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Abstract

Sphere Partition Functions and Quantum De Sitter Thermodynamics

Yuk Ting Albert Law

Driven by a tiny positive cosmological constant, our observable universe asymptotes into a
casual patch in de Sitter space in the distant future. Due to the exponential cosmic expansion, a
static observer in a de Sitter space is surrounded by a horizon. A semi-classical gravity analysis by
Gibbons and Hawking implies that the de Sitter horizon has a temperature and entropy, obeying
laws of thermodynamics. Understanding the statistical origin of these thermodynamic quantities
requires a precise microscopic model for the de Sitter horizon. With the vision of narrowing the
search of such a model with quantum-corrected macroscopic data, we aim to exactly compute the
leading quantum (1-loop) corrections to the Gibbons-Hawking entropy, mathematically defined as
the logarithm of the effective field theory path integral expanded around the round sphere saddle,
1.e. sphere partition functions. This thesis discusses sphere partition functions and their relations
to de Sitter (dS) thermodynamics. It consists of three main parts:

The first part addresses the subtleties of 1-loop partition functions for totally symmetric tensor
fields on S9!, and generalizes all known results to arbitrary spin s > 0 in arbitrary dimensions
d > 1. Starting from a manifestly covariant and local path integral on the sphere, we carry out a
detailed analysis for any massive, shift-symmetric, massless, and partially massless fields. For any
field with spin s > 1, we find a finite contribution from longitudinal modes; for any massless and

partially massless fields, there is a residual group volume factor due to modes generating constant



gauge transformations; for any massless and partially massless fields with spin s > 2, we derive
the phase factor resulted from Wick-rotating negative conformal modes, generalizing the phase
factor first obtained by Polchinski for the case of massless spin 2 to arbitrary spins.

The second part presents a novel formalism for studying 1-loop quantum de Sitter thermo-
dynamics. We first argue that the Harish-Chandra character for the de Sitter group SO(1,d + 1)
provides a manifestly de Sitter-invariant regularization for normal mode density of states in the
static patch, without introducing boundary ambiguities as in the traditional brick wall approach.
These characters encode quasinormal mode spectrums in the static patch. With these, we write
down a simple integral formula for the thermal (quasi)canonical partition function, which straight-
forwardly generalizes to arbitrary spin representations. Then, we derive a universal formula for
1-loop sphere partition functions in terms of the SO(1,d + 1) characters. We find a precise rela-
tion between these and the (quasi)canonical partition function mentioned earlier: they are equal
for scalars and spinors; for any fields with spin s > 1, they differ by “edge” degrees of free-
dom living on the de Sitter horizon. This formalism allows us to efficiently compute the exact
1-loop corrected de Sitter horizon entropy, which as we argue provides non-trivial constraints on
microscopic models for the de Sitter horizon. In three dimensions, higher-spin gravity can be alter-
natively formulated as an sl(n) Chern-Simons theory, which as we show possesses an exponentially
large landscape of de Sitter vacua. For each vacuum, we obtain the all-loop exact sphere partition
function, given by the absolute value squared of a topological string partition function. Finally,
our formalism elegantly proves the relations between generic dS, AdS, and conformal higher-spin
partition functions.

The last part extends our studies in the previous part to grand (quasi)canonical partition func-
tions on the dS static patch, where we generalize the (quasi)canonical partition functions by al-
lowing non-zero chemical potentials in some of the angular directions. For these, we derive a
generalized character integral formula in terms of the full SO(1, d + 1) characters. In three dimen-

sions, we relate them to path integrals on Lens spaces. Similar to its sphere counterpart, the Lens

space path integral exhibits a “bulk-edge” structure.
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From left to right: Due to the exponential expansion driven by A, signals from distant
galaxies would appear more and more red-shifted. Eventually these galaxies will fall out-
side of our horizon, and the observable universe will look like a de Sitter static patch [7,
8]. Right: The Penrose diagram of the global de Sitter space. The causal diamond for a
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We can discretize the continuous normal mode spectrum by imposing an extra boundary
condition at a brick wall (green line) put at a location r = 1 — € slightly away from the
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Chapter 1: Introduction and Background

1.1 De Sitter static patch: our ultimate fate

It is well-known that our universe is expanding!. What is more, observations of distant su-
pernovae [1-3] strongly indicate that we are entering a phase of accelerating expansion, due to
a remarkably small and, crucially, positive cosmological constant A appearing in the Einstein’s

equations

1
Ry — EgWR + Aguy = 8nGNT, . (1.1)

Fitting the ACDM model with current observational data [4—6], we find that today A accounts
for roughly Qp ~ 70% of the critical density, from which we infer A ~ 1072 m™2 ~ 10‘1225512,
lp1 = W being the Planck length. As tiny as such, however, because of its uniform energy
density A will increasingly dominate over other forms of matter as the space expands. Eventually

it will completely take over, so that our universe becomes indistinguishable from a causal patch of

a de Sitter space [7, 8]. See figure 1.1.

' Throughout this thesis whenever we say “our universe” we mean the observable universe.



Figure 1.1: From left to right: Due to the exponential expansion driven by A, signals from distant galaxies
would appear more and more red-shifted. Eventually these galaxies will fall outside of our horizon, and the
observable universe will look like a de Sitter static patch [7, 8]. Right: The Penrose diagram of the global
de Sitter space. The causal diamond for a static observer sitting at the south pole (the right vertical line) is
labeled by “S”. This patch is bounded by the observer’s past and future horizons (the diagonal lines). The
generator Hg for the time flow (shown by the blue arrows) within the southern static patch generates an
inverse time flow in the northern patch (labeled by “N”’), while it generates spacelike isometries (red arrows)

in the past and future triangles.

1.1.1 De Sitter horizon and the Gibbons-Hawking entropy

It is thus desirable to consider an observer siting inside a de Sitter universe (some basic facts of
de Sitter space are collected in appendix A). Because of the exponential cosmic expansion, there
is only a finite portion of the entire global de Sitter space where the observer can receive signals
from and send signals to, namely their causal patch. See figure 1.1. In a (d + 1)-dimensional de

Sitter space dS4+1, this patch is conveniently parametrized by the static coordinates, with metric

2
ds? = - (1 - %) dt* + —— +r2dQ} |, 0<r < {lgs. (1.2)

2
ds

-
lis

Here €45 = +/d(d — 1)/2A is the de Sitter length. In these coordinates, the static observer sits at

r = 0. The de Sitter horizon corresponds to the coordinate singularity at r = {gs and has area

Ar = Qq 1L (‘fs_ ! with Q4_; the area of the unit round sphere §é-1, Analogous to black holes, there

is a temperature and entropy associated with this horizon [9, 10]. Taking into account quantum



effects, one can indeed show [9, 10] that the global de Sitter Euclidean vacuum looks thermal to

the static observer, with temperature Tgs = 1/2n{4s and the tree-level Gibbons-Hawking entropy2

A
Segy=——. 1.3
GH = 75~ (1.3)

What is the microscopic origin of the entropy (1.3)? Can it be computed as the logarithm of
the number of microstates?® The answers to these questions will require a precise microscopic
model of de Sitter quantum gravity or at least of the de Sitter horizon. Despite the enormous
efforts such as [11-24], no such model has been constructed at present. For a review of some
aspects of the challenges, see for instance [25]. In this thesis, we do not make any assumption
about the underlying microscopic theory, and proceed strictly from a macroscopic, low energy
EFT perspective.

From an EFT point of view, the tree-level formula (1.3) will be modified by quantum fluctu-
ations of gravitons and matter fields living in this background. Computing quantum corrections
to macroscopic data proves to be useful in testing microscopic proposals. On the one hand, when
there is a microscopic theory for which the low energy EFT is known, the agreement between the
EFT and microscopic computations of the quantum corrections can serve as a consistency check.
For instance, for some special black holes in string theory [26-29], the microscopic computation
of the logarithmic correction to the Bekenstein-Hawking entropy have been shown to match the
prediction from the macroscopic analysis.

On the other hand, quantum corrections can bring further support to or additional constraints
on candidate microscopic models. For a holographic example, the matching of AdS bulk HS par-
tition functions with the boundary CFT partition functions at 1-loop or O(N?) provides strong
evidence for the HS/CFT duality [30-33]. Sometimes the constraint from the quantum-corrected
EFT data is strong enough to rule out a microscopic model, as demonstrated in [34]: loop quan-

tum gravity proposals for the Schwarzschild black hole horizon are invalidated by their failure to

ZFor an observer in the distant future of our universe, the temperature is roughly Tys ~ 1073°K, much lower than
the current CMB temperature of 2.73K.

. . . 122 .
3The entropy (1.3) for our universe accounts for a gigantic number ~ 10'%" of microstates.



reproduce the correct logarithmic correction to the Bekenstein-Hawking entropy predicted by the
macroscopic Euclidean gravity analysis. This last example illustrates the power of EFT quantum
corrections: they impose stringent universal constraints on candidate microscopic models, without
any knowledge of the true underlying model.

These ideas raise the interesting prospect of narrowing our search of the correct microscopic
model for de Sitter horizon using quantum-refined macroscopic data: a candidate model is ruled
out if it fails to reproduce the 1-loop corrections to the Gibbons-Hawking entropy (1.3). This
motivates the central goal of this thesis: exactly computing the 1-loop corrected de Sitter horizon

entropy for any gravity plus matter effective field theory.

1.2 1-loop corrections to the Gibbons-Hawking entropy

The quantum-corrected de Sitter horizon entropy is given by [10]
S=1logZ (1.4)

where Z is the gravity plus matter EFT Euclidean path integral expanded about the round sphere
§9+1 saddle. In 1-loop approximation, we keep the metric and matter fluctuations up to quadratic
order.

As reviewed in more detail in section (1.2.2), a path integral for a quantum field ® with Eu-
clidean action Sg[®] on a space of the product form § é X My, where S,é a circle of circumference

and M, a d-dimensional manifold, is equal to a QFT thermal canonical partition function at inverse

temperature 8
Tr e PH = /Z)CI) e SE® op Sé XMy . (1.5

Here the Hamiltonian H generates time translation in the spacetime R X M. The trace Tr runs over
the entire QFT Hilbert space. In 1-loop approximation, we have a free action in the exponent of the

weight in the path integral; in the canonical picture this corresponds to an ideal gas approximation.
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The ideal gas canonical partition function (1.5) can then be computed by canonically quantizing
the free QFT on R X M, and summing over the multiparticle Fock space, which is computationally
easier than evaluating the functional determinants in the path integral picture reviewed in section
1.2.3.

Asreviewed in section 1.2.2, while the sphere §9+1 does not take the form S éde, it is obtained
from the static patch (1.2) by periodically identifying the time ¢ in the imaginary direction. One
then naturally wonders if a 1-loop sphere path integral can be computed in the canonical framework
through the relation (1.5), with H being the free static patch Hamiltonian and trace Tr over the
associated Fock space. Because of its computational simplicity, we will first discuss this thermal
canonical ideal gas picture in the following. After that we will go back to sphere path integral
itself, and point out that in the present case the relation (1.5) should in fact be modified by “edge”
modes living on the de Sitter horizon. The last part of this section is devoted to describing the

subtleties one encounters when computing sphere path integrals.

1.2.1 Thermal canonical partition function

An initial attempt to obtain the 1-loop quantum corrections to (1.3) is by trying to evaluate the

canonical ideal gas partition function
Zpuik = Tr e PH, (1.6)

where H is the Hamiltonian for the free static patch QFT and the trace Tr runs over the associated
multiparticle Fock space. The subscript “bulk” means that (1.6) captures the quanta living in the
bulk of the static patch, as opposed to the “edge” degrees of freedom living on the horizon to
be discussed in the next section. With (1.6), one can calculate the entropy using the standard
thermodynamic relations at the inverse de Sitter temperature S = 27{4s. For the rest of this chapter
we set £gs = 1.

As a simple concrete example, we consider a free massive scalar field ¢ with mass m?> =



A(d — A) on the static patch of dS,.;. Following standard steps for bosonic fields, we write (1.6)

as

l0g Zoulk = — /m dw p(w) (log(l - e-ﬁw) + ﬁ—“’), (1.7)
o 2

where
plw)=tré(w— H) (1.8)

is the density of states for the single-particle normal mode spectrum. In (1.8), the trace tr runs over
the single-particle Hilbert space.

One then proceeds to solve for the positive-frequency solutions to the equation of motion

_ 2
0= |-— O+ (1-rH)o* + —(d+1)r+d ! ar+v——m2 ¢. (1.9)
1-r2 r r2

Here —V? is the Laplacian on the unit round sphere S¢~!. Now, for every frequency w > 0, one
obtains the normal modes that are regular everywhere within the static patch (in particular at » = 0,

the location of the observer):

. iw/2 . .
Bt (1.0 1) o 7Yy (@) 1 (1= 2) 7 o (G, Lrdopsie; 4 g)2), (1.10)

where Y, (Q) is a basis of spherical harmonics on S¢~! labeled by the total SO(d) angular momen-
tum quantum number ¢ and the magnetic quantum numbers collectively denoted as o. Hence, we
have a continuous set of basis |w{c) labeled by energy w and SO(d) angular momentum numbers
¢ and o, which satisfies (wlo|w't'0’) = §(w — W) d¢¢r 050 Evaluating (1.8) in this basis leads to

the divergent result

ps(w) = /dw’ Z(w’€0'|6(w - o)|w'to) = Z 5(0) . (1.11)
lo lo



The appearance of a continuous normal mode spectrum and divergent density of states is ubiq-
uitous for spacetimes with a horizon. The physical reason is that modes with arbitrary energies are
allowed to exist because of the unlimited redshift near the horizon. One can cure this by putting
a t’Hooft brick wall [35] slight away from the horizon, on which one puts an additional boundary
condition so that the spectrum is discretized. In the current case, one can cut off the static patch at
r = 1—€ asin figure 1.2. However, this approach suffers from a few unappealing features including
broken de Sitter invariance, or dependence on the choice of the boundary condition (for example
Dirichlet or Neumann) at the brick wall. Other ideas [36, 37] to get rid of the divergence (1.11)
include for instance Pauli-Villars or dimension regularizations. While these avoided some of the
problems such as broken general covariance, they are generally difficult to implement, making it

challenging to make progress beyond the simplest massive scalar case.

Figure 1.2: We can discretize the continuous normal mode spectrum by imposing an extra boundary
condition at a brick wall (green line) put at a location r = 1 — € slightly away from the horizon. In this figure

€ = 0.03. The placement of such a wall clearly breaks de Sitter invariance.

Is there an alternative way to cure the divergent density of states (1.11)? Can we do so without

breaking de Sitter invariance or introducing boundary ambiguities? In chapter 3, we re-examine the

7



computation leading to (1.11) and introduce a novel approach to make sense of the density of states
using the mathematically well-defined Harish-Chandra character for the de Sitter group SO(1, d +
1). Eventually we will derive an integral formula for (1.6) that allows seamless generalization to

arbitrary spin representations.

1.2.2  De Sitter static patch and the sphere

Now we go back to the path integral formulation. The standard argument leading to the relation
(1.5) goes as follows [10]. First, we recall that an amplitude of the form (¢ | e~ U=’ | 4.Y can be

expressed as a path integral

Pty x)=7(x) oiS1]
O(t;,x)=¢;(x)

(prl e UTDH gy = (frotrl i ty) = / DO : (1.12)

where S[®] is the Lorentzian action on the spacetime R X M, and the path integration over (¢, x)
includes all field configurations with initial value ¢;(x) and final value ¢ ¢(x).

Now, we view the operator e 2 in (1.5) as an evolution in the imaginary time direction 7 = it
by amount . The Euclidean amplitude (¢ ¢| e PH |¢;) then admits a similar path integral represen-

tation as (1.12) but on a Euclidean space

D(B,x)=¢y(x) o~ SEl®]

, 1.13
D(0,x)=¢:(x) ( )

(sl P16y = (67 Bl 0) = / Do

where the field variable ® now lives on a Euclidean space, and the weight e~ of the path integral

is conventionally defined so that there is a minus sign in front of the Euclidean action Sg[®]. We



can depict (1.13) as

bf

(¢l e PH |4y = M, (1.14)

i

meaning it is a Euclidean path integral over M, times a Euclidean time interval of width g, with
the boundary conditions shown.

Finally, the trace Tr in (1.5) identifies the initial and final field configurations ¢;(x) = ¢(x)
in (1.13) and integrates over all possible ¢;(x). To summarize, the Euclidean path integral for a
thermal canonical partition function at inverse temperature 3 is defined on a geometry related to

the original spacetime by
t — —it with T~T+f, (1.15)

establishing the relation (1.5), pictorially summarized as

¢i r=2

S

Tr e PH = [ Poi — T/\ é\
[ )

My

A
4 - (1.16)
/

o

Now let us go back to the de Sitter static patch. After the Wick-rotation and periodic identifi-

cation (1.15) with 8 = 2, the static patch becomes a sphere*:

“The simplest way to see this is to go to the parametrization (A.22) of the embedding space coordinates. Upon
(1.15) with 8 = 27 and taking X° — —iX?, the embedding space coordinates X cover the entire round sphere X> = 1.



Figure 1.3: After Wick-rotating t — —it and identifying 7 ~ 7 + 27, the de Sitter static patch (left) turns
into a sphere (right). The Euclidean time 7 becomes an angular variable on the sphere. The horizon (yellow

dot) at r = 1 is mapped to the origin of the sphere.

Because of this, one might wonder if the following relation is true:
?
Zouik = Zp1 - (1.17)
where Zy,x 1s the thermal canonical ideal gas partition function (1.6) on the dS;. static patch and
Zpp = /z)cb e~SELP] (1.18)

is a 1-loop Euclidean path integral on the round sphere S?*!. While the argument leading to (1.5)
is valid for spacetimes of the product form R x M; (Wick-rotated to S [13 X M), there are reasons to
expect that they fail for a spacetime with a horizon such as the de Sitter static patch. For example,
one observation is that the horizon is mapped to the origin of the sphere (the yellow dot in figure
1.3) which is a fixed point of the static patch Hamiltonian H. At that point the interpretation of

_ﬁH

e as a Euclidean time evolution becomes obscure.
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In chapter 3, we provide more sophisticated arguments for why the relation (1.17) is expected
to break down and requires substantial modifications. Indeed, we will see in chapter 3 that while
(1.17) 1s valid for scalar and spinor fields, it will be corrected by “edge” degrees of freedom living
on the horizon for any field with spin s > 1. In the analogous case of Rindler space, the qualita-
tive string theory picture for these edge contributions was first discussed in [38]. They were later
computed explicitly for the case of massless spin-1 fields in [39]. Recent works such as [40-48]
interpret the edge modes found in [39] as arising from the non-factorization of the QFT Hilbert
space due to the Gauss law constraint satisfied by the vector field. The existing approach [43,
44, 48, 49] of computing these edge modes involves introducing a brick wall near the entangling
surface, which again breaks symmetries of the problem and introduces boundary ambiguities. Fur-
thermore, the complexity of such computation grows quickly for fields with higher spins, making
it very difficult to generate explicit results.

Quite remarkably, with our approach in chapter 3, it is straightforward to obtain the edge mod-
ification to the relation (1.17) for arbitrary field contents on the de Sitter static patch. But before
we achieve that, we need to attack head-on the subtleties of the sphere path integral computation

itself. We turn to this next.

1.2.3 The sphere is beautiful but subtle

The study of the 1-loop sphere path integral (1.18) is not new. However, as innocuous as (1.18)
might look (it is just a free QFT on a sphere), its computation turns out to be quite intricate. One
can see for instance the long history [S0-59] for the case of pure gravity. In this section we briefly
review some of the key subtleties. As a warm-up, let us recall how the computation of 1-loop
partition functions such as (1.18) typically proceeds with the simplest example: a free real massive
scalar ¢(x), with sphere path integral

Zpr = / Do S, Slgl=1 [ @V emd)o. (1.19)

2 gd+1

11



Here f D¢ = f [1, d¢(x) is an infinite product of integrals of the field ¢(x) over every point x on
the round sphere S7*!, and we are using the shorthand notation [ = [ga.1 Vg d*'x. Varying
¢ in the action results in the equation of motion: (=V? + m?)¢ = 0. One can think of ¢(x) as
an infinite-dimensional vector with a continuous label x and the kinetic operator —V? + m? as an
infinite-dimensional matrix acting on this vector. Naturally we expand ¢(x) = 3, ¢,¢,(x) in terms

of eigenfunctions ¢, of —V? + m? with eigenvalue A, + m?:

(-9 +m2) 6u@) = (A +02) a0 [ B = S (1.20)
Sd+
For S9!, we have A, = n(n+d)andn =0, 1,2,---. Upon substituting these, the action becomes
a simple sum
1 1
S[¢] = = V2 im) =~ (A,,+ 2) 2 121
91=3 [, 0T +m)o=3) (L+m?) e (1.21)

n

and the integration of the field ¢ over every point x turns into the integration over the expansion

coefficients ¢,:

dc,
/Z)qﬁ:/l:[m. (1.22)
The path integral (1.19) then becomes an infinite product of Gaussian integrals
Zp1 = /n An 35, (v _ 1—[ b (1_[ (/ln + mz))l/z. (1.23)

Inside the bracket is the product of all eigenvalues of —V? + m?, which we denote formally as the

determinant of the latter:

[1 (an + mz) - det(—V2 + mz). (1.24)

n

12



To summarize we have
2 2\ 712
Zop = det(—V +m ) . (1.25)

Since it involves an infinite product of arbitrarily large eigenvalues of —V? + m?, this functional
determinant is UV-divergent and requires regularization such as heat kernel [60] or zeta function
[61] regularization. In chapter 3, after expressing sphere path integrals in terms of a simple integral
formula, we provide an efficient algorithm to explicitly evaluate (1.25) and its generalizations to

other field contents.

The longitudinal modes of tensor fields

The discussion above for the real massive scalar might lead one to think that the analogous
computation for free fields with spins s > 1 should not be too difficult. After all, the Laplace-
type operator in the final answer (1.25) is simply the kinetic operator appearing in the equation of
motion. However, this is not the case. For an illustration let us consider a free massive vector field
A,. The problem for massive higher-spin fields is more complicated but works analogously. The
path integral for A, is

1 2
Zop = /@A S S[A] :/ (—FWF“"+HLAHA”). (1.26)
ga+1 \4 2

The equations of motion resulted from the Proca action S[A] are
(-v2+mP4d)a,=0 . Vi =0 (1.27)

The second statement says that the on-shell degrees of freedom are transverse. One might naively

think that the result for path integral (1.26) is simply

) ) -1/2
Zpt = det (-, +m? + d) (wrong) (1.28)

13



where —V(zl) is the Laplacian acting on transverse vector fields on S?*!. This turns out to be wrong
[62]. Note that for the path integral (1.26) to be manifestly local, in the integration we include
all smooth unconstrained vector fields A, on S+l 1p particular, the vector fields have both the

transverse and longitudinal parts
Ay=Al+AL . viAl=o0. (1.29)

Upon substituting these into (1.26), the transverse part will result in the functional determinant
(1.28), while it is not immediately clear that the longitudinal part will give a trivial contribution.
After a closer examination in chapter 2, we will see that it does not. Fortunately, the contribu-
tion from the longitudinal part amounts to modifying the naive result (1.28) and its higher-spin

generalizations in a simple way.

The residual group volume for massless gauge fields

For massless and partially massless gauge fields, there will be additional complications because
of gauge invariance. The simplest example is the free Maxwell theory, with action given by putting

m? = 0 in the Proca action (1.26):

1
Al = -F,, F* . 1.30
SIA] /Sdﬂ 4K ( )

This action is invariant under the gauge transformations

Ay — Ay +V,0 . (1.31)

Therefore, if we simply replace the Proca action in the path integral (1.26) with the Maxwell action,
we will be including field configurations related by gauge transformations (1.31) in the integration.

To compensate for this over-counting of gauge-equivalent orbits, we divide the path integral by the

14



volume of the space of gauge transformations

_ 1 —S[A] _/ _ da’n
Zp = Vol(g)/DA S Vol@) = [ Da = ]:[ e (1.32)

where « is a scalar field. To proceed we have to gauge fix. There are many approaches, such as
the standard Faddeev—Popov or BRST gauge fixing, or the “geometric approach” [63—65] that we
will use extensively in chapter 2. Each of these has its own advantages but ultimately they are
equivalent. Whichever approach one takes, after gauge fixing there will be an integral over gauge

parameters

/ D', (1.33)

On the sphere, there is a normalizable constant scalar mode ¢g. The prime in (1.33) means that
we are excluding this mode. The reason is that this mode does not generate a non-trivial gauge
transformation (1.31), as ¢ is a constant and V,¢o = 0. If we take into account the possible
interactions of the Maxwell field A, with other matter fields, this mode generates global U(1)
symmetries on the matter fields. The integration over the mode ¢ is therefore the volume of the
global symmetry group.

A puzzle then arises. Usually’> we expect the factor (1.33) cancels exactly with the factor
Vol(G@) in (1.32). Now, should we include the integration over the constant mode ¢y (i.e. n = 0 in
the product (1.32)) in Vol(G)? If not, Vol(G) will cancel out (1.33). The price to pay is that Vol(G)
is now a non-local factor, since the field o being integrated over satisfies a non-local constraint:
f ga+1 @ = 0. This apparently contradicts the fact that the path integral (1.32) is defined by a local

QFT. However, if we do include this residual group volume factor

dag
\2r

>for example when computing flat space scattering amplitudes

Vol(G) = (1.34)
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in Vol(G), how do we determine its correct value? What is the correct metric on this space of global
symmetries? For Maxwell theory on curved spacetimes, a careful treatment [66] shows that the
factor (1.34) has to be included for consistency with locality and unitarity. We wish to generalize

these considerations to non-Abelian gauge theories, pure gravity and higher-spin theories.

1.3 Outline and results of the thesis

The previous section shows that computing 1-loop corrections to the Gibbons-Hawking en-
tropy (1.3) is quite challenging: in the canonical approach one encounters the divergent normal
mode density of states, while in the path integral approach one is faced with various subtle issues
associated with normalizable zero or negative modes on the sphere. What is more, the usual equiv-
alence of the two pictures is expected to be modified. We want to resolve these puzzles, relate
the two pictures precisely, and develop an efficient method for exact evaluations. Quite pleasingly,
we managed to achieve all of these, and in fact much more. This thesis is the product of this

comprehensive study. It consists of three chapters:

1.3.1 A compendium of sphere path integrals (chapter 2)

This chapter is based on the work [67], where we present an extensive analysis for totally
symmetric tensor fields on a sphere. Starting from a manifestly covariant and local path integral,
we carefully examine the subtleties for free QFTs on S?*!, and make broad generalizations to
all massive, shift-symmetric, massless and partially massless totally symmetric tensor fields of
arbitrary spins in arbitrary dimensions. To give an example, after a lengthy derivation in gory

detail, we obtain the following expression for massless higher-spin theories:

1/2
dimG nkT det’ | ‘—V(Zs_l) - /1‘;—1,‘;—1‘

S—

HS _.-P_ 7 _ —4A) T
ZHS = —Vol(G)CanU((d+2S 2)(d + 25 — 4)) 2

7 (1.35)

7
det”

_V(Zs) - /ls—2,s ‘
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with

87TGN .
P=) (NKT+NKT-NED), 7=, /W dimG = > N¥| (1.36)
N N

NSCKT

Here and NXT denote respectively the numbers of spin-s conformal Killing tensors and

2
(s)

traceless fields on S9*1, with eigenvalues A, = n(n + d) — s, n > 5. The primes in the functional

Killing tensors on S?*!. The operator —V? | is the Laplacian acting on spin-s symmetric transverse
determinants mean that we exclude the zero modes of the differential operators; absolute values
are taken for each eigenvalue so that the functional determinants are positive definite. G denotes

the global higher-spin group. Here we comment on several features of (1.35):

1. The subscript —1 in the functional determinants denote an extension of the eigenvalue prod-
uctton = —1,0,---,s — 1. These correspond to the longitudinal mode contributions for any

spinning fields mentioned in section 1.2.3.

2. As mentioned at the end of section 1.2.3, for any massless and partially massless gauge
fields, the residual group volume factor Vol(G).,, has to be included in the path integral
for consistency with locality and unitarity. The subscript “can” means that the volume is
measured with respect to a theory-independent “canonical” metric that we define building

dim G

upon the ideas of [68—71]. Closely related are the coupling dependence y and the factor

KT
Nl

((d +2s —2)(d +2s —4))"T for each s, which capture the cubic interaction structures of

the parent theory to which we performed the 1-loop approximation.

3. The phase factor i =¥ is present for any massless and partially massless gauge fields with spin
s > 2. In their actions, all but finite number of the trace modes have negative kinetic terms
[72]. A standard procedure [72] is to Wick-rotate these modes in field space so that the path
integral is well-defined. Applying this procedure on the round sphere S9*!, Polchinski [59]
first obtained an overall phase i~?~3 for a massless spin-2 field. Here we generalize it to

arbitrary massless higher-spin fields.
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Expressions analogous to (1.35) are obtained for all massive, shift-symmetric and partially mass-

less totally symmetric tensor fields of arbitrary spin in arbitrary dimensions.

1.3.2  Quantum de Sitter horizon entropy from quasicanonical bulk, edge, sphere and topological

string partition functions (chapter 3)

This long chapter is based on the work [73] with Dionysios Anninos, Frederik Denef and Zimo
Sun. We present a novel approach to make sense of the canonical thermal partition function (1.6).
We also precisely relate this with the sphere path integral (1.18). What is more, our formalism
provides a systematic method for exact evaluations of (1.6) and (1.18). Along the way we uncovers
a lot of interesting physics about low-energy EFTs in the de Sitter static patch. Here we highlight

a few key results:

SO(1,d + 1) character and density of states We point out the physics of the Harish-Chandra
character [74, 75] for the de Sitter group SO(1,d + 1):

Xas)(t) = trg e (1.37)

Here A labels the SO(1, 1) weight and s = (s, 52, -, ;) With r = L%J labels the SO(d) highest
weight for the unitary irreducible SO(1, d + 1) representation [76—78] of interest. The Hamiltonian
H generates time flows in the static patch. The subscript G means that we are tracing over the
global de Sitter single-particle Hilbert space. For example, a massive scalar has m?> = A(d — A) and
s =0=(0,0,---,0), and character [78]

At

e A 4 e

- 1.38
|1 —e]d (1.38)

X[a0(t) =

where A = d — A. The character for a massive bosonic spin-s field with m?> = A(d — A) — s
and s = (5,0,---,0) is simply given by the scalar character (1.38) multiplied by the SO(d) spin-s

degeneracy D?.
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Expanding (1.37) in powers of e,

Xias) ) = D Nae ™, (1.39)
A

the sum is found to run over the quasinormal mode (QNM) spectrum and N, is the degeneracy of
the QNM of frequency A. With the mathematically well-defined object (1.37) we make sense of the
density of states mentioned in section 1.2.1 and obtain the simple formula for the (quasi)canonical

ideal gas partition function on the southern static patch at general inverse temperature 3

T XOvos = T XDrae| | (140)

°° a’t( 1+ e 2m/p 2e™IB

log Zoui(B) = log Trs e P = / a
o 2

where x(f)pos and y(?)sr are the characters for the bosonic and fermionic fields respectively. The
subscripts S emphasize that we are tracing over the southern Hilbert space. Compared to the
traditional brick wall approach and its variants [35-37], our approach has numerous advantages
such as manifest de Sitter invariance and independence of boundary artifacts. Also, our formalism

straightforwardly generalizes to arbitrary field contents in any dimensions.

Canonical vs path integral As discussed in section 1.2.2, the relation (1.17) between the canon-
ical partition functions and Euclidean path integrals is expected to be modified by “edge” modes
living on the de Sitter horizon. Without introducing a brick wall [43, 44, 48, 49], we obtain the pre-
cise edge contributions for general field contents. For instance, we derive the following universal

character integral formula for massive bosonic fields

“dt 14+e!
2t 1 —e™!

log Zp; = log Zpuik — log Zedge = / (Xbulk(t) - Xedge(t)) . (L41)
0

Here log Zy,k is exactly the bosonic part of the (quasi)canonical partition function (1.40) at 8 = 2,

whereas log Zeqgee s present only for fields with spin s > 1. To give an example, ypuik and xedge
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for a massive spin-s boson are explicitly given by

J e—At + e—At _ Dd+2 e —(A-1)t + e—(A—l)t

Xoulk = Dg m , Xedge = (- —z)d > (1.42)

where A = d — A. Notice that the edge character Xedge 18 a character living in two lower dimensions
than the bulk character ypyik, indicating that these capture the edge degrees of freedom on the de

Sitter horizon.

Quantum gravitational thermodynamics Taking into account dynamical gravity and possible
matter fields, we compute the exact renormalized 1-loop de Sitter horizon entropy. For instance,

with our character formalism we obtain for pure gravity

d|S

2 | SO - 310gS© + 510g(2n)
3 S<°>—5log3<0>—%1og("°) log(%) + 38 - 44(-1) + 3¢(-3)

48O - L1og SO +10g(12) + L log(2n) + L) 4+ 266)

(1.43)

where S is the tree-level entropy. We have absorbed local UV-divergences into gravitational cou-
plings. In the d = 3 (S*) example, £ is the tree-level radius of the sphere and L a renormalization

scale in the minimal subtraction scheme.

3D higher-spin gravity In three dimensions, higher-spin theory can be alternatively formulated
as an sl(n) Chern-Simons theory. We discover an exponentially large landscape of de Sitter vacua,
labeled by partitions of n = )}, m,. These correspond to different embeddings of of sl(2) into sl(n)
as n-dimensional representations R = &,m,,.

For the vacuum labeled by R, we obtain the all-loop quantum-corrected Euclidean partition

function of the dS3 static patch by analytically continuing the exact SU(n)x, X SU(n);_ partition
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function on S3 to ky — [ + ik with [ € N, k € R*. Explicitly,6

1 }’l—l (n_p) 2
Z(R)y = [l 7)) | e (14
\/_(n+l+u<)7p=1 n+l+lK
where Ty = é > ama(m2 — 1), £/Gy and k are related as
2t
T = . 1.45
KR 87TGN ( )

Using the large-n duality between U(n); Chern-Simons theory on S? and closed topological string
theory on the resolved conifold [79, 80], the HS gravity partition function (1.44) in vacuum R can

be re-cast into the absolute value squared of a weakly-coupled topological string partition function.

Partition functions made easy Our formalism reduces statements about partition functions to
statements about characters. This allows us to relate partition functions by manipulating characters
algebraically, without evaluating the partition functions themselves. For example, the relation
between Ade . (£ : standard/alternative boundary conditions) massless spin-s and conformal

spin-s sphere partition functions [62, 81, 82]

ZHS(AdS 7o) (1.46)

ZCHS Sd

is neatly proved by noting the algebraic character relation
Xs (CdSq) = x; (AdSy, ) — xs (AdS], ) (1.47)

where y, (CdSy) is the bulk-edge character for a conformal spin-s field in dS; while y; (AdS;’ +1)
are the bulk-edge characters for a massless spin-s field on AdS;. [83] with standard and alternative

boundary conditions respectively.

%As reviewed in chapter 3, the definition of the Chern-Simons theory as a QFT involves a choice of “framing”. The
result (1.44) assumes the canonical framing, denoted by the subscript 0.
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1.3.3 Grand partition functions and Lens space path integrals (chapter 4)

This chapter contains results recently obtained by the author. We make a broad generalization
of our formalism in chapter 3 by allowing non-zero chemical potentials. We consider the grand

(quasi)canonical partition functions on the dS;4 static patch:
Zoui(B, ) = Tre PHTHD) (1.48)

where J = (Jy, - -+, J,) is a maximal set of commuting angular momenta (i.e. the Cartan generators
for SO(d)) and u = (uy, - - -, uy) are the corresponding chemical potentials. Here r = L%J is the
rank of the subgroup SO(d). For Bu = 2"7‘1, p EeN, g € Z"', we write down a generalized character

formula. For example, the result for bosonic fields is

. 2rt
2nq < dt sinh £ 2nmgq
10g Zouik (,3, —) = / — Xoulk |7, (1.49)
' rB 0o 2pt ,ép cosh % — cos 2”7’" ! p
where youk(?, @) = xouk(t, 01, - -, 6,) is the full SO(1,d + 1) character. For example, a massive

spin-s particle has [78]

Xias)(8,0) = x40 (0 + 0%) (0. x) (1.50)
where Q = e™',x = (x1,- -, x,) = (i1, .-+, €%, y¥(x) is the SO(d) spin-s character, and
; | 1 ifd=2r
PUox =] | 1 . (1.51)
i=1 ( - Qxl)( - Qxi ) ﬁ ifd=2r+1

Note that (1.50) evaluated at @ = 0 recovers the reduced massive spin-s character (1.42).
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Lens space path integrals In three dimensions, we relate the grand (quasi)canonical partition
function at 8 = 2’7” and u =g¢q

2 _2n ;
Zoulk (—”, q) = Tre ™ 1+ia9) (1.52)
p

where p and ¢ are two coprime integers: (p, g) = 1, to path integrals on Lens spaces L(p, g). These
are smooth quotients of S> and thus arise as saddle points of the gravitational path integral with
a positive cosmological constant. Compared to the S* saddle, the contribution from a single Lens
space L(p, q) is exponentially suppressed. The relevance of Lens spaces to dS3 quantum gravity is
discussed in [84]. Here we obtain the Lens space generalization of the sphere result (1.41) for a

massive spin-s boson

< dt sinh ¢ sinh ¢
log Zp; = / — Z Xoulk(f, m71) — Z Xedge(t; T1, T2) | -
o 2pt = cosht — cosmm = cosht — cosmt
p p
(1.53)
Here 71, 75 are related to p, g as

2 2
T = —ﬂq, = = , (1.54)

p p

while the bulk and edge characters are

e~(A=Dr o e—(A—l)t

COS SMT] — COS SMT2 , _(n_ (R
(A=D1 |~ 1)t)_

Xoulk(t, 8) = 2 cos 560 Xedge(t, T1, T2) =

2(cosht —cos @) ’ COS MT| — COS MT)

(1.55)

1.3.4 Other work of the author

It should be mentioned that some of the author’s work has not been included in the present
thesis for the sake of self-coherence.

This includes the series of work [85—-87] with Michael Zlotnikov in celestial holography. Scat-
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tering amplitudes in asymptotically flat space can be mapped onto a celestial sphere (known as
celestial amplitudes or celestial correlators) at the null infinity, on which they transform as con-
formal correlators under the Lorentz transformations. The ultimate goal of this program is to
construct a holographic Celestial Conformal field theory (CCFT) for flat space quantum gravity.
In [85], we study the universal constraints imposed by bulk Poincaré symmetries on massless and
massive celestial amplitudes. These results were subsequently extended to amplitudes involving
massive spinning bosons in [86]. Analogous to the usual flat space non-gravitational amplitudes,
celestial amplitudes can be expanded in terms of relativistic partial waves, making the underlying
Poincaré symmetries manifest. In [87], we derive relativistic partial waves directly on the celestial
sphere, and perform the partial wave expansions explicitly for scalars, gluons, gravitons and open
superstring gluons for demonstration.

Another work [88] with Janna Levin and Kshitij Gupta concerns the study of electromagnetic
Penrose process around a charged spinning black hole immersed in a uniform magnetic field. In
the traditional Penrose process, particles can attain negative energies within the ergosphere of a
spinning black hole, making it possible to extract rotational energy from it. With the inclusion of
black hole charge and a magnetic field, the energetics for charged particles becomes more com-
plicated yet very interesting. For example, we find that the region(s) with negative energies can
be much larger than the ordinary ergosphere; in some cases they can be totally detached from the

horizon.
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Chapter 2: A Compendium of Sphere Path Integrals

This chapter is a based on the work [67], where we study 1-loop path integrals on S¢*! for
general massive, shift-symmetric and (partially) massless totally symmetric tensor fields. After
reviewing the cases of massless fields with spin s = 1,2, we provide a detailed derivation for path
integrals of massless fields of arbitrary integer spins s > 1. Following the standard procedure of
Wick-rotating the negative conformal modes, we find a higher spin analog of Polchinski’s phase
for any integer spin s > 2. The derivations for low-spin (s = 0, 1, 2) massive, shift-symmetric and
partially massless fields are also carried out explicitly. Finally, we provide general prescriptions for
general massive and shift-symmetric fields of arbitrary integer spins and general partially massless

fields of arbitrary integer spins and depths.

2.1 Introduction

Sphere partition functions are of interest in the study of quantum gravity with a positive cos-

mological constant [10, 50-59, 73]. In a recent work [73], a character formula for 1-loop sphere

path integrals has been derived, which for rank-s symmetric tensor fields with generic mass m? on
S9+1 takes the form
“dtl+e?!
log Zpy = /o 57 T = g7 Abulk ~ Xedge)- 2.1
Here xbulk and xedge are
—At At —(A-1)t —(A-1)t
e M+e e +e
Xoulk = DY D} 2.2)

m, Xedge = U, (l—e‘f)d‘z 5
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characters of the isomatry group SO(1,d + 1) of the (d + 1)-dimensional de Sitter space dSg.+.
The scaling dimension A is related to the mass m? and spin s through m? = (A + s — 2)(A + s — 2)
and A = d — A. With formula (2.1) we can compute exact 1-loop results for Euclidean de Sitter
thermodynamics.

Massless spinning fields are more subtle. Their character formula takes the form [73]
log Zpy = log Zg + 1og Zchar (2.3)

where the character part 1og Zcn,, is (2.1) but with the characters (2.2) replaced with their massless

counterparts, and the first term takes the general form

_.p (27T)/)dimG

m . (24)

The second factor is associated with the group G of trivial gauge transformations. v is related to the
coupling constant of the theory, while Vol(G).,, is what we call canonical group volume in [73].
Later we will define these quantities more precisely. It was emphasized in [66] that the inclusion of

this factor is crucial for consistency with locality and unitarity. The phase factor i ="

is only present
only for fields with spin s > 2, whose origin is the negative conformal modes in the Euclidean path
integral [72] that naively makes the path integral divergent. The standard prescription [72] to cure
this problem is to Wick rotate the problematic conformal modes. Polchinski later [59] found that
on S%*! this procedure led to a finite number of i factors (with P = d + 3 in that case) that could
render the Euclidean path integral positive, negative or imaginary depending on the dimensions.

Let us go back to the starting point of the character formula, the left hand sides of (2.1) and

(2.3). That is, the 1-loop sphere path integrals

Zp1 = / Depe S9! (2.5)

where S[¢] is the quadratic action of the field ¢. For massless fields, there will be a division by an
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infinite gauge group volume factor to compensate for the over-counting of gauge-equivalent field
configurations. In this paper, we will perform detailed derivations for the determinant expressions
of (2.5) for several classes of fields. We focus on symmetric tensor fields on S9*! with d > 2.

For massless fields, we will see how the factor Zg arises explicitly from the manifestly local
path integral. More generally, such a factor is present for any partially massless gauge fields. We
directly check it for the spin-2 depth-0 field, and then provide a prescription for general bosonic
partially massless fields. Another class of theories that are of interest involves shift-symmetric
fields [89]. These can be thought of as the longitudinal modes decoupled from partially massless
gauge fields. Working out explicitly the low-spin cases, we find that their path integrals contain a
factor analogous to Zg.

All of our results will be expressed in terms of functional determinants of the symmetric trans-
verse traceless (STT) Laplacians on S¢*!. Their relevant properties are summarized in appendix

B.2.

Plan of the paper: We first review the computations for massless spin-1 and spin-2 fields in
sections 2.2 and 2.3. We then turn to our complete derivation for massless fields of arbitrary
integer spins in section 2.4. In section 2.5, we study fields with generic mass. In sections 2.6
and 2.7, we study general shift-symmetric fields and partially massless fields respectively. We
conclude in section 2.8. All conventions are summarized in appendix B.1. Relevant properties of
the STT Laplacians on S?*! and their eigenfunctions are collected in appendix B.2. The higher

spin invariant bilinear form is reviewed in appendix B.3.

2.2 Review of massless vectors

We start with a pedagogical review of the case of massless vectors. The object of interest is the

1-loop approximation to the full Euclidean path integral

B 1
~ Vol(G)

Zp1 / DA DDeSEIALD] (2.6)
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for a theory that involves a collection of massless vector (for example U(1) or Yang-Mills) gauge
fields interacting with some matter fields, denoted as A, and collectively as @ respectively, living

on S+,

U(1) with a complex scalar The simplest example involves a single U(1) gauge field A, inter-

acting with a complex scalar ¢ (studied in [53]):
1 * %k
SE[A, ¢] = / _ZF/JVFMV + Dy¢(D'u¢) + m2¢¢ » (2'7)
gd+1 4g
where
F., =0,A, - 0,A,, D,¢ = (0, —1A,)¢p (2.8)

are the field strength and the covariant derivative of the scalar. This action is invariant under the

local U(1) gauge transformations
G(x) = eP(x),  Au(x) = Au(x) + Fua(x). (2.9)

The normalization adopted here is to emphasize the presence of the coupling constant g. In this

convention g does not show up in the gauge transformation.

Yang-Mills Another example is Yang-Mills (YM) theory with a Lie algebra
[L4 L") = faebere (2.10)

generated by some standard basis of anti-hermitian matrices and ¢ is real and totally antisym-

metric. The YM action is

1 1
Sel[A, ¢] = — TrF? = — F& FRY 2.11
£l 9] 4g2 /Sdﬂ r 4g2 gd+1 Hy ( )
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where the curvature is Fy,, = d,A, — 0,A, +[A,, A)] with A, = AZL“. Here the overall normal-

ization for the trace (or Killing form) is defined such that the generators L“ are unit normalized:
Tr(L*LP) = 5. (2.12)

For SU®2) YM, L% = —% satisfying [ L4, LP] = €®¢L¢, and the trace (2.12) would be Tr = —2tr
with tr being the matrix trace. The YM action is invariant under the non-linear gauge transforma-

tions @ = a%L?
Ay — Ay + 0+ [Ay al. (2.13)

In both the U(1) and YM examples, the corresponding path integral in (2.6) clearly overcounts
gauge equivalent configurations. A factor Vol(G) is thus inserted in (2.6) to quotient out configura-
tions connected by gauge transformations. This factor is formally the volume of the space of gauge
transformations G (the measure with respect to which the volume is defined will be discussed in
later subsection) and is theory dependent. For the U(1) example, Vol(G) is simply a path integral

over a single local scalar field
Vol(G)u)y = / Da, (2.14)
while for SU(2) YM it would be a path integral over 3 local scalar fields
Vol(G)su(2) = / DarDarDas. (2.15)

More generally, Vol(G) is an integral over N = dimG local scalar fields for a gauge group G.

N . . . .. . a
1-loop approximation Now, suppose the equation of motion admits the trivial solution A?, =

0 = @, around which we perform a saddle point approximation for (2.6). Then at the quadratic (1
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loop) level the vector and matter fields decouple:

1-1 5A 760
Zoy P = Zol Zpr (2.16)

In the following, we focus on the vector part of the 1-loop path integral (with A understood as the

fluctuations around the background)

dimG

1 dimG a
ot = —/ DA% e Zamt” SElA], 2.17
Pl = Yol(G) g ¢ 17)
where Sg[A?] is simply a Maxwell action
1
Se[A’] = v /S L FRF Fuy = 0,47 = 0, AL (2.18)

A careful analysis of the Euclidean path integral for the U(1) theory on arbitrary manifolds has
been presented in [66], where the authors point out the importance of taking care of zero modes,
large gauge transformations and non-trivial bundles for consistency with locality and unitarity.
In the following we will express ZSI in terms of functional determinants and stress the relevant

subtleties in our case of S4*! along the way.
2.2.1 Transverse vector determinant and Jacobian

Geometric approach and change of variables

Since the path integrations over A“ in (2.17) are decoupled, we can focus on one of the factors,
and we will suppress the index a. Traditional ways to proceed include Faddeev-Popov or BRST
gauge fixing (as done in [66] for example). Here instead we take the “geometric approach” [63—
65], which manifests its advantages when we deal with massless higher spin fields later. In this

approach one changes the field variables by decomposing

Ay = Al +dux (2.19)
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where Az is the transverse or on-shell part of A, satisfying V“A/Tl = 0, and y is the longitudinal
or pure gauge part of A,. Since S*1 is compact, the scalar Laplacian has a normalizable constant
(0,0) mode, which must be excluded from the path integration for the change of variables (2.19)

to be unique
DA=JDATD y (2.20)

where prime denotes the exclusion of the (0,0) mode. We will find the Jacobian J for the change

of variables (2.19) below.

Action for A/Tl

Because the gauge invariance of the action, y simply drops out upon substituting (2.19)

1
Se[AT, x] = e /S dH[Az(—V(zl) +d)A] (2.21)

where —V(Zl) is the trasnverse Laplacian on S%*!. Now we expand AZ in terms of spin-1 transverse

spherical harmonics (see App.B.2 for their basic properties):
A;Tl = Z Cn,lfn,,u (2.22)

n=1

and the integration measure in our convention is

= dcn 1
DAT = - (2.23)
B V2ng

Performing the path integration over these modes we have

-1/2
/ DAeSEN = Jdet(—V(zl) +d) / D'y (2.24)
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Jacobian

We find the Jacobian J by requiring consistency with the normalization condition
| = / Dae w2 2 / JDATD ye 32+ TeA+v0. (2.25)
Since AT is transverse, we have
(AT + Vy, AT + V) = (AT, A1) + (Vy, V). (2.26)

We can then path integrate A” trivially. We expand y in terms of scalar spherical harmonics:

X =) ek (2.27)
n=1
with path integration measure
= dcnyp
D'y = —. (2.28)
n=1 \/ﬂg
Plugging this into (2.25) results in
J = det'(=V2 )12, (2.29)

)

where the prime denotes the omission of the constant (0, 0) mode.

2.2.2 Residual group volume

Let us go back to the full 1-loop path integral (2.17). So far we have

dimG
i , re 2 \1/2
51 _ JTIan" D'y [ det (Vi) 2.30)
PI Vol(G) '

, 172
det(-v2, +d)
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where we have restored the color index a. Now we focus on the factor

I oy
Vol(G)

(2.31)

As explained above, the factor Vol(G) is theory dependent and is formally an integral over N =

dimG local scalar fields

dimG

Vol(G) = / ﬂ Day,. (2.32)
n=1

In particular, the integral includes integrations over constant scalar modes. As explained in [66],
the inclusion of zero modes is crucial for consistency with locality and unitarity. Thus, this factor

does not cancel completely with the integrations over y, leaving a factor

dimG dimG a
Dy 1 da
S D . Vol(G)pr = / 0, (2.33)
Vol(G) Vol(G)pr .1 V2ng
where a7 is the expansion coefficient of the (0, 0) mode of a“ (a is the color index)
a’ = Z a; fn. (2.34)
n=0

These constant scalar modes correspond to the gauge transformations that leave the background
A* = 0 invariant, or equivalently whose linear part is trivial. If the original full theory contains
matter fields, these act non-trivially on the latter. G is therefore the group of global symmetries of
the theory and Vol(G)py is the volume of G. Note that the precise value of Vol(G)py depends on the

metric on G. We have been using a specific choice of metric

1
ds3 = —— Tr(5as 2.35
Sp1 g /Sd+1 r(dada) (2.35)

induced by our convention for the path integral measure. Note that had we normalized the gener-

ators L“ in a different way: LY — AL¢ (or equivalently choosing a different overall normalization
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for the trace in the action (2.11): Tr — A2Tr), the path integral describes the same physics if we
rescale g — Ag. In particular, the metric (2.35) remains the same. We want to relate the volume
Vol(G)pr measured in this metric to a “canonical volume” Vol(G).,,, defined as follows. A general

group element in G takes the form
L = L (2.36)

where L are unit-normalized. We define Vol(G).a, to be the volume of the space spanned by 6.
In our convention, L“ are unit-normalized, and therefore the relation between the metric (2.35)

(restricted to the subspace of trivial gauge transformations) and the canonical metric is simply

de® Vol(§4+!
dspy = ZZ( daf)’ = 5 gZZ( ) (7rg2 )dian, ds2,, = do - db. (2.37)

Thus we can express the group volume as

dim(G)
Vol(§4=1)\ 2

dim(G)
Vol Sd+1
Vol($™) Vol(G)ean, (2.38)
dg?

Vol = (552 VoG =

where we have used Vol(S9+!) = %T”Vol(Sd‘l) in the last step. The canonical volume Vol(G)ca, SO

defined is evidently independent of the coupling. To summarize, the full 1-loop path integral is

0A
ZPI =ZGZchar

dimG
__7 _ g
ZG = Y =
Vol(G)ean V(d = 2)Vol(s7-1)
$dimG
_ det’(=V2))
Zowar = (d(d —2))2mC - (2.39)
det(-V?, +d)

In retrospect, the coupling dependence of the result is precisely encoded in the group volume factor

Vol(G)pr. In the G = U(1) example, Vol(G)can = Vol(U(1)), = 2, and the full 1 loop vector path
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integral is therefore

re 2 \1/2
ZU(l) _ g det’( V(O))

P 2avol(sE) der(~v2, + d)”z’

(M

(2.40)

which reproduces eq.(2.6) in [90]. For G = SU(2), dimG = 3 and Vol(G)can = 1672, and thus

3/2

3 ’ 2
1 a2 2| det'(=V7))
ZSU(N) _ ( g ) (0) (2.41)

PI -
1672 VOl(Sd+1) det(—V(zl)+d)

Local gauge algebra, global symmetry and invariant bilinear form

For the later discussions on spin 2 and massless higher spin fields, and to make connection with

the work in [68], we offer another perspective for the non-abelian case.

Local gauge algebra Recall that the original Yang-Mills action (2.11) is invariant under the full

non-linear infinitesimal gauge transformations

Saly =06 A, +60A,

QA =0, VA, =[Anal. (2.42)
Here the superscript (n) denotes the power in fields. This generates an algebra

S0 Ay = 6arBaAy = S{jmar]Au (2.43)
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where we have defined a bracket [[-, -]] on the space of gauge parameters, which in our convention

is equal to the negative of the matrix commutator!
[[a, @']] = —[a, a]. (2.44)

Global symmetry algebra from the gauge algebra The constant (0, 0) modes @ generate back-

ground (A, = 0) preserving gauge transformations satisfying
s =0, (2.45)

which form a subalgebra g of the local gauge algebra, with the bracket [[-, -]] naturally inherited

from the local gauge algebra
[[@ a']] = -[a.a']. (2.46)

This global symmetry algebra g is clearly isomorphic to the original Lie algebra (2.10). On g, the

path integral metric (2.35) corresponds to the bilinear form with a specific normalization:

1 Vol(§9+!
(@Y = — / g = YA Gagra, 2.47)
27I'g2 gd+1 27Tg2

We define a theory independent “canonical” invariant bilinear form (:|-). on g as follows.

1. Pick a basis M of g such that they satisfy the same commutation relation as L%: [[M%, M"]] =

fepe. This fixes the relative normalizations of M.

!One should keep in mind that [[-, -]] is defined using the gauge transformations of Ay, whose precise form depends
on the normalization conventions, while the commutator on the right hand side is the matrix commutator [A, B] = AB—
BA. Had we normalized A, canonically, so that the action takes the form —% f gast TTF 2. the gauge transformations
will be instead 6, A, = dua + g[A,, @] and the local gauge algebra will become [64, do'] = 0_g[a,a’] and the bracket
will read [[@, @']] = —g[a, a’].
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2. Fix the overall normalization of (-|-), by requiring M to be unit-normalized:

(MM, = 67 (2.48)

In the current case, this means that we should take M% = L% and

(a]a), = a‘a’. (2.49)

Comparing this with (2.47), we see that the path integral and canonical metrics are related as in

(2.37), leading to the same result (2.38).

2.3 Review of massless spin 2

Next we review the computation for linearized Einstein gravity on S?*!, which has a long and

dramatic history [50-59]. The Euclidean path integral for a massless spin-2 particle on S+ is

_ 1 ~S[h]
Zpp = I / Dhe (2.50)

where the action is?

1
Sthl = o / hW[(—V2 + 2huy + 2V, Vo + (VPR =2V VA 0y 0) + (D = 3)guh )t
g gd+1
(2.51)
where g = V327Gy. (2.51) is invariant under the linearized diffeomorphisms>
\z 1
hyy = hyy + V2V (A = by + E(V#AV +V,A,). (2.52)

2This is obtained by expanding g, = gﬁf” + hy,, in the Einstein-Hilbert action ﬁ Jgan1 QA = R).
1

3The insertion of the factor % is for later convenience.
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The volume factor Vol(G) is the volume of the space of diffeomorphisms inserted to compensate

for the over-counting of gauge equivalent orbits connected by (2.52).

Change of variables

As in the case of massless vectors, we decompose A, as

1 _
ey = WY + 5T+ V) + \/f%h (2.53)

T

T
where £,

is the transverse-traceless part of £, satisfying Vﬂh,w =0=nht 1» &u 18 the pure gauge
part of A, and h is the trace of hyy. For (2.53) to be unique, we require &, to be orthogonal to all

Killing vectors (KVs) on S¢*!
&Yy =0, VuirY + V68 =0 (2.54)
and & to be orthogonal to divergence of the rest of all conformal Killing vectors (CKVs)

3 1
(h,V - %Y = 0, VsV + VTR = @D g VETKY. (2.55)

The path integral measure then becomes

Dh=JDKT D' D' h (2.56)

where the Jacobian J will be found below. The primes indicate that we exclude the integrations

over the (1, 1) and (1, 0) modes excluded due to conditions (2.54) and (2.55).
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2.3.1 Transverse tensor and trace mode determinants
. T
Action for £,

Due to the gauge invariance (2.52), we have
S[h] = S[A™" + R] = S[ATT] + S[A]. (2.57)

S[hTT] can be easily obtained as

1

TT
_ /S N By, (= V(2)+2)h¢;. (2.58)

NERE
(A ] 202

where —V(Zz) is the spin-2 STT Laplacian. The integration over ATT thus gives

12
ZIT = / DTS = der(-v2 +2) (2.59)

Action for / and the conformal factor problem

Similarly, after a bit more work, the quadratic action for A can be obtained as

S[h] = - % " h(=V, = (d + 1)k
d(d
2@+1)2§}M”+@ (d+ Dy (2.60)

where in the second line we have inserted the mode expansion

h= cnofw (oo fin) = Oum. (2.61)

n#l

Here the sum runs over the spectrum of the scalar Laplacian except the (1,0) modes, which cor-
responds to the CKVs. Notice that (2.60) has a wrong overall sign for all positive modes of the

operator V(O) (d+1). This is the well-known conformal factor problem [72] in Euclidean gravity
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method. We follow the standard prescription: we replace ¢, — icnp 4 for all n > 2, which leads

to the change in the path integral measure

D'h = ]—[ dc”o (ﬁ

nil n=2

)]—[ den _ a3 (]—[ )]—[ denp (2.62)

n#l n¢1

The factor in the last step runs through the spectrum of — V(O) and is thus a local infinite constant

that can be absorbed into bare couplings. Doing this the path integral becomes

Zj = /z) Pl —-d- 3Z+Z~
_ _dd-1) ~ 3
Z}:: :/-Z)+h€ 2(d+l)g2 \fsd+l h( V(o) (d+1)h
7 = [ D herdng Jsan MV~ (2.63)

h

where + indicate the contribution from positive and negative modes respectively. The overall phase
factor i~4~3 was first obtained by Polchinski [59]. Later we will see the generalization of this phase

factor for all massless higher spin fields.

