi with a, b = 1, . . . , 4 and i = 1, . . . , N interacting
with the superpotential

Ŵ =
N∑
i=1

µabi Trg
(
Âi−1qaqb

)
+ νabi Trg

(
Âi−1papb

)
. (A.10)

Also in this case in order to express the action of the duality on the global symmetries in
terms of the fugacities of (A.2) we have decide how to split the 8 chirals Qa of the original
frame into two groups of four. Using the most natural decomposition into Q1,2,3,4 and
Q5,6,7,8 we have the transformationua → u−u

−1
+ ua a = 1, 2, 3, 4

ua → u+u
−1
− ua a = 5, 6, 7, 8

(A.11)

where recall that we defined u4
+ = ∏4

a=1 ua and u4
− = ∏8

a=5 ua. Accordingly, we have the
following operator map:

Trg
(
Ai−1QaQb+4

)
↔ Trg

(
Âi−1qapb

)
Trg

(
Ai−1QaQb

)
↔ µab;N−i

Trg
(
Ai−1Qa+4Qb+4

)
↔ νab;N−i

Trg Ai ↔ Trg Âi . (A.12)

Also this duality can be applied in 35 independent ways, corresponding to all the possible
splittings of 8 elements into two groups of four. Hence, the USp(2N) gauge theory with
one antisymmetric chiral and 8 fundamental chirals possesses 72 inequivalent dual frames,
including the original one.

28Here and in the following we use that the two-index antisymmetric representation of SU(4) is real to
freely lower its indices. For example explicitly

Trg

(
Âi−1qaqb

)
= εabcd Trg

(
Âi−1qcqd

)
.
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2 4

22

q

A OH

b

D(1)

V D(2)

Figure 5. Quiver diagram for the FE[USp(4)] theory. The arc on the SU(2) gauge node represents
the field A in the antisymmetric representation of the gauge symmetry, i.e. a gauge singlet, while the
arc on the USp(4) flavor node represents the field OH in the traceless antisymmetric representation
of the flavor symmetry.

B SO(10)×U(1)2 enhancement of FE[USp(4)] and chiral ring stability

In this appendix we revisit the FE[USp(4)] theory part of the family of FE[USp(2N)]
theories discussed in [14].29 The FE[USp(2N)] theories where shown to enjoy USp(2N)×
USp(2N)×U(1)2 global symmetry with one of the USp(2N) factor emerging in the IR from
SU(2)n. As we will see, for n = 2 we have a further enhancement with USp(4) × USp(4)
recombining into SO(10).

FE[USp(4)] is an N = 1 SU(2) gauge theory with 8 fundamental chiral fields and 15
gauge singlets, so it belongs to the class of theories studied in the main text. Following
similar conventions to [30], we split the fundamental chirals in three groups that we denote
by D(1)

α , Vα and qa and the gauge singlets in other four groups that we denote by b, D(2)
αa ,

A and OH,[ab], with α = 1, 2 and a = 1, · · · , 4 and with OH such that Tr4 OH = 0. The
superpotential is

W = ATrg Trx (q q) + Trg Trx (OH q q) + Trg Trx Try2

(
V q D(2)

)
+ bTrg Try1

(
D(1)D(1)

)
,

(B.1)

where Trx and Tryi are the traces over the USp(4)x and SU(2)yi flavor indices respectively.
The matter content is summarized in the quiver diagram of figure 5.

The non-anomalous manifest global symmetry is

USp(4)x ×
2∏

n=1
SU(2)yi ×U(1)c ×U(1)t . (B.2)

In [14] it was argued that the symmetries ∏2
n=1 SU(2)yi of the saw are enhanced to a second

USp(4)y symmetry in the IR.
29See also [26, 29] for discussions of the more general FE[USp(2N)] theory and applications in models

with global symmetry enhancements.
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USp(4)x SU(2)y1 SU(2)y2 U(1)c U(1)t U(1)R0

q 4 • • 0 1
2 0

V • • 2 −1 −1
2 2

D(1) • 2 • 1 −1
2 0

D(2) 4 • 2 1 0 0
b • • • −2 1 2
A • • • 0 −1 2

OH 5 • • 0 −1 2

Table 3. Transformation rules under the global symmetries and the trial R-symmetry U(1)R0 of
all the chiral fields of the theory.

