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5 Abstract

6 Nearly all life forms require iron to survive and function. Microor-
7 ganisms utilize a number of mechanisms to acquire iron including the
8 production of siderophores, which are organic compounds that combine
9 with ferric iron into forms that are easily absorbed by the microorgan-
10 ism. There has been significant experimental investigation into the role,
11 distribution and function of siderophores in fungi but until now no pre-
12 dictive tools have been developed to qualify or quantify fungi initiated
13 siderophore-iron interactions. In this investigation we construct the first
14 mathematical models of siderophore function related to fungi. Initially a
15 set of partial differential equations are calibrated and integrated numeri-
16 cally to generate quantitative predictions on the spatio-temporal distribu-
17 tions of siderophores and related populations. This model is then reduced
18 to a simpler set of equations that are solved algebraically giving rise to
19 solutions that predict the distributions of siderophores and resultant com-
20 pounds. These algebraic results require the calculation of zeros of cross
21 products of Bessel functions and thus new algebraic expansions are de-
2 rived for a variety of different cases that are in agreement with numerically
23 computed values. The results of the modelling are consistent with exper-
2% imental data while the analysis provides new quantitative predictions on
25 the time scales involved between siderophore production and iron uptake
26 along with how the total amount of iron acquired by the fungus depends
27 on its environment. The implications to bio-technological applications are
28 briefly discussed.

29 Key Words: mathematical model, partial differential equations, numer-
30 ical solution, ferric iron uptake
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1 INTRODUCTION 2

1 Introduction

Iron is an essential element for nearly all life forms. In humans, iron deficiency
can lead to several chronic medical conditions (such as anemia, Zimmermann
and Hurrell, 2007; Beard, 2008), whereas in plants insufficient amounts of iron
can severely hinder growth, which is particularly problematic since one third
of the world’s soils are considered to be iron deficient due to the insolubility of
ferric iron present in the environment (Marschner, 1995). Indeed, nutritional
iron is not readily available in the terrestrial environment and thus microorgan-
isms have evolved mechanisms to cope with its scarcity by developing processes
to convert and subsequently uptake iron to aid in their growth. These mecha-
nisms have been studied at the molecular level for various microscopic eukary-
otes including bacteria and pathogenic fungi (Philpott et al., 2012). In fungi,
four different mechanisms for the acquisition of iron have been identified (e.g.
Van der Helm and Winkelmann, 1994; Renshaw et al., 2002; Haas, 2014, and
references therein) (i) Shuttle mechanism: ferric iron uptake mediated by ferric
iron specific chelators (siderophores), (ii) Direct-transfer mechanism: reductive
iron assimilation, (iii) Esterase-reductase mechanism: low-affinity ferrous iron
uptake and (iv) Reductive mechanism: heme uptake and degradation. In this
work we focus attention on the first, and most common, of these mechanisms.
Under iron-limited conditions, many microorganisms produce and secrete small
organic molecules called siderophores (Schwyn and Neilands, 1987; Saha et al.,
2016). Siderophores are low molecular weight iron chelating compounds that
move by Brownian motion and have a high affinity for ferric iron. Once the
siderophores are attached to the ferric iron, the siderophore-iron complexes are
transported by diffusion (Srivastava et al., 2013) and can be acquired by the or-
ganism, whereupon the iron is internalized and used to support further biomass
growth and function.

Siderophores have drawn much attention in recent times due to their poten-
tial roles and applications in various bio-technologies including agriculture, ecol-
ogy, bio-remediation, bio-control, bio-sensor and medicine (Saha et al., 2016).
Their significance in applications are mainly due to siderophores having the
ability to bind to a variety of metals in addition to iron (Bellenger et al., 2013;
Braud et al., 2009; Sasirekha and Srividya, 2016). For example, siderophores
play a crucial role in mobilizing metals from metal contaminated soils (Ahmed
and Holmstrom, 2014, and references therein). Additionally in bio-control, mi-
croorganisms that produce certain siderophores can take up iron from around
their immediate vicinity and invade a competitor’s space in search for iron, which
leads to the suppression of growth of several fungal pathogens (McLoughin et al.,
1992; Verma et al., 2011).

Siderophores are classified by the ligands (an ion, molecule, or molecular
group that binds to another chemical entity to form a larger complex) used to
chelate the ferric iron that can be categorised as catecholates, hydroxamates, and
carboxylates (Winkelmann, 1991, 2002; Ahmed and Holmstrom, 2014). Fungi
mostly produce siderophores that fall in the “hydroxamates” category and most
species of fungi make more than one type of siderophore, possibly to adapt to



76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

1 INTRODUCTION 3

different environmental conditions (Renshaw et al., 2002; Perez-Meranda et al.,
2007; Johnson, 2008). Thus, various assays have been developed to detect the
different phenotypes of siderophores. While these assays are useful for identi-
fying various siderophores, numerous assays would have to be formed indepen-
dently to detect all possible forms of siderophores, of which there are more than
500 known distinct types (Boukhalfa et al., 2003; Kraemer et al., 2005).

Schwyn and Neilands (1987) developed a universal siderophore detection as-
say using chrome azurol S (CAS) and hexadecyltrimethylammonium bromide
(HDTMA) as visual indicators of the presence and function of siderophores.
The CAS/HDTMA complexes tightly bond with ferric iron and become blue
in colour. When a strong iron chelator, such as a siderophore, removes iron
from the dye complex, the colour typically changes from blue to either orange,
magenta or purple, depending on the exact assay (Bertrand et al., 2010). The
toxicity induced by the HDTMA indicator can, in certain species, inhibit and
even prevent the normal growth and function of the fungus (Schwyn and Nei-
lands, 1987). Consequently numerous later studies (e.g. Milagres et al., 1999)
have been based around a split Petri dish where the HDTMA indicator is added
to one semi-circular region but absent from the other half; such configurations
have been successfully modelled by one of the authors (Choudhury, 2019).

Despite their widespread existence, there has been relatively little attempt
at the mathematical modelling of siderophores and their interaction with iron.
In fungi, their mathematical treatment has typically been focussed on quantify-
ing siderophore extent using simple ad-hoc approaches, such as measuring the
physical distance of the colour change on a Petri dish or placing square paper
underneath the Petri dish and recording the change in area over a time period
(Machuca and Milagres, 2003; Bogumilet al., 2013; Ghosh et al., 2015; Andrews
et al., 2016a,b). However, siderophores produced by bacteria have received more
advanced mathematical treatment, typically using sets of differential equations
(e.g. Eberi and Collinson, 2009; Niehus et al., 2017). Leventhal et al. (2019)
developed the most insightful mathematical model by considering siderophores
produced from a single non-moving and isolated bacteria cell and their subse-
quent interaction with iron in a marine environment to form siderophore-iron
complexes and represented this process using a simple reaction-diffusion equa-
tion.

Consequently, and given the sheer volume of applications involving fungi
described above, it is timely that such a mathematical modelling exercise is
performed that focuses on siderophore production involving an expanding fun-
gal colony and thus significantly extending previous treatments of siderophore
function. In this article a set of partial differential equations is developed that
model the growth of a fungal biomass in response to nutrients and which pro-
duces siderophores to acquire iron from the external environment. The models
are less concerned with how the biomass subsequently uses the iron; rather the
models predict the quantity of iron acquired by the biomass and how iron is
distributed in the external environment as a result of siderophore interactions,
and thus provides quantitative predictions related to the experimental protocols
described above. A mathematical model is developed in Section 2 that simulates
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2 SIDEROPHORE-IRON INTERACTIONS FROM AN EXPANDING BIOMASS4

the growth of a mycelium, the production of siderophores and their resultant
interaction with iron in a planar domain, representing typical experimental pro-
tocol corresponding to the growth of a fungus in a Petri dish. The effect of
different concentrations of iron and external nutrients are investigated by solv-
ing the equations numerically. These simulations motivate the construction of a
simplified set of equations, considered in Section 3, that focus on the siderophore
dynamics. Algebraic solutions are constructed that describe the temporal evo-
lution of the siderophore dynamics towards a steady state distribution and are
consistent with the numerical approach. These algebraic solutions make use of
various asymptotic expansions applied to cross-products of Bessel functions and
hence new results and methods are developed accordingly. The implications of
the results and future work are discussed in Section 4.

2 Siderophore-iron interactions from an ex-
panding biomass

2.1 Model equations

Due to the dense network structure of a fungal mycelium, a continuum ap-
proach is used to model its growth in a planar setting, representing mycelial
expansion in a Petri dish. The growth and function of a fungus in such settings
has been previously modelled by Boswell et al. (2003) and expanded upon in a
series of papers (e.g. Boswell et al., 2007; Choudhury et al., 2018, and references
therein). In short, a fungal mycelium comprises a network of tubes, termed hy-
phae, that can branch, extend at their unbounded ends, fuse with other hyphae
(anastomosis), acquire new growth material from the external environment (up-
take) and redistribute that material through the network (translocation). For
the purposes of modelling, the mycelium is assumed to comprise three variables
representing active hyphae (denoted by p and corresponding to those hyphae in-
volved in nutrient uptake, branching, anastomosis and translocation), inactive
hyphae (denoted by p’ corresponding to hyphae no longer involved in colony
function but still remaining part of the mycelium), and hyphal tips (denoted
by n) representing the expanding ends of active hyphae. Briefly, hyphal tips
move predominantly in a straight line but with some random variations which
is modelled by an advective process directed away from hyphae coupled with a
diffusive process representing the random reorientation. (This growth charac-
teristic is a consequence of the delivery of vesicles from the Spitzenkorper to the
hemiellipsoid-shaped apical tip, Riquelme et al., 2018). New hypha are therefore
formed from the trail left behind a tip as it moves and thus the tip flux corre-
sponds to the creation of hyphal biomass. Thus the absolute value of the flux is
a convenient approximation of the amount of new material created through the
movement of hyphal tips. Tips are created through branching along existing
active hyphae and are lost through anastomosis also with active hyphae. It is
assumed that a single generic substrate is responsible for growth. This substrate
exists in two forms; external to the mycelium (with density s.) and held within



164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

2 SIDEROPHORE-IRON INTERACTIONS FROM AN EXPANDING BIOMASS5

the mycelium (with density s;). The external substrate may represent combina-
tions of carbon, nitrogen and trace metals other than iron while the internalised
substrate additionally includes iron. Internally-located substrate is translocated
through the biomass structure by a combination of diffusion and active trans-
port directed towards the hyphal tips, the latter of which has a metabolic cost
and there is a further cost associated with the movement of hyphal tips. Consis-
tent with experimental evidence, tip flux and branching rates increase with the
internal substrate (Gruhn et al., 1992) and this resource is also used to uptake
external substrate.

