
> GQ-04 < 
 

0018-9464 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. 
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. (Inserted by IEEE.) 

1 

Current-driven Skyrmion dynamics along curved tracks 
 

Ricardo Francisco Luis1, Víctor Raposo1, Óscar Alejos2, Eduardo Martínez1 

 
1Departamento de Física Aplicada, University of Salamanca, Salamanca E-37008, Spain. 

2Departamento de Electricidad y Electrónica, University of Valladolid, Salamanca E-47011, Spain. 
 
 

The current-driven skyrmion motion along two exchange-coupled ferromagnetic layers with perpendicular magnetic anisotropy is 
studied by means of micromagnetic simulations and compared to the conventional case of a single ferromagnetic layer. Our results 
indicate that the two coupled skyrmions can be synchronously driven along the each ferromagnetic layer in the presence of a strong 
interlayer exchange coupling, and that the velocity is significantly enhanced due to the antiferromagnetic exchange coupling as compared 
with the single ferromagnetic layer case. The interfacial Dzyaloshinskii-Moriya interaction gives the required chirality to the 
magnetization textures, while the interlayer exchange coupling favors the synchronous movement of the coupled skyrmions by a dragging 
mechanism, without depicting the unwanted skyrmion Hall effect. This observation is particularly relevant to drive skyrmions along 
curved strips, which are also evaluated here. These results indicate that the antiferromagnetic coupling between the ferromagnetic layers 
mitigates the skyrmion Hall effect, which suggests these systems to achieve efficient and highly-packed displacement of trains of 
skyrmions for spintronics devices. A study taking into account defects and thermal fluctuations allows to analyze the validity range of 
these claims. 
 

Index Terms—Skyrmions, Spin Hall effect, Dzyaloshinskii-Moriya interaction, skyrmion Hall effect, Synthetic Antiferromagnets.  
 

I. INTRODUCTION 

C hiral magnetic textures, such as domain walls (DWs) [1-
7] and skyrmions (Sks) [8-18], are nowadays the focus of active 
research as they offer great potential as information carriers for 
robust, high-density, and energy-efficient spintronic devices 
[19]. These magnetic patterns are formed due to the interfacial 
Dzyaloshinskii-Moriya interaction (DMI) [20-21] in 
asymmetric multilayers with high perpendicular 
magnetocristalline anisotropy (PMA), which consist in a thin 
ferromagnetic (FM) strip sandwiched between a heavy metal 
(HM) and an oxide (Ox), or between two different heavy 
metals. Both DWs and Sks can be efficiently driven along the 
FM strip by application of electrical current along the HM as 
due to the spin Hall effect (SHE) [22,24]. 

Recent experiments have shown that Néel-like Sks can be 
stabilized at room temperature and zero magnetic field in 
ultrathin FM/HM/Ox films, which makes their use appealing 
for the study of skyrmion structure and dynamics [14,15,16,18]. 
The magnetization of these chiral Néel Sks points radially (𝑢𝑢�⃗ 𝜌𝜌) 
in the transition region between the inner and the outer parts, 
and its size depends on the composition and the thickness of the 
ferromagnetic layer. Néel-like Sks can be driven due to the SHE 
by injecting short current pulses with speeds exceeding 100 m/s 
[14]. These observations promise an industrial integration. 
Nevertheless, the so-called “skyrmion Hall effect” [25,26] 
limits its movement along FM straight strips, as it imposes a 
transverse deviation from the center of the strip, and therefore, 
eventually results in their annihilation at the edge of the tracks. 
This reduces the maximum current that can be applied [17] and 
consequently the performance of Sky-based spintronic devices. 

An alternative to the single FM layer stacks (HM/FM/Ox) 
has been recently proposed by Yang et al. in Ref. [27]. It 
consists in two FM layers separated by a Ru spacer (S) which, 

depending on its thickness, generates an antiferromagnetic 
coupling between the FM layers. In these synthetic 
antiferromagnetic multilayers (SAFs), the chiral Néel DWs in 
the lower and in the Upper FM layers are coupled each other, 
and they are efficiently driven by trains of current pulses, with 
velocities of ~750 m/s for current densities of 𝐽𝐽~2 TA/m2. This 
observation constitutes a significantly enhance of the efficiency 
with respect to the single-FM-layer stacks. The coupled DWs 
in these SAF stacks move rigidly, without rotation of their plane 
with respect to the current direction (no DW tilting) [27,28,29]. 
Moreover, adjacent DWs (up-down and down-up DWs) move 
with different velocities when they are forced to travel along 
curved parts in single-FM-layer stack, whereas they move with 
the same velocity and without tilting in the SAF track [28,29]. 
These observations suggest that trains of DWs can be driven 
along these systems with high-density packing of the encoded 
information. 

Based on these results for DWs, Zhang and co-workers [30] 
have recently studied the current-driven skyrmion dynamics 
along straight SAF stacks from a theoretical and numerical 
point of view. Their modeling indicated that the two skyrmions 
in the Lower and in the Upper FM layers move together in a 
coupled manner, similarly to the coupled DWs experimentally 
analyzed by Yang et al. in [27]. The velocity of the 
antiferromagnetically coupled skyrmion increases linearly with 
the applied current without any significant “skyrmion Hall 
effect” along straight tracks [30,31,32,33,34,35], which 
constitutes major step towards the realization of reliable 
skyrmion-based spintronics devices. However, the current-
driven dynamics of Néel skyrmions along curved tracks have 
not been analyzed yet, neither along single-FM layer stacks nor 
along SAFs, and this is precisely the aim of the present work.  

Here, we theoretically study the skyrmions dynamics under 
current pulses along a perfect and realistic FM multilayers by 
means of micromagnetic simulations. Straight and curved 
tracks with a single-FM-layer and multilayers with two FM 
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layers antiferromagnetically coupled (SAFs) are studied. The 
current-driven skyrmion dynamics (CDSD) is also analytically 
described in the framework of the Thiele model, which 
considers the skyrmion as a rigid object [9,10,11,17]. Our 
results show the drawbacks of single-FM layer stacks to 
develop 2D circuits, and how the synthetic antiferromagnetic 
architecture constitutes a promising platform for skyrmion-
based racetrack memory and logic devices. 

II. MICROMAGNETIC MODEL 
The multilayers studied here are schematically depicted in 

Fig. 1. The single-FM-layer stack (HM/FM/Ox) is ahown in 
Fig. 1(a), and the stack with two FM layers separated by a 
spacer (LHM/LFM/D/UFM/UHM) is schematically depicted in 
Fig. 1(b). 
 