In order to detect the enhancement we can compute the superconformal index of
FE[USp(4)]. This can be done using the assignment of charges for the chiral fields sum-
marized in table 3. With this parametrization, we get from a-maximization the following
values for the mixing coefficients of U(1)c and U(1)t with U(1)R0 :

Rc ' 0.912487, Rt ' 1.12931 (B.3)

In computing the index we approximate these mixing coefficients with Rc ' 91
100 and Rt '

113
100 . In the result we immediately recognize characters of SO(10) at each order

I = 1 + 16 c(pq)
91

200 + 10 t−1(pq)
87

200 + t c−2(pq)
131
200 − 47pq + t−1c−2(pq)

21
20 + · · · (B.4)

We can also see at order pq the contribution of SO(10) conserved current. Indeed we find
−45− 2, which is the character of the adjoint representation of SO(10)×U(1)c ×U(1)t.

This enhancement of the global symmetry is quite peculiar, as USp(4)2 is a maximal
subgroup of SO(10) but its rank is lower than the one of SO(10). This curious behaviour
can be explained as follows. It is useful to work in a basis of fields that makes manifest the
SU(2)2 subgroup of USp(4), similarly to what we did in section 3. Specifically, we split the
four fundamental chirals q into two groups of two that we denote by Q1 and Q2. In these
new conventions, the first two terms in the superpotential (B.1) read

W ⊃ A(Q2
1 −Q2

2) + OH,12Q
2
1 + OH,13(Q1Q2)22 + OH,14(Q1Q2)21 +

+OH,23(Q1Q2)12 + OH,24(Q1Q2)11 (B.5)

where we wrote explicitly all the traces Trx, Try1 , Try2 over the USp(4), SU(2)y1 , SU(2)y2

flavor indices and we are omitting Trg for the contraction of color indices. From this
expression, it is clear that this superpotential violates the chiral ring stability criterion [27].
Suppose that we deform the theory by removing the first term AQ2

1. The equation of
motion of the field OH,12 set the operator Q2

1 to zero, meaning that the operator AQ2
1 that

we removed vanishes in the chiral ring of the deformed theory. Hence, this term is unstable
in the superpotential (B.5) and should be dropped. Notice that this operation doesn’t
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really modify the theory, since it can be realized with a trivial linear field redefinition

OH,12 → OH,12 −A . (B.6)

It is easy to check that with such a modification we recover nothing but the T2 theory
of section 3.1.2 with the inclusion of the b4 singlet,30 where the fundamentals V , D(1) are
identified with Q3, Q4, the singlet b is identified with b4, the singlets D(2) are identified
with D1, D2 and the singlets OH,13, OH,14, OH,23, OH,24 are identified with D3 up to a linear
transformation, while OH,12 and A are identified with b1 and b2.

Hence, after the stabilization the manifest UV symmetry is actually the SU(4) ×
SU(2)2 ×U(1)3 symmetry of T2, which we know is enhanced in the IR to SO(10)×U(1)2.

Furthermore, it has been discussed that the compactification of FE[USp(2N)] on a
circle and its real mass deformations lead to many interesting 3d theories exhibiting similar
properties of FE[USp(2N)] [14, 31]. This is certainly true for FE[USp(4)]. For example, the
direct reduction of FE[USp(4)] gives rise to the 3d theory with the same matter contents and
a monopole superpotential, which exhibits the same enhancement of the global symmetry
into SO(10)×U(1)2. In addition, one can also take a subsequent real mass deformation, as
explained in [14], such that each USp(2n) factor is broken to U(n). With a certain traceless
condition imposed, the resulting theory is FM[SU(2)] proposed in [31]. While the manifest
UV symmetry of FM[SU(2)] is SU(2) × U(1)3, we have checked that its superconformal
index exhibits the characters of SO(6) × U(1)2. Thus, we expect FM[SU(2)] enjoys the
symmetry enhancement:

SU(2)×U(1)3 −→ SO(6)×U(1)2 . (B.7)