It is assumed that the biomass is in an iron-depleted state and thus
siderophores are being released throughout its extent. Consistent with the nu-
trient uptake process, it is assumed siderophore production can only arise in
the presence of sufficient energy reserves, and in the absence of experimental
evidence to the contrary, it is assumed that siderophore production is propor-
tional to the internal substrate concentration and the density of active biomass
with 7 denoting the constant of proportionality. When released to the external
environment, siderophores (denoted by C') diffuse and bind with iron (denoted
by I) to form siderophore-iron complexes (denoted by V') and standard enzyme-
reaction kinetics are assumed to describe this binding process with 2 denoting
the rate constant. These complexes subsequently diffuse and are absorbed by the
biomass across hyphal cell walls. As previously mentioned, there are in excess of
500 different types of siderophores with quantitatively and qualitatively different
characteristics and consequently there are a multitude of different pathways via
which the fungus acquires iron from the siderophore-iron complexes (Howard,
1999; Winkelmann, 2007). Simple diffusion across the hyphal cell wall is com-
mon to all and hence this process is used to account for the iron uptake, where
r3 is the uptake rate constant. Once internalized, the iron forms a component
of the generic internal substrate that is subsequently used to promote further
growth via hyphal tip extension and translocation, and to acquire additional
resources, including more iron. The uptake and subsequent conversion of the
siderophore-iron complex into the generic internalised substrate has an associ-
ated cost and hence the effective acquisition rate of the complex, 7%, is less than
the overall uptake rate, r3. Thus the entire system can be modelled using the
mixed hyperbolic-parabolic set of partial differential equations given by

pt = |vsinVp+ Dyps;Vn| —d,p, (2.1a)
pr = dpp—dip, (2.1b)
ng = V-(vsinVp+ D,s;Vn)+ as;p — fnp, (2.1c)
Si, V - (D;ipVs; — Daps;Nn) + c1p8i8e — 2 [vsinVp + Dps;Vn)|
—c4 |DapsiVn| —rips; + 5V p, (2.1d)
Se, = D.V?s, — ¢3p5;Se, (2.1e)
I, = D;V?I—rIC, (2.1f)
Cy = DcV?C+r)psi —raIC, (2.1g)
Vi = DyV?V 4 rIC —r3Vp. (2.1h)
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207 The model variables and parameters along with their calibrated values are given
in Tables 1 & 2 respectively.

Variable  Description Unit

p active hyphal density ecm~! (ecm hyphae cm™2)
o inactive hyphal density ecm~! (ecm hyphae cm™2)
n hyphal tip density tips cm 2

Si internal substrate concentration mol cm ™2

Se external substrate concentration mol cm ™2

1 concentration of free iron mol cm ™2

C concentration of siderophores mol cm ™2

\%4 concentration of siderophore-iron complex mol cm ™2

Table 1: Summary of model variables used in equation (2.1)

208

200 The flux term in equation (2.1c) corresponds to the motion of hyphal tips
20 accounting for their straight line growth habit (where s; accounts for the role of
au the growth promoting substrate in the process) coupled with variations about
a2 this orientation, modelled using diffusion. The parameter v, corresponding to
a3 the straight line growth habit of individual hyphae, is influenced by toxicity in
a2 the external environment; in particular, tip extension can be inhibited through
25 the presence of the HDTMA visual indicator used to detect the presence of
26 siderophores (Schwyn and Neilands, 1987). Indeed, numerous studies (e.g. Fom-
a7 inaet al., 2000) have shown that the ability of fungi to colonize space occupied by
218 toxic material is increased through the availability of nutrients such as carbon.
20 Consequently, it is tacitly assumed that the HDTMA indicator is uniformly dis-
20 tributed and at a concentration that does not prevent the biomass from expand-
21 ing so that v may be regarded as a positive constant and thus the expansion of
22 the model biomass into the space where the HDTMA visual indicator is present
23 is consistent with experimental observations. Furthermore this phenomenon fur-
24 ther justifies the explicit modelling of both an external substrate, representing
25  nutrients that assist the fungi in overcoming the toxicity, and the iron distribu-
»s tion. The metabolic cost of tip movement is accounted for in equation (2.1d)
27 through the parameter co, while the trail left behind the tip, and thus the cre-
2 ation of new hyphae, is given by the related term in equation (2.1a). The flux
2o in equation (2.1d) represents movement of internally-held material through the
20 network (i.e. translocation) having both diffusive and directed components, the
o latter towards hyphal tips and having a metabolic cost. Equations (2.1a)—(2.1e)
2 are precisely those in Boswell et al. (2003). In equations (2.1f)-(2.1h) the iron,
213 siderophore and the siderophore-iron complex populations are assumed to un-
2 dergo standard Fickian diffusion with coefficients Dy, Do and Dy respectively.
25 Note that the key function of siderophores is to increase the mobility of iron,
236 which is achieved through the formation of siderophore-iron complexes. Thus
a1 Dy < Dy. See Howard (1999) and Leventhal et al. (2019) for further details
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2 SIDEROPHORE-IRON INTERACTIONS FROM AN EXPANDING BIOMASS7

and discussion of calibration.

Equations (2.1) are considered on a domain representing a typical experimen-
tal protocol, i.e. a circular Petri dish of radius Rg;sp, with an initially uniform
growth medium inoculated at its centre by a small circular plug of biomass of
radius Rpi.g. Consequently the biomass is initially confined to a central region
of the domain with no siderophore or siderophore-iron complexes. Thus the
initial data is

[p0705n075i075607]03070] if r < Rplug,
[p,p’,n,si,se,f, O,V] = (22)
[0,0,0,0, s, 1o, 0, 0] otherwise,

where 7 denotes the distance from the centre of the domain (i.e. the inoculation
site) while zero-flux boundary conditions are applied on the boundary r = Rg;sh
for all model variables.

2.2 Numerical solutions

The model equations (2.1) with initial data (2.2) were solved using Comsol
Multiphysics. Parameter values and initial data were used from the calibrations
in Boswell et al. (2002, 2003); Perez-Meranda et al. (2007); Eberi and Collinson
(2009); Leventhal et al. (2019) while reasonable assumed values were taken for
the complex uptake rate r3 (Table 2). A typical solution is shown in Fig. 1.
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Parameter  Value Description Unit

v 0.5 tip velocity? em® day~! mol ™!
D, 0.1 tip diffusion® cm?* day~! mol™!
d, 0.2 hypha inactivation rate’ day~!

d; 0 inactive hypha decay rate! day~!

a 10 000 branching rate? cm mol~! day~
B 10 000 anastomosis rate? cm day !

D; 10 internal substrate diffusion coefficient? cm? day~!

D, 10 internal substrate active transport? cm® day!

c1 900 nutrient uptake rate’ cm® mol~! day !
o 1 tip extension costs! mol cm™!

c3 1000 nutrient uptake rate’ cm?® mol~! day!
Cq 10-8 active translocation costs? cm™!

D, 0.0001 external substrate diffusion coefficient! cm? day~!

Dy 0.000864 iron diffusion coefficient? cm? day~!

D¢ 0.3 siderophore diffusion coefficient® cm? day~!

Dy 0.3 complex diffusion coefficient® cm? day~!

1 1077 siderophore production costs® cm day !

] 100 production of siderophores® cm day !

ro 100 complex production rate® cm? mol~! day !
T3 1000 complex uptake rate cm day !

T4 900 conversion of iron to substrate cm day ™!

Ryish 2 radius of Petri dish cm

Rpiug 0.2 radius of inoculum! cm

00 0.1 initial biomass density’ cm ™!

no 0.1 initial tip density! cm ™2

Sig 0.4 initial internal substrate density ! mol cm™2

Seq 0.6 initial external substrate density ! mol cm ™2

Iy 0.004 initial iron concentration® mol cm~2

Table 2: Parameter values used in model equations (2.1) with initial data (2.2).
The values are taken from 'Boswell et al. (2002), 2Boswell et al. (2003), 3Perez-
Meranda et al. (2007), “Eberi and Collinson (2009), °Leventhal et al. (2019)
while the remaining parameters were assumed to take values consistent with
those in similar processes. The value of Ry;s;, was chosen to represent a Petri
dish of radius 2 cm for computational convenience.
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Figure 1: Numerical solution of equations (2.1) with initial data (2.2) at times
t = 0.5,1,1.5 (representing days) over a circular domain with representative
diameter 4 cm. Parameter values are given in Table 2. For each variable, the
colour range is shown as a proportion of their maximum value between times
t =0 and ¢ = 3 (i.e. when the biomass had collided with the edge of the domain).
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255 The model biomass expanded outwards in a radially-symmetric manner and
6 was preceded by an increased density of model tips. The external substrate was
»s7  depleted in regions occupied by the biomass. Indeed, the numerical solutions for
253 these variables mirrored those in Boswell et al. (2003), indicating the validity of
»9  the numerical integration scheme utilised in the current study, and therefore are
%0 consistent both qualitatively and quantitatively with experimental data on the
21 growth of a mycelium in initially uniform nutrient settings (see Boswell et al.,
22 2003, and references therein).