2.3.2 Jacobian

Again, we find the Jacobian J by requiring consistency with the normalization condition
L
1= / Dhe ™. (2.64)

Since AT is transverse and traceless, we have

(h,h) = (K™%, A" + (V2Ve + —2—,V2ve +

«/— m ! (269

To proceed we separate &, = &, + &%V, where £75V is a linear combination of the CKVs and

&, is the part of &, that is orthogonal to the CKVs, that is (£, £CKY) = 0. Note that while gh is

“The sign in front of the i is a matter of convention.
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orthogonal to £KV because of (2.55), gfl and V¢’ are not orthogonal to each other. To remove the
g u g

off-diagonal terms, we shift

-, 2
W= h+|—V'&,.
Nav1

Since it is just a shift, the Jacobian is trivial. It is then easy to compute

Nox gh 2V gh (0t T lK’,K’ 2(VECKY, y£CKY
( §+m §+m) (W 1) + S(K&', K& + 2(VE &)

where we have defined the differential operator

2
(Kf),uv = Vﬂfv + vau g,uv é:/l

Now the integrations over AT and &’ become trivial. To proceed, we first simplify

we.xe)=2 [ |en(-vi-d)e- e (v

(2.66)

(2.67)

(2.68)

(2.69)

Then we decompose &’ into its transverse and longitudinal parts: &, = &I + V,0o. Once again

this change of variables leads to a Jacobian factor which is easily found as before. With this

decomposition we can further simplify

1
(K&, KE) = SIE"] +
where

1= [ deTh—ag Sl [ )T - @ D
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‘We therefore arrive at

wE
~ yvTy+ vCKV
RLRE
Y= / D oo TV~ D)) 2.72)

g

Y§CKV _ / DECKY e—g%(V%‘CKVsV%‘CKV)

Here W is the Jacobian corresponding to the change of variables {£,} — {£I + V,0}. The +’s

denote the positive modes for the operator (—V(ZO) —(d+1))°.

2.3.3 Residual group volume

As in the massless vector case, we have a factor

z)/
/D¢ (2.73)
Vol(G)
in the path integral. Here the factor Vol(G) is a path integral over a local vector field a,
Vol(G) = /Z)a. (2.74)

This does not cancel completely with the integration over &,,, and we are left with a factor (restoring

the label a for degenerate modes with same quantum number (1, 1))

(d+1)(d+2)

tdtiNd+s) (a)

f Z)Ié; 1 / 2 da’l 1
= , Vol(G)p = —. 2.75
Vol(G)  Vol(G)pr oG a=1 V27g 27

>The zero modes of the operator (—V(ZO) — (d + 1)) are excluded because o satisfies (o, fy) = 0 = (o, VESKY).
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where afial) is the expansion coefficient in the expansion

A(0
a, = Z; U1 fop + Z; an,oT,E,#). (2.76)
n= n=

These (1, 1) modes are diffeomorphisms that leave the background S%*! metric invariant, so they

in fact correspond to the Killing vectors of S¢*!

. G is therefore the isometry group SO(d + 2) of
S9+1  Ag in the massless vector case, we want to relate Vol(G)pr to a canonical volume, following

the argument in Sec.2.2.2.

Local gauge algebra Recall that the original Einstein-Hilbert action is invariant under non-linear

diffeomorphisms generated by any vector field @ = %0‘”‘9#’ which reads

Sahyy =6 hyy + 65y + O(H2)

1
6y :E(v#av +V,a,)

1
6N hyy =—=(@PV phyy + V4@  hyy + V@l hy), 2.77)
V2
where the superscript (n) again denotes the power in fields. This generates the algebra
[0as 00’ = O[[a,a]- (2.78)

In this case, the bracket is proportional to the usual Lie derivative®

1
[[a5 a/]] = _6[019 a/]L’ [a’ a/I]L = (a”ua/la,v - a/luallav)aV' (279)
°If we had worked with canonical normalization, obtained by replacing Ny — ghyy, the bracket will read instead
[[a, @']] = —%[a/, a’ly = —V16nG N[, a’]L. This relation can be viewed as a definition of the Newton constant G

in any gauge theory with a massless spin 2 field.

43



Isometry algebra from the local gauge algebra The background (S¢*!) preserving gauge trans-

formations or isometries generated by the Killing vectors satisfying
60 = 0 (2:80)
and form a subalgebra of the local gauge algebra, which inherits a bracket from the latter
[[@ &']] = ——[a. &].. (2.81)

To define the canonical volume, we again first find a set of generators M that satisfy the standard

so(d + 2) commutation relation under the bracket (2.81):

[[Miy, M1l = nyxMiL —nyiMix + nieMygx — nikMyp. (2.82)

One such basis is M;; = —V2(X;0ys — X;0y1) where X'X; = 1, X! e R¥*2 [ = 1---d + 2 are the
coordinates of on S9*! represented in the ambient space. Its norm in the invariant bilinear form

induced by the path integral is (it suffices to consider only one of the generators)

2 2
X+ X2 = ———Vol(s%*1).
2ng? Sm( 1 +X) 2ng>d +2 ol(s™)

1
(Mi2|Mi2)p; = —2/ (M) (Mi2)1y =
271’g Sd+1

(2.83)

Since the canonical bilinear form is defined such that (M,|Mj;). = 1, the path integral metric on

G is related to the canonical metric as

» 1 Vol(sdh
an 8rGy d(d +2)

2 2
dsp = — Vol(S9*1)ds

rd 2 dsZ, (2.84)
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where we have used Vol(§9*!) = %T”Vol(Sd_l) and substituted g = V327Gy in the last step.

Therefore

(d+1)(d+2)

d-1\\ —=2
I Yol(S )) Vol(G)ean. (2.85)

87Gy d(d +2)

Vol(G)pr = (

The canonical volume Vol(G)ean = Vol(SO(d + 2))can is well-known’:

d+1 d+1 n+l

" 2r 2
Vol(SO(d +2))c = | | Vols™ = | | T (2.86)
n=1 n=1 2
2.3.4 Final result
So far we have
e TT + + —
Zp = — (%A L . (2.87)
Vol(G)pp Y,fT Y Y,guCKV
Note that the factor
ZIT det'(-Vg, - d)'?
= (2.88)

yT ) 12
£ det(-v3 +2)

is the usual ratio of determinants. Next, the factors in the second bracket in (2.87) cancel up to an

infinite product

ZiWs _ [ iR e T (SN esy

where in the last line we have complete the product so that it runs through the spectrum of the scalar

Laplacian. The infinite product can then be absorbed into bare couplings. Finally, the factors in

"This follows from the fact that SO(n + 1)/SO(n) = S", which implies that Vol(SO(n + 1)) = Vol(SO(n))Vol(S™)
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the last bracket in (2.87) can be explicitly evaluated to be

1 1/2 CKV d+2
Z: =|l—| , 7Y =2"7. 2.90
=z - 220

Putting everything together, we conclude

Zp1 =26 Zchar,

(d+1)(d+2)
Zo =43 Y y = _8nGn_
G Vol(SO(d + 2)).’ Vol(§4-1)

(s 1)d+2) P
7 d—1)%" det'(=V¢, —d)
Zehar :(d(d + 2)) ( (2d)1) p W 2.91)

) 12
det(-v2, +2)

As a check, we note that except for the inclusion of the phase factor i~¢=3, for d = 3 we agree

exactly with the 1-loop part of (5.43) in [5 8]8.

2.4 Massless higher spin

Now we are ready for the 1-loop path integrals for higher spin (HS) theories on S?*!. Although
the equations of motion for this theory have been constructed [91-93], the full action from which
these are derived remain elusive’. However, since the interactions are at least cubic, their 1-loop

partition functions (around the trivial saddle) decouple into a product of free partition functions.

z8 =[]z, (2.92)
N
where Z}()sl,m2=0) is the 1-loop path integral for a massless spin-s field to be described below. The

precise range over s in the product depends on the specific higher spin theory we are interested

in. In AdS, the determinant expressions for Zl()sl,m2:0) are obtained in [96] and [97], which are

8Note that our expression agrees with the first line of (5.43) in [58], while the authors made an error in evaluating
the determinants, so their second line is incorrect, as already noted in [73].
9See also [94, 95] for arguments against the existence for consistent interacting HS theories.
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subsequently used in 1-loop tests of HS/CFT dualities [30-33]. In the following, we perform a
careful computation for Zl()i’mzzo) on S%*1 whose early stage has some overlap with [96]. In fact,
the following can be viewed as a derivation for the AdS case as well, except that the latter does not

contain the subtleties of phases and group volume that appear on S¢*1.19

2.4.1 Operator formalism

It is much simpler to carry out the entire computation in terms of generating functions, which
significantly simplifies tensor manipulations. Here we adopt the convention of [98] but on S¢*!.
In this formalism, the tensor structure of a totally symmetric spin-s field ¢,,,...,, in S?*! is encoded

in a constant auxiliary (d + 1)-dimensional vector u*:

1
Ps)(X) = Py, (X) = @s(x,u) = E(bul...#s(x)u”l coeubts, (2.93)

In the following we will suppress the position argument x, and interchangeably refer to a rank-s
tensor with ¢y or its generating function ¢(u). Since the original covariant derivative V,, acts on

both ¢,,...,, and u*, we modify the covariant derivative as

Vo Vu+w,u, (2.94)

oub’

where u” = e, “u* with vielbein e ,“(x) and wﬂ"b is the spin connection. With this modification

the actions of covariant derivatives on u* offset each other, and we can work as if no derivative is

acting on u*. In the following we will only work in the contracted variables u* = e",u® and the
associated derivative d,» = e,,“0ya. As a consequence of vielbein postulate we have
[Viu"]=0=[Vydn]. (2.95)

In this formalism all tensor manipulations are translated to an operator calculus. For instance,

10This is because the modes that cause these subtleties are non-normalizable in AdS and are excluded from the
beginning.
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tensor contraction:

Gy XM = 515(00) x5 (). (2.96)

In particular, the inner product (B.7) is represented as

Goxd=st [ 00w, @.97)
S +
List of operations:
divergence: V - 9, sym. gradient: u - V, Laplacian: V2,
sym. metric: u?, trace: (93, spin: u - 0y,. (2.98)

One of the biggest advantages of this formalism is that we can work algebraically with these
operators without explicitly referring to the tensor. For example, to define the de Donder operator,

we can either state explicitly its action on a spin-s field ¢

A N 1
Doy = Dby = VP pyopie 1 — 5V B i) % (2.99)
or simply in terms of its generating function
A 1
D(V,u,8,) =V -8, — 5(u - V)(2). (2.100)

In the following we will use these two kinds of notations interchangeably.
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On S?*!, the operators (2.98) satisfy the following operator algebra

[V Vo] =u, 0 — 1,0y
[VZu-V]=u-VQu-d,+d)—2u?V -8,
[V -8, V] =Qu -8, +d)V -8, —2u-Vd>
V- 0uu-V]=V>+u-0,u-0,+d-1)—u’d?
[V -8, u?] =2u-V
[02,u-V] =2V - 4,

[02,u%] =2(d + 1 +2u - 8,)

where we have denoted 62 = 9, - 0, u> = u - u.

2.4.2  Fronsdal action on S9+!

The 1-loop partition function for a free bosonic spin-s massless gauge field on S9*! is

w_ 1 —S[es)]
79 = DebiyeS190
P Vol(G,) / e

where the quadratic Fronsdal action [99] in the operator language is given by
- 9 L 262\ (v, 1,0
Sl = 505 [, @1 = 31205 ) (%0040
with ﬁ(V, u, d,) is the Fronsdal operator

TA‘S(V, u,0,) =— V2 4+ M? - uzaf +u- Vﬁ(V, u, )

. 1
D(V,u,d,) =V -8, — E(u -V)(82),
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where
M?=5—(s=2)(s+d-2) (2.112)

and D is the de Donder operator. An s-dependent factor g2 is inserted as an overall factor. Canon-
ical normalization corresponds to setting g; = 1. We will choose a particular value for g;¢ when we

discuss the issue of group volume. (2.109) is invariant under the gauge transformations
1
ds(u) — ds(u) + —u - VA;_1(u). (2.113)
Vs

In this off-shell formalism ¢;(u) satisfies a double-tracelessness condition (trivial for s < 3)

(02 ¢s(u) = 0, (2.114)
which implies that the gauge parameter A,_1) must be traceless (imposed even for s = 3)

Ay 1(u) = 0. (2.115)

The division by the gauge group volume Vol(Gys) in (2.108) compensates for the overcounting of

gauge equivalent configurations connected by (2.113).

Change of variables

To proceed, we change field variables

1

1
ds(u) = ¢y (u) + —u - V&1 (u) + u? ys_o(u). (2.116)
' Vs V2s(s = 1)(d + 25 — 3)
Here ¢(Tg is the transverse traceless piece of ¢, for which
V- Qus () =0 = G (). 2.117)
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Next, &-1) 1s the symmetric traceless spin-(s — 1) gauge parameters which are required to be
orthogonal to all spin-(s — 1) Killing tensors E(Ign (which generate trivial gauge transformations)

so that it is uniquely fixed:

0pés1(u) =0, (&1, €411) =0 (2.118)

Finally, x(s—2) is the spin-(s — 2) piece which carries all the trace information of ¢5). The double-

tracelessness condition (2.114) implies that ;) is traceless:
0% xs-o(u) =0. (2.119)

Note that if egflT) is a conformal Killing tensor (CKT) satisfying

u?

Ky(V, 1, 3,)€ 8 (u) = u - Ve (u) - -3V 8,)eET (u) = 0, (2.120)

S

then any new set of variables related by the transformation

Ev1(u) = E1(u) + €ET (w) (2.121)
2
Xo-2(t) = o) = ——=——(V - a)e () (2.122)

will result in the same ¢ (). To uniquely fix y(;—2), we thus impose
(-2 (V- €57 22)) = 0 (2.123)
for all the spin-(s — 1) CKTs €<XT . The path integral measure then becomes

(s=1)°

Do = S Dl D'és- 1D x(5-2) (2.124)
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where the Jacobian Ji,) will be found below. The primes indicate that we exclude the (s — 1, m)

(0 £ m < 5 — 1) modes excluded due to conditions (2.118) and (2.123).

2.4.3 Quadratic actions for ¢(T£ and x(s-2)
Action for S [gbg]

The quadratic action for ¢(T§ is

1y _ 5! 2 TT oy _ L 7T 2 4 TT
Sle)1 = 22 /S " s D)=V, + MOy (w) = 2_g§(¢<5>’( V2 + Mg, (2.125)
which leads to the path integral

V2 M2 1/2
(S) /Z)¢(S) 2(¢(A) (A)+ )¢(A) =de t( V(Zs) + M2) (2126)

Action for S| x(;-2)] and the HS conformal factor problem

From (2.109) we have

_(s-2)! 2 150\ 2

Sooal =g [ ea(@@D(1 - 0027V 00 a0
(s—2)!(d+2s—5)/ A )

== s— au au s V,u, au s— 2.127

S +25 g2 Jsan Xs-2(0u)(0,)Fs(V, u, 8, )u” xs—2(u) ( )

where we have used (2.107) and the tracelessness of x(;—2) (2.119). Using the operator algebras,

one easily finds that

F5(V, u, 8, )u?

:uz( V2 _s(-1+d+s)+ 2) + (- VYV - 8) = (d+2s=5)u-V) +---  (2.128)
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where and henceforth - - - denotes terms that will not contribute because of the tracelessness con-

dition (2.119): 82 xs_2(u) = 0 or xy_2(d,)u* = 0. Then we have

(O Fo(V, u, )u® =4(d + 25 — 4)( V2 (s—)(s+d-2)- 1)

—2d+2s=T)u-V)V-8y) +--- . (2.129)

Defining the differential operator

d+2s-77

A d+2s—-4
Y, u,0,) =2 - e
QY. 1 00) ( d+2s-3

m —(S—l)(S+d—2)—1)—

(- V)V -8y, (2.130)

the quadratic action for y/(s_2) is simply

d+2s-5

1 (X(s-2)» QX(5-2))- (2.131)
N

Slxs-2] = -

To proceed, we expand x/(;-2) (see App.B.2 for the properties of the induced symmetric traceless

spherical harmonics)

X2 = ) Asan™ o+ D0 A, (2.132)

where the modes (n,m) = (s — 1,m),0 < m < s — 2 are excluded because of the condition (2.123).
It is easy to verify that Q is negative for the modes in the first sum and positive in the second.
This is the HS generalization of the conformal factor problem. To make the integrals converge, we

replace A, ;m — iAp, for0 < m < s —2,5 < n < oo, leading to the change in the path integral

measure
dAs o 3 T dApm (“2 °° DM) 2 dAyom 3 1 dAnm
D' x(s—2 — [nm . (2.133)
( ) l_[ J}:[ l:l \/ﬂgf m:OIlij_! m=0 \/ﬂgs m=011:_! mg?
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We complete the product so that it runs through the spectrum for the unconstrained spin-(s — 2)

Laplacian, i.e.

s o d+2 CKT CKT KT =2 = d+2
l_[ D = NS -NAT+NE ]—[ l_[ Do (2.134)
m=0 n=s m=0n=s-2
where NKT = 3¢ D2 and NXT = D?*? are the number of spin-s CKTs and spin-s KTs

respectively. The local infinite product can then be absorbed into bare couplings. The remaining
phase factor is the HS generalization of the Polchinski’s phase. We can then write the path integral

OVer X(s-2) s

Z00) =i NET-NETNEL 76) 700
Xt X

_ d+2s2—5 (X(s—Z)’éX(S_Z))

20 = [ Dt xene

d+2s-5 . ’é o
zY) = / D yppe 8 e (2.135)

where the superscripts + denotes integrations over the positive (negative) modes of Q.

2.4.4 Jacobian

Again, we find the Jacobian in (2.124) by the normalization condition
— L (endis
/ Dejye = 2. (2.136)

We plug in (2.124) and (2.116) to find J,). Notice that ¢(T§ is orthogonal to g y(s_2) and V¢(s_1) with
respect to the inner product (-, -); on the other hand, when &’s are orthogonal to the spin-(s — 1)
CKTs (denoted as &’), gx(s—2) and Vf(’s_l) are not orthogonal, and we remove the off-diagonal

terms by shifting

s(s—1)

Xy () = xs—2(u) +
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The Jacobian corresponding to this shift is trivial. We then have

1 A A 1
_ TT ,TT ’ ’ / / CKT CKT
(¢(s), ¢(s)) - (¢(s)’ (p(s)) + (X(s—Z)’ X(s_z)) + ;(st(s—l)’ KSf(s—l)) + ;(Vf(s_l)’ Vf(s_l))- (2.138)

where Kj is the operator appearing in (2.120). It is useful to note that acting on any symmetric

traceless tensor (1),
07K (V. 1, 0,)€s-1 (1) = 0 = Ry(V, 8y, u)es—1 (8, ). (2.139)

The path integrals over ¢(T§ and X(/s—z) are trivial, and therefore J(5) can be expressed as

I Y(S)Y;él)q (2.140)
-l (k¢ K 4

= / Dg,_yye = e (2.141)
CKTV CK

o = [ Decke (A T (2.142)

Expressing Y. in terms of functional determinants

To proceed, we use the operator algebra and (2.139) and simplify

L ’ 2l /
E(KS§(S_1)’ KSf(s—l)) :(‘f(s—l)’ ( (s 1) —(s-1D(s+d- 2))5@ 1))
d+2s—

+ m(-f{s_l), —VV £ p)- (2.143)
We then perform the change of variables
’ /TT 2
é:(s—l) =& (s-1) T Ky 1075-2), (2.144)

where §’TT

is the transverse traceless part of &(,_;, 0(s-2) is a spin-(s — 2) symmetric traceless
field and the differential operator K 5-1(V,u, 0,) is defined in (2.120). We require o(s—2) to be or-

thogonal to the kernel of K,_1,i.e. the spin-(s —2) CKTs. Also, f’TT and o7,_7) are automatically
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orthogonal to the spin-(s — 1) CKTs.

Plugging in these, we have two decoupled pieces

%(ksf('s_w K& 1) =SI€' ()] + Slos-o)]. (2.145)
Here the first term is the ghost action
SIETL) =€y (= Vo +md g, + M2 )ETT) (2.146)
with Msz_1 as defined in (2.112) and we have defined
mi=(s—1-0)(d+s+t-3), (2.147)

which is exactly the mass for a partially massless field with spin-s and depth # for 0 <t < s — 1.

The second term in (2.145) is the action of a spin-(s — 2) field

Slos-2)] =(Rs-107(5-2) PRs-10(5-2)) (2.148)

d+2s - 2 - V)V -8,) (2.149)

> _ 2
P(V, u, 6,,) = - V(s—l) - (S - 1)(S +d - 2) - m

To proceed, we commute $ and K,_,. This requires the relation

V2

o Koot (Vo 8,) = Koot (V, 1, )G,y = (d +25 = d)u -V + - (2.150)

and the commutator

[(u- V)V -0,), ks—l(v’ u, 0,)]

1

=[(u- V)V -8,),u-V]- m[(u VYV - 8,), u’V - 8,] (2.151)
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which can be computed using

[ - V)V - 8)ut - V] =(u - V)(V2 t(s=2)(s+d— 3)) b (2.152)
[(u- VYV -8,),u’V - 8,] =2(u-V)2(V-8,) + - (2.153)
where and henceforth - - - denotes terms that will not contribute to (2.148) because of the trace-

lessness condition (2.139) of the operator K,_1. We have also used the fact that u - 0u05_2(u) =

(s = 2)0s—2(u). To briefly summarize,

‘r’s(V, u, 6M)I€s_1 (V,u,d,)
=K1 (V, 1, 3)P(V,u,8,) — (d + 25 — 4)u - V

d+2s_§(u-V)[(—V2—(S—2)(s+d—3)

J* s
Now, observe that because of (2.139), u - V can be replaced by the operator K;_
u-V=Ke1(Vu,0,)+ - (2.155)
up to trace terms that do not contribute to (2.148). Therefore we have
PV, u, 8,)K;-1(V, 1, 8,) = o1 (V, 14, )W (V,1,8,) + -+ -, (2.156)
with

W, u,8,) =P(V,u,8,) — (d + 25 — 4)

d+2s-5

2
dtos—> —c w-wv-ay| @l
T a1 253 T 5w VV-a) 2157)

[(—VZ—(S—2)(s+d—3))+d+2

Amazingly, one can show that this operator is exactly equal to Q defined in (2.130), that is
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(W(V, u,8,) = Q(V, u, d,). So we have found
S[os-2)] = (Ry-10(5-2), Ks-1Q01(522)) = (07522, K| Ky-1Q05-2). (2.158)

To conclude, we have

VY,
Yg,s) == (2.159)
¢ WS
Y;;p)r _/Dé_—/TT ;3('f/grfl)’(_V(Zs‘—l)+m32'—l,s+M3—l)f’;rs{l)) (2160)
KT KQ .
vy = / D gy pge KA (2.161)
s KT Kors_
W) = / Doy aye 8K (2.162)

Here the superscript + emphasizes the fact that we are integrating over modes orthogonal to the
spin-(s — 1) and spin-(s — 2) CKTs. In particular, this is the part of spectrum that coincides with
the “+” integral in (2.135). Here (W((fi) )~! is the Jacobian associated with the change of variables

(2.144).

2.4.5 Residual group volume

Recall that after the change of variables (2.116), the integration over the pure gauge modes &
decoupled from the ¢(T§ and y(s-2) path integrals, and we are left with a factor (we have restored

the label a for degenerate modes with same quantum number (s — 1, s — 1))

NKT (a)

f D’ é:(s ) 1 s 1,s— 1
Vol(G 2.163
VolGy)  Vol(Gyy NG \/_27rgs (216
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due to the integration over the spin-(s — 1) Killing tensor modes. This leads to a product in the

original path integral (2.92):
Vol(G)pp = 1—[ Vol(Gy). (2.164)

HS symmetries typically form infinite dimensional groups. Therefore there is an issue of making

sense of (2.164), which we are not going to attempt in this paper.

HS invariant bilinear form Instead, we are going to do a more modest task. As in the warm-up

examples, the volume Vol(G)p; is defined with a particular metric, namely

1 1
dspy = 5 > gdasz_l’s_l. (2.165)
Ky N

Again we want to express this in terms of a canonical metric with respect to which we define a
canonical volume Vol(G).,,. There are however complications compared to the massless spin-1

and spin-2 cases:

1. As opposed to the case for Yang-Mills or Einstein gravity, we do not know the full nonlinear
actions for Vasiliev theories that give rise to the interacting equations of motion and the full
nonlinear gauge transformations in the metric-like formalism. This implies that we do not
know the full local HS gauge algebra. Fortunately, the global part of the algebra does not
require this knowledge, but only the lowest order ones, which only requires the information

of the cubic couplings.

2. Another complication is that since HS symmetries mix different spins, the HS invariant bilin-
ear form depends on the relative normalizations of fields withe different spins in the action.

Once this is fixed, the bilinear form is uniquely determined up to an overall normalization.

All of these have been worked out in the case of a negative cosmological constant [68]. To go to the

case of a positive cosmological constant is a simple matter of analytic continuation. In App.B.3,
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we translate the relevant results from [68] to the case of S?*!. The final result is that upon choosing
g2 = s\, (2.166)

the HS invariant bilinear form is determined to be

87TGN

(@11@2) can = Vol(54-1)

Z(d + 25 = 2)(d + 25 — 4) (@1(s—1)| @2 (5-1))pp (2.167)
S

where the overall normalization is again fixed by requiring the canonical spin-2 generators to be
unit-normalized with respect to (2.167). This implies that the group volume (2.164) is related to
the canonical volume as

~NKT

d-1 =
Vol(G)pr = Vol(G)ean [ | (VOI(S ) ! . (2.168)

8nGy (d+2s—-2)d+2s—-4)

2.4.6 Final result

So far we have

_ (s) () 7 (s) (s)
s __ i [ 2o\ [£eWor | [ 247 (2.169)
" e L v )5 e

where P = 3 (NSKT + NEKT — NXT) In the infinite product, the first factor is the usual ratio of

determinants of physical and ghost operators

(s) ’ 2 2 2 \1/2
Zyrr et/ (=VE_j +mi, + M) /

(s) 12
Yerr det(—V(zs) + Mg)

(2.170)
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In the second factor, Z;, WX, Y run over the exact same spectrum and cancel almost completely

up to an infinite constant

Z+W+ +25— + +
/ D X(s e dzfgs S(X(sfz)’)%fz))

_d+2s-5

fZ)X(S‘ 2)6 4gs (X(»V—Z)’X(s_z))

(2.171)

_d+2s-5

| DX DXyt

(X(s-2)X(s-2))

where in the denominator )((Os_2) denotes the modes excluded due to (2.123). The infinite constant in
the numerator is a path integral over the entire spectrum of an unconstrained spin-(s —2) symmetric
traceless field and therefore can be absorbed into bare couplings. To proceed, we plug in explicit

mode expansions

s—1 s=2
0 = pom - & (m) £CKT < (m)
Xis-2) = Z AstmlZy oy Xo-2) = Z As2mT 55 ooy E-1) = Z As—1tmT 75 ()
m=0 m=0
(2.172)
which lead to
Z(S)W(S) 5—2 ﬁ 2 DI /2 017
Y(s) R d+2s-5 '
ot m=0 n=s—
d+2
o _TT1 2 Doom
Zy- = ] (2.174)
=0 L(d + 25 — S)merl ”
Dd+12
s—2 2 _“s=lm
2m 2
(s) s,m
Y 2.175
£oKT d+2s— 5] (2.175)
m=0
We therefore have
(S) (S) (S) s—2 d+2 s—2 d+2
Z +W Z D4 pd?
X — s—1,m
ot {:CKT
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Together with the determinant factor, this can be further written as

Z(;SF)T Z/(\sz((TSB Z/(\f—) _ detl_l | - V(zs_l) - /ls—l,s—l|1/2 (2 177)
e ) T e v A
Here the subscript —1 means that we extend the eigenvalue product from n = s to n = —1. The

primes denote omission of the zero modes from the determinants. In the numerator we omitted
the n = s — 1 mode while in the denominator we omitted the n = s — 2 mode.!' To obtain this

expression we used the relation
2 _ 2
Ai—1s + M5 = —mg, (2.178)

and the fact that D?fﬁ = —Dtdj]z,s (implying D;’fﬁs = 0). This extension of the eigenvalue product

from n = s to n = —1 is exactly the prescription described in [73]. Putting everything together, we

finally obtain the expression

ZIEIIS =ZGZchar
dimG
g (s)
Zc = P—a Z = V4
G =1 Vol ( G)Can Char U Char
12
NAK_T1 det’ - (571)_/1:—1 s—1

70 _ d+2s-2)d+2s—-4)\ 27 ! e -

Char — M4 v 2 (2. )

det” <S>MZ

with

8nGy )
P= > (NKT+NKT-NKD), vy =, / Vo dmG = > NK (2.180)
N N

Note that we have restored the dimensionful parameter M. As noted in [73], the factor (d + 2s —

2)(d + 2s — 4) gets nicely canceled after evaluating the character integrals for the determinants.

"0riginally 1,5 and D4%? were defined only for n > s, which are now extended to all n € Z.
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2.5 Massive fields

Now let us turn to fields with generic masses. In this case we do not have a group volume

factor, and thus no coupling dependence. We will work with canonical normalizations.

2.5.1 Massive scalars and vectors

Massive scalars The path integral for a scalar ¢ with mass m? > 0 is simply
(s=0,m2) [t $(-V24m?) 2 2\71/?
A :/Z)¢>e et 6T = der(~92 4 ) (2.181)
Massive vectors Massive vectors are described by the Proca action

S[A]—/ (1F pov ™y A/‘) (2.182)
g \ 47 2 ) ‘

Similar to the massless case, to proceed we make a change of variables (2.19) with Jacobian (2.29),

so that the action becomes

S[A] = S[AT] + S[x]

1 2
SIAT) = (AT (V5 +m® + AT, S[x] = ’"7( X (=92)x). (2.183)

For m? > 0 that corresponds to unitary de Sitter representations, the result is

_ “1)2
Zl()sl—l,mz) = det(—V(zl) +m?+ d) (m2)1/2 — det_l(—V(zl) +m?+ d)—1/2. (2.184)

The presence of the factor (m?)!'/? originates from the fact that the (0, 0) mode is excluded from the

integration over the longitudinal mode. In the last equality we again note that the multiplication of

the factor (m?)!/? is equivalent to extending the product to n = —1.
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2.5.2 Massive spin 2 and beyond
Massive s = 2

The action for a free massive spin-2 field on S¢*! is (see for example [100])

1
S[h] =5 / hHY [(—V2 + 2y + 2V Vi a + g (V2R = 2V VA Ry ) + (d = 2)g b )
Sd+1
2 A
+m“(hyy — 8uvh, )]. (2.185)

If we put m = 0 we recover the action (2.51) (with g = 1) for linearized gravity. To proceed, we
again change the variables (2.53). It is convenient to further decompose &, into its transverse and

longitudinal parts: &, = f; + V0, so that the full decomposition for £, is

1 8w =
_ g TT T T H
huy =hiy + @(Vﬂgv + VD) + V2V, V,0 + - 1h. (2.186)
For this decomposition to be unique, we impose
€. fui)=0 . (hfi)=0 and (0. fo)=0. (2.187)

The first two constraints are equivalent to (2.54) and (2.55) while the last one ensures V, 0 # 0.

With a slight modification of the steps in Sec.2.3.2, the Jacobian for the (2.186) is obtained as

Dh=JDhKT D' T Do D'
1
T yTy+yCKV
Yo Yo Y,
vl = / gl e E VDD (2.188)
v = / Dt et Fa TV ~(d+ D))
o

Y0 = / DO~ (T~ _ / D@ Do)
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Here D*o (Do) involves integrations over only the positive (zero) modes for the operator

(—V(ZO) — (d + 1)). After substituting (2.186) the action decouples into

S[h] = S[hTT] + S[£T] + S[o, h). (2.189)

The quadratic actions for #TT and &7 are simply

1
S[h™] = 3 / N Iy (=Y i) + m® + 2)hA, (2.190)
S +
and
T m’ T 2 T
SIET] = (€. (= V) — D)D) (2.191)

respectively. Since o~ and & are not orthogonal, they mix in the action

- d-1)d - 2 - 2 -
S[or, h] = - %(k, (=V2) + (d + 1)( d”i -~ 1)) -y /mdmz(v(zo)o; i)
2

2
m ) m=._, )
+ > (Vo, (—V(O) —d)Vo) - 5 (V(O)O', V(O)O'). (2.192)

To diagonalize S[c, /], we make a shift (with a trivial Jacobian)!?

1 -
oc'=0—-——=h (2.193)

V2d+ 1)

for all scalar modes f, with n > 2, so that S[c, ] = S[o”, h] = S[o”] + S[h], with

2
S[o’] = —dm*(¢”’, -V, ') and  S[h] = d(mZ(c_l Erdlg .

©) (h,(=V% —(d+1)h). (2.194)

()

Notice that S[o'] and S[%] vanishes identically when m? = 0 and m? = d — 1 respectively. These

are the cases when we have gauge symmetries. The massless case has already been discussed in

12Because of the constraints (2.187), the (0,0) and (1,0) modes do not mix in (2.192)
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Sec.2.3. The case of m? = d — 1 will be considered in Sec.2.7.

Depending on the precise value of m? > —2(d +2)'3, some of the modes in (2.191) and (2.194)
might acquire an overall negative sign. We Wick rotate the negative modes, absorbing local infinite
constants into bare couplings. This will induce a phase factor. Below we give a summary for

different cases (n.m. stands for negative modes):

Range of m? n.m. in S[¢7] | n.m. in S[o”’] | n.m. in S[A] Phase
~2d+2)<m?<0| fupn>1 None fon =2 | PP e
O<m*<d-1 None fun>1 fon>2 i72D60° D" = j-d—4

m?>>d-1 None fun>1 fo %=1

The last case (m> > d — 1) is precisely the case when the corresponding de Sitter representations
are unitary'#. We will focus on this case from now on.

Putting everything together, we have

T

Z.N\(Z5Z3\ (70
(s=2m*) _ 7T ¢ o “h o\ e
e (YT)( Yy )(Y£ )Zﬁ 215

&

Here Z;1, 2}, 725, Z]).,, Z* are the path integrals with actions (2.190), (2.191) and (2.194). The

labels + and O denote the positive (negative) and zero modes for the scalar operator —V(ZO) —(d+1).

3This is the range where the kinetic operator in (2.190) is positive definite. The case m> < —2(d + 2) will be
considered when we discuss the shift-symmetric spin-2 fields in Sec.2.6.
4Principal series for m* > (%)2 and complementary series for d — 1 < m? < (%1)2 [101].

66



Every factor can be easily evaluated:

-1)2
TT 2 2
ZIT = det(- V3, +m? +2)

5 :/D'f e—@(fT,ch)

2 /Z)Jro"e_mTz(g”U’)/Z)Jrile_w(ﬁ’m (2.196)

o :/DOO_/e—%(O",o")

w2 (d-1)) 5 =

Observe that all factors but Z}TT can be combined in the following way:

ZIN(ZEZEN (20, [ Dée 5D [ Dhe "0
YT\ vsf yCKV Z = 2D, PP (2.197)
¢ d 3 [ D070 [ DOLT ¢~ 5 (€T

In the numerator, the path integrations are over local unconstrained fields and thus can be absorbed
into bare couplings. In the denominator D7 denotes integration over the modes f;. u- The inte-

grals in the denominator can be easily evaluated. To conclude, we have

-1/2 oifg? i
+m+ MZZ) (m? — m%o) > (m? — m%l) 3

(s:2,m2) _ 2
Zy>") = det( -3,

= det_l(—V(zz) +m* + M3~/ (2.198)
where we recall that mi, is defined in (2.147).

Massive arbitrary spin s > 1

In principle, one starts with the full manifestly local and covariant action [102], which involves
a tower of spin ¢ < s Stueckelberg fields, and repeat the derivation above. However, having worked

out the cases for s = 1,2, the pattern is clear. For a free massive spin-s field, its path integral is
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simply

(s)

(s.m%) _
Z = Y2

PI

V2 o+ M2\ V2
det_; ( : ) . (2.199)

Note that we have restored the dimensionful parameter M. Recall that the scaling dimension A is

related to the mass m? as

m*=A+s-2)(d+s—-2-A) (2.200)
so that
d\* d\*
An,s+m2+M3=(n+A)(d+n—A)=(n+§) —(A—E) . (2.201)

The requirement that A, + m? + M? is positive for all n > —1 is equivalent to the unitary bounds

on A [101]:
d . .. . )
A= 5 +iv,vy € R (Principal series) or 1 <A <d-1 (Complementary series) (2.202)

Outside of this bound, a finite number of 4, + m?+ M sz will become negative, which leads to the

2

presence of some power of i, as we have seen in the s = 2 case. Also, as we take m? — mg,,

(2.199) becomes ill-defined, signaling a gauge symmetry. The case of ¢+ = s — 1 is the massless

case discussed in Sec.2.4. We will comment on the general (s, 7) case in Sec.2.7.

2.6 Shift-symmetric fields

In (A)dS space, when massive fields attain certain mass values, they can have shift symme-
tries [89] that generalize the shift symmetry, galileon symmetry, and special galileon symmetry
of massless scalars in flat space. In AdS, these theories are unitary; in dS, these theories do not

fall into the classifications of dS UIRs [101]. In the following we study their 1-loop (free) path
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integrals on S?*!, which contain analogous subtleties as the massless case, namely the phases and

group volumes.

2.6.1 Shift-symmetric scalars

Let us start with a free scalar ¢ with generic mass m, with action

S[¢] = % » d(—=V? + m?)¢. (2.203)

When m? takes values of the negative the eigenvalues of the scalar Laplacian —V(ZO), 1.e.
m* = —Ago = —k(k +d) =m . +My=mp 5, =-m3, <0, k>0, (2.204)

(recall that mit is defined in (2.147)), the action is invariant under a shift symmetry (of level k in

the terminology of [89])

5¢ = fi (2.205)

2

where f; is the (k, 0) eigenmodes of —V(O

) with eigenvalue A;. The case k = 0 corresponds to a
massless scalar[103, 104]. For any k > 1, the scalar is tachyonic. See for example [105] and [106]
for the study of such tachyonic scalars. The k = 1 and k = 2 cases are the dS analogs for the
Galileon and special Galileon theories in flat space [89] respectively. While these k > 0 scalars
do not fall into the standard classification of dS UIRs [101], there are arguments that they can be
cured to become unitary [89]. Note that the action is negative for all (n, 0) modes with n < k, and

vanishes for the (k, 0) modes. To make sense of the path integral, we again perform Wick rotations

for all (n,0) modes with n < k, so that

k-1
/Z)<k¢e_s<’<[¢] — 200 i’ /Z)<k¢es<k[¢] = 20 DLy’ 1—[ |40 — Aol V2, (2.206)
n=0
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and interpret the integration over the (k, 0) modes as a residual group volume

f 52 d A(“)
VOl(Gk)pI 2 (2207)
V 7T

The modes with n > k can be integrated as usual. The final result is

Z(s =0,m

ol k+21) Zn -0 nO VOI(Gk)P[ det’ | _ /lk0|_1/ . (2208)

Note that absolute value is taken in the determinant. The prime denotes the omission of the (k, 0)
modes from the functional determinant. Unlike the massless case, the residual group volume
Vol(Gy)pr is multiplying the determinant instead of being divided. As stressed in the massless
case, Vol(Gy)pr should depend on the non-linear completion of the theory. There will be a problem
of relating Vol(Gy )pr to a canonical volume Vol(Gy)can and the determination of Vol(Gy)cay itself.

Also, we expect there will be a dependence on coupling constants of the interacting theory.'

2.6.2 Shift-symmetric vectors

When the mass takes values

= Ay —d = —~(k +2)(k+d) =m{ 5o =—m}, <-2d, k=0, (2.211)

15 An example for which we can make sense of these issues is that of a compact scalar. They are scalars subject to
the identification

¢ ~¢+2nR (2.209)

so that they take values on a circle of radius R. In this case the integration range for the (0,0) mode is restricted to the
fundamental domain 0 < Ag o < 27 R+/Vol(S9+!) and therefore

Z](;;)mpact scalar _ ’271’R2V01(Sd+1)det ( V(O))_l/z' (2.210)

Here the (inverse of) radius R plays the role of the coupling constant.
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the Proca action (2.182) is invariant under a level-k shift symmetry generated by the (k + 1, 1)

modes
0A, = frrip (2.212)

Following analogous steps as for the scalars, it is straightforward to work out the path integral

(S=‘vmi+3,o>

k d+2
b = iZ0=1 PNOI(G iy pr det” | = V) = Aern |72 (2.213)

(M

where the prime denotes the omission of the (k + 1, 1) modes and

d+2
DkIl,l A(a)

k+1,1
Vol(Gi1.1)pr = / - (2.214)

Note that in the phase factor we have used the fact that D?}2 = —Dgg2 and Dg? = 0.

2.6.3 Shift-symmetric spin s > 2
Shift-symmetric spin 2 fields

The massive spin-2 action (2.185) with
m* = —Qan —2=mi = —m5,,, <2d+2), k>0, (2.215)
is invariant under a level-k shift symmetry generated by the (k + 2,2) modes
Oy = firz v (2.216)
It is straightforward to work out the path integral

(3:2,m2+ ) yktl pde2 _
Zy = 20t Pa Vol (Gaop)pr det. | — Vi = Aks2al ™ (2.217)
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where the prime denotes the omission of the (k + 2,2) modes and

Dlgizz,z dA(a)

k+2,2
Vol(G422)p1 = / =5 (2.218)
=

Note that in the phase factor we have used the fact that Di’;’zz = —ngz and Dgzz = —Dﬁz.

Shift-symmetric arbitrary spins s > 0

Now the pattern is clear. When the mass for a spin-s field @) (s > 0) reaches the values

m* = -2

2_ 2 _ 2
krss T My =Moo = MG, k20, (2.219)

there will be a level-k shift symmetry generated by the (k + s, s) modes

O0P(s) = frrs(s)- (2.220)

The path integral is

(s,m? ) ks=1 pyd+2 _Vé) - /lk+s,s “i2
Zp, T = 2t P VOI(Gy g )pr det — (2.221)
where
Df+2
Vol(Gisss)p1 = / ﬁsldA(‘” . (2.222)
e 1 \/ﬂ k+s,s

Note that we have restored the dimensionful parameter M. Such a shift-symmetric field can be

thought of as the longitudinal mode decoupled from a massive spin-(k + s + 1) field as its mass

2

approaches m; st

Note that for k = 0, it can be thought of as the ghost part of the spin-
(s + 1) massless path integral. We will see more connections of shift-symmetric fields with general

partially massless fields in the next section.
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2.7 Partially massless fields

In (A)dS space, there exist “partial massless” (PM) representations [100, 102, 107-115]. Ex-
cept for the massless case, they are not unitary in AdS. In dS;,; with d > 4, they correspond to the
unitary exceptional series representations, while for d = 3 they correspond to the discrete series

representations [101]. A PM spin-s field of depth  has a gauge symmetry!'®
5y = VO + - - (2.223)

where - - - stand for terms with fewer derivatives [115]. The massless case corresponds to ¢t = s—1.
In the following we first work out the case of spin-2 depth-0 field. Then we will provide a general

prescription for general PM fields.

2.7.1 Spin-2 depth-0 field

The action for a spin-2 depth-0 field is (2.185) with mass
m =m3y=d-1, (2.224)
in which case there is a gauge symmetry
O0hy =V, Vox +gux. (2.225)
This can be seen by first substituting (2.193) into (2.186) so that the decomposition becomes

1 1 N N
hyy =hr + @(Vﬂgf + VD) + V2V, V07 + T (VoY h + g h) (2.226)

16We adopt the convention that depth 7 is equal to the spin of the gauge parameter.
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and noting that S[%] defined in (2.194) vanishes identically for m> = d — 1. Spin-2 field with such

a mass was first considered in [100]. This gauge invariance implies that there is an integration
/ D'h (2.227)

that must be canceled by a gauge group volume factor Vol(G) divided by hand. To be consistent

with locality, this gauge group factor must take the form of a path integral of a local scalar field o

Vol(G) = / Da. (2.228)

Due to mismatch of modes excluded due to (2.187), we have a residual group volume

Dd +2

- (a)
[D'h 1 / Le dAT,
= . Vol(Gi)pr = = (2.229)
Vol(G)  Vol(Gi0)er (Grolen g \2n
The rest of the computation proceeds as before, and the final result is
andy il det [ =V @+ DI (2.230)
Fl Vol(G10)pr '

12
det’, (-3, +d+1)

2.7.2 General PM fields

We now provide a prescription to obtain the path integral expression for a general spin-s depth-

2
st

t field. First, take the spin-s path integral (2.199) with generic mass and take the limit m?> — m
while omitting the (¢ — 1, s) modes:

Z(s,m2—>mit)

& > i Zmt 1 D et =VE -2 T (2.231)

(s)
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where we have used (2.178). The phases appear because the mode with n = —1,0,---,¢# — 2
becomes negative. Then we exchange s and ¢ and flip i — —i to obtain another expression

Z(t m? —>m )

s=2 pd+2 .,
PI i 2=t Pini det’ | - (t) Ay ltl 12, (2.232)

We propose that the final result is simply given by the ratio between these two expressions, divided

by a group volume factor:

V() -4 -1, /2
(s,mP=m? ) [Ih2 DEeys? | D2 det’ .
s 2.233
PI Vol(Gy-1.4)p1 N 12 ( )
v |
where
d+12
Yol(Grraln = / 1—[ _dAS 1 (2.234)

Note that we have restored the dimensionful parameter M. One can easily verify that (2.233)
reduces to the massless case when t = s — 1 and the spin-2 depth-0 case when s = 2, = 0.

(tm mtz’s)

The division by Z, can be thought of as the decoupling of the spin-t level-(s — 1 — t)
shift-symmetric field from the massive spin-s field as we take m?> — m . Note that the ratio of
determinants (without the extension to n = —1 modes) in (2.233) and the relations between PM
and conformal higher spin partition functions were first discussed in [82] for §% and [62] for S°.
As we stressed repeatedly, the determination of the group volume factor Vol(G,-_1)py requires
knowledge of the interactions of the parent theory. In the current case, a natural class of parent
theories would be the PM generalizations of higher spin theories [116], which include a tower

of PM gauge fields and a finite number of massive fields. These theories gauge the PM algebras

studied in [117] and are holographic duals to (0¥ CFTs [118]. Their 1-loop path integrals would
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take the form

’ _v(zt)_/lg—l,z 12
PM HS iP det_l M
ZPMHS (2.235)
" VOl(G)PI 1;1 ’ _V(zx)_/ltz—ls 1/2
—1 M2
where
=2 5=2
P=> > DiZ+ > DLZ|, Vol(Ger = [ | Vol(Gi-1.)p (2.236)
st \m=-1 m=—1 .t

There will be analogous problem of relating Vol(G)pr to a canonical volume Vol(G)can (and making
sense of the volume itself) as in the massless case, which will give us the dependence on the
Newton’s constant Gy. If we demand log ZII;IM HS to be consistent with a universal form as in the

massless case [73], we should take

d+2
Ds—l,l

Vol($4-1) M* 2
87Gy (d+2s—2)(d+2t-2)

Vol(G)pr = Vol(G)ean | | (2.237)

st

so that the factor (d + 2s — 2)(d + 2t — 2) gets nicely canceled upon evaluating the character
integrals for the determinants. To verify this, one has to repeat the analysis of [68] and App.B.3
and express the PM HS invariant bilinear form in terms of the bilinear form induced by the path
integral measure. Provided that (2.237) is valid, we note that except the phase and Vol(G).,,, the
expression (2.235) becomes the inverse of itself upon exchanging s and ¢. We leave the validation

of (2.233), (2.237) and the implication of the suggestive s <> ¢ symmetry for future work.

2.8 Discussion and outlooks

In this work, we derive the determinant expressions of the 1-loop path integrals for massive,
shift-symmetric and partially massless fields on S?*!. We conclude with some open problems and

generalizations for future investigations:
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First is the Polchinski’s phase. While we generalize the original massless spin-2 result to other
classes of fields, their physical interpretations remain elusive. One is tempted to say perhaps these
phases indicate non-unitarity. While this seems to be natural for massive fields with masses outside
the unitary bounds (including shift-symmetric fields), the phases are present for PM fields which
are perfectly unitary irreducible representations. Without other physical inputs, it is not clear
whether we should ignore or retain these phases. However, we stress that these phases deserve
our attentions. Perhaps a better understanding of these phases will lead us to the correct statistical
interpretation of the path integral'”. Also, S9*! is only one of the many saddle points of the
Euclidean gravitational path integral with a positive cosmological constant. If one considers other
saddle points such as S2x S¢~!, since they have different amount of symmetries, after Wick rotating
the conformal modes there will be relative phases between different saddle points. In any case,
our results provide infinite number of data points for further investigations.

Another mystery is the residual group volume factor present for PM gauge fields and shift-
symmetric fields. Such a factor is present for a manifestly local path integral and depends on the
non-linear completion of the theory. Higher spin groups are typically infinite-dimensional and
there is an issue of making sense of the group volume. The group volume may be more well-
defined in theories gauging finite dimensional higher spin algebras studied in [117].

Let us mention the context in which both subtleties of phases and group volume are sharpest,
namely in d + 1 = 3 dimension [73]. In this case one can check that for any PM fields, the
determinants for the on-shell kinetic operator and the ghost operator cancel completely, so that the
group volume and phases are the only non-trivial contributions to the 1-loop path integral. Also, on
S3 there is an alternative formulation of massless HS gravity as a SU(N) x SU(N) Chern-Simons
theory. As noted in [73], one finds that their 1-loop results agree only if we identify the residual
group volume with the SU(N) X SU(N) HS group volume, further supporting the claim that this

factor depends on the interactions of the full theory. Also, the phases will match exactly for odd

framing.

7For example, one might guess that these i’s are precisely the i’s present in the inverse Laplace transform to extract
microcanonical entropies from the partition function.
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One natural generalization of this work is to study path integrals involving fermionic PM gauge
fields. The free actions for massless fermionic fields are presented in [119]. Since fermionic fields
are Grassman-valued, no Wick rotation is needed to make the path integral convergent. However,
there is still a group volume factor corresponding to trivial fermionic gauge transformations, whose
physical interpretations are even more obscure than their bosonic counterparts, because the Grass-
man integrals are formally zero. Perhaps we need to combine bosonic and fermionic higher spin
fields into a supersymmetric HS theory [120] so that we can make sense of the super-higher-spin

group volume.
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Chapter 3: Quantum de Sitter horizon entropy from quasicanonical bulk,

edge, sphere and topological string partition functions

This chapter is a based on the work [73]. Motivated by the prospect of constraining microscopic
models, we calculate the exact one-loop corrected de Sitter entropy (the logarithm of the sphere
partition function) for every effective field theory of quantum gravity, with particles in arbitrary
spin representations. In doing so, we universally relate the sphere partition function to the quotient
of a quasi-canonical bulk and a Euclidean edge partition function, given by integrals of characters
encoding the bulk and edge spectrum of the observable universe. Expanding the bulk character
splits the bulk (entanglement) entropy into quasinormal mode (quasiqubit) contributions. For 3D
higher-spin gravity formulated as an sl(n) Chern-Simons theory, we obtain all-loop exact results.
Further to this, we show that the theory has an exponentially large landscape of de Sitter vacua with
quantum entropy given by the absolute value squared of a topological string partition function.
For generic higher-spin gravity, the formalism succinctly relates dS, AdS* and conformal results.

Holography is exhibited in quasi-exact bulk-edge cancelation.

3.1 Introduction

As seen by local inhabitants [7-10, 121-123] of a cosmology accelerated by a cosmological
constant, the observable universe is evolving towards a semiclassical equilibrium state asymptoti-
cally indistinguishable from a de Sitter static patch, enclosed by a horizon of area A = Qg_;£¢7!,
¢ o 1/VA, with the de Sitter universe globally in its Euclidean vacuum state. A picture is shown in

fig. 3.1b, and the metric in (3.26)/(C.96)S. The semiclassical equilibrium state locally maximizes
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Figure 3.1: a: Cartoon of observable universe evolving to its maximal-entropy equilibrium state. The
horizon consumes everything once seen, growing until it reaches its de Sitter equilibrium area A. (The spiky
dot is a reference point for b, c; it will ultimately be gone, too.) b: Penrose diagram of dS static patch. c:
Wick-rotated (b)) = sphere. Metric details are given in appendix C.4.3 + fig. C.5¢, d.

the observable entropy at a value S semiclassically given by [10]

S=logZ, (3.1)

where Z = [ e~Sele 1 i5 the effective field theory Euclidean path integral, expanded about the
round sphere saddle related by Wick-rotation (C.98) to the de Sitter universe of interest. At tree

level in Einstein gravity, the familiar area law is recovered:

A
SO - =~ 3.2
4Gy (3-2)

The interpretation of S as a (metastable) equilibrium entropy begs for a microscopic understand-
ing of its origin. By aspirational analogy with the Euclidean AdS partition function for effective
field theories with a CFT dual (see [124] for a pertinent discussion), a natural question is: are
there effective field theories for which the semiclassical expansion of S corresponds to a large-N
expansion of a microscopic entropy? Given a proposal, how can it be tested?

In contrast to EAdS, without making any assumptions about the UV completion of the effec-
tive field theory, there is no evident extrinsic data constraining the problem. The sphere has no

boundary, all symmetries are gauged, and physically meaningful quantities must be gauge and
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field-redefinition invariant, leaving little. In particular there is no invariant information contained
in the tree-level S© other than its value, which in the low-energy effective field theory merely
represents a renormalized coupling constant; an input parameter. However, in the spirit of [26—34,
124-126], nonlocal quantum corrections to S do offer unambiguous, intrinsic data, directly con-
straining models. To give a simple example, discussed in more detail under (3.168), say someone
posits that for pure 3D gravity, the sought-after microscopic entropy is Smicro = log d(N), where
d(N) is the number of partitions of N. This is readily ruled out. Both macroscopic and microscopic

entropy expansions can uniquely be brought to a form
S=8y—alogSy+b+3,cSy>" + O(e™5/?), (3.3)

characterized by absence of odd (=local) powers of 1/8©. The microscopic theory predicts
(a,b) = (2, 10g(7r2 / 6\5)), refuted by the macroscopic one-loop result (a,b) = (3,5log(2n)).
Some of the models in [11-24] are sufficiently detailed to be tested along these lines.

In this work, we focus exclusively on collecting macroscopic data, more specifically the exact
one-loop (in some cases all-loop) corrected S = log Z. The problem is old, and computations for
s < 1 are relatively straightforward, but for higher spin s > 2, sphere-specific complications crop
up. Even for pure gravity [50-54, 57-59, 61, 127], virtually no complete, exact results have been
obtained at a level brining tests of the above kind to their full potential.

Building on results and ideas from [43, 62, 66, 6871, 81, 101, 128, 129], we obtain a universal
formula solving this problem in general, for all d > 2 parity-invariant effective field theories, with

matter in arbitrary representations, and general gauge symmetries including higher-spin:

K dim G 00
27y, )M Ca di(1+g¢q . 2\g
S = ||—( +/ — [ a2 =y 4 S 3.4
Ogazo vol G, o 2\T—g Mot T g Xt Tou S

g = ¢!/t Below we explain the ingredients in sufficient detail to allow application in practice.

A sample of explicit results is listed in (3.12). We then summarize the content of the paper by
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section, with more emphasis on the physics and other results of independent interest.

Gy is the subgroup of (possibly higher-spin) gravitational gauge transformations acting trivially
on the S%*! saddle. This includes rotations of the sphere. vol Gy is the volume for the invariant
metric normalized such that the standard rotation generators have unit norm, implying in particular
vol SO(d + 2) = (C.93). The other G;,i = 1,..., K are Yang-Mills group factors, with vol G; the
volume in the metric defined by the trace in the action, as in (C.94). The vy, are proportional to the

(algebraically defined) gauge couplings:

[sxGy _ [2n 8}
= = , ; = , 3.5
Y0 A SO Y AL (3.5)

with A, = Q,(", Q, = (C.92)forn > 0,and A_; = 1/2x{ for y; ind = 2.

The functions yio(¢) are determined by the bosonic/fermionic physical particle spectrum of the

theory. They take the form of a “bulk™ minus an “edge” character:

Xtot = Xbulk — Xedge - 3.6)

The bulk character ypux(?) is defined as follows. Single-particle states on global dS;,1 furnish a
representation R of the isometry group SO(1,d + 1). The content of R is encoded in its Harish-
Chandra character ¥(g) = tr R(g) (appendix C.1). Restricted to SO(1, 1) isometries g = e ##
acting as time translations on the static patch, g(g) becomes ypux(t) = tr e, For example for a
massive integer spin-s particle it is given by (C.14):

4 q%”V + q%l—iv
Xbulks = Ds 1 Nd
(1-9)

: g=e (3.7)
where Df is the spin degeneracy (C.15), e.g. DE = 2s + 1, and v is related to the mass:

s=0:v2:m2€2—(%)2, szlzvzzmzfz—(%+s—2)2. (3.8)
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For arbitrary massive matter ypux 1s given by (C.16). Massless spin-s characters are more intricate,
but can be obtained by applying a simple “flipping” recipe (3.100) to (3.98), or from the general

formulae (C.164) or (C.194) derived from this. Some low (d, s) examples are

(d, s) 21 (2,2) (3, 1) (3,2) 4, 1) 4,2)
3.9
2q 6¢4>-2¢> 104°-64" 6 ¢> 10 42
Abulks | T2 (1-q3 (1-gqp (i-¢f (-9

The g-expansion of ypux gives the static patch quasinormal mode degeneracies, its Fourier trans-
form gives the normal mode spectral density, and the bulk part of (3.4) is the quasicanonical ideal
gas partition function at § = 2n{, as we explain below (3.15).

The edge character yedee(?) is inferred from path integral considerations in sections 3.3-3.5. It

vanishes for spin s < 1. For integer s > 1 we get (3.85):

d=2 d=2_;
q2+lv+q2w

N, = D2 (3.10)

Xedge,s = N - (1 — Q)d_z > s =1

e.g. N; = 1, N, = d + 2. Note this is the bulk character of N; scalars in two lower dimensions.
Thus the edge correction effectively subtracts the degrees of freedom of N; scalars living on S,
the horizon “edge” of static time slices (yellow dot in fig. 3.1). (3.91) yields analogous results for
more general matter; e.g. @bulk field — H edge field, Bj bulk — (d + 2) x [ edge. For massless
spin-s, use (3.98)-(3.100) or (C.196). The edge companions of (3.9) are

ds)| @21 22 @Gl (3,2) 4,1) 4,2)
(3.11)
0 0 2g 104*-24° 2¢q 10¢
Aedgess 1-g 1-¢ (1-9? (1-¢g)?

The edge correction extends observations of [38—43, 45-48, 130-137], reviewed in appendix C.5.5.
The general closed-form evaluation of the integral in (3.4) is given by (C.57) in heat kernel
regularization. In even d, the finite part is more easily obtained by summing residues.

Finally, S in (3.4) is a local counterterm contribution fixed by a renormalization condition
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Figure 3.2: Contributions to dS3 one-loop entropy from gravity and massive s = 0, 1, 2.

specified in section 3.8, which in practice boils down to S(£) canceling all divergences and finite
terms growing polynomially with £ in S1(¢).