Moreover, this SO(6) enhancement is closely related to an example discussed in [32]. In-
deed, as explained in [31], one can further deform FM[SU(2)] to obtain the theory called
FT[SU(2)] [33], which has one less U(1). FT[SU(2)] is basically the same theory as the
model in [32] exhibiting SO(6) but with an unstable superpotential. After the stabilization
of the superpotential as above, we obtain a U(1) gauge theory with two flavors (Qα, Q̃β),
four gauge singlets ηαβ for α, β = 1, 2 and the superpotential

W =
2∑

α,β=1
ηαβQαQ̃β , (B.8)

which is exactly the model in [32] showing the enhancement of the global symmetry:

SU(2)2 ×U(1)2 −→ SO(6)×U(1) . (B.9)

C The plethystic logarithm and the representations of the relations

In section 4, we have seen that higher rank theories mostly have marginal operators satis-
fying some relations. The correct identification of such relations is important to argue the

30Remember from the discussion in section 3.1.2 that this field is a spectator from the point of view of
the SO(10) enhancement.
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existence of the independent marginal operators. In this appendix, we explain how to read
the relations of the marginal operators by examining the superconformal index.

We introduce the plethystic logarithm [34]

PL[g(t)] =
∞∑
k=1

µ(k)
k

log(g(tk)) , (C.1)

which is the inverse function of the plethystic exponential

PE[f(t)] = exp
[ ∞∑
k=1

1
k
f(tk)

]
. (C.2)

The coefficient µ(k) is the Möbius function defined by

µ(k) =


0 , k has repeated prime factors,
1 , k = 1,
(−1)n , k is a product of n distinct primes.

(C.3)

If we take the plethystic log of the superconformal index, it will give the generating function
of the single trace operators, either bosonic and fermionic, as well as the relations among
them, which reflect the interaction of the theory. For example, N free chiral multiplets
have the PL index

PL[Ifree] =
∑N
i=1

(
ai(pq)

1
3 − a−1

i (pq) 2
3
)

(1− p)(1− q) (C.4)

where ai is the fugacity for each U(1) rotating each chiral multiplet. There will be extra
terms if the theory is interacting. In addition, the power of pq will be varied by the shift
ai → ai(pq)εi where εi is determined by the interaction.

In fact, one should remember that there are not only the relations of bosonic and
fermionic operators but also those of relations themselves. Here, however, we focus on the
relations of bosonic operators, which then give negative contributions to the PL index. One
should note that such relations of bosonic operators appear in the PL index in two different
ways: one is realized by the negative contribution of a fermionic single trace operator while
the other is the negative contribution corresponding to the absence of a bosonic operator
in the original index. For example, let us consider an F-term condition coming from a
superpotential

W = SO (C.5)

where S is a gauge singlet and O is some gauge invariant bosonic operator. The F-term
condition demands that

O = 0 . (C.6)

This relation for the bosonic operator is realized in the index as the contribution of the
fermionic operator ΨS , which cancels the contribution of O such that it vanishes in the
index.
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On the other hand, the other type of relation does not come up with a fermionic
operator. In order to understand this, let us consider the example of the SU(2) gauge
theory with 8 fundamental chirals and no superpotential that we reviewed in section 2.
Recall that in this theory the chiral ring generators are the mesons m0,ij = Trg (QiQj)
which transform in the antisymmetric representation of the SU(8) flavor symmetry. Out
of them we can construct the marginal operators

m0,ijm0,kl (C.7)

which we explained are subject to the relation

m0,[ijm0,kl] = 0 . (C.8)

This is the kind of relation that is not realized by fermionic operators. Instead, the corre-
sponding operators are absent in the superconformal index in the first place. Computing
the PL of the unrefined superconformal index (2.5) of this theory we find

PL [I] = 28(pq)
1
2 (1 + p+ q)− 133pq + · · · . (C.9)

The term 28(pq) 1
2 represents the chiral ring generators m0,ij , while the term −133pq cor-

responds to the sum of 70 relations m0,[ijm0,kl] = 0 and of the fermionic superpartners of
the conserved current in the adjoint representation of SU(8).