263 The siderophore population was greatest at the centre of the domain and
xs  expanded beyond the extent of the biomass. The iron distribution was depleted
»%s from the middle of the domain outwards and the extent of the depletion ex-
xs ceeded the range of the model biomass. The resultant siderophore-iron complex
27 distribution was greatest in the zone between the model biomass and where
x%s the iron population was at its greatest and thus consistent with the complex’s
x%0 formation where siderophores first encounter iron and where the complex is
a0 absorbed by the biomass.

n While the quantitative concentrations of the siderophores and the
a2 siderophore-iron complex cannot be related to experimental data, the depletion
213 of the iron population has the same qualitative features as observed in numerous
ze  experiments (e.g. Milagres et al., 1999; Bertrand et al., 2010; Srivastava et al.,
25 2013); namely iron is depleted in a radially symmetric fashion and this depletion
s extends beyond the extremes of the fungal biomass. Indeed, the formation of
a7 the siderophore-iron complex coincides with the depletion of iron and hence the
s extent of the complex V' from the biomass periphery yields information on the
a9 magnitude of the zone within which the siderophores operate.

20 2.2.1 Variations in initial iron concentration

2 The extent of the biomass, siderophores, iron and siderophore-iron complexes
22 depend on the concentration of iron as shown in Fig. 2. The extent is defined to
23 be the boundary where each concentration is equal to a critical level (stated in
2s¢  the figure legend) and since the siderophore-iron complex advances as a “ring”
25 formation, both the inner and outer boundaries of that structure are shown. In
xs  all cases, the extent of the biomass increases approximately linearly over time,
27 indicative of a constant growth rate, and this also marginally increases with I,
28  consistent with the use of that resource to further promote growth, and therefore
20 has similar characteristics to other modelling investigations and experimental
200 results (e.g., Prosser and Trinci, 1979, where tip vesicles are analogous to in-
21 ternal substrate). The siderophore and iron extent both decline with increasing
202 iron concentration because of the concomitant increased rate of complex for-
23 mation. Consequently, the extent of the complexes increases with the initial
24 iron concentration Iy so that whereas for reduced initial iron concentrations the
205 complexes are only found in the vicinity of the biomass edge (Fig. 2(a)), for
26 greater concentrations the complexes are found throughout most of the domain
27 (e.g. Fig, 2(c)). This observation significantly extends experimental results that
28 focus only on the uptake of iron from the growth medium and, due to the diffi-
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2 SIDEROPHORE-IRON INTERACTIONS FROM AN EXPANDING BIOMASS11

culties in tracking siderophores, not their distribution prior to or after forming
the iron complexes. Throughout Fig. 2, the sudden increase in the extent of
the siderophore and siderophore-iron complex populations close to r = 2 is due
to their interactions with the boundary at r = 2.

Figure 2: The distance r at times ¢ from the centre of the domain where p +
P’ (dotted), C' (dot-dashed), I (dashed) and V' (solid) take critical values for
differing concentrations of iron. (a) Iy = 0.0004, (b) Iy = 0.004, (c) I, =
0.04 representing one tenth, one and ten times the calibrated initial iron value.
(Notice that the complex V expands as a “ring” and hence its inner and outer
extents are shown.) The critical concentrations are defined to be 0.0181 for
biomass, 4 x 10~° for iron, 0.0679 for siderophores, and 1.204 x 10~ for the
complex, representing one tenth of their maximum values for the numerical
solution with Iy = 0.0004.

2.2.2 Variations in initial external substrate concentration

The extent of the biomass, siderophores, iron and siderophore-iron complex
are strongly influenced by the concentration of the external substrate as shown
in Fig. 3. Firstly, the extent of the biomass increased with the external sub-
strate due to the increased uptake, branching and model tip extension associated
with that resource with the least external substrate corresponding to minimal
biomass expansion (Fig. 3(a)), consistent with widely-reported data relating
fungal growth and productivity to nutrient availability (e.g. Suberkropp, 2011).
Additionally, since siderophores are produced at a rate proportional to the inter-
nal substrate, the siderophore extent also increased with the external substrate,
with the initial internal substrate concentration responsible for an initial but
not sustained production of siderophores under reduced external substrate con-
centrations (Fig. 3(a)). The depletion of the iron increased with the external
substrate but not linearly; a ten-fold reduction from the default value of s,
(Fig. 3(c)) did not result in a ten-fold reduction of the extent of iron (Fig. 3(a)).
However, the distribution of the siderophore-iron complexes displayed a highly
irregular association with the external substrate. For low concentrations of the
external substrate, the complex distribution arose as a narrow “ring” a signif-
icant distance away from the biomass periphery (Fig. 3(a)). However, as the
external substrate increased, the width of this “ring” increased through a re-
duction in its inner radius (Fig. 3(b)). As the external substrate concentration
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(@

Figure 3: The distance r at times ¢ from the centre of the domain where p +
P’ (dotted), C' (dot-dashed), I (dashed) and V (solid) take critical values for
differing concentrations of external substrate. (a) s, = 0.06, (b) s, = 0.3, (¢)
Se, = 0.6 representing one tenth, one half and one multiple of the calibrated
value. (Notice that the complex V expands as a “ring” and hence its inner
and outer extents are shown.) The critical concentrations are defined to be
0.01 for biomass, 4 x 10~% for iron, 0.04 for siderophore, and 3.341 x 10~* for
the complex, representing one tenth of their maximum values for the numerical
solution with s., = 0.06.

increased still further, the inner radius of the “ring” expanded and thus reduced
the region of the domain in which the complexes were greatest in concentration
(Fig. 3(c)). This nonlinear change in siderophore-iron complex distributions due
to external substrate concentrations is likely because of associated variations in
the production of siderophores coupled with the formation of the complexes and
their subsequent uptake by the biomass. For large concentrations of the exter-
nal substrate, not only were large amounts of siderophores produced, but also
the biomass expanded quickly that enabled a more rapid uptake of siderophore-
iron complexes. On the other hand, for reduced concentrations of the external
substrate, fewer siderophores were produced, the production of siderophore-iron
complexes was thus reduced and their subsequent uptake by the biomass was
delayed since biomass expansion was slower.

2.2.3 Cumulative iron uptake

As previously explained, micro-organisms produce siderophores to acquire iron
only when in an iron-deficient state. Consequently, quantitative predictions on
the amount of iron obtained by the biomass through the acquisition of the iron-
siderophore complexes is fundamental in this model. (Indeed, when the internal-
ized iron concentration reaches such a critical level then siderophore production
is ceased.) It has previously been shown that the extent of biomass, siderophores
and siderophore-iron complexes depends on the initial concentration of iron and
external substrate which will therefore also impact on the ultimate uptake of
iron by the biomass.

Due to the structure of the model equations, iron is either free in the external
environment, combined as complexes with siderophores, or has been taken up
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by the model biomass. Consequently the cumulative amount of iron acquired
by the model biomass at time ¢t can be easily calculated by considering the
difference between the initial iron population and the amount of iron at time ¢
existing in either their free form (i.e. denoted by I) or that currently held in
complexes (i.e. denoted by V):

cumulative iron uptake by time ¢ = / Iy(z,y) dQ—/ I(z,y,t) dQ—/ V(z,y,t)dQ
Q Q

Q
(2.3)
where  denotes the entire domain (i.e. the region inside the Petri dish).

The cumulative amount of iron obtained by the biomass depended upon the
initial amount of iron in the external environment and on the external sub-
strate (Fig. 4). In all instances, there was a sudden increase in the quantity of
internally-held iron and the rate of increase subsequently declined until bound-
ary effects impacted on this process (approximately at time ¢ = 2 for the simu-
lations with large values of Iy and s,). While there appears to be a near linear
relationship between the amount of iron in the external environment and that
subsequently obtained by the biomass (Fig. 4(a)), there is a more complex non-
linearity between the external substrate concentrations and the amount of iron
obtained where a ten-fold reduction in external resources only approximately
halves the total amount of iron acquired by the biomass (Fig. 4(b)).

Iron uptake
N

Iron uptake
\

0 0.5 1 15 2 25 3 0 05 1 15 2 25 3

Figure 4: The cumulative amount of iron obtained by the biomass. (a) The
initial iron concentration is varied where Iy = 0.004 (solid line), I, = 0.04
(dashed line), Iy = 0.0004 (dotted line) and in all cases s., = 0.6. (b) The
initial external substrate is varied where s., = 0.6 (solid line), s, = 0.3 (dashed
line), s, = 0.06 (dotted line) and in all cases Iy = 0.004.