For concreteness here are some examples readily obtained from (3.4):

content | S

3D grav | —31og S© + 5log(2r)

3D (s.m) | 5% = (m€)? + 25me) =2 53, fr B = s mmt ) ~log(1 — ™))

4D grav | —51og S© — 3 log(¢/L) —log 3 + 22 — L/(-1) + 3£'(-3)

9 7523 457(5
SDsu(4) ym | —5 log(¢/g?) - log Bg= + £ 4 ££0)

SD(FH.m) | —15log2aml) + 322 + BE8 - ue - 0),  S(me) e (ml — o)

50400 72 60480 4 3840 70 6nr8 256 710

11D grav | -33 10g3(0) +10g(4!6!2§! 10!(2ﬂ)63) 4 19984694(3) | 1356194(5) _ 344634(7) | 114(9) _ 114(11)

3D HS, | —(n2 — 1)log SO + log[ 1 (2= 1 G 4 1)2 (27)n-Di2n+1)]
(3.12)

Comparison to previous results for 3D and 4D gravity is discussed under (3.120).!

The second line is the contribution of a 3D massive spin-s field, with v given by (3.8). The
term o s2 is the edge contribution. It is negative for all m¢ and dominates the bulk contribution
(fig. 3.2). It diverges at the unitarity/Higuchi bound m¢ = s — 1.

In the 4D gravity example, L is a minimal subtraction scale canceling out of S + S, In

this case, constant terms in SV cannot be distinguished from constants in S and are as such

'In the above and in (3.4) we have dropped Polchinski’s phase [59] kept in (3.120) and generalized in (3.112).
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Figure 3.3: Regularized dS; scalar mode density with v = 2, Ay, ¢ ~ 4000. Blue line = Fourier transform of
Xoulk: p(w)/€ = % log(Awf) — % > ;b(% +iv + iwf). Red dots = inverse eigenvalue spacing of numerically
diagonalized 4000 x 4000 matrix H in globally truncated model (appendix C.2.2). Rightmost panel = | p(w)|
on complex w-plane, with quasinormal mode poles at wf = ii(% +iv + n).

physically ambiguous.? The term a4 log(¢/L) with a4 = —% arises from the log-divergent term

a4 log(€/e€) of the regularized character integral.
For any d, in any theory, the coefficient a4 of the log-divergent term can simply be read off

from the t — 0 expansion of the integrand in (3.4):

Y+l L o) (3.13)

integrand = - - - +

For a 4D photon, this gives a4 = @4puk + U4edge = —% - % = —%. The bulk-edge split in this

case is the same as the split investigated in [132, 137, 138]. Other illustrations include (partially)
massless spin s around (3.116), the superstring in (3.192), and conformal spin s in (3.193).

3D HS,, = higher-spin gravity with s = 2,3, ..., n (section 3.6). G is the Barnes G-function.

Overview

We summarize the content of sections 3.2-3.9, highlighting other results of interest, beyond

(3.4).
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Quasicanonical bulk thermodynamics of the static patch (section 3.2)

The global dS bulk character ypui(z) = tre=" locally encodes the quasinormal spectrum and
normal mode density of the static patch ds?> = —(1 — r2/€%)dT? + (1 — r?/€>)"'dr? + r?dQ? on
~itH

which e acts as a time translation T — T + ¢. Its expansion in powers of g = ¢ 1'l/¢,

Xouk = Y Neq', (3.14)

yields the number N, of quasinormal modes decaying as e™"7/¢, in resonance with [139—141]. The

density of normal modes o« e='“T is formally given by its Fourier transform

1 © :
p(w) = —/ dr your(r) €. (3.15)

27 o

Because ypyik 1s singular at ¢ = 0, this is ill-defined as it stands. However, a standard Pauli-Villars
regularization of the QFT renders it regular (3.40), yielding a manifestly covariantly regularized
mode density, analytically calculable for arbitrary particle content, including gravitons and higher-
spin matter. Some simple examples are shown in figs. 3.3, 3.6. Quasinormal modes appear as
resonance poles at w = =+ir, seen by substituting (3.14) into (3.15).

This effectively solves the problem of making covariant sense of the formally infinite normal
mode density universally arising in the presence of a horizon [35]. Motivated by the fact that
semiclassical information loss can be traced back to this infinity, [35] introduced a rough model
getting rid of it by shielding the horizon by a “brick wall” (reviewed together with variants in
C.5.3). Evidently this alters the physics, introduces boundary artifacts, breaks covariance, and is,
unsurprisingly, computationally cumbersome. The covariantly regularized density (3.15) suffers

none of these problems.

2Comparing different saddles, unambiguous linear combinations can however be extracted, cf. (C.345).
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In particular it makes sense of the a priori ill-defined canonical ideal gas partition function,

log Zean(B) = / da)(—pbos(a)) log(eP/? — e7P9I2) + pror(w) log(ePl* + e_ﬁ‘”/z)) . (3.16)
0

Substituting (3.15) and integrating out w, this becomes

dt{ 1+ e—2ﬂt/ﬁ b Ze_m/ﬂ .
27( T Mo ~ TS Xb‘fﬁk(t)) (3.17)

log Zyui(B) = /
0

At the static patch equilibrium g = 2x¢, this is precisely the bulk contribution to the one-loop
Euclidean partition function log Z(" in (3.4). Although Zyy is not quite a standard canonical
partition function, calling it a quasicanonical partition function appears apt.

From (3.17), covariantly regularized quasicanonical bulk thermodynamic quantities can be an-
alytically computed for general particle content, as illustrated in section 3.2.3. Substituting the
expansion (3.14) expresses these quantities as a sum of quasinormal mode contributions, general-
izing and refining [142]. In particular the contribution to the entropy and heat capacity from each
physical quasinormal mode is finite and positive (fig. 3.8).

Svuik can alternatively be viewed as a covariantly regularized entanglement entropy between
two hemispheres in the global dS Euclidean vacuum (red and blue lines in figs. 3.5, C.5). In the

spirit of [140], the quasinormal modes can then be viewed as entangled quasiqubits.

Sphere partition functions (sections 3.3,3.4,3.5)

In sections 3.3-3.5 we obtain character integral formulae computing exact heat-kernel regular-
ized one-loop sphere partition functions Zl(,ll) for general field content, leading to (3.4).

For scalars and spinors (section 3.3), this is easy. For massive spin s (section 3.4), the presence
of conformal Killing tensors on the sphere imply naive reduction to a spin-s Laplacian determinant
is inconsistent with locality [62]. The correct answer can in principle be obtained by path integrat-
ing the full off-shell action [102], but this involves an intricate tower of spin s” < s Stueckelberg

fields. Guided by intuition from section 3.2, we combine locality and unitary constraints with path
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Figure 3.4: One- and all-loop entropy corrections, and dual topological string 7, g5, for 3D HS,, theory in
its maximal-entropy de Sitter vacuum, for different values of # at fixed S© = 103, 1 = 0.

integral considerations to find the terms in log Z missed by naive reduction. They turn out to be
obtained simply by extending the spin-s Laplacian eigenvalue sum to include its “subterranean”
levels with formally negative degeneracies, (3.83). The extra terms capture contributions from un-
matched spin s* < s conformal Killing tensor ghost modes in the gauge-fixed Stueckelberg path
integral. The resulting sum yields the bulk—edge character integral formula (3.84). Locality and
unitarity uniquely determine the generalization to arbitrary parity-symmetric matter representa-
tions, (3.91).

In the massless case (section 3.5), new subtleties arise: negative modes requiring contour ro-
tations (which translate into the massless character “flipping” recipe mentioned above (3.9)), and
ghost zeromodes which must be omitted and compensated by a carefully normalized group volume

division. Non-universal factors cancel out, yielding (3.112) modulo renormalization.

3D de Sitter HS,, quantum gravity and the topological string (section 3.6)

The s1(2) Chern-Simons formulation of 3D gravity [143, 144] can be extended to an sl(n)
Chern-Simons formulation of s < n higher-spin (HS,,) gravity [145-148]. The action for positive
cosmological constant is given by (3.121). It has a real coupling constant x o< 1/GN, and an integer
coupling constant [ € {0, 1,2, ...} if a gravitational Chern-Simons term is included.

This theory has a landscape of dS3 vacua, labeled by partitions m = {my, my, . ..} of n. Different
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vacua have different values of £/Gn, with tree-level entropy

S(O) _ 2rl

- —4GNﬁ1=2ﬂK-Tﬁ1, Ti = ¢ ZaMa(m’ = 1). (3.18)

The number of vacua grows as Nya. ~ €7 V16 The maximal entropy vacuum is m = {n}.

We obtain the all-loop exact quantum entropy S; = log Z; by analytic continuation k. —
[ + ik of the SU(n);, X SU(n);_ Chern-Simons partition function on S°, (3.127). In the weak-
coupling limit k — oo, this reproduces SV as computed by (3.4) in the metric-like formulation of
the theory, given in (3.12) for the maximal-entropy vacuum m = {n}.

When n grows large and reaches a value n ~ k, the 3D higher-spin gravity theory becomes
strongly coupled. (In the vacuum 7 = {n} this means n* ~ £/Gy.) In this regime, Gopakumar-
Vafa duality [79, 80] can be used to express the quantum de Sitter entropy S in terms of a weakly-

coupled topological string partition function on the resolved conifold, (3.128):

—nT;-2mi]gs 2

Sii = log|Zip(gs 1) e (3.19)

where g = nflﬁ and the conifold Kihler modulus ¢t = f @J +iB=igmn= ni’mk

Euclidean thermodynamics of the static patch (section 3.7)

In section 3.7 we consider the Euclidean thermodynamics of a QFT on a fixed static patch/sphere

background. The partition function Zpy is the Euclidean path integral on the sphere of radius ¢, the

£d+l

Euclidean energy density is pp; = —0dy log Zpy, where V = Qg1 is the volume of the sphere,

and the entropy is Sp; = log Zpy + 27¢ Upy = log Zp; + Vppr = (1 — Vay) log Zpy, or

Spr = (1 — A<£3;) log Zpy (3.20)

Using the exact one-loop sphere partition functions obtained in sections 3.3-3.5, this allows general

exact computation of the one-loop Euclidean entropy Sg) , illustrated in section 3.7.2. Euclidean
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Rindler results are recovered in the limit m{ — oco. The sphere computation avoids introducing the
usual conical deficit angle, varying the curvature radius ¢ instead.

For minimally coupled scalars, Sl(,ll) = Spulk, but more generally this is false, due to edge (and
other) corrections. Our results thus provide a precise and general version of observations made in
the work reviewed in appendix C.5.5. Of note, these “corrections’ actually dominate the one-loop

entropy, rendering it negative, increasingly so as s grows large.

Quantum gravitational thermodynamics (section 3.8)

In section 3.8 (with details in appendix C.9), we specialize to theories with dynamical gravity.
Denoting Zpy, ppr and Sp; by Z, o and S in this case, (3.20) trivially implies o = 0, § = log Z,
reproducing (3.1). All UV-divergences can be absorbed into renormalized coupling constants,
rendering the Euclidean thermodynamics well-defined in an effective field theory sense.

Integrating over the geometry is similar in spirit to integrating over the temperature in statistical
mechanics, as one does to extract the microcanonical entropy S(U) from the canonical partition

function.® The analog of this in the case of interest is
S(p) = log / Dg - e SElerr Ve (3.21)

for some suitable metric path integration contour. In particular S(0) = S. The analog of the
microcanonical 8 = dyS is V = 4,5, and the analog of the microcanonical free energy is the
Legendre transform logZ = § — Vp, satisfying p = —dylog Z. If we furthermore define ¢ by
Qu 1% =V, the relation between log Z, p and S is by construction identical to (3.20).
Equivalently, the free energy I' = —log Z can be thought of as a quantum effective action for

the volume. At tree level, I" equals the classical action Sg evaluated on the round sphere of radius

2ni

3 Along the lines of S(U) = log (5% [ %ﬁ Tr e PH*BU)  with contour B = B, + iy, y € R, for any B, > 0.
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{. For example for 3D Einstein gravity,

22 2l
logZ©® = ——(-A+3¢), SO =(1-163)10gz® ="—. 3.22
02 = | ) (1-tto)0gz® = 24 a2
The tree-level on-shell radius £y maximizes log Z(©), i.e. p@(£y) = 0.
We define renormalized A, G, . .. from the ¢4+1, ¢4-1 . coefficients in the £ — oo expansion

of the quantum log Z, and fix counterterms by equating tree-level and renormalized couplings for

the UV-sensitive subset. For 3D Einstein, the renormalized one-loop correction is
2l
log Z = —31og % + 5log(27) . (3.23)

The quantum on-shell radius £ = £y + O(G) maximizes log Z, i.e. p(f) = 0. The on-shell entropy

can be expressed in two equivalent ways to this order:

S = 5O@) + sV = sOg) + log zM (3.24)

This clarifies why the one-loop correction S = 8 — S© to the dS entropy is given by log Z(!
rather than S(V: the extra term —Vp1) accounts for the change in entropy of the reservoir (=
geometry) due to energy transfer to the system (= quantum fluctuations).

The final result is (3.4). We work out several examples in detail. We consider higher-order cur-
vature corrections and discuss invariance under local field redefinitions, identifying the invariants
81(‘2) = —Sg[gm] for different saddles M as and their large-¢ expanded quantum counterparts Sy
as the A > 0 analogs of tree-level and quantum scattering amplitudes, defining invariant couplings

and physical observables of the low-energy effective field theory.

dS, AdS*, and conformal higher-spin gravity (section 3.9)

Massless g = hs(so(d + 2)) higher-spin gravity theories on dS ., or S4*! [91-93] have infinite

spin range and infinite dim g, obviously posing problems for the one-loop formula (3.4):
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1. Spin sum divergences untempered by the UV cutoff, for example dim G = % >,s(4s? - 1)

ford = 3 and yio = >, (25 + 1)(12_qq2)4 -3 s(s+1)6(2“1)(liqq)2 for d = 4.

2. Unclear how to make sense of vol G.

We compare the situation to analogous one-loop expressions [83, 129] for Euclidean AdS with

standard (AdS; 1) [30-33, 125] and alternate (AdS 81] gauge field boundary conditions, and

a+0) |
to the associated conformal higher-spin theory on the boundary S¢ (CHS,) [62, 82]. For AdS*
the above problems are absent, as g is not gauged and Ay > s. Like a summed KK tower, the
spin-summed bulk character has increased UV dimensionality dgf‘lilk = 2d — 2. However, the edge
character almost completely cancels this, leading to a reduced d.g = d — 1 in (3.181)-(3.183). This
realizes a version of a stringy picture painted in [38] repainted in fig. C.9. A HS “swampland” is
identified: lacking a holographic dual, characterized by degg > d — 1.

For AdS™ and CHS, the problems listed for dS all reappear. g is gauged, and the character spin

sum divergences are identical to dS, as implied by the relations (3.187):

Xxs(CHSy) = Xs(AdSQH) - Xs(AdS:EH) = xs(dSg41) — 2Xs(AdS§+1) (3.25)

The spin sum divergences are not UV. Their origin lies in low-energy features: an infinite number of
quasinormal modes decaying as slowly as e=>"/¢ for d > 4 (cf. discussion below (C.167)). We see
no justification for zeta-regularizing such divergences away. However, in certain supersymmetric
extensions, the spin sum divergences cancel in a rather nontrivial way, leaving a finite residual
as in (3.194). This eliminates problem 1, but leaves problem 2. Problem 2 might be analogous
to volG = oo for the bosonic string or volG = 0 for supergroup Chern-Simons: removed by

appropriate insertions. This, and more, is left to future work.
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Figure 3.5: a: Penrose diagram of global dS, showing flows of SO(1, 1) generator H = My 441, S =
southern static patch. b: Wick-rotated S = sphere; Euclidean time = angle. c: Pelagibacter ubique inertial
observer in dS with ¢ = 1.2 um finds itself immersed in gas of photons, gravitons and higher-spin particles
at a pleasant 30°C. More details are provided in fig. C.5 and appendix C.4.3.

3.2 Quasicanonical bulk thermodynamics

3.2.1 Problem and results

From the point of view of an inertial observer, such as Pelagibacter ubique in fig. 3.5¢c, the
global de Sitter vacuum appears thermal [9, 10, 149]: P. ubique perceives its universe, the southern

static patch (S in fig. 3.5a),
ds* = —(1 = r*/6)dT* + (1 - r* /€)' dr? + r?dQ2_, (3.26)

as a static ball of finite volume, whose boundary r = ¢ is a horizon at temperature 7 = 1/27¢, and
whose bulk is populated by field quanta in thermal equilibrium with the horizon. P. ubique wishes
to understand its universe, and figures the easiest thing to understand should be the thermodynam-
ics of its thermal environment in the ideal gas approximation. The partition function of an ideal

gas is

Tre ™ = exp [ doo(=plhns og(e = P2) 4 pla Tog(e + e#2)), .27
0
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where p(w) = p(wW)pos + pP(w)fer 1s the density of bosonic and fermionic single-particle states at
energy w. However to its dismay, it immediately runs into trouble: the dS static patch mode
spectrum is continuous and infinitely degenerate, leading to a pathologically divergent density
p(w) = 8(0) Xpp.... It soon realizes the unbounded redshift is to blame, so it imagines a brick
wall excising the horizon, or some variant thereof (appendix C.5.3). Although this allows some
progress, it is aware this alters what it is computing and depends on choices. To check to what
extent this matters, it tries to work out nontrivial examples. This turns out to be painful. It feels
there should be a better way, but its efforts come to an untimely end *.

Here we will make sense of the density of states and the static patch bulk thermal partition
function in a different way, manifestly preserving the underlying symmetries, allowing general
exact results for arbitrary particle content. The main ingredient is the Harish-Chandra group char-
acter (reviewed in appendix C.1) of the SO(1,d + 1) representation R furnished by the physical
single-particle Hilbert space of the free QFT quantized on global dS;.. Letting H be the global
SO(1, 1) generator acting as time translations in the southern static patch and globally as in fig.

3.5a, the character restricted to group elements e~ is

x(0) =trge (3.28)

Here trg traces over the global dS single-particle Hilbert space furnishing R. (More generally we
denote tr = single-particle trace, Tr = multi-particle trace, G = global, S = static patch. Our default

units set the dS radius .)

For example for a scalar field of mass m? = (£)? + v2, as computed in (C.13),

e—tA+ + e—tA_

xt) = ————, A
11— et|?

Il
H
:-

[S1ISH

(3.29)

H

For a massive spin-s field this simply gets an additional spin degeneracy factor D¢, (C.14). Mass-

“Burdened by broken symmetry and recalcitrant regularization, desperate for help with its cumbersome computa-
tion, it decides to engage in self-duplication, unfortunately unaware of a classical equation. Tidal forces trigger tragic
disintegration. P. ubique is now part of that pesky radiation.
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less spin-s characters take a similar but somewhat more intricate form, (C.164)-(C.166).

As mentioned in the introduction, (3.14), the character has a series expansion

x(6)= ) Nye (3.30)
r
encoding the degeneracy N, of quasinormal modes oc e™'7 of the dS static patch background. For
example expanding the scalar character yields two towers of quasnormal modes with r,,. = %ii v+n
and degeneracy N,. = ("*47").
Our main result, shown in 3.2.2 below, is the observation that
Cdt1+e P 2e7™/P
log Zpui(B) = /0 Z( T o 2milp X()bos — T_ 2B X(Ofer | |5 (3.31)

suitably regularized, provides a physically sensible, manifestly covariant regularization of the static
patch bulk thermal partition. The basic idea is that p(w) can be obtained as a well-defined Fourier
transform of the covariantly UV-regularized character y(¢), which upon substitution in the ideal gas
formula (3.27) yields the above character integral formula. Arbitrary thermodynamic quantities at
the horizon equilibrium g = 2 can be extracted from this in the usual way, for example Spyx =
(1 — B0g) log Zpuik|p=2x, Which can alternatively be interpreted as the “bulk” entanglement entropy
between the northern and southern S¢ hemispheres (red and blue lines fig. 3.5a).> We work out
various examples of such thermodynamic quantities in section 3.2.3. General exact solution are
easily obtained. The expansion (3.30) also allows interpreting the results as a sum over quasinormal
modes along the lines of [142].

We conclude this part with some comments on the relation with the Euclidean partition func-
tion. As reviewed in appendix C.5, general physics considerations, or formal considerations based
on Wick-rotating the static patch to the sphere and slicing the sphere path integral along the lines

of fig. 3.5b, suggests a relation between the one-loop Euclidean path integral ZI(,P on $9*! and the

>In part because subregion entanglement entropy does not exist in the continuum, an infinity of different notions
of it exist in the literature [150]. Based on [138], Spuk appears perhaps most akin to the “extractable”/*“distillable”
entropy considered there. Either way, our results are nomenclature-independent.
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Figure 3.6: Regularized scalar p(w), d = 2, v = 2,i/2,0.9i; top: w € R; bottom: w € C, showing
quasinormal mode poles. See figs. C.1, C.4 for details.

bulk ideal gas thermal partition function Z,x at § = 2. More refined considerations suggest
log Zl()}) = log Zpyx + edge corrections, (3.32)

where the edge corrections are associated with the S~! horizon edge of the static patch time
slices, i.e. the yellow dot in fig. 3.5. The formal slicing argument breaks down here, as does
the underlying premise of spatial separability of local field degrees of freedom (for fields of spin
s > 1). Similar considerations apply to other thermodynamic quantities and in other contexts,
reviewed in appendix C.5 and more specifically C.5.5.

In sections 3.3-3.5 we will obtain the exact edge corrections by direct computation, logically
independent of these considerations, but guided by the physical expectation (3.32) and more gen-

erally the intuition developed in this section.
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3.2.2 Derivation

We first give a formal derivation and then refine this by showing the objects of interest become
rigorously well-defined in a manifestly covariant UV regularization of the QFT.
Formal derivation

Our starting point is the observation that the thermal partition function Tr e #" of a bosonic

resp. fermionic oscillator of frequency w has the integral representation (C.112):

©dt1+e B :
~log(ef/? — e7P0P2) = +/0 2% 1= i—Zm//B‘ (7" + )

©dt 2emB (3-33)
pw/2 —Bw/2) _ _ “@r —iwt iwt
log(eP“/* + e ) = /0 5 T o il (7" + ')
with the pole in the factor f(r) = c 12 + O(t°) multiplying e 7! + ¢! resolved by
TN - -2 ;-2
i 5((t —ie) T+ (r+ie)7). (3.34)

Now consider a free QFT on some space of finite volume, viewed as a system S of bosonic
and/or fermionic oscillator modes of frequencies w with mode (or single-particle) density ps(w) =
Ps(W)pos + Ps(w)er- The system is in thermal equilibrium at inverse temperature 8. Using the

above integral representation, we can write its thermal partition function (3.27) as

_ ©dt( 1+ e ¥B 2 e TIB
log Trg e s = /0 Z( 1_ o218 Xs(E)bos — 1_ o218 Xs(Dfer | » (3.35)
where we exchanged the order of integration, and we defined
xs(t) = / dw ps(w)(e " + &) (3.36)
0

We want to apply (3.35) to a free QFT on the southern static patch at inverse temperature 3, with

the goal of finding a better way to make sense of it than P. ubique’s approach. To this end, we note
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that the global dS;,; Harish-Chandra character y(z) defined in (3.28) can formally be written in a

similar form by using the general property (C.4), x(t) = x(-t):

(1) = trg e M = / dw pc(w) e ! = / dw pg(w)(e™™ + &), (3.37)
- 0

(o8]

This looks like (3.36), except pg(w) = trg 6(w — H) is the density of single-particle excitations
of the global Euclidean vacuum, while ps(w) is the density of single-particle excitations of the
southern vacuum. The global and southern vacua are very different. Nevertheless, there is a
simple kinematic relation between their single-particle creation and annihilation operators: the
Bogoliubov transformation (C.108) (suitably generalized to d > 0 [149]). This provides an explicit
one-to-one, inner-product-preserving map between southern and global single-particle states with

H = w > 0. Hence, formally,

ps(w) = pg(w)  (w>0), psw)=0  (w<0). (3.38)

While formal in the continuum, this relation becomes precise whenever p is rendered effectively
finite, e.g. by a brick-wall cutoff or by considering finite resolution projections (say if we restrict
to states emitted/absorbed by some apparatus built by P. ubique).

At first sight this buys us nothing though, as computing pg(w) = trg 6(w — H) for say a scalar
in dS4 in a basis |wfm)s immediately leads to pg(w) = 6(0) 3., in reassuring but discouraging
agreement with P. ubique’s result for ps(w). On second thought however, substituting this into
(3.37) leads to a nonsensical y(¢) = 275(¢)6(0) .;,,, not remotely resembling the correct expres-
sion (3.29). How could this happen? As explained under (C.17), the root cause is the seemingly
natural but actually ill-advised idea of computing y(¢) = trg e~'¥" by diagonalizing H: despite
its lure of seeming simplicity, |w¢m)¢ is in fact the worst possible choice of basis to compute the
character trace. Its wave functions on the global future boundary S¢ of dS,,; are singular at the
north and south pole, exactly the fixed points of H at which the correct computation of y(z) in

appendix C.1.2 localizes. Although |wfm) is a perfectly fine basis on the cylinder obtained by
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a conformal map from sphere, the information needed to compute y is irrecoverably lost by this
map.

However we can turn things around, and use the properly computed y(¢) to extract pg(w) as its
Fourier transform, inverting (3.37). As it stands, this is not really possible, for (3.29) implies y(7) ~
1|74 as t — 0, so its Fourier transform does not exist. Happily, this problem is automatically
resolved by standard UV-regularization of the QFT, as we will show explicitly below. For now let
us proceed formally, as at this level we have arrived at our desired result: combining (3.38) with

(3.37) and (3.36) implies ys(t) = x(¢), which by (3.35) yields
Trs e P = Zy(B)  (formal) (3.39)

with Zyuk(8) as defined in (3.31). The above equation formally gives it its claimed thermal inter-
pretation. In what follows we will make this a bit more precise, and spell out the UV regularization

explicitly.

Covariant UV regularization of p and Zyx

We begin by showing that pg(w) in (3.37) becomes well-defined in a suitable standard UV-
regularization of the QFT. As in [36], it is convenient to consider Pauli-Villars regularization,
which is manifestly covariant and has a conceptually transparent implementation on both the path
integral and canonical sides. For e.g. a scalar of mass m? = (%) + 2, a possible implementation is
adding (ﬁ Jon=1,....k=> 4 fictitious particles of mass m?> = (%)2 +v? +nA? and positive/negative

norm for even/odd n.,° turning the character y,2(¢) of (3.29) into

k
Y@ = i, ™ = 3 17 (4) a2 (). (3.40)
n=0

|t|2k_d

This effectively replaces x(7) ~ |t|™ by ya(t) ~ with 2k — d > 0, hence, assuming y(¢)

falls off exponentially at large ¢, which is always the case for unitary representations [76—78], xa ()

SThis is equivalent to inserting a heat kernel regulator f(rA?) = (1 - e‘“\z)k in (3.66), with k > % + 1.
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has a well-defined Fourier transform, analytic in w:

1 [ . T . .
pea(w) = —/ dt ya(t) €'’ = —/ dr xa(r) (" + 7). (3.41)
2r N 2r 0

The above character regularization can immediately be transported to arbitrary massive SO(1, d+1)
representations, as their characters y; . (C.16) only differ from the scalar one by an overall spin
degeneracy factor.”

Although we won’t need to in practice for computations of thermodynamic quantities (which
are most easily extracted directly as character integrals), pg.a(w) can be computed explicitly. For

the dS;; scalar, using (3.29) regularized with £ = 1, we get for w < A

d=1: pG,A(w):%logA—%Zw(%iiviiw)+0(A‘l)
. . (3.42)
d=2: pealw)=A- 3 Z(w + v) coth(m(w £ v)) + oA

+

where ¥(x) = I'"(x)/T'(x). Denoting the A-independent parts of the above w < A expansions by
p,2(w), the exact pg a(w) for general w and k is pga(w) = Zﬁzo(—l)”(z) 0,2 4nn2(w), illustrated
in fig. 3.7 for k = 1,2. The w <« A result is independent of k up to rescaling of A. The result for
massive higher-spin fields is the same up to an overall degeneracy factor D¢ from (C.14).

To make sense of the southern static patch density pg(w) directly in the continuum, we define
its regularized version by mirroring the formal relation (3.38), thus ensuring all of the well-defined

features and physics this relation encapsulates are preserved:

ps.a(w) = pea(w) = (3.41) (w>0). (3.43)

This definition of the regularized static patch density evidently inherits all of the desirable proper-

ties of pg(w): manifest general covariance, independence of arbitrary choices such as brick wall

"For massless spin-s, the PV-regulating characters to add to the physical character (e.g. (3.102),(C.165)) are Y, =
Xsy2ann? = Xs-1y2enA? where vé =—(s—-2+ %)2 and vé =—(s-1+ %)2, based on (3.95) and (3.97).
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Figure 3.7: pg.a(w) for dSgy; scalar of mass m? = (%l)2 +v2, v =10, ford = 1,2 in k = 1,2 Pauli-
Villars regularizations (3.40). Faint part is unphysical UV regime w = A. The peaks/kinks appearing at
w = Vv2 + nA? are related to quasinormal mode resonances (C.2.3).

boundary conditions, and exact analytic computability. The physical sensibility of this identifica-

tion is also supported by the fact that the quasinormal mode expansion (3.30) of () produces the

N,
r+iw’

physically expected static patch quasinormal resonance pole structure pg(w) = % hI
appendix C.2.3.
Putting things together in the way we obtained the formal relation (3.39), the correspondingly

regularized version of the static patch thermal partition function (3.35) is then

0 Ir 1+e—27rt/ﬂ 26_7”/'8
log Zbuik,A(B) /0 (W XA Bbos = 7075 XA Der (3.44)

2\ 1 - 1

Note that if we take k > £ + I, then ya(r) ~ t**~¢ with 2k — d > 2 and we can drop the

SISV

ie prescription (3.34). Zpux (or equivalently y) can be regularized in other ways, including by

cutting off the integral at t = A~!

, or as in (C.21), or by dimensional regularization. For most of
the paper we will use yet another variant, defined in section 3.3, equivalent, like Pauli-Villars, to a
manifestly covariant heat-kernel regularization of the path integral.

In view of the above observations, Zpyxa(f3) is naturally interpreted as a well-defined, co-
variantly regularized and ambiguity-free definition of the static patch ideal gas thermal partition

in the continuum. However we refrain from denoting Zp,x(83) as Trsa e BHs  because it is not

constructed as an actual sum over states of some definite regularized static patch Hilbert space
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Hs . This (together with the role of quasinormal modes) is also why we referred to Zpy(3) as a

“quasi”’-canonical partition function in the introduction.

3.2.3 Example computations

In this section we illustrate the use and usefulness of the character formalism by computing
some examples of bulk thermodynamic quantities at the equilibrium inverse temperature g = 2
of the static patch. The precise relation of these quantities with their Euclidean counterparts will

be determined in 3.3-3.5 and 3.7.

Character formulae for bulk thermodynamic quantities at 8 = 27

At B = 2nr, the bulk free energy, energy, entropy and heat capacity are obtained by taking the
appropriate derivatives of (3.31) and putting § = 27, using the standard thermodynamic relations

F = —%log Z,U=-dglogZ,S =logZ+ U, C = —BdsS. Denoting g = e,

Cdt{ 1+ 2+/q

log Zbulk :/ 2_(—q Xbos — i Xfer)a (345)
o 2t\1-g¢q l-g¢
“dt{ 2+q +q 1+ q

277'Ubulk:/ ~ _ii){bos'i'—qi)(fer , (346)
o 2\ 1-gl—-g l-gl-g¢g

and similarly for Spux and CGpyk. The characters y for general massive representation are given
by (C.16), for massless spin-s representations by (C.164)-(C.166), and for partially massless (s, s”)

representations by (C.194). Regularization is implicit here.

Leading divergent term

The leading t — 0 divergence of the scalar character (3.29) is x(¢) ~ 2/t¢. For more general
representations this becomes y(¢) ~ 2n/t? with n the number of on-shell internal (spin) degrees of
freedom. The generic leading divergent term of the bulk (free) energy is then given by Fyyik, Upuik ~
—%(nbos — Nfer) f ﬂ% ~ +A9t1¢d while for the bulk heat capacity and entropy we get Cpyik, Sbulk ~

(37bo0s + 1er) [ f—d’ ~ +A%1¢471 where we reinstated the dS radius ¢. In particular Sy ~ +A97!x
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horizon area, consistent with an entanglement entropy area law. The energy diverges more strongly

because we included the QFT zero point energy term in its definition, which drops out of S and C.

Coefficient of log-divergent term

The coefficient of the logarithmically divergent part of these thermodynamic quantities is uni-
versal. A pleasant feature of the character formalism is that this coefficient can be read off trivially
as the coefficient of the 1/7 term in the small-# expansion of the integrand, easily computed for
any representation. In odd d + 1, the integrand is even in #, so log-divergences are absent. In even
d + 1, the integrand is odd in 7, so generically we do get a log-divergence = a log A. For example
the log Z integrand for a dS, scalar is expanded as

1 1+e &G 4 o~tG=) ) 11—2 -2 ] )

Zl—e_t [ — o :t_3+ p + - = Cl:E—V. (347)

Fora A = % +1v spin-s particle in even d + 1, the log A coefficient for Upyk 1s similarly read off as

AUy = —Dfm HzZO(A — n). For a conformally coupled scalar, v = i/2, so ay,,, = 0. Some

examples of ag, ,, = diog 7, 10 this case are

d+1[(2 4 6 8 10 100 1000
1 1 1 23 263 -34 -306
ASoux | 3 ~90 756 113400 7484400 —-8.098 x 10 .-+ =3.001 x 10

Finite part and exact results

e Energy: For future reference (comparison to previously obtained results in section 3.7), we
consider dimensional regularization here. The absence of a 1/t factor in the integral (3.46) for

Upuik then allows straightforward evaluation for general d. For a scalar of mass m? = (%)2 +v2,

m? cosh(mv) T(£ +iv)T(4 - iv
yiin = ) IG + ) G ~ ) (dim reg) . (3.48)

2nT(d +2) cos(%)
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For example for d = 2, this becomes

1
Ui = —E(% + 1)v coth(nv) . (3.49)

e Free energy: The UV-finite part of the log Z,,1x integral (3.45) for a massive field in even d can
be computed simply by extending the integration contour to the real line avoiding the pole, closing

the contour and summing residues. For example for a d = 2 scalar this gives

2 =27y
fin _ TV vE iz (™)
log Zy, = 6 ; S (3.50)

where Li, is the polylogarithm, Li,(x) = 37, xK/k". For future reference, note that

Lij(e™2™) = - 1og(1 - e_2”V), Lig(e™>™) = — = L coth(rv) - 1. (3.51)
e

7TV_1

For odd d, the character does not have an even analytic extension to the real line, so a different
method is needed to compute log Zy,x. The exact evaluation of arbitrary character integrals, for
any d and any x(¢) is given in (C.57) in terms of Hurwitz zeta functions. Simple examples are
given in (C.59)-(C.60). In (C.57) we use the covariant regularization scheme introduced in section

3.3. Conversion to PV regularization is obtained from the finite part as explained below.

e Entropy: Combined with our earlier result for the bulk energy Uy, the above also gives the
finite part of the bulk entropy Spuix = 10g Zpuik + 27 Upyik. In the Pauli-Villars regularization (3.40),
the UV-divergent part is obtained from the finite part by mirrorring (3.40). For example for k = 1,

Sbulk,A = SSSlk'VZ - ngl‘lklvz 2. For the d = 2 example this gives for v < A

3 yk Li3_k(e—27rv)

=7 (3.52)
2—k
Lokl (2n)

n n on
Sbulk A = g(l\ -v) - 3 v Lig(e™) —

where we used (3.51). Spuix decreases monotonically with m? = 1 + v2. In the massless limit m —

0, it diverges logarithmically: Spux = —logm+---. For v > 1, Spux = ¢(A—v) up to exponentially
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small corrections. Thus Spyx > O within the regime of validity of the low-energy field theory,

consistent with its quasi-canonical/entanglement entropy interpretation. For a conformally coupled

gfin _ 34Q) log(2)
bulk — 1672 8

scalar v = 5, this gives

Quasinormal mode expansion

Substituting the quasinormal mode expansion (3.30),
X(6)= ) N (3.53)
r

in the PV-regularized log Zy,x(8) (3.44), rescaling t — %t, and using (C.69) gives

L Tr+1) wr. L(br+3) B
log Zouk(B) = ) NI log — 2 — NFflog —— 22 p=1. (3.54)
& Foulk p s (bp)rN2mbr s (bp)r\2m 2n

Truncating the integral to the IR part (C.69) is justified because the Pauli-Villars sum (3.40) cancels
out the UV part. The dependence on u likewise cancels out, as do some other terms, but it is useful
to keep the above form. At the equilibrium 8 = 2x, log Zpyk is given by (3.54) with b = 1.
This provides a PV-regularized version of the quasinormal mode expansion of [142]. Since it is
covariantly regularized, it does not require matching to a local heat kernel expansion. Moreover it
applies to general particle content, including spin s > 1.3

QNM expansions of other bulk thermodynamic quantities are readily derived from (3.54) by

taking derivatives S0g = b0y, = ud, + rd,. For example Sy = (1 — Bp) log Zpuik|p=2x is

Sbulk = Z NP Spos(r) + N sger (1) (3.55)
r

8The expansion of [142] pertains to Zpy for s < L 1n the following sections we show Zp; = Zpyk for s < % but not
for s > 1. Hence in general the QNM expansion of [142] computes Zyyk, not Zpy.
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Figure 3.8: Contribution to 8 = 27 bulk entropy and heat capacity of a quasinormal mode o« e™"7, r € C,
Rer > 0. Only the real part is shown here because complex r come in conjugate pairs r,, + = % +nziv.
The harmonic oscillator case corresponds to the imaginary axis.

—rT

where the entropy s(r) carried by a single QNM « ¢~ at 8 = 2x is given by

T(r+1) I(r+3)

s er =-r—(1- 6;«1 3.56
N B

Sbos(r) = r + (1 — rd,)log

Note the p-dependence has dropped out, reflecting the fact that the contribution of each individual
QNM to the entropy is UV-finite, not requiring any regularization. For massive representations,
r can be complex, but will always appear in a conjugate pair r,,. = % + n + iv. Taking this
into account, all contributions to the entropy are real and positive for the physical part of the PV-

extended spectrum. The small and large r asymptotics are

e log?2 1 1

1
r—>0:sbos—>§10g%, Sfer—)T, r—>oo:sbos—>a, Sfer_)m (3.57)
The QNM entropies at general S are obtained simply by replacing
r— E r. (3.58)
2n
The entropy of a normal bosonic mode of frequency w, §(w) = —log(1 —eBw )+ eﬁﬁ“il , is recovered
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for complex conjugate pairs . in the scaling limit 8 — 0, fv = w fixed, and likewise for fermions.
At any finite S, the n — co UV tail of QNM contributions is markedly different however. Instead
of falling off exponentially, if falls off as s ~ 1/n. PV or any other regularization effectively cuts
off the sum at n ~ AZ, so since N, ~ n%~1, Spux ~ A4~1¢d-1,

The bulk heat capacity Cypuik = =09 Sbulk, 0 the heat capacity of a QNM at 5 = 27 is
c(r)=—-ro,s(r). (3.59)
The real part of s(r) and ¢(r) on the complex r-plane are shown in fig. 3.8.

An application of the quasinormal expansion

The above QNM expansions are less useful for exact computations of thermodynamic quanti-
ties than the direct integral evaluations discussed earlier, but can be very useful in computations
of certain UV-finite quantities. A simple example is the following. In thermal equilibrium with
a 4D dS static patch horizon, which set of particle species has the largest bulk heat capacity: (A)
six conformally coupled scalars + graviton, (B) four photons? The answer is not obvious, as both
have an equal number of local degrees of freedom: 6 + 2 = 4 x 2 = 8. One could compute each in
full, but the above QNM expansions offers a much easier way to get the answer. From (3.29) and
(C.165) we read off the scalar and massless spin-s characters:

qg+q° _2(2s+1) gt =225 — 1) ¢*+?

X0 = 5 X ’
(1-g)3 ’ (1-¢g)3

(3.60)

where g = el We see ya— x8 = x2+6 xo—4 x1 = 6¢, s0 x4 and yp are almost exactly equal:

A has just 6 more quasinormal modes than B, all with r = 1. Thus, using (3.59),

Cotc = Cole = 6+ chos(1) = 1° = 9. (3.61)
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Pretty close, but 7 > 3 °, so A wins. The difference is AC ~ 0.87. Along similar lines, AS =

6 sbos(1) = 3(2y + 1 — log(27)) ~ 0.95.

Another UV-finite example: relative entropies of graviton, photon, neutrino

Less trivial to compute but more real-world in flavor is the following UV-finite linear combi-

nation of the 4D graviton, photon, and (assumed massless) neutrino bulk entropies:
Sgraviton + %Sneutrino - 37_7Sph0ton = 47_84/(_1) - 67_04//(_3) + 67 + % - % 10g(27T) ~0.61 (3.62)

Finiteness can be checked from the small-# expansion of the total integrand computing this, and

the integral can then be evaluated along the lines of (C.53)-(C.54). We omit the details.

Vasiliev higher-spin example

Non-minimal Vasiliev higher-spin gravity on dS4 has a single conformally coupled scalar and
a tower of massless spin-s particles of all spins s = 1,2,3,.... The prospect of having to compute
bulk thermodynamics for this theory by brick wall or other approaches mentioned in appendix
C.5.3 would be terrifying. Let us compare this to the character approach. The total character

obtained by summing the characters of (3.60) takes a remarkably simple form:

Xt = Xo+ ) xs = 2- (3.63)

s=1

2
(q”2+q3/2) _a  _ 4*q o 27
(1-q)* (1-¢* (1-g* (1-¢g)*
The first expression is two times the square of the character of a 3D conformally coupled scalar,
plus the character of 3D conformal higher-spin gravity (3.188).1° The second expression equals

the character of one v = 7 and three v = 0 scalars on dSs. Treating the character integral as such,

°As reviewed in D. Bailey, S. Plouffe, P. Borwein and J. Borwein, “The quest for pi,” The Mathematical Intelli-
gencer 19, 1 (1997): According to the Old Testament’s 7, it’s a tie, but the ancient Baylonians and Egyptians measured
7 =3.14 £ 0.02, and Archimedes proved 7 > 3 + %. So A wins.

10 For AdS4, the analogous yi equals one copy of the 3D scalar character squared, reflecting the single-trace
spectrum of its holographic dual U(N) model (3.9.2). The dS counterpart thus encodes the single-trace spectrum of
two copies of this 3D CFT + 3D CHS gravity, reminiscent of [151]. This is generalized by (3.187).
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we immediately get, in & = 3 Pauli-Villars regularization (3.40),

div _ 5 3 fin _ {(5) L)
log Zbll.l‘l/k = Cl()A + Cle - Cl4A, log Zblll]lk =t T 2an
(3.64)
div _ 25 3 103 fin _ {5) _ Q) 1
Shulk = TN — Spasl, Soulk = Gt ~ 222 ¥ 20 -
where ag = =28V3 1 1 017, @, = —12V2V3 1+ 0,025, and ay = 328 1~ 0.032. The

tower of higher-spin particles alters the bulk UV dimensionality much like a tower of KK modes

would. (We will later see edge “corrections” rather dramatically alter this.)

3.3 Sphere partition function for scalars and spinors

3.3.1 Problem and result

In this section we consider the one-loop Gaussian Euclidean path integral Z}()}) of scalar and

spinor field fluctuations on the round sphere. For a free scalar of mass m? on §¢*!,
Zp1 = / D3] 6T, (3.65)
A convenient UV-regularized version is defined using standard heat kernel methods [60]:

© g
log Zpy.e = / 2—T e AT Tp V) (3.66)
0 T

The insertion e=€ /47 implements a UV cutoff at length scale ~ €. We picked this regulator for
convenience in the derivation below. We could alternatively insert the PV regulator of footnote
6, which would reproduce the PV regularization (3.40). However, being uniformly applicable to
all dimensions, the above regulator is more useful for the purpose of deriving general evaluation
formulae, as in appendix C.3.

In view of (3.32) we wish to compare Zpy to the corresponding Wick-rotated dS static patch

bulk thermal partition function Zy,x(8) (3.31), at the equilibrium inverse temperature 8 = 2.
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Here and henceforth, Zy, by default means Zyy(27):

“dt{1+e! 2712
log Zbulk = /0 2_1‘( 1 — ot /\/(Z)bos - 1 — ot X(t)fer (367)

Below we show that for free scalars and spinors,

(3.68)

with the specific regularization (3.66) for Zp; mapping to a specific regularization (3.73) for Zyyk-
The relation is exact, for any €. This makes the physical expectation (3.32) precise, and shows that
for scalars and spinors, there are in fact no edge corrections.

In appendix C.3 we provide a simple recipe for extracting both the UV and IR parts in the
€ — 0 limit in the above regularization, directly from the unregularized form of the character
formula (3.67). This yields the general closed-form solution for the regularized Zpy in
terms of Hurwitz zeta functions. The heat kernel coefficient invariants are likewise read off from

the character using (C.58). For simple examples see (C.59), (C.60), (C.70)-(C.71).

3.3.2 Derivation

The derivation is straightforward:

Scalars:
The eigenvalues of -V2ona sphere of radius £ = 1 are 4, = n(n + d), n € N, with degeneracies

DZ*2 given by (C.15), that is D4*? = ("+d+1) - (”+d_1). Thus (3.66) can be written as

d+1 d+1
N (3.69)

(o)

“d
log Zpr = / 2_T 6—52/4T6—Tv2 Z DZHZ e_-r(n+%)2 , y
0 ! n=0
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Figure 3.9: Integration contours for Zp;. Orange dots are poles, yellow dots branch points.

To perform the sum over n, we use the Hubbard-Stratonovich trick, i.e. we write

%) —M2/4T 0

P Ry (N R D WAt NN
n=0 n=0

with integration contour A = R +id, 6 > 0, as shown in fig. 3.9. The sum evaluates to

[S]1e

1+ezu el u

1 — eiu (1 _ eiu)d ’

fu) = (3.71)

We first consider the case m > %', so v is real and positive. Then, keeping Imu = 6 < €, we can

perform the 7-integral first in (3.69) to get

du -
log Zpy = / ——— 7"V f(u). (3.72)
A2Vu? + €

Deforming the contour by folding it up along the two sides of the branch cut to contour B in fig.
3.9, changing variables u = it and using that the square root takes opposite signs on both sides of

the cut, we transform this to an integral over C in fig. 3.9:

© g 14t oIS i
log Zpr / ¢ ¢ ¢ (3.73)

Wi—e e (1= ey ’

The result for 0 < m <

(STEe

,ie. v = ipwith 0 < u < £ can be obtained from this by analytic

111



continuation. Putting € = 0, this formally becomes

© dr 1+ et —(§=int o p—(§+iv)
IOgZPII/ ¢ ¢ ¢ s (374)
0

— 1), t) =
2t 1 — et x(@) x(0) (1—et)
which we recognize as (3.67) with y(z) the scalar character (3.29). Thus we conclude that for

scalars, Zpy = Zpuk, With Zpy regularized as in (3.66) and Zyyx as in (3.73).

Spinors:
For a Dirac spinor field of mass m we have Zp; = f Dy e” Jo(¥+m¥  The relevant formulae
for spectrum and degeneracies for general d can be found in appendices C.4.1 and C.6.2. For

concreteness we just consider the case d = 3 here, but the conclusions are valid for Dirac spinors in

general. The spectrum of ¥ +m on $*is 1, = m+(n+2)i, n € N, with degeneracy D;%’% = 4(";:3),
so Zpy regularized as in (3.66) is given by
log ZPI — /Oo £6—62/4T Z 4(}’[;3) e—T((n+2)2+m2) (375)
o T n=0
Following the same steps as for the scalar case, this can be rewritten as
00 dt 2 —-t/2 —3t+imVi2—€2 + —3t—imVi2-€2
logZPI:—/ ¢ 4.8 ¢ (3.76)
e MWi2_e2l—-e! (1-e1)3
Putting € = 0, this formally becomes
© J 2 et/2 e—(%+im)t " e—(%—im)t
log Zp1 = — — 1), t)y=4- , 3.77
0g Zp / 7 1= X0 X(1) A=) (3.77)

which we recognize as the fermionic (3.67) with y(¢) the character of the A = % + im unitary
SO(1, 4) representation carried by the single-particle Hilbert space of a Dirac spinor quantized on
dSy4, given by twice the character (C.16) of the irreducible representation (A, S) with S = (%). Thus

we conclude Zp; = Zpyx. The comment below (3.93) generalizes this to all d.
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3.4 Massive higher spins

We first formulate the problem, explaining why it is not nearly as simple as one might have
hoped, and then state the result, which turns out to be much simpler than one might have feared.

The derivation of the result is detailed in appendix C.6.1.

3.4.1 Problem

Consider a massive spin-s > 1 field, more specifically a totally symmetric tensor field ¢, ...,

on dS,4 satisfying the Fierz-Pauli equations of motion:

(‘Vz + ﬁ%)‘ﬁm-"#s =0, Vv =0, =0. (3.78)

\4
D vpyepts

Upon quantization, the global single-particle Hilbert space furnishes a massive spin-s representa-
tion of SO(1,d + 1) with A = % + iv, related to the effective mass m; appearing above (see e.g.

[152]), and to the more commonly used definition of mass m (see e.g. [115]) as
mr= (9 +vi+s,  mP=E+s-2+v=(A+s-2)(d+s-2-A). (3.79)

Then m = 0 for the photon, the graviton and their higher-spin generalizations, and for s = 1, m is
the familiar spin-1 Proca mass.
The massive spin-s bulk thermal partition function is immediately obtained by substituting the

massive spin-s character (C.14) into the character formula (3.67) for Zyyx. For d > 3,1

d,: d_.
(o) dt l +q d q§+lv+q7—lv B
log Zouk = | — p?. , =e, 3.80

with spin degeneracy factor read off from (C.15) or (C.89).

HFor d = 2, the single-particle Hilbert space splits into (A, +s) with D2, = 1,s0 D? — ¥, D2  =2.
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The corresponding free massive spin-s Euclidean path integral on S9*! takes the form
Zp = / DO ¢S], (3.81)

where O includes at least ¢. However it turns out that in order to write down a local, manifestly
covariant action for massive fields of general spin s, one also needs to include a tower of auxiliary
Stueckelberg fields of all spins s’ < s [102], generalizing the familiar Stueckelberg action (C.146)
for massive vector fields. These come with gauge symmetries, which in turn require the introduc-
tion of a gauge fixing sector, with ghosts of all spins s < s. The explicit form of the action and
gauge symmetries is known, but intricate [102].

Classically, variation of the action with respect the Stueckelberg fields merely enforces the
transverse-traceless (TT) constraints in (3.78), after which the gauge symmetries can be used to
put the Stueckelberg fields equal to zero. One might therefore hope the intimidating off-shell Zp;
(3.81) likewise collapses to just the path integral Zrr over the TT modes of ¢ with kinetic term
given by the equations of motion (3.78). This is easy to evaluate. The TT eigenvalue spectrum on
the sphere follows from SO(d + 2) representation theory. As detailed in egs. (C.127)-(C.129), we

can then follow the same steps as in section 3.3, ending up with!?

log Zrr = / (4" +q7™) > D2 g5+ (3.82)
0 nzs
Here DdJr2 is the dimension of the SO(d + 2) representation labeled by the two-row Young diagram

(n, s), given explicitly by the dimension formulae in appendix C.4.1.

Unfortunately, Zrt is not equal to Zpy on the sphere. The easiest way to see this is to consider
an example in odd spacetime dimensions, such as (C.130), and observe the result has a logarithmic
divergence. A manifestly covariant local QFT path integral on an odd-dimensional sphere cannot
possibly have logarithmic divergences. Therefore Zp; # Zrr. The appearance of such nonlocal

divergences in Zpt can be traced to the existence of (normalizable) zeromodes in tensor decom-

2For d =2, D4 - 2Dy = 2Di’s.

I’l
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positions on the sphere [52, 62]. For example the decomposition ¢, = ¢/T1 + V¢ has the constant
¢ mode as a zeromode, @,y = @1, + V(upy) + guve has conformal Killing vector zeromodes, and
Guurpis = Bproi + Vi Prtzopsy) + 8ur 12 Ppis---ps) s rank s — 1 conformal Killing tensor zeromodes.
As shown in [52, 62], this implies log Ztt contains a nonlocal UV-divergent term ¢ log A, where
¢s 1s the number of rank s — 1 conformal Killing tensors. This divergence cannot be canceled by
a local counterterm. Instead it must be canceled by contributions from the non-TT part. Thus, in
principle, the full off-shell path integral must be carefully evaluated to obtain the correct result.

Computing Zpy for general s on the sphere is not as easy as one might have hoped.

3.4.2 Result

Rather than follow a brute-force approach, we obtain Zp; in appendix C.6.1 by a series of
relatively simple observations. In fact, upon evaluating the sum in (3.82), writing it in a way that
brings out a term log Zy,,ix as in (3.80), and observing a conspicuous finite sum of terms bears full
responsibility for the inconsistency with locality, the answer suggests itself right away: the non-TT
part restores locality simply by canceling this finite sum. This turns out to be equivalent to the
non-TT part effectively extending the sum n > s in (3.82) ton > —1:13

“dt —i d+2  Lin
log Zpy = /0 5, (@ +a™) > i g, (3.83)
n>-1
where Dfl’:;z is given by the explicit formulae in appendix C.4.1, in particular (C.90). For n < s,
this is no longer the dimension of an SO(d + 2) representation, but it can be rewritten as minus
the dimension of such a representation, as D,‘ffs“z = —foﬁn .1+ This extension also turns out to be
exactly what is needed for consistency with the unitarity bound (C.145) and more refined unitarity

considerations. A limited amount of explicit path integral considerations combined with the ob-

Dd+2

servation that the coefficients
s—1,n+1

count conformal Killing tensor mode mismatches between

ghosts and longitudinal modes then suffice to establish this is indeed the correct answer. We refer

BFor d = 2 use (3.91): D?

n,s

— Y. Dy =205 forn>—land DY ' — ¥, 3D%  =D* =D} .

n,xs
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to appendix C.6.1 for details.

Using the identity (C.135), we can write this in a rather suggestive form:

“dt 1+
lOg Zp| = log Zulk — log Zedge = / 2_ _C[ (Xbulk - Xedge) s (3.34)
0o 2tl-gq
where ypuik and yedge are explicitly given by14

d_; d_; d-2 , : d-2_:

q5+lV +q§—lv d42 qT+lV _'_qT—lV
=p¢___ 1 = D* 3.85
Xbulk s (1 _ q)d Xedge s—1 (1 _ q)d_2 ( )

The log Zyyx term is the character integral for the bulk partition function (3.80). Strikingly, the
correction log Zeqge also takes the form a character integral, but with an “edge” character yeqge
in two lower dimensions. By our results of section 3.3 for scalars, Zegge effectively equals the

Euclidean path integral of D**2 scalars of mass /i? = (%)2 +v? on §9-1:

Zeage = [ Dpe 3 Jsan 4"V gy pae (3.86)

s—172

In particular this gives 1 scalar for s = 1 and d +2 scalars for s = 2. The $¢~! is naturally identified
as the static patch horizon, the edge of the global dS spatial S¢ hemisphere at time zero, the yellow
dot in fig. 3.5. Thus (3.84) realizes in a precise way the somewhat vague physical expectation
(3.32). Notice the relative minus sign here and in (3.84): the edge corrections effectively sub-
tract degrees of freedom. We do not have a physical interpretation of these putative edge scalars
for general s along the lines of the work reviewed in appendix C.5.5. Some clues are that their
multiplicity equals the number of conformal Killing tensor modes of scalar type appearing in the
derivation in appendix C.6.1 (the [T T-modes for s = 4 in (C.141)), and that they become massless
at the unitarity bound v = ii(‘—zl — 1), eq. (C.145), where a partially massless field emerges with a

scalar gauge parameter.

“Ford =2, D? - ¥, D? =2 in ypux as in (3.80). yedee remains unchanged.
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Independent of any interpretation, we can summarize the result (3.84)-(3.85) as
log Z4 ! (s) = log d;]l](( ) — D“’+2 log Z471(0). (3.87)

Examples

For a d = 2 spin-s > 1 field of mass m? = (s — 1)*> + v?, log Zpy = f LT q()(bulk Xedge) With

q1+iv + ql—tv

_ 2/ v —iv
W’ Xedge =87 (¢"" +q7"). (3.83)

Xbulk = 2

That is, Zpr = Zpuik/ Zedge, With the finite part of log Z,u explicitly given by twice (3.50), and with
Zedge €qual to the Euclidean path integral of Df_l = 5% harmonic oscillators of frequency v on S!,
naturally identified with the S! horizon of the dSs static patch, with finite part

2

" e~ 3
zZm = (1—) . (3.89)

_ e—27rv

The heat-kernel regularized Zpy is then, restoring ¢ and recalling v = y/m2£2 — (s — 1)2,

2 27y 2 3
T L13 Ke™™) mvit wl ’ ony\ AL
log Zpy = 2(? § e o) —ﬂv—log(l —e )+? (3.90)

The d = 3 spin-s case is worked out as another example in (C.65).

General massive representations

(3.83) has a natural generalization, presented in appendix C.6.2, to arbitrary parity-invariant

massive SO(1, d + 1) representations R = &,(Ag, Sa), A4 + Vg, Sa = (Saty - - - Sar):

logZPI:/O ;Z—;Z(—1)Fa(ql‘vﬂ+q—ivﬂ) Z ©(4 +n) D2 g5+ (3.91)
a F,

Fa
n€2+Z
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where ©(x) is the Heaviside step step function with |©(0) = 1| and F, = 0, 1 for bosons resp.

fermions. This is the unique TT eigenvalue sum extension consistent with locality and unitarity
constraints. As in the S = (s) case, this can be rewritten as a bulk-edge decomposition log Zp; =
log Zyuik — 10g Zegge. For example, using (C.91) and the notation explained above it, the analog of
(3.87) for an S = (s, 1") field becomes

log Z&H (s, 1™) = log Z& (5, 1™) — D7 log Z37' (1™), (3.92)

s—1

so here Zeqg, 1s the path integral of D;’flz massive m-form fields living on the S¢~! edge. In partic-
ular this implies the recursion relation log fol“(lp ) = log Zglﬁ]i(lp ) —log Zfall_ '(1P=1. Similarly for

aspins =k + % Dirac fermion, in the notation explained under table (C.89)

log Z& (s, 4) = log Z4 L (s, 1) - %Dj_*i% log Z57'(3), (3.93)

where Zy,x now takes the form of the fermionic part of (3.67), with ypuk as in (C.16) with Dg =
2 D4, the factor 2 due to the field being Dirac. The edge fields are Dirac spinors. Note that
53

because Dil“fl = 0, the above implies in particular Zpl(%) = Zbulk(%).

2°2

We do not have a systematic group-theoretic or physical way of identifying the edge field
content. For evaluation of Zpy using (C.57), this identification is not needed however. Actually the

original expansions (3.83), (3.91) are more useful for this, as illustrated in (C.61)-(C.65).