In order to distinguish the two types of relations, we can introduce a fictitious fugacity
Fi in the numerator of the 1-loop determinant of each matter multiplet. Then the con-
tributions involving any matter fermion will come up with extra factor ∏i F

ni
i with some

power ni. Such contributions can be either the independent fermionic operators or the
fermionic operators corresponding to relations. On the other hand, we said that there are
also the relations that are not realized by fermionic operators. The contributions of those
relations do not include any factor of Fi.

If we go back to our example of the SU(2) gauge theory with 8 fundamental chirals
and turn on the same fictitious fugacity F for all the fermions contained in the chirals, we
obtain the following PL of the index

PL [I] = 28(pq)
1
2 (1 + p+ q)− (69 + 64F )pq + · · · , (C.10)

which reduces to (C.9) in the limit F → 1. The order pq of this result should be actually
understood as

− (69 + 64F )pq = (1− 70− 64F )pq . (C.11)

The positive term correspons indeed to the contribution of Trg
(
λ2), which recombines with

one of the 64 fermionic operators into a long multiplet in the true index that we get in the
limit F → 1. The remaining 63 fermionic operators correspond to the superparteners of
the SU(8) flavor current, while the 70 relations do not carry any power of F , meaning that
they do not come from fermionic operators as we anticipated before.

Now let us apply this strategy to some of the models we considered in section 4. Con-
sider for example the rank-2 T̂ ′2N=2 model in section 4.2. This has the manifest symmetry

SU(2)1 ×USp(4)× SU(2)4 ×U(1)3 , (C.12)
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which is enhanced to

SO(9)×U(1)3 (C.13)

in the IR. In order to prove the symmetry enhancement to SO(9)×U(1)3, it was important
to argue the existence of the marginal operators in the representation 9 of SO(9). Those
independent marginal operators can be found by constructing the candidate marginal op-
erators and their relations, which are either realized by fermionic operators or not. In
particular, we have claimed in (4.32) that the relations not realized by fermionic operators
are in the representation

(2,1,2) + (2,5,2) (C.14)

of SU(2)1 × USp(4) × SU(2)4. Here we explain how to read this representation of the
relations from the PL index.

Turning on a fugacity Fi = F for each matter fermion, the plethystic log of the super-
conformal index is given by

(1− p)(1− q) PL
[
Î ′2N=2

]
= (1−F ) a2(pq)3/11 + (1−F ) v−6a−1/2(pq)52/165 +u−8v−2a−1/2(pq)21/55

+ 16u−2v−2a−1/2(pq)103/264 + 9u4v−2a−1/2(pq)263/660 + (1−F ) v−6a1/2(pq)149/330

+ (6− 5F )u−4v2a−1/2(pq)307/660 + (8− 8F )u2v2a−1/2(pq)125/264 + (1−F )u8v2a−1/2(pq)53/110

+ (26− 26F ) (pq)1/2 +u−8v−2a1/2(pq)57/110 + 16u−2v−2a1/2(pq)139/264 + 9u4v−2a1/2(pq)353/660

+ v6a−1/2(pq)181/330 + (6− 5F )u−4v2a1/2(pq)397/660 + (8− 8F )u2v2a1/2(pq)161/264

+ (1−F )u8v2a1/2(pq)34/55 + v6a1/2(pq)113/165 + a−2(pq)8/11 + (−6− 4F )u−4v−4(pq)11/12

+ (−8− 8F )u2v−4(pq)37/40−u8v−4(pq)14/15 + (−8− 8F )u−6(pq)119/120 + (−23− 25F ) pq
+O((pq)69/11) ,

(C.15)

where we have turned off the fugacities for SU(2)1 × USp(4) × SU(2)4 for simplicity. If
they are turned on, all the numeric coefficients are written as the characters of SU(2)1 ×
USp(4) × SU(2)4, which are enhanced to those of SO(9) in the F → 1 limit. For the
first several terms, one can read bosonic single trace operators as well as their relations,
especially the F-term conditions, realized by fermionic operators. For example, the first
term (1− F ) a2r18/11 indicates the operator

Trg
(
A2
)

(C.16)

and its F-term relation

Trg
(
A2
)

= 0 (C.17)

due to the superpotential term a2 Trg
(
A2).
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The term of our interest here is −(23 + 25F ) pq. As we mentioned, the refined version
of this term is written in terms of the characters of SU(2)1 ×USp(4)× SU(2)4:(
χ(1,1,1) − χ(2,1,2) − χ(2,5,2) − F

(
4χ(1,1,1) + χ(3,1,1) + χ(1,1,3) + χ(1,5,1) + χ(1,10,1)

))
pq ,

(C.18)

which indicates that there is a single trace marginal operator, 24 relations of marginal op-
erators that are not realized by fermionic operators and 25 fermionic single trace operators
which are either relations or independent fermionic operators. Note that those independent
fermionic operators belong to the current multiplet.