3 Siderophore-complex distributions: an alge-
braic approach

The analysis in the previous section essentially focussed on the temporal change
in the distances over which the siderophores operated and generated good qual-
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Biomass

Siderophores &

complexes Iron

Figure 5: The circular fungal biomass has radius R; centred at the origin while
the iron is contained outside the circular region of radius Rs. The siderophores
and the siderophore-iron complexes exist in the “ring” between the two circles.
Siderophores are released from the biomass at » = R;, are converted into com-
plexes at r = Ro, and the complexes are subsequently taken up by the biomass
at r = Rl.

itative agreement with experimental observations (Milagres et al., 1999; Sri-
vastava et al., 2013).  In polluted terrestrial environments, combinations of
heavy metals and other toxins may be present that inhibit the growth of a
fungus (Fomina et al., 2000), in addition to toxicity from the HDTMA visual
indicator. In such cases, while siderophores are still released by fungi in an iron-
depleted state, the mycelium does not necessarily expand due to the presence of
pollutants. Since the standard experimental approach to observing siderophore
dynamics relates to observing the reduction in iron from the growth medium,
if the initial iron concentration is sufficiently high then small losses may not
be visually observable. Here a simplification of model equations (2.1) is used
to construct quantitative predictions on siderophore and siderophore-iron com-
plexes in such settings.

It is assumed that a circular biomass in an iron-depleted state is positioned
inside a toxic region that prohibits its subsequent expansion. This could rep-
resent a situation where a fungus is introduced to a domain exhibiting large
concentrations of heavy metals, which, for example, arises in bio-remediation
applications. Distributions of iron are positioned outside of the toxic region and
therefore siderophores provide the sole means of the biomass obtaining iron.
See Fig. 5 for a schematic illustration. A key aspect of this investigation is the
distance between the biomass, where the siderophores are produced, and the
iron resource, where the complexes are formed. Thus the radius of the biomass,
Ry, and the distance of the iron from the centre of the biomass, Rs, are crucial
parameters. The biomass is assumed to release siderophores at a constant rate
that subsequently diffuse. Since it is reasonable to assume the diffusive time
scale is greater than the reactive time scale, once the siderophores encounter
the distribution of iron a siderophore-iron complex is immediately formed and
diffuses. When the complex reaches the biomass it is immediately absorbed so
that the iron can be utilized by the biomass. Consequently the above scenario
can be represented using polar coordinates and due to radial symmetry (see also
the results in Section 2) there is no variation with the angular coordinate. Thus,
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consistent with the above approaches, the siderophore population is governed
by
oC  D. 0 oC
ot r Or (7‘ or
Since siderophores are released at a constant rate by the biomass and immedi-
ately form siderophore-iron complexes once the iron distribution is encountered,
the corresponding boundary conditions are

Dc%—c(Rl,t) =—k, C(R2,t) =0, (3.2)
T

) for Ry < r < Rs. (3.1)

where the flux k corresponds to the rate siderophores enter the region R; <
r < Ry from the biomass. It is useful to note that boundary condition (3.2) on
r = R is an alternative but eventually equivalent condition obtained from the
solution of

@:&g r@ +%H(R1—r), for 0 < r < R,

ot r Or or R
o (3.3)
E(O’t) = O, C(R27ﬁ) = 07

where H denotes the standard Heaviside step function and represents the case
where siderophores are produced throughout the region » < R; at a constant
rate so that after a transient time the flux at » = R; is a constant —Dic. For
convenience we use boundary condition (3.2) but will later exploit (3.3) in Sec-
tion 3.1.2.

It is assumed that initially there are no siderophores in the domain, i.e.

C(r,0) = 0. (3.4)

The siderophore-iron complex also undergoes diffusion and hence is modelled
using
ov._ D, 0 ov
ot r or (T or
The siderophore-iron complex forms immediately upon interaction between the
siderophores and the iron distribution. Half the resultant complex continues to
diffuse in the outward direction while the other half diffuses back towards the
biomass whereupon it is immediately absorbed. Thus the boundary conditions
are given by

) for Ry <r < Rs. (3.5)

°)% 1_0C
V(Rht) = 07 D’UE(R27t) = _§DCE(R2Jt) (36)

It is assumed that at time ¢ = 0 there are no siderophore-iron complexes in the
domain and so the initial data is

V(r,0) = 0. (3.7)
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Notice that equations (3.1) and (3.5) are similar to annihilation models (e.g.
Ben-Haim and Redner, 1992) except the annihilation arises from a boundary
condition rather than a reaction.

It is advantageous to nondimensionalise the model equations before con-

structing their solution. By introducing t* = %t, =4, R= %, D= gc,
1 1 1 v
C* = QRC and V* = 2,?}%‘/ the model equations reduce to
oc _ Do ( oC
5= o <TE> for 1 <r <R, (3.8a)
ov. 10 ( oV
ot r('“)r<r8r> orl<r<Ah, (3.8b)
with boundary conditions and initial data
oC
D—(1,t) = -1, V(1,t) =0, (3.9a)
or
oC ov
C(R,t)=0 D—(R,t) = ———(R,t 3.9b
( Y ) Y 67‘ ( ? ) 67‘ ( ? )’ ( )
C(r,0) =V (r,0)=0 (3.9¢)

and where *s have been dropped for notational convenience.
The solutions of equations (3.8) with the initial data and boundary condi-
tions (3.9) are in Appendix A shown to be

C(r,t) = <> Zﬂmn Je APt

R o0
Vit z)j{j R )P S B e,

n=1

(3.10)

where the eigenvalues \,, and pu,, are the roots of the characteristic equations

ZACL R ACL I
Jo (VAR) Yo (WVALR)
Jl (\/ ,U*nR) . Yl (\/ ,U*nR)

o) YalvE)

respectively, the eigenfunctions ¢, (r), ¥, (r) and w,(r) are given by

Yo (V) o (Voar)
Yo (VAnE) o (VAuR)'
Yo (VADr) o (VDY)
) = N (VaD) T I (VD)
oy = YolyTr) o ()

! Yo (Vi) Jo (Vitm)

(3.11)

Pn(r) =
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where J,,, and Y, (m = 0,1) are the Bessel functions of the first and second
kind respectively, and A,, and E, are given by

20,(1)
D[¢2(1)An — R2(¢},(R))?]’
2wn(R) |1 = Run DY M}
(

A, =

m=1 p,, —D\p,
@), (1)) = o R2w2(R)

n ’

provided p,, # DM\, for all eigenvalues u,, and \,,. Notice that the eigenvalues
An and p, from equation (3.11) correspond to the zeros of a cross product of
Bessel functions, which have long been studied (e.g. Fettis and Caslin, 1966).

3.1 Results using numerically computed eigenvalues

The eigenvalues in equation (3.11) were computed numerically in Matlab en-
abling the calculation of solutions in (3.10). Since these solutions involve gen-
eralised Fourier series, in the investigations below, the summations in equa-
tions (3.10) are truncated after 10 terms since the inclusion of further terms
produced graphically indistinguishable results.

3.1.1 Typical results

The temporal changes in the distributions of the siderophore and siderophore-
iron complexes, as obtained from equation (3.10), are shown in Fig. 6. Ini-
tially both distributions are zero throughout the domain. Due to the influx of
siderophores at the » = 1 boundary, the distribution of siderophores increases
accordingly. After a sufficient time has passed, the siderophore population has
extended across the domain to reach the r = R boundary. Accordingly, the
production of the siderophore-iron complexes is initiated and this continues to
increase so that the complexes subsequently diffuse back across the domain
where they are absorbed at the » = 1 boundary. As expected, the siderophore
distribution approaches its steady state prior to that of the siderophore-iron
complex distribution and where the steady states Cs(r) and Vg(r) are respec-
tively given by the leading terms in equation (3.10), i.e.

Cs(r) = %m (?) , Ve (r) = In(r), forl<r<R. (3.12)

Thus increases in R, representing the relative difference between the location
of the iron and the extent of the biomass, results in increases in the density of
both the siderophore and the siderophore-iron complex throughout the domain.

3.1.2 Siderophore-complex distribution: numerical predictions

The above algebraic solution can be compared to the numerical solutions of
model equations (2.1). To simulate the configuration in Fig. 5, Rg;s;, was taken
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C,V

1 11 1.2 13 1.4 15 1.6 1.7 1.8 1.9 2
r

Figure 6: The distribution of siderophores C' (solid lines) and siderophore-iron
complexes V (dashed lines) from equation (3.10) with D = 1 and R = 2 are
shown at times t = 0,0.2,0.4,...,2.

to be 0.45 and the iron was located in the region within a distance 0.05 of the
boundary of that boundary so that Ry = 0.4 and Ry = Rpjug = 0.2 as before.
To represent large concentrations of iron, the calibrated value of I in Table 2
was increased 100 fold and was assumed to be continually replenished upon the
production of siderophore-iron complexes and was implemented by removing
the corresponding depletion term in equation (2.1f). Finally, the biomass was
prevented from expanding from its initial distribution by setting both v and D,
to be zero.

To best compare the output of the full model equations (2.1) to the algebraic
solutions (3.10), note that the siderophore population in equation (2.1g) can be
approximated by (3.3) and that after the same nondimensionalisation described
above the steady state solution is

1421n(R)—r?
cry={ 7 2o for 0 <r <1,
Bln(7)7 forl<r <R,
and therefore satisfies D%—f(l) = —1, consistent with equation (3.9a). Using

this approach it is seen that the siderophore and siderophore-iron complex pop-
ulations develop in a similar way to that seen previously (Fig. 7). Indeed, the
main difference between the numerical and algebraic solutions arises at r = 1
for small times due to the immediate uptake of siderophore-iron complex in the
latter (via boundary condition (3.9a)) compared to a more prolonged process in
the former (represented by the reaction term in equation (2.1h)). Thus there is
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s clearly a strong qualitative and quantitative agreement between the algebraic
sor and numerical solutions.