3.5 Massless higher spins

3.5.1 Problems
Bulk thermal partition function Z,

Massless spin-s fields on dS;4; are in many ways quite a bit more subtle than their massive
spin-s counterparts. This manifests itself already at the level of the characters ypux s needed to

compute the bulk ideal gas thermodynamics along the lines of section 3.2. The SO(1,d + 1)
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unitary representations furnished by their single-particle Hilbert space belong to the discrete series
for d = 3 and to the exceptional series for d > 4 [101]. The corresponding characters, discussed
in appendix C.7.1, are more intricate than their massive (principal and complementary series)
counterparts. A brief look at the general formula (C.164) or the table of examples (C.165) suffices
to make clear they are far from intuitively obvious — as is, for that matter, the identification of
the representation itself. Moreover, [101] reported their computation of the exceptional series
characters disagrees with the original results in [76-78].

As noted in section 3.2 and appendix C.2.3, the expansion ypuk(q) = 2, Nig* can be in-
terpreted as counting the number N of static patch quasinormal modes decaying as e *7/¢. This
gives some useful physics intuition for the peculiar form of these characters, explained in appendix
C.7.1. The characters ypyix s(¢) can in principle be computed by explicitly constructing and count-
ing physical quasinormal modes of a massless spin-s field. This is a rather nontrivial problem,
however.

Thus we see that for massless fields, complications appear already in the computation of Zx.
Computing Zpy adds even more complications, due to the presence of negative and zero modes in
the path integral. Happily, as we will see, the complications of the latter turn out to be the key to
resolving the complications of the former. Our final result for Zpy confirms the identification of the
representation made in [101] and the original results for the corresponding characters in [76-78].

This is explicitly verified by counting quasinormal modes in [141].

Euclidean path integral Zp;

We consider massless spin-s fields in the metric-like formalism, that is to say totally symmetric

double-traceless fields ¢, ..., , with linearized gauge transformation

0
52 )¢”1"'ﬂs = sV €y » (3.94)
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with £ is traceless symmetric in its s’ = s — 1 indices, and a; picked by convention.'?

We use the notation s’ = s — 1 as it makes certain formulae more transparent and readily general-

izable to the partially massless (0 < s’ < s) case. The dimensions of ¢, and & are
rivg=Ap=5+d-1, Liivi=A;=s+d-1 3.95
> 9 = Qg =5 + , 2+ZV§— g =8+ . (3.95)

Note that this value of v4 assign a mass m = 0 to ¢ according to (3.79). The Euclidean path integral

of a collection of (interacting) gauge fields ¢ on S?*! is formally given by

volG) (3.96)

Zp1

where G is the group of local gauge transformations. At the one-loop (Gaussian) level S[¢] is the

quadratic Fronsdal action [99]. Several complications arise compared to the massive case:

1. For s > 2, the Euclidean path integral has negative (“wrong sign” Gaussian) modes, gener-
alizing the well-known issue arising for the conformal factor in Einstein gravity [72]. These
can be dealt with by rotating field integration contours. A complication on the sphere is that
rotations at the local field level ensuring positivity of short-wavelength modes causes a finite

subset of low-lying modes to go negative, requiring these modes to be rotated back [59].

2. The linearized gauge transformations (3.94) have zeromodes: symmetric traceless tensors
Euypey satistying Vi, &y = 0, the Killing tensors of S?*!. This requires omitting
associated modes from the BRST gauge fixing sector of the Gaussian path integral. As
a result, locality is lost, and with it the flexibility to freely absorb various normalization

constants into local counterterms without having to keep track of nonlocal residuals.

3. At the nonlinear level, the Killing tensors generate a subalgebra of the gauge algebra. The
structure constants of this algebra are determined by the TT cubic couplings of the inter-

acting theory [68]. At least when it is finite-dimensional, as is the case for Yang-Mills,

15 As explained in appendix C.7.4, for compatibility with certain other conventions we adopt, we will pick a; = /s
with symmetrization conventions such that @, ....;) = Gpy - pey -
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Einstein gravity and the 3D higher-spin gravity theories of section 3.6, the Killing tensor
algebra exponentiates to a group G. For example for Einstein gravity, G = SO(d + 2). To
compensate for the zeromode omissions in the path integral, one has to divide by the volume
of G. The appropriate measure determining this volume is inherited from the path integral
measure, and depends on the UV cutoff and the coupling constants of the theory. Precisely
relating the path integral volume vol(G)p; to the “canonical” vol(G), defined by a theory-
independent invariant metric on G requires considerable care in defining and keeping track

of normalization factors.

Note that these complications do not arise for massless spin-s fields on AdS with standard boundary
conditions. In particular the algebra generated by the (non-normalizable) Killing tensors in this
case is a global symmetry algebra, acting nontrivially on the Hilbert space.

These problems are not insuperable, but they do require some effort. A brute-force path integral
computation correctly dealing with all of them for general higher-spin theories is comparable to
pulling a molar with a plastic fork: not impossible, but necessitating the sort of stamina some might
see as savage and few would wish to witness. The character formalism simplifies the task, and the

transparency of the result will make generalization obvious.

3.5.2 Ingredients and outline of derivation

We derive an exact formula for Zpy in appendix C.7.2-C.7.4. In what follows we merely give
a rough outline, just to give an idea what the origin is of various ingredients appearing in the final

result. To avoid the d = 2 footnotes of section 3.4 we assume in what follows.

Naive characters

Naively applying the reasoning of section 3.4 to the massless case, one gets a character formula

of the form (3.84), with “naive” bulk and edge characters y given by

X = Xo— Xe» (3.97)
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where x4, x¢ are the massive bulk/edge characters for the spin-s, A = s" + d — 1 field ¢ and the
spin-s’, A = s + d — 1 gauge parameter (or ghost) field &, recalling s” = s — 1. The subtraction — y,¢

arises from the BRST ghost path integral. More explicitly, from (3.85),

s’+d—1 1-s’ s+d—1 1-s
. + +
Koulks = DY 49 D! "9
(1-¢g)? (1-¢g) (3.98)
s'+d-2 —s’ s+d-2 —s '
- — pi+2 q tq9 " a2 4 +q
Xedge,s = Vg —(1 ~ q)d—z 1 —(1 — q)d‘2 .
For example for s =2 ind = 3,
. 5@ +D)=-3(¢"+q") . 5@+ Y-+
Xbulk2 = Xedge2 = : (3.99)

(1-¢g)3 ’ 1-gq

Because of the presence of non-positive powers of g, Ybuk 1S manifestly not the character of any
unitary representation of SO(1, d + 1). Indeed, the character integral (3.84) using these naive y is

badly IR-divergent, due to the presence of non-positive powers of g.

Flipped characters

In fact this pathology is nothing but the character integral incarnation of the negative and zero-
mode mode issues of the path integral mentioned under (3.96). The zeromodes must be omitted,
and the negative modes are dealt with by contour rotations. These prescriptions turn out to trans-
late to a certain “flipping” operation at the level of the characters. More specifically the flipped
character [ ¢], is obtained from § = 3, cxg"* by flipping cxg* — —crg~* for k < 0 and dropping

the £k = 0 terms:

el = [ D ed| =D ena + Y adt =p-co- D ald +a) . G.100)

k k<0 k>0 k<0
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For example for s = 2 in d = 3, starting from (3.99) and observing fpux = -3¢~ —4 +--- and

)2edge:—q_2+4(]_l +4+---, we get

104° -64*
(1-¢)3

[/\>edge,2]+ = /\>edge,2 + (q—Z + q2) - 4(q_1 + CI) -4 =

[ ouikz2], = Pounca + g +q)+4=

1042 -24°

- (3.101)

Explicit expressions for general d and s are given by [ {puk]+ = (C.194) and [ feqge]+ = (C.196).

Some simple examples are

d S [)2bulk,s]+ ! (1 - Q)d [)?edge,s]+ : (1 - Q)d_z

2 2210 0

3 >1|2@2s+1)g** =225 - 1) g**? %s(s +1)@2s+1)g° - %(s —1s@2s—1)g**  (3.102)
4 | >1[22s+1)g? Iss+ D2s+1)q

>3|1 d(qd_1+q)—qd+1+(1—q)d qd_2+1—(l—q)d_2

Contributions to Zp;

To be more precise, after implementing the appropriate contour rotations and zeromode sub-

tractions, we get the following expression for the path integral:

1 ng
Zpr = s Zepars) - 1
PI VOl(G)PI 1_[ (ﬂsl char, ) (3.103)

N
where n; is the number of massless spin-s fields in the theory, and the different factors appearing

here are defined as follows:

1. Zgpars 1s defined by the character integral

th1+q([

10g Zchar,s = Z m /\/>bulk,s]+ - [/\,}edge,s]_‘_ - 2fo12,s_1) > (3104)
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where fOX means fooo with the IR divergence due to the constant term removed:

/ ﬂf(t) = lim /mﬂf(t)e‘f“ — f(c0) log L. (3.105)
o ! L—eo g t

The flipped [ /\>bulk,s] . turns out to be precisely the massless spin-s exceptional series char-
acter ypulks: (C.194) = (C.164). Thus the ypux contribution = ideal gas partition function
Zhulk, pleasingly consistent with the physics picture. The second term is an edge correction
as in the massive case. The third term has no massive counterpart, tied to the presence of

gauge zeromodes: D?*2 | counts rank s — 1 Killing tensors on $4*1.

2. Aj is due to the zeromode omissions. Denoting M = 2¢77 /€ as in (C.68),

X dl 1 4
d+2 2s+d—4 2s+d-2 d+2 M
log A, = D2, /0 5 BT ) = oD oe G G

(3.106)

This term looks ugly. Happily, it will drop out of the final result.

3. i7Ps is the spin-s generalization of Polchinski’s phase of the one-loop path integral of Ein-
stein gravity on the sphere [59]. It arises because every negative mode contour rotation adds

a phase factor —i to the path integral. Explicitly,

q
[\)

d2 d+2 d+3 d+2 d+3
Ps = +1H+ZDS+2n Ds+1s I_D +ls 1+Ds+25 2 (3107)

3
Il
(=)

In particular P; = 0, P, = Di”z DdJr2 d + 3 in agreement with [59]. Ford + 1 = 4,

Py=Ls(s*-1)%andi P = 1,-1,1,1,1,-1,1,1,.... Ford + 1 =2 mod 4, i =

4. vol(G)py is discussed below.
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Volume of G

As mentioned under (3.96), G is the subgroup of gauge transformations generated by the
Killing tensors &_; in the parent interacting theory on the sphere. Equivalently it is the sub-
group of gauge transformations leaving the background invariant. For Einstein gravity, we have
a single massless s = 2 field ¢,. The Killing vectors & generate diffeomorphisms rigidly rotat-
ing the sphere, hence G = SO(d + 2). For SU(N) Yang-Mills, we have N> — 1 massless s = 1
fields ¢{. The N 2 — 1 Killing scalars ég generate constant SU(N) gauge transformations, hence
G = SU(N).'® For the 3D higher-spin gravity theories introduced in section 3.6, we have massless
fields ¢ of spin s = 2, ..., n. The Killing tensors &_; turn out to generate G = SU(n), X SU(n)-_.

vol(G)py is the volume of G according to the QFT path integral measure. We wish to relate it to
a “canonical” vol(G),. We use the word “canonical” in the sense of defined in a theory-independent
way. We determine vol(G)p;/vol(G), given our normalization conventions in appendix C.7.4. Be-
low we summarize the most pertinent definitions and results.

For Einstein gravity, the Killing vector Lie algebra is g = so(d + 2). Picking a standard basis
My satistying [M;;, Mg ] = 61xkMyp + 6. Mix — 01 My — 85k My, we define the “canonical”

bilinear form (-|-). on g to be the unique invariant bilinear normalized such that
(M |Mpj). =1 (I # J,no sum). (3.108)

This invariant bilinear on g = so(d + 2) defines an invariant metric ds? on G = SO(d + 2). Closed
orbits generated by M then have length ¢ ds. = 27, and vol(G), is given by (C.93).

For higher-spin gravity, the Killing tensor Lie algebra g contains so(d + 2) as a subalgebra with
generators M;;. We define (-|-). on g to be the unique g-invariant bilinear form [68, 69] normalized
by (3.108). vol(G), is defined using the corresponding metric ds? on G.

The Killing tensor commutators are determined by the local gauge algebra [0¢, 6z/] = [/ as

in [68]. For Einstein or HS gravity, in our conventions (canonical ¢ + footnote 15), this gives for

1601 a quotient thereof, such as SU(N)/Zy, depending on other data such as additional matter content. Here and in

other instances, we will not try to be precise about the global structure of G.
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the so(d + 2) Killing vector (sub)algebra of g

[£1, €]] = V167GN [€], & lLie (3.109)

where [-, -]Lie is the standard vector field Lie bracket. In Einstein gravity, Gy is the Newton con-
stant. In Einstein + higher-order curvature corrections (section 3.8) or in higher-spin gravity we
take it to define the Newton constant. It is related to a “central charge” C in (C.224).

Building on [68, 71], we find the bilinear (:|-). determining vol(G), can then be written as
4G -
FlE N ga)  za)
=— 2s+d—-4)2s+d -2 . , 3.110
(@)= 3 DY ra-zra-2) [ &Y &) (3.110)

where Ay_; = vol(§97!) is the dS horizon area. On the other hand, the path integral measure
computing vol(G)p is derived from the bilinear (£|€)p; = %’1—; [ & &. From this we can read off the
ratio vol(G)./vol(G)p;: an awkward product of factors determined by the HS algebra. This turns

out to cancel the awkward eigenvalue product of (3.106), up to a universal factor:

N

LdimG
1 2
vol(G)e [T (8”GN) : G.111)

VOI(G)PI Ag

N

for all theories covered by [68], i.e. all parity-invariant HS theories consistent at cubic level.

For Yang-Mills, vol(G), is computed using the metric ds> on g defined by the canonically
normalized YM action S =: 1 [(F|F).. For example for SU(N) YM with § = —% [ Try F2, this
gives vol(G), = vol(SU(N))1ry = (C.94). A similar but simpler computation gives the analog of

(3.111). See appendix C.7.4 for details on all of the above.
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3.5.3 Result and examples

Thus we arrive at the following universal formula for the one-loop Euclidean path integral for

parity-symmetric (higher-spin) gravity and Yang-Mills gauge theories on S¢*!, d > 3:

a) . K ydimGa <dil+q
7\ — - fa arl+gq e i -
PL 0 vol G, xp 0 2t1—g (Xbulk = Xedge im G) ( )

e G = Gg X Gy X ---Gg 1is the subgroup of (higher-spin) gravitational and Yang-Mills gauge

transformations acting trivially on the background,

8nGN g%
= , = , 3.113
Y0 \f AL Y1 \/Zn Al ( )

where A, = Q,(", Q, = (C.92), the gravitational and YM coupling constants Gy and gy, . . ., gk

are defined by the canonically normalized so(d + 2) and YM gauge algebras as explained around
(3.109), and vol G, is the canonically normalized volume of G,, defined in the same part.

e For a theory with n; massless spin-s fields

x=Y e dmG= Y aD" . P=) np,, 3.114)

where y; = [ ¥s]+ are the flipped versions (3.100) of the naive characters (3.98), with examples in
(3.102) and general formulae in (C.194) and (C.196), and P; = (3.107) is the spin-s generalization
of the s = 2 phase P, = d + 3 found in [59].

e The heat-kernel regularized integral can be evaluated using (C.57), as spelled out in appendix
C.3.3. For odd d + 1, the finite part can alternatively be obtained by summing residues.

fOX means integration with the IR log-divergence from the constant —2 dim G term removed as in

(3.105). The constant term contribution is then dim G - (¢ €' +log(27)), so when keeping track of
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linearly divergent terms is not needed, one can replace (3.112) by

dim G
(1) —P (271")/ ) a ' dr 1 +q B 1
]_[ oGP /O 3T q(xbulk Xeae)  (mode™)  (3.115)

e The case d = 2 requires some minor amendments, discussed in appendix C.8.1: for s > 2,

nothing changes except Py, and y = 0, resulting in (C.229). Yang-Mills gives (C.232), or mod €~!

(C.233), equivalent to putting A_; = 1/2x¢ in (3.113), and Chern-Simons (C.235).
e The above can be extended to more general theories. For examples (s, s”) partially massless gauge
fields have characters given by (C.194) and (C.196), and contribute ijzs, to dim G. Fermionic

counterparts can be derived following the same steps, with feqge given by (3.93). Fermionic (s, s”)

PM fields give negative contributions Dd+2 st dimG.
R

Example: coefficient o, of log-divergent term

The heat kernel coefficient @41, i.e. the coefficient of the log-divergent term of log Z, can
be read off simply as the coefficient of the 1/¢ term in the small-t expansion of the integrand.
As explained in C.3.3, we can just use the original, naive integrand F (1) = %( Xoulk — Xedge) for
this purpose, obtained from (3.98). For e.g. a massless spin-s field on S* this immediately gives

ol =~ (75 5* = 15 5% + 2), in agreement with eq. (2.32) of [62]. For s = 1,2,

d 3 5 7 9 11 13 15

oD | 3L _1271  _4021 456569  _ 1199869961  _ 893517041  _ 17279945447657
@y 45 1890 6300 743440 2043241200 1571724000 31261590360000
@@ | _571 _3181 _ 198851 _ 74203873 75059846731 _ 114040703221 _ 821333912103503
@y 45 140 5670 1496380 1135134000 1347192000 7815397590000

(3.116)

Another case of general interest is a partially massless field with (s, s*) = (42, 26) on §**:

(42 26) _5925700837995152105818399547396345088821635783305199815444602762021561970991151947221547 _ _ 1042

Yy 5348867203248512743202760066455665920000000000
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Example: SU(4) Yang-Mills on S°

As a simple illustration and test of (3.112), consider SU(4) YM theory on S of radius £ with
action § = éf Trs F2, s0 G = SU@4), n = dimG = 15, vol(G), = @ as given by (C.94),

v = %, and P = 0. Bulk and edge characters are read off from table (3.102). Thus

Vo) X dt 1 6 ¢ 2

1ogz}‘,}):1og(g/—)9+15. = +q( T =1 2—2) (3.117)
(25 . 2 o 201-g\(g-1D* (¢-1)
The finite part can be evaluated by simply summing residues, similar to (3.50):
15

(8/Ve) 5003) 3409
log Zt = log ———— + 15 - : 3.118
0og PI og %(27_()9 1671'2 167'[4 ) ( )

The U(1) version of this agrees with [90] eq. (2.27). We could alternatively use (C.57) as in C.3.3,

which includes the UV divergent part: log ZP(,P = log Zfin 4+ 15(3Ze7565 — 327303 — Ze1y).

Example: Einstein gravity on S°, $* and $5°

The exact one-loop Euclidean path integral for Einstein gravity on the sphere can be worked
out similarly. The $3 case is obtained in (C.231). The S* and S° cases are detailed in C.3.3, with

results including UV-divergent terms given in (C.229), (C.82), (C.85). The finite parts are:

LdimG

Zin_ . L (3TONVEE o (3.119)

PI vol(G), \ Ag-1 char
gd+1 | ;=P vol(G), | Ay—1 |dimG | log Zgl?ar
3 |- |@n)* |27t |6 6 log(2r)
st -1 3@ |4ne? |10 | - log(t/L) + Lg —log2 - 4/(-1) + 50(-3)
S5 i | 5@n)° | 27% | 15 1510g(2ﬂ)+658§7£2)+51g;5‘3

(3.120)

Checks: We rederive the S result in the Chern-Simons formulation of 3D gravity [143] in appendix
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C.8.2, and find precise agreement, with the phase matching for odd framing of the Chern-Simons

partition function (it vanishes for even framing). The coefficient —% of the log-divergent term of
the S* result agrees with [51]. The phases agree with [59]. The powers of G agree with zeromode
counting arguments of [81, 128]. The full one-loop partition function on $* was calculated using
zeta-function regularization in [58]. Upon correcting an error in the second number of their equa-
tion (A.36) we find agreement. As far as we know, the zeta-function regularized Zl()}) has not been

explicitly computed before for $9*!, d > 4.

Higher-spin theories

Generic Vasiliev higher-spin gravity theories have infinite spin range and dim G = oo, evidently
posing problems for (3.112). We postpone discussion of this case to section 3.9. Below we consider

a 3D higher-spin gravity theory with finite spin range s = 2, ..., n.

3.6 3D HS, gravity and the topological string

As reviewed in appendix C.8.2, 3D Einstein gravity with positive cosmological constant in
Lorentzian or Euclidean signature can be formulated as an SL(2, C) resp. SU(2) x SU(2) Chern-
Simons theory [143].17 This has a natural extension to an SL(n, C) resp. SU(n) x SU(n) Chern-
Simons theory, discussed in appendix C.8.3, which can be viewed as an s < n dS3; higher-

spin gravity theory, analogous to the AdS; theories studied e.g. in [145-148, 153, 154]. The

Lorentzian/Euclidean actions S; /Sg are
Sy =iSg = (I +ik)Scs[AL] + (I —ik)Scs[A_], leN, keR", 3.121)

where Scs[A] = ﬁ [Tr, (A AdA + %ﬂ A A A A) and A, are sl(n)-valued connections with
reality condition A% = Ax for the Lorentzian theory and ﬂl = A. for the Euclidean theory.

The Chern-Simons formulation allows all-loop exact results, providing a useful check of our

70r more precisely an SO(1,3) = SL(2,C)/Z, or SO(4) = (SU(2) x SU(2))/Z, CS theory. For the higher-spin
extensions, we could similarly consider quotients. We will use the unquotiented groups here.
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result (3.112) for Zl(ai) obtained in the metric-like formulation. Besides this, we observed a number

of other interesting features, collected in appendix C.8.3, and summarized below.

Landscape of vacua (C.8.3)

The theory has a set of dS3 vacua (or round S° solutions in the Euclidean theory), corresponding

to different embeddings of sl(2) into sl(n), labeled by n-dimensional representations

R=@&,m,, n= Zma . (3.122)

a

of su(2), i.e. by partitions of n = Y, m,. The radius in Planck units £/Gy and Z(© = ¢5¢ depend
on the vacuum R as
2nl 1
log Z© = G 2k Tr,  Tr=¢ ;ma(mg ~1). (3.123)
Note that S© = log Z( takes the standard Einstein gravity horizon entropy form. The entropy is

maximized for the principal embedding, i.e. R = n, for which 7, = %n(n2 — 1). The number of

vacua equals the number of partitions of n:

Nyge ~ 27N/6 (3.124)

0500

For, say, n ~ 2 X 10°, we get Nyae ~ 1 , with maximal entropy S(O)| Ren ~ 10,

Higher-spin algebra and metric-like field content (C.8.3)

As worked out in detail for the AdS analog in [153], the fluctuations of the Chern-Simons
connection for the principal embedding vacuum R = n correspond in a metric-like description to
a set of massless spin-s fields with s = 2,3, ..., n. The Euclidean higher-spin algebra is su(n), &
su(n)_, which exponentiates to G = SU(n); X SU(n)-. The higher-spin field content of the R = n

vacuum can also be inferred from the decomposition of su(n) into irreducible representations of
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su(2), with S € su(2) acting on L € su(n) as 6L = €[R(S), L], to wit,

(® = Dgy(n) = Z 2r + Dgy(2) - (3.125)
r=1

The 2r + 1,1) and (1, 2r + 1) of so(4) = su(2); @ su(2)_ correspond to rank-r self-dual and anti-
self-dual Killing tensors on S°, the zeromodes of (3.94) for a massless spin-(r + 1) field, confirming
R = n has ng = 1 massless spin-s field for s = 2, ..., n. For different vacua R, one gets decompo-
sitions different from (3.125), associated with different field content. For example for n = 12 and

R=604®2 wegetn =2,np=7,n3=8,n4 =6,n5 =3,n6 = 1.

One-loop and all-loop partition function (C.8.3-C.8.3)

In view of the above higher-spin interpretation, we can compute the one-loop Euclidean path
integral on §3 for I = 0 from our general formula (3.112) for higher-spin gravity theories in the
metric-like formalism. The dS3 version of (3.112) is worked out in (C.228)-(C.230), and applied

to the case of interest in (C.267), using (3.123) to convert from ¢/Gy to x. The result is

Z(l) _ -l (2”/‘/E)dimG

A2
vol(G)ty, (3.126)

where vol(G)ry, = (Vi [17_,(27)*/T(s))” as in (C.94).
This can be compared to the weak-coupling limit of the all-loop expression (C.269)-(C.271),
obtained from the known exact partition function of SU(n)x, X SU(n)r_ Chern-Simons theory on

S3 by analytic continuation ky — [ + ix,

2

(n-p)
) P| . oot (3.127)

n—1
(2 sin ————
p=1

Z(R)r =e"

n l

\/_(n+l+lK)T

n+l+t/<

Here ¢ = 7 X, c(I+ik) with c(k) = (n*— D(1- and r € Z labels the choice of framing needed

n+k)
to define the Chern-Simons theory as a QFT, discussed in more detail below (C.249). Canonical

framing corresponds to » = 0. Z(R) is interpreted as the all-loop quantum-corrected Euclidean
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partition function of the dS3 static patch in the vacuum R.

The weak-coupling limit k — oo of (3.127) precisely reproduces (3.126), with the phase match-
ing for odd framing r. Alternatively this can be seen more directly by a slight variation of the
computation leading to (C.235). This provides a check of (3.112), in particular its normalization

in the metric-like formalism, and of the interpretation of (3.121) as a higher-spin gravity theory.

Large-n limit and topological string dual (C.8.3)

Vasliev-type hs(so(d + 2)) higher-spin theories (section 3.9) have infinite spin range but finite
¢d-1 /GN. To mimic this case, consider the n — oo limit of the theory at / = 0. The semiclassical
expansion is reliable only if n < k. Using {/Gn ~ «Tg, this translates to n T < €/Gn, which
becomes n* < £/Gy for the principal vacuum R = mn, and n < £/Gy at the other extreme for
R=2®1&- - ®1. Either way, the Vasiliev-like limit n — o at fixed S©) = 27£/4Gy is strongly
coupled.

However (3.127) continues to make sense in any regime, and in particular does have a weak
coupling expansion in the n — oo ’t Hooft limit. Using the large-n duality between U(n); Chern-
Simons on S° and closed topological string theory on the resolved conifold [79, 80], the partition
function (3.127) of de Sitter higher-spin quantum gravity in the vacuum R can be expressed in

terms of the weakly-coupled topological string partition function Ztop, (C.274):

o4 Tr-2mi 2
Z(R)o = |Ziop(gs» 1) € TR 27185 (3.128)

where (in the notation of [80]) the string coupling constant g, and the resolved conifold Kihler

modulus ¢ = [, J +iB are given by

2 2rin

_ t=ign=——. 3.129
n+l+ik 1857 n+l+ik ( )

8s =

Note that |e~™Tr27i/8s|* = 27Tk — ¢S and that k > 0 implies [, J > 0 and Img, # 0. The

dependence on n at fixed S© is illustrated in fig. 3.4. We leave further exploration of the dS
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quantum gravity - topological string duality suggested by these observations to future work.

3.7 Euclidean thermodynamics

In section 3.2.3 we defined and computed the bulk partition function, energy and entropy of the
static patch ideal gas. In this section we define and compute their Euclidean counterparts, building

on the results of the previous sections.

3.7.1 Generalities

Consider a QFT on a dS;4; background with curvature radius €. Wick-rotated to the round

sphere metric g, of radius £ (C.4.3), we get the Euclidean partition function:

Zn(0) = [ DD 5191 (3.130)

where @ collectively denotes all fields. The quantum field theory is to be thought of here as a
(weakly) interacting low-energy effective field theory with a UV cutoff e.
Recalling the path integral definition (C.116) of the Euclidean vacuum |O) paired with its dual

(0| as Zp; = (0|0), the Euclidean expectation value of the stress tensor is

(O|T,y|0) 2 6
<Tuv> = W = —@@lOg ZPI = —pPpI gﬂy, (3.131)

The last equality, in which ppy is a constant, follows from SO(d + 2) invariance of the round sphere

background. Denoting the volume of the sphere by V = vol(S?”) = Qg1 091,

—pp1V = 77 [VE(T4) = 7, log Zpy = V Oy log Zpr (3.132)

Reinstating the radius ¢, the sphere metric in the S coordinates of (C.98) takes the form

ds* = (1 = r?[C)de® + (1 =2 /€)' dr? + 12dQ?, (3.133)

134



where 7 =~ 7 + 2n{. Wick rotating 7 — iT yields the static patch metric. Its horizon at r = ¢
has inverse temperature 8 = 2xf. On a constant-T slice, the vacuum expectation value of the
Killing energy density corresponding to translations of 7" equals ppy at the location r = 0 of the
inertial observer. Away from r = 0, it is redshifted by a factor m The Euclidean vacuum
expectation value Upy of the total static patch energy then equals pplm integrated over a

constant-T slice:

Q14 v
_ - 3.134
d 2l ( )

¢
Up1 = pp1 Qd—l/ drr! = pprv, v
0

Note that v is the volume of a d-dimensional ball of radius ¢ in flat space, so effectively we can
think of Upy as the energy of an ordinary ball of volume v with energy density ppy.

Combining (3.132) and (3.134), the Euclidean energy on this background is obtained as

2m€ Upr = Vppr = —75 € log Zpr (3.135)

and the corresponding Euclidean entropy Sp; = log Zpy + 8 Upy is

Spr = (1 — =0,) log Zpy = (1 — Véy) log Zpp (3.136)

Spr can thus be viewed as the Legendre transform of log Zp; trading V for ppr:

dlog Zpr = —pp1 dV, Spr = log Zp; + V ppr, dSp1 = Vdpp . (3.137)

The above differential relations express the first law of (Euclidean) thermodynamics for the system

under consideration: using V = Bv and pp; = Upy/v, they can be rewritten as

dlog Zp; = —Upr df — Bppr dv, dSpr = S dUpr — Bppr dv . (3.138)

Viewing v as the effective thermodynamic volume as under (3.134), these take the familiar form
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of the first law, with pressure p = —p, the familiar cosmological vacuum equation of state.

The expression (3.136) for the Euclidean entropy and (3.137) naturally generalize to Euclidean
partition functions Zpi(¢) for arbitrary background geometries g, (f) = Kzgw with volume V() =
¢4V . In contrast, the expression (3.135) for the Euclidean energy is specific to the sphere. A
generic geometry has no isometries, so there is no notion of Killing energy to begin with. On the
other hand, the density ppr appearing in (3.137) does generalize to arbitrary backgrounds. The
last equality in (3.131) and the physical interpretation of ppy as a Killing energy density no longer

apply, but (3.132) remains valid.
3.7.2 Examples

Free d = O scalar

To connect to the familiar and to demystify the ubiquitous Li,(e™>™) = 3, e~ 2™V /k" terms
encountered later, consider a scalar of mass m on an S' of radius ¢, a.k.a. a harmonic oscillator of

frequency m at § = 2n¢ = V. Using (C.70) and applying (3.135)-(3.136) with v({) = m¢,

{
log Zp; = T _ nv + Lij(e™ ")
€

4
270¢ Upy = Vppr = I + 7ty coth(mrv) (3.139)
€

Spr = Lil(e_z’”’) + 27y Lio(e_zm’),
Mod AE o«c —e~!, these are the textbook canonical formulae turned into polylogs by (3.51).

Free scalar in general d

The Euclidean action of a free scalar on S9! is

1
Se[¢] = 3 /vg¢(—v2 +m? +£R)g, (3.140)
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with R = d(d + 1)/£?* the S%*! Ricci scalar. The total effective mass m (( Y+ )/f2 is

M=t +ER = v=ym2-n, n=(9)’-dd+1)e. (3.141)

Neither Zp; nor the bulk thermodynamic quantities of section 3.2 distinguish between the m? and
&R contributions to mgff, but Upr and Sp; do, due to the dy derivatives in (3.135)-(3.136). This

results in an additional explicit dependence on &, as

d, 0 v
C0plog Zpy = (—€0c + J - vd,) log Zpy,  J = —~ = (mz) - (3.142)
v \4 4

For the minimally coupled case £ = 0, the Euclidean and bulk thermodynamic quantities agree,

but in general not if & # 0. To illustrate this we consider the d = 2 example. Using (3.50) and

(C.60), restoring ¢, and putting v = /(mf)* — np withn = 1 — 6¢,

2 . _
AR SV AN SV Z vk Liz_g(e™2™)

log Z —_— +— —_ 3.143
BT T 4 "6 Lk ap (3.143)
The corresponding Euclidean energy Upy = pp; €% (3.135) is given by
3 7+ i)t
2708 Upy = Vppr = — — + no7 5wl T v* + n)v coth(zv) (3.144)
263 de 6

where V = vol(S3) = 27%¢3. For minimal coupling ¢ = 0 (i.e. 7 = 1), Up! equals U™ (3.49),
but not for ¢ # 0. For general d, &, USI“ is given by (3.48) with the overall factor m? the mass m?
appearing in the action rather than mzﬁ, in agreement with [155] or (6.178)-(6.180) of [156]. The

entropy Spr = log Zpy + 27¢ Upy (3.136) is

3

ol K Lis_ k(e 27y
Spr = F(E - vcoth(ﬂv)) ; = (3.145)
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where we used coth(rv) = 1 + 2Lig(e™>™) (3.51). Since Zp; = Zpuix in general for scalars and
Upr = Upyix for minimally coupled scalars, Sp; = Spuik for minimally coupled scalars. Indeed, after
conversion to Pauli-Villars regularization, (3.145) equals (3.52) if n = 1. As a check on the results,
the first law dSpr = Vdppr (3.137) can be verified explicitly.

In the m¢ — oo limit, Sp;y — %77(6_1 — m){, reproducing the well-known scalar one-loop
Rindler entropy correction computed by a Euclidean path integral on a conical geometry [38, 39,
130, 131, 135, 157]. Note that Sp; < 0 when 7 < 0. Indeed as reviewed in the Rindler context
in appendix C.5.5, Spr does not have a statistical mechanical interpretation on its own. Instead it
must be interpreted as a correction to the large positive classical gravitational horizon entropy. We
discuss this in the de Sitter context in section 3.8.

A pleasant feature of the sphere computation is that it avoids replicated or conical geometries:
instead of varying a deficit angle, we vary the sphere radius ¢, preserving manifest SO(d + 2)
symmetry, and allowing straightforward exact computation of the Euclidean entropy directly from

Zp1(¢€), for arbitrary field content.

Free 3D massive spin s

Recall from (3.90) that for a d = 2 massive spin-s > 1 field of mass m, the bulk part of
log Zpp is twice that of a d = 2 scalar (3.143) with v = v/(m€)2 — 5, n = (s — 1)2, while the edge
part is —s2 times that of a d = 0 scalar, as in (3.139), with the important difference however that
y = m instead of v = m{. Another important difference with (3.139) is that in the case
at hand, (3.135) stipulates Vpp; = 27 Up; = —ﬁf&g log Zp; with d = 2 instead of d = 0. As a
result, for the bulk contribution, we can just copy the scalar formulae (3.144) and (3.145) for Upy
and Spy setting 7 = (s — 1), while for the edge contribution we get something rather different from

the harmonic oscillator energy and entropy (3.139):

Vppr =2 x (3.144) — s* (=210 + Z(v* + )v! coth(nv)) (3.146)

Spr =2 % (3.145) — s*(Z (L6 — v) + Znpy~! coth(nv) + Lis(e7>™) + Zv Lig(e *™))  (3.147)
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The edge contribution renders Spy negative for all €. In particular, in the m¢f — oo limit, Sp;y —
Z((s = 1)* = 2s%) (7' = m)¢ — —co: although the bulk part gives a large positive contribution for
s > 2, the edge part gives an even larger negative contribution. Going in the opposite direction, to
smaller m€, we hit the d = 2, s > 1 unitarity bound at v = 0, i.e. at m = \/n = s — 1. Approaching
this bound, the bulk contribution remains finite, while the edge part diverges, again negatively. For
s = 1, Sp — log(mf), due to the Li;(e~2™) term, while for s > 2, more dramatically, we get a
pole Sp; — —@ (m€—(s— 1))_1, due to the 7v~! coth(zv) term. Below the unitarity bound, i.e.
when ¢ < (s — 1)/m, Sp; becomes complex. To be consistent as a perturbative low-energy effective
field theory valid down to some length scale /;, massive spin-s > 2 particles on dS3 must satisfy

m? > (s — 1)%/12.

Massless spin 2

7 _ ¥

From the results and examples in section 3.5.3, log ZP(,P = log zD g log Zy 5 1,

PLdiv

1 Dy All) @ 4
log Zgy )5, (0) = =" log T @y, log - + Kaa (3.148)

Dy = dimso(d +2) = CHLD Ap) = 0 10471, ) = 0 for even d and given by (3.116) for

odd d. L is an arbitrary length scale canceling out of the sum of finite and divergent parts, and

K;+1 an exactly computable numerical constant. Explicitly for d = 2, 3,4, from (3.120):

d | log ZI(D},)diV log Z}(’},)ﬁn
2|0-%Le -3 log(ﬁ{’) + 5log(27)
3350t - 250 - Jhiog(27L) | -5log( &3] - F log(+e) - log %) + 3 - LD 4 20
4| rLe-Grle - mle | Liog(-6%) + log(12) + T log2m) + S5 + 34
(3.149)

The one-loop energy and entropy (3.135)-(3.136) are split accordingly. The finite parts are

(I _ (1) 1 (1) _ 1d-1 @
Spitin = 108 Zpgn + VP4 » Vs = 2351 Pd = 7% (3.150)
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where as always 27U = Vp with V = Qu 14, Ford = 2,3, 4:

1) Q) (1)
d | Vpgy VOin | Spraiv
2|0+32Le 1 ~3nle
(3.151)
81 p4 , 161 p2 5,571 | 161 2 571 2e~Y
3 —§6—4€ +?z€ §+W 362€ 10g( € L)
15t 15, Ba 1,3, 2lxlp]| 9 _1Br 1,3 2xl
Sl Bl e (A e e A TR B ol -

Like their quasicanonical bulk counterparts, the Euclidean quantities obtained here are UV-divergent,
and therefore ill-defined from a low-energy effective field theory point of view. However if the
metric itself, i.e. gravity, is dynamical, these the UV-sensitive terms can be absorbed into standard
renormalizations of the gravitational coupling constants, rendering the Euclidean thermodynamics

finite and physically meaningful. We turn to this next.

3.8 Quantum gravitational thermodynamics

In section 3.7 we considered the Euclidean thermodynamics of effective field theories on a
fixed background geometry. In general the Euclidean partition function and entropy depend on
the choice of background metric; more specifically on the background sphere radius . Here we
specialize to field theories which include the metric itself as a dynamical field, i.e. we consider

gravitational effective field theories. We denote Zpy, ppr and Sp; by Z, o and S in this case:

o Selg- Selg, -] . 3.152
The geometry itself being dynamical, we have 0, Z = 0, so (3.135)-(3.136) reproduce (3.1):
0=0, S=logZ, (3.153)

We will assume d > 2, but it is instructive to first consider d = 0, i.e. 1D quantum gravity coupled

to quantum mechanics on a circle. Then Z = [ % Tre PH, where S is the circle size and H is
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the Hamiltonian of the quantum mechanical system shifted by the 1D cosmological constant. To
implement the conformal factor contour rotation of [72] implicit in (3.153), we pick an integration
contour § = 2xf + iy with y € R and £ > 0 the background circle radius. Then Z = 7i N(0)
where N(E) is the number of states with H < E. This being ¢-independent implies o = 0. A
general definition of microcanonical entropy is Spic(E) = log N(E). Thus, modulo the content-
independent ri factor in Z, S = log Z is the microcanonical entropy at zero energy in this case.

Of course d = 0 is very different from the general-d case, as there is no classical saddle of
the gravitational action, and no horizon. For d > 2 and A — 0, the path integral has a semi-
classical expansion about a round sphere saddle or radius £y o< 1/VA, and S is dominated by the
leading tree-level horizon entropy (3.2). As in the AdS-Schwarzschild case reviewed in C.5.5, the
microscopic degrees of freedom accounting for the horizon entropy, assuming they exist, are in-
visible in the effective field theory. A natural analog of the dual large-N CFT partition function on
S! x §9=1 microscopically computing the AdS-Schwarzschild free energy may be some dual large-
N quantum mechanics coupled to 1D gravity on S! microscopically computing the dS static patch
entropy. These considerations suggest interpreting S = log Z as a macroscopic approximation to
a microscopic microcanonical entropy, with the semiclassical/low-energy expansion mapping to
some large-N expansion.

The one-loop corrected Z is obtained by expanding the action to quadratic order about its
sphere saddle. The Gaussian Zl()}) was computed in previous sections. Locality and dimensional
analysis imply that one-loop divergences are o< [ R" with 2n < d + 1. Picking counterterms
canceling all (divergent and finite) local contributions of this type in the limit £y o< 1/VA — oo, we
get a well-renormalized S = log Z to this order. Proceeding along these lines would be the most
straightforward path to the computational objectives of this section. However, when pondering
comparisons to microscopic models, one is naturally led to wondering what the actual physics
content is of what has been computed. This in turn leads to small puzzles and bigger questions,

such as:

1. A natural guess would have been that the one-loop correction to the entropy S is given by a
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renormalized version of the Euclidean entropy S](,}) (3.136). However (3.153) says it is given
by a renormalized version of the free energy log ZI(,? . In the examples given earlier, these

two look rather different. Can these considerations be reconciled?

. Besides local UV contributions absorbed into renormalized coupling constants determining
the tree-level radius £y, there will be nonlocal IR vacuum energy contributions (pictorially
Hawking radiation in equilibrium with the horizon), shifting the radius from £, to £ by grav-
itational backreaction. The effect would be small, £ = €y + O(G), but since the leading-order
horizon entropy is S(£) « 471 /G, we have S(£) = S(£y) + O(1), a shift at the one-loop order
of interest. The horizon entropy term in (3.153) is S\® = S§(£,), apparently not taking this

shift into account. Can these considerations be reconciled?

. At any order in the large-{; perturbative expansion, UV-divergences can be absorbed into a
renormalization of a finite number of renormalized coupling constants, but for the result to be
physically meaningful, these must be defined in terms of low-energy physical “observables”,
invariant under diffeomorphisms and local field redefinitions. In asymptotically flat space,
one can use scattering amplitudes for this purpose. These are unavailable in the case at hand.

What replaces them?

To address these and other questions, we follow a slghtly less direct path, summarized below, and

explained in more detail including examples in appendix C.9.

Free energy/quantum effective action for volume

We define an off-shell free energy/quantum effective action I'(V) = —log Z(V) for the volume, the

Legendre transform of the off-shell entropy/moment-generating function S(p): '8

S(p) = log f@g eSEBHPINE  log Z(V)=S-Vp,  V=04,5= ([vg), (154

At large V, the geometry semiclassically fluctuates about a round sphere. Parametrizing the mean

18Non-metric fields in the path integral are left implicit. Note “off-shell” = on-shell for c.c. A’ = A — 871G p.

142



volume V by a corresponding mean radius £ as V(£) = Qg.1£¢*!, we have

Z(6) = j:ree dp fz)g e—SE[g]+P(f\/§—V(5))’ (3.155)

where ftree dp means saddle point evaluation, i.e. extremization. The Legendre transform (3.154)

is the same as (3.137), so we get thermodynamic relations of the same form as (3.135)-(3.137):

dS =Vdp, dlogZ=-pdV, p=—-77L0logZ |V, S=(1-7<td)logZ. (3.156)

On-shell quantities are obtained at p = 0, i.e. at the minimum ¢ of the free energy —log Z(¢):
o=p0) =0, S=500) =logZ({), ([VE) = Q™. (3.157)

Tree level

At tree level (3.155) evaluates to
log ZO(¢) = —Sg[ge], g¢ = round S%*! metric of radius ¢, (3.158)

readily evaluated for any action using R,y po = (8up&ve — 8uor&vp)/ 2, taking the general form

g2d+1€d+l

log Z¥ =
o8 872G

(—A+@{’_2+zl o+ plle®+..0). (3.159)

The z, are R™*! coupling constants and I, < ¢ is the length scale of UV-completing physics. The

off-shell entropy and energy density are obtained from log Z() as in (3.156).

gzd_lfd—l

SO —
4G

1 _
(l+s26%+-2),  pO= %(A—@f%pllffhm) (3.160)
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where s, p, « z, and we used Q.1 = %Qd—l- The on-shell entropy and radius are given by

either solved perturbatively for {y(A) or, more conveniently, viewed as parametrizing A(£p).

One loop

The one-loop order, (3.155) is a by construction tadpole-free Gaussian path integral, (C.306):
log Z = log AR log zW, log zW = log ZP(,? + log Z, (3.162)

with Z](Di) as computed in sections 3.4-3.5 and log Z(€) = —SEt[g¢] a polynomial counterterm.
We define renormalized coupling constants as the coefficients of the £4*1=2" terms in the { — oo
expansion of log Z, and fix log Z. by equating tree-level and renormalized coefficients of the

polynomial part, which amounts to the renormalization condition

lim 9 log zW =0, (3.163)
in even d + 1 supplemented by log Z.(0) = —ay41 log(2e~7 L/€), implying Ld; log Z©) = ay,1.
Example: 3D Einstein gravity + minimally coupled scalar (C.9.4), putting v = Vm?2(? — 1,

2 ko —2ry 3 303
Lis_
v 13k(e2k)+7rv _7Tm€+7rm€. (3.164)
P k! (2m)%- 6 6 4

2nl
log ZM = =3 log % + Slog(2n) —

The last two terms are counterterms. The first two are nonlocal graviton terms. The scalar part is

O(1/m¢) for m¢ > 1 but goes nonlocal at m¢ ~ 1, approaching —log(m{) for mf < 1.

Defining p") and SV from log Z(! as in (3.156), and the quantum on-shell £ = £ + O(G) as in
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(3.157), the quantum entropy can be expressed in two equivalent ways, (C.313)-(C.314):
A: S=8SO9D)+sV @) +---,  B: S=594¢)+1ogZzV () + - - (3.165)

where the dots denote terms neglected in the one-loop approximation. This simultaneously answers
questions 1 and 2 on our list, reconciling intuitive (A) and (3.153)-based (B) expectations. To make
this physically obvious, consider the quantum static patch as two subsystems, geometry (horizon)
+ quantum fluctuations (radiation), with total energy o« p = p@ + p() = 0. If p© = 0, the
horizon entropy is S©)(¢y). But here we have p = 0, so the horizon entropy is actually S©(¢) =
SO£) + 65O, where by the first law (3.156), 6S© = V5p@ = —vp). Adding the radiation
entropy S and recalling log Z() = ) — Vp) yields S = A = B. Thus A = B is just the usual
small+large = system+reservoir approximation, the horizon being the reservoir, and the Boltzmann

1 . . .,
Vel = o=BUY i Zz(D accounting for the reservoir’s entropy change due to energy transfer

factor e
to the system.

Viewing the quantum contributions as (Hawking) radiation has its picturesque merits and cor-
rectly conveys their nonlocal/thermal character, e.g. Li(e™>™) ~ e " for m¢ > 1 in (3.164), but
might incorrectly convey a presumption of positivity of p(!) and S™"). Though positive for mini-
mally coupled scalars (fig. C.12), they are in fact negative for higher spins (figs. C.13, C.14), due
to edge and group volume contributions. Moreover, although the negative-energy backreaction

causes the horizon to grow, partially compensating the negative S™") by a positive 65©@ = —v (D,

the former still wins: SV = 8 — S© = s — yp() = Jog z) < 0.

Computational recipe and examples

For practical purposes, (B) is the more useful expression in (3.165). Together with (3.161) comput-
ing S, the exact results for Zg) obtained in previous sections (with yg = 27/S©), see (3.167)

below), and the renormalization prescription outlined above, it immediately gives

S=804+8W ... SO=5O0), S =1logzV(£) (3.166)
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in terms of the renormalized coupling constants, for general effective field theories of gravity
coupled to arbitrary matter and gauge fields.

For 3D gravity, this gives S = S© — 310gS© + 5log(27) + 0(1/S©). We work out and
plot several other concrete examples in appendix C.9.4: 3D Einstein gravity + scalar (C.9.4, fig.
C.12), 3D massive spin s (C.9.4, fig. C.13), 2D scalar (C.9.4), 4D massive spin s (C.9.4, fig. C.14),
and 3D,4D,5D gravity (including higher-order curvature corrections) (C.9.4). Table 3.12 in the

introduction lists a few more sample results.

Local field redefinitions, invariant coupling constants and physical observables

Although the higher-order curvature corrections to the tree-level dS entropy S = 5©)(¢,) (3.160)
seem superficially similar to curvature corrections to the entropy of black holes in asymptotically
flat space [158], there are no charges or other asymptotic observables available here to endow them
with physical meaning. Indeed, they have no intrinsic low-energy physical meaning at all, as they
can be removed order by order in the /;/¢ expansion by a metric field redefinition, bringing the
entropy to pure Einstein form (3.2). In Z©(¢) (3.159), this amounts to setting all z, = 0 by a
redefinition £ — €}, c,¢ —21 (C.296). The value of SO = maxes, log Z(O)({’) remains of course
unchanged, providing the unique field-redefinition invariant combination of the coupling constants
G, A(or &), 21, 22, - - --

Related to this, as discussed in C.9.4, caution must be exercised when porting the one-loop
graviton contribution in (3.112) or (3.148): G appearing in yg = \/W is the algebraically
defined Newton constant (3.109), as opposed to G defined by the Ricci scalar coefficient % in the
low-energy effective action. The former is field-redefinition invariant; the latter is not. In Einstein

frame (z, = 0) the two definitions coincide, hence in a general frame

Y0 = +27/S©. (3.167)

Since log S© = log % + log(l +0(1%/ fg)), this distinction matters only at O(I2/ {’g), however.

In d =2, 8 is in fact the only invariant gravitational coupling: because the Weyl tensor van-
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ishes identically, any 3D parity-invariant effective gravitational action can be brought to Einstein
form by a field redefinition. In the Chern-Simons formulation of C.8.2, SO =27k Ind > 3, the
Weyl tensor vanishes on the sphere, but not identically. As a result, there are coupling constants
not picked up by the sphere’s S© = —Sz[g,]. Analogous Si(v(;) = —Sg[gum] for different saddle ge-
ometries gy, approaching Einstein metrics in the limit A o £; 2 — 0, can be used instead to probe
them, and analogous Sy, = log Zy expanded about gy provide quantum observables. Section
C.9.5 provides a few more details, and illustrates extraction of unambiguous linear combinations
of the 4D one-loop correction for 3 different M.

This provides the general picture we have in mind as the answer, in principle, to question 3 on
our list below (3.153): the tree-level 81(‘2) are the analog of tree-level scattering amplitudes, and the

analog of quantum scattering amplitudes are the quantum Sy,.

Constraints on microscopic models

For pure 3D gravity S© = 2Z () + 516, + 52 £;° + - - - ), and to one-loop order we have (C.337):
S=89_-310g8 +5l0g(27) + - . (3.168)

Granting!® (C.248) with [ = 0 gives the all-loop expansion of pure 3D gravity, taking into account

G = SO(4) here while G = SU(2) x SU(2) there, to all-loop order,

4 . b
\ 25180/ 2x Sln(2+iSo/27r)

where Sy = S© to declutter notation. Note all quantum corrections are strictly nonlocal, i.e. no

2

S =35 +log = 8o —3log Sy + Slog(2m) + ¥, cn Sg™ (3.169)

odd powers of ¢, appear, reflected in the absence of odd powers of 1/Sy.
Though outside the scope of this paper, let us illustrate how such results may be used to con-
strain microscopic models identifying large-£y and large-N expansions in some way. Say a mod-

eler posits a model consisting of 2N spins o; = +1 with H = };0; = 0. The microscopic

This does not affect the 1-loop based conclusions below, but does affect the ¢,,. One could leave / general.
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entropy is Smic = log () = 2log2 - N — Llog(zN) + 3, ¢, N'=2". There is a unique identifi-
cation of Sy bringing this in a form with the same analytic/locality structure as (3.169), to wit,

So=log4-N+3Y,c,N'=" resulting in
Smic = So — $10g.So + log( 575 ) + X S5, (3.170)

where ¢}’ = —% log2, ¢} = 63—4(10g 2)% + %(log 2)3, ..., fully failing to match (3.169), starting at one
loop. The model is ruled out.

A slightly more sophisticated modeler might posit Sy = logd(N), where d(N) is the N-
th level degeneracy of a chiral boson on S!. To leading order Spic =~ ZHW = K. Beyond,
Smic = K —d’'logK + b + ¥, /K™ + O(eX/?), where ' = 2, b’ = log(n2/6\/§) and c;, given
by [159]. Identifying So = K + X, ¢; _ K="~ brings this to the form (3.169), yielding Smic =
So—a'logSy+ b+, c;l’So_z" + 0(e~50/%), with cl = —%, c) = %, ...—ruled out.

We actually did not need the higher-loop corrections at all to rule out the above models. In

higher dimensions, or coupled to more fields, one-loop constraints moreover become increasingly

nontrivial, evident in (3.12). For pure 5D gravity (C.337),

65¢(3) N 54(5)
48 2 1674

15 27
S=80_ - log SO +10g(12) + = log(2n) + (3.171)

It would be quite a miracle if a microscopic model managed to match this.

3.9 dS, AdS+, and conformal higher-spin gravity

Vasiliev higher-spin gravity theories [91-93] have infinite spin range and an infinite-dimensional
higher-spin algebra, g = hs(so(d +2)), leading to divergences in the one-loop sphere partition func-
tion formula (3.112) untempered by the UV cutoff. In this section we take a closer look at these
divergences. We contrast the situation to AdS with standard boundary conditions (AdS+), where
the issue is entirely absent, and we point out that, on the other hand, for AdS with alternate HS

boundary conditions (AdS—) as well as conformal higher-spin (CHS) theories, similar issues arise.
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We end with a discussion of their significance.

3.9.1 dS higher-spin gravity

Nonminimal type A Vasiliev gravity on dS;. has a tower of massless spin-s fields for all s > 1
and a A = d — 2 scalar. We first consider d = 3. The total bulk and edge characters are obtained by

summing (3.102) and adding the scalar, as we did for the bulk part in (3.63):

1/2 3/2\2 1/2 3/2\2
q9'"+q q q'"+4q
Xbulk =2'( ) - ) Xed :2-(—) (3.172)
' (1-q) (1-q)? o (1-g)
Quite remarkably, the bulk and edge contributions almost exactly cancel:
Xbulk — Xedge = _Lz . (3.173)
(I-9)

For d = 4 however, we see from (3.102) that due to the absence of overall ¢° suppression factors,

the total bulk and edge characters each diverge separately by an overall multiplicative factor:

24 1 2q
o= D25+ = e = DR+ D@ D) =g BT

This pattern persists for all d > 4, as can be seen from the explicit form of bulk and edge characters
in (C.165), (C.194), (C.196). For any d, there is moreover an infinite-dimensional group volume
factor in (3.112) to make sense of, involving a divergent factor (£47!/Gn)4™ /2 and the volume of
an object of unclear mathematical existence [160].

Before we continue the discussion of what, if anything, to make of this, we consider AdS+ and
CHS theories within the same formalism. Besides independent interest, this will make clear the

issue is neither intrinsic to the formalism, nor to de Sitter.
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3.9.2 AdS= higher-spin gravity
AdS characters for standard and alternate HS boundary conditions

Standard boundary conditions on massless higher spin fields ¢ in AdS;;; lead to quantization
such that spin-s single-particle states transform in a UIR of so(2, d) with primary dimension A, =
Ay = s + d — 2. Higher-spin Euclidean AdS one-loop partition functions with these boundary
conditions were computed in [30-33, 125]. In [81], the Euclidean one-loop partition function
for alternate boundary conditions (A, = A_ = 2 — s) was considered. In the EAdS+ case, the
complications listed under (3.96) are absent, but for EAdS— close analogs do appear.

EAdS path integrals can be expressed as character integrals [83, 129], in a form exactly paral-
leling the formulae and bulk/edge picture of the present work [83].2° The AdS analog of the dS

bulk and edge characters (3.85) for a massive spin-s field ¢ with A, = A is [83]

AdS a9 AdS a2 9!
+ _ + _ +
Xbulk,cp = (1 _ (])d ’ edge,p — “s—1 (1 _ q)d_z ’ (3175)
where A_ = d — A,. Thus, as functions of ¢,
x9S = xoBt + x5 (3.176)

The AdS analog of (3.97) for a massless spin-s field ¢, with gauge parameter field &y is

pAdSE X;xdsi B X?dSi’ (3.177)

201n this picture, EAS is viewed as the Wick-rotated AdS-Rindler wedge, with dS, static patch boundary metric,
asin [161, 162]. The bulk character is y = trg qu , with H the Rindler Hamiltonian, not the global AdS Hamiltonian.
Its g-expansion counts quasinormal modes of the Rindler wedge. The one-loop results are interpreted as corrections
to the gravitational thermodynamics of the AdS-Rindler horizon [83, 161, 162].
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where Ay, =" +d—1,As, =s+d—1,s =5~ 1. More explicitly, analogous to (3.98),

Df qs’+d—1 —D;i, qs+d—1 Dd+1 qs "+d-2 Dd+2 qs+d—2

~AdS+ _ ~AdS+ _

Xoulk.s = (1= g) ; Xedge,s = (1= g2 (3.178)
AAdS— _ D{q'™" ~ Df’ q' A AdS— Dd+12 g - Ddf+1 q’

The presence of non-positive powers of g in x5~ has a similar path integral interpretation as
in the dS case summarized in section 3.5.2. The necessary negative mode contour rotation and
zeromode subtractions are again implemented at the character level by flipping characters. In

particular the proper y; to be used in the character formulae for EAdS+ are

X:\ds — [)aqu—L’ X;AdS+ — [AAdS+] _ ~AdS+ (3180)

+ s ’

with [ y]+ defined as in (3.100). The omission of Killing tensor zeromodes for alternate boundary
conditions must be compensated by a a division by the volume of the residual gauge group G
generated by the Killing tensors. Standard boundary conditions on the other hand kill these Killing
tensor zeromodes: they are not part of the dynamical, fluctuating degrees of freedom. The group

G they generate acts nontrivially on the Hilbert space as a global symmetry group.

AdS+

For standard boundary conditions, the character formalism reproduces the original results of
[30-33, 125] by two-line computations [83]. We consider some examples:

For nonmimimal type A Vasiliev with Ay = d — 2 scalar boundary conditions, dual to the free
U(N) model, using (3.178) and the scalar yo = g% 2/(1 — ¢)¢, the following total bulk and edge

characters are readily obtained:
AdS AdS ¢ + 4" AdS AdS g* ' +4q%\’
+ + _ + + _
Xbulk ZXbmks = (7) > Nedge = Z){edges = (7) . (3.181)

The total bulk character takes the singleton-squared form expected from the Flato-Fronsdal theo-
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rem [163]. More interestingly, the edge characters sum up to exactly the same. Thus the generally

negative nature of edge “corrections” takes on a rather dramatic form here:

Yo" = X'~ Xegee' =0 = logZh®t =0. (3.182)
As ZI‘?‘}EJF has an Rindler bulk ideal gas interpretation analogous to the static patch ideal gas of
section 3.2 [83], the exact bulk-edge cancelation on display here is reminiscent of analogous one-
loop bulk-edge cancelations expected in string theory according to the qualitative picture reviewed
in appendix C.5.5.

For minimal type A, dual to the free O(N) model, the sum yields an expression which after
rescaling of integration variables + — /2 is effectively equivalent to the so(2, d) singleton char-
acter, which is also the so(1, d) character of a conformally coupled (v = i/2) scalar on S¢. Using
(3.74), this means Zlf‘lds+ equals the sphere partition function on S¢, immediately implying the
N — N — 1 interpretation of [30-33, 125].