Indeed, the single trace marginal operator is Trg
(
λ2) in (4.31) and 24 relations are

those satisfied by M0Π1, M1Π0, L0P1 and L1P0 shown in (4.32). On the other hand, 25
fermionic single trace operators correspond to ξ, π, ρ and µ in (4.33). A flavor singlet part
(1, 1, 1) among ξ, π, ρ, µ gives rise to the relation

Trg
(
λ2
)

= 0 , (C.19)

whereas the traceless antisymmetric part of µ gives the relation in the representation

(1,5,1) (C.20)

for a combination of TrUSp(4) (M0) Σ0 and TrUSp(4) (M1) Σ1. The others then give the
independent fermionic operators belonging to the conserved current multiplet; together
with a combination of σ0Π1, σ1Π0, τ0P0 and τ1P1 in (2,5,2), those remaining operators of
ξ, π, ρ and µ give 39 fermionic operators in the representation 36 + 3× 1 of SO(9), which
are the supersymmetric partners of the conserved currents of SO(9)×U(1)3.

In similar ways, one can also obtain the PL indices of T̂ ′′2
N=2, T̂ ′1N=2 and T̂ ′′1

N=2 in
the presence of a fictitious fugacity F .

• theory T̂ ′′2
N=2

(1− p)(1− q) PL
[
Î ′′2N=2

]
=

= · · ·+
(
χ(1,1)−χ(6,2)−χ(14′,2) +F

(
3χ(1,1) +χ(1,3) +χ(14,1) +χ(21,1)

))
pq+ . . . ,

(C.21)

where χ(m,n) is the character of the USp(6)×SU(2)4 representation (m,n). One can
find the relation (4.42) in the representation

(6,2) + (14′,1) (C.22)

for the redundant marginal operators M0Π1 and M1Π0. In addition, there are 41
fermionic single trace operators corresponding to ξ, π and µ in (4.41).

• theory T̂ ′1N=2

(1− p)(1− q) PL
[
Î ′1N=2

]
=

= · · ·+
(
χ(1,1,1) − χ(1,2,2) − χ(5,2,2)

−F
(
4χ(1,1,1) + χ(1,3,1) + χ(1,1,3) + χ(5,1,1) + χ(10,1,1)

))
pq + . . . , (C.23)
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where χ(l,m,n) is the character of the USp(4)×SU(2)3×SU(2)4 representation (l,m,n).
One can find the relation in the representation

(1,2,2) + (5,2,2) (C.24)

for the redundant marginal operatorsM0Π1, M1Π0, L0P1 and L1P0 and the fermionic
single trace operators ξ, π, ρ and µ in the representation

4× (1,1,1) + (1,3,1) + (1,1,3) + (5,1,1) + (10,1,1) . (C.25)

• theory T̂ ′′1
N=2

(1− p)(1− q) PL
[
Î ′′1N=2

]
=

= · · ·+
(
χ(1,1,1,1) − 2χ(2,1,1,2) − 2χ(1,2,1,2) − 2χ(1,1,2,2) − χ(2,2,2,2)

−F
(
5χ(1,1,1,1) + 2χ(2,2,1,1) + 2χ(1,2,2,1) + 2χ(2,1,2,1)

+χ(3,1,1,1) + χ(1,3,1,1) + χ(1,1,3,1) + χ(1,1,1,3)
))
pq + . . . , (C.26)

where χ(k,l,m,n) is the character of the SU(2)1 × SU(2)2 × SU(2)3 × SU(2)4 represen-
tation (k, l,m,n). One can find the relation (4.61) in the representation

2× (2,1,1,2) + 2× (1,2,1,2) + 2× (1,1,2,2) + (2,2,2,2) (C.27)

for the redundant marginal operators M0Π1 and M1Π0. There are also 41 fermionic
single trace operators corresponding to ξ, π and µ in (4.60).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] V.P. Spiridonov and G.S. Vartanov, Superconformal indices for N = 1 theories with multiple
duals, Nucl. Phys. B 824 (2010) 192 [arXiv:0811.1909] [INSPIRE].