0.6

Figure 7: The distribution of nondimensionalised siderophores C' (solid lines)
and siderophore-iron complexes V' (dashed lines) from equation (2.1) vary over
the distance r from the centre of the domain and the densities increase over
time. Except for key parameters described in text, parameter values are given
in Table 2 and the distributions are shown at times ¢ = 0,0.2,0.4,...,2.

s 3.1.3 Dependence on parameter values

so0o  Having demonstrated the agreement between the numerical solution of the full
so set of PDEs (2.1) and the reduced versions (3.8) with boundary conditions (3.9),
su  the algebraic solutions of the reduced equations can be used to obtain useful pre-
si2 - dictions on the temporal behaviour of the siderophore-iron interactions. While
si3 the ultimate effect of the parameters on the final steady state distribution of
s the siderophores and the complexes are obvious through equation (3.12), their
515 involvement in the time taken to reach their stationary distributions is less clear.
sis 1o illustrate the delay in approaching the equilibrium distributions Cs(r) and
s Vg(r), consider the normalized functions

flR rC(r,t)dr
flR rCs(r)dr

B flR rV(r,t)dr

” Qolt) = flR rVs(r)dr 7

; Qv (t) (3.13)

sio - which at time ¢ = 0 take a value of 0 and approach 1 as the respective distri-
s20  butions approach their equilibria, and therefore represent the ratios of the total
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amount of each population to their final amount. Notice that both numerators
and denominators of (3.13) can be calculated using integration by parts.

Fig. 8 illustrates the convergence of the siderophore and siderophore-iron
complex to their equilibrium distributions for different values of D. In all
cases, the siderophore distribution approaches its equilibria in advance of the
siderophore-iron complex. As D increases, the siderophore distribution ap-
proaches its equilibrium more rapidly, consistent with the corresponding increase
in movement rates for that population. The delay between the siderophore and
complex distributions approaching their equilibria increases with D up to a lim-
iting value. For D « 1, there is a noticeable lag period before Qv (t) increases,
corresponding to the time taken for the siderophores to reach the » = R bound-
ary and initiate the formation of the siderophore-iron complexes; when D > 1
no such lag is present due to the comparative reduction in transit time between

the two boundaries.

Figure 8: The functions Q¢ (¢) (solid) and Qv (t) (dashed) with R = 2 are shown
for (a) D =0.1, (b) D =1, (¢) D =10 and (d) D = 100. Note the different

time scale in (a).
For large values of D, Q¢ (t) very quickly approaches its equilibrium value of

unity so that C(r,t) can be approximated by its steady state distribution C'g(r)
while an asymptotic expression can be constructed for the distribution V'(r,t)

535
536
537

by taking leading order terms so that

538

V ~1In(r) + Biw; (r)e 1,

539
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Consequently for large D, by noting rwi(r) = —#—11 (rw})" and using integration
by parts it follows that

4B, [Rf (R) — w}(1)]

t)~1-—
Qvlt) 1[I — R2 +2R2In R]

and therefore the approximate time # for Qv (t) to obtain a value Q for large D
is given by

(s e - wi)
H1 (1_Q) pi (1 —R2+2R2InR)

(3.14)

Notice that the coefficient F; involves a summation of terms including A,,. How-
ever, the asymptotic approximation in equation (3.14) where the coefficient F;
has been truncated to only the leading term involving \; agrees well with solu-
tions obtained by algebraically solving equation (3.10) with the first 10 eigenval-
ues of both \,, and p,, using Matlab and their differences reduce with increasing
D (Fig. 9).

Error

108 I I I I )
10° 10t 10? 10° 10* 10°
D

Figure 9: Absolute differences in the times taken by @, (r, t) to approach Q =0.9
(solid) and @ = 0.99 (dashed) obtained using equation (3.10) with numerically
computed eigenvalues \,, 1, for n = 1,...10 and approximation (3.14) using
only p1 and A; with R = 2 for different values of D.

Variations in the domain size R altered the convergence times of the distri-
butions Q.(t) and Q,(t) to their equilibrium values (Fig. 10). The convergence
times for Q. (t) and Q,(t), at least for large R, can be approximated from the cor-
responding leading eigenvalues, i.e. are given by 1/4/A; and 1/,/fi1 respectively.
Expansions for A; and p; are detailed below (Section 3.3) and consequently the
convergence times for Q.(t) and Q,(t) scale with R and Rv/In R respectively.

3.2 Approximations of eigenvalues \, and pu,

The previous algebraic results required the numerical computation of the eigen-
values A\, and p, from equations (3.11). A number of authors have constructed
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o
0 01 02 03 04 05 06 07 08 09 1

30 35 40 0O 10 20 3 40 5 6 70 8 90 100
t t

Figure 10: Q.(t) (solid) and @Q,(t) (dashed) with D = 1 are shown for domain
sizes (a) R=1.5, (b) R=2, (c) R=3and (d) R = 6.

algebraic approximations of various Bessel functions (e.g. Bowman, 2003) but
these do not immediately help deduce the roots of (3.11) and hence the re-
quired eigenvalues. However, by taking an asymptotic series expansion (see
Appendix B), approximations to the eigenvalues can be made resulting in an
entirely algebraic solution for equation (3.10) under appropriate limits. Indeed,
by defining

m(n — 1)
Pn(pa q) - —2 )
q—p
p+3q
Q1(pa) = —F—,
#.9) 8pq(q — p)
Qs(p. ) = 25p* — 31p3q — 36p%¢® + Ipg® — 63¢*
= 384(q — p)2¢*p? ’
Qs(p.0) 3219p” — 6938p°q + 2279p°¢* + 2040p*q> + 360p3¢* + 4797p%¢® — T614pg® + 5697¢"
5V = )

15360p°¢°(q — p)?
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and provided n > R, the square roots of the eigenvalues for large values of R
can conveniently be expressed as the series

_ Qi1LR) | Qs(LR)  Qs(1R)
VA = Py(1,R) + Po(L, R) + P?;(LR) * PE(LR) o (3.15)
(R, 1 R,1 i1 |
i = Po(R, 1) + ?-’nER, 1§ + %ER 1; * %ER, 1; o

By defining the zeroth order approximation as comprising only the first
term in the series, the first order approximation comprising only the first two
terms and so on, even second order approximations are in close agreement with
numerically computed values for all but the smallest eigenvalues A\; and p for
R = 2 (Table 3). Indeed, good approximations for the eigenvalues A; and p
arise provided sufficient terms in the series approximation are included. Notice,
however, that in order to use these approximations it is necessary that D #
tin/Am for all n,m to ensure that E,, is defined. Thus, for example, the zeroth
order approximation cannot be used for D = 1 (but the first and higher order
approximations can still be used).

n Numerical Oth 1st 2nd 3rd
1 1.7940 1.5708 1.8493 1.7555 1.8440
2 4.8021 4.7124 4.8052 4.8018 4.8021
VA, 3 7.9090 7.8540 7.9097 7.9089 7.9090
4 11.0351 10.9956 11.0354 11.0351 11.0351
1 1.3608 1.5708 1.3719 1.3687 1.3504
2 4.6459 4.7124 4.6461 4.6460 4.6459
Vin 3 7.8142 7.8540 7.8142 7.8142 7.8142
4 10.9671 10.9956 10.9672 10.9671 10.9671

Table 3: Comparison of numerical and analytical values of eigenvalues with
R = 2 using the approximations in equation (3.15) of stated order.

When used in (3.10), approximations (3.15) produce results consistent with
the full algebraic solutions and are in strong qualitative agreement for small
R (Fig. 11), especially at larger times. Such a result is unsurprising since the
approximations in (3.15) were derived from asymptotic expansions of .J, (z) and
Y, (z) for large z and hence are most applicable for the calculation of A, and
n, for large n (see also Table 3) but the smallest eigenvalues \; and pp exert
the greatest influence on the solutions in equation (3.10), particularly at small
times.



589

590

591

592

593

594

595

596

597

598

599

3 SIDEROPHORE-COMPLEX DISTRIBUTIONS: AN ALGEBRAIC APPROACH?24

r

r

0.7

0.6

05

04r

CcV

03

0.2

01

12 13 14 15 16 17 18 19 2
r r

Figure 11: (a) Solution of equation (3.10) with R = 2, D = 1 using the eigen-
values computed from equation (3.11); (b), (c) and (d) using the first, second
and third approximations from equation (3.15). Profiles of the siderophore dis-
tribution C (solid lines) and the siderophore-iron complex V' (dashed lines) are
shown at times £t =0,0.2,0.4,...2.

3.3 Approximations of leading eigenvalues \; and

It was shown above that the approximations (3.15) for A, and p, are least
suited for small values of n, especially n = 1, and also are less suited for large
values of R (see Appendix B). However, the first eigenvalues Ay and pq have the
most prominent roles in the convergence of the siderophore and siderophore-iron
complex to their final steady state distributions. Hence an alternative approach
to approximating A\; and p; is developed here.

By observing the behaviour of R\/A, as R — oo it follows that (see Ap-
pendix C)

T 2 1 —
Vr = % - 4}2%2((2)) + 0 (R°In(R)), (3.16)

where ¢ is the first root of Jy(¢) = 0 and is valid for (; < R. In a similar way
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by considering R,/ft, as R — oo (Appendix C)

1 3 5 1
M= Em |2 em®)  emme O (Wﬂ ! (3.17)

which is valid provided e < R. Furthermore, related expressions can be derived
for all A, and g, (Appendix C). Table 4 demonstrates that the eigenvalues
A1 and py obtained using approximations (3.16) and (3.17) converge to those
obtained using the full characteristic equations (3.11) as R increases.