 
Fig. 1. Schematic view of the multilayers under study: (a) Single FMlayer stack 
(HM/FM/Ox) and (b) Two FM layers heteroestructure 
(LHM/LFM/S/UFM/UHM). The definition of the acronyms is also given in the 
graphs. The relevant thicknesses for this study are marked on the figure, which 
are fixed to 𝑡𝑡𝐹𝐹𝐹𝐹𝐿𝐿 = 𝑡𝑡𝑆𝑆 = 𝑡𝑡𝐹𝐹𝐹𝐹𝑈𝑈 = 1 nm, except otherwise is indicated. The width 
of the strips is 𝑤𝑤 = 192 nm. Material parameters are given in the text. 

 
Full micromagnetic (𝜇𝜇𝜇𝜇) simulations have been performed 

by solving the Landau-Lifshitz-Gilbert equation augmented 
with the spin transfer torque (𝜏𝜏𝑆𝑆𝑆𝑆, STT) and Slonczewski-like 
spin-orbit torque (𝜏𝜏𝑆𝑆𝑆𝑆, SOT) due to the spin Hall torque 
[29,36,37]: 
 

𝑑𝑑𝑚𝑚��⃗
𝑑𝑑𝑑𝑑 = −𝛾𝛾0𝑚𝑚��⃗ × �𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒𝑒𝑒 + 𝐻𝐻��⃗ 𝑡𝑡ℎ�+ 𝛼𝛼𝑚𝑚��⃗ ×

𝑑𝑑𝑚𝑚��⃗
𝑑𝑑𝑑𝑑 + 𝜏𝜏𝑆𝑆𝑆𝑆 + 𝜏𝜏𝑆𝑆𝑆𝑆 (1) 

where 𝛾𝛾0 and 𝛼𝛼 are the gyromagnetic ratio and the Gilbert 
damping constant respectively. 𝑚𝑚��⃗ (𝑟𝑟, 𝑡𝑡) ≡ 𝑚𝑚��⃗ 𝑖𝑖(𝑟𝑟, 𝑡𝑡) = 𝑀𝑀��⃗ 𝑖𝑖(𝑟𝑟, 𝑡𝑡)/
𝑀𝑀𝑆𝑆

𝑖𝑖  is the normalized local magnetization to its saturation value 
(𝑀𝑀𝑠𝑠

𝑖𝑖), defined differently for each FM layer: 𝑀𝑀𝑠𝑠
𝑖𝑖 where 𝑖𝑖: 𝐿𝐿,𝑈𝑈 

for the LFM and the UFM layers respectively. 𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒𝑒𝑒 is the 
deterministic effective field, which includes not only the 
intralayer exchange and the uniaxial anisotropy, but also the 
interlayer exchange [38] and the magnetostatic interactions 
adequately weighed to account for the different saturation 
magnetizations. The interlayer exchange contribution (𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) 

to the effective field 𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒𝑒𝑒, acting on each FM layer, is computed 

from the corresponding energy density (𝜔𝜔𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = − 𝐽𝐽𝑒𝑒𝑒𝑒

𝑡𝑡𝑆𝑆
𝑚𝑚��⃗ 𝐿𝐿 ⋅

𝑚𝑚��⃗ 𝑈𝑈, where 𝐽𝐽𝑒𝑒𝑒𝑒 is the interlayer exchange coupling parameter, 
𝑡𝑡𝑆𝑆 is the thickness of the spacer between the LFM and the UFM 
layers, and 𝑚𝑚��⃗ 𝐿𝐿 and 𝑚𝑚��⃗ 𝑈𝑈 represent the normalized magnetization 
in the Lower and in the Upper layers respectively) as 

𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒,𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = −

1
𝜇𝜇0𝑀𝑀𝑠𝑠

𝑖𝑖
𝛿𝛿𝜔𝜔𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝛿𝛿𝑚𝑚��⃗ 𝑖𝑖
=

𝐽𝐽𝑒𝑒𝑒𝑒

𝜇𝜇0𝑀𝑀𝑠𝑠
𝑗𝑗𝑡𝑡𝑆𝑆

𝑚𝑚��⃗ 𝑗𝑗 (2) 

where 𝑖𝑖, 𝑗𝑗: 𝐿𝐿,𝑈𝑈. Ferromagnetic (FM) and antiferromagnetic 
(AF) coupling cases can be evaluated by a positive 𝐽𝐽𝑒𝑒𝑒𝑒, and by 
a negative 𝐽𝐽𝑒𝑒𝑒𝑒 respectively. Here we focus our attention to the 
AF coupling case, which is the most relevant in terms of 
efficiency. 