[2] N. Seiberg, Electric-magnetic duality in supersymmetric nonAbelian gauge theories, Nucl.
Phys. B 435 (1995) 129 [hep-th/9411149] [INSPIRE].

[3] C. Csáki, M. Schmaltz, W. Skiba and J. Terning, Selfdual N = 1 SUSY gauge theories, Phys.
Rev. D 56 (1997) 1228 [hep-th/9701191] [INSPIRE].

[4] K.A. Intriligator and P. Pouliot, Exact superpotentials, quantum vacua and duality in
supersymmetric SP (Nc) gauge theories, Phys. Lett. B 353 (1995) 471 [hep-th/9505006]
[INSPIRE].

[5] C. Csáki, W. Skiba and M. Schmaltz, Exact results and duality for Sp(2N) SUSY gauge
theories with an antisymmetric tensor, Nucl. Phys. B 487 (1997) 128 [hep-th/9607210]
[INSPIRE].

[6] T. Dimofte and D. Gaiotto, An E7 Surprise, JHEP 10 (2012) 129 [arXiv:1209.1404]
[INSPIRE].

– 49 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.nuclphysb.2009.08.022
https://arxiv.org/abs/0811.1909
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0811.1909
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://arxiv.org/abs/hep-th/9411149
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9411149
https://doi.org/10.1103/PhysRevD.56.1228
https://doi.org/10.1103/PhysRevD.56.1228
https://arxiv.org/abs/hep-th/9701191
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9701191
https://doi.org/10.1016/0370-2693(95)00618-U
https://arxiv.org/abs/hep-th/9505006
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9505006
https://doi.org/10.1016/S0550-3213(96)00709-2
https://arxiv.org/abs/hep-th/9607210
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9607210
https://doi.org/10.1007/JHEP10(2012)129
https://arxiv.org/abs/1209.1404
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1209.1404


J
H
E
P
0
5
(
2
0
2
1
)
0
9
4

[7] D. Gaiotto and S.S. Razamat, N = 1 theories of class Sk, JHEP 07 (2015) 073
[arXiv:1503.05159] [INSPIRE].

[8] S.S. Razamat, C. Vafa and G. Zafrir, 4d N = 1 from 6d (1, 0), JHEP 04 (2017) 064
[arXiv:1610.09178] [INSPIRE].

[9] I. Bah, A. Hanany, K. Maruyoshi, S.S. Razamat, Y. Tachikawa and G. Zafrir, 4d N = 1 from
6d N = (1, 0) on a torus with fluxes, JHEP 06 (2017) 022 [arXiv:1702.04740] [INSPIRE].

[10] H.-C. Kim, S.S. Razamat, C. Vafa and G. Zafrir, E-String Theory on Riemann Surfaces,
Fortsch. Phys. 66 (2018) 1700074 [arXiv:1709.02496] [INSPIRE].

[11] H.-C. Kim, S.S. Razamat, C. Vafa and G. Zafrir, D-type Conformal Matter and SU/USp
Quivers, JHEP 06 (2018) 058 [arXiv:1802.00620] [INSPIRE].

[12] S.S. Razamat and G. Zafrir, Compactification of 6d minimal SCFTs on Riemann surfaces,
Phys. Rev. D 98 (2018) 066006 [arXiv:1806.09196] [INSPIRE].

[13] J. Chen, B. Haghighat, S. Liu and M. Sperling, 4d N = 1 from 6d D-type N = (1, 0), JHEP
01 (2020) 152 [arXiv:1907.00536] [INSPIRE].

[14] S. Pasquetti, S.S. Razamat, M. Sacchi and G. Zafrir, Rank Q E-string on a torus with flux,
SciPost Phys. 8 (2020) 014 [arXiv:1908.03278] [INSPIRE].