R A1 1 tort to toy

Full solution 2 | 3.2185 1.8517 1.7783 0.3101 0.3118
from (3.11) 6 | 0.1768 0.0476 57.4074 6.1772 6.2190

20 | 0.0146 0.0022 | 1170.4852 78.0076 78.6103

Approx. solutions 2 1 3.0979 2.1274 1.6872 0.3225 0.3242
using A\ and g 6 | 0.1776  0.0480 57.1043 6.1651 6.2066
from (3.16) and (3.17) | 20 | 0.0146 0.0022 | 1177.7715 78.3036 78.9064

Table 4: Solutions using numerically computed eigenvalues in equation (3.11)
are compared to truncating the series to terms in only A\; and p; from equa-
tions (3.16) and (3.17) for different domain sizes with D = 1. For equa-
tions (3.11),  denotes the time taken for Qy (£) = 0.9 while the approximation #
is obtained from equation (3.14) using eigenvalues (3.16,3.17). t¢ and tcy denote
the approximate times for the siderophore concentration at r =1+ 0.9(R — 1)
and the flux at » = R to reach half the steady state values respectively (see text
for details).

These approximations for the leading eigenvalues can also be used with the
normalized function Qv (t) in equation (3.13) to estimate the time taken by
the siderophore-iron complex to approach its steady state distribution. Table 4
compares the numerically computed time ¢ such that Qv () = 0.9 using the
eigenvalues from the solutions of equation (3.11) to the approximation in equa-
tion (3.14) for ¢ where the summation used in F; is restricted to its leading
term, i.e. that involving only A;.

The approximations of A1 and p; obtained above also allow the derivation
of simple expressions relating to the spread of siderophores and the resultant
uptake of iron at the r = R boundary. In particular, by truncating the series to
terms only involving Ay and p; in the solutions for C(r,t) in equation (3.10), the
approximate time taken t¢ for the siderophore density to reach a concentration
Ctatr =7 (where 1 <rf < Rand 0 < CT < Cg(rT)) can be shown to satisfy

1 1 DCT — In(R/rT)
“\D n( A1 Dy (r1) )

to = (3.18)

while the flux of the siderophores at the boundary r = R corresponds to the
acquisition of iron by the siderophores and the approximate time taken tc ¢ for
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this rate to reach a value CJ (where 0 > Cf > —(RD)~!, representing the value
at equilibrium) satisfies

(3.19)

1 (RDCI—H )
tcy = n

A D RDA, ¢, (R)

These expressions clearly illustrate the effect of the diffusion coefficient D
and the radius R on the delay until the iron begins to be acquired by the
siderophores. In Table 4 the approximations in equations (3.18) and (3.19) using
the approximated eigenvalues (3.16) and (3.17) are compared to the correspond-
ing algebraic solutions from equation (3.10) with numerically computed eigen-
values from equation (3.11). The simple approximations using (3.16) and (3.17)
are in strong qualitative and quantitative agreement with the full algebraic so-
lution and the agreement improves as R is increased due to two independent
reasons; firstly the approximation of the leading eigenvalues improves as R — oo
and, secondly, as R increases, it takes longer for the siderophores to reach the
exterior boundary at » = R and hence the second and higher eigenvalues play
less significant roles in determining the distributions of C(r,t) and V (r,t).

4 Discussion

Siderophores play a central role in how microorganisms acquire important ele-
ments. While there are known to be hundreds of different types of siderophores
with various functionalities, the most studied relationship is that with iron and
thus the subject of this investigation. Indeed, it has recently been shown that
siderophores significantly increase the rate at which bacteria acquire this impor-
tant resource compared to alternative methods (Niehus et al., 2017; Leventhal
et al., 2019).

Equation (2.1) represents, to the authors’ knowledge, the first mathematical
model of iron uptake in fungi mediated through siderophores. The numeri-
cal simulations of the model equations display the same qualitative features
observed in experiments regarding the extraction of iron from a solid growth
medium; specifically there is a radially-symmetric depletion of the iron that
extends beyond the edge of the expanding biomass (Fig. 1) and that this re-
gion expands initially in an approximately linear fashion at rates determined
by local conditions (Figs. 2 & 3). In limiting conditions, e.g. Fig. 3(a), the
expansion of the siderophore distribution and the concomitant depletion of the
iron concentration was clearly less than linear and instead the extent of the iron
depletion appeared to increase with the square root of time, consistent with the
reduced production and diffusive movement properties of the siderophores. A
key feature of the model was its ability to predict the cumulative amount of iron
taken up by the biomass through the absorption of the iron-siderophore com-
plexes, as represented by equation (2.3). Such time-dependent data is difficult
to obtain experimentally through either direct or indirect means as destructive
sampling of the biomass provides the most accurate measurements of the former
while the latter is limited since there is currently no convenient procedure to
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measure siderophore populations given their diversity. Nonetheless, our model
clearly has the potential to make such quantitative predictions on iron acquisi-
tion by mycelial fungi. Moreover, further refinements should account for such
siderophore-diversity and the different pathways through which iron is utilized
by fungi following its acquisition (e.g. Howard, 1999). It should also be noted
that the model equations represent a simplification of how a combination of
different nutrients can impact on the growth and function of a fungal mycelium
through the merger of internalised iron and the generic substrate. While al-
ternative approaches have been used to model how fungi utilize combinations
of nutrients and essential elements (e.g. Lamour et al., 2000), due to the gen-
eralized treatment of the iron pathway once that substance was internalised
by the fungus, the precise role of iron on key morphological processes was not
isolated in this current study and therefore remains an important avenue for fu-
ture investigations which would necessitate the inclusion of feedback processes
by restricting siderophore production to prevent excessive accumulation of iron.

Key features of the numerical solution of the full set of equations (2.1) were
captured in the algebraic solutions of the reduced set of equations (3.8), includ-
ing the constant uptake rate of iron for all but small times. Indeed, there was
strong qualitative and quantitative agreement between the full numerical solu-
tions and the algebraic simplifications in the distributions of siderophores and
siderophore-iron complexes (Figs. 6 & 7). The nondimensionalisation used to
construct the algebraic solutions (3.10) introduced the parameter D representing
the ratio of the diffusion coefficients of the siderophores and the siderophore-
iron complexes. Since the diffusion coefficient of the complexes is less than that
of the siderophores (due to obvious differences in their molecular weight), it
follows in application that D > 1 and therefore siderophores are released and
complexes are formed more rapidly than they are acquired by the biomass until
equilibrium is reached (Fig. 8). Consequently, equation (3.14) with Q=09
(or 0.99) is expected to provide a reasonable estimate for the time taken for
the siderophore-iron complex distribution to approach its equilibria. The same
algebraic solutions also demonstrated the impact of domain size on siderophore
and siderophore-iron complex distribution. Specifically, greater distances be-
tween the biomass and the source of iron resulted in greater concentrations of
both populations (equation (3.12)).

An important consequence of the model equations is the ability to calculate
the cumulative amount of iron taken up by the biomass through the release of
siderophores and the subsequent acquisition of the siderophore-iron complexes.
Other than during an initial transient period, the total uptake rate of iron
was approximately linear (Fig. 4) except when influenced by boundary effects.
Indeed, this same qualitative feature is captured in the reduced model in Sec-
tion 3 by observing that for large D (i.e. when D. > D,) the uptake of iron
corresponded to the flux of the complex at r = 1 which to leading order from
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equation (3.10) is given by

ov

—|  ~1+Ewi(l)e !
Ir - 1w1( )6

and tends to the constant unity. However, this rate was heavily influenced by lo-
cal conditions. While an increased concentration of external substrate resulted
in an increase of iron extracted from the growth domain and internalized by
the biomass, the relationship was highly nonlinear; a ten-fold increase in exter-
nal substrate only approximately doubled the amount of iron obtained by the
biomass. However, the observation that external resources can influence the de-
pletion of iron from the growth environment clearly has important consequences
in the bio-technological applications of fungi.

While the algebraic results presented in this paper have focussed on radial
geometry, similar treatments are possible in other domains including a single-
dimension Cartesian and spherical radial geometries. (Indeed, by introducing
so that » = Ry + (R2— R1)x and letting Re — Ry — oo, equations (3.1) and (3.5)
can be easily converted into a one-dimensional Cartesian geometry with spatial
coordinate = resulting in Fourier series solutions for the siderophore and com-
plex populations. Such a situation has been thoroughly explored in Choudhury
(2019).) In our calculations, the algebraic solutions (3.10) are defined provided
the nondimensionalised diffusion coefficient D is not a ratio of the eigenvalues
An and p,, for all n,m. In one-dimensional Cartesian geometry, the equiva-
lent restriction corresponds to D not being a ratio of squares of odd numbers
(however, alternative solutions can be constructed by selecting an alternative
form for V in Appendix A, equation (A.15)). Moreover, similar issues arise in
the spherical radial geometry case. We cannot provide any physical reasoning
behind this limitation. Further interesting analysis would concern the imple-
mentation of moving boundary conditions consistent with the depletion of the
iron concentration and the advancement of the fungal biomass. Such a situation
would more closely represent the scenarios considered in Section 2.