The effective field in the LFM and in the UFM layers also 
includes the interfacial DMI at the LHM/LFM and UFM/UHM 
interfaces respectively. These interfacial DMI supports the 
formation of skyrmions with the same chirality and opposite 
polarity in both FM layers, that is, the DMI parameters (𝐷𝐷𝑖𝑖) are 
of opposite sign (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝐷𝐷𝐿𝐿) = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝐷𝐷𝑈𝑈)). The polarity of 
each skyrmion can be seen in Fig. 2. The rest of numerical 
details of other contributions to the effective field can be found 
elsewhere [29,36]. 𝐻𝐻��⃗ 𝑡𝑡ℎ is the thermal field, included as a 
Gaussian-distributed random field [39,40]. 𝜏𝜏𝑆𝑆𝑆𝑆 represents the 
spin-orbit torque (SOT), which in the present work is acting on 
the two LFM and UFM layers. This torque is given by the 
Slonczewski-like term 𝜏𝜏𝑆𝑆𝑆𝑆 = −𝛾𝛾0𝑚𝑚��⃗ × 𝐻𝐻��⃗ 𝑆𝑆𝑆𝑆, where 𝐻𝐻��⃗ 𝑆𝑆𝑆𝑆 =
𝐻𝐻𝑆𝑆𝑆𝑆0 𝑚𝑚��⃗ × 𝜎⃗𝜎 is the Slonczewski-like effective field. Here, 𝜎⃗𝜎 =
𝑢𝑢�⃗ 𝑧𝑧 × 𝑢𝑢�⃗ 𝐽𝐽 is the unit vector along the direction of the polarization 
of the spin current generated by the spin Hall effect (SHE) in 
the LHM, being orthogonal to both the direction of the electric 
current 𝑢𝑢�⃗ 𝐽𝐽 and the vector 𝑢𝑢�⃗ 𝑧𝑧 standing for the normal to the 
HM/LFM interface. Finally, 𝐻𝐻𝑆𝑆𝑆𝑆0 = ℏ𝜃𝜃𝑆𝑆𝑆𝑆𝑖𝑖 𝐽𝐽𝐻𝐻𝐻𝐻/(2𝜇𝜇0|𝑒𝑒|𝑀𝑀𝑠𝑠𝑡𝑡𝐹𝐹𝐹𝐹) 
determines the strength of the SHE within each FM layer (𝑖𝑖 =
{𝑈𝑈, 𝐿𝐿}) [2,4], where ℏ is the Planck constant, 𝑒𝑒 is the electron 
charge, 𝜇𝜇0 is the vacuum permeability, 𝜃𝜃𝑆𝑆𝑆𝑆𝑖𝑖  is the spin Hall 
angle (𝑖𝑖 = {𝑈𝑈, 𝐿𝐿}), and 𝐽𝐽 is the magnitude of the current density 
𝐽𝐽𝐻𝐻𝐻𝐻(𝑡𝑡) = 𝐽𝐽𝐻𝐻𝐻𝐻(𝑡𝑡)𝑢𝑢�⃗ 𝐽𝐽. For straight samples 𝑢𝑢�⃗ 𝐽𝐽 = 𝑢𝑢�⃗ 𝑥𝑥, whereas for 
curved strips the direction and the local amplitude of current is 
previously computed by finite element method solvers [41]. On 
the other hand, Eq. (2) includes the spin transfer torques (STTs, 
𝜏𝜏𝑆𝑆𝑆𝑆) due to the electrical current flowing across the FM layers 
(𝐽𝐽𝐹𝐹𝐹𝐹𝑖𝑖 (𝑡𝑡) = 𝐽𝐽𝐹𝐹𝐹𝐹𝑖𝑖 (𝑡𝑡)𝑢𝑢�⃗ 𝐽𝐽, with 𝑖𝑖 = {𝑈𝑈, 𝐿𝐿}). This STTs [40] includes 
both adiabatic and non-adiabatic contributions: 𝜏𝜏𝑆𝑆𝑆𝑆 = 𝑏𝑏𝑆𝑆𝑆𝑆𝑖𝑖 �𝑢𝑢�⃗ 𝐽𝐽 ⋅
∇�𝑚𝑚��⃗ − 𝜉𝜉𝑖𝑖𝑏𝑏𝑆𝑆𝑆𝑆𝑖𝑖 𝑚𝑚��⃗ × �𝑢𝑢�⃗ 𝐽𝐽 ⋅ ∇�𝑚𝑚��⃗ , where 𝑏𝑏𝑆𝑆𝑆𝑆𝑖𝑖 = 𝜇𝜇𝐵𝐵𝑃𝑃 

|𝑒𝑒|𝑀𝑀𝑠𝑠
𝑖𝑖 𝐽𝐽𝐹𝐹𝐹𝐹𝑖𝑖  is the STT 

coefficient, with 𝑃𝑃 the polarization factor and 𝐽𝐽𝐹𝐹𝐹𝐹𝑖𝑖  the density 
current flowing directly throw the FM layer 𝑖𝑖 = {𝑈𝑈, 𝐿𝐿}. 𝜉𝜉𝑖𝑖 is the 
non-adiabatic coefficient [40]. 

Typical parameters have been considered in our simulations. 
Except where the contrary is indicated, 𝑀𝑀𝑠𝑠 values for the UFM 
and the LFM layers have been chosen respectively as 𝑀𝑀𝑠𝑠

𝐿𝐿 =
1.0 MA/m and 𝑀𝑀𝑠𝑠

𝑈𝑈 = 1.0 MA/m. The anisotropy constant, the 
intralayer exchange constant and the Gilbert damping are 𝐾𝐾𝑢𝑢 =
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0.8 MJ/m3, 𝐴𝐴 = 20 pJ/m and 𝛼𝛼 = 0.1 for both FM layers. The 
interfacial DMI is 𝐷𝐷𝐿𝐿 = 1.8 mJ/m2 in the lower FM, and 𝐷𝐷𝑈𝑈 =
−1.8 mJ/m2 in the upper FM layer. The spin Hall angle 
representing the degree of polarization of the vertical spin 
current acting on the LFM is 𝜃𝜃𝑆𝑆𝑆𝑆𝐿𝐿 = −0.33, whereas in the UFM 
is 𝜃𝜃𝑆𝑆𝑆𝑆𝑈𝑈 = +0.33. Note that in order to promote the coupled-
skyrmion dynamics along the same direction in the two FM 
layers of a SAF both the sign of the DMI parameter and the spin 
Hall angles have to be opposite: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝐷𝐷𝐿𝐿) = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝐷𝐷𝑈𝑈) and 
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃𝑆𝑆𝑆𝑆𝐿𝐿 ) = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃𝑆𝑆𝑆𝑆𝑈𝑈 ). These conditions can be obtained 
by choosing the HMs as Pt and W for the LHM and the UHM 
respectively. Different values of the interlayer exchange 
parameter (𝐽𝐽𝑒𝑒𝑒𝑒) have been considered with magnitudes within 
the range 0 ≤ |𝐽𝐽𝑒𝑒𝑒𝑒| ≤ 0.5 mJ/m2, but with 𝐽𝐽𝑒𝑒𝑒𝑒 taking by 
default the value 𝐽𝐽𝑒𝑒𝑒𝑒 = −0.5 mJ/m2 for AF coupling. 

For the study of single-FM-layer (HM/FM/Ox), the 
following parameters were adopted: 𝑀𝑀𝑆𝑆 = 1.0 MA/m, 𝐾𝐾𝑢𝑢 =
0.8 MJ/m3, 𝐴𝐴 = 20 pJ/m, 𝛼𝛼 = 0.1, 𝐷𝐷 = 1.8 mJ/m2 and 
𝜃𝜃𝑆𝑆𝑆𝑆 = −0.33, which coincide exactly with the ones chosen for 
the LFM layer in the two FM layer case. The micromagnetic 
snapshots of the static equilibrium configuration of the 
skyrmions in the single FM layer and in the stack with two FM 
layers stacks are presented in Fig. 2(a) and (b) respectively. Fig. 
2(c) and (d) depict the longitudinal and perpendicular 
magnetization components (𝑚𝑚𝑥𝑥(𝑥𝑥) and 𝑚𝑚𝑧𝑧(𝑦𝑦)) along the 
central line (𝑦𝑦 = 0) of the ferromagnetic strips for the single 
FM layer and the SAF stacks respectively. As it is shown, the 
coupled consists of two mirror skyrmions: the skyrmion in the 
Lower FM layer of the SAF is identical to the one in the single 
FM stack, whereas the skyrmion in the Upper FM layer of the 
SAF has a reversed magnetization due to the antiferromagnetic 
coupling between these Lower and the Upper FM layers.  