For nonminimal type A with Ag = 2 scalar boundary conditions, dual to an interacting U(N)
CFT, the cancelation is almost exact but not quite:

Zk -2 q
Xods+ _ s (3.183)

AdS+ higher-spin swampland

In the above examples it is apparent that although the spin-summed ypyx has increased effec-

tive UV-dimensionality dbulk

2d -2, as if we summed KK modes of a compactification manifold
of dimension d — 2, the edge subtraction collapses this back down to a net deg = d — 1, decreasing
the original d. Correspondingly, the UV-divergences of Zl()}) are not those of a d + 1 dimensional
bulk-local theory, but rather of a d-dimensional boundary-local theory. In fact this peculiar prop-

erty appears necessary for quantum consistency, in view of the non-existence of a nontrivially

interacting local bulk action [95]. It appears to be true for all AdS+ higher spin theories with a
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known holographic dual [83], but not for all classically consistent higher-spin theories. Thus it

appears to be some kind of AdS higher-spin “swampland” criterion:

AdS ;1 HS theory has holographic dual = deg =d—1. (3.184)

Higher-spin theories violating this criterion do exist. Theories with a tower of massless spins
s > 2 and an a priori undetermined number n of real scalars can be constructed in AdS; [164,

165]. Assuming all integer spins s > 2 are present, the total character sums up to

(3.185)

24° 4q o N
Xtot = - + .
YT (-9 (1-gp ;u—qﬁ

For t — 0 diverges as yus ~ (n—2)/t> + O(1/t). To satisfy (3.184), the number of scalars must be
n = 2. This is inconsistent with the n = 4 AdS3 theory originally conjectured in [165] to be dual

to a minimal model CFT,, but consistent with the amended conjecture of [166, 167].

AdS-

For alternate boundary conditions, one ends up with a massless higher-spin character formula
similar to (3.112). The factor y™G in (3.112) is consistent with log ZA%S~ oc (Gy)? 2+ N1 found

in [81]. (3.176) implies the massless AdS+ and dS bulk and edge characters are related as

Y05 = ISy hdSH (3.186)

AdS— _ [ pAdS-

hence we can read off the appropriate flipped y X597 ]+ characters from our earlier explicit

N

results (C.194) and (C.196) for Xsds. Just like in the dS case, the final result involves divergent spin

sums when the spin range is infinite.
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3.9.3 Conformal higher-spin gravity
Conformal HS characters

Conformal (higher-spin) gravity theories [168] have (higher-spin extensions of) diffeomor-
phisms and local Weyl rescalings as gauge symmetries. If one does not insist on a local action, a
general way to construct such theories is to view them as induced theories, obtained by integrating
out the degrees of freedom of a conformal field theory coupled to a general background metric and
other background fields. In particular one can consider a free U(N) CFT, in a general metric and
higher-spin source background. For even d, this results in a local action, which at least at the free
level can be rewritten as a theory of towers of partially massless fields with standard kinetic terms
[62, 82]. Starting from this formulation of CHS theory on S¢ (or equivalently dS;), using our
general explicit formulae for partially massless higher-spin field characters (C.194) and (C.196),

and summing up the results, we find

CdS AdSq.1— AdSq4, dSq. AdSqy,
X5 oh =y T = g PR = =2y e (3.187)

where )(SCde are the CHS bulk and edge characters and the second equality uses (3.186). Since we

already know the explicit dS and AdS HS bulk and edge characters, this relation also provides the

explicit CHS bulk and edge characters. For example

d|s | Yo (1-9) Xegges (1= )7

21 >22|-4¢°(1 —q) —2(s2qs_1 —(s— I)qu)
312110 0

310 |—-¢q(1-q) 0

41>0 2(2S+1)q2 + 2s2qs+3 _ 2(s+1)2qs+2 S(S+1)3(25+1) g+ (5—1)562(5‘*'1) qs+2 _ s(s+1§(s+2) qs+1

51>0 (s+l)(2s-§l)(25+3) q2(1 s(s+1)(s+2)3%s+l)(23+3) q(l _ q)

-q)
(3.188)
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The bulk SO(1, d) g-characters Xt?u(iliiv computed from (3.187) agree with the so(2, d) g-characters

obtained in [169]. Edge characters were not derived in [169], as they have no role in the thermal
S! x §4=1 CHS partition functions studied there.?!

The one-loop Euclidean path integral of the CHS theory on S¢ is given by (3.112) using the bulk
and edge CHS characters desd and with G the CHS symmetry group generated by the conformal
Killing tensors on S (counted by fof”s_l). The coefficient of the log-divergent term, the Weyl
anomaly of the CHS theory, is extracted as usual, by reading off the coefficient of the 1/t term

in the small-f expansion of the integrand in (3.112), or more directly from the “naive” integrand

% }—LZ ¥ For example for conformal s = 2 gravity on S? coupled to D massless scalars, also known

4

as bosonic string theory in D spacetime dimensions, we have dimG = Y., D},

= 6, generating
G = S0O(1, 3), and from the above table (3.188),
1+q 447

=pD.—1_
Xtot 1—¢g 1-g

+2(4q - ¢%). (3.189)

The small-f expansion of the integrand in (3.112) for this case is

11+¢q 2AD-2) D26

T i A AR

(3.190)

reassuringly informing us the critical dimension for the bosonic string is D = 26. Adding a
massless s = % field, we get 2D conformal supergravity. For half-integer conformal spin s, ypuk =
—44¢°/(1-¢q) and yedee = —2((s— %)(s + %)qs‘1 —(s- %)(s - %)qs). Furthermore adding D’ massless

Dirac spinors, the total fermionic character is

fer ’

tot —

+44'2%. (3.191)
l-qg 1-g¢

4

The symmetry algebra has ,, D] .1 = 4 fermionic generators, contributing negatively to dim G
7,_

[SIE

2IA priori the interpretation of the bulk characters in (3.188) and those in [169] is different. Their mathematical
equality is a consequence of the enhanced so(2, d) symmetry allowing to map ¢ — R x §91.
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in (3.112). Putting everything together,

I AD-D') 2D+D -30
(b =206 - 4)) - = YL yr X p ), 2P+ Fo, (3192)

11+g Vg
201 —g "™ 61

2t 1 —¢q

from which we read off supersymmetry + conformal symmetry requires D’ = D = 10.

More systematically, the Weyl anomaly @, can be read off by expanding %E—Z )QCSd with

)?CSd _ oAdSq4 - ~AdSg41+

=X -X given by (3.178)-(3.179) for integer s. For example,

—qq.s

2(65*—65+1)
3

s2(s+1)2(1452+145+3)
180

(s+1)%(s+2)%(2255+19857+6715*+105653+73352+1205—50)
151200

(s+D)(s+2)%(s+3)%(s+4)(15058+3000s7 +246155°+1067255°+2611235%+35185553+22504252+317105s—14560)
2236144000
(3.193)

o o AN |

This reproduces the d = 2,4, 6 results of [62, 82] and generalizes them to any d.

Physics pictures

Cartoonishly speaking, the character relation (3.187) translates to one-loop partition function

st ZCSd(ZEAde+'+)2. The first

relations of the form ZCS' ~ ZEAdSe.i- | ZEASai+ and 7
relation can then be understood as a consequence of the holographic duality between AdSg 41
higher-spin theories and free CFT; vector models [62, 81, 82], while the second relation can be

2
, where

understood as an expression at the Gaussian/one-loop level of AR [ Do |¢HH(0')
Yuu(o) = ¥ua(0) ¢~37KT+ is the late-time dS Hartle-Hawking wave function, related by ana-
lytic continuation to the EAdS partition function with boundary conditions o~ [170]. The factor
(ZEAdSﬂ’“‘L)2 can then be identified with the bulk one-loop contribution to [ (0|2, and ZenfS*
with [ Do e 7K along the lines of [81]. Along the lines of footnote 10, perhaps another inter-

pretation of the spin-summed relation (3.187) exists within the picture of [151].
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3.9.4 Comments on infinite spin range divergences

Let us return now to the discussion of section 3.9.1. Above we have seen that for EAdS+, sum-
ming spin characters leads to clean and effortless computation of the one-loop partition function.
The group volume factor is absent because the global higher-spin symmetry algebra g generated
by the Killing tensors is not gauged. The character spin sum converges, and no additional regular-
ization is required beyond the UV cutoff at  ~ € we already had in place. The underlying reason
for this is that in AdS+, the minimal energy of a particle is bounded below by its spin, hence a
UV cutoff is effectively also a spin cutoff. In contrast, for dS, AdS— and CHS theories alike, g
is gauged, leading to the group volume division factor, and moreover, for d > 4, the quasinormal
mode levels (or energy levels for CHS on R x §¢~1) are infinitely degenerate, not bounded below
by spin, leading to character spin sum divergences untempered by the UV cutoff. The geometric
origin of quasinormal modes decaying as slowly as e~27/¢ for every spin s in d > 4 was explained
below (C.167).

One might be tempted to use some form of zeta function regularization to deal with divergent
sums Y. y; such as (3.174), which amounts to inserting a convergence factor « ¢~%* and discarding
the divergent terms in the limit 6 — 0. This might be justified if the discarded divergences were
UV, absorbable into local counterterms, but that is not the case here. The divergence is due to low-
energy features, the infinite multiplicity of slow-decaying quasinormal modes, analogous to the
divergent thermodynamics of an ideal gas in a box with an infinite number of different massless
particle species. Zeta function regularization would give a finite result, but the result would be
meaningless.

As discussed at the end of section 3.6, the Vasiliev-like?? limit of the 3D HS,, higher-spin grav-
ity theory, n — oo with / = 0 and S© fixed, is strongly coupled as a 3D QFT. Unsurprisingly,
the one-loop entropy “correction” S = log Z(1) diverges in this limit: writing the explicit ex-
pression for the maximal-entropy vacuum R = n in (3.12) as a function of dimG = 2(n* — 1),

one gets SV = dim G - log(dim G/VS©) + ... — oco. The higher-spin decomposition (C.265)

22«Vasiliev-like” is meant only in a superficial sense here. The higher-spin algebras are rather different [69].

157



might inspire an ill-advised zeta function regularization along the lines of dimG =237, 2r +1 =
47(-1) +2£(0) = —%. This gives SV = 210g S© + ¢ with ¢ a computable constant — a finite
but meaningless answer. In fact, using (3.127), the all-loop quantum correction to the entropy can
be seen to vanish in the limit under consideration, as illustrated in fig. 3.4. As discussed around
(3.128), there are more interesting n — oo limits one can consider, taking S® — oo together with
n. In these cases, the weakly-coupled description is not a 3D QFT, but a topological string theory.

Although these and other considerations suggest massless higher-spin theories with infinite
spin range cannot be viewed as weakly-coupled field theories on the sphere, one might wonder
whether certain quantities might nonetheless be computable in certain (twisted) supersymmetric
versions. We did observe some hints in that direction. One example, with details omitted, is the
following. First consider the supersymmetric AdSs higher-spin theory dual to the 4D N = 2
supersymmetric free U(N) model, i.e. the U(N) singlet sector of N massless hypermultiplets, each
consisting of two complex scalars and a Dirac spinor. The AdSs bulk field content is obtained from
this following [171]. In their notation, the hypermultiplet corresponds to the so(2, 4) representation
Di + 2 Rac. Decomposing (Di+ 2 Rac) ® (Di + 2 Rac) into irreducible so(2, 4) representations gives
the AdSs free field content: four A = 2 and two A = 3 scalars, one A = 3, § = (1, 1) 2-form field,
six towers of massless spin-s fields for all s > 1, one tower of massless S = (s, 1) fields for all
s >2,0neA = % Dirac spinor, and four towers of massless spin s = k+% fermionic gauge fields for
all k > 1. Consider now the same field content on S°. The bulk and edge characters are obtained
paralleling the steps summarized in section 3.5.2, generalized to the present field content using
(3.92) and (3.93). Each individual spin tower gives rise to a badly divergent spin sum similar to
(3.174). However, a remarkable conspiracy of cancelations between various bosonic and fermionic

bulk and edge contributions in the end leads to a finite, unambiguous net integrand:*

4) 21-q(1-gqp2

(3.194)

Z 1-¢ tot _E tot

/dt(1+q bos 2\/6 fer): 3 ﬂl'i'q q

-0s

23The spin sums are performed by inserting a convergence factor such as e~%*, but the end result is finite and
1

unambiguous when taking § — 0, along the lines of lims 0 X 139 (-D¥Qs+ 1) e =4
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Note that the effective UV dimensionality is reduced by fwo in this case.

An analogous construction for §* starting from the 3D N = 2 U(N) model, gives two A, = 1,2
scalars, a A = % Dirac spinor and two massless spin-1, %, 2, %, ... towers, as in [120, 172]. The
fermionic bulk and edge characters cancel and the bosonic part is twice (3.173). In this case we

5 —0s _ 1

moreover get a finite and unambiguous dim G = lims_,q Zz‘; In (-1)*2 Dy

The above observations are tantalizing, but leave several problems unresolved, including what
to make of the supergroup volume vol G. Actually supergroups present an issue of this kind already
with a finite number of generators, as their volume is generically zero. In the context of supergroup
Chern-Simons theory this leads to indeterminate 0/0 Wilson loop expectation values [173]. In this
case the indeterminacy is resolved by a construction replacing the Wilson loop by an auxiliary
worldline quantum mechanics [173]. Perhaps in this spirit, getting a meaningful path integral on
the sphere in the present context may require inserting an auxiliary “observer” worldline quantum
mechanics, with a natural action of the higher-spin algebra on its phase space, allowing to soak up
the residual gauge symmetries.

One could consider other options, such as breaking the background isometries, models with
a finite-dimensional higher-spin algebra [117, 118, 174, 175], models with an «’-like parameter
breaking the higher-spin symmetries, or models of a different nature, perhaps along the lines of

[176], or bootstrapped bottom-up. We leave this, and more, to future work.
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Chapter 4: Grand Partition Functions and Lens Space Path Integrals

In most of this thesis, we have been studying (quasi)canonical partition functions for the south-
ern static patch in dS;.1, which at the inverse de Sitter temperature § = 2z (with the de Sitter
length £4s set to 1) is related to the Euclidean path integral on S¢*!. In this section, we would like
to generalize our considerations in chapter 3 by including non-zero chemical potentials. We will
focus on d > 2. If we turn on the chemical potential u in one of the angular directions J, the grand

canonical partition function at general inverse temperature 3 is

Ziuik(B, 1) = Trg e PH¥IHI) (4.1)

Here the trace Trg is over the southern QFT Hilbert space. The factor i is inserted so that the
corresponding Euclidean path integral is defined on a space with a real metric. In the first part of
this chapter, we write down a generalized character formula for (4.1) and its generalization to the
case of multiple non-zero chemical potentials. In the second half of this chapter, we restrict our
attention to the case of three dimensions, where we relate the grand canonical partition function
(4.1) with a Euclidean path integral on the Lens spaces, which are smooth quotients of S°. We find
that the Lens space path integral for a massive spinning field exhibits a bulk-edge structure as its

S3 counterpart.

4.1 Grand quasicanonical bulk thermodynamics

In the following we will formally derive a character formula for both bosonic and fermionic

grand quasicanonical partition functions.
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4.1.1 Bosons

We first focus on the bosonic case. Analogous to the formal derivation in section 3.2.2, our
starting point is the grand canonical partition function for a single bosonic oscillator of frequency

w and angular momentum m at inverse temperature § and chemical potential u:
_ log(eﬁw/Z _ e—ﬁ(w/2+ium)) ) 4.2)

Due to the extra factor e there is no simple integral representation for this expression as

(3.33). However, we can still proceed as such and write for a free QFT on the southern static patch

log Zpu (B, 1) = Z /000 dwp;(w) [— log(l - e-ﬁ(w+i,um)) _ ﬁ_“)] (4.3)

mezZ 2

where p3 (w) is the density of states of frequency w and angular momentum 7.

Density of states and the full SO(1,d + 1) character Following the discussions in appendix
C.2.1, we argue that the density of states p> (w) can be regularized by the Harish-Chandra character

of the de Sitter group SO(1,d + 1). This time we will need the full character
Xas(t,0) = trg e 0T (4.4)

Again G means that we are tracing over the global de Sitter Hilbert space. For example, a massive

spin-s particle has [78]

Xiasi(1,0) = xi(x) (0% + 0%) P40, %) (4.5)
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where Q = e™',x = (x1,- -, x,) = (i1, .-+, €%), y¥(x) is the SO(d) spin-s character, and

r | 1, ifd=2r

Pio.x =] 5 X
-1 (1= 0x)(1 = 0x7) o ifd=2r+1

(4.6)

Note that (4.5) evaluated at @ = 0 recovers the reduced massive spin-s character (C.14). Analogous

to (C.27), we then regularize the density of states p> (w) through

o) 2r
t 6 _;
P (w) = / di cos wt/ d—e_””e)(g(t, 0) 4.7)
0 0

bq 2

where 6 is the angular variable in the chosen angular direction and the other suppressed angular

variables are set to zero. Note that we have used the properties for bosonic characters

xs(=t,0) = xs(t,0), xs(t,0+2m) = ys(t,0) (bosons) . (4.8)

Character formula for the grand partition function We substitute (4.7) into (4.3) and Taylor-

expand the logarithm —log(1 — x) = >\, xK /k, so that the right hand side of (4.3) becomes

“dt [?de °° : — 1 , Bw
£ 0 § d to~imo E — o —kB(w+ium) _ ) 4.9
/o V4 /0 27TXS(’ )mGZ/O weoswie L:] K’ 2 49)

For a fixed k, the sum over m leads to a Dirac delta function 6(6 + kBu) which collapses the 6

integral. The w integral is also easy to compute. Putting these together we have

_ [T B
log Zpu (B, 1) = /o T k;Z o kzﬁz)(s(f, kBp) . (4.10)
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Note that we have used the property ys(f, —0) = xs(, 6) to extend the sum to all k € Z. Also, the

k = 0 term corresponding to zero-point energy has a pole at = 0 for which we resolve by

1 1 1 1

27 T2 \Grier T izien) (1)

For generic real values of S and u, the sum (4.10) is difficult to evaluate. However, if the combi-

nation Su equals 27 times a rational number, i.e.

2
pu="2  peN gez, (4.12)
p

it becomes possible to perform the sum (4.10), thanks to the periodic condition in (4.8). In such a
special case we can write k = pn + m,n € Z,m € Z,, and the sum in (4.10) is equivalent to a sum

over n and m. The key simplification is

2rg(pn + m 2rgm
XS (t’ M) = Xs (t’ 1 ), (413)
p p
allowing an exact evaluation of the sum over n:
1 B 1 sinh %
ﬂ Z 2+ (P + )2:82 = ﬂ h 21t 2rm (4.14)
o= n+m Pl cos 2B~ cos >

Putting everything together, the twisted character formula for bosonic fields at inverse temperature

B and chemical potentials (4.12) is thus

. 2t

2 Iy sinh £ o)

poson: oz 224 = [ 5 (2
pB 0o 2pt ez, cosh piﬁ’ — cos 22 p

It is easy to check that for g = 0, (4.15) reduces to the bosonic part of the untwisted formula (3.35).
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4.1.2 Fermion

For a free fermionic QFT on the southern static patch, we have

log Zpu(B, 1) = Z / dwp),(w) [log(l +e B(wwm)) pu (4.16)

mez 2

The derivation proceeds similarly as in the previous section. That is, we express the density of
states in terms of SO(1, d + 1) characters and expand the logarithm log(1 + x) = — Z;"Zl(—x)k /k.

After doing the sum over m and performing the w integral, we obtain

log Zouk (B, 1) = / Z( s ke @.17)

Note that the crucial extra factor (—)* compared to the bosonic case. Again, we can perform the
sum over k for the special case (4.12). However, since fermionic characters are 4r-periodic instead
of 2m-periodic: xs(t, 6 + 4m) = xs(t,6), we will write instead k = 2pn + m,,n € Z,m € Z, and

perform the sum as in (4.14) with p — 2p. The final result is

, 2nq © dt sinh ;é 2ngm
Fermion: log Z L — | = - — )" f . (4.18
g bulk(ﬁ p,B) /0 apt Z (-) Coshl%_cos%)(s ) (4.18)

mEng

It is easy to check that for ¢ = 0, this reduces to the fermionic part of the untwisted formula
(3.35). In fact, since the bosonic characters are automatically 47r-periodic, we can slightly modify
our bosonic derivation and summarize our results at inverse temperature 5 and chemical potentials

(4.12) in a single formula

< dt sinh 7% 2ngm 2rgm
10g Zyuik = / yi > S R— [)cs (z, ) + (=)™ ys (t, ) ] (4.19)
o 4pt neZa, cosh 75 —cos Z% P Jpos P fer
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4.1.3 Turning on all chemical potentials

For a static patch in dSg41, the maximum number of independent chemical potentials equals

the rank r = L%J of the subgroup SO(d), so that the most general canonical partition function takes

the form

10g Zoui(B, ) = Tr e PHHHD) (4.20)
where J = (Jy, - - -, J,) is a maximal set of commuting angular momenta (i.e. the Cartan generators
for SO(d)) and u = (uy, - - -, uy) are the corresponding chemical potentials. It turns out that the

previous formal derivation straightforwardly extends to the more general special case

2
pu="2 L,eN qez . @.21)
p

The result is that at inverse temperature S and chemical potentials (4.21)

< dt sinh 7% 2rm 2rm
10g Zyuik = / yi > B — [XS (r, q) + (=)™ ys (t, q) ] (4.22)
o 4pt e, cosh 55 — COs TX P Jbos P Jier

where ys(t,61,---,0,) is the full SO(1,d + 1) character (4.4). We conclude this part with some
comments on the relation of (4.1) with Euclidean partition functions. Recall that the canonical
partition function at 8 = 2 is related to the path integral on a sphere (with edge mode corrections
for spinning fields). Here the Euclidean space relevant to the grand canonical partition function
(4.1) is not the sphere, but a sphere subject to further quotients. In general, such a quotient does
not lead to a smooth manifold, and the resulting space generically contains conical singularities.
In the next section we will see a special case in three dimensions where (4.1) is related to a path

integral on a smooth quotient of S°.
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4.2 Euclidean path integrals on Lens spaces

In three dimensions, it turns out that the static patch grand partition function'
—2%(H+igJ)
Zbulk = TI‘S e r (4.23)

at g = 27” and u = ¢ is related to a Euclidean path integral on a smooth manifold for some specific
integer values of p and ¢. In particular, when ¢ and p satisfies a coprime condition (¢,p) = 1, a
class of smooth manifolds called Lens spaces L(p, g) can be obtained by quotienting S°. Looking
locally the same as S3, Lens spaces arise as saddle points of the full gravitational path integrals
other than S3. Compared to the S° saddle, the contribution from a single Lens space L(p, q) is
exponentially suppressed. The relevance of Lens spaces to dS3 quantum gravity is discussed in
[84]. Here our goal is simply to make a precise connection between Lens space path integrals to
the grand partition function (4.23), generalizing our considerations in chapter 3. We expect the

following discussions have straightforward generalizations to higher dimensions.

4.2.1 The Lens spaces L(p, q)

The simplest way to describe a Lens space L(p, ¢) is to make use of the fact that S is the SU(2)

group manifold. Recall that there is a 1-1 mapping between points on S> and elements of SU(2):

3 . Xo + X3 iX] + X2
Xq €8 g(X) = Xol +iXio' = e SU(Q2). (4.24)
iX1—Xo Xo—X;

where det(g(X)) = XaX4 = Xg +X 12 + X22 + X32 = 1. Here we are setting the radius of the 3-sphere

to 1. Isometries correspond to the left and right matrix multiplications

¢(X) — Mg(X)N with Mg(X)N € SU(2) . (4.25)

'In three dimensions, d = 2 and the rank of SO(2) is 1. Therefore we can turn on the chemical potential only in
one angular direction.
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preserving the determinant det(g(X)) = 1. Then we see that M, N € SU(2) and thus the isometry
group is SU(2) x SU(2)/Z,. The Z; quotient arises because the element (M, N) = (—1,—1) acts
trivially.

Now we can give a description of the Lens spaces. A Lens space L(p, ¢) is given by quotienting
S3 through the identification

g(X)~Lg(X)R, L= (4.26)

-9
2

where w, = e2miIP | As discrete isometries, (4.26) act freely on $3 and thus the identification results
in a smooth manifold. Clearly (4.26) generates a Z, quotient since (L, R) € SU(2) x SU(2)/Z,
is a p-th root of unity. The isometry groups of L(p,g) can be seen as the subgroup of matrix
multiplications (4.25) that commute with the identification (4.26). Therefore, the isometry group
is SU2) x SU(2)/Z, for (p,q) = (2,1), U(1) x SU(2)/Z; for g = +1 mod p, and U(1) x U(1)/Z;

for g # =1 mod p.

The Hopf parametrization To make connection to static patch physics, we parametrize S° with

the Hopf coordinates (7, ¥, ¢), which are related to the embedding space coordinates by

Xo=cosysint, Xj=sinycosg, Xp=sinysing, X3=cosycost, (4.27)

where 0 < ¢ < /2. For the 3-sphere, we have the periodicity condition

(r,¢) ~(1,9) + 2n(m,n), mnez. (4.28)

The Hopf metric is

ds* = cos> ydr? + dy? + sin® ydy® . (4.29)
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We recover the dS3 static patch metric if we Wick-rotate to real time v — it and take » = siny.
Now, we can parametrize a Lens space L(p, g) with the same coordinates, as long as we modify

the identification (4.28) to

(1r,0) ~ (1,0) + 21 (g, n?q + m) , VYnmeZ. (4.30)

It is straightforward to check that this identification is equivalent to (4.26).

4.2.2 Massive scalar

We now consider Euclidean path integrals on Lens spaces. The simplest case is a free real

scalar with mass m?> = A(2 — A) = AA on L(p, q):>

-1/2
Zp = / D¢ & I ot (724 m?) (431)

As usual, the logarithm of this functional determinant can be expressed in terms of the heat kernel
of the Laplace operator —V? + m?. Since L(p, q) is simply a quotient of S>, the heat kernel on the
former can be obtained from the latter using the method of images [177]. We simple employ the

result obtained in [177] and write

T Al 240
log Zp = /O 3¢ AR (4.32)
where the scalar heat kernel is
KO = i 1 4O -1 n-1R1  0) Z cos(nmy) — cos(nmty) 433)
“p ez cos(mty) — cos(my)

2As in section 3.3.2, we first consider A = 1 + iv, v € R and extend our final formula by analytic continuation.
3Note that the expressions in this chapter are related to those in previous chapters by a n — n + 1 shift. This will
turn out to be a more natural convention in the current context.
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Here 71, 7, are related to p, g as
Tm=—, T = — . (434)

Following the steps in the derivation in section 3.3.2, we have

- 12—¢2 —(A 1)Vi2—¢2 (0) —nt
/ G (A-1V v )Z ~d" : (4.35)
Ve — 6 n= 1

log Zpy =

The sum over n in (4.35) can be performed explicitly:

inh ¢
Ly m _ i _ 4.36
Z 2p Z (cosht — cosmt) (cosht — cos mty) (4.36)

n= 1

Plugging this into (4.35) yields

00 t inh 7 -(A-DVr-€* | —(A-1)V2-¢2
log Zpy = / > ks ¢ ¢ 4.37)
e 2pVi2 — & & cosht —cosmm 2(cosht — cosmTy)
P
Putting € = 0, this formally becomes
sinh? e~(A-D1 4 o=(A=1)

log Z t 1,0) = . 4.38
OB £p1 = / 2pt cosh t — cosmr X( m1), - x(66) 2(cosht — cos 6) (4.38)

which we recognize as (4.15) with g = p % and the scalar character y(z,8). Thus we conclude that

for scalars, Zp; = Zpuik.

4.2.3 Massive higher spins

Now we consider a massive field with integer spin s > 1 and mass m? = (A + s — 2)(s — A) on

L(p, q). We first note that the discussions in appendix C.6.1 remains valid. In particular, we expect
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the full, manifestly covariant, local path integral takes the form

Zp1 = Z11 * ZoonTT = Zoulk * Zog.

e - (4.39)

Again, the heat kernel for the TT part has been computed in [177] using the method of images, so

that we have

o

“dA 1 X
lOg ZTT — /0 56_62/4/7'[(2?[‘1‘(/1) , Kg?rT(/l) — Z _d’(f)e_(n—1+A)(n—l+A)/l (440)

n=s+1

where forn > s + 1

d,(f) _, Z cos(smty) cos(nmty) — cos(smty) cos(nmty)

cos(mt,) — cos(mty) ’ (4.41)

meZp
with 71, 7, defined as in (4.34). To figure out the non-TT part, we are again guided by the locality
constraint that there cannot be any logarithmic divergence in odd dimensions. From what we saw
in the sphere case, we expect the non-TT part amounts to extending the eigenvalue sum (4.40) of
the TT heat kernel appropriately as in (C.144). This turns out to be the case, as long as we modify

the definition of d,(f) forall s,n > 0:

49 = (1 _ @) (1 _ @) Z cos(smty) cos(nmty) — cos(smt,) cos(nmty) . (4.42)

2 2 i cos(mty) — cos(mty)

For s = 0,n > 1, this matches the degeneracies (4.33) for the scalar harmonics. Now, we simply

state the result, namely that the full path integral takes the form

* dA 1 A
log Zpp = / Ze Mgy, kVW) = Z —d) (14N n-1+M) (4.43)
0o 24 o
The non-TT part corresponds to the terms withn =0, 1,-- -, s.
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Bulk and edge part Starting from (4.43), we again follow the steps in the derivation in section

3.3.2, leading to

* dt ~(A-1)Vi2=e2 | —~(A-1)Vi2-¢2 o | (s) —nt
logZPI:/ —(e(A DVE=e® | p=(A-D) )E —dye™ . (4.44)
€ 2Vt2—€2 n=0p "

At this point, we recall that there was a key relation (C.135) in our derivation for the sphere, which

eventually led to the bulk-edge split. The analog for (C.135) in the present case is, for s > 1:

cos(nmty) — cos(nmty) Z cos(smty) = cos(smy) (2 = 6n0) cos(nmry)

d) = Z 2 cos(smty)

i cos(mty) — cos(mty)

cos(mt) — cos(mty)
€Z),

(4.45)

Putting this back in (4.44) and summing over n, we have the final result for the 1-loop partition

function for a massive spin-s field on L(p, q)

log Zp} = log Zbulk - log Zedge

0 dt sinh ¢ e~ (B=DVE2=€ 4 o~(A-DVi2-€?
10g Zulk = / Z 2 cos s6
. 2p\/t2 ) e cosht — cosmm 2(cosht — cosmty)
log Zug = /oo dt Z sinh ¢ COS SMT| — COS SMT) (e_(A_l)m N e_(A_l)\/tz_—Ez)
edge — .
. 2p\/t2 _ €2 oz, cosht — cosmt; cosmt| —cosmn

(4.46)

If we put € = 0, this takes the form of a character formula

© dt sinh ¢ sinh ¢
log Zp; = — Z Xoulk(t, mT1) — Z Xedge(t, T1, T2)
o 2pt = cosht — cosmm cosht — cosmt

p mesp

(4.47)
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where the bulk and edge characters are respectively

—(A-1)t —(A-1)t _
e +e COS SMT| — COS SMTy . _(A_ —(A—
e~ (A-Dt | (A l)t).

Xedge(t, 1, 7'2) =

t,0) = 2cos s6 )
Xoulk(t, 0) 2(cosht — cos 6) COS MT| — COS MTy

(4.48)

As a check, let us consider (4.47) for the case (p,g) = (1,0). In this case the sum collapses
into one single term with m = 0 and the ratio appearing in the edge character seems not well-
defined. However, if we think of this as a limit m — 0, then applying the L’ Hospital rule twice
reproduces (3.84) with the massive spin-s characters (3.88) in dS3. Again, at this point we do not
have a systemic group-theoretic or physical way of identifying the edge field content, but such an

identification is not needed for the evaluation of (4.46).
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Appendix A: Basics of de Sitter space and spheres

In this appendix we collect some basic facts about de Sitter space and spheres.

A.1 Classical de Sitter geometry

A.1.1 Definition and basic geometric properties

A (d + 1)-dimensional de Sitter (dS) space dS;+ is a maximally symmetric solution to Einstein

equation with a positive cosmological constant,
Guy +Aguy =0, A>0. (A.1)

The simplest way to describe the geometry of dS;; is as a (d + 1)-dimensional hyperbloid embed-

ded in a (d + 2)-dimensional Minkowski space R14*1:
napXAXE = —(XO? + (X" + -+ (XY = 6, (A.2)

where {4s is the de Sitter length related to the cosmological constant through

N d(d; D
202

(A.3)

We will call the line with X’ = 0,i = 1,...,d and X¢*' < 0 (X?*! > 0) the south (north) pole. The

de Sitter metric is induced from the embedding space one

ds* = nagdX2dXx® . (A4)
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Some basic geometric properties:

1. Ttis clear that dS;. has an O(1, d + 1) isometry, which comprises

(d+1)(d+2)
2

(a) the SO(1, d+1) component connected to the identity, generated by generators

Lap = X40p — Xpoa, A,B=0,1,---,d + 1, which satisfy the commutation relation
[Las. Lcp] = necLap —nepLac + napLpc — nacLpp. (A.5)

(b) discrete symmetries: 7 = diag(—-1,1,---,1),8; = diag(1,1,---,-1,---, 1)

(¢) antipodal transformation A = (—1,-1,---,—1). For a given point X, we denote X, as

its antipodal counterpart.
2. A bit abstractly dS;+1 can be thought of as the homogeneous space SO(1,d + 1)/SO(1, d).

3. There is no Killing vector that is timelike everywhere. For example, a generator

0 0
Lo = X1— — Xo

ax0 ~ XogxT (A-6)

can move us towards increasing or decreasing X° depending on the sign of X;. This implies
that there is no globally conserved positive energy. Consequences of this seemingly innocu-
ous fact includes the non-existence of unbroken supersymmetry in de Sitter space, and that

there is no unique dS-invariant vacuum in a global dS QFT.

4. A geodesic on de Sitter can be visualized in the embedding space as the intersection of the
hyperbloid (A.2) and a plane passing through the origin. Note that not all pairs of points
can be connected through a geodesic. In particular, a point X cannot be connected with a

geodesic to any point lying the future or past light cone of its antipodal counterpart Xy.

5. Itis useful to express dS-invariant quantities (such as the Wightman function) in terms of the

191



O(1, d + 1)-invariant distance
P(X,Y) = napXY8 . (A.7)
This is related to the geodesic distance through
d(X,Y) = tgscos™' P(X,Y), (A.8)

which is real for spacelike geodesics and imaginary for timelike geodesics.

6. We can obtain AdS,4+1 from (A.2) by a double Wick rotation!

Xar1 — 1 Xg41,  las — ilads - (A.9)

A.2 Various coordinate systems and the Penrose diagram

In this section we collect some common coordinate systems that parametrize de Sitter space.

We will set {45 = 1 throughout.

A.2.1 Global sphere slicing

These are coordinates that slice dS,,1 with global d-dimensional spatial spheres S¢, so that the
maximal compact subgroup SO(d + 1) of the de Sitter group SO(1, d + 1) becomes manifest. These

will cover the entire global de Sitter space.

Global proper time coordinates

These are given by the following intrinsic parametrization of embedding coordinates

X° = sinh T, X' = w! cosh, —00 < T < 00, wi=1 (A.10)

IStrictly speaking AdS is the universal covering of the Wick-rotated hyperbloid.
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where [ = 1,---,d+1. The coordinates wfl parametrize the global spatial S¢, which can be chosen
to be the standard angular coordinates or the stereographic coordinates, reviewed in App. A.3. The

metric in these coordinates is
ds* = —dt* + cosh? 7d Q7 . (A.11)

Note that under the Wick rotation T — —itg and demanding 7z ~ 7¢ + 27, this becomes the

Sd+1

metric on . This observation allows us to interpret the path integral on sphere as computing

the normal of wave function in global de Sitter, at least for simple enough theories like a massive
scalar.

Global conformal time coordinates and the Penrose diagram

Next, we introduce the global conformal time T, related to the proper time 7 through

cosht = ——, —g <T < g . (A.12)
This has metric
ds® = M (A.13)
cos2T '
which is related by a Weyl rescaling to the metric ds* = —dT? + dw? on a cylinder with a finite

length. This provides a mapping of the entire de Sitter space onto a finite diagram while preserving
its casual structures (since light rays are preserved by a Weyl rescaling). This is the so-called
Penrose diagram, illustrated in figure C.5.

A.2.2 Planar (inflationary) slicing

Next, we can slice a de Sitter space with Euclidean planes R?, so that the 7SO(d) subgroup of

the full isometry group SO(1,d + 1) becomes manifest.
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Poincaré time

These are given by the following intrinsic parametrization of embedding coordinates

XO:_1+x2—n2 Xi:_x_i Xd+1:1_x
2'7 9 n’

n<0, x eR?

for which

—dn? + dx*
2 _
ds” = -

(A.14)

(A.15)

Note that this coordinate system does not cover the entire de Sitter space. Specifically, it only

covers the region with X4*! < X9 the causal future of an observer sitting at the south pole. Other

than the Poincaré symmstries that are trivially manifest, the metric is also clearly invariant under

the rescaling

n — An, x - Axt.

(A.16)

This is why 7 is sometimes referred to as conformal time (not to be confused with the global

conformal time in (A.12)).

FLRW time

Changing the Poincaré time 7 to the proper time ¢

we can put the metric into the FLRW form

ds® = —dt* + e* dx*?
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with Hubble parameter H = 1/l;5 = 1. This is why it is also called inflationary slicing. Note that

the rescaling (A.16) of 7 is mapped to a time translation in ¢: t — ¢ — log A.

A.2.3 Hyperbolic slicing

We can also slice a de Sitter space with hyperbolic planes H¢, so that the SO(1, d) subgroup of
the full isometry group SO(1, d + 1) becomes manifest. These are given by the following intrinsic

parametrization of embedding coordinates
X = sinh T cosh y, X = cuil_l sinh 7 sinh i, X = cosh T (A.19)
where
0<7 < oo, 0<y < oo, wi =1. (A.20)
The metric reads
ds? = ~d7? + sinh® 7 (dy?® + sinh? yd Q3. ) . (A21)

Surfaces of constant 7 are d-dimensional hyperbolic planes H¢. Note that these coordinates cover

only a portion of the entire de Sitter space.

A.2.4 The static patch

To understand the physics from the perspective of a local inertial observer, it is natural to

introduce coordinates that adapt to the causal diamond of such an observer.
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Static coordinates

The static coordinates parametrize the embedding coordinates as follows
X% =v1-r2sinhy, X' =ro),, X*'=+v1-r2cosht (A.22)

where
—o<t<oo, O<r<l, Wi, =1. (A.23)

From this parametrization it is clear that it only cover part of the global de Sitter space. Specifically,
it covers only the causal diamond of the observer sitting at the north pole (r = 0), as shown in figure

C.5. In these coordinates the metric takes a static form

d 2
ds? = —(1 = r2)di® + 1—”r2 + 2Rk . (A.24)

Analogous to static black holes, the coordinate singularity at r = 1 corresponds to a horizon.
However, unlike the black hole case, this cosmological horizon is observer-dependent. There is
no way the observer can “fall into” it. Another notable feature of the static patch is that there
is a timelike Killing vector 9;, which means we can define a conserved positive energy within
this patch. The last comment crucial to this thesis is that under the Wick rotation ¢t — —itg and
demanding 7 to be periodic in 27, (A.24) becomes the metric on S9+1 The simplest way to see
this is to note that after this procedure and taking X° — —iX?, the embedding space coordinates
X4 cover the entire round sphere X?> = 1. This allows us to interpret a sphere path integral as

computing a thermal ensemble for a static patch observer.
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Eddington-Finkelstein coordinates

Analogous to black holes, we can construct coordinates that are convenient for studying light

rays. For outgoing light rays we construct the outgoing Eddington-Finkelstein coordinates through?

d
dt = dx* + —— (A.25)
1-r2
solving which gives
1. 1+r
T=r+ =1 . A.26
! 2 "= (A.26)
Outgoing light rays are characterized by x* = constant. In these coordinates the metric is
ds* = —(1 — r*)(dx*)* - 2dx*dr + r?dQ:_, . (A.27)
We can also define the ingoing Eddington-Finkelstein coordinates
1. 1+r
T=t—-=1 A28
g 2 " 1=r (A.28)

so that ingoing light rays are characterized by x~ = constant. We can put the metric into a more

symmetric form:

2 2 (X7 —x - 242
ds® = —[1 —tanh dxTdx™ +r°dQy_, . (A.29)
Kruskal coordinates
‘We can also define the Kruskal coordinates
x =InU, x" —In(=V) (A.30)

ZNote that outgoing (ingoing) direction corresponds to decreasing (increasing) r.
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so that

1+UV
r= .
1-UV

(A.31)

These coordinates cover the entire de Sitter space. The north and south poles correspond to UV =
—1, the horizons UV = 0 and the past and future infinities UV = 1. In these coordinates the metric

is

1

ds* = ———
ST -uvy

(—4dUdv +(1+ UV)Zdel_l) . (A32)

de Sitter slicing

Finally, a static patch of dS;;+1 can be foliated with de Sitter dS; slices, which makes the
SO(1, d) subgroup of the full isometry group SO(1, d + 1) manifest. These are given by the follow-

ing intrinsic parametrization of embedding coordinates
X% = sinwsinh 7, X = “’21—1 sin w cosh 7, X = cosw (A.33)
where
—o<f<o, O<w<m Wi, =1. (A.34)
The metric takes the form
ds? = dw? + sin® w (~d7? + cosh? 7403 | . (A.35)

Surfaces of constant w are d-dimensional de Sitter spaces dS,;. In these coordinates the horizon

2

isatw = 0 and w = &, where the warp factor sin“ w vanishes. This metric (A.35) takes exactly

the same form as a Rindler-AdS metric. To obtain the latter one simply replaces the warp factor
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2

sin? w — sinh? w and extend the range of w to 0 < w < co. This observation is one of the starting

points of the dS/dS correspondence [151].

A.3 Coordinates on round spheres

A.3.1 Angular coordinates

In R¥*! the unit sphere S¢ is given by the submanifold w? = w;w’ = 1. The standard angular

parametrization

w' = cos 01,

w? = sin 61 cos 65,

w® = sin 61---sinfy_1sinfy,

w™ =sin6@ ---sinhy_ cos by , (A.36)

where 0 < 6, <mforl <i<d-1and0 < 6; < 2x, leads to the metric
dQ7 = dwidw' = dO7 +sin® 0,d63 + - - + sin” 0y - - - sin” 6,41 d65 . (A.37)

A.3.2 Stereographic projection
Another common parametrization of S¢ is by mapping its points to a plane v¢ € R through

a 2
a _ 2V d+1 _ l—v
W= W =

1+v 1+v

(A.38)

where v2 = v,v“. Note that the point ' = (0,---,0,-1) is mapped to the origin while the point

w' =(0,---,0,1) is mapped to infinity. We can also define another patch

~a ~2
2y d+1: 1-v

= — w
1+ 72 1+ 72

a

(A.39)
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so that the point w' = (0, ---,0, 1) is mapped to the origin while the point w' = (0,---,0,—1) is

mapped to infinity. The metric in these coordinates reads

4dv? 4d7?

dQ3 = = :
(1 +v2)2 (1 +92)2

(A.40)

200



Appendix B: Appendix for chapter 2

B.1 Conventions and definitions

Symmetrization We symmetrize a rank-s tensor ¢,,...,, by summing all the permutations fol-

lowed by a division by s!. That is

1
Pluy ) = 5 Z ¢#(r(1)'“ﬂ(r(s)

* o:perm

Shorthand notations Throughout this paper we denote

= dd+1 .
/Sd+l /Sd+] X\/§

When dealing with a rank-s totally symmetric tensor, we sometimes use the notations:

As) EAp; g

k -2k —
g V(n )A(s) S8y " Buok—1 ok Vﬂ2k+1 U V#n A:un+l'“:us+n)
V- A(s) EVAA/M...#A;]/I

TrA,) Eg/lpA/lP,Ul'"/ls—z
For two spin-s fields ) and 1//(’s), we define the inner product

(l//(s)’ l//(/S)) = /yﬂ wmmﬂsl’//;ll"'/ls'
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Path integral measure Path integrals for a spin-s bosonic field ¢y take the form
L (o
[ Doge o) B3)

where Q is a Laplace type operator. The measure D¢y is defined as follows. Suppose ¢ () has

. . d-2 . . .
mass dimension Tp and an expansion in terms of orthonormal modes f;, ), i.€.

b(s) = Z Ans sy (fu(s) fn(s) = Onm- (B.9)

n

We define the path integration measure for ¢ to be

M
z)¢(s) = n \/Z—gdan,s- (B.10)

Here are some comments:

* M is a parameter with mass dimension 1, and the power p is determined by dimension
analysis so that the partition function remains dimensionless. In most of this paper we will

set M = 1 and restore it by dimension analysis when necessary.

* The factors of V2rg are inserted such that the path integration results in a determinant with-

out any extra factor other than the dimensionful parameter M:

” -1/2

-S[¢] _ _Q

/nge = det( sz) . (B.11)
* The multiplication of the factor —\/A;I_:g only affects UV divergent terms of the resulting free

energy and thus can be absorbed into the bare couplings of the local curvature densities.
This can be seen as follows. In heat kernel regularization, the path integral is expressed as

an integral transform

® dr _e -Dt
log Zpy = —e #Tre (B.12)
0 2T
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of the trace heat kernel for an unconstrained differential operator D. Here for concreteness

€2
we have chosen a specific UV regulator e™4 . The result takes the form

d+1-Fk\ (2

1 o) 1 d+1-k
log Zpy = 54(0)+ozd+llog(m) + z;)“k‘“(T) (2) : (B.13)

Here ((z) is the spectral zeta function for the operator D. The heat kernel coefficients a; are
given by integrals of local curvature densities (see for example [60] for explicit formulas).
The term a4, is present only for odd d. Now, the multiplication by a local infinite constant

is equivalent to rescaling the differential operator by a constant,

Cdr _&_ | _ Vo) “dr _&
log Zp1 — log Zp; = / e ETe = / e Tre TV ), (B.14)
0 2T 0 T

which alters only the divergent terms as € — O.

» With these conventions we also see that the field ¢ satisfies the normalization condition

__1
/z)¢e w0 _ (B.15)

* We can think of the measure (B.10) as putting the following metric on the field space

M?P M?P
ds® = 8¢ = — ) da* B.16
* 2mg? /gd+l( 9) 2mg? ; n (B.16)

Commutator In our convention the commutator of two covariant derivatives acts on a totally

symmetric rank-s tensor as

N
Dy 0; iy _ 8au8pv — 8av8pu
[V Volg? P = 3 R 1 077 Ry, = - : (B.17)

J=1

where p; means that p; is excluded. [ is the radius of the sphere and will be set to 1 for most of

this paper.
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B.2 Symmetric transverse traceless Laplacians and symmetric tensor spherical harmonics

on Sd+1

Here we collect some useful facts from [178] and [179] about spin-s symmetric transverse

traceless (STT) Laplacians and symmetric tensor spherical harmonics (STSH) on S¢*!.

Definition, eigenvalues and degeneracies

STSHS f,(s) = fau,--u, are labeled by their spin s and angular momentum number n > 5. These

are the STT eigenfunctions of the STT Laplacian —V(zs) on §9+!1

_Vé)fn,(s) =Ansfuisy Vo fus) =0 Trfue =0 (B.18)

with eigenvalues and degeneracies

Aps =n(n+d)—s, n=>s (B.19)
ds2_ (m=s+1m+s+d-1)2n+d)(n+d-2)!
Drs™ =8s A+ 1) (B.20)
(2s+d-2)(s+d-3)!
gs = @=2)is] (B.21)

These furnish SO(d + 2) irreducible representations corresponding to two-row Young diagrams
with n boxes in the first row and s boxes in the second row. We sometimes call them (7, s) modes

in the paper. We normalize them with respect to (B.7), i.e.

(fn,(s), fm,(s)) = Onm (B.22)

When we use a double labeling such as f,, ) for the spin-s STSHs or 4,5 for its eigenvalues, the

2
(s)°

sum or product over degenerate spin-s STSHs with the same label n.

n automatically labels the spectrum of —V7 .. Also, when we write ), or [],,, there is an implied
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Killing tensors A spin-s Killing tensor (KT) ) is a totally symmetric traceless tensor satisfying

the Killing equation
Vi €uy-pgr) = 0. (B.23)

Taking the trace of this equation shows that they are divergenceless, while taking the divergence

we recover (B.18) with n = s and thus they are in fact spanned by the (s, s) modes.

Induced spin-s symmetric traceless spherical harmonics

Given a STSH f,, (), one can construct the m-th induced symmetric traceless tensors

(s)

n,(s+m)

= V(/Jl to V/Jmfna,um-H "'Nm+.v) - trace terms’ (B'24)

where the subtraction of trace terms is such that the expression is traceless. From its definition, it

is clear that T}E’S()s) = fa(s)- There are two important facts to note:

1. Tr(lTs)) satisfy an orthogonality condition under the inner product (B.7).

2. T vanishes identically for s > n.
n,(s)

The more familiar lower spin examples include the orthonormal modes for the longitudinal part of

a vector field
0
T3y =Vl

or the orthonormal modes for the symmetric traceless part of a spin-2 tensor constructed from

scalar spherical harmonics

A
0 X(]
T, =V, f, + —di 8y i
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We might use the notation (n, s) to refer to a spin-(s + m) symmetric traceless spherical harmonics

Trg () ) induced from the STSH f,, ;) when the context is clear.

Mode expansions for symmetric traceless tensors In general, a spin-s symmetric traceless (not

necessarily transverse) field V() on §9*1 has the mode expansion

S o
Vio =D D A, (B.25)
m=0 n=s
where T:g) is the normalized version of T('?)),
(m)
A~ (m) n,(s)
Tn’(s) T o) r (B.26)
n,(s)
where the norm |[-, || = +/(+, -) is defined with respect to (B.7).

m)

Useful identities In this work we make use of the following identities for T(( )

2 (m) _(m)m)
-V = a1, (B.27)
VT = BT (B.28)
where
al™ = Ay —(s—m)(s+m+d—1) (B.29)
m s—m)(d+s+m-2
b(s,n) = ( )( ) )(/ls—l,s - /ln,s)- (B.30)

Norms For our purpose, we do not need to know the norm of T( ) (w1th respect to (B.7)), but we

need the relative normalizations between T(T)), T(’?) and V- T(T)), which can be easily computed:

(M) (M) (m) 2 (M) (M) (M) (M) (m)
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Conformal Killing tensors A spin-s conformal Killing tensor (CKT) € is a totally symmetric

traceless tensor satisfying the conformal Killing equation

S
Vi €ureptgin) ~ mg(ﬂllQVﬂeIJS“'ﬂsH)/l =0. (B.32)

5.(5) withm =0, 1, ---,s. Notice that the modes

The solution space to this equation is spanned by

(s)

Ts’(s) = fs(s) correspond to spin-s KTs.

B.3 Higher spin invariant bilinear form

In this appendix, we relate the HS invariant bilinear form in [68] to the one induced by our path

integral measure.

The Noether approach

Suppose we have a quadratic action S of a collection of fields ¢ that is invariant under the

linear gauge symmetries 5§0)(p, which we want to deform into an interacting action
§=82 4603 L ¢® ... (B.33)
invariant under the non-linear gauge symmetries
Sep = 0y g + 0y p + 0 g+ (B.34)

Here the superscript (n) denotes the power in fields (or coupling constants). Requiring full gauge

invariance, i.e.

8¢5 =0, (B.35)
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we have a system of equations relating deformations and the gauge transformations at particular

orders:

0@ _

6f S =0
0) «(3) M2 _
6f S +6f S =0

58W + 60053 + 6P =0 (B.36)

This can be solved as follows:

1. We solve the second equation on the solutions of the first equation §S? = 0 to infer the

cubic interaction S©.

2. From this we can infer 621) by solving the second equation again without imposing the first

equation 65 = 0.

3. Proceed in a similar fashion for all higher order S”>% and the field-dependent part of the

(n>1)
6§

gauge transformations . That is, we solve for S” using by the (n — 1)-th constraint

with the (n — 1)-th order equation of motion imposed, and then for the deformation 62"_1) by

solving the same equation without imposing equations of motion.

Local gauge algebra The full non-linear gauge transformations (B.34) are required to form an

(open) algebra
0¢,0¢, — 0¢,0¢, = O[[¢,,&]) + (on-shell trivial) (B.37)

where (as illustrated in the Yang Mills and Einstein gravity case) the precise form of the bracket

[[, -]] depends on how gauge transformations act on ¢. In particular, it can be field dependent and
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can be expanded as

(L1 = 0 1O+ [ 10+ [ N (B.38)
The full algebra (B.37) can then be perturbatively expanded in powers of fields.

Global symmetry algebra We are interested in the global symmetry algebra, the subalgebra of

the full local gauge algebra satisfying
s§© =o. (B.39)
To determine this, it suffices to consider the lowest order:

(1) c(0) _ (1) ¢(0) _ <(0)
Og, Oz, —0g, Og, = Oz 0 (B.40)

To summarize, the idea is that once the cubic interaction S@ is determined, we can deduce the

deformation of the gauge symmetry 5;1)90 and the gauge algebra [[£], &]]©:
5O = oMy = (6610 (B.41)

which then completely fixes the global symmetry algebra and the invariant bilinear form on the
algebra (up to an overall normalization). In Sec.2.2 and 2.3 we see how it works for Yang-Mills
and Einstein theories. Following a similar line of reasoning, the global HS algebra and the HS
invariant form has been determined in [68] for massless higher spin gauge theories. To correctly

apply their results in our setting, we are going to make suitable identifications carefully.

Embedding space formalism

The relevant results in [68] are expressed in the embedding space formalism. The starting point

Sd+1

is to realize as a (d + 1)-dimensional hypersurface embedded in an ambient Euclidean space

209



Rd+2:
X=X+ (X =1, (B.42)

with [ga+1 being the radius of the sphere. Symmetric spin-s fields ¢, ..., (x) intrinsic to this sub-
manifold are described by an ambient avatar @y,...; (X) subject to homogeneity and tangentiality

constraints
(X-0x—-U-0y+2+pw0(X,U)=0, X-0yd(X,U)=0, (B.43)
where we have packaged all the ®@(,)(X) into a generating function
d(X,U) = ZS: %CDII...IX(X)UI‘ Ul (B.44)

with an ambient auxiliary vector U4. The homogeneity degree u in (B.43) is related to the mass
of the field. The massless case of interest corresponds to ¢ = 0, in which case we have a gauge

symmetry
SpdU) = U - dxE(X, U) + O(®) (B.45)

where the field-dependent part is to be determined by the cubic couplings. The gauge parameter!

EXX,U) = Z gE,,...,S_, (X)U" - Ul (B.46)

satisfies the homogeneity and tangentiality conditions to be consistent with (B.43):

(X-0x-U-0y)E=0, X-0yE =0. (B.47)

IThere is an extra factor of % compared to [68], so that we can identify Ej,...; _,(X) = Ap..;,_,(X), with
Ay, ...1,_,(X) being the embedding space representative of Ay, ..., (x).
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In this framework, the quadratic action invariant under the linear gauge symmetries (B.45) is given

by

1
@0 __ / N (U )R O(Uy)| (B.48)
S +

S
2 Ui=0

. TT . . .
where the notation = means equivalence up to trace and divergence terms. and we are going to
construct the cubic vertices following the program described in App.B.3. Note that this normaliza-

tion is equivalent to choosing
g =s! (B.49)
in (2.109).

Killing tensors and global HS algebra

Killing Tensors Global HS symmetries are generated by traceless gauge parameters satisfying

the Killing equation
U-3xE(X,U)=0, d}E(X,U)=0. (B.50)

Together with the homogeneity and tangentiality conditions (B.47) on the gauge parameter, one

can also conclude that the Killing tensors satisfy
Oy - 0xE(X,U) =0, 03E(X,U)=0. (B.51)
It is straightforward to write down the general solution to these equations:

E(X,U) = Z \/%E(’“)(X, U)

E<’+1>(X,U): <’+”( ywh ...yl = (')2 Epgoegp, XHuht . xlieg il (B.52)
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The HS generators are the duals of the parameters E, j, ... 1.;,, which due to the complete traceless-

ness of the latter are defined as equivalence classes
ThlndiJr — xlhghl L oxll el 4o (B.53)

modulo trace terms X2, X - U, U? denoted by - -- in the equation.

Global HS algebra Following the framework described in sec.B.3, one can determine the full
global HS algebra. What is most relevant to us is the bracket for the spin-2 generators (i.e. Killing

vectors), which generate the isometry subalgebra so(d + 2):2
1E®, BN = =SB i)~ E' i EnU. (B.54)

where g is the coupling constant of the theory, which can be identified with the Newton’s constant

through
g% = 327Gy. (B.55)

To obtain (B.54), one can recall the footnote around (2.79), and note that there is an extra factor of

1
V2

tors are those satisfying the standard so(d + 2) commutation relation under the bracket (B.54):

because of the non-canonical normalization due to the identification (B.49). Canonical genera-

[[Miy, M1l = nyx ML — nyeMix + nieMygx — ik M. (B.56)

One such basis is M;; = —\/?E(XIU] - X;Up) with I,J = 1,---,d + 2, with which we will fix
the overall normalization of the canonical metric. In general, the higher spin commutators mix

Killing tensors with different spins. For example, a commutator of two spin-3 generators is a

2We omit the superscript (0) because it is the complete bracket for the global so(d + 2) algebra.
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linear combination of a spin-2 and a spin-4 generator

[[E(3), E’(3)]] ~E® + E®. (B.57)

Fortunately, upon the identifications (B.49), the HS invariant bilinear form obtained in [68] is
uniquely related to our path integral metric (up to an overall normalization), and therefore the

knowledge of the brackets for all higher spin generators is not needed.

HS invariant bilinear form

The HS bilinear form takes the general form?

Ei(X1, Uy)Ex(Xa, Ua)

By = 3 2O 0

by (0x, - 0
Z ( Xl ) ' E“)(x VEY(X2) (B.58)
—1)! xi=0
where the constant b; is fixed by requiring the cyclic property
(E1l[[E2, E3]D) = (E2|l[E5, Ei1D) = (E5|[[E), El) - (B.59)
For AdS,,; it was determined to be [68]*
AdS+ 2 21d AdSq. 2 -2
pAdSan _ by ‘ I(_lAdS)s I'3) _ by ‘ ](_lAdS)s (B.60)
s 2s—2r(6§f+s_2) dd+2)---(d+2s—8)(d+2s—6) '
where b, AdSa+1 i an overall s-independent normalization constant and we have restored the AdS

length 1,445. Wick rotating this to S?*! mounts to replacing l4gs = ilge+1 and thus

gt _ 03 Usa)2T(§) by ()
s 25204 + 5 - 2) T dd+2)--(d+25s—8)(d+2s—6)

(B.o61)

3The factor of L 7 came from (B.46).

4As noted in [73], we have corrected what we believe to be a typo in [68].
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From now on we set [ga+1 = 1.

Relation to path integral metric In the current notations, the bilinear form for a particular spin

induced by the path integral measure is simply

(s —1)!