Siderophores are extensively used by microorganisms to obtain essential met-
als, in particular iron. In this work we have constructed and investigated the
first mathematical model of their use by fungi. The qualitative behaviour of the
model is consistent with known experiments and quantitative predictions have
been made on how local conditions influence the amount of iron obtained by the
fungus along with how key distributions involving siderophore function change
over time. It remains to develop a suitable experimental technique to verify
these predictions. We note that the model does not consider how the fungus
subsequently uses the iron it has obtained and this is therefore an important
challenge for future modelling investigations.
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A Solution of equation (3.8)

Here we consider the model equations

ocC Do [ oC
o oo <TW> ) (A.la)

ov. 10 ([ oV
Bt ror (a_) ’ (A.1b)

for 1 < r < R with boundary conditions and initial data
D%—Cu,t) ——1, V() =0, (A.22)
-
oC aVv

C(R,t) =0,  Do=(Rt) = —7-(R.), (A.2b)
C(r,0) =V(r,0)=0. (A.2¢)

Due to the boundary conditions (A.2b), we first solve equation (A.la) and then
construct the solution for equation (A.1b).
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A.1 Solution of (A.la)

From the non-homogeneous boundary conditions in equation (A.2), we suppose

that C(r,t) = Cg(r)+C(r,t) where Cig(r) denotes the steady-state distribution

and satisfies those same non-homogeneous boundary conditions while C’(r, t)

satisfies homogeneous boundary conditions (and therefore represents the transi-

tion of the initial data (A.2c) towards the final steady state distribution Cg(r)).
The steady state distribution Cg(r) satisfies

d dCs
_5<TW>’ for1<r <R.

After integrating twice and applying the non-homogeneous boundary condi-
tions (A.2), the corresponding steady state solution is given by

r

Cs(r) = %m (5) . (A3)

The function C(r,t) satisfies equation (A.la) but the corresponding bound-
ary conditions (A.2a) and (A.2b) are expressed as

% -0, C(R.1) =0, (A1)

while the corresponding initial data is
C(r,0) = —Cs(r). (A.5)
By assuming C(r, t) = F(r)G(t), separating variables yields

G(t) = e~ P (A.6)

and the Bessel differential equation rE” + F’ + rAF = 0 (where / denotes
differentiation with respect to r), which has general solution

F=cJy (\/XT) + 2Y) (\/XT) (A7)

where Jy and Y are the Bessel functions of first and second kind respectively.
From the boundary condition at r = R, equation (A.4) allows the constant ¢y
to be expressed in terms of ¢; and by introducing A = ¢,y (v AR) and

% (\/Xr) o (\FAT) |
Yo (VAR) o (VAR)

(r)

it follows that A
F(r) = Ag(r). (A.9)
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Substituting equations (A.6) and (A.9) into the boundary condition on r = 1
yields the characteristic equation

1 (VA) R (V¥)
Jo (VAR) %o (VAR)

=0, (A.10)

with roots A, denoting the eigenvalues. Thus C(r,t) can be represented by the
series

Clrt) = Apn(r)e Pt forl1<r<R (A.11)
n=1

where A, are constants and the eigenfunctions ¢, (r) are obtained from equa-
tion (A.8) evaluated with A = )\,,. Notice that ¢,(R) = 0, ¢/, (1) = 0 and
rél 4+ ¢ + Aprdn = 0.

From equation (A.5) there is a generalized Fourier series satisfying

1 T >
D In (}—%) = ngl Ann(r)
and hence the constants A,, can be determined as

flR rin(r/R)¢, (r)dr
D flR rdn(r)2 dr '

By noting that (r¢.,) + A\pré, = 0, integrating by parts and recalling that
@) (1) =0 and ¢, (R) = 0 we obtain

on(1)

R
/1 rin(r/R)¢,(r)dr = — N

Using a similar approach (Bowman, 2003),

R 2
[ rouRar = 5= @) - 3R)

Consequently, after some simplification,

B 20 (1)
A = D - R )] (A.12)

and hence the solution of equation (A.la) is

1 oo
C(r,t) = ) In (?) + ZAnqﬁn(r)e*)‘"Dt, forl<r<R (A.13)
n=1

where A, A\, and ¢, (r) are defined in (A.12), (A.10) and (A.8) respectively.
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A.2 Solution of (A.1b)

Due to the boundary conditions (A.2), and in particular the flux condition on
r = R, we seek a solution of the form V (r,t) = Vg (r) + V(r,t) + V(r,t) where
Vs(r) denotes the steady state solution, V(r,t) matches the temporal change
due to the relationship between the fluxes of C(r,t) and V(r,t) at » = R, and

V(r,t) accounts for the change from the initial data.
The steady-state solution Vg(r) satisfies the ODE

1d [/ dVs
O—;E<TW), f0r1<T<R,

with boundary conditions Vs(1) = 0 and ddVTs (R) = —Dddcrs (R). Consequently
we see that
Vs(r) =1n(r). (A.14)

The function V(r,t) satisfies the PDE in (A.1b) but with boundary condi-
tions

_ ov aC

where C(r,t) is defined in equation (A.11). Due to the form of C(r,t), suppose
V(r,t) =Y Buh(r)e " (A.16)
n=1
for suitable constants B,, and eigenfunction 1, (r). Since V (r,t) satisfies equa-
tion (A.1b), it follows that
"+, + A Dripy, =0

and hence

Y (r) = c3Jo (\/)\n—DT) + Yy (\//\n—DT)

where ¢3 and ¢4 are constants. Since ¥, (1) = 0 from (A.15), the constant c3
can be expressed in terms of ¢4 and by substituting into the boundary condition
on r = R and defining

R (VA.Dr)  Jo (VA.Dr)

() = — AT
VWD) R (VALD) (A7)
it follows that
Bnty,(R) = =D A, ¢, (R) (A.18)
and provided ¢/ (R) # 0 the constants B,, can be evaluated. Hence
> /
V(r,t)=—-D Z AnZ7E§; P (r)e AP forl<r<R. (A.19)
n=1 n
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The function V(r,t) satisfies equation (A.1b) with homogeneous boundary
conditions and initial data given by

- oV - _
V(lu t) = 07 8_(R7 t) = 07 V(’f‘, O) = _VS(T) - V(ru 0)
r
K o (A.20)
By supposing V' (r,t) = F(r)G(t), separating variables and integrating gives

G(t) =e M, (A.21)

while F(r) satisfies ) ) .
rF" + F' + urF = 0.

As above, the general solution for F(r) can be expressed in terms of Bessel
functions while the boundary condition (A.20) on r = 1 gives F(r) = Ew(r)
where E is a constant and
Y J
w(r) = W) Jolyiir) (A.22)
Yo(vir)  Jo(vR)

The boundary condition (A.20) on r = R therefore gives the eigenvalues p,, as

the roots of
A(VER) N(VER) _ (A.23)

Jo(\/1) Yo(v/1t)

Hence V (r, ) is given by
V(rt)=> Euwn(r)e ", for1 <r <R, (A.24)
n=1

where E,, are constants and w,, (1) is equation (A.22) evaluated at ;1 = p,. Note
that for all n, w,(1) =0, w/,(R) = 0 and rw)! + W}, + pprw, = 0. It now only
remains to determine the constants E,. The initial data in (A.20) gives

GRS
i) ) = 2 Eren(r)

—In(r) —l—DZAn
n=1

By noting that
R
/ Twn (7w (1) dr = 0 for all n # m,
1

it follows that

L flR r [— In(r) + D 220:1 An%d)n(rﬂ Wi () dr (A.25)
" flR rw? (r)dr ' '
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By making use of the identities noted above, integration by parts yields

R w
/1 riIn(r)wmy (r)dr = anR)7
R R? 1 , 2
/1 rw?, (r) dr = 7wm(R) . (wm(1))7,
R "(R)w
[ rnan(r)ar = Fn,

provided p,, # DA,. By using the above integrals and after some length algebra,
equation (A.25) yields

n=1 piym—DX,
B, = SlliE (A.26)

(@ (1) = i R%2, (R)]

2om(R) 1~ R D32, 2l

again provided i, # DAy,.
Finally from equations (A.14), (A.19) and (A.24) it follows that the solution
of equation (A.1b) is given by

n(R)
¥n(R)

V(r,t) =In(r)—D Z A,
n=1 n=1
(A.27)
where ¢, (r) is given in equation (A.8), ¥, (r) is given in equation (A.17), A, are
the roots of (A.10), wy,(r) is stated in (A.22), u, are the roots of (A.23) and the
constants A, and F,, are defined by equations (A.12) and (A.26) respectively.

B Derivation of approximations (3.15)

The characteristic equations (3.11) are of the form
Ji(zp)Yo(zq) — Jo(zq)Yi(zp) = 0 (B.1)

where = denotes the square root of the eigenvalue and p # ¢ take either the
values 1 or R (depending on which eigenvalue A or p is being considered). Using
Hankel’s asymptotic expansions, Harrison (2009) obtained approximations, valid
for large values of z, for the Bessel functions

\/gﬁn(z) cos (z - % - an(z)) ,
Yo(z) = \/gﬂn(z) sin (z — g — an(z)) ,

for suitable series ., (z) and f3,,(z) each in terms of powers of 1/z. To determine
the roots of the characteristic equation (B.1), we note from Harrison (2009) that

5\4
—
N
~—
Il

wn(r)efA"Dt—i—Z Epwp(r)e tnt, for1 <r <R,
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for |z| > 1
oolz) = 1 2% 1073 375733 1
0 T 82 38423 | 512025 22937627 29 )7
() = 321 1899 543483 1
! T8z 12823 512025 | 22937627 29 )

By using these expressions in the generalised characteristic equation (B.1), it
follows that

. T

sin (¢ =p)a + 5 + a1 (p2) = aolqr) ) = 0. (B.2)

Consequently, equation (B.2) gives rise to

o (px) — ao(qw)}
x|l+ —————| =P,(p,q B.3
[ (¢ —p)z #.) (B3)
where n is an integer and
7(n— 1)
q—p

Since we seek positive roots x and note that

a1 (pr) — aplge)

—0 as r — 00,
(¢ —p)x

it follows that P,(p,q) > 0 and so if ¢ > p then n has to be a positive integer.
(The case ¢ < p is treated below.)