 

 
Fig. 2. Static skyrmion configurations in the single FM layer stack (a) and in 
the two FM layers heteroestructure (SAF). (b). The definition of the acronyms 
are also given in the graphs. (c) and (d) show the longitudinal and perpendicular 
magnetization components (𝑚𝑚𝑥𝑥(𝑥𝑥) and 𝑚𝑚𝑧𝑧(𝑦𝑦)) along the central line (𝑦𝑦 = 0) 
of the ferromagnetic strips, for the single FM layer and the SAF stacks 
respectively. The width of the strips is 𝑤𝑤 = 192 nm. Material parameters are 
given in the text. 
 

To evaluate the skyrmions dynamics, we assume that STT is 
negligible (𝐽𝐽𝐹𝐹𝐹𝐹𝑖𝑖 = 0, 𝑏𝑏𝑆𝑆𝑆𝑆𝑖𝑖 = 0), and that the electrical current 
flows only along the heavy metals of the two evaluated systems. 
Eq. (1) is solved using MuMax3 [42] which was adapted to 
include the Ruderman–Kittel–Kasuya–Yosida (RKKY) 
interaction [38] between non-adjacent FM layers separated by 
the spacer (S). The in-plane side of the computational cells is 
Δ𝑥𝑥 = Δ𝑦𝑦 = 1 nm and different thicknesses Δ𝑧𝑧, depending on 
the thickness of the FM layers, were considered. A homemade 
micromagnetic solver was also used to verify the validity of the 
obtained results. Except the contrary is said, the presented 
results were obtained at zero temperature. Simulations at room 
temperature were performed with a fixed time step Δ𝑡𝑡 = 0.1 ps. 
Several tests were performed with reduced cell sizes and time 
steps to assess the numerical validity of the presented results. 

Part of the simulations were carried out by considering 
perfect samples (Sec. III.a), without imperfections nor defects. 
However, other parts were computed under realistic conditions 
(see Sec. III.b). In order to take into account the effects of 
disorder due to imperfections and defects in a realistic way, we 
assume that the easy axis anisotropy direction is distributed 
among a length scale defined by a ‘grain size’. The grains vary 
in size taking an average size of 10 nm. The direction of the 
uniaxial anisotropy of each grain is mainly directed along the 
perpendicular direction (𝑧𝑧-axis) but with a small in-plane 
component which is randomly generated over the grains. The 
maximum percentage of the in-plane component of the uniaxial 
anisotropy unit vector is varied from 10% to 15%. The 
presented results correspond to an in-plane maximum deviation 
from the out-of-plane direction of 12%. Although other ways to 
account for imperfections and defects could be adopted, we 
selected this one based on previous studies, which properly 
describe other experimental observations [37]. 

III. RESULTS AND DISCUSSION 
III.a. Current-driven skyrmion dynamics along straight stacks 
 

Before describing the current-driven skyrmion dynamics 
along curved stacks, it is interesting to review the main features 
of the skyrmion motion along straight stacks. The transient 
micromagnetic snapshots in Fig. 3(a) show the temporal 
evolution of the skyrmion along a single FM layer stack under 
a current of 𝐽𝐽 = +0.02 TA/m2. The skyrmion is initially 
located at the center of the transversal direction of the FM layer, 
𝑌𝑌(0) = 0. During the first nanoseconds (𝑡𝑡 ≲ 10 ns), the 
skyrmion is essentially displaced along the transverse direction 
𝑌𝑌(𝑡𝑡), whereas its longitudinal position remains close to its 
initial value (𝑋𝑋(10 ns) ≈ 𝑋𝑋(0)). As the time elapses longer 
(𝑡𝑡 ≳ 10 ns), 𝑌𝑌(𝑡𝑡) reaches a terminal equilibrium value 𝑌𝑌𝑒𝑒𝑒𝑒 , and 
the longitudinal coordinate (𝑋𝑋(𝑡𝑡)) starts to increase 
monotonously. This threshold value 𝑌𝑌𝑒𝑒𝑒𝑒  is due to the balance 
between the repulsive force from the edge and the gyromagnetic 
force, which deflects the skyrmions from its initial location in 
the center of the stack (𝑌𝑌(0) = 0). This is the so-called 
“skyrmion Hall effect”. The transversal deflection increases 
with the current 𝐽𝐽 (𝑌𝑌𝑒𝑒𝑒𝑒 ∝ 𝐽𝐽), and there is a critical value 𝐽𝐽𝑡𝑡ℎ 
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above which the skyrmion is annihilated at the edge because the 
gyrotropic force becomes larger than the repulsive force from 
the edge. In the particular case of the materials and dimensions 
considered here, this threshold current is 𝐽𝐽𝑡𝑡ℎ = +0.04 TA/m2. 
Therefore, the maximum longitudinal velocity (𝑣𝑣𝑥𝑥) reached by 
the skyrmion is limited by the “skyrmion Hall effect” in single 
FM stacks. This terminal longitudinal velocity is 𝑣𝑣𝑥𝑥 is ~24 m/s 
for 𝐽𝐽 = +0.02 TA/m2, which is slightly below the annihilation 
threshold. The micromagnetic snapshots in Fig. 3(a) also 
indicate that the size of the skyrmion decreases as it is deflected 
along the transverse 𝑦𝑦 direction. This size reduction is due to 
the increasing of the magnetostatic compression of the edge. 

 

 
Fig. 3. Micromagnetic snapshots showing the temporal evolution of the 
skyrmion position along the FM layers in the following cases: (a) single-FM-
layer, and (b) SAF coupling (𝐽𝐽𝑒𝑒𝑒𝑒 < 0). UFM and LFM layers are 
simultaneously shown in case (b). The amplitude of the current pulse is 𝐽𝐽 =
+0.02 TA/m2 for the single-FM-layer case (a) and 𝐽𝐽 = +1 TA/m2 for the SAF 
case (b). Perfect samples and zero temperature are considered here. (c) and (d) 
show the temporal evolution of the skyrmion positions corresponding to the 
snapshots of (a) and (b). The comparison of the dependence of the terminal 
longitudinal skyrmion velocity (𝑣𝑣𝑥𝑥) as a function of 𝐽𝐽 for single FM and SAF 
cases is shown in (e) and (f) graphs. The terminal transverse deviation (𝑌𝑌𝑠𝑠𝑠𝑠) as 
a function of the current (𝐽𝐽) thru the HM/HMs is also shown in (g) and (h) 
graphs, which further supports the annihilation of the skyrmion in the single 
FM layer stack for relative low values of 𝐽𝐽, whereas the coupled skyrmion in 
the SAF moves without transverse deflection.  