Zﬂ'g% gd+1

The HS invariant form (B.58) is a linear combination of these
(Er|E2y = ) By (EPIEY )y (B.63)
N

We want to determine the s-dependence of the coefficient By. To that end we note that the contrac-

tion in (B.58) can be written as’

(axl . axz)s_

1 S s f e e—Xz/ZE(S)(X’ OU)E(S)(X, U)
oo BUE ) == 1 P

X2
X;=0 fRd+2 e X /2

(B.64)

Computing the integral on the right hand side in the radial coordinates, we have
/ X PEO(X, 0p)ES (X, U) = 2°+57'T (51 + s) / EVX,00)EP(X,U)  (B.65)
RA+2 2 gd+1
Now, with the identification (B.49), comparing (B.58) with (B.63), we conclude
By o< (d+2s—-2)d+2s—4) (B.66)

up to a s-independent overall normalization constant.

5To see this, note that

d+2

Xy, . _ﬂ( )

/Rd+2 e X11 XIS—IXJI st—l - 25_1(.9 -1 61111 6157113-71 + perm .
Here “perm” includes all permutations among {Iy,Jy, I, Jo, - - - ,IS__I,JS_l}._ In particular, it includes terms like
onn -+, which do not contribute in the inner product (B.64) since E; and E, are traceless. Therefore, among the

(2s — 2)! permutations, only 25!((s — 1)!)? of them gives non-zero contributions in (B.64).
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Canonical isometry generators What we have so far is the HS invariant bilinear form up to an

overall normalization factor

(E1|E>)oyy = C Z(d +25 = 2)(d + 25 - 4) (EV|EY),, (B.67)
We fix C by requiring the canonical isometry generators M;; = —‘/EE(XIU 7 — XyUj) to be unit-

normalized. Evaluating

4C _
1 = (M5|M12) ey = 2Cd(d +2) (My2|M2)py = EVOI(Sd Y (B.68)
we fix
87TGN
- "IN B.69
Vol(§4-1) (B.69)

upon the identification (B.55). To conclude, we have found

8nGyN

(E1|E2)ean =

Z(d +25 = 2)(d + 25 - H) (EV|ED)

which leads to the relation (2.168).
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Appendix C: Appendix for chapter 3

C.1 Harish-Chandra characters

C.1.1 Definition of y

A central ingredient in this work is the Harish-Chandra group character for unitary representa-

tions R of Lie groups G,

Xr(g) =trR(g), g€G. (C.1)

More rigorously this should be viewed as a distribution to be integrated against smooth test func-
tions f(g) on G. The smeared operators [[dg] f(g)R(g) are trace-class operators, and Fg(g) is
always a locally integrable function on G, analytic away from its poles [74, 75].

The group of interest to us is SO(1, d+ 1), the isometry group of global dS,., generated by M},
as defined under (C.95). The representations of SO(1,d + 1) were classified and their characters
explicitly computed in [76-78]. For a recent review and an extensive dictionary between fields and
representations, see [101].

For our purposes in this work we only need to consider characters restricted to group elements

—itH

of the form g = e™""", where H = My 441 generates global SO(1, 1) transformations acting as time

translations T — T + ¢ on the southern static patch (fig. 3.5):

x(t) =tre (C.2)

For example for a spin-0 UIR corresponding to a scalar field of mass m?> = A(d — A), as we will

216



explicitly compute below, this takes the form

iH e—tA + e—tA _

Putting A = %’ +iv, we get m? = (%’)2 +v%, som?> > 0if v € R (principal series) or v = iy with
lu| < % (complementary series). Since A =d — A = % — iv, this implies y(t) = x(¢)*, as follows
more generally from H' = H. The absolute value signs moreover ensure y(¢) = y(—t) for all d.

The latter property holds for any SO(1, d + 1) representation:

x(=t) = x(1). (C.4)

This follows from the fact that the SO(1, 1) boost generator H = M 4.1 can be conjugated to a
boost —H in the opposite direction by a 180-degree rotation: —H = uHu! for e.g. u = ¢™a.a+1

implying y(—t) = tre™ = true ™'y~! = tre7 " = y(1).

C.1.2 Computation of y

Here we show how characters y(¢) = tre ! can be computed by elementary means. The full

characters y(t, ¢) = tre "#+¢-J can be computed similarly, but we will focus on the former.

Simplest example: d = 1,5 =0

We first consider a d = 1, spin-0 principal series representation with A = %+iv, v € R. This cor-
responds to a massive scalar field on dS, with mass m? = }1 +v2. This unitary irreducible represen-
tation of SO(1, 2) can be realized on the Hilbert space of square-integrable wave functions /() on
S!, with standard inner product. The circle can be thought of as the future conformal boundary of
global dS, in global coordinates (cf. (C.96)), which for dS» becomes ds? = (cos #)~2(—d9¥? + dp?).
Kets |¢) can be thought of as states produced by a boundary conformal field" O(¢) of dimension

A= % + iv acting on an SO(1, 2)-invariant global vacuum state |vac) such as the global Euclidean

'O(p) arises from the bulk scalar ¢(3, ¢) as ¢(Z — €, ¢) ~ O(¢) €* + O(¢p) €2 in the infinite future € — 0
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vacuuin:

l) = O(p)|vac), (plg") =6(p—¢). (C.5)

This pairing is SO(1, d + 1) invariant. Normalizable states |y) are then superpositions

vy = / dov(@)g). (W) = / do () < oo. (C.6)

T (o]

In conventions in which H, P and K are hermitian, the Lie algebra of so(1, 2) is
[H,P] =iP, [H, K] =-iK, [K, P]=2iH, (C.7)
the action of these generators on kets |¢) in the above representation is

Hlp) = i(singp d, + Acos ¢)|p) (C.8)
Plo) = i((1 + cos ¢)d, — Asing)|p)

K|p) =i((1 —cos ¢)d, + Asing)|g) .

Note that his implies that the action of for example H on wave functions /() is given by H|y) =
[ de Hy(p) |¢) where Hy(p) = —i(sing d, + Acos )y(p), with A = 1 — A = 1 —iy. One gets
simpler expressions after conformally mapping this to planar boundary coordinates x = tan %, that

is to say changing basis from |¢)¢i to |x)gr, x € R, where

dp\ A A ’ /
)R = (352) |go(x)>s1 = (ﬁ) |2 arctan x)Sl, (x|x"y = 6(x = x'). (C.9)
Then H, P, K take the familiar planar dilatation, translation and special conformal form:

H|x) = i(xdy + A)|x) Plx) = i0;|x), K|x) = i(x20, + 2Ax)|x) . (C.10)
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In particular this makes exponentiation of H easy:

e ™ x)y = e’ x) . (C.11)

However one has to keep in mind that planar coordinates miss a point of the global boundary, here
the point ¢ = m. This will actually turn out to be important in the computation of the character.
Let us first ignore this though and compute

5(x) e
1—ef] [1-¢’

X(t)lplanar = /dx <X|e_i[H|x> = etA/dX5(X—etx) — etA/dx|

We see that the computation localizes at the point x = 0, singled out because it is a fixed point of
H. Actually there is another fixed point, which we missed here because it is exactly the point at
infinity in planar coordinates. This is clear from the global version (C.8): one fixed point of H is
at ¢ = 0, which maps to x = 0 and was picked up in the above computation, while the other fixed
point is at ¢ = &, which maps to x = co and so was missed.

This is easily remedied though. The most straightforward way is to repeat the computation in
the global boundary basis |¢), which is sure not to miss any fixed points. It suffices to consider an
infinitesimally small neighborhood of the fixed points. For ¢ = y — 0, we get H ~ i(yd, + A),
which coincides with the planar expression, while for ¢ = 7 + y with y — 0, we get H =

—i(yd, + A), which is the same except with the opposite sign. Thus we obtain

tA —tA —tA —tA
D= [ dpglegy= Sy & ¢ T¢ C.12
X (1) / ¢ (ple™ " p) T "=~ =] (C.12)
WhereA:I—A:%—iv, reproducing (C.3) for d = 1.

For the complementary series 0 < A < 1, we have A* = A instead of A* = A=1-=A,s0
the conjugation properties of H, D, K are different. As a result they are no longer hermitian with
respect to the inner product (C.5), but rather with respect to (¢|¢’) o« (1 —cos(p — go’)) 2 However

we can now define a “shadow” bra (¢| o< [ d¢’(1-cos(p — go’))_A(go’| satisfying (¢|¢’) = 6(p—¢’)
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and compute the trace as x(r) = [ dg (¢le”|p). The computation then proceeds in exactly the

same way, with the same result (C.12).

General dimension and spin

The generalization to d > 1 is straightforward. Again the trace only picks up contribu-
tions from fixed points of H. The fixed point at the origin in planar coordinates contributes

e [ddx64x — e'x) = —€°_  while the fixed point at the other pole of the global boundar
| p p g y

1—et|d”
sphere gives a contribution of the same form but with t — —¢. Together we get
e A 4 1A

_ C.13
|1 —e]d ( )

Xxoa(t) =

where A = d — A.
For massive spin-s representations, the basis merely gets some additional SO(d) spin labels,

and the trace picks up a corresponding degeneracy factor, so’

e—tA + e—tA

—_—, C.14
|1 —e]d ( )

Xs,A(t) = D?

where A = d—A as before, and D is the spin degeneracy, for example D? = 2s+ 1. More generally
for d > 2 it is the number of totally symmetric traceless tensors of rank s:

o= (4 = () c.15)

(For d = 2 we get spin +s irreps of SO(2) with D2, = 1. However both of these appear when
quantizing a Fierz-Pauli spin-s field.) Explicit low-d spin-s degeneracies are listed in (C.89).
The most general massive unitary representation of SO(1,d + 1) is labeled by an irrep S =

(s1,...,5,)0f SO(d) (cf. appendix C.4.1) and A = %+iv, v € R (principal series) or A = %+,u, lu| <

2 Here A = % + iv with either v € R (principal series) or v = iu with |u| < % for s = 0 and |u| < % — 1 for
s > 1 (complementary series). For s = 0 the mass is m? = (£)? + v2 = A(d — A) while for s > 1 it is given by (3.79):
m*=(¢+s5-22+2=(A+s-2)(d-A+s5-2).
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Umax(S) < % (complementary series) [76—78, 101]. The spin-s case discussed above corresponds

to S = (s51,0,...,0). The character for general S is

tA

e 4 e
Xsa(t) = D8

S |1_e_t|d ’ (C16)

where the generalized spin degeneracy factor Dg is the dimension of the SO(d) irrep S, explicitly

given for general S in appendix C.4.1.

Massless and partially massless representations

(Partially) massless representations correspond to higher-spin gauge fields and are in the ex-
ceptional or discrete series. These representations and their characters y(¢) are considerably more
intricate. We give the general expression and examples in appendix C.7.1 for the massless case.
Guided by our path integral results of section 3.5, we are led to a simple recipe for constructing
these characters from their much simpler “naive” counterparts, spelled out in (3.100). This gen-
eralizes straightforwardly to the partially massless case, leading to the explicit general-d formula

(C.194).

C.1.3 Importance of picking a globally regular basis

Naive evaluation of the character trace y(¢) = tre """ by diagonalization of H results in non-
sense. In this section we explain why: emphasizing the importance of using a basis on which finite

SO(1,d + 1) transformations act in a globally regular way.

Failure of computation by diagonalization of H

Naively, one might have thought the easiest way to compute y(z) = tre ¥ would be to di-
agonalize H and sum over its eigenstates. The latter are given by |wo), where H = w € R, o

labels SO(d) angular momentum quantum numbers, and (wo|w'c”) = 6(w — W) d5o'. However
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this produces a nonsensical result,

X(t) = tre7itH " /dw Z(wale_itHMo') =2n Z 6(0) 6(t) (naive), (C.17)
o (o
not even remotely resembling the correct y(¢) as computed earlier in C.1.2.
Our method of computation there also illuminates why this naive computation fails. To make
this concrete, let us go back to the d = 1 scalar example with A = % +iv, v € R. Recalling the
action of H on wave functions ¥ (¢) mentioned below (C.8), it is straightforward to find the wave

functions () of the eigenkets |wo) = f_"ﬂ doY,o (@) |e) of H:

O(osing) , . _& pliw
Yoo (p) = —— | sin¢| ‘tan—‘ , weR, o==I1. (C.18)
V2r 2

where O is the step function. Alternatively we can first conformally map S! to the “cylinder”
R x §971 = R x 89 parametrized by (T, Q), T € R, Q € {-1,+1} = S°, that is to say change basis
lo)gt — |TQpys0.> Then H generates translations of T, so the wave functions of |wo) in this

basis are simply

1 .
Yowo(T,Q) = f S0 el (C.19)
T

The cylinder is the conformal boundary of the future wedge, F in fig. C.5 (which actually splits in
two wedges at 0 = +1 in the case of dS,), and the |w=) are the states obtained by the usual free
field quantization corresponding to the natural modes ¢, (7, r) in this patch.

It is now clear why the naive computation (C.17) of y(¢) in the basis |wo) fails to produce the
correct result: the wave functions i, (¢) are singular precisely at the fixed points ¢ = 0,7 of H
(top corners of Penrose diagram in fig. 3.5), which are exactly the points at which the character
trace computation of section C.1.2 localizes. Closely related failure would be met in the basis

|TQ): H acts as by translating 7', seemingly without fixed points, oblivious to their actual presence

3 Explicitly T = log | tan % |, Q = sign ¢, which analogously to the global — planar map (C.9) yields |TJ_r>
(coshT)™*|x2arctan e’ ) ., satisfying (TQIT'Q’) = 6(T - T") 6oy and H|TQ) = ior|TQ).

RxSO ~
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at T = zoo. In other words, despite their lure as being the bases in which the action of H is
maximally simple, |TQ) or its Fourier dual |wo) are in fact the worst possible choice one could
make to compute the trace.

Similar observations hold for in higher dimensions. The wave functions diagonalizing H take
the form y,(T, Q) o 7Y, (Q) in R x §¢~! cylinder coordinates. Transformed to global ¢ co-
ordinates, these are singular precisely at the fixed points of H, excluded from the cylinder, making

this frame particularly ill-suited for computing tr e~

Globally regular bases

More generally, to ensure correct computation of the full Harish-Chandra group character
xr(g) = trR(g), g € SO(1,d + 1), we must use a basis on which finite SO(1,d + 1) transfor-
mations g act in a globally nonsingular way. This is the case for a global dS;;; boundary basis
1Q)ga, Q € S?, generalizing the d = 1 global S! basis |p)gi, but not for a planar basis |x)ga
or a cylinder basis |[TQ)g,ss-1. Indeed generic SO(d + 1) rotations of the global S move the
poles of the sphere, thus mapping finite points to infinity in planar or cylindrical coordinates. This
singular behavior is inherited by the corresponding Fourier dual bases |p) o [ d’x e'P*|x) and
lwoy o [dT dQ Ty, (Q) |TQ). From a bulk point of view these are the states obtained by stan-
dard mode quantization in the planar patch resp. future wedge. The singular behavior is evident
here from the fact that these patches have horizons that are moved around by global SO(d + 1)
rotations. Naively computing y(g) in these frames will in general give incorrect results. More pre-
cisely the result will be wrong unless the fixed points of g lie at finite position on the corresponding
conformal boundary patch.

On the other hand the normalizable dual basis |07) = [ dQY5(Q) |Q) inherits the global reg-
ularity of |Q)¢s. Here Y5(Q) is a basis of spherical harmonics on ¢, with & labeling the global
SO(d + 1) angular momentum quantum numbers, and (7°|0"") = d55. (From the bulk point of view
this is essentially the basis obtained by quantizing the natural mode functions of the global dS

metric in table C.96.) Although in practice much harder than computing x(¢) = [ dQ (Qle "'|Q)
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as in section C.1.2, computing
X(0) = tre i = Z<&|e—i’H|&> (C.20)
T

gives in principle the correct result. Note that this suggests a natural UV regularization of y(¢) for
t — 0, by cutting off the global SO(d + 1) angular momentum. For example for a scalar on dS;

with SO(3) angular momentum cutoff L, this would be

L
x() = Z(fmle_”H |tm) . (C.21)
=0

C.2 Density of states and quasinormal mode resonances

The review in appendix C.1 focuses mostly on mathematical and computational aspects of the
Harish-Chandra character y(z) = tre™"f. Here we focus on its physics interpretation, in partic-
ular the density of states p(w) obtained as its Fourier transform. We define this in a general and
manifestly covariant way using Pauli-Villars regularization in section 3.2. Here we will not be
particularly concerned with general definitions or manifest covariance, taking a more pedestrian
approach. At the end we briefly comment on an “S-matrix” interpretation and a possible general-
ization of the formalism including interactions.

In C.2.1, we contrast the spectral features encoded in the characters of unitary representations
of the so(1,d + 1) isometry algebra of global dS;,; with the perhaps more familiar characters of
unitary representations of the so(2, d) isometry algebra of AdS,,: in a sentence, the latter encodes
bound states, while the former encodes scattering states. In C.2.2 we explicitly compare p(w)
obtained as the Fourier transform of y(¢) for dS; to the coarse-grained eigenvalue density obtained
by numerical diagonalization of a model discretized by global angular momentum truncation, and
confirm the results match at large N. In C.2.3 we identify the poles of p(w) in the complex w

plane as scattering resonances/quasinormal modes, counted by the power series expansion of the

character. As a corollary this implies the relation Zp; = Zyyx of (3.68) can be viewed as a precise
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version of the formal quasinormal mode expansion of log Zpy proposed in [142].

C.2.1 Characters and the density of states: dS vs AdS

We begin by highlight some important differences in the spectrum encoded in the characters of
unitary so(1, d + 1) representations furnished by global dS,.; single-particle Hilbert spaces and the
characters of unitary so(2, d) representations furnished by global AdS,.; single-particle Hilbert
spaces. Although the discussion applies to arbitrary representations, for concreteness we consider

the example of a scalar of mass m? = (£)* + v* on dSg,;. Its character as computed in (C.13) is

iH e—A+t + e—A_t

=& Te A=
[1 —e]d -

+iv, teR. (C.22)

(S8

Xas(t) = tre”

where tr traces over the global single-particle Hilbert space and we recall H = My 4.1 is a global
SO(1, 1) boost generator, which becomes a spatial momentum operator in the future wedge and
the energy operator in the southern static patch (cf. fig. C.5c). This is to be contrasted with the
familiar character of the unitary lowest-weight representation of a scalar of mass m?> = —(%)2 + 12
on global AdS;;; with standard boundary conditions:
- o—il .,

Yads(t) = tre™™7 = T _omi’ Ay =5+ 4, Im? <O0. (C.23)
Here the so(2) generator H is the energy operator in global AdS,.;. Besides the occurrence of
both A. in (C.22), another notable difference is the absence of factors of i in the exponents.

—,BH

The physics content of yags is clear: yags(—iB) =tre is the single-particle partition func-

tion at inverse temperature S for a scalar particle trapped in the global AdS gravitational potential

well. Equivalently for Im# < 0, the expansion
Yaas(t) = Z Nye ™, A=A,+n, neN, (C.24)
P
counts normalizable single-particle states of energy H = A, or equivalently global normal modes
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Figure C.1: Density of states pp(w) for dS3 scalars with A = 1 + 2i, A = %, A = %, and UV cutoff

A = 100, according to (C.28). The red dotted line represents the term 2A /. The peak visible at A = 11—0 is
due to a resonance approaching the real axis, as explained in section C.2.3.

of frequency A. The corresponding density of single-particle states is

pads(w) = /_00 2—; Xadas(t) e = ; Nyd(w=A). (C.25)

For dS, we can likewise expand the character as in (C.24). For ¢t > 0,
xas(t) = ZNA e i, A=—i(AL +n)= —i(% +n)+v, neN. (C.206)
P

However A is now complex, so evidently N, does not count physical eigenstates of the hermitian
operator H. Rather, as further discussed in section C.2.3, it counts resonances, or quasinormal
modes. The density of physical states with H = w € R is formally given by

“ dt ; « dt ; iw
pas(@) = / A st e = /0 4t s + i), ©27)

00 2T 2r

where w can be interpreted as the momentum along the 7-direction of the future wedge (F in fig.
C.5 and table C.96). Alternatively for w > 0 it can be interpreted as the energy in the southern
static patch, as discussed in section 3.2.2. A manifestly covariant Pauli-Villars regularization of

the above integral is given by (3.41). For our purposes here a simple t > A~! cutoff suffices. For
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Figure C.2: Density of states for a A = % + iv scalar with v = 2 in dS,. The red dots show the local
eigenvalue density py(w), (C.31), of the truncated model with global angular momentum cutoff N = 2000,
obtained by numerical diagonalization. The blue line shows p(w) obtained as the Fourier transform of y(¢),
explicitly (C.29) with e™¥A ~ 4000. The plot on the right zooms in on the IR region. The peaks are due to
the proximity of quasinormal mode poles in p(w), discussed in C.2.3.

example for dSs,

© dt e—(1+iv)t +e—(1—iv)l - )
=/ = o 4 gion .28
pas; A(w) /A_l 2w (A (e + e7™") (C.28)

2

= 71\ - % Z(w + v) coth(n(w £ v)) .

Some examples are illustrated in fig. C.1. In contrast to AdS, pgs(w) is continuous. Indeed energy
eigenkets |wo) of the static patch form a continuum of scattering states, coming out of and going
into the horizon, instead of the discrete set of bound states one gets in the global AdS potential
well. Note that although the above pgs, A(w) formally goes negative in the large-w limit, it is
positive within its regime of validity, that is to say for w, v < A.

C.2.2 Coarse-grained density of states in globally truncated model

Fora A = % + iv scalar on dS,, the density of states regularized by as in (C.28) is

p(w) = %log(e_yA) - % izi; l/l(% +iv =+ zw)) , (C.29)
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where vy is the Euler constant, ¥(x) = I'"(x)/I'(x) is the digamma function, and the sum is over the
four different combinations of signs. To ascertain it makes physical sense to identify this as the
density of states, we would like to compare this to a model with discretized spectrum of eigenvalues
w.

An efficient discretization — which does not require solving bulk equations of motion and is
quite natural from the point of view of dS-CFT approaches to de Sitter quantum gravity [170, 180,
181] — is obtained by truncating the global dS;,; angular momentum SO(d + 1) of the single-

particle Hilbert space, considering instead of H a finite-dimensional matrix
s = (0 |H|T"), (C.30)

where o are SO(d + 1) quantum numbers, as in (C.20). For dS, this is SO(2) and o0 = n € Z,
truncated e.g. by |n| < N. The matrix & is sparse and can be computed either directly using
In) o< [ dy e™?|p) and the explicit form of H given in (C.8), or algebraically.

The algebraic way goes as follows. A normalizable basis |n) of the global dS, scalar single-
particle Hilbert space can be constructed from the SO(1, 2) conformal algebra (C.7), using a basis
of generators Ly, L. related to H, K and P as Ly = %(P +K), L. = %(P — K) +iH. Then Ly is the
global angular momentum generator ids along the future boundary S Uand L, are its raising and
lowering operators. In some suitable normalization of the L eigenstates |n), we have Ly|n) = n|n),
L.|n) = (n+ A)|n £ 1). Cutting off the single-particle Hilbert space at —N < n < N,* the operator
H = %(L_ — L,) acts as a sparse 2N X 2N matrix on the truncated basis |n).

A minimally coarse-grained density of states can then be defined as the inverse spacing of its

4The asymmetric choice here allows us to use the simple coarse graining prescription (C.31) and keep this discus-
sion short. A symmetric choice |n| < N would lead to an enhanced Z;, and two families of eigenvalues distinguished
by their Z, parity, inducing persistent microstructure in the level spacing. The most efficient way to proceed then is to
compute Py +(w) as the inverse level spacing for these two families separately and then add the contributions together
as interpolated functions. For dS; with SO(3) cutoff £ < N one similarly gets 2N + 1 families of eigenvalues, labeled
by SO(2) angular momentum m, and one can proceed analogously. Alternatively, one can compute py(w) directly by
binning and counting, but this requires larger N.
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Figure C.3: Comparison of d = 1 character y(¢) defined in (C.22) (blue) to the coarse-grained discretized
character yn, () defined in (C.32) (red), with 6 = 0.1 and other parameters as in fig. C.2. Plot on the right
shows wider range of ¢. Plot in the middle smaller range of ¢, but larger y.

eigenvalues w;, i = 1,...,2N, obtained by numerical diagonalization:

2

Wiyl — Wi-1

pon(w;) = (C.31)

The continuum limit corresponds to N — oo in the discretized model, and to A — oo in (C.29).
To compare to (C.29), we adjust A, in the spirit of renormalization, to match the density of states
at some scale w, say w = 0. The results of this comparison for v = 2, N = 2000 are shown in fig.
C.2. Clearly they match remarkably well indeed in the regime where they should, i.e. well below
the UV cutoff scale.

We can make a similar comparison directly at the (UV-finite) character level. The discrete
character is 3, e, which is a wildly oscillating function. At first sight this seems very different
from the character y(¢) = tre "' in (C.27). However to properly compare the two, we should

coarse grain this at a small but finite resolution 6. We do this by convolution with a Gaussian

kernel, that is to say we consider

_ 1 O =282 iwit’ itwi—82w? 2
Ive() = / di’ e~ =1/ emiil = N pTitwin W2 (C.32)

A comparison of yns to x is shown in fig. C.3 for 6 = 0.1. The match is nearly perfect for |¢|

not too large and not too small. For small ¢, the yns(t) caps off at a finite value, the number
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Figure C.4: Plot of |p(w)| in complex w-plane corresponding to the dS; examples of fig. C.1, that is
Ar = {1+2i,1-2i}, {%, % ,{0.1,1.9}, and 2A /7 ~ 64. Lighter is larger with plot range 58 (black) < |p| <
67 (white). Resonance poles are visible at w = Fi(Ay +n),n € N.

of eigenvalues |w;| < 1/6, while x(f) ~ 1/]t|] — oco. The approximation gets better here when
¢ is made smaller. For larger values of #, jy,s() starts showing some oscillations again. These
can be eliminated by increasing 9, at the cost of accuracy at smaller 7. In the N — oo limit,
the discretized approximation gets increasingly better over increasingly large intervals of ¢, with
lims_0 limy 00 ns(t) = x(2).

Note that there is no reason to expect any discretization scheme will converge to x(¢) or p(w).
For example it is not clear a brick wall discretization along the lines described in section C.5.3
would. On the other hand, the convergence of the above global angular momentum cutoff scheme

to the continuum y(7) was perhaps to be expected, given (C.20) and the discussion preceding it.

C.2.3 Resonances and quasinormal mode expansion

Substituting the expansion (C.26) of the dS character,

X = Z Nye7™  (t>0), (C.33)
A
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into (C.27), p(w) = % fooo dt x(t) ("' + e7'"), we can formally express the density of states as

A-w A+w

p(a))zziﬂiZN,l( L ) (C.34)
A

From this we read off that p(w) analytically continued to the complex plane has poles at w = +4
which for massive representations means w = Fi(A. + n). This can also be checked from explicit
expressions such as the dSs scalar density of states (C.28), illustrated in fig. C.4. These values of
w are precisely the frequencies of the (anti-)quasinormal field modes in the static patch, that is to
say modes with purely ingoing/outgoing boundary conditions at the horizon, regular in the interior.
If we think of the normal modes as scattering states, the quasinormal modes are to be thought of
as scattering resonances. Indeed the poles of p(w) are related to the poles/zeros of the static patch
S-matrix S(w), cf. (C.35) below. Thus we see the coefficients N, in (C.33) count resonances (or
quasinormal modes), rather than states (or normal modes) as in AdS. This expresses at the level of
characters the observations made in [139]. It holds for any SO(1, d + 1) representation, including
massless representations, as explored in more depth in [141] (see also appendix C.7.1). Some
corresponding quasinormal mode expansions of bulk thermodynamic quantities are given in (3.56)
and (3.59), and related there to the quasinormal mode expansion of [142] for scalar and spinor path

integrals.

“S-matrix’’ formulation

The appearance of resonance poles in the analytically continued density of states is well-
known in quantum mechanical scattering off a fixed potential V. They are directly related to the

poles/zeros in the S-matrix S(w) at energy w through the relation [182]

1 d
pw) = po(w) = 5— — ~trlog S(w), (C.35)

where po(w) is the density of states at V = 0.

Using the explicit form of the dS; dimension-A scalar static patch mode functions (C.122)

231



¢f} A T), expanding these for r =: tanh X — 1 as
i, (r) = AP (w) e T 1 BN (w) e TX), (C.36)

and defining S[A(a)) = Bé,A(w) / A?(w), one can check that p®(w) as obtained in (C.29) satisfies

1 d

PAw) = po(@) = 5 = go]l log SP(®), (C.37)

where po(w) = %((//(iw) + Y(—iw)) + const. does not depend on A. This can be viewed as a rough
analog of (C.35), although the interpretation of pg(w) in the present setting is not clear to us.
Similar observations can be made in higher dimensions.

In [183], a general (flat space) S-matrix formulation of statistical mechanics for interacting

QFTs was developed. In this formulation, the canonical partition function is expressed as
log Z —log Zy = 1 / dE ¢ PE a4 [Trlog S(E)| (C.38)
2mi dE ¢’ '

where the subscript ¢ indicates restriction to connected diagrams (where “connected” is defined
with the rule that particle permutations are interpreted as interactions [183]). Combined with the
above observations, this hints at a possible generalization of our free QFT results to interacting

theories.

C.3 Evaluation of character integrals

The most straightforward way of UV-regularizing character integrals is to simply cut off the
t-integral at some small 1 = €. However to compare to the standard heat kernel (or spectral zeta
function) regularization for Gaussian Euclidean path integrals [60], it is useful to have explicit
results in the latter scheme. In this appendix we give an efficient and general recipe to compute
-2 /4t

the exact heat kernel-regularized one-loop Euclidean path integral, with regulator e as in

(3.66), requiring only the unregulated character formula as input. For concreteness we consider
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the scalar case in the derivation, but because the scalar character y(f) provides the basic building

block for all other characters ys(¢), the final result will be applicable in general. We spell out the

derivation is some detail, and summarize the final result together with some examples in section

C.3.2. Application to the massless higher-spin case is discussed in section C.3.3, where we work

out the exact one-loop Euclidean path integral for Einstein gravity on S* as an example. In section

C.3.4 we consider different regularizations, such as the simple # > € cutoff.

C.3.1 Derivation

As shown in section 3.3, the scalar Euclidean path integral regularized as

log Z, = / dr o5 Fp(1), Fp(t)=Tre ™ = Z D2 o~ (mrgiv)(ntg-iv)
0 2T -

2 . . .
where D = —-V?2 + dT + v2, can be written in character integral form as

log Z, = / T di Z D5+2(6—(n+‘—21)t—ivm +e_<n+g>t+ivm)
e 2Nt2—-¢€2 5

_ / © gt 1 4et e dVE=E@ | o grrivVi=@
e 2V2_e 1—e?! (1-e1)d

Putting € = 0 we recover the formal (UV-divergent) character formula

< dt
1 Z—: _Ft’
ogZeo= [ 5RO

1 4ot oG+ 4 o~ (§-iv)t

—(n+4+i —(n+4—;
Fv(l) = ZDg+2(e (n+5+iv)t +e (n+3 tvn)t) — ——— (1 - e_t)d
n

(C.39)

(C.40)

(C.41)

(C42)

To evaluate (C.41), we split the integral into UV and IR parts, each of which can be evaluated in

closed form in the limit € — 0.
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Separation into UV and IR parts

The separation of the integral in UV and IR parts is analogous to the usual procedure in heat
kernel regularization, where one similarly separates out the UV part of the 7 integral by isolating

the leading terms in the 7 — 0 heat kernel expansion

d+1
Fp(t) :=Tre™™ — Z ap T @HIR2 Fpi(t). (C.43)
k=0

Introducing an infinitesimal IR cutoff 4 — 0, we may write log Z = log Z¥ + log Z'* where

“dr _& . g
log Z" = /O 2—:e_F FY¥(r)e ™7, logZ"'= /0 2—:(FD(T)—FBV(T)) T (C4d)

Dropping the UV regulator in the IR integral is allowed because all UV divergences have been
removed by the subtraction. The factor e T serves as an IR regulator needed for the separate
integrals when F"¥ has a term % # 0, that is to say when d + 1 is even. The resulting log u terms

cancel out of the sum at the end. Evaluating this using the specific UV regulator of (C.39) gives

d
1, 1 _
log Ze = 5¢p(0) + a1 log () + 5 . ax T(£3%) (2 , (C.45)

k=0

where {p(z) = TrD™* = ﬁ i % 73 Tre P is the zeta function of D and @ g4+ = {p(0).
We can apply the same idea to the square-root regulated character formula (C.41) for Z.. The
latter is obtained from the simpler integrand of the formal character formula (C.42) for Z.-¢ by

dividing it by r(e, 1) = Vi2 — €%/t and replacing v by vr(e, 1):

2 _ &2

© dt < dt
loge Z.—¢ = — F,(t logZ, = — F, (1), = — C.46
08 Le=0 /O 2 v( ) = og /e 2t W( ) r : ( )

Note that 0 < r < 1 forallz > €,r ~ O(1) fort ~ € and r — 1 for t > €. Therefore, given the
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t — 0 behavior of the integrand in the formal character formula for Z.-,

d+1

1 k
S B(0) = Z bi(v) 7170 = Fuv(t) be(v) = ; be’ (CAT)

we get the ¢ ~ € — 0 behavior of the integrand for the exact Z:
1
777 Frv(0) = —Fuv( ) = Zbkﬂ rl @l (C.48)

Thus we can separate log Z = log Z% + log Z", with

N © dt - © dt
log 2% = / 3 FY(t)e ™, log Z" = / > (Fy(r) = FyY(1))e ™. (C.49)
€ 0

Again the limit ¢ — 0 is understood. We were allowed to put € = O in the IR part because it is UV

finite.

Evaluation of UV part

Using the expansion (C.48), the UV part can be evaluated explicitly as
log 7 = Z bre B(LELk, L) o (d1=h) _ Zdeg He = 1Hypo + log( 52 )V (€.50)
€k<d

r(Orey)
T'(x+y)

is the Euler beta function and Hy = y + E_((llfx)) which for integer x is the

where B(x, y) =

x-th harmonic number H, = 1 + % +- 4 % For example for d = 3, we get

log Z& = et -0l 22 (fy vy (g v 1T Jog (22K (C.51)

This gives an explicit expression for the part of log Z denoted Pol(A) in [142], without having to
invoke an independent computation of the heat kernel coefficients. Indeed, turning this around,

by comparing (C.50) to (C.45), we can express the heat kernel coefficients a; explicitly in terms
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of the character coefficients by ,. In particular the Weyl anomaly coefficient is simply given by
the coefficient by = 3, bd+1’[V€ of the 1/t term in the integrand of the formal character formula
(C.42). More generally,

r(&d)

+]1— d+1 k+€+1

bre v’ (C.52)

. 2
For example for d = 3, this becomes oy = %boo, a = %bzo + %bzz and a4 = b4. From
the small-# expansion %F,,(t) - D bet>™% in (C.42) we read off by = 2, by = —li — v? and
—_ 7 1.2, 1.4 -1 —_1 _ 1,2 -7 1.2 1.4
by=—5gg5+ 5V + 13V - Thusap = g, a0 = —5; — v and @g = —5gg5 + 57V + 15V
Evaluation of IR part

As we explain momentarily, the IR part can be evaluated as

. 1 1 “d
log 27 = 2(0) + baut log . £(2) = = / & Fy ), (C.53)
2 I'(z) Jo 1t

where like for the spectral zeta function {p(z), the “character zeta function” £,(z) is defined by
the above integral for z sufficiently large and by analytic continuation for z — 0. This zeta

function representation of log Z" follows from the following observations. If we define {f,r (z) =

1

el o L 47(F,(t)— F*¥(t)) e, then since the integral remains finite for z — 0, while I'(z) ~ 1/z

and 0,(1/T'(z)) — 1, we trivially have %azfir(z)lzzo = log Z'*. Moreover for z sufficiently large

1 0 dt

o Jo G R (@) e = byep, so upon analytic

we have in the limit g — 0 that %( W(z) =
continuation we have 1/20,{"V(z)|;=0 = —ba+1 log u, and (C.53) follows.

In contrast to the spectral zeta function, the character zeta function can straightforwardly be
evaluated in terms of Hurwitz zeta functions. Indeed, denoting A, = % + iv, we have Fp(t) =
3, O(n) e " +A)0+A-) \where the spectral degeneracy Q(n) is some polynomial in n, and {p(z) =

%0 O(n) ((n+A4)(n+A-)) "%, which is quite tricky to evaluate, whereas F,(f) = 3, Q(n)(e~"("*A4+) 4

e"(’”A*)), and we can immediately express the associated character zeta function as a finite sum
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of Hurwitz zeta functions {(z, A) = 37> o(n + A) ™%

o) =), i O(m)(n+ A = > 00 - A)L(zA). (C.54)

+ n=0 +
Here § is the unit z-shift operator acting as 6"¢(z, A) = (z — n, A); for example if Q(n) = n? we
have Q(6 — A) (z,A) = (62 = 2A6 + AP (2, A) = £(z = 2,A) = 2AL(z — 1, A) + A%Z(z, A).
C.3.2 Result and examples
Result

Altogether we conclude that given a formal character integral formula

< dt
10g Zpr = / 2— Fy(t), (C.55)
0 t

for a field corresponding to a dS,.; irrep of dimension % + iv, with IR and UV expansions

o d+1
o 1 1 e
F (1) = § § Pa(n) ™A (0= § br(v) 410 1 01, (C.56)
A n=0 k=0

where by (v) = Xy bre v, we obtain the exact Zp; with heat kernel regulator e~€ /47 as

d+1

1 . .
log Zpy e =3 Z Pa(0 = A)L'(0,A) - Z basie(He = SHepp)vE + basi(v) log(2e™ [€)
A

=0 (C.57)

d k
1 _ _ _
+§ZZ’WB(‘H5 k%) ol e~(d+1-k)

Here B(x,y) = Fl"(zgi;};)’ H, =y+ E_/((llj)f)), which for integer x is the x-th harmonic number H, =

1+ % +-- -+ )l—c, and § is the unit shift operator acting on the first argument of the Hurwitz zeta function

£(z, A): the polynomial PA(8 — A) is to be expanded in powers of 4, setting §"¢7(0, A) = '(—n, A).
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Finally the heat kernel coefficients are

r&d)

aj = bkg
z ‘1 - d+1-k+£6+1
7 2d+1 kr( > )

Ve, (C.58)

If we are only interested in the finite part of log Z, only the first three terms in (C.57) matter.
Note that the third and the second term M, = 3., bsi1¢ (Hg - %Hg /2) is in general nonvanishing
for even d + 1. By comparing (C.57) to (C.45), say in the scalar case discussed earlier, we see
that £;,(0) = £/(0) + 2M,. Thus 2M, can be thought of as correcting the formal factorization
Yalogn+A)(n+ A2) = Y, log(n+ Ay) + X, log(n + A-) in zeta function regularization. For
this reason M, is called the multiplicative “anomaly”, as reviewed in [184]. The above thus

generalizes the explicit formulae in [184] for M, to fields of arbitrary representation content.

Examples

1. Ascalaron $? (d = 1) with A, = L +ivhas F,(t) = }f—i:i% so the IR and UV expansions

1_.2
are F,(t) = 2. 2 o(2n + 1)e~Bs*mt and % F,(t) = % + % + O(t°). Therefore according to

(C.57)
2
log Zpy.c = AZ (18 == DIOA) +v2+ (=) log2eV/e) + 5. (C.59)

The heat kernel coefficients are obtained from (C.58) as ag = 1 and ap = 11—2 -2,

2. For ascalar on 8%, F,(t) = Y. Yot o(n + 1)2e” A+ LF (1) — % - ‘;—22 +O0(1Y), so

2

log Zpre = Z(%g'(—z, L+iv) Fivd (~1, 1 +iv) - 1220, 1 + iv)) - % + 2% . (C.60)
The heat kernel coefficients are ay = ?, ay = —gvz. In particular for a conformally coupled

scalar, i.e. A = %, % or equivalently v = i/2, we get for the finite part the familiar result log Zp; =

3B3) _ log(2)

Tex? =—. For A =1,1e. v = 0, we get log Zp; = —¢®)  Notice that the finite part looks

el
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quite different from (3.50) obtained by contour integration. Nevertheless they are in fact the same

function.

3. A more interesting example is the massive spin-s field on S* with A, = % + iv. In this case,

(3.83) combined with (C.135) or equivalently (3.84) gives F, = Fyuk — Fedge With

l+ele (2+lV)t +€_(§_lv)t
35 —(n4A) _ 3
Fou(t) = Z Z DDy = DY (c61)

:—+1v n=-—1

1 + e~ e (2HVE 4 p=(3=iv)1
5 3 —(n+A 5
Fegge(t) = Z Z DS D3 et = pS e asey (C.62)

A:%itv n=-1

where D3 =2p+1, D5 6(2p +3)(p + 2)(p + 1). In particular note that with g; = D3 = 25 + 1,

we have Df_l = ﬂ gs(g2 — 1). The small-¢ expansions are

+ Fou(t) — gy (2 - (ST (5t )t 0(:0)) (C.63)

| Fragge(t) = Lg5(g% - 1)(2 (L) O(ro)) . (C.64)

Thus the exact partition function for a massive spin-s field is

logZme =g p. (38 FLivd(-2.8) = (17 + )18 2 (v + 1) 0,0))

A=3+iv

— Le(g2—1) Z (£LAFivg 0,8)) - dgh? - deor* (C.65)

=—+zv

(gs (214"2 - Wzs) + gs(12V4 - 2880)) log(2e™/e) - (128s 3g‘f"2)€_2 + %856_4

Finally the heat kernel coefficients are

1 1.,3_1 2 312 1 1.4 7
@0 = §8s» @2 = 72385 ~ 685V > =g (57"~ 75) + & (13" —m) - (C.66)
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Single-mode contributions

Contributions from single path integral modes and contributions of single quasinormal modes
are of use in some of our derivations and applications. These are essentially special cases of the
above general results, but for convenience we collect some explicit formulae here:
¢ Path integral single-mode contributions: For our choice of heat-kernel regulator e/ the

contribution to log Zpr from a single bosonic eigenmode with eigenvalue A is

®dr 2 1 A 2e77Y
I, = M — Ki(eVA) — —=log —, M = , C.67
p /O e ¢ e 0(eVA) — -7 log 5 - (C.67)

Different regulator insertions lead to a similar result in the limit e — 0, with M = ¢/e for some
regulator-dependent constant c. A closely related formula is obtained for the contribution from an
individual term in the sum (C.40) or equivalently in the IR expansion of (C.56), which amounts to
computing (C.55) with F,(t) = e *', p = a+iv. The small-¢ expansion is zltFy(t) = %+O(t0), so the
UV part is given by the log term in (C.57) with coefficient 1, and the IR part is %{;(0) = —% log p
as in (C.53). Thus

® dt 1 2e7
I’ — / _ e_p[ - __log ﬁ M = ¢ , (C.68)
0

where the integral is understood to be regularized as in (C.40), I;) = f :0 2\/% e tamiv ”2_62, left
—€

implicit here. The similarities between (C.67) and (C.68) are of course no accident, since in our
setup, the former splits into the sum of two integrals of the latter type: writing 1 = a® + v? =

+ I

(a+iv)(a—iv),wehave I, = I iy

a+iv

¢ Quasinormal mode contributions: Considering a character quasinormal mode expansion y(f) =

>y Nre™” Il as in (3.14), the IR contribution from a single bosonic/fermionic QNM is

©drl+e T(r+1 © dt 2¢71/2 I(r+3
/ S =log r+D —/ ZZX | o= —1og(—2) (C.69)
0o 2tl-e IR wWN2mr o 2tl—e IR ’ury/zﬂ.
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e Harmonic oscillator: The character of a d = 0 scalar of mass v is y(f) = e + ¢!, hence

Cdt 1+e? | . , n
1 7 — - —ivt + vt - _ 1 v _ -7y . C70
og Zp1e /0 T (e e . og(e™ —e™) (C.70)

The finite part gives the canonical bosonic harmonic oscillator thermal partition function Tr e A =
y, e Pty = (ePV12 - e‘ﬁ"/z)_l at 8 = 2n. The fermionic version is

® dt ze—t/Z —ivt ivt 4 v -y
IOgZPLe:_/O 5T o (e +e ):—Z+log(e +e ). (C.71)

C.3.3 Massless case

Here we give a few more details on how to use (C.57) to explicitly evaluate Zpy in the massless
case, and work out the exact Zpy for Einstein gravity on S* as an example.

Our final result for the massless one-loop Zpr = Zg - Zchar 1 given by (3.112):

dimG X dt 1+
Zo =i " exp | LFp, F="4
vol(G), 2t l-g¢g

([#wu], = [Reage], —2dimG),  (€72)

where for s = 2 gravity y = \|5'2, P = d + 3, G = SO(d + 2) and vol(G), = (C.93).
e UV part: As always, the coefficient of the log-divergent term simply equals the coefficient of
the 1/t term in the small-7 expansion of the integrand in (C.72). For the other UV terms in (C.57)
(including the “multiplicative anomaly”), a problem might seem to be that we need a continuously
variable dimension parameter A = % + iv, whereas massless fields, and our explicit formulae for

X — [xl+, require fixed integer dimensions. This problem is easily solved, as the UV part can

actually be computed from the original naive character formula (C.170):

dt .

I+
log ZPI|UV = Z F

A q ., . A
o’ F = E(){bulk - Xedge) s (C.73)

Indeed since £ — F = {F}, in (C.172) affects just a finite number of terms cxg* — crg*, it does

not alter the small-# (UV) part of the integral. Moreover y; = ¥.y, .~ Xs.ve» Where Y, is a massive
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spin-s character. Thus the UV part may be obtained simply by combining the results of (C.57) for
general v and s, substituting the values v4, v¢ set by (3.95).
e IR part: The IR part is the {’ part of (C.57), obtained from the g-expansion of F(gq) in (C.72).

This can be found in general by using

1+ q qA _ i P(n) qn+A’ P(l’l) — Dk+2, (C74)
l-g(1-gf 4 "

with DX*2 the polynomial given in (C.15). For k = 0, (C.69) is useful. In particular, using the Ik X

prescription (C.178), the IR contribution from the last term in (C.72) is obtained by considering

the r — 0 limit of the bosonic formula in (C.69):

“dr 1
G229 2dimG)| =dimG - log(2n). (C.75)

Example: Einstein gravity on S*

As a simple application, let us compute the exact one-loop Euclidean path integral for pure
gravity on S4. In this case G = SO(5), dimG = 10, d = 3 and s = 2. From (3.95) we read off

Vg = %, Vg = %, and from (3.102) we get

104° - 64*

1042 -24°
(1-¢)3 ~

=g (C.76)

Xbulk = [/\;bulk]+ = Xedge = [/\>edg61+ =

The small-r expansion of the integrand in (C.72) is %F =417 - % 13— % 171 + 0(t°). The

coefficient of the log-divergent part of log Zpy is the coefficient of !

571 Y
log Zpiliog div = T log(2e 7€), (C.77)
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in agreement with [51]. The complete heat-kernel regularized UV part of (C.57) can be read off

directly from our earlier results for massive spin-s in d = 3 as

log Zp1|;, = log Zpi(s =2,v = %i)|UV — log Zpi(s = 1,v = %i)|UV

8 4 32 ., 571 —y -1y, 115
= 36 3 € 15 log(Ze € )+ T (C.78)

Here M = % is the “multiplicative anomaly” term. The integrated heat kernel coefficients are

similarly obtained from (C.66): g = %, ) = —%, ay = —%.

The IR () contributions from bulk and edge characters are obtained from the expansions

1+

- Z(Xbulk ~ Xedge) = Zn: Py(n) (104°*" = 64"*") - Zn: Pe(n) (104" =247™),  (C.79)

where Py(n) = D)) = é(n +1)(n +2)(2n + 3), Pe(n) = D} = 2n + 1. According to (C.57) this gives

a contribution to log Zpar|1r €qual to
5Py(8-3)7'(0,3) =3 Py(8 —4) {'(0,4) =5 Pe(5 —=2) £'(0,2) + Pe(6 - 3)£'(0,3),  (C.80)

where the polynomials are to be expanded in powers of &, putting 6"¢’(0, A) = ¢’(—n, A). Working

this out and adding the contribution (C.75), we find
47 , 2,
log Zenuljg = —log2 = == '(=1) + 3 {'(=3). (C.81)

Combining this with the UV part and reinstating £, we get®

8t 324 571, 2L

108 Zehar == — — — — — =
CBLhar T3 T3 2T 45 BT ¢
571 ¢ 715 47 2
2 log =+ —— —log2 — — (1) + =¢'(=3), C.82
45 1087+ g ~log2 - (D) + 30(=3) (C.82)
5This splits as log Zepar = 10 log(27) + log Zpuk — 10g Zegge Where log Zpyui = % - % - % log Ze:" + %5

- ?g”(—l) + %{’(—3) — 5log(2x) and log Zegge = %2 + % log 2‘%”) —-5+48'(-1) +1og2 + 5log(2n).
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where L is an arbitrary length scale introduced to split off a finite part:

N 571 715 )
log Zit = ~%5 log o(¢/L) + g ~log2- —g (-1) + —g (-3), (C.83)

To compute the group volume factor Zg in (C.72), we use (C.93) for G = SO(5) to get vol(G), =
%(27r)6, and y = 1/87Gn/4n2. Finally, i~F = i~(¢*3) = _1. Thus we conclude that the one-loop

Euclidean path integral for Einstein gravity on S* is

87Gn/4nt?) Z
Zo = -7 Ng x 6) char (C.84)
3(271')
where Zp,r 1 given by (C.82).
Example: Einstein gravity on $°
For S° an analogous (actually simpler) computation gives Zp; = i’ ZG Zchar With
1576 6576 1057¢ 65.(3) 5(5)
log Zchar = — — - — — — -+ + + 151og(2
08 Zer = T F T AT 16 e T asn? | loqt T 01080 (C.85)
los Z- — 15 o 87GN o (2n)°
8L6= 5 O T % T

C.3.4 Different regularization schemes

If we simply cut off the character integral at ¢ = €, we get the following instead of (C.57):

log Z = ZPA((S A) (0, A) + bgs1(v) log(e” 7/6)+Z db"(v) p e @H=h (C.86)

with by (v) defined as before, 4 F, (1) = d+1 So b))t (d+2-k) 1 O(1"). Unsurprisingly, this differs

2
from (C.57) only in its UV part, more specifically in the terms polynomial in v, including the
“multiplicative anomaly” term discussed below (C.58). The transcendental () part and the log €

coefficient remain unchanged. This remains true in any other regularization.

If we stick with heat-kernel regularization but pick a different regulator f(r/€?) instead of
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e € /4T (e.g. the f = (1 - e_“\z)k PV regularization of section 3.2) or use zeta function regular-
ization, more is true: the same finite part is obtained for any choice of f provided logarithmically
divergent terms (arising in even d + 1) are expressed in terms of M defined as in (C.67) with
el f. The relation M(e) will depend on f, but nothing else.

In dimensional regularization, some polynomial terms in v will be different, including the
“multiplicative anomaly” term. Of course no physical quantity will be affected by this, as long
as self-consistency is maintained. In fact any regularization scheme (even (C.86)) will lead to the
same physically unambiguous part of the one-loop corrected dS entropy/sphere partition function
of section 3.8. However to go beyond this, e.g. to extract more physically unambiguous data by
comparing different saddles along the lines of (C.342) and (C.345), a portable covariant regular-

ization scheme, like heat-kernel regularization, must be applied consistently to each saddle. A

sphere-specific ad-hoc regularization as in (C.86) is not suitable for such purposes.

C.4 Some useful dimensions, volumes and metrics

C.4.1 Dimensions of representations of SO(K)

General irreducible representations of SO(K) with K = 2r or K = 2r + 1 are labeled by r-row
Young diagrams or more precisely a set S = (sy, ..., s,) of highest weights ordered from large
to small, which are either all integer (bosons) or all half-integer (fermions). When K = 2r, s,
can be either positive of negative, distinguishing the chirality of the representation. For various
applications in this paper we need the dimensions Dg( of these SO(K) representations S. The Weyl
dimension formula gives a general expression for the dimensions of irreducible representations of
simple Lie groups. For the SO(K) this is

o K =2r:

DY =N [] G+e)-6), G=si+5-i (C.87)

I1<i<j<r
with Nk independent of S, hence fixed by DX =1, i.e. Nk = [T1<i<j< (K —i = j)(j — D).
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e K =2r+1:

DY =N [T T] (G+e)a-6), t=si+5-i, (C.88)

1<i<r 1<i<j<r

where Nk is fixed as above: Nx = [ <i<-(K —2i) []1<icj< (K =i = j)(j —0).

For convenience we list here some low-dimensional explicit expressions:

K Dsl'( Dii(,s DkK+%,§
2|1 1
3 [2s+1 2(%h
4 | (s+1)? m=-s+Dn+s+1) 2(k;2) (C.89)
5 (s+1)(s+2)(25+3) 2n+3)(n—s+1)(n+s+2)(2s+1) 4(k+3) '
6 6 3
(s+1)(s+2)%(s+3) (n+2)%(n—s+1)(n+s+3)(s+1)? k+4
6 s s12 s n n—s 12n s+3)(s 4( : )
7 (s+1)(s+2)(s+3)(s+4)(2s+5) | (n+2)(n+3)(2n+5)(n—s+1)(n+s+4)(s+1)(s+2)(2s+3) 8 (k+5)
120 720 5
8 (s+D)(s+2)(s+3)%(s+4)(s+5) | (n+2)(n+3)2(n+4)(n—s+1)(n+s+5)(s+1)(s+2)%(s+3) 8 (k+6)
360 4320 6

Here (k + 3, %) means (s1,...,s,) = (k + %, %, e, %), i.e. the spin s = k + % representation.

For general d > 3, we can use (C.15) and (C.135) to compute

K _ (stK-1 s+K-3 K K nK—2 K K2
Dy = ( K-1 ) o ( K-1 )’ Dn,s = Dy, Dy _Ds_an+1 . (C.90)

Denoting 1 repeated m times by 17, e.g. (5, 1)=(5,1,1) = , we furthermore have

d

2 1(2
pf,=(5) w<®, DY, =5, D3 =DiD!, - DMDL, L. (COD)

1P-1 41 n,s,1™m s,1m n+1,1m
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C.4.2 Volumes

The volume of the unit sphere S” is

Q, = vol(§") =

= Q, (C.92)

27rnT+I 2
r(g) e

The volume of SO(d + 2) with respect to the invariant group metric normalized such that minimal

SO(2) orbits have length 27 is

d+2 d+2 27r§
vol(SO(d +2)), = ]_[vol(s"—l) = ]_[ —. (C.93)
k=2 k=2 F(E)

This follows from the fact that the unit sphere S*~! = SO(n)/SO(n—1), which implies vol(SO(n)). =
vol(S" 1) vol(SO(n — 1)), in the assumed normalization.
The volume of SU(N) with respect to the invariant metric derived from the matrix trace norm

on the Lie algebra su(N) viewed as traceless N X N matrices is (see e.g. [185])

1
(271') (Zn)i(N_l)(N"'z)
1(SU(N)) C.94
Vol (SUMN))r, l—[ r(k) G(N + 1) (€99
C.4.3 de Sitter and its Wick rotations to the sphere
Global dS,, has a convenient description as a hyperboloid embedded in RbM4+!,
X'Xp=quX'X' = -X§+ X} +--+ X3, =02, ds*=npadx'ax’. (C.95)
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a b C d

Figure C.5: Penrose diagrams of dSy,; and S¢*! with coordinates C.96, C.98. Each point corresponds to
an S9!, contracted to zero size at thin-line boundaries. a: Global dS,.; in slices of constant 7. b: Wick
rotation of global dS4,; to S4*!. c: S/N = southern/northern static patch, F/P = future/past wedge; slices
of constant 7' (gray) and r (blue/red) = flows generated by H. Yellow dot = horizon r = 1. d: Wick-rotation
of static patch S to S9*!; slices of constant 7 and constant r.

Below we set . The isometry group is SO(1,d + 1), with generators M;; = X;0; — X;0;.

Various coordinate patches are shown in fig. C.5a, ¢, with coordinates and metric given by

co | embedding (X9, ..., X4 coordinate range metric ds* = npydX!dX’

G | (sinhT,coshT Q) TeR Qesd —dT? + cosh®> T dQ)?
(VI =rZsinh T, rQ, VI = r2coshT) | T€ RO <7 < 1, Q € 891 | ~(1 = r)dT? + 42 4+ 124>

F | (ViZ=TcoshT,r ViZ = IsinhT) | T€R, r>1,Qe 84 | —42 4 (2~ 1)aT? + r2dQ>
(C.96)

illustrated in fig. C.5a, c. N is obtained from S by X4*! — —X9*! and P from F by X° — —X°.
The southern static patch S is the part of de Sitter causally accessible to an inertial observer at the
south pole of the global spatial S¢. The metric in this patch is static, with the observer at r = 0
and a horizon at r = 1. The SO(1, 1) generator H = My 4+ acts by translation of the coordinate 7,
which is timelike in S, N and spacelike in F, P. From the direction of the flow lines in fig. C.5c,
it can be seen that the positive energy operator is H in S, whereas it is —H in N. In F/P, r is the
time coordinate, and H is the operator corresponding to spatial momentum along the T-axis of the

R x S9! spatial slices.
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A Wick rotation X° — —iX? maps (C.95) to the round sphere S¢*!:
ouX'x' =0, ds*=spdx'dx’. (C.97)

The full S+! can be obtained either from global dS G by Wick rotating global time 7 — —iT, or
from a single static patch S by Wick rotating static time 7 — —i7, as illustrated in fig. C.5b, d.

The corresponding sphere coordinates and metric are, again setting

co | embedding (XO, xt .. .,Xd”) coordinate range metric ds? = 6;7dX!dX’

G | (sinT,cos T, Q) -7<7< %,QES‘] d7? + cos? 7 dQ?

(V1 -r2sint,rQ V1 —r2cos7) | 0<r<lL,t=~71+21 QeS¢ | (1-r3)dr?+ % +r2dQ?
(C.98)

C.5 Euclidean vs canonical: formal & physics expectations

Given a QFT on a static spacetime R x M with metric ds®> = —dt* + dszzw, Wick rotating
t — —it yields a Euclidean QFT on a space with metric ds®> = dt? + ds%4. The Euclidean path
integral Zpi(B) = [ D® eS® on § /i, X M obtained by identifying 7 ~ 7 + § equals the thermal
partition function: Zpi(8) = Tre P, as follows from cutting the path integral along constant-7
slices and viewing e~7 as the Euclidean time evolution operator.

At least for noninteracting theories, it is in practice much more straightforward to compute
the partition function as the state sum Tre " of an ideal gas in a box M than as a one-loop
path integral Zp; = [ D® eS® on § é X M, in particular for higher-spin fields. In view of this,
it is reasonable to wonder if a free QFT path integral on the sphere could perhaps similarly be
computed as a simple state sum, by viewing the sphere as the Wick-rotated static patch (fig. C.5d),

with inverse temperature S = 27 given by the period of the angular coordinate 7:
Zpr = Trg e M (C.99)

Below we review the formal path integral slicing argument suggesting the above relation and why
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it fails, emphasizing the culprit is the presence of a fixed-point locus of H, the yellow dot in fig.
C.5. At the same formal level, we show the above relation is equivalent to Zpy z Zpulk, With Zpyk
defined as a character integral as in section 3.2. This improves the situation, but is still incorrect
for spin s > 1. In more detail, the content is as follows:

In C.5.1 we consider the d = O case: a scalar of mass w on dS; in its Euclidean vacuum state,
i.e. an entangled pair of harmonic oscillators. Though surely superfluous to most readers, we use
the occasion to provide a pedagogical introduction to some standard constructions.