[15] S.S. Razamat, O. Sela and G. Zafrir, Curious patterns of IR symmetry enhancement, JHEP
10 (2018) 163 [arXiv:1809.00541] [INSPIRE].

[16] O. Sela and G. Zafrir, Symmetry enhancement in 4d Spin(n) gauge theories and
compactification from 6d, JHEP 12 (2019) 052 [arXiv:1910.03629] [INSPIRE].

[17] C. Romelsberger, Counting chiral primaries in N = 1, d = 4 superconformal field theories,
Nucl. Phys. B 747 (2006) 329 [hep-th/0510060] [INSPIRE].

[18] J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An Index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] [INSPIRE].

[19] F.A. Dolan and H. Osborn, Applications of the Superconformal Index for Protected Operators
and q-Hypergeometric Identities to N = 1 Dual Theories, Nucl. Phys. B 818 (2009) 137
[arXiv:0801.4947] [INSPIRE].

[20] S.S. Razamat and G. Zafrir, Exceptionally simple exceptional models, JHEP 11 (2016) 061
[arXiv:1609.02089] [INSPIRE].

[21] C. Beem and A. Gadde, The N = 1 superconformal index for class S fixed points, JHEP 04
(2014) 036 [arXiv:1212.1467] [INSPIRE].

[22] S.S. Razamat, O. Sela and G. Zafrir, Between Symmetry and Duality in Supersymmetric
Quantum Field Theories, Phys. Rev. Lett. 120 (2018) 071604 [arXiv:1711.02789] [INSPIRE].

[23] S.S. Razamat and G. Zafrir, E8 orbits of IR dualities, JHEP 11 (2017) 115
[arXiv:1709.06106] [INSPIRE].

[24] N. Yamatsu, Finite-Dimensional Lie Algebras and Their Representations for Unified Model
Building, arXiv:1511.08771 [INSPIRE].

[25] K.A. Intriligator and B. Wecht, The Exact superconformal R symmetry maximizes a, Nucl.
Phys. B 667 (2003) 183 [hep-th/0304128] [INSPIRE].

[26] C. Hwang, S.S. Razamat, E. Sabag and M. Sacchi, Rank Q E-String on Spheres with Flux,
arXiv:2103.09149 [INSPIRE].

– 50 –

https://doi.org/10.1007/JHEP07(2015)073
https://arxiv.org/abs/1503.05159
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1503.05159
https://doi.org/10.1007/JHEP04(2017)064
https://arxiv.org/abs/1610.09178
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.09178
https://doi.org/10.1007/JHEP06(2017)022
https://arxiv.org/abs/1702.04740
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.04740
https://doi.org/10.1002/prop.201700074
https://arxiv.org/abs/1709.02496
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.02496
https://doi.org/10.1007/JHEP06(2018)058
https://arxiv.org/abs/1802.00620
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.00620
https://doi.org/10.1103/PhysRevD.98.066006
https://arxiv.org/abs/1806.09196
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.09196
https://doi.org/10.1007/JHEP01(2020)152
https://doi.org/10.1007/JHEP01(2020)152
https://arxiv.org/abs/1907.00536
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.00536
https://doi.org/10.21468/SciPostPhys.8.1.014
https://arxiv.org/abs/1908.03278
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.03278
https://doi.org/10.1007/JHEP10(2018)163
https://doi.org/10.1007/JHEP10(2018)163
https://arxiv.org/abs/1809.00541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.00541
https://doi.org/10.1007/JHEP12(2019)052
https://arxiv.org/abs/1910.03629
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.03629
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0510060
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0510251
https://doi.org/10.1016/j.nuclphysb.2009.01.028
https://arxiv.org/abs/0801.4947
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0801.4947
https://doi.org/10.1007/JHEP11(2016)061
https://arxiv.org/abs/1609.02089
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1609.02089
https://doi.org/10.1007/JHEP04(2014)036
https://doi.org/10.1007/JHEP04(2014)036
https://arxiv.org/abs/1212.1467
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.1467
https://doi.org/10.1103/PhysRevLett.120.071604
https://arxiv.org/abs/1711.02789
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.02789
https://doi.org/10.1007/JHEP11(2017)115
https://arxiv.org/abs/1709.06106
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.06106
https://arxiv.org/abs/1511.08771
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.08771
https://doi.org/10.1016/S0550-3213(03)00459-0
https://doi.org/10.1016/S0550-3213(03)00459-0
https://arxiv.org/abs/hep-th/0304128
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0304128
https://arxiv.org/abs/2103.09149
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.09149


J
H
E
P
0
5
(
2
0
2
1
)
0
9
4

[27] S. Benvenuti and S. Giacomelli, Supersymmetric gauge theories with decoupled operators and
chiral ring stability, Phys. Rev. Lett. 119 (2017) 251601 [arXiv:1706.02225] [INSPIRE].