 
The situation is significantly different in stacks with two FM 

layer coupled antiferromagnetically (𝐽𝐽𝑒𝑒𝑒𝑒 < 0) by a spacer (see 

Fig. 1(b) and Fig. 2(b) and (d)). The temporal evolution of the 
coupled-skyrmion along this synthetically antiferromagnetic 
stack (SAF) is shown in Fig. 3(b) under a current of 𝐽𝐽 =
+1.0 TA/m2, which is ~50 times larger than the threshold value 
in the single FM stack of Fig. 3(a). The coupled-skyrmion 
consists on two mirror skyrmions within each of the two FM 
layers of the SAF (see Fig. 2(b)), and it is driven with high 
velocity without any significant deflection along the transverse 
direction (Fig. 3(b)). It is also clear that the size of the coupled 
skyrmion is preserved during its motion, which is again a 
consequence of the absence of skyrmion Hall effect in this SAF 
system. Besides of the high velocity and the absence of 
skyrmion Hall effect, it is also remarkable that the coupled-
skyrmion starts to move along the longitudinal direction 
without any inertia as soon as the current is applied (Fig. 3(b) 
and (d)). This is very different from the single FM layer case 
(Fig. 3(a) and (c)), where the longitudinal motion only reaches 
a constant longitudinal velocity once the transversal 
equilibrium threshold is reached after a several nanoseconds 
(Fig. 3(a) and (c)). See Ref. [17] for analytical expression of the 
characteristic time needed by the skyrmion to reach the steady-
state regime with 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠 constant in single FM layer case. 
Although it is not shown here, it was also verified that the 
coupled skyrmion in the SAF stops suddenly if the current is 
turned off, which also is indicative of the lack of inertial effects 
in these SAF systems. All these features, i) the absence of the 
skyrmion Hall effect, ii) the high velocity and iii) the negligible 
inertia of the coupled-skyrmions in the SAF stacks, make them 
a very promising platform to develop skyrmion-based memory 
and logic devices. 

 
The full micromagnetic results along the straight tracks 

presented in Fig. 3 can be analytically understood in the 
framework of the Thiele model [17], which describes the 
skyrmion as a rigid object. In a single-FM-layer with transverse 
cross section 𝑤𝑤 × 𝑡𝑡 (𝑤𝑤: width, 𝑡𝑡 ≡ 𝑡𝑡𝐹𝐹𝐹𝐹: thickness) the 2D 
skyrmion dynamics is given by: 

𝐺⃗𝐺 × 𝑣⃗𝑣 + 𝛼𝛼𝐷⃗⃖𝐷 ⋅ 𝑣⃗𝑣 = 𝐹⃗𝐹𝑆𝑆𝑆𝑆𝑆𝑆 + 𝐹⃗𝐹𝐶𝐶  (2) 

where 𝑣⃗𝑣 = 𝑣𝑣𝑥𝑥𝑢𝑢�⃗ 𝑥𝑥 + 𝑣𝑣𝑦𝑦𝑢𝑢�⃗ 𝑦𝑦  is the skyrmion velocity (𝑣𝑣𝑥𝑥 =
𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑, 𝑣𝑣𝑦𝑦 = 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑). 𝐺⃗𝐺 = −4𝜋𝜋(𝑝𝑝𝑝𝑝) 𝜇𝜇0𝑀𝑀𝑠𝑠

𝛾𝛾0
 𝑡𝑡 𝑢𝑢�⃗ 𝑥𝑥 is the 

gyrovector, where 𝑝𝑝 and 𝑞𝑞 represent the skyrmion polarity (𝑝𝑝 =
±1) and topological charge (𝑞𝑞) respectively. 𝐷⃗⃖𝐷 is the 2 × 2 
diagonal dissipation tensor, with elements 𝐷𝐷𝑖𝑖𝑖𝑖 = 𝐷𝐷𝛿𝛿𝑖𝑖𝑖𝑖 ≈
− 𝜇𝜇0𝑀𝑀𝑠𝑠

𝛾𝛾0
𝑡𝑡 �𝜋𝜋

3𝑅𝑅𝑆𝑆𝑆𝑆
Δ

�. 𝐹⃗𝐹𝐶𝐶 is the restoring force due to the 
confinement (i.e. imposed by the strip edges), which in a first 
approximation can be described as 𝐹⃗𝐹𝐶𝐶 = −𝑘𝑘𝑘𝑘𝑢𝑢�⃗ 𝑦𝑦 with 𝑘𝑘 being 
an elastic constant, which can be estimated from a single 
micromagnetic simulation [17]. 𝐹⃗𝐹𝑆𝑆𝑆𝑆𝑆𝑆 is the driving force due to 
the SHE, which is given by 𝐹⃗𝐹𝑆𝑆𝑆𝑆𝑆𝑆 ≈ − ℏ𝜃𝜃𝑆𝑆𝑆𝑆𝐽𝐽

2𝑒𝑒
𝜋𝜋2𝜂𝜂𝑅𝑅𝑆𝑆𝑆𝑆𝑢𝑢�⃗ 𝑥𝑥 =

𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆𝑢𝑢�⃗ 𝑥𝑥. Eq. (2) describes the motion of a rigid skyrmion with a 
characteristic size of given by 𝜂𝜂𝑅𝑅𝑆𝑆𝑆𝑆. The analytical solution of 
Eq. (2) gives the temporal evolution of the longitudinal (𝑋𝑋 =
𝑋𝑋(𝑡𝑡)) and transverse (𝑋𝑋 = 𝑋𝑋(𝑡𝑡)) skyrmion coordinates, and it 
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can be consulted in [17]. The steady-state or terminal 
longitudinal velocity 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠  and the terminal transverse 
displacement 𝑌𝑌𝑠𝑠𝑠𝑠 can be deduced from that solution. The 
resulting expression are 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠 = 𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆

𝛼𝛼𝛼𝛼
 and 𝑌𝑌𝑠𝑠𝑠𝑠 = 𝐺𝐺𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆

𝛼𝛼𝛼𝛼𝛼𝛼
. Note that 

the terminal transverse displacement 𝑌𝑌𝑠𝑠𝑠𝑠 is proportional to the 
modulus of the gyrovector 𝐺𝐺, which depends on the topological 
charge (𝑞𝑞). For example, under a current of 𝐽𝐽 = 0.02 TA/m2, 
the micromagnetic results for the terminal values are 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠 ≈
24 m/s and 𝑌𝑌𝑠𝑠𝑠𝑠 ≈ 72 nm. From these results we deduce 𝑘𝑘 =
0.24 × 10−4 N/m using 𝑅𝑅𝑆𝑆𝑆𝑆 = 15 nm, 𝜂𝜂 = 1.2 and Δ =
16 nm. It was verified that with these inputs, the analytical 
model provides a good quantitative agreement with the 
micromagnetic results of Fig. 3(c) and (e). 