In C.5.2 we formally apply the same template to general d, ignoring yellow-dot issues, leading
to the standard formal “thermofield double” description of the static patch of de Sitter [149], and
more specifically to Zp; ~ Tr e i ~ 7, . We review the pathological divergences that ensue
when one attempts to evaluate the trace, and some of its proposed fixes such as the “brick-wall”
cutoff [35] and refinements thereof. We contrast these to Zyyx defined as a character integral.

In C.5.5, we turn to the edge corrections missed by such formal arguments, explaining from

various points of view why they are to be expected.

c51 St

Though slightly silly, it is instructive to first consider the d = 0 case: a free scalar field of mass
w on dS; (fig. C.6). Global dS; is the hyperbola Xg - X12 = 1 according to (C.95), which consists
of two causally disconnected lines, globally parametrized according to table C.96 by (T, Q) where
Qe S° = {~1,+1} = {N,S}. The pictures of fig. C.5 still apply, except there are no interior
points, resulting in fig. C.6. Putting a free scalar of mass w on this space just means we consider
two harmonic oscillators ¢g and ¢y, with action

S, = % / dT (¢% — @3 + ¢% — W %) . (C.100)

The dS; isometry group is SO(1,d + 1) = SO(1, 1), generated by H = My, which acts as for-

ward/backward time translations on ¢s/¢y, to be contrasted with the global Hamiltonian H’, which
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Figure C.6: dS; version of fig. C.5 (in c we only show S here). Wick rotation of global time T — —if
maps a — b while wick rotation of static patch time T — —i7 maps ¢ — d. Coordinates are as defined in
tables C.96 and C.98 with d = 0.

acts as forward time translations on both. The southern and northern static patch are parametrized
by T, and each contains one harmonic oscillator, respectively ¢s and ¢y. Introducing creation and

annihilation operators af), af,T, aﬁu, aﬁz satisfying [a, aT] =1, we have

H=Hs—-Hy, H =Hg+Hy, Hs=w(a} a) + 1), Hy=w(@a", +1). (C.101)

—WT—w

The subscript +w refers to the H eigenvalue: [H,a. ] = +w alw, [H,a+y] = Fwas,. The
southern and northern Hilbert spaces Hs, Hy each have a positive energy eigenbasis |n) with
energies E,, = (n + %) w. In QFT language, |0) is the static patch “vacuum”, and each patch has
one “single-particle” state, |1) = a'|0). The global Hilbert space is Hg = Hs ® Hy, with basis
Ing, nn) = |ns) ® |ny) satisfying H|ng, ny) = w(ns — ny)|ns, ny).

Wick-rotating dS; produces an S' of radius £ = 1. If we consider this as the Wick rotation

of the static patch as in fig. C.5d/C.6d, S in table (C.98), the S! is parametrized by the periodic

Euclidean time coordinate 7 ~ 7 + 2x. The corresponding Euclidean action for the scalar is

2r
Sp = 1 / dt(¢* + w?¢?) $(2m) = ¢(0). (C.102)
0

2

The Euclidean path integral Zp; on S! is most easily computed by reverting to the canonical for-

T

malism with e ™5 = ¢~ as the Euclidean time evolution operator, which maps it to the harmonic
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oscillator thermal partition function at inverse temperature 8 = 2:

—2rw/2
¢ (C.103)

1 — ¢ 27w ’

Zp = /Z)(]ﬁ e_SE[¢] = Tr?—[s 6—27TH — Z e—27rw(n+%) —

n

We can alternatively consider the S to be obtained as the Wick rotation of global dS; as in fig.
C.5b/C.6b, G in (C.98), parametrizing the S' by (7,Q), -% < T < £, Q € §Y = {S, N}, identifying

(£3,8) = (£7, N). The global action (C.100) then Wick rotates to

1 7(/2 . .
Se= 2 / LTS R R+ o) = o). (C.104)

which is identical to (C.102), just written in a slightly more awkward form. This form naturally
leads to an interpretation of Zpy as computing the norm squared of the Euclidean vacuum state |O)
of the scalar on the global dS; Hilbert space H, by cutting the path integral at the S° = {N, S}
equator 7 = 0 of the S! (cf. fig. C.6b):

Zpr = / d*¢0 (Olgo)(#0|0) = (0l0).  ($0l0) = _OD¢|¢0e‘SE[‘”, (C.105)

where ¢9 = (és0, dno0). The notation ff <0 Dolg, means the path integral of ¢ = (¢s, dn) is
performed on the lower hemicircle T < 0 (orange part in fig. C.6b), with boundary conditions
Olz=0 = ¢o. (O|¢y) is similarly defined as a path integral on the upper hemicircle (green part). It is
not too difficult to explicitly compute |O) in the |¢s0, dn0) basis, but it is easier to compute it in
the oscillator basis |ng, ny), noticing that slicing the path integral defining |O) allows us to write it
as (ns,ny|0) = (nsle ™ |ny) = e ™05+ 5, . Thus

0 = Y. e Din,ny = e exp(e™aal})[0,0) (C.106)

—w
n

In the Schrodinger picture, |O) is to be thought of as an initial state at T = 0 for global dS;:

pictorially, we are gluing the bottom half of fig. C.6b to the top half of fig. C.6a. This state evolves
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Figure C.7: Global time evolution of Pj(¢s, dn) = |(¢S, <]5N|e‘”7ﬁ|0>|2 for free w = 0.1 scalar on dS;,
fromT =0to T = nt/w. P(¢s) = [ dn Py(¢s, dn) is thermal and time-independent.

nontrivially in global time 7: though invariant under SO(1, 1) generated by H = Hg — Hy, it is
not invariant under forward global time translations generated by the global Hamiltonian H' =
Hg + Hy. For viewing pleasure this is illustrated in fig. C.7, which also visually exhibits the
north-south entangled nature of |O).

Note that Zp; = (0|0) = 3, e 2mwnts), reproducing the dS; static patch thermal partition
function (C.116). Indeed from the point of view of the static patch, the global Euclidean vacuum
state looks thermal with inverse temperature 8 = 2m: the southern reduced density matrix Jg
obtained by tracing out the northern degree of freedom ¢y in the global Euclidean vacuum |O) is
Os = 2 e‘z’”"(“%)ln)(nl = ¢ 25 In contrast to the global |O), the reduced density matrix is
time-independent.

The path integral slicing arguments we used did not rely on the precise form of the action. In

particular the conclusions remain valid when we add interactions:
|0) = Ze_ﬁE”/ZM, ny, Os = e Phs Zpr = (0]0) = Trg e P (B =2m) (C.107)
n

Actually in the d = 0 case at hand, we can generalize all of the above to arbitrary values of 5. (For
d > 0 this would create a conical singularity at » = 1 on S9*!, but for S' the point » = 1 does
not exist.) Note that since the reduced density matrix is thermal, the north-south entanglement
entropy in the Euclidean vacuum |O) equals the thermal entropy: Sene = —trs oslog os = S =
(1 — Bdg)log Z, where o5 = 0s/Z, Z = Trs Os.

Despite appearing distinctly non-vacuous from the point of view of a local observer, and being
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globally time-dependent, the state |O) does deserve its “vacuum” epithet. As already mentioned,
it is invariant under the global SO(1, 1) isometry group: H|O) = 0. Moreover, for the free scalar,

(C.106) implies |O) is itself annihilated by a pair of global annihilation operators a® related related

St

to a’, a5, aV and a7 by a Bogoliubov transformation:

S _ —ﬂwal_\’j) al_\lw _ e—nwafj

a e

G G _ "w

“l® =0, o = 1 e V1 2w
—e” —e”

(C.108)

|
g

normalized such that [aC , a$'] = 6.... From (C.101) we get H = w a$ a8 — w a%aC,. Thus we

can construct the global Hilbert space H; as a Fock space built on the Fock vacuum |O), by acting
with the global creation operators afj,. The Hilbert space 7{((;1) of “single-particle” excitations of
the global Euclidean vacuum is two-dimensional, spanned by

|+w) =a%110),  H|tw) = +w|+tw). (C.109)

w

The character y(z) of the SO(1, 1) representation furnished by 7—(8) is

itH —itw +

Y =stge ™ =e e, (C.110)

The above constructions are straightforwardly generalized to fermionic oscillators. The character

of a collection of bosonic and fermionic oscillators of frequencies w; and cu;. is

X(1) = trg €M = oy + X (D = ) €+ Y e (C.111)
Jox

i+

Character formula

For a single bosonic resp. fermionic oscillator of frequency w, log Tr e #¥ has the following inte-
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gral representation:®

00 —2nt/B ) ]
log (e—ﬁw/Z(l _ e—ﬁw)—l) -I-/ dt 1+e (e—lwt + elwt)
0

91 _ -2nt/B
al-e (C.112)
lo (e+,3w/2(1 + e—ﬂw)) - _ - ﬂ 2e71P (e—iwt 4 eiwt)
g 0 2t 1 — e 271/B .

Combining this with (C.111) expresses the thermal partition function of a collection of bosonic

and harmonic oscillators as an integral transform of its SO(1, 1) character:

_ ©dt(1+e 7B 2emB
logTre BH :/Ov Z_t(l_e——ZH'l/ﬂ X(t)bOS - m X(I)fer . (CIIS)

1
The Euclidean path integral on an S' of radius £ = 1 for a collection of free bosons and fermions
(the latter with thermal, i.e. antiperiodic, boundary conditions) is then given by putting 8 = 27 in

the above:

Cdtl+e! 2e71/2
log Zpp =/ > ( — X()bos — — X(Drer ] - (C.114)
o 2t\l—e 1-e

C52 sd+l

The arguments in this section will be formal, following the template of section C.5.1 while
glossing over some important subtleties, the consequence of which we discuss in section C.5.5.

Wick-rotating a QFT on dS;41 to S+ e get the Euclidean path integral
Zpr = / DO ¢S] (C.115)

where O collects all fields in the theory. Just like in the d = O case, the two different paths from
dSgs1 to S9!, i.e. Wick-rotating global time T or static patch time T (cf. fig. C.5 and table C.98),

naturally give rise to two different dS Hilbert space interpretations: one involving the global Hilbert

6 The =2 pole of the integrand is resolved by the ie-prescription £~ — % ((t —ie) % + (t + ie)~2), left implicit here
and in the formulae below. The integral formula can be checked by observing the integrand is even in ¢, extending the
integration contour to the real line, closing the contour, and summing residues.
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space Hg and one involving the static patch Hilbert space H.
The global Wick rotation of fig. C.5b leads to an interpretation of Zp; as computing (O|0),

analogous to (C.105), by cutting the path integral on the globlal S¢ equator 7 = 0:

Zor = / D (0100)(®10) = (010).  (@I0)= [ DOl (g
e 7<

where |. 2<0 Dolp, means the path integral is performed on the lower hemisphere 7 < 0 of g+l

(orange region in fig. C.5b) with boundary conditions ®|z=g = ®y. (O|Dg) is similarly de-

fined as a path integral on the upper hemisphere 7 > 0 (green region). This defines the Hartle-

Hawking/Euclidean vacuum state |O) [186] of global dS;,, with Zp; computing the natural pair-
ing of |0) with (O|.”

The static patch Wick rotation of fig. C.5d on the other hand leads to an interpretation of Zpy as

a thermal partition function at inverse temperature 8 = 27, analogous to (C.103): slicing the path

integral along constant- slices as in fig. C.5d, and viewing e~™ with H = M 4,1 as the Euclidean

time evolution operator acting on Hs, we formally get®
Zpr = Trg e P (B =2n). (C.117)

Like in the d = O case, this interpretation can be related to the global interpretation (C.116).

Picking suitable bases of Hs and Hy diagonalizing H, and applying a similar slicing argument,

For kind enough theories, such as a scalar field theory, this pairing can be identified with the Hilbert space inner
product. However not all theories are kind enough, as is evident from the negative-mode rotation phase i~(?*%) in the
one-loop graviton contribution to Zp; = (O|0) according to (3.112) and [59]. Indeed for gravity this pairing is not in
an obvious way related to the semiclassical inner product of [187]. On the other hand, in the CS formulation of 3D
gravity it appears to be framing-dependent, vanishing in particular for canonical framing (cf. (C.252) and discussion
below it). The phase also drops out of (A) = (O|A|0)/{0|0).

8 The notation ~ means “equal according to these formal arguments”. Besides the default deferment of dealing
with divergences, we are ignoring some additional important points here, including in particular the fixed points of H:
the S9~! at r = 1 (yellow dot in fig. C.5), where the equal- slicing of (C.117) degenerates, and the Hg = Hy ® Hs
factorization implicit in (C.118) breaks down. We return to these points in section C.5.5.
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we formally get the analog of (C.107):

0) ==Y e PEPIE By, os=e P (=2n). (C.118)

n

where we have put the sum in quotation marks because the spectrum is actually continuous, as we
will describe more precisely for free QFTs below. Granting this, we conclude that an inertial ob-
server in de Sitter space sees the global Euclidean vacuum as a thermal state at inverse temperature
B = 2r, the Hawking temperature of the observer’s horizon [9, 10, 149].

Applying (C.117) to a free QFT on dS,;.;, we can write the corresponding Gaussian Zp; on

§9+1 as the thermal partition function of an ideal gas in the southern static patch:

log Zpp = log Trg e~ 2™ = Z 1/ dw ps(w)+ (log(l F e_z’“") +2nw/2), (C.119)
—Jo

where pg(w) = trg 6(w — H) is the density of single-particle states at energy w > 0 above the
vacuum energy in the static patch, split into bosonic and fermionic parts as ps = ps+ + ps—. Using

(C.4), we can write the character for arbitrary SO(1, d + 1) representations as

x(0) =trge ™ = / pc(w) (€7 + ") (C.120)
0

where pg(w) = trg 8(w — H). The Bogoliubov map (C.108) formally implies pg(w) =~ ps(w) for

w > 0, hence, following the reasoning leading to (C.114),

X Ofer | - (C.121)

“dt{1+e?! 2e71/2
1 — et X(t)bos - 1 — et

log Zpy ~ log Z = —
0g Zp1 = 108 Lpulk /Ozt

C.5.3 Brick wall regularization

Here we review how attempts at evaluating the ideal gas partition function (C.119) directly hit

a brick wall. Consider for example a scalar field of mass m? on dS 1. Denoting A, = % + (('%)2 -
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mz) 1/ 2, the positive frequency solutions on the static patch are of the form

. iw/2 . .
b (T, Q. 1) oc e T Y, (Q) 1! (1 - r2) VFy Gyt Ldvio. d  p.,2) (C.122)

where w > 0, and Y, (Q) is a basis of spherical harmonics on S4-1 1abeled by o, which includes
the total SO(d) angular momentum quantum number €. A basis of energy and SO(d) angular
momentum eigenkets is therefore given by |wo) satisfying (wo|w'o’) = §(w — w’) 65. Naive
evaluation of the density of states in this basis gives a pathologically divergent result ps(w) =
[dw' Y (wo|é(w - )|wo) = Y, 6(0), and commensurate nonsense in (C.119).

Pathological divergences of this type are generic in the presence of a horizon. Physically they
can be thought of as arising from the fact that the infinite horizon redshift enables the existence of
field modes with arbitrary angular momentum and energy localized in the vicinity of the horizon.
One way one therefore tries to deal with this is to replace the horizon by a “brick wall” at a distance
0 away from the horizon [35], with some choice of boundary conditions, say ¢(7T, Q, 1 — %62) =0in
the example above. This discretizes the energy spectrum and lifts the infinite angular momentum
degeneracy, allowing in principle to control the divergences as 6 — (0. However, inserting a
brick wall alters what one is actually computing, introduces ambiguities (e.g. Dirichlet/Neumann),
potentially leads to new pathologies (e.g. Dirichlet boundary conditions for the graviton are not
elliptic [188]), and breaks most of the symmetries in the problem.

A more refined version of the idea considers the QFT in Pauli-Villars regularization [36]. This
eliminates the dependence on ¢ in the limit 6 — 0 at fixed PV-regulator scale A. It was shown
in [36] that for scalar fields the remaining divergences for A — oo agree with those of the PV-
regulated path integral.” A somewhat different approach, reviewed in [37, 135], first maps the
equations of motion in the metric ds® = g, dx"dx" by a (singular) Weyl transformation to formally
equivalent equations of motion in the “optical” metric d5* = |ggo|~'ds?. In the case at hand this
would be d5? = —dT? + (1 — r?)72dr* + (1 — r*)~1r2dQ?, corresponding to R x hyperbolic d-ball.

The thermal trace is then mapped to a path integral on the Euclidean optical geometry with an

This work directly inspired the use of Pauli-Villars regularization in section 3.2.
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S! of constant radius 8 and a Weyl-transformed action. (This is not a standard covariant path
integral. In the case at hand, unless the theory happens to be conformal, non-metric r-dependent
terms break the SO(1, d) symmetry of the hyperbolic ball to SO(d).) This path integral can be
expressed in terms of a heat kernel trace f . (xle‘TD |x). The divergences encountered earlier now
arise from the fact that the optical metric 452 has infinite volume near r = 1. This is regularized by
cutting the | . Integral off at r = 1 — 6, analogous to the brick wall cutoff, though computationally
more convenient. For scalars and spinors, Pauli-Villars or dimensional regularization again allows
trading the 6 — 0 divergences for the standard UV divergences [37].

Unfortunately, certainly for general field content and in the absence of conformal invariance,
none of these variants offers any simplification compared to conventional Euclidean path integral
methods. In the case of interest to us, the large underlying SO(1,d + 1) symmetry is broken, and
with it one’s hope for easy access to exact results. Generalization to higher-spin fields, or even just

the graviton, appears challenging at best.

C.5.4 Character regularization

The character formula (C.121) is formally equivalent to the ideal gas partition function (C.119),
and indeed at first sight, naive evaluation in a global single-particle basis |wo) = a83;|0) diago-
nalizing H = w € R, obtained e.g. by quantization of the natural cylindrical mode functions of
iHt

the future wedge (F in fig. C.5 and table C.96), gives a similarly pathological y(7) = trg e”
f_o; dw Y (wole ™ wo) = 2r8(t) 3, 6(0); hardly a surprise in view of the Bogoliubov relation
pc(w) = ps(w) and our earlier result ps(w) = ), 6(0). Thus the conclusion would appear to be
that the situation is as bad, if not worse, than it was before.

However this is very much the wrong conclusion. As reviewed in appendix C.1, x(t), properly
defined as a Harish-Chandra character, is in fact rigorously well-defined, analytic in ¢ for ¢ # 0,

and moreover easily computed. For example for a scalar of mass m? on dSg,, we get (C.3):

oA 4 oA

—d d\2
W Ai =3 =+ (f) - m2 (C123)

x(t) =
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as explicitly computed in appendix C.1.2. The reason why naive computation by diagonalization
of H fails so badly is explained in detail in appendix C.1.3: it is not the trace itself that is sick, but
rather the basis |wo) used in the naive computation.

Substituting the explicit y(z) into the character integral (C.121), we still get a UV-divergent
result, but this divergence is now easily regularized in a standard, manifestly covariant way, as ex-
plained in section 3.2.2. Keeping the large underlying symmetry manifest allows exact evaluation,
for arbitrary particle content.

In section 3.3 we show that for scalars and spinors, the Euclidean path integral Zp; on S%*!,

regularized as in (3.66), exactly equals Zy,x as defined in (C.121), regularized as in (3.73):

Zple = Zbulke (scalars and spinors), (C.124)

One might wonder how it is possible the switch to characters makes such a dramatic difference.
After all, (C.119) and (C.121) are formally equal. Yet the former first evaluates to nonsense and
then hits a brick wall, while the latter somehow ends up effortlessly producing sensible results upon
standard UV regularization. The discussion in C.1.3, in particular (C.20), provides some clues:
character regularization can be thought of, roughly speaking, as being akin to a regularization
cutting off global SO(d + 1) angular momentum.

This goes some way towards explaining why the character formalism fits naturally with the

Euclidean path integral formalism on §¢*!

, as covariant (e.g. heat kernel) regularization of the
latter effectively cuts off the SO(d + 2) > SO(d + 1) angular momentum.

It also goes some way towards explaining what happened above. One way of thinking about
the origin of the pathological divergences encountered in section C.5.3 is that, as mentioned in
footnote 8, the formal argument implicitly starts from the premise that the QFT Hilbert space can
be factorized as Hg = Hs ® Hy, like in the S! toy model. However this cannot be done in the

continuum limit of QFT: locally factorized states, such as the formal state |0) ® |O) in which both

the southern and the northern static patch are in their minimal energy state, are violently singular
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objects [189]. Cutting off the global SO(d + 1) angular momentum does indeed smooth out the
sharp north-south divide: SO(d + 1) is the isometry group of the global spatial slice at T = 0 (fig.
C.5b). The angular momentum cutoff means we only have a finite number of spherical harmonics
available to build our field modes. This makes it impossible in particular to build field modes
sharply localized in the southern or northern hemisphere: the harmonic expansion of a localized
mode always has infinitely many terms. Cutting off this expansion will necessarily leave some
support on the other hemisphere. Quite similar in this way again to the Euclidean path integral,
this offers some intuition on why the UV-regularized character integral avoids the pathological

divergences induced by sharply cutting space.

C.5.5 Edge corrections

In view of all this and (C.124), one might be tempted at this point to jump to the conclusion that
the arguments of section C.5.2, while formal and glossing over some subtle points, are apparently
good enough to give the right answer provided we use the character formulation, and that likewise
Zl()i) on the sphere for a field of arbitrary spin s, despite its off-shell baroqueness, is just the ideal gas
partition function Zyx on the dS static patch, calculable with on-shell ease: mission accomplished.
As further evidence in favor of declaring footnote 8 overly cautious, one might point to the fact that
in the context of theories of quantum gravity, identifying Zgav = Trg; e PH elegantly reproduces
the thermodynamics of horizons inferred by other means [10], and that such identifications are
moreover known to be valid in a quantitatively precise way in many well-understood cases in string
theory and AdS-CFT. If the formal argument is good enough for quantum gravity, then surely it is
good enough for field theory, one might think.

These naive considerations are wrong: the formal relation Zpy ~ Zyk for fields of spin s > 1
receives “edge” corrections. In sections 3.4 and 3.5, we determine these for massive resp. massless
spin-s fields on S¢*! by direct computation. The results are eqs. (3.84) and (3.112). The corrections
we find exhibit a concise and suggestive structure: again taking the form of a character formula

like (C.121), but encoding instead a path integral on a sphere in two lower dimensions, i.e. on $¢~!
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rather than S?*!. This §9~! is naturally identified with the horizon r = 1, i.e. the edge of the static
patch hemisphere, the yellow dot in fig. C.5. The results of section 3.7 then imply Spr =~ Spuik
likewise receives edge corrections (besides corrections due to nonminimal coupling to curvature,
which arise already for scalars).

Similar edge corrections, to the entropy Sp; =~ Spuk in the conceptually analogous case of
Rindler space, were anticipated long ago in [38] and explicitly computed shortly thereafter for
massless spin-1 fields in [39]. The result of [39] was more recently revisited in several works
including [43, 48], relating it to the local factorization problem of constrained QFT Hilbert spaces
[40-42, 45-47] and given an interpretation in terms of the edge modes arising in this context.

We leave the precise physical interpretation of the explicit edge corrections we obtain in this
paper to future work. Below we will review why they were to be expected, and how related
corrections can be interpreted in analogous, better-understood contexts in quantum gravity and
QFT. We begin by explaining why the quantum gravity argument was misleading and what its
correct version actually suggests, first from a boundary CFT point of view in the precise framework
of AdS-CFT, then from a bulk point of view in a qualitative picture based on string theory on
Rindler space. Finally we return to interpretations within QFT itself, clarifying more directly why

the caution expressed in footnote 8 was warranted indeed.

AdS-CFT considerations

As mentioned above, there are reasons to believe that in theories of quantum gravity, the iden-
tification Z3™ = Treq e7PH is exact as a semiclassical (small-Gy) expansion.

However, the key point here is that H is the Hilbert space of the fundamental microscopic de-
grees of freedom, not the Hilbert space of the low energy effective field theory. This can be made
very concrete in the context of AdS-CFT, where H has a precise boundary CFT definition. For ex-
ample for asymptotically Euclidean AdS 4, geometries with § [13 x§9=! conformal boundary, certain

analogs of the formal relations (C.117) and (C.118) then become exact in the semiclassical/large-N
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Figure C.8: AdS-Schwarzschild analogs of ¢, b, d in fig. C.5. Black dotted line = singularity. Thick brown
line = conformal boundary.

expansion [190, 191]:

Z5" =Try e =010y, 10y = ) e PEPIE)y @ |Ey)y . (C.125)

n

Crucially, H here is the complete boundary CFT Hilbert space, and |O) is the Euclidean vacuum
state of two disconnected copies of the boundary CFT, constructed exactly like in the dS; toy
model of section C.5.1, but with the hemicircle £S5 replaced by 35! x $97!. From a semiclassical
bulk dual point of view this can be viewed as the Euclidean vacuum of two disconnected copies
of global AdS or of the eternal AdS-Schwarzchild geometry [191], depending on whether g lies
above or below the Hawking-Page phase transition point S, [192].

When 8 > S, where B, ~ O(1) assuming the low-energy gravity theory is approximately
Einstein with Gy < ¢47! = 1, Z5™ is dominated by the thermal EAdS saddle [192], with on-shell
action Sg = 0, so in the limit Gy — 0, Z5™ = ZI()II). Thus in this case, the relation Z5™ =
Trgy e PH of (C.125) indeed implies Zl()}) equals a statistical mechanical partition function. There
is no need to invoke quantum gravity to see this, of course: the thermal S' is noncontractible in
the bulk geometry, so the bulk path integral slicing argument is free of subtleties, directly implying
ZI(,? equals the partition function Tr e P of an ideal gas in global AdS.

On the other hand if 8 < B.it, the dominant saddle is the Euclidean Schwarzschild geometry

(fig. C.8), with on-shell action S o s0 in the limit Gy — 0, Z&" = ZY = ¢St In

__1
GN?

this case the identification Z5™ = Trys e P of (C.125) no longer implies the one-loop correction
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ZI(,? can be identified as a statistical mechanical partition function. In particular the bulk one-loop
contributions S = (1 — B0g) log ZI(,}) to the entropy need not be positive. (More specifically its
leading divergent term, which in a UV-complete description of the bulk theory would become finite
but generically still dominant, need not be positive.) From the CFT point of view, these are just
O(1) corrections in the large-N expansion of the statistical entropy. Although the total entropy
must of course be positive, corrections can come with either sign. From the bulk point of view,
since the Euclidean geometry is the Wick-rotated exterior of a black hole, the thermal circle is
contractible, shrinking to a point analogous to the yellow dot in fig. C.5d, leading to the same

issues as those mentioned in footnote 8.

Strings on Rindler considerations

To gain some insight from a bulk point of view, we consider the simplest example of a space-
time with a horizon: the Rindler wedge ds?> = —p?dt* + dp* + dxi of Minkowski space. While not
quite at the level of AdS-CFT, we do have a perturbative theory of quantum gravity in Minkowski
space: string theory. In fact, that ZS) on a Euclidean geometry with a contractible thermal circle
cannot be interpreted as a statistical mechanical partition function in general, even if the full Z5™
has such an interpretation, was anticipated long ago in [38], in an influential attempt at developing
a string theoretic understanding of the thermodynamics of the Rindler horizon. Rindler space Wick

rotates to
ds* = p*dt? + dp* + dxi, T=T+f, B=2m—¢€. (C.126)

with the conical defect € = 0 on-shell. The argument given in [38] is based on the point of view
developed in their work that loop corrections in the semiclassical expansion of the Rindler entropy
Spi = (1 — Bdp)log Z5 ™ |p=2x are equivalent to loop corrections to the Newton constant, ensuring
the entropy S = A/4Gy involves the physically measured Gy rather than than the bare Gn. In N =

4 compactifications of string theory to 4D Minkowski space (and in N = 4 supergravity theories
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(0]

a S b c d
T=n > 7=0

Figure C.9: Closed/open string contributions to the total Euclidean Rindler (ds?> = p?dt? + dp® + dx?)
partition function according to the picture of [38]. 7 = angle around yellow axis p = 0; blue|red plane is
7 = r|0. a, b, c contribute to the entropy. Sliced along Euclidean time 7, a and b can be viewed as free
bulk resp. edge string thermal traces contributing positively to the entropy, while c can be viewed as an edge
string emitting and reabsorbing a bulk string, contributing a (negative) interaction term.

more generally), loop corrections to the Newton constant vanish. By the above observation, this
implies loop corrections to Spy vanish as well. Hence there must be cancelations between different
particle species, and in particular the one-loop contribution to the entropy of some fields in the
supergravity theory must be negative. Since statistical entropy is always positive, the one-loop
Z}()i) of such fields cannot be equal to a statistical mechanical partition function.

In the same work [38], a qualitative stringy picture was sketched giving some bulk intuition
about the nature of such negative contributions to Sp; when the total Spy is a statistical entropy. In
this picture, all relevant microscopic fundamental degrees of freedom are presumed to be realized
in the bulk quantum gravity theory as weakly coupled strings. More specifically it is presumed
that Z5™ = Tryr eP# where H is the string Hilbert space on Rindler space and H is the Rindler
Hamiltonian, so Sp; = S, the statistical entropy. Tree level and one-loop contributions to log Zpy
are shown in fig. C.9. Diagrams d, e do not contribute to the entropy Sp; = (1 — Sdg) log Zpy as

their log Zp; o B. Cutting b along constant-7 slices gives it an interpretation as a thermal trace

over “bulk” string states away from p = 0 (closed strings in top row).!” Similarly, a can be viewed

10As a simple analog of what is meant here, consider a free scalar field on S' parametized by 7 ~ 7 + . Then
log Zpr = [ §2 Tre 2% = 5, [ 4 [ Daly exp[ 3 [y (¢ +m?)] = 5, gy ¢ """, Here n labels the wind-
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as a thermal trace over “edge” string states stuck to p = 0 (open strings in top row). On the other
hand c represents an interaction between bulk and edge strings, with no thermal or state counting
interpretation on its own. Being statistical mechanical partition functions, a and b contribute
positively to Sp;, whereas ¢ may contribute negatively. In fact in the N' = 4 case discussed above,
c must be negative, canceling b to render Sl(,}) = 0. From an effective field theory point of view, b
and e correspond to the bulk ideal gas partition function inferred from formal arguments along the
lines of section C.5.2, while c represents “edge” corrections missed by such arguments.

This picture is qualitative, as the individual contributions corresponding to a sharp split of the
worldsheet path integrals along these lines are likely ill-defined/divergent [193]. Moreover, even
without any splitting, an actual string theory calculation of Sp; = (1 — 8dp) log Zpi|g=2 is problem-
atic, as Euclidean Rindler with a generic conical defect € = 2 — § is off-shell. Shortly after [38],
[194] proposed to compute Zpy on the orbifold R?/Zy for general integer N and then analytically
continue the result to N — 1 + €. Unfortunately such orbifolds have closed string tachyons leading
to befuddling IR-divergences [194, 195]. Recently, progress was made in resolving some of these
issues: in an open string version of the idea, arranged in type II string theory by adding a suffi-
ciently low-dimensional D-brane, it was shown in [196] that upon careful analytic continuation,

the tachyon appears to disappear at N = 1 + €.

QFT considerations

The problem of interest to us is really just a problem involving Gaussian path integrals in free
quantum field theory, so there should be no need to invoke quantum gravity to gain some insight
in what kind of corrections we should expect to the naive Zp; ~ Z,k. Indeed the above stringy
Rindler considerations have much more straightforwardly computable low-energy counterparts in
QFT.

Motivated by [38], [39] computed Zl()}) for scalars, spinors and Maxwell fields on Rindler space.

ing number sector of the particle worldline path integral with target space S'. Discarding the UV-divergent é term,
this sums to log Zp = —log(1 — e#™) — 1 8m = log TrePH as in (C.103). b is analogous to the |n| = 1 contribution
eP™, e is analogous to n = 0, and higher winding versions of b correspond to |n| > 1.
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Figure C.10: Tree-level and one-loop contributions to log Zpj for massless vector field in Euclidean Rindler
(C.126). These can be viewed as field theory limits of fig. C.9, with verbatim the same comments applicable
to a-e. The worldline path integral c appears with a sign opposite to b in log Zl(,ll) [39].

For scalars and spinors, this was found to coincide with the ideal gas partition function, whereas
for Maxwell an additional contact term was found, expressible in terms of a “edge” worldline
path integral with coincident start and end points at p = 0, fig. C.10c. This term contributes
negatively to Sg) = (1 — B0g)log Zpi|g=2x and thus has no thermal interpretation on its own. In
fact it causes the total Sl(,ll) to be negative in less than 8 dimensions. The results of [39] and more
generally the picture of [38] were further clarified by low-energy effective field theory analogs
in [130], emphasizing in particular that whereas Sp; remains invariant under Wilsonian RG, the
division between contributions with or without a low-energy statistical interpretation does not, the
former gradually turning into the latter as the UV-cutoff A is lowered. At A = 0, only the tree-level
contribution § = A/4Gy of fig. C.10a is left.

The contact/edge correction of fig. C.10c to log Zpy can be traced to the presence of a curvature
coupling X linear in the Riemann tensor in Sg = f A(=VZ+X)A+--- [130, 131, 135]. Such terms
appear for any spin s > 1 field, massless or not. Hence, as one might have anticipated from the
stringy picture of fig. C.9, they are the norm rather than the exception.

The result of [39] was more recently revisited in [43], relating the appearance of edge correc-
tions to the local factorization problem of QFT Hilbert spaces with gauge constraints [40-42, 45—
47] like Gauss’ law V - E = 0 in Maxwell theory. This problem arises more generally when con-
templating the definition of entanglement entropy Sg = —Tr og log og of a spatial subregion R in

gauge theories. In principle oy is obtained by factoring the global Hilbert space Hg = Hr @ Hp-
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v v X X

Figure C.11: Candidate classical initial electromagnetic field configurations (phase space points), with
Ap = 0, A; = 0, showing electric field E; = II; = A;. Gauss’ law requires continuity £, across the
boundary, disqualifying the two candidates on the right.

and tracing out Hgc. As mentioned at the end of C.5.4, local factorization is impossible in the
continuum limit of any QFT, including scalar field theories, but the issue raised there can be dealt
with by a suitable regularization. However for a gauge theory such as free Maxwell theory, there
is an additional obstruction to local factorization, which persists after regularization, and indeed is
present already at the classical phase space level: the Gauss law constraint V - E = 0 prevents us
from picking independent initial conditions in both R and R¢ (fig. C.11), unless the boundary is
a physical object that can accommodate compensating surface charges — but this is not the case
here. One way to resolve this is to decompose the global phase space into sectors labeled by “cen-
ter” variables located at the boundary surface [40—42, 45-47], for example the normal component
E | of the electric field. The center variables Poisson-commute with all local observables inside R
and R°. In any given sector, factorization then becomes possible.

Building on this framework it was shown in [43] that in a suitable brick wall-like regularization
scheme and for some choice of measure DE |, the edge correction of [39] arises as a classical
contribution [ DE; e SEIEL] to the thermal statistical partition function. Here Sg[E, ] is the on-
shell action for static electromagnetic field modes in Euclidean Rindler space with prescribed E | ,
localized vanishingly close to p = 0 when the brick-wall cutoff is taken to zero, and thus interpreted
as edge modes. They also find a more precise form for the result of [39] for Rindler with its
transverse dimensions compactified on a torus, which is identical in form to our de Sitter result

(3.112) for s = 1, G = U(1).

268



Similar results for massive vector fields were obtained in [48]. (The Stueckelberg action for
a massive vector has a U(1) gauge symmetry, so from that point of view it may fit into the above
considerations.) An open string realization of the above ideas was proposed in [197]. It has been

suggested that edge modes and “soft hair” might be related [198].

C.6 Derivations for massive higher spins

C.6.1 Massive spin-s fields

Here we derive (3.84) and (3.83). The starting point is the path integral (3.81). To get a result
guaranteed to be consistent with QFT locality and general covariance, we should in principle start

with the full off-shell system [102] involving auxiliary Stueckelberg fields of all spin s” < s.

Transverse-traceless part Ztr

One’s initial hope might be that Zp; ends up being equal to the path integral Zrr restricted
to the propagating degrees of freedom, the transverse traceless modes of ¢, with kinetic operator
given by the second-order equation of motion in (3.78). Regularized as in (3.66), this is

©d {2 —2
log Zy7 = / 2—:(3—62/‘” Trrr e (Vi) (C.127)
0

The index TT indicates the object is defined on the restricted space of transverse traceless modes.
This turns out to be correct for Euclidean AdS with standard boundary conditions [81]. However,
this is not quite true for the sphere, related to the presence of normalizable tensor decomposition
zeromodes.
The easiest way to convince oneself that Zp; # Zrr on the sphere is to just compute Zrt
and observe it is inconsistent with locality, in a sense made clear below. To evaluate Ztr, all we
2

2
need is the spectrum of —V%T + mf [178, 199]. The eigenvalues are A, = (n + %) +vi,n >

with degeneracy given by the dimension fogz of the so(d + 2) representation corresponding to the
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two-row Young diagram (n, s), for example for d = 3, (n, s) = (7, 3),

D35 = dim*®) LT oo, (C.128)

Explicit dimension formulae and tables can be found in appendix C.4.1.

Following the same steps as for the scalar case in section 3.3, we end up with

dt

* ] —iv $+n
IOg ZTT = / Z (qlv +q ) fTT(q), fTT(q) = Z DZ;Z q2+ . (C129)
0

nzs

Now let us evaluate this explicitly for the example of a massive vector on $°, ie. d = 4, s = 1.

From (C.89) we read off DS | = %n(n +2)%(n + 4). Performing the sum we end up with

l+q( 44° q
l-g\(1-¢* (1-¢g)>

frr(g) = +q  (d=4s5=1). (C.130)

The first term inside the brackets can be recognized as the d = 4 massive spin-1 bulk character.
The small- expansion of the integrand in (C.129) contains a term 1/¢z. This term arises from
the term +¢ in the above expression, as the other parts give contributions to the integrand that are
manifestly even under + — —t. The presence of this 1/¢ term in the small- expansion implies
log Zrt has a logarithmic UV divergence log Ztrliogdiv = log M where M is the UV cutoff scale.
More precisely in the heat-kernel regularization under consideration, the contribution of the term

+q to log Ztt is, according to (C.68),

< dt . : M 2¢~Y
/ z—t(q”’” +¢'") = log -, M °. (C.131)
0 1+v €

Note that m = V1 + v2 is the Proca mass (3.79) of the vector field. The presence of a logarithmic
divergence means Zpy # ZtT, for log Zpy itself is defined as a manifestly covariant, local QFT path
integral on S°, which cannot have any logarithmic UV divergences, as there are no local curvature

invariants of mass dimension 5.
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For s = 2 and d = 4 we get similarly

l+q( 94° __6gq
l-g\(1-¢* (-9

frr(q) = +6g+15¢> (d=4,5s=2). (C.132)

The terms 6 g + 15 ¢g> produce a nonlocal logarithmic divergence log Zt7llogdiv = ¢ log M, where
c =6+ 15 =21, so again Zp; # Zrt. Note that 21 = M = dimso(1, 6), the number of conformal
Killing vectors on S°. That this is no coincidence can be ascertained by repeating the same exercise

for general d > 3 and s = 2:

[SIIS8

d-2

1+61 q d+2 q7 d+2 d+2 2
DZ'(I—q)d_Dl .W +D1""q+Di "¢ (C.133)

5= (g) =

The g, > terms generate a log-divergence ¢; log M, ¢, = Dd+2 + Dd+2 =(d+2)+ %(d +2)(d+1) =
%(d +3)(d+2) = Dd+3 dimso(1, d + 2), the number of conformal Killing vectors on S¢*!. The

identity Nckv = D3

= D{;? + D{#? and its generalization to the spin-s case will be a crucial
ingredient in establishing our claims. It has a simple group theoretic origin. As a complex Lie
algebra, the conformal algebra so(1, d + 2) generated by the conformal Killing vectors is the same
as so(d + 3), which is generated by antisymmetric matrices and therefore forms the irreducible

representation with Young diagram H of so(d + 3). This decomposes into irreps of so(d + 2) by

the branching rule

H - H + [, (C.134)

implying in particular D{}* = D{+? + D{}?. Geometrically this reflects the fact that the conformal
Killing modes split into two types: (i) transversal vector modes 902, ih=1,. Dﬁz, satisfying
the ordinary Killing equation V(ugoivl) = 0, spanning the H eigenspace of the transversal vector

Laplacian, and (i7) longitudinal modes goZ’ =Vug,in=1,...,

Df+2, satisfying V,,V, ¢ + g, ¢0 =

0, with the scalar ¢ modes spanning the [ ] eigenspace of the scalar Laplacian on $9+2.
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We can extend the above to general s, d by observing the following key relation:!!

Dd+2 — DZ+2Dg _ Dd+2Dd

ns n+1

(C.135)

which together with the explicit expression (C.15) for D? with d > 3 immediately leads to

firlg) = ) DE2 gt Z D2 gt (C.136)
n>-1 n=-1
_ 1+ Q(Dd . CI% _ pa+2. dT ) Z pi+2 q%+n (C.137)
-1 _ s PRV s—1 d-2 s—1n+1 : :
l-¢q (I-9) - q) =

Dd+2

To rewrite the finite sum we used D,‘f“;z = Lt

and folzs = 0, both of which follow from

(C.135). Substituting this into the integral (C.129), we get
10g Zrr = 10g Zoulk — 10g Zedge + 10g Zres (C.138)

where log Zpyk and log Zegee are the character integrals defined in (3.84)-(3.85), and, evaluating

the integral of the remaining finite sum as in (C.131),

M
108 Zyes = Z Dsd+12n+1/ (q2+n+zv+q2+n lV Z D?'+12n+1 (C.139)

= = S

The term log Z,. has a logarithmic UV-divergence:

10g Zees = cilogM + -+, o= » DT =D | = Negr, (C.140)
n=-—1
where NckT = D;”fs | 1s the number of rank s — 1 conformal Killing tensors on §49+2 [200]. This

identity has a group theoretic origin as an so(d + 3) — so(d + 2) branching rule generalizing

"'This can be checked for any given d from the Weyl dimension formula of appendix C.4.1, or from the general d
formula given in e.g. [178, 199], or proven directly (with some effort) by an SO(d +2) — SO(2) x SO(d) reduction.

It has a stronger version as an so(d + 2) character relation: Xso(d+2)( ) = D4 S04 (y) - pe Xsso(ld 2(x).
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(C.134). For example for s = 4:

. ¥ e (C.141)

Geometrically this reflects the fact that the rank s — 1 = 3 Killing tensor modes split up into 4
types: Schematically 9021,“2/13’ iz =1,...,D33; goiflmm ~ V(“'QDZzug)’ ir =1,...,D32; 9021#2/13 ~
V(mvmgoi;), it=1,...,D31; 9021#2#3 ~ Vi Vi Vun9®, io = 1, ..., D3, where the gozl_..#r span the
eigenspace of the TT spin-r Laplacian labeled by the above Young diagrams.

As pointed out in examples above and discussed in more detail below, the log-divergence of
log Z,. s inconsistent with locality, hence Zp; # Zrr: locality must be restored by the non-TT part

of the path integral. Below we argue this part in fact exactly cancels the log Z.s term, thus ending

up with log Zp; = log Zpyik — 10g Zegge, i.€. the character formula (3.84).

Full path integral Zp;: locality constraints

The full, manifestly covariant, local path integral takes the form (a simple example is (C.148)):
Zp1 = 217 * Znon-TT = Zbulk * Ze_dlge * Zres * Znon-TT - (C.142)

All UV-divergences of log Zpy are local, in the sense they can be canceled by local counterterms,
more specifically local curvature invariants of the background metric. In particular for odd d + 1,
this implies there cannot be any logarithmic divergences at all, as there are no curvature invariants
of odd mass dimension. Recall from (C.140) that the term log Z,. is logarithmically divergent. For
odd d + 1, this is clearly the only log-divergent contribution to log ZtT, as the integrands of both
log Zyuik and log Zegge are even in ¢ in this case. More generally, for even or odd d + 1, log Zes
is the only nonlocal log-divergent contribution to log Zrrt, as follows from the result of [52, 62]
mentioned below (3.81), combined with the observation in (C.140) that ¢, = Ncgr. Therefore
the log-divergence of log Z..s must be canceled by an equal log-divergence in log Zon.TT of the

opposite sign.
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The simplest way this could come about is if Z,on-TT €xactly cancels Z, that is if

s=2 Dd+12 |
s—1,n+ Z u
ZnonTT = Zigy = 1—[ (M_I\/(% +n)? + Vz) = Zp = 22 (C.143)
n=—1 Zedge
Note furthermore that from (C.136), or from (C.139) and D%*2 = —D9+2 it follows this iden-

s—1,n+1 ns >

tification is equivalent to the following simple prescription: The full Zpy is obtained from Ztt by

extending the TT eigenvalue sum ), in (C.129) down to ), _i:

log Zpy = / (6" +q7™) )] DI g5+, (C.144)
0

n>-—1

i.e. (3.83). In what follows we establish this is indeed the correct identification. We start by show-
ing it precisely leads to the correct spin-s unitarity bound, and that it moreover exactly reproduces
the critical mass (“partially massless”) thresholds at which a new set of terms in the action defin-
ing the path integral Z,,,.TT fails to be positive definite. Assisted by those insights, it will then be

rather clear how (C.143) arises from explicit path integral computations.

Unitarity constraints

A significant additional piece of evidence beyond consistency with locality is consistency with
unitarity. It is clear that both the above integral (C.144) for log Zp; and the integral (C.129) for
log Zrt are real provided v is either real or imaginary. Real v corresponds to the principal series
A= % + iv, while imaginary v = iu corresponds to the complementary series A = 5 — u € R. In
the latter case there is in addition a bound on |u| beyond which the integrals cease to make sense,
due to the appearance of negative powers of ¢ = ¢~ and the integrand blowing up at # — oo. The
bound can be read off from the term with the smallest value of n in the sum. In the Zpt integral

(C.129) this is the n = s term q2+s+“ yielding a bound |u| < § + s. In the Zpy integral (C.144),
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assuming s > 1, this is the n = —1 term oc q%‘li/‘, so the bound becomes much tighter:
d
|,u|<§—l (s>1). (C.145)

This is exactly the correct unitarity bound for the spin-s > 1 complementary series representations
of SO(1,d + 1) [76-78, 101]. In terms of the mass m?> = (% + 5 —2)2 — 12 in (3.79), this becomes
m?> > (s — 1)(d = 3 + s), also known as the Higuchi bound [100] (a convenient concise summary
is given in [201] s.a. [202]). From a path integral perspective, this bound can be understood as the
requirement that the full off-shell action is positive definite [102], so indeed log Zp; should diverge
exactly when the bound is violated. Moreover, we get new divergences in the integral formula for
log Znon.TT, according to the above identifications, each time |u| crosses a critical value y.,, = §+n,
where n = —1,0, 1,2, ..., s —2. These correspond to critical masses mfn = (% +5-2)>— (% + n)2 =
(s =2 —n)(d + s — 2 + n), which on the path integral side precisely correspond to the points where
a new set of terms in the action fails to be positive definite. [102].

This establishes the terms in the integrand of (C.139), or equivalently the extra terms n =
—-1,...,s — 2 in (C.144), have exactly the correct powers of g to match with log Z,on.T. It does
not yet confirm the precise values of the coefficients D;’Z{ng — except for their sum (C.140), which
was fixed earlier by the locality constraint. To complete the argument, we determine the origin of

these coefficients from the path integral point of view in what follows.

Explicit path integral considerations

Complementary to but guided by the above general considerations, we now turn to more con-
crete path integral calculations to confirm the expression (C.143) for Z,on-1T, fOCusing in particular

on the origin of the coefficients D¢ 2.

Spin 1:
We first consider the familar s = 1 case, a vector field of mass m, related to v by (3.79) as m =

A /(% — 1)? + v2. The local field content in the Stueckelberg description consists of a vector ¢, and
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a scalar y, with action and gauge symmetry given by

So = / Vi Ve + LV —m g )(VEy —met); Sy =mé, ¢, =VuE. (C.146)

Gauge fixing the path integral by putting y = 0, we get the gauge-fixed action

S = /VWV]VUQ/)V] + Am*p 9" + méc, (C.147)

with BRST ghosts ¢, ¢. Decomposing ¢, into a transversal and longitudinal part, ¢, = ¢£ + ¢

we can decompose the path integral as Zp; = Z71 - Zyon-tT With
Zrr = / Y A L R A / DY DeDe e etamee - (C.148)

Both the ghosts and the longitudinal vectors ¢}, = V,¢ have an mode decomposition in terms of
orthonormal real scalar spherical harmonics Y:..'2 In our heat kernel regularization scheme, each
longitudinal vector mode integral gives a factor M /m, which is exactly canceled by a factor m/M

from integrating out the corresponding ghost mode. '3

However there is one ghost mode which
remains unmatched: the constant mode. A constant scalar does not map to a longitudinal vector
mode, because ¢, = V¢ = 0 for constant ¢. Thus we end up with a ghost factor m/M in excess,

and

Zoontr = m/M = M71J(4 - 1)2 +2, (C.149)

in agreement with (C.143) for s = 1.

Spin 2:

For s = 2, the analogous Stueckelberg action involves a symmetric tensor ¢,,,, a vector y,, and a

PExplicitly, ¢ = 3, 6%, ¢ = 3 GV, by, = Diea 20 8] VuYi/[NA; where V2Y; = 4%, [ YY) = 6y

I3 A priori there might be a relative numerical factor k between ghost and longitudinal factors, depending on the so
far unspecified normalization of the measure Dc. But because c is local, unconstrained, rescaling Dc = []; dc; —
[1;(Adc;) merely amounts to a trivial constant shift of the bare cc. So we are free to take x = 1.
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scalar y, subject to the gauge transformations [102]
oy =a-1 &, 5)(/1 :a0§:,u+ %Vﬂfa 5¢,uv :V,u‘fv"'vv‘fy"'\[ﬁaOf, (C.150)

where @) = m and a_; = \m? — (d — 1). Equivalently, recalling (3.79), a, = /(4 + n)? + v

Gauge fixing by putting y =0, y, = 0, we get a ghost action
Seh = /a_1 éc+apctcy,. (C.151)

We can decompose ¢,,, into a TT part and a non-TT part orthogonal to it as ¢, = ¢/T13 +¢/,,, where
¢),» can be decomposed into vector and scalar modes as ¢, = V(,¢,) + guvp. Analogous to the
s = 1 example, we should expect that integrating out ¢’ cancels against integrating out the ghosts,
up to unmatched modes of the latter. The unmatched modes correspond to mixed vector-scalar
modes solving V(,¢,) + guv¢ = 0. This is equivalent to the conformal Killing equation. Hence the
unmatched modes are the conformal Killing modes. As discussed below (C.134), the conformal
Killing modes split according to H — H+ [ into Dy ; vector H-modes and D scalar [-modes.
Integrating out the H—modes of the vector ghost ¢, then yields an unmatched factor (ao/M )P,
while integrating out the [-modes of the scalar ghost ¢ yields an unmatched factor (a_;/M)P'. All

in all, we get

Zaon-1r = (s /MY 0(ao/ )™ = (7 (4 =12 +92) " (7 Jdp +2) ™ cas2)

in agreement with (C.143) for s = 2.

Spin s:
The pattern is now clear: according to [102], the Stueckelberg system for a massive spin-s field
consists of an unconstrained symmetric s-index tensor ¢*) and of a tower of unconstrained sym-

metric s'-index auxiliary Stueckelberg fields v with s’ = 0,1,...,s — 1, with gauge symmetries
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of the form

5)((.9’) = ay_ é:(S’) T 5¢(S) =, Ap = A [(% + n)z + v2, (C.153)

where the dots indicate terms we won’t technically need — which is to say, as transpired from
s = 1,2 already, we need very little indeed. The ghost action is § = Zj;lo ag_165)c¢t). The
unmatched modes correspond to the conformal Killing tensors modes on S¢*!, decomposed for
say s = 4 as in (C.141) into D33 H]J-modes, D3, H---modes, D3| H--modes, and D3 [TT+
modes. The corresponding unmatched modes of respectively ¢, ¢®, ¢(1) and ¢(© then integrate

to unmatched factors (ax/M)P>3(ay /M)P32(ag/ M)P> (a1 /M)P30. For general s:

s—1 s=2 nglz,n-#l
Zoontr = | [(avr /M) = [ ] (M-l,/(g +n)? + VZ) : (C.154)
s'=0 n=-1

in agreement with (C.143) for general s. This establishes our claims.

The above computation was somewhat schematic of course, and one could perhaps still worry
about missed purely numerical factors independent of v, perhaps leading to an additional finite
constant term being added to our final formulae (3.84) -(3.83) for log Zp;. However at fixed UV-
regulator scale, the limit v — oo of these final expressions manifestly approaches zero, as should
be the case for particles much heavier than the UV cutoff scale. This would not be true if there
was an additional constant term. Finally, we carefully checked the analogous result in the massless
case (which has a more compact off-shell formulation [99]), discussed in section 3.5, by direct
path integral computations in complete gory detail [67], for all s.

Also, the result is pretty.

C.6.2 General massive representations

Here we give a generalization of (3.83) for arbitrary massive representations of the dS; isom-

etry group SO(1,d + 1).

Massive irreducible representations of SO(1, d + 1) are labeled by a dimension A = ‘51 +iv and
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an so(d) highest weight S = (s1,...,s,) [76-78]. The massive spin-s case considered in (3.83)
corresponds to § = (s,0,...,0), a totally symmetric tensor field. More general irreps correspond
to more general mixed-symmetry fields. The analog of (C.127) in this generalized setup is
log ZyT = + / AT e > Dy ety (C.155)
0 :

2T

nzsi

where for bosons the sum runs over integer n with an overall + sign and for fermions the sum runs
over half-integer n with an overall — sign. The dimensions of the so(d + 2) irreps (n, S) are given
explicitly as polynomials in (n, 51, . . ., s,) by the Weyl dimension formulae (C.87)-(C.88). From

this it can be seen that fogz is (anti-)symmetric under reflections about n = —%, more precisely

DY = (-1)'D42 . (C.156)

Moreover the exponent in (C.155) is symmetric under the same reflection. The most natural exten-
sion of the sum is therefore to all (half-)integer n, taking into account the sign in (C.156) for odd

d, and adding an overall factor % to correct for double counting, suggesting

1 oodT _24 d d+2 — day2,.2
log Zpr = ii/o > ¢ €4 Z oa(4 +n) DI eI ) (C.157)

n

where 04(x) = 1 for even d and o,4(x) = sign(x) for odd d. Equivalently, in view of (C.156)

oOd‘r—247' d d+2  —1((n+2)2+y?
logZpI:i/O > ¢ €/ Zn:®(§+n)z)n,§ e T+ )7 (C.158)

where n € Z for bosons and »n € % + Z for fermions, and
1
Okx)=1forx >0, ©(0) = o O(x) =0forx <O0. (C.159)

At first sight this seems to be different from the extension to n > —1 in (3.83) for the spin-s case

S = (s,0,...,0). However it is actually the same, as (C.87)-(C.88) imply that D, s vanishes for
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2—-d<n<-2whenS =(s0,...,0).

The obvious conjecture is then that (C.158) is true for general massive representations. Here
are some consistency checks, which are satisfied precisely for the sum range in (C.158):
e Locality: For even d, the summand in (C.157) is analytic in n. Applying the Euler-Maclaurin

formula to extract the T — 0 asymptotic expansion of the sum gives in this case

Z DH2 T / dn DI T (C.160)
The symmetry (C.156) tells us that the integrand on the right hand side is evenin x = n + %’. Since
[ dx x2k g™ o k=112 thig implies the absence of 1/7 terms in the 7 — 0 expansion of the
integrand in (C.157), and therefore, in contrast to (C.155), the absence of nonlocal log-divergences,
as required by locality of Zpy in odd spacetime dimension d + 1.

® Bulk — edge structure: By following the usual steps, we can rewrite (C.158) as

dt
logZpI:/ZF(e_t), F(q) = =( 9" +q7" Z@ +n) Dd+2q2+” (C.161)

Using (C.87)-(C.88), this can be seen to sum up to the form log Zp; = log Zpyix — 10g Zegge, Where
Zpulk 18 the physically expected bulk character formula for an ideal gas in the dS;,; static patch
consisting of massive particles in the (A, §) UIR of SO(1,d + 1), and Zggee can be interpreted as a
Euclidean path integral of local fields living on the S¢~! edge/horizon.

e Unitarity: Note that for A = § + u with u = iv real, we get a bound on yu from requiring ¢t — oo

(IR) convergence of the integral (C.161), generalizing (C.145), namely

d
ul < 5 +nu(S), (C.162)

where 7.(S) is the lowest value of n in the sum for which D2 i

is nonvanishing. This coincides
again with the unitarity bound on u for massive representations of SO(1,d + 1) [76-78, 101].

Recalling the discussion below (C.145), this can be viewed as a generalization of the Higuchi
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bound to arbitrary representations.

Combining (C.158) with (C.57), we thus arrive at an exact closed-form solution for the Eu-

clidean path integral on the sphere for arbitrary massive field content.

C.7 Derivations for massless higher spins

In this appendix we derive (3.112) and provide details of various other points summarized in

section 3.5.