Equation (B.3) can therefore be written as the summation of a series of even
powers of 1/x

az(p,q) | as(p,q) 1
vl ==+ == +0( 5 )| =Pulpa)

where the coefficients a,(p,q) are easily determined from the above series for
ap(gqr) and aq(pz). By constructing the reciprocal of the series on the left it
follows that

1 3¢+0p 25p* — 19p3q + 36p%¢? + 117pg® — 63¢*
Pu(p,q) =  8pq(q—p)a? 384p3¢3(q — p)?ad
N 3219p7 — 6188pSq + 3749p°¢> — 480p*q® + 1440p3¢* + T767p?¢° — 13284pq® + 569747 Lo ( 1 >

15360p°¢°(q — p)*x”

29

By using series inversion, a power series for % in terms of odd powers of m
is obtained and is given by

1 1 P+ 3q 25p* — 37pcq — T2p%¢% — 45pq® — 634¢*
x  Pu(p,q)  8pa(q—p)Pu(p,q)? 384p3¢(q — p)? Pu(p, q)°
1073p" — 2396p%q + 623p°q* + 1200p > + 720p3¢* + 1989p?¢® — 1908pq° + 1899¢” Lo ( 1 )

5120p5¢%(q — p)3 P (p, q)7 P, (p,q)°
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we  Multiplying through by P, (p, ¢) produces a power series for M in terms of

145 even powers of m. Taking reciprocals and then finally multiplying through

ws by P (p,q) yields

1047 x:Pn(p,q)+ Ql(paq) + Q3(paq) + Q5(paq) +O< 1 )

P.(p,q)  Pu(p,q)®  Pu(p,q)?® Po(p,q)7

ws  where P, (p,q) is as defined above and

P+ 3¢
8pq(q —p)’
25p* — 31p3q — 36p%¢% + Ipg® — 63¢*
384(q — p)?¢*p? ’
3219p7 — 6938p5q + 2279p5¢% + 2040p*q® + 360p3¢* + 4797p%¢° — T614pgS + 569747
@ola) = 15360p°¢°(q — p)? |

Ql(pu Q) =

1049 Q3(p7 Q) =

wso If on the other hand ¢ < p then from (B.2)

a1(pr) — ao(q)

1051 |1+ = Pn D, q
(¢ —p)z (p.4)
102 where L
_ =—n
1053 Po(p,q) = mly —n)
q—p

ws« and 7 is now a strictly positive integer. Notice that P, (p,q) = P.(q,p) and the
s remaining terms in the expansion are obtained in the same way as for the case
06 G > P.

w C Derivation of (3.16) and (3.17)

wss  Here approximations for eigenvalues A, and pu,, in equations (3.11) are derived
wso  for the case of large R. Attention is focussed on the smallest eigenvalues since
o they exert the greatest influence on the solution (3.10). The following Bessel
wer  function expansions, valid as x — 0, will be used

$2

Jo(z) =1——+ O(z"),
v 2 bl 1
Yo(x) = 2ln <£> -z [ln <£> — 1| + O(z* In(x)),
T 2 27 |
1062 J()7£_$_3+$_5+O(7)
TR TR TV I
2 T xe? 1 3 e 5 x° ze 5 7
@)=t [l (7) - 5} T | <7) ﬂ " 190 [ <7) - 5} + 0l In(@)),

wes  where v denotes Euler’s constant.
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C.1 Derivation of (3.16): approximation for small A,

We recall that \,, satisfies

5 (VR (V) < (V) (). (e

As R — oo, by numerically solving equation (C.2), we find that \,, — 0. First
we expand the two functions of only /), using the expansions for J;(x) and
Yi(x) in (C.1). Then multiplying by 27/A,, yields

(7An + O(A )YO(R\/_) —4+ O\, In(\ JO(R\/_) (C.3)

By numerically solving equation (C.2) we find that R/, tends to a constant
as R — oo, so we seek an expansion in the form

R\ Ap = (o +e. (C4)

We use the Taylor series expansions as € — 0 and substituting into (C.3) yields

(75 + Oe %, 14)) (5(60) + ¥4160) + O(€)
= (=4 + O(R*In(R))) (Jo(Ca) + €J5(Gn) + O(e)) .

Notice that in the equation above, as R — oo the left hand side tends to zero,
but the right hand side tends to —4.Jy((,). Thus we require

Jo(¢n) = 0. (C.5)

Hence the ¢,’s in (C.4) are the n™ roots of Jy. Using this and keeping the
leading order terms yields

G

7 22Y5(Cn) + O(eR™2 R™) = —4eJ}(¢n) + O(eR™2In(R), €%).

Thus, to leading order,

o 7T<121YEJ(<11) —
€ = —m + O(R 41n(R))

Hence, from (C.4) it follows that

T 2 n —
= % _ %Z(é_n; +O(R"In(R)), (C.6)

which is valid for v\, < 1, i.e. (, < R.
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C.2 Approximation for small p,, n > 2

Recall that the eigenvalue pu,, satisfies

1 (RHim) Yo (Vim) = Y1 (Ry/Fim) Jo (\/Fim) (c.7)

As R — oo, by numerically solving equation (C.7), we find that p, — 0. First,
we expand the two functions of only /i, using the series for Jy(z) and Yp(x)
in equation (C.1) so that equation (C.7) becomes

V/Hne”
2

i) (2 (Y52 ) 4 0l i) ) = ViRV 1+ Oln)). ()

By numerically solving equation (C.7) we find that R,/f, tends to a constant
as R — oo, so we seek an expansion in the form

Ry/fim = 0, + 0. (C.9)

A Taylor series expansion as § — 0 is constructed from equation (C.8) resulting
in

(J1(0) + 6.J1(6,) + O(5%)) (% In (%) +O(R™2 ln(R)))

= (Y1(6n) + 6Y{(6,) + O(6%)) (1+ O (R7?)).

We notice that in the equation above, as R — oo the right hand side remains
finite, but the left hand side tends to infinity like —21In(R).J;(6,,)/7. Thus, we
require

Hence the 6,,’s in (C.9) are the n'™ roots of J; and note that §; = 0 is the first
solution. Before collecting leading order terms, notice that the approach fails
around 07 since Y7(0) is undefined and hence an alternative approach is required
for the calculation of yy (see subsection C.3).

Provided n > 2, keeping the leading order terms yields

Y (9@% In(R) = Y1(6,) + O (5, R, R 1n(R)5) .

Thus, to leading order and provided 1 < In(R), i.e. e < R,

B 7Y1(0,) 1 R™2
= ~amm® "¢ <1n(R)2’ m(R) )
Hence from (C.9) we have

O, Y1 (6,) R R
Vi =g - 2RIn(R)J}(6,) +0 <1n(R)2’ 1n(R)> ’ (C.11)

which is valid for /i, < 1, i.e. 8, < R (and the condition e < R is ensured
since e < 63).
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C.3 Derivation of (3.17): approximation for small y;

The above approach failed to calculate p; because Y1(0) is not defined and
hence an alternative approach, utilizing a different expansion, is described here.
Recall up satisfies

JI(Bp)Yo(Vin) = Yi(By/p)Jo(Vim)- (C.12)

As R — oo, by numerically solving equation (C.12), we find that R,/ — 0. By
substituting all the expansions in equation (C.1) into equation (C.12) it follows
that

<R\/ﬂ_1 Ry N R°uf +O(R7u1%)> (%m (\/mw) +O(m ln(ul))>

2 16 384 2

2 R\/u1 R\ /uie” 1
=(14+0 — 1 ——
0 > (o S I (B) -5
3 5
Ropi [ (Rypre’\ 5] R°ui [ (Rype’\ 5 7%
8 {m( > ) 1] e M\ T ) T3] OB n(BYin))) -
Multiplying by 27 R./u1 and cancelling out terms reduces this expression to
R4 2 5 RG 3 5
0= —4+R?u; [2In(R) — 1]—% [ln(R) - Z] + ggl [ln(R) — g} +O0(u1, R¥pt In(Ry/17)).

(C.13)
Next, motivated by the presence of In(R) and the powers of y; in the above, we
suppose that p1 can be expanded in the form

M= g 1111(R) {“ * ln(bR) + ln(j‘B)? +0 (m(izpﬂ (C.14)

where a, b and ¢ are constants to be determined. By substituting equation (C.14)
into equation (C.13) and retaining leading order terms yields

1 In(In(R))\ 2b 2¢ a b
<R2 In(R)’ In(R)? > - _4+2a+ln(R) +1n(R)2 " In(R) In(R)?
a? ab 5a? a®

~ 4In(R) 2In(R)? 16 In(R)2 96 R)?’

Finally, by equating the coefficients of the powers of In(R), values for a,b and ¢
can be determined and hence

1 3 5 1
T RI(R) {2 T 5@ " o Y (Wﬂ , (C.15)

which is valid for e < R.