On the other hand, the Thiele model (Eq. (2)) can be also 
adapted to explain the micromagnetic results presented for SAF 
stacks, as the two skyrmions can be described as “single 
coupled skyrmion”. The two skyrmions in the two 
ferromagnetic layers have opposite topological charge (𝑞𝑞𝐿𝐿 =
−𝑞𝑞𝑈𝑈), and consequently, the total topological charge of the 
antiferromagnetically coupled skyrmion is null, 𝑞𝑞𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑞𝑞𝐿𝐿 +
𝑞𝑞𝑈𝑈 = 0. Therefore, the gyrovector 𝐺⃗𝐺 of the coupled skyrmion 
is also zero (𝐺⃗𝐺 = 0), and consequently, the transverse deflection 
is identically zero (𝑌𝑌𝑠𝑠𝑠𝑠 = 𝐺𝐺𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆

𝛼𝛼𝛼𝛼𝛼𝛼
= 0), which explains the 

absence of skyrmion Hall effect in these SAF systems (see Fig. 
3(d)). Moreover, as the coupled skyrmion is not deflected along 
the transverse direction, higher current densities can be 
injected, and larger velocities are achieved as compared to the 
single FM layer case. Note that the longitudinal velocity of the 
coupled skyrmion can be also described be the same analytical 
expression, 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠 ≈

𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆
𝛼𝛼𝛼𝛼

 , which explains the linear dependence 
of 𝑣𝑣𝑥𝑥,𝑠𝑠𝑠𝑠 on 𝐽𝐽, as shown by the micromagnetic results of Fig. 3(e) 
and (f). 

 
III.b. Current-driven dynamics along curved stacks 

 
Previous section stated the advantages of the current-driven 

skyrmion dynamics in a straight SAF stack over the single FM 
layer case. However, the design of skyrmion-based devices will 
also require to analyze and to control the skyrmion dynamics 
along 2D tracks, which will consist on straight and curved parts. 
Note that in curved tracks, where the heavy metals are needed 
to be patterned with the same shape than the FM layers, the 
electrical current 𝐽𝐽 = 𝐽𝐽(𝑟𝑟) will be non-uniform, and therefore, 
it is needed to evaluate the influence of the non-uniform current 
on the skyrmion dynamics. In order to do it, we have considered 
both single FM layer and SAF stacks with the in-plane (𝑥𝑥𝑥𝑥) 
shape shown in Fig. 4(a), which contains straight and curved 
parts. The definitions of the geometrical parameters and the 
values considered in the present analysis are shown in Fig. 4(a) 
and in its caption. The strip width is 𝑤𝑤𝑠𝑠 = 𝑤𝑤 and the thickness 
of the different layers are the same as in the former Sec. III.a. 
The same material parameters are also considered here. See 
Appendix for a detailed explanation of the non-uniform current 
density in curved strips. 

The current distribution 𝐽𝐽(𝑟𝑟) in the HMs is shown in Fig. 

4(b), which clearly indicates a radial dependence: the current 
density 𝐽𝐽(𝑟𝑟) depicts an inversely linear dependence on the 
radius when is forced to flow over semicircular arcs. Notice the 
values of the magnitude of the current �𝐽𝐽(𝑟𝑟)� in the curved parts 
(vertical color scale in Fig. 4(b)), which are normalized to its 
uniform value (𝐽𝐽𝑢𝑢) along the straight part. The current becomes 
significantly higher in the inner part of the curve (�𝐽𝐽(𝑟𝑟)�/𝐽𝐽𝑢𝑢 >
1), and its value decreases towards the outer part, where its 
magnitude becomes smaller than in the straight part (�𝐽𝐽(𝑟𝑟)�/
𝐽𝐽𝑢𝑢 < 1 ). These results suggest that the skyrmion dynamics 
could be significantly modified when it is forced to pass along 
curved parts, where the driving force due to the spin Hall effect 
is proportional to the electrical current along the HMs. The 
spatial distribution of the current was computed with COMSOL 
[41] and taken into account to evaluate the current driven 
skyrmion motion by numerically solving Eq. (1). 

 
Before comparing single FM layer and SAF results it is 

interesting to describe the limitations of the single FM layer 
stack to drive series of skyrmions along samples with curved 
parts. Fig. 5 shows the dynamics of two skyrmions under a 
current of 𝐽𝐽𝑢𝑢 = 𝐽𝐽 = 0.01 TA/m2, which indicates the value at 
the straight parts, and it was chosen to be below the annihilation 
threshold. The non-uniform distribution of the current is taken 
into account (Fig. 4b). The skyrmions are initially placed at the 
central line of the stack along the longitudinal direction, that is, 
𝑋𝑋𝑡𝑡(0) = 𝑋𝑋𝑚𝑚(0) = 0, where the here 𝑡𝑡 and 𝑚𝑚 represent the top 
and the middle skyrmions. As it is shown, the top skyrmion is 
placed at the top straight part and the other one in the middle 
central straight part. The top skyrmion is driven to cross the top-
right curve in a clockwise direction (CW), whereas the middle 
ones is forced to pass over the left-bottom curve in a 
counterclockwise direction (CCW). The snapshots evidence a 
different velocity along the curved parts, which is a direct 
consequence of the skyrmion Hall effect and of the spatial 
distribution of the current. Indeed, the top skyrmion enters in 
the CW curve close to the outer radius (𝑟𝑟𝑜𝑜), where the local 
current density is smaller than in the straight part (�𝐽𝐽(𝑟𝑟)�/𝐽𝐽𝑢𝑢 <
1), and therefore, it linear velocity is reduced with respect to the 
one in the straight part. On the other hand, the skyrmion initially 
placed at the middle enters in the CCW curve close to the inner 
radius (𝑟𝑟𝑖𝑖), where the local current is larger (�𝐽𝐽(𝑟𝑟)�/𝐽𝐽𝑢𝑢 > 1), and 
therefore its linear velocity is larger than in the straight parts. It 
is also clear that the radial distance covered by the top skyrmion 
in its CW turn is larger than the one covered by the middle one 
in its CCW. These observations clearly show that the relative 
distance between the skyrmions is significantly modified as 
they are driven along a single FM layer stack with curved parts. 
Consequently, sigle FM layer stacks are not good platforms to 
develop skyrmion-based racetracks. Although the presented 
result were obtained under static currents, we have also verified 
that the mentioned limitations remain when the skyrmions are 
driven by current pulses: the skyrmion may not be annihilated 
if the current pulses are properly chosen, but the relative 
distance between skyrmions will change as they are moved 
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along CW and CCW turns. 