[28] P. Agarwal, K.-H. Lee and J. Song, Classification of large N superconformal gauge theories
with a dense spectrum, arXiv:2007.16165 [INSPIRE].

[29] I. Garozzo, N. Mekareeya, M. Sacchi and G. Zafrir, Symmetry enhancement and duality walls
in 5d gauge theories, JHEP 06 (2020) 159 [arXiv:2003.07373] [INSPIRE].

[30] C. Hwang, S. Pasquetti and M. Sacchi, 4d mirror-like dualities, JHEP 09 (2020) 047
[arXiv:2002.12897] [INSPIRE].

[31] S. Pasquetti and M. Sacchi, 3d dualities from 2d free field correlators: recombination and
rank stabilization, JHEP 01 (2020) 061 [arXiv:1905.05807] [INSPIRE].

[32] F. Benini and S. Benvenuti, N = 1 QED in 2 + 1 dimensions: Dualities and enhanced
symmetries, arXiv:1804.05707 [INSPIRE].

[33] F. Aprile, S. Pasquetti and Y. Zenkevich, Flipping the head of T [SU(N)]: mirror symmetry,
spectral duality and monopoles, JHEP 04 (2019) 138 [arXiv:1812.08142] [INSPIRE].

[34] S. Benvenuti, B. Feng, A. Hanany and Y.-H. He, Counting BPS Operators in Gauge
Theories: Quivers, Syzygies and Plethystics, JHEP 11 (2007) 050 [hep-th/0608050]
[INSPIRE].

– 51 –

https://doi.org/10.1103/PhysRevLett.119.251601
https://arxiv.org/abs/1706.02225
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02225
https://arxiv.org/abs/2007.16165
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.16165
https://doi.org/10.1007/JHEP06(2020)159
https://arxiv.org/abs/2003.07373
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.07373
https://doi.org/10.1007/JHEP09(2020)047
https://arxiv.org/abs/2002.12897
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.12897
https://doi.org/10.1007/JHEP01(2020)061
https://arxiv.org/abs/1905.05807
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.05807
https://arxiv.org/abs/1804.05707
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1804.05707
https://doi.org/10.1007/JHEP04(2019)138
https://arxiv.org/abs/1812.08142
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.08142
https://doi.org/10.1088/1126-6708/2007/11/050
https://arxiv.org/abs/hep-th/0608050
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0608050

	Introduction
	Flips, relations and enhanced global symmetries
	SU(8) -> SU(6) x SU(2) x U(1) breaking and E(6) x U(1) enhancement
	SU(8) -> SU(4) x SU(2)**(2) x U(1)**(2) breaking and SO(10) x U(1)**(2) enhancement
	SU(8) -> SU(2)**(4) x U(1)**(3) breaking and SO(8) x U(1)**(3) enhancement

	Flips, self-dualities and symmetry enhancements
	Self-dualities and enhancements
	SO(8) x U(1)**(3) models
	SO(10) x U(1)**(2) model
	E(6) x U(1) model

	Symmetry breaking deformations
	SO(10) -> SO(9) -> F(4) deformations
	SO(8) -> SO(9) -> SO(8) deformations


	Higher rank theories
	E(6) x U(1)**(2) model
	SO(10) x U(1)**(3) model and SO(10) -> SO(9) -> F(4) deformations
	SO(8) x U(1)**(4) models and SO(8) -> SO(9) -> SO(8) deformations

	Dualities for USp(2N) with one antisymmetric and 8 fundamental chirals
	SO(10) x U(1)**(2) enhancement of FE[USp(4)] and chiral ring stability
	The plethystic logarithm and the representations of the relations