 
Fig. 4. In-plane (𝑥𝑥𝑥𝑥-plane) geometry used to evaluate the current-driven 
Skyrmion dynamics along tracks with straight and curved parts. It contains 
three straight sections connected by two round-shaped sections. (a) The values 
of the geometrical parameters defined therein are: 𝑤𝑤𝑟𝑟 = 512 nm, 𝑟𝑟𝑖𝑖 = 64 nm, 
𝑟𝑟𝑜𝑜 = 256 nm, 𝑤𝑤𝑠𝑠 = 𝑟𝑟𝑜𝑜 − 𝑟𝑟𝑖𝑖, ℎ𝑥𝑥 = 2𝑟𝑟𝑜𝑜 + 𝑤𝑤𝑟𝑟, and ℎ𝑦𝑦 = 2𝑟𝑟𝑜𝑜 + 2𝑟𝑟𝑖𝑖 +𝑤𝑤𝑠𝑠. (b) 
Spatial distribution of the normalized current density (𝐽𝐽(𝑟𝑟)/𝐽𝐽𝑢𝑢). Color indicates 
the current density (𝐽𝐽(𝑟𝑟)) normalized to the value in the straight part (𝐽𝐽𝑢𝑢), where 
the current is uniform 𝐽𝐽𝑢𝑢. Lines only represent the local direction of the 𝐽𝐽(𝑟𝑟).  
 

 
Fig. 5. Transient snapshots of the current-driven dynamics along a single FM 
layer curved track. The applied current is 𝐽𝐽 = 0.01 TA/m2. Two skyrmions are 
driven by the same current. As they cross the curved parts, its relative distance 
changes as discussed in the text. 
 

Once stablished the drawbacks of the single FM layer stack 
to drive skyrmions along samples with curved parts, we now 
compare the dynamics to the SAF stack case. To do it, realistic 
conditions have been considered, which include defects in the 
form of grains (see details at the end of Sec. II) and thermal 
effects at room temperature (𝑇𝑇 = 300 K). As in Sec. III.a, two 
cases are considered here: a single-FM-layer stack (Fig. 6(a)) 
and a multilayer with two antiferromagnetically-coupled FM 
layers (Fig. 6(b), SAF). 

In the single FM layer case, the skyrmion is initially driven 
from the left to the right along the top horizontal branch (Fig. 
6(a)). In this horizontal part the current is uniform and the 
skyrmion depicts the mentioned “skyrmion Hall effect” but 
without annihilation before reaching the first right handed 
curve. Note that the skyrmion is not annihilated for this current 
because the short horizontal length of the top straight part and 
also due to the presence of defects. When the skyrmion enters 
in the first curve towards the right (CW), the current becomes 
non-uniform, and its magnitude is smaller than in the straight 
part (see Fig. 4(b)) in the outer edge where the skyrmion is 
close. As the skyrmion is moving close to this outer part, its 
linear velocity is slightly smaller than in the straight horizontal. 
Therefore, it completes the first clockwise 180º turn without 
annihilation, reaches the central horizontal branch, and moves 
up to reaching the second 180º counter-clockwise turn. The 
skyrmion annihilates as soon as it enters in this second curve 
(left turn, CCW) (Fig. 6(a) at 𝑡𝑡 = 225 ns) because the high 
current density (and consequently the high spin Hall force) in 
the inner part of this turn. 

The dynamics of the coupled-skyrmion along curved tracks 
is completely different. Analogously to the straight case 
discussed in Fig. 3(b) where the current is uniform, the 
skyrmion is driven with high velocity along the middle of the 
track (Fig. 6(b)) even if the current is non-uniform as due to the 
curved path. Therefore, these realistic simulations, where 
disorder and thermal effects are taken into account along with 
the non-uniform current distribution, clearly point out the 
advantages of the SAF stacks as promising platforms to develop 
skyrmion-based devices. 

IV. CONCLUSION 
The current-driven skyrmion dynamics have been 

theoretically analyzed different stacks with straight and curved 
parts. The analysis of the stacks with curved parts is relevant 
for future development of skyrmion 2D devices. In multilayers 
with a single FM layer, the skyrmion trajectory is deflected due 
to the skyrmion Hall effect, which is a transverse deviation with 
respect to the current direction in the heavy metal under the 
ferromagnetic layer. The terminal deviation increases with the 
current, and there is a threshold current value above which 
skyrmion is annihilated at the edge of the strip. Therefore, the 
maximum value of the skyrmion longitudinal velocity is limited 
by this skyrmion Hall effect. For driving currents well below 
this threshold, skyrmion can travel also along curved parts 
without annihilation. However, due to the non-uniform 
distribution of the current in the curved parts, the skyrmion 
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velocity depends on the local radius of its curved trajectory, and 
this velocity is different from the velocity along the straight 
part. We have shown that the velocity is different for CW than 
CCW curves in a single FM layer stack, which is detrimental 
for racetrack applications. Indeed, for high currents but below 
the threshold value along the straight part, the skyrmion enters 
in the curved part at a certain distance to the close edge of the 
strip. If the skyrmion is moving close to the outer radius of the 
curved path its linear velocity decreases because the current 
density decreases with respect to its uniform value along the 
straight part. Therefore, the skyrmion can complete the turn 
without annihilation. On the contrary, if the skyrmion is forced 
to turn close to the inner radius of the local curved part (where 
the local current density is larger than its uniform value), its 
linear velocity increase accomplished by a larger deviation 
along the radial direction, which eventually results in the 
skyrmion annihilation. If the current sufficiently small to avoid 
annihilation, the difference velocity along CW and CCW curves 
modifies the relative distance between series of skyrmions, 
which is also detrimental for racetrack applications. 

 

 
Fig. 6. (a) Transient snapshots of the current-driven Skyrmions dynamics along 
a single FM layer curved track. The applied current is 𝐽𝐽 = 0.02 TA/m2, and 
each snapshot is shown after each Δ𝑡𝑡 = 25 ns. (b) Transient snapshots of the 
current-driven Skyrmions dynamics along a curved track consisting of  two 
ferromagnetic layers with AFM coupling. The applied current is 𝐽𝐽 = 1TA/m2, 

and each snapshot is shown after each Δ𝑡𝑡 = 1.5 ns. Realistic conditions, with 
disorder (as described in Sec. II) and thermal fluctuations at room temperature, 
are considered here.  

 
We have also evaluated the current-driven skyrmion 

dynamics in multilayers where two ferromagnetic layers are 
separated by a spacer, which generates an antiferromagnetic 
coupling between the ferromagnetic layers. In these synthetic 
antiferromagnetic stacks, the two skyrmions within each 
ferromagnetic layer moved coupled each other if the 
antiferromagnetic coupling is large enough without. As the 
coupled skyrmion in these systems does not depict skyrmion 
Hall effect, it is possible to apply much larger current, and 
consequently the coupled skyrmion reaches much higher 
velocities than in the single ferromagnetic layer counterparts. 
These advantages are also observed in samples with curved 
parts, where the coupled skyrmion also depicts a high velocity 
motion along the central path. Our results point out the 
drawbacks of the single ferromagnetic layer stack to develop 
skyrmion-based racetrack spintronic devices, and at the same 
time, the corresponding advantages of the synthetic 
antiferromagnetic systems to design such skyrmion-based 
devices. 

 

APPENDIX 
When a potential difference (𝑉𝑉) is applied between the two 

ends of a straight conducting strip with length ℓ along the 
longitudinal 𝑥𝑥-axis, the resulting electric field (𝐸𝐸�⃗ ) and the 
density current (𝐽𝐽 = 𝛾𝛾𝐸𝐸�⃗ , with 𝛾𝛾 being the electrical 
conductivity) are both uniform along the strip cross section 
(𝑤𝑤 × 𝑡𝑡, with 𝑤𝑤 and 𝑡𝑡 being the width and the thickness of the 
strip, along 𝑦𝑦 and 𝑧𝑧-axis respectively), that is, 𝐸𝐸�⃗ = 𝑉𝑉

ℓ
𝑢𝑢�⃗ 𝑥𝑥 ≠ 𝑓𝑓(𝑟𝑟) 

and 𝐽𝐽 = 𝛾𝛾 𝑉𝑉
ℓ
𝑢𝑢�⃗ 𝑥𝑥 ≠ 𝑓𝑓(𝑟𝑟), where 𝑟𝑟 is position vector. In this case, 

𝐽𝐽 can be also expressed as 𝐽𝐽 = 𝐽𝐽𝑢𝑢𝑢𝑢�⃗ 𝑥𝑥, where 𝐽𝐽𝑢𝑢 = 𝐼𝐼/(𝑤𝑤𝑤𝑤) is the 
uniform current density, with 𝐼𝐼 being the electrical current thru 
the strip. However, if the conducting strip is curved as shown 
in Fig. 6, the electric field and the corresponding current density 
are not uniform (that is, 𝐸𝐸�⃗ = 𝐸𝐸�⃗ (𝑟𝑟) and 𝐽𝐽 = 𝐽𝐽(𝑟𝑟)). Indeed, they 
have larger amplitude (�𝐸𝐸�⃗ �, �𝐽𝐽�) in locations close to the inner 
radius of the curve, and smaller close to the outer radius. When 
applying a potential difference (𝑉𝑉) between the two ends of a 
curved conductive strip (with thickness 𝑡𝑡, inner 𝑟𝑟𝑖𝑖 and outer 𝑟𝑟𝑖𝑖 
radios, and conductivity 𝛾𝛾), the current distribution 𝐽𝐽 can be 
calculated analytically from the Ohm’s law:  𝐽𝐽(𝑟𝑟) = 𝛾𝛾𝐸𝐸�⃗ (𝑟𝑟) =
𝛾𝛾 𝑉𝑉
𝜋𝜋𝜋𝜋
𝑢𝑢�⃗ 𝜙𝜙, where 𝑟𝑟 is the radius with respect to the center of the 

curve, and 𝑢𝑢�⃗ 𝜙𝜙 is the unit vector along the azimuthal direction, 
with respect to the 𝑥𝑥-axis. Therefore, the amplitude of the 
density current �𝐽𝐽� = 𝐽𝐽(𝑟𝑟), depends on 𝑟𝑟, as 𝐽𝐽(𝑟𝑟) ∝ 1

𝑟𝑟
, a fact 

which can be clearly observed in Fig. 3(b) along the radial 
direction within the two curves. A simply calculation allows us 
to express the 𝐽𝐽(𝑟𝑟) along the curved strip in terms of the uniform 
current density of the straight strips (𝐽𝐽𝑢𝑢), as  
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𝐽𝐽(𝑟𝑟) =
𝐽𝐽𝑢𝑢𝑤𝑤

𝑟𝑟 ln �1 + 𝑤𝑤
𝑟𝑟𝑖𝑖
�

 
(3) 

Eq. (3) is represented in Fig. 6(b) for a curved strip with the 
same dimensions as the curves of the system evaluated in Fig. 
4: 𝑟𝑟𝑖𝑖 = 64 nm and 𝑟𝑟𝑜𝑜 = 256 nm, which is in excellent 
quantitative agreement except for positions close to the 
connection with the straight parts. Indeed, in our system (see 
Fig. 4), which has straight and curved parts, there is not 
analytical solution at the connection of the straight part and the 
curved one. For this reason, we solved the Laplace eq. for the 
electrical potential numerically using a finite element solver, 
COMSOL [41], which solves the Laplace eq. ∇2𝜓𝜓 = 0, with 𝜓𝜓 
being the electric potential, with the Neumann boundary 
conditions which impose the potential at the ends of the 
conducting paths, the heavy metals. From the spatial 
dependence of the electric potential 𝜓𝜓 = 𝜓𝜓(𝑟𝑟), the current 
distribution is obtained from Ohm’s law as: 𝐽𝐽(𝑟𝑟) = 𝛾𝛾𝐸𝐸�⃗ (𝑟𝑟), 
where  𝐸𝐸�⃗ (𝑟𝑟) = −∇𝜓𝜓(𝑟𝑟) is the gradient of the electric potential. 
The direction of 𝐽𝐽(𝑟𝑟) and the spatial dependence of its 
amplitude (�𝐽𝐽� = 𝐽𝐽(𝑟𝑟)) are both shown in Fig. 4(b). 

 

 
Fig. 7. (a) Geometry of a curved strip where the current distribution can be 
analytical calculated as described in the text. The geometrical parameters and 
the planes where the potential difference is applied, are defined in the image. 
(b) Normalized current density as a function of 𝑟𝑟 for a curved strip with 𝑟𝑟𝑖𝑖 =
64 nm and 𝑟𝑟𝑜𝑜 = 256 nm, as given by Eq. (3). 
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