C.7.1 Bulk partition function: Zpyx

The bulk partition function Zyx as defined in (3.67) for a massless spin-s field is given by

dt 1+¢
Zpuik = /2_t I—Xbulks(Q) (C.163)

where ¢ = e, and ypuis(g) = trg'f in the case at hand is the (restricted) g-character of the
massless spin-s SO(1,d + 1) UIR. For generic d, this UIR is part of the exceptional series [101].
More precisely in the notation of [76-78] it is the Dé;p representation, with p = 0, j = (d — 4)/2
foreven d, j = (d —3)/2 for odd d, and § = (s, s,0,...,0). In the notation of [101] this is the
exceptional series with A = p = 2, § = (s, 5,0,...,0).14 The characters ypun s(q) for these irreps
are quite a bit more intricate than their massive counterparts. The full SO(1, d + 1) characters y(g)

itH

were obtained in [76-78]. Restricting to g = e gives )(bulk’s(t),ls

(1 = ) xouiks(q) =(1 = (=1)?) (D¢ ¢**7> = DL, g1 (C.164)

+Z( D"D? (@™ + (=1)%4*™),  r =rank so(d) = |£],

4For d = 3, it is in the discrete series, but (C.164) still applies.
15 Actually we obtained the formula from (C.194), then Mathematica checked agreement with [76-78].
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Here we used the notation of [101]: the so(d) irrep (s,s,1") = (s,5,1,...,1,0,...,0) with 1
repeated m times. The degeneracies Dfs ,m can be read off from (C.87)-(C.88). Some explicit

low-dimensional examples are

d r (1 - Q)d Xbulhs(Q)
3 1|2D} ¢ -2D? 4+
4 2| D 24%
(C.165)
2| Dy, (¢* - ¢°) +2D¢**? = 2D>_ ¢***

6 3 Dgs(q2+q4)—D6 24°

5,8,1

7 3 Dls(qZ_qS)_D7 (q3_q4)+2qus+5_2DZ_lqs+6,

s,5,1

where D3 =25+ 1, D} =25+ 1, D3 = 3(s + 1)(s + 2)(2s + 3), D}, = (25 + 1)(s + 1)(2s + 3),
DS, = (s + 1)*(s +2)%(2s + 3), DS | = Ls(s + 1)(s + 2)(s + 3)(2s + 3), etc. For s = 1, the

$,8,1

character can be expressed more succinctly as

d—-1 d
q +q q“ +1
Xoulk,1(q) = d - - +1. (C.166)
‘ (1-g¥ (1-g)

With the exception of the d = 3 case, the above so(1, d + 1) g-characters encoding the H-spectrum
of massless spin-s fields in dS;,; are very different from the so(2, d) characters encoding the en-

ergy spectrum of massless spin-s fields in AdS;;; with standard boundary conditions, the latter

AdS g1

being Xoulk s

= (D¢ ¢*+92 - Df_l ¢t /(1 = ¢)?. In particular for d > 4, the lowest power
g” appearing in the g-expansion of the character is A = 2, and is associated with the so(d) repre-
sentation S = (s, ), i.e. HFHH, ... for s = 1,2,3,. .., whereas for the so(2, d) character this is
A=5s+d-2andS = (s). An explanation for this was given in [101]: in dS, S should be thought
of as associated with the higher-spin Weyl curvature tensor of the gauge field rather than the gauge

field itself.
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This fits well with the interpretation of the expansion
MOEDN TS (C.167)

as counting the number N, of physical static patch quasinormal modes decaying as e~"7 (cf. section
3.2 and appendix C.2.3). Indeed for d > 4, the longest-lived physical quasinormal modes of
a massless spin-s field in the static patch of dS;4; always decay as e 2T [141], which can be
understood as follows. Physical quasinormal modes of the southern static patch can be thought
of as sourced by insertions of gauge-invariant'® local operators on the past conformal boundary
T = —oo of the static patch, or equivalently at the south pole of the past conformal boundary (or
alternatively the north pole of future boundary) of global dS;;; [139-141]. By construction, the
dimension r of the operator maps to the decay rate r of the quasinormal mode o e¢™"”. For s = 1,
the gauge-invariant operator with the smallest dimension r = A is the magnetic field strength
Fij = 0;A; — 0;A; of the boundary gauge field A;, which has A = dimd + dimA =1+1 = 2.
For s = 2 in d > 4, the gauge-invariant operator with smallest dimension is the Weyl tensor of the
boundary metric: A = 2+0 = 2. Similarly for higher-spin fields we get the spin-s Weyl tensor, with
A =s5+2—s =72. Thereason d = 3 is special is that the Weyl tensor vanishes identically in this
case. To get a nonvanishing gauge-invariant tensor, one has to act with at least 2s — 1 derivatives
(spin-s Cotton tensor), yielding A = (2s — 1) + (2 — s) = s + 1. An extensive analysis is given in

[141].

Note on a literature disagreements: The characters (C.164) agree with the characters listed in the
original work [76-78], computed by undisclosed methods. They do not agree with those listed in
the more recent work [101], computed by Bernstein-Gelfand-Gelfand resolutions. Indeed [101]
emphasized they disagreed with [76-78] for even d. More precisely, in their eq. (2.14) applied
top =2Y = (s550,...,0), X = 0, they find a factor 2 = (1 + (-1)9) instead of the factor

(1 = (=1)%) = 0in (C.164). It is stated in [101] that on the other hand their results do agree with

16More precisely, invariant under linearized gauge transformations acting on the conformal boundary.
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[76-78] for odd d. Actually we find this is not quite true either, as in that case eq. (2.13) in [101]
applied to p = 2, Y, = (5,5,0,...,0), X = 0) has a factor 1 instead of the factor (1 — (—l)d) =2
in (C.164). Our Euclidean path integral result (C.194) coupled with the physics of section 3.2
strongly suggests the original results in [76-78] and (C.164) are the correct versions. Further

support is provided in [141] by direct construction of higher-spin quasinormal modes.

C.7.2 Euclidean path integral: Zp; = ZGZchar

d+1

The Euclidean path integral of a collection of gauge fields ¢ on S“*" is formally given by

vol(G) (C.168)

Zp =

where G is the local gauge group generated by the local field &€ appearing in (3.94). This ill-defined
formal expression is turned into something well-defined by BRST gauge fixing. A convenient
gauge for higher-spin fields is the de Donder gauge. At the Gaussian level, the resulting analog of

(C.127) is?
—52/47 T( \ +m2 ) T(—V{ +m? )
log Zpr = Z TrTT ¢ T\ Ve Teppe "\ sLrTes ) (C.169)

where ), sums over the spin-s gauge fields in the theory (possibly with multiplicities) and mé s
and més are obtained from the relations below (3.78) using (3.95). The first term arises from the
path integral over the TT modes of ¢, while the second arises from the TT part of the gauge fixing
sector in de Donder gauge — a combination of integrating out the TT part of the spin-(s — 1) ghost
fields and the corresponding longitudinal degrees of freedom of the spin-s gauge fields. The above

(C.169) 1s the difference of two expressions of the form (C.127). Naively applying the formula

17A detailed discussion of normalization conventions left implicit here is given above and below (C.202).
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(C.161) or (3.83) for the corresponding full Zpy, we get

dt
Zpp = epo / 5, B (naive) (C.170)
where (assuming d > 3)
FS(Q) — Z D:l;srz(qﬁd_zm +q2—s+n) _ Z DZ',JSFEI (qs+d—l+n +q1—s+n) (C.171)
n>-1 n>-1

However this is clearly problematic. One problem is that for s > 2, the above Fy(g) contains

negative powers of g = e”!

, making (C.170) exponentially divergent at 1 — oo. The appearance
of such “wrong-sign” powers of ¢ is directly related to the appearance of “wrong-sign” Gaussian
integrals in the path integral, as can be seen for instance from the relation between (C.161) and
the heat kernel integral (C.158). In the path integral framework, one deals with this problem by
analytic continuation, generalizing the familiar contour rotation prescription for negative modes in
the gravitational Euclidean path integral [61]. Thus one defines | dx e~ 12 for 1 < 0 by rotating
x — ix, or equivalently by rotating T — — in the heat kernel integral. Essentially this just boils
down to flipping any 4 < 0 to —4 > 0. Since the Laplacian eigenvalues are equal to the products

of the exponents appearing in the pairs (¢**" + g¢=4*")

in (C.171), the implementation of this
prescription in our setup is to flip the negative powers ¢* in Fy(q) = 3, cx ¢* to positive powers

g%, that is to say replace

) = F@) = {A@}, = {) a q"}+ = aqt+ ) ad (C.172)
k

k<0 k>0

In addition, each negative mode path integral contour rotation produces a phase +i, resulting in
a definite, finite overall phase in Zpy [59]. The analysis of [59] translates to each corresponding

flip in (C.172) contributing with the same sign,'® hence to an overall phase i~s with P; the total

!8This can be seen in a more careful path integral analysis [67].
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degeneracy of negative modes in (C.171). Using D¢}? = —folzn RE

s—1,n’ s=2,n’ s—1,5—1 s—1,5— s—2,5—2

s—=2 s—2
Zpp — l-—PsZPI, P, = Z D2 o Z pa+2  _ pd+3  _ pd+2 L+ pa+3 (C.173)
n’=0 n’=0

In particular this implies P; = 0 and P, = d + 3 in agreement with [59].
After having taken care of the negative powers of ¢, the resulting amended formula Zp; =
% Fi(q) is still problematic, however, as F;(g) still contains terms proportional to ¢°, causing the
integral to diverges (logarithmically) for # — oco. These correspond to zeromodes in the original
path integral. Indeed such zermodes were to be expected: they are due to the existence of nor-
malizable rank s — 1 traceless Killing tensors £€9~1), which by definition satisfy V(M‘fm... u) = 0,
and therefore correspond to vanishing gauge transformations (3.94), leading in particular to ghost
zeromodes. Zeromodes of this kind must be omitted from the Gaussian path integral. They are
easily identified in (C.171) as the values of n for which a term proportional to ¢" appears. Since
we are assuming d > 2, this is n = s — 2 in the first sum and n = s — 1 in the second. Thus we

should refine (C.172) to
Fy— F - F,, (C.174)

where F? = fofzz’s(qz”d_4 +1)-D%? l(qszrd_2 +1). Noting that ijz%s = —ijﬁs_l and D2

s—1,5— s—1,5—1

is the number NX7 of rank s — 1 traceless Killing tensors on $4+1 we can rewrite this as

N s—1,5—1°

making the relation to the existence of normalizable Killing tensors manifest. For example N(I)<T =
1, corresponding to constant U(1) gauge transformations; NlKT = %(d +2)(d+1) =dim SO(d +2),
corresponding to the Killing vectors of the sphere; and NSK_T1 oc §2473 for s — oo, corresponding to
large-spin generalizations thereof.

We cannot just drop the zeromodes and move on, however. The original formal path integral

286



expression (C.168) is local by construction, as both numerator and denominator are defined with
a local measure on local fields. In principle BRST gauge fixing is designed to maintain manifest
locality, but if we remove any finite subset of modes by hand, including in particular zeromodes,
locality is lost. Indeed the —FS(O) subtraction results in nonlocal log-divergences in the character
integral, i.e. divergences which cannot be canceled by local counterterms. From the point of view
of (C.168), the loss of locality is due the fact that we are no longer dividing by the volume of the
local gauge group G, since we are effectively omitting the subgroup G generated by the Killing
tensors. To restore locality, and to correctly implement the idea embodied in (C.168), we must
divide by the volume of G by hand. This volume must be computed using the same local measure
defining vol(G), i.e. the invariant measure on G normalized such that integrating the gauge fixing
insertion in the path integral over the gauge orbits results in a factor 1. Hence the appropriate
measure defining the volume of G in this context is inherited from the BRST path integral measure.
As such we will denote it by vol(G)p;. A detailed general discussion of the importance of these
specifications for consistency with locality and unitarity in the case of Maxwell theory can be
found in [66]. Relating vol(G)p; to a “canonical”, theory-independent definition of the group
volume vol(G),, (such as for example vol(U(1)). = 2x) is not trivial, requiring considerable care in
keeping track of various normalization factors and conventions. Moreover vol(G)p; depends on the
nonlinear interaction structure of the theory, as this determines the Lie algebra of G. We postpone

further analysis of vol(G)py to section C.7.4.

Conclusion

To summarize, instead of the naive (C.170), we get the following formula for the 1-loop Eu-

clidean path integral on S?*! for a collection of massless spin-s gauge fields:

_ dt
Zpr = i7" (vol(G)py) ! expz / Z(FY - Fso) , (C.176)
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where F;, = {FS}Jr and FSO were defined in (C.171), (C.172) and (C.175); G is the subgroup of
gauge transformations generated by the Killing tensors £V, i.e. the zeromodes of (3.94); and

i~Ps is the phase (C.173). We can split up the integrals by introducing an IR regulator:

_ _exp(- X, [TEF) X dt
Zer =i P 76 Zenar s Zc = L Zehar = / —F C.177
pr =1 G Zcha G = vol(Gor char = €XP ZS: o Fs ( )

where the notation [ " means we IR regulate by introducing a factor e *, take u — 0, and subtract

the log u divergent term. For a function f(¢) such that lim,_,o, f(¢) = ¢, this means

/ ﬂf(t)_ hm clog,u+/ ft)e _’” (C.178)

For example for f(r) = 15 this gives fo & L =log u—log(e”u) = —y, and for f(¢) = 1 with the
integral UV-regularized as in (C.68) we get f “dt— og(2e77 /€).
In section C.7.3 we recast Zghyr as a character integral formula. In section C.7.4 we express Zg

in terms of the canonical group volume vol(G), and the coupling constant of the theory.

C.7.3 Character formula: Zchar = Zpuik/ Zedge ZKT

In this section we derive a character formula for Z.,, in (C.177). If we start from the naive F,

given by (C.171) and follow the same steps as those bringing (3.83) to the form (3.84), we get

. 1+q . . . R
Fy = ﬁ Xs» Xs = Xbulk,s — Xedge,s > (C.179)

where

qs+d—2 + q2—s 4 qs+d—1 + ql—s

~ —_ nd

Xbulk,s = Dy —(1 — ) 2 W (C.180)
d-3 s+d-2 -5

. d 2 g+ g d+2 4 +4q

Xedge,s = D + —( = sjz W . (C.181)
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Note that these take the form of “field — ghost” characters obtained respectively by substituting
the values of vy and vg given by (3.95) into the massive spin s and spin s — 1 characters (3.85).
The naive bulk characters Ypuks thus obtained cannot possibly be the character of any UIR of
SO(1,d + 1), as is obvious from the presence of negative powers of ¢. In particular it is certainly
not equal to the physical exceptional series bulk character (C.164). Now let us consider the actual

F, = {F,}, appearing in (C.177). Then we find'°

N I+ R
Fo= ), = o[l -2, (C.182)
+ 1l—-gqg

where the “flipped” character [ {] is obtained from ¥ = 3, cxg* by flipping cxg* — —crg™* for

k < 0 and dropping the k = O terms:

(%], = [Ded| =D 0™ + Y ad =k —a-Yald+ah).  €I83)

k k<0 k>0 k<0

Thus this flipping prescription can be thought of as the character analog of contour rotations for
“wrong-sign” Gaussians in the path integral. Notice the slight differences in the map y — [¢]+
and the related but different map F — {F}. defined in (C.172).

Substituting (C.182) into (C.177), we conclude

dt 1+ q . KT
log Zchar = Z/ 2l‘ 1 )(bulk,s]+ - [Xedge,s]ﬁ_ - 2Ns_1) (C.184)
¥To check (C.182) starting from (C.172), observe that { 1-Z - (¢ +4q7%=2)}, = 0 for any integer k, so WZ g}, =
1+q( —-g7* +2) for k < 0, while of course {1+q K= rg g* for k > 0, . This accounts for the k < 0 and k > 0

terms in the expansion Y cx ¢* of (C.182). The coefficient ZNSIE of the ¢° term is most easily checked by comparing
the ¢° terms on the left and right hand sides of (C.182), taking into account that, by definition, [ x]. has no ¢° term,
and that the ¢° terms of the left hand side are given by (C.175).
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Consistency with ideal gas bulk character formula

Consistency with the physical ideal gas picture used to derive Zyx in section C.7.1 requires

the bulk part of log Z.p,r as given in (C.184) agrees with (C.163), that is to say it requires

Xoulks = [ Xbulk,s ]+ 7 (C.185)

where ypulks 1S one of the intricate exceptional series characters (C.164), while [ {puiks]+ 1S ob-
tained from the simple naive bulk character (C.180) just by flipping some polar terms as in (C.183).
At first sight this might seems rather unlikely. Nevertheless, quite remarkably, it turns out to be

true. Let us first check this in some simple examples:

e s =2 in d = 3: The naive character (C.180) is

3 4, -1
+1 +
5.4 3.9 %4

Xoulk = - . (C.186)
’ (1-g)} (1-¢)
The polar and ¢" terms are obtained by expanding fpui = —% -4+ O(q). Thus
3 2-5-¢°-2-3-4*
0 = fouk +4+=+3¢g= : C.187
[ ouik], = Rouik p q T ( )

correctly reproducing the d = 3, s = 2 character in (C.165).
o 5 =1, general d > 3: In this case the map [...], merely eliminates the ¢° term in the naive

character (C.180) by adding +1:

d-1 d

. . 9 +q q°+1
Xoulk [, = Xouxk +1=4d - - +1,
evun], = £ (I-g) (1-g)Y

(C.188)

correctly reproducing (C.166).

Using Mathematica, it is straightforward to check an arbitrary large number of examples in this

way. Below we will derive a general explicit formula for the character flip map ¥ — [¢]+-
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This will provide a general proof of (C.185), and more generally will enable efficient closed-
form computation of the proper bulk and edge characters for general s and d. Generalizations are
implemented with equal ease: as an illustration thereof we compute the bulk and edge characters

for partially massless fields.

Flipping formula

We wish to derive a general explicit formula for [%] . defined in (C.183), for
Ae{0,-1,-2,-3,...} (C.189)

which suffices to obtain an explicit expression for [ y]+ for any bosonic character of interest, in-

cluding in particular (C.180)-(C.181). This is achieved by expanding (1 — g)™ = 3, (d_};k)qk,

splitting the sum in its polar and nonpolar part, incorporating the appropriate sign flips, and re-

summing in terms of hypergeometric functions > Fy(a, b, c; q) = Z;o:o %Z—’;. After a bit more

sanding and polishing we find

[ q* ] _ =DM + pag) + (=1)pa-alg) (C.190)

(1-¢g)? (1-¢g)? ’

where pa(q) = (573) - g - 2Fi(1 = d, 1= A2~ Aq) = (573) - a - Z{LH-D () gtz ¢F- The

hypergeometric series terminates because 1 — d < 0. A more interesting version is

[ q° ] _ Palg)

-], (1-g)
r—1
Palg) = (1) g™+ Y (<) Dy (g + (1)) = (4] (€19D)
m=0
Here Df_ a1m 18 the dimension of the irrep of so(d) corresponding to the Young diagram § = (I —

Al ..., 1,0,...,0), with 1 repeated m times, explicitly given in (C.87)-(C.88). We obtained this

formula using Mathematica and also obtained a proof of (C.191) by expressing (C.87)-(C.88) in
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terms of gamma functions and comparing to (C.190). This is somewhat tedious and not especially
illuminating, so we omit it here.
Bulk characters for (partially) massless fields

Now let us apply this to a slight generalization of the massless Ypuk s given in (C.180),

d—1+s’ 1-s d—1+s
bulk d g +q d4 " t4q
7 (q) = Dj - Dy, . (C.192)
s (1-¢) (1-¢g)

This is the naive bulk character for a partially massless spin-s field ¢,,,...,, with a spin-s” (0 < 5" <

s — 1) gauge parameter field &, ..., [203]. The massless case (C.180) corresponds to
s =5-1 (massless case). (C.193)

We consider the more general partially massless case here to illustrate the versatility of (C.191),
and because in a sense the resulting formulae are more elegant than in the massless case, due to

the neat s <> 5" symmetry already evident in (C.192). Applying (C.191), still with r = L%J ,

( q)d[ bulk(q)] 1+( 1)d+1)(Dd qd I+s’ Df, qd—l+s)

Nss
r—1 (C.194)
+ Z(_l)m—l Dj,sql’lm—l (q1+m + (_1)dqd—l—m) )

m=1

We used D¢ Py_y(q) — D4P1_s(q) = X1 (=1)™ (D¢ D ¢ = D& DY) (g + (1) gt
= Z:n‘zll(—l)’"_1 Dis'+1,1m—l (q“m + (—1)dqd_1_m) with P, as defined in (C.191) to get the second
term. Like for (C.191), we obtained this formula using Mathematica. It can be proven starting
from (C.87)-(C.88).

Remarkably, (C.194) precisely reproduces the massless exceptional series characters (C.164)

for s’ = s — 1, further strengthening our physical picture, adding evidence for (C.161), proving

(C.185), and generalizing it moreover to partially massless gauge fields. Comparing to [76-78], the
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partially massless gauge field characters we find here coincide with those of the unitary exceptional
series Dép withp=0,S=(s,s'+1),and j = (d —3)/2 forodd d, j = (d —4)/2 for even d. In the
notation of [101] this is the exceptional series with A = p = 2, § = (s, s’ + 1), which was indeed

identified in [101] as the so(1, d + 1) UIR for partially massless fields.

Edge characters for (partially) massless fields
For the edge correction we proceed analogously. The naive PM edge character is

d-2+s’ d-2+s

)

ed g +q g +q
X:srge(q) — Djli—12 _ d+2

(1-g)42 S () (19

reducing to the massless case (C.181) for s" = s — 1. Applying (C.191) gives, still with r = L%J,

(1- q)d—z [)2?‘(:}‘;&:(6])]_F _ (1 + (_1)d+1)(D§li-12 qd—2+s’ _ Dzl/—i;zl qd—2+s)

r-2 . (C.196)

+ ) (1" D (g™ + (=1)'g* )
m=0

where D,, = D2 D93 |, - D2 D2
Note that in the massless spin-1 case
d-2
~edge g+
@), = T 1. (C.197)

In the notation of [76-78], this equals the character for the unitary SO(1,d — 1) irrep in the ex-
ceptional series Dé;p:() with § = (1) and j = (d — 4)/2 for even d and j = (d — 3)/2 for odd d
— the irreducible representation indeed of a massless scalar on dS,;_; with its zeromode removed.
The fact that S = (1) is analogous to what happens in the 2D CFT of a massless free scalar X: the
actual CFT primary operators are the spin +1 derivatives 0. X(0).

In contrast to (C.194), we did not find a way of rewriting D,, for general spin to suggest an

interpretation along these lines in general. Indeed unlike (C.194), [ )ﬁf,ge(q)] . in general does
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not appear to be proportional to the character of a single exceptional series irrep of SO(1,d — 1).
This is not in conflict with the picture of edge corrections as a Euclidean path integral of some
collection of local fields on S%~!, since if the fields have nontrivial spin / so(d — 2) weights, the
corresponding character integrals will have a complicated structure, involving sums of iterations of
SO(1,d — 1 — 2k) characters with k = 0, 1,2, . . ., exhibiting patterns that might be hard to discern
without knowing what to look for. It should also be kept in mind we have not identified a reason
the edge correction must have a local QFT path integral interpretation. On the other hand, the
coefficients of the g-expansion of the effective edge character do turn out to be positive, consistent
with an interpretation in terms of some collection of fields corresponding to unitary representations
of dS;-1. A more fundamental group-theoretic or physics understanding of the edge correction
would evidently be desirable.

For practical purposes, the interpretation does not matter of course. The formula (C.196) gives

a general formula for yeqge, Which is all we need. For example for d = 3, this gives | /ﬁ’dge(q)] .=
Dy 4°-D3,q™"

2 =

—2D5  g*+2D" ‘{fq‘,where D5, = Ls(s+1)2s+1)and D' = D5 D5 =

s2. The second form makes positivity of coefficients manifest. For d = 4 we get [ )QSedge(q)]Jr =
5 _2¢q
biag

Conclusion

We conclude that (C.184) can be written as
log Zchar = 10g Zpuik — 10g Zedge — log Zkr, (C.198)

where the bulk and edge contributions are explicitly given by (C.194)-(C.196) with s’ = s — 1,%°

and

. “dt 1+¢ . KT d+2
log Zxt = dim G / > m -2, dim G = ZNS_I = Zs: DT - (C.199)

d+2

*%In the partially massless case log Zgr takes the same form, but with DY*2  replaced by D9*2 .
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The finite (IR) part of Zgr is given by (C.75): Zxt|r = (27)~4mO,

C.7.4  Group volume factor: Zg

The remaining task is to compute the factor Zg defined in (C.177), that is

_ X dt
Zi = (vol(G)py) " exp Z NKT / 2—t(q23+d_4 N ) (C.200)
N

We imagine the spin range to be finite, or cut off in some way. (The infinite spin range case is
discussed in section 3.9.) In the heat kernel regularization scheme of appendix C.3, we can then
evaluate the integral using (C.68):

— -1 M4
Zg = (vol(Gp) U((Zs T d—H(2s+d-2) ’ p (C.201)

<
i

On general grounds, the nonlocal UV-divergent factors M appearing here in Zg should cancel

against factors of M in vol(G)py, as we will explicitly confirm below.

Generalities

Recall that G is the group of gauge transformations generated by the Killing tensors. Equiv-
alently it is the subgroup of gauge transformations leaving the background invariant. vol(G)py is
the volume of G with respect to the path integral induced measure. This is different from what we
shall call the “canonical” volume vol(G),, defined with respect to the invariant metric normalized
such that the generators of some standard basis of the Lie algebra have unit norm. (In the case of
Yang-Mills, this coincides with the metric defined by the canonically normalized Yang-Mills ac-
tion, providing some justification for the (ab)use of the word canonical.) In particular, in contrast
to vol(G),, vol(G)p; depends on the coupling constants and UV cutoff of the field theory.

As mentioned at the end of section C.7.2, the computation of Zg brings in a series of new com-
plications. One reason is that the Lie algebra structure constants defining G are not determined

by the free part of the action, but by its interactions, thus requiring data going beyond the usual
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one-loop Gaussian level. Another reason is that due to the omission of zeromodes and the ensuing
loss of locality in the path integral, a precise computation of vol(G)p; requires keeping track of an
unpleasantly large number of normalization factors, such as for instance constants multiplying ki-
netic operators, as these can no longer be automatically discarded by adjusting local counterterms.
Consequently, exact, direct path integral computationz of Z; for general higher-spin theories re-
quires great care and considerable persistence, although it can be done [67]. Below we obtain an
exact expression for Zg in terms of vol(G), and the Newton constant in a comparatively painless
way, by combining results and ideas from [66, 68-71, 81, 128], together with the observation that
the form of (C.169) actually determines all the normalization factors we need. Although the ex-
pressions at intermediate stages are still a bit unpleasant, the end result takes a strikingly simple
and universal form.

If G is finite-dimensional, as is the case for example for Yang-Mills, Einstein gravity and
certain (topological) higher-spin theories [117, 118, 145-148, 153, 174, 175] including the dS3
higher-spin theory analyzed in section 3.6, we can then proceed to compute vol(G),, and we are
done. If G is infinite-dimensional, as is the case in generic higher-spin theories, one faces the
remaining problem of making sense of vol(G), itself. Glossing over the already nontrivial problem
of exponentiating the higher-spin algebra to an actual group [160], the obvious issue is that vol(G),
is going to be divergent. We discuss and interpret this and other infinite spin range issues in section
3.9. In what follows we will continue to assume the spin range is finite or cut off in some way as
before, so G is finite-dimensional.

We begin by determining the path integral measure to be used to compute vol(G)p; in (C.201).
Then we compute Zg in terms of vol(G), and the coupling constant of the theory, first for Yang-

Mills, then for Einstein gravity, and finally for general higher-spin theories.

Path integral measure

To determine vol(G)p; we have to take a quick look at the path integral measure. This is

fixed by locality and consistency with the regularized heat kernel definition of Gaussian path
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integrals we have been using throughout. For example for a scalar field as in (3.66), we have
[ Dpe 29V 4m0 = exp [ & e=€' /47 Tr ¢=7=V24m’)  Ap eigenmode of —V?2 + m? with eigenvalue
A; contributes a factor M /+/4; to the right hand side of this equation, with M = exp [ % e /AT T =
2¢77 /€, the same parameter as in (C.201) (essentially by definition). To ensure the left hand side
matches this, we must use a path integral measure derived from the local metric ds(% = %4_7: [ })>.
To see this, expand ¢(x) = 3; @i;(x) with ¥;(x) an orthonormal basis of eigenmodes of —V? + m?
on S9*!. The metric in this basis becomes ds> = 3, g—;dgo?, so a mode with eigenvalue A; con-
tributes a factor [ de; \/%_” e ¢ = M /V4; to the left hand side, as required.

We work with canonically normalized fields. For a spin-s field ¢ this means the quadratic part

of the action evaluated on its transverse-traceless part ¢1 | takes the form
1
S[¢™] = 3 / ¢ N (-V? +mA)e T (C.202)

Consistency with (C.127) or (C.169) then requires the measure for ¢ to be derived again from the
metric dsé = 151—; i (6¢)>. If ¢ has a gauge symmetry, the formal division by the volume of the
gauge group G is conveniently implemented by BRST gauge fixing. For example for a spin-1
field with gauge symmetry 6¢, = 0,£, we can gauge fix in Lorenz gauge by adding the BRST-
exact action Sgrst = [ iBVHp, — ¢V2c. This requires specifying a measure for the Lagrange
multiplier field B and the ghosts ¢, ¢. It is straightforward to check that a ghost measure derived
from a’sgc = M? f 6¢ dc¢ (which translates to a mode measure [[; #d&i dc;) combined with a B-
measure derived from ds% = % i (6B)?, reproduces precisely the second term in (C.169) upon
integrating out B, c, ¢ and the longitudinal modes of ¢. It is likewise straightforward to check that
BRST gauge fixing is then formally equivalent to dividing by the volume of the local gauge group
G with respect to the measure derived from the following metric on the algebra of local gauge

transformations:

4
ds; = f—ﬂ / (68)* . (C.203)
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Note that all of these metrics take the same form, with the powers of M fixed by dimensional analy-
sis. An important constraint in the above was that the second term in (C.169) is exactly reproduced,
without some extra factor multiplying the Laplacian. This matters when we omit zeromodes. For
this to be the case with the above measure prescriptions, it was important that the gauge transfor-
mation took the form 6¢, = a10,& with @; = 1 as opposed to some different value of ay, as we a
priori allowed in (3.94). For a general a|, we would have obtained an additional factor @ in the
ghost action, and a corresponding factor alz in the kinetic term in the second term of (C.169). To
avoid having to keep track of this, we picked a1 = 1. For Yang-Mills theories, everything remains
the same, with internal index contractions understood, e.g. S[¢T'] = % i ¢TI (=V? + ﬁz)qb“TT,
dst = 1L [(6¢°)?, ds? = 1L [(56°)%.

For higher-spin fields, we gauge fix in the de Donder gauge. All metrics remain unchanged, ex-
cept for the obvious additional spacetime index contractions. The second term of (C.169) is exactly
reproduced upon integrating out the TT sector of the BRST fields together with the corresponding

longitudinal modes of ¢, provided we pick
s = s (C.204)

in (3.94), with symmetrization conventions such that ¢,,....;) = @u;..u,- (Technically the ori-
gin of the factor s can be traced to the fact that if ¢,,..,. = V(u,&uypy) for a TT &, we have
[#? = 57! [&(=V? + ¢,)é.) Equation (C.204) fixes the normalization of &, and (C.203) then
determines unambiguously the measure to be used to compute vol(G)p; in (C.201). We will see
more concretely how this works in what follows, first spelling out the basic idea in detail in the
familiar YM and GR examples, and then moving on to the general higher-spin gauge theory case

considered in [68].
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Yang-Mills

Consider a Yang-Mills theory with with a simple Lie algebra
(L9 L") = oL, (C.205)

with the L¢ some standard basis of anti-hermitian matrices and ¢’ real and totally antisymmetric.
For example for su(2) Yang-Mills, L¢ = —%ia“ and [L¢, LP] = €%’ L¢. Consistent with our general
conventions, we take the gauge fields ¢, = ¢7,L“ to be canonically normalized: the curvature takes
the form Fjj, LY = F,, = 8¢y — 8,9 + g[dys $v], and the action is

1
S:Z/F“-F“ (C.206)

The quadratic part of S is invariant under the linearized gauge transformations 620) ¢, = 0,&, where
& = 709, taking the form (3.94) with @ = 1 as required. The full S is invariant under local gauge

transformations 6z¢, = d,& + g[¢,, €], generating the local gauge algebra
[0¢, Ogr] = Oglere] - (C.207)

The rank-0 Killing tensors £ satisfy d,& = 0: they are the constant gauge transformations & = £4L¢
on the sphere, forming the subalgebra g of local gauge transformations acting trivially on the
background ¢, = 0, generating the group G whose volume we have to divide by. The bracket of g,

denoted [[-, -] in [68], is inherited from the local gauge algebra (C.207):

€& = glé,€]. (C.208)

Evidently this is isomorphic to the original YM Lie algebra. Being a simple Lie algebra, g has an

up to normalization unique invariant bilinear form/metric. The path integral metric a’slz,I of (C.203)
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corresponds to such an invariant bilinear form with a specific normalization:

4

4
(1€Y1 = 1;4— / gagr = M vol(§d4+h) gagra (C.209)
T 2

We define the theory-independent “canonical” invariant bilinear form (-|-). on g as follows. First
pick a “standard” basis M of g, i.e. a basis satisfying the same commutation relations as (C.205):
[M¢ MP] = fe’°M°. This fixes the normalization of the M¢. Then we fix the normalization of

(+]-)c by requiring these standard generators have unit norm, i.e.
(M| M), = 5. (C.210)

The explicit form of (C.208) implies such a basis is given by the constant functions M = —L%/g

on the sphere. Thus we have (L%|L?). = g?6°" and
(€& = g7EE" (C211)

Comparing (C.211) and (C.209), we see the path integral and canonical metrics on G and their

corresponding volumes are related by

M* vol(54+! I(G M* vol(§¢+1)) 2 9imG
dst’I = _LZ) ds? = VO( )PI = _L) . (C.212)
2r g vol(G), 2r g2
1/ M* \+dimG
From (C.201), we get Zg = vol(G)p; (72357)> - hence
Zo=2L—\ y=—2F Al =volsih= | (C213)
vol(G) Vd=2)A4- r(4)

where we used vol(S%*+!) = 27”vol(Sd‘1). (Recall we have been assuming d > 2. The case d = 2 is
discussed in appendix C.8.1.) The quantity y may look familiar: the Coulomb potential energy for

two unit charges at a distance r in flat space is V(r) = y?/r?=2.
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Practically speaking, the upshot is that Z; is given by (C.213), with vol(G), the volume of the
Yang-Mills gauge group with respect to the metric defined by the Yang-Mills action (C.206). For
example for G = SU(2) with f%¢ = €% as before, vol(G). = 1672, because SU(2) in this metric
is the round S? with circumference 47, hence radius 2.

The relation (C.208) can be viewed as defining the coupling constant g given our normalization
conventions for the kinetic terms and linearized gauge transformations. Of course the final result
is independent of these conventions. Conventions without explicit factors of g in the curvature and
gauge transformations are obtained by rescaling ¢ — ¢/g, & — &/g. Then there won’t be a factor
g in (C.208), but instead g is read off from the action § = é f (F%)?. We could also write this
without explicit reference to a basis as § = é f Tr F2, where the trace “Tr” is normalized such
that Tr(L“L") = §*°. Then we can say the canonical bilinear/metric/volume is defined by the trace
norm appearing in the YM action. We could choose a differently normalized trace Tr’ = A>Tr. The
physics remains unchanged provided g’ = Ag. Then vol(G). = 19™Gvol(G),, hence, consistently,
Z. =Zg.

As a final example, for SU(N) Yang-Mills with su(N) viewed as anti-hermitian N X N matrices,
S = —# [ TenF 2 in conventions without a factor g in the gauge algebra, and Try the ordinary

N x N matrix trace, vol(SU(N)). = (C.94).

Einstein gravity

The Einstein gravity case proceeds analogously. Now we have single massless spin-2 field
¢,v. The gauge transformations are diffeomorphisms generated by vector fields &,. The subgroup
G of diffeomorphisms leaving the background S¢*! invariant is SO(d + 2), generated by Killing
vectors g?ﬂ. The usual standard basis M;; = —My;, I = 1,...,d + 2 of the so(d + 2) Lie algebra
satisfies [M2, Ma3] = Mj3 etc. We define the canonical bilinear (:|-). to be the unique invariant

form normalized such that the M;; have unit norm:

(Mia|My2)e = 1. (C.214)
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With respect to the corresponding metric ds2, orbits g(¢) = e#12 with ¢ ranging from 0 to 27
have length 2. The canonical volume is then given by (C.93).

To identify the standard generators M;; more precisely in our normalization conventions for &,
we need to look at the field theory realization in more detail. The so(d +2) algebra generated by the
Killing vectors £ is realized in the interacting Einstein gravity theory as a subalgebra of the gauge
(diffeomorphism) algebra. As in the Yang-Mills case (C.208), the bracket [[-, -]| of this subalgebra
is inherited from the gauge algebra. Writing the Killing vectors as & = £40,, the standard Lie
bracket is [£, &']p = (£10,&" — £40,£”)d,. If we had normalized ¢,y as ¢,y = g,y — g, With g,
the background sphere metric, and if we had normalized &, by putting a; = 1 in (3.94), the bracket
[-,-]] would have coincided with the Lie bracket [-,-].. However, we are working in different
normalization conventions, in which ¢, is canonically normalized and a, = V2 according to

(C.204). In these conventions we have instead

[ €1 = V16aGN [€, €L, (C.215)

where Gy is the Newton constant. This can be checked by starting from the Einstein-Hilbert
action, expanding to quadratic order (see e.g. [204] for convenient and reliable explicit expressions
in dS;+1), and making the appropriate convention rescalings. This is the Einstein gravity analog
of (C.208). To be more concrete, let us consider the ambient space description of the sphere S9*!,
i.e. X!X; = 1 with X € R?*2. Then the basis of Killing vectors M;; = —(X;0; — X;0;)/V167nGy
satisfy our standard so(d + 2) commutation relations [[M),, M>3]] = M3 etc, hence by (C.214),
(My3|M2). = 1. The path integral metric (C.203) on the other hand corresponds to the invariant
bilinear (£|&')p1 = 4 [ £, so (Mol Mi)er = 4 el [an (X2 +X2) = 4 1l Zovol(5441),
Thus we obtain the following relation between PI and canonical metrics and volumes for G =

SO(d + 2):

l .
s A 1 MA VolGlpy  (Agr 1 M*\2EmO

= 21 = d _ 2
LT 46N d(d +2) 21 vol(G),  \4Gy d(d +2) 2x

(C.216)
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where dimG = (d +2)(d + 1), Aq1 = vol(S?™!) as in (C.213), and we again used vol(S?*!) =

Zvol(S?~!). Combining this with (C.201), we get our desired result:

_ ,ydimG 87GN
VOI(G)C ’ Ag-1

) (C.217)

\<
1]

ZG

Higher-spin gravity

We follow the same template for the higher-spin case. In the interacting higher-spin theory, the
Killing tensors generate a subalgebra of the nonlinear gauge algebra, with bracket [, -] inherited
from the gauge algebra, just like in the Yang-Mills and Einstein examples, except the gauge algebra
is much more complicated in the higher-spin case. Fortunately it is not necessary to construct the
exact gauge algebra to determine the Killing tensor algebra: it suffices to determine the lowest
order deformation of the linearized gauge transformation (3.94) fixed by the transverse-traceless
cubic couplings of the theory [68]. The Killing tensor algebra includes in particular an so(d + 2)
subalgebra, that is to say an algebra of the same general form (C.215) as in Einstein gravity, with
some constant appearing on the right-hand side determined by the spin-2 cubic coupling in the TT
action. We define the “Newton constant” Gy of the higher-spin theory to be this constant, that is

to say we read off Gy from the so(d + 2) Killing vector subalgebra by writing it as

[, €1 = V16nGN €, €] . (C.218)

The standard Killing vector basis is then again given by M;; = —(X;0;—X;0;)/ V167G, satisfying
[Mi2, Ma3]| = M5 ete.

It was argued in [68] that for the most general set of consistent parity-preserving cubic interac-
tions, assuming the algebra does not split as a direct sum of subalgebras, i.e. assuming the algebra
is simple, there exists an up to normalization unique invariant bilinear form (-|-). on the Killing

tensor algebra. We fix its normalization again by requiring the standard so(d + 2) Killing vectors
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M;; have unit norm,
(Mia|My2)e = 1. (C.219)

Expressed in terms of the bilinears (£;_1|&;_1)pr = ];4—; f &1 é?(s—l) corresponding to (C.203), the

invariant bilinear on the Killing tensor algebra takes the general form

EIEe = > BoElE_m, (C.220)

where B; are certain constants fixed in principle by the algebra. The arguments given in [68]
moreover imply that up to overall normalization, the coefficients B, are independent of the coupling
constants in the theory. More specifically, adapted (with some work, as described below) to our
setting and conventions, and correcting for what we believe is a typo in [68], the coefficients are
B oc (2s+d—4)(2s +d —2). We confirmed this by comparison to [71], where the invariant bilinear
form for minimal Vasiliev gravity in AdS .1, dual to the free O(N) model, was spelled out in detail,
building on [68-70]. Analytically continuing to positive cosmological constant, implementing
their ambient space X-contractions by a Gaussian integral, and reducing this integral to the sphere
by switching to spherical coordinates, the expression in [71] can be brought to the form (C.220).
This transformation almost completely cancels the factorials in the analogous coefficients by in
[71], reducing to the simple By « (25 + d — 4)(2s + d — 2). (The alternating signs of [71] are
absent here due to the analytic continuation to positive cc.) Taking into account our normalization

prescription (C.219) (which is different from the normalization chosen in [71]), we thus get

57 _ 2n 4GN Z(s—1)| Z(s—1)

(f18). = -7 EZ(2s+d—4)(2s+d—Z) (£6-Djg6-Dy (C.221)
with Ag_1 = vol(§9~1) as before. In view of the independence of the coefficients By of the cou-
plings within the class of theories considered in [68], i.e. all parity-invariant massless higher-spin

gravity theories consistent to cubic order, this result is universal, valid for this entire class.
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As before for Einstein gravity and Yang Mills, from (C.221) we get the ratio

1 NKT

4
vol(G)ey _ [ (M Ad-1 ! (C.222)

271
vol(G), 21 4GN (25+d-4)(2s+d-2) ) '

Combining this with (C.201) we see that, rather delightfully, all the unpleasant-looking factors

cancel, leaving us with

_ ydimG 871'GN
vol(G), ’ A1

(C.223)

\<
1l

ZG

This takes exactly the same form as the Einstein gravity result (C.217) except G is now the higher-
spin symmetry group rather than the SO(d + 2) spin-2 symmetry group.

The cancelation of the UV divergent factors M is as expected from consistency with locality.
The cancelation of the s-dependent factors on the other hand seems surprising, in view of the
different origin of the numerator (spectrum of quadratic action) and the denominator (invariant
bilinear form on higher spin algebra of interactions). Apparently the former somehow knows
about the latter. We do not see an obvious reason why this is the case, although the simplicity and
universality of the result suggests we should, and that this entire section should be replaceable by

a one-line argument. Perhaps it is obvious in a frame-like formalism.

Newton constant from central charge

Recall that the Newton constant Gy appearing in (C.223) was defined by the so(d + 2) alge-
bra (C.218) in our normalization conventions. An analogous definition can be given in dS;4; or
AdS,;;1 where the algebra becomes so(1, d + 1) resp. so(2, d). Starting from this definition, GN can
also be formally related to the Cardy central charge C of a putative’! boundary CFT for AdS or

dS, defined as the coefficient of the CFT 2-point function of the putative energy-momentum tensor.

2IThere is no assumption whatsoever this CFT actually exists. One just imagines it exists and uses the formal
holographic dictionary to infer the two-point function of this imaginary CFT’s stress tensor. In dS, this “dual CFT”
can be thought of as computing the Hartle-Hawking wave function of the universe [170].
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With our definition of Gy, the computation of [205] remains unchanged, so we can just copy the

result obtained there:

- (DT T(d+2) Ay
(d-1)r(4)*> 87Gn

(C.224)

where as before Aq—y = 27%/2¢?"1/T'(4), and +1 = +1 for AdS and —1 for dS. The central charge
of N free real scalars equals C = % N in the conventions used here. Note that (C.224) reduces
to the Brown-Henneaux formula C = 3£/2Gy for d = 2. In [181] it was argued that the Hartle-
Hawking wave function of minimal Vasiliev gravity in dSy4 is perturbatively computed by ad = 3

CFT of N free Grassmann scalars. This CFT has central charge C = —%N , hence according to

(C.224), Gy = 2°/nN and y = V2GN = 8/VnN.
The final result of this appendix, putting everything together, is stated in (3.112).

C.8 One-loop and exact results for 3D theories

C.8.1 Character formula for ZF(,?

For d = 2, i.e. dS3 / S3, some of the generic-d formulae in sections 3.4 and 3.5 become a
bit degenerate, requiring separate discussion. One reason d = 2 is a bit more subtle is that the
spin-s irreducible representation of SO(2) actually comes in two distinct chiral versions +s, as
do the corresponding SO(1, 3) irreducible representations (A, +s). Likewise the field modes of a
spin s field in the path integral on S° split into chiral irreps (n, +s) of SO(4). The dimensions
D?=D? =1and D, = D, _ = (1+n—s)(1+n+s) of the SO(2) and SO(4) irreps are correctly
reproduced by the Weyl dimension formula (C.87), rather than (C.15). It should however be kept in
mind that the single-particle Hilbert space of for instance a massive spin-s > 1 Pauli-Fierz field on
dS3 carries both helicity versions (A, +s) of the massive spin-s SO(1,3) irrep, hence the character
x to be used in expressions for Zpy in this case is ¥ = yus + X—s = 2x4s = 2(¢> + ¢>2)/(1 = g)%.

On the other hand for a real scalar field, we just have y = xo = (¢® + ¢>%)/(1 — ¢)*.
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For massless higher-spin gauge fields of spin s > 2, a similar reasoning implies we should
include an overall factor of 2 in (C.180)-(C.181). For an s = 1 Maxwell field on the other hand, we
get a factor of 2 in the first term but not in the second term (since the gauge parameter/ghost field
is a scalar). The proper massless spin-s bulk and edge characters are then obtained from these by
the polar term flip (C.183) as usual. This results in

=1 2q
Xouks =0 (s22), oy = (1-¢)?’

Xedges = 0 (alls), (C.225)

expressing the absence of propagating degrees of freedom (i.e. particles) for massless spin-s > 2
fields on dSs.

This can also be derived more directly from the general path integral formula (C.161), taking
into account the +s doubling. In particular for massless s > 2, (C.171) gets replaced by

£y = Z O(1 +n) 2D (¢ + ¢***") - Z O(1 +n)2D} (¢ + 475, (C.226)

n,s—1
n>-1 n>-1

which matters for the n = —1 term because @(0) = % For s = 1, we get instead
Fl = Z O(1 +n) 2D2’1(q1+n " q1+n) _ ZD:,O((IZHZ n qn) . (C.227)
nz-1 n=0

For s > 2, the computation of Z.p, and Zg remains essentially unchanged. For s = 1 there are

some minor changes. The edge character in (C.181) acquires an extra ¢° term in d = 2 because

qs+d_3 = qo, so the map fedge — [Xedeel+ gets an extra —1 subtraction, as a result of which the
factor —2 in (C.182) becomes a —3. Relatedly we get an extra ¢° term in ¢g2+%* + ¢>*42 4 2 =

g* + 3 in (C.200), and we end up with Zg = 79™C /vol(G). with ¥ = gf/+/A| = gV€/V2r instead

of (C.213). Everything else remains the same.
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Finally, the phase i~Ps (C.173) is somewhat modified. For s > 2, from (C.226),

s=3

ns—1 =

s—=2
Py =-— Z O(1 +n) 2D}, - Z O(1+n)2D* | = %(2s —3)2s - D2s+1)

n=—1 n=-—1

(C.228)

Note that P, = 5, in agreement with [59]. P; = 0 as before, since there are no negative modes.

Conclusion
The final result for Z\} = Z Zepar in dS3 replacing (3.112)-(3.113) is:
* For Einstein and HS gravity theories with s > 2,

dim G
.—p Y

. X dr 1+ . . -
20 =i Y Zi,  Zae = e 2O L 2 (2g)imOmdmGete 029

vol(G),

where as before y = \/87Gn/A; = +4GN/C, P = Y Py, and vol(G),, is the volume with

respect to the metric for which the standard so(4) generators M;; have norm 1. We used

(C.75) to evaluate Zcp,r. The coefficient ¢ of the linearly divergent term is an order 1 constant

depending on the regularization scheme. (For the heat kernel regularization of appendix C.3,

following section C.3.3, ¢ = %. For a simple cutoff at 7 = € as in section C.3.4, ¢ = 2.) The

finite part is

7 _ P (27y)dim¢ y = |87GN
PLfin vol(G), ’ 2nl

For example for Einstein gravity with G = SO(4), we get

My s Qay)
PLin = 1 T

* For Yang-Mills theories with gauge group G and coupling constant g, we get

(1) _ yaim@ AmG 4 }f—f‘,((lfj)z—3) 5= gVe '
PL - vol(G), \2r
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Using (C.57), (C.75), the finite part evaluates to

2 Z dlIIlG _@
_ (@ngVtzy) Zy = ¢l (C.233)

(1)
Z - ’
PLfin vol(G),

As in (3.112), vol(G), is the volume of G with respect to the metric defined by the trace
appearing in the Yang-Mills action. As a check, for G = U(1) we have vol(G), = 2, so
Z = g e ‘@47 \[7 in agreement with [206] eq. (3.25).

We could also consider the Chern-Simons partition function on S3,
i k Scs[A] _ 1 2
Zir = | DA S Scs[A] = in Tr(A A dA + §A ANANA), (C.234)
s

with & > 0 suitably quantized (k € Z for G = SU(N) with Tr the trace in the N-dimensional
representation). Because in this case the action is first order in the derivatives and not parity-
invariant, it falls outside the class of theories we have focused on in this paper. It is not too
hard though to generalize the analysis to this case. The main difference with Yang-Mills
is that ypuk = 0 = Xedge: like in the s > 2 case, the s = 1 Chern-Simons theory has no
particles. The function ] is no longer given by the Maxwell version (C.227), but rather by
(C.226), except without the factors of 2, related to the fact that the CS action is first order in
the derivatives. This immediately gives F; = F| = -2 }%Z. The computation of the volume

factor is analogous to our earlier discussions. The result (in canonical framing [207]) is

~dim G . X dr 1+ ~\dim G
m_ YT ame gy g0 Q@EVTRE o1 6 oss

ko vol(G)re kfin = yol(G)e Vi

where vol(G)r; is the volume with respect to the metric defined by the trace appearing in the
Chern-Simons action (C.234). This agrees with the standard results in the literature, nicely

reviewed in section 4 of [208].
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C.8.2 Chern-Simons formulation of Einstein gravity

3D Einstein gravity can be reformulated as a Chern-Simons theory [143, 209]. Although well-
known, we briefly review some of the basic ingredients and conceptual points here to facilitate the
discussion of the higher-spin generalization in section C.8.3. A more detailed review of certain
aspects, including more explicit solutions, can be found in section 4 of [210]. Explicit computa-
tions using the Chern-Simons formulation of A > 0 Euclidean quantum gravity with emphasis on

topologies more sophisticated than the sphere can be found in [84, 211, 212].

Lorentzian gravity

For the Lorentzian theory with positive cosmological constant, amplitudes are computed by

path integrals [ DA ¢St with real Lorentzian SL(2, C) Chern-Simons action [144]
Sp = (l + iK)Scs[A+] + (l - iK)Scs[A_], Ai =A_ (C.236)

where Scg is as in (C.234) with A. an sl(2, C)-valued connection and Tr = Tr,. The vielbein e and

spin connection w are the real and imaginary parts of the connection:
A, =w=xie/l, ds* =2Trye? = ;je‘e’ . (C.237)
For the last equality we decomposed e = e'L; in a basis L; of sl(2, R), say
(Ly, Ly, L3) = (3071, 3i0, 3073) = mij = 2Tro(L;L;) = diag(1,-1,1). (C.238)

Note that [L;, L;] = —¢; jkLk with LK = nkk'Lkr. When [ = 0, the action reduces to the firs-order
form of the Einstein action with Newton constant Gy = /4« and cosmological constant A = 1/£2.

The equations of motion stipulate A, must be flat connections:

dAs + AL NAL =0, (C.239)
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equivalent with the Einstein gravity torsion constraint (with W' j = n” € jka)k) and the Einstein
equations of motion [143]. Turning on / deforms the action by parity-odd terms of gravitational
Chern-Simons type. This does not affect the equations of motion (C.239). We can take [ > 0
without loss of generality. The part of the action multiplied by / has a discrete ambiguity forcing /

to be integrally quantized, like & in (C.234). Summarizing,

2nl

0<lez, O0<k=
= K= 826n

€R, (C.240)

dS; vacuum solution

A flat connection corresponding to the de Sitter metric can be obtained as follows. (We will be
brief because the analog for the sphere below will be simpler and make this more clear.) Define
Q(X) = 2(X*Ly + iX'L;) with L4y = 11 and note that detQ = X7 + n;; X' X/ = niy XX/, so
M = {X|detQ(X) = 1} is the dS3 hyperboloid, and Q is a map from M into SL(2, C). Its square
root i = Q7% is then a map from M into SL(2,C)/Z> ~ SO(1,3), so A, = h™'dh is a flat s1(2, C)-
valued connection on M. Moreover on M we have Q* = Q7 !,so h* = h™!, A_ = A* = —~(dh)h™!,
and ds® = —102 Tr(A, — A_)* = =302 Tr (Q71dQ)* = (*n;;dX!dX’, which is the de Sitter metric

of radius € on M.

Euclidean gravity

Like the Einstein-Hilbert action — or any other action for that matter — (C.236) may have
complex saddle points, that is to say flat connections A. which do not satisfy the reality constraint
(C.236), or equivalently solutions for which some components of the vielbein and spin connection
are not real. Of particular interest for our purposes is the solution corresponding to the round
metric on S°. This can be obtained from the dS3 solution as usual by a Wick rotation of the time

coordinate. Given our choice of sl(2, R) basis (C.238), this means X*> — —iX>. At the level of

the vielbein e = ¢'L; such a Wick rotation is implemented as e> — —ie?. Similarly, recalling

1 1 3

wij = € jkwk, the spin connection w = w'L; rotates as w!' — iw!, w3 — iwA. Equivalently, A, —
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(w'+€'/€)S; where S; = %ioy-. Notice the S; are the generators of su(2), satisfying [S;, S;] = —€;jx Sk,
-2Try(S:S;) = 6;; and S;L = —S;. Thus the Lorentzian metric 7;; gets replaced by the Euclidean
metric ¢;;, the Lorentzian sl(2, C) = so(1, 3) reality condition gets replaced by the Euclidean su(2)®
su(2) = so(4) reality condition, and the Lorentzian path integral [ DA e’ becomes a Euclidean
path integral [ DA e™5E, where Sg = —iS; is the Euclidean action:

Sg = (k —il) Scs[A+] — (k +il) Scs[A_], AL =-A.. (C.241)

This can be interpreted as the Chern-Simons formulation of Euclidean Einstein gravity with posi-
tive cosmological constant. The su(2) & su(2)-valued connection (A4, A_) encodes the Euclidean

vielbein, spin connection and metric as

H+

A =w=xe/l =(J +6/0)S;, S; = iy, ds* = —2Try e* = §;;e'e . (C.242)

The Euclidean counterpart of the reality condition of the Lorentzian action is that Sg gets mapped
to Sy, under reversal of orientation. Reversal of orientation maps Scs[A] — —Scs[A], and in
addition here it also exchanges the + parts of the decomposition so(4) = su(2), & su(2)_ into self-
dual and anti-self-dual parts, that is to say it exchanges A; < A_. Thus orientation reversal maps

Sg — —(k —il) Scs[A-] + (k +il) Scs[A+] = S}, as required.

Round sphere solutions

Parametrizing S° by g € SU(2) ~ §3, it is easy to write down a flat su(2) ® su(2) connection

yielding the round metric of radius ¢:
(A, A_) = (g7 'dg, 0) = e/t = %g‘ldg =w, ds*= —%6’2 Tr(g™'dg)?.  (C.243)

The radius can be checked by observing that along an orbit g(¢) = ¢#5, we get g~'dg = d S3 so

ds = 1¢dp and the orbit length is [, ds = 2x¢. The on-shell actionis Sg = 451 [ Tra(g7'dg)? =
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2i=il) [ i e '
- gljrfg) [ e'el et Tra(8;8;8S) = = [ e'el et €y = —2m(k — i), s0

2
exp(—Sg) = exp(2nk + 27il) = exp(g), (C.244)
N

where we used (C.240). This reproduces the standard Gibbons-Hawking result [10] for dSs.

More generally we can consider flat connections of the form (A, A_) = (h;ldh+, h:ldh_) with
h. = g"+, where n. € Z if we take the gauge group to be G = SU(2) X SU(2) and n. € Z or n.. €
% +Z if we take G = (SU(2) X SU(2))/Z, ~ SO(4). These are all related to the trivial connection
(0,0) by a large gauge transformation g € §° — (hy, h_) € G. All other flat connections on 3
are obtained from these by gauge transformations continuously connected to the identity, which
are equivalent to diffeomorphisms and vielbein rotations continuously connected to the identity
in the metric description [143]. Large gauge transformations on the other hand are in general not

equivalent to large diffeomorphisms. Indeed,

-SE — eZﬂnK+2mnl — eZﬂnK

e , n=n,—n_., N=n,+n_, (C.245)

so evidently different values of n are physically inequivalent. Conversely, for a fixed value of n but
different values of 71, we get the same metric, so these solutions are geometrically equivalent. In
particular the n = 1 solutions all produce the same round metric (C.243). For n = 0, the metric
vanishes. For n < 0, we get a vielbein with negative determinant. Only vielbeins with positive
determinant reproduce the Einstein-Hilbert action with the correct sign, so from the point of view
of gravity we should discard the n < O solutions. Finally the cases n > 1 correspond to a metric
describing a chain of n spheres connected by throats of zero size, presumably more appropriately
thought of as n disconnected spheres. The Wick rotation X?> — —iX? of our earlier constructed

Lorentzian dS3 equals the (n+,n_) = (%, —%) solution constructed here.
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Euclidean path integral

The object of interest to us is the Euclidean path integral Z = [ DA e~SelAl defined pertur-
batively around an n = n, — n_ = 1 round sphere solution (A,, A_) = (g7+dg™, g™"-dg"-), such
as the (1, 0) solution (C.243). Physically, this can be interpreted as the all-loop quantum-corrected
Euclidean partition function of the dS; static patch. For simplicity we take G = SU(2) x SU(2),
so ny € Z and we can formally factorize Z as an SU(2);, X SU(2);_ CS partition function where

ki =1+ik,with!/ € Z* and k € R*:

Z= DA ehsSeslAHik-SeslA] = 7.4 (SUQ2)y,14,,) Zes (SUQR)_|An) (C.246)

(I’Z+,I’l,)

Here the complex-k CS partition function Zcs(SU(2)x|A) = fm DA eFScslAl s defined perturba-
tively around the critical point A = g™"dg™. It is possible, though quite nontrivial in general, to
define Chern-Simons theories at complex level k£ on general 3-manifolds M3 [213, 214]. Our goal
is less ambitious, since we only require a perturbative expansion of Z around a given saddle, and
moreover we restrict to M3 = S°. In contrast to generic M3, at least for integer k, the CS action on
3 has a unique critical point modulo gauge transformations, and its associated perturbative large-k
expansion is not just asymptotic, but actually converges to a simple, explicitly known function: in
canonical framing [207],

Zes(SUQ)IA), = A 52 sin(5%) eCHRSeslAl (ke 7). (C.247)

The dependence on the choice of critical point A = g™"dg™ actually drops out for integer k, as
Scs[A] = —2nm € 2nZ. We have kept it in the above expression to because this is no longer the
case for complex k. Analytic continuation to k. = [ + ik with [ € Z" and x € R" in (C.246) then

gives:

2

(C.248)

2
_ 2 : n 2nank—=2mi i(2+1) _ 2 . T . 7K
Z = |\/ i Sin(zim) | e = )\/ T Sin(55rrs) -
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Framing dependence of phase and one-loop check

For a general choice of S* framing with SO(3) spin connection &, (C.247) gets replaced by
[207]

Zes(SUQNIA) = exp(e(I(@)) Zes(SUQKIA) ), c(k) =3(1-5%),  (C.249)

where I(®) = % [ Trs(@ A dd + %c& A ® A @) is the gravitational Chern-Simons action. The action
I(®) can be defined more precisely as explained under (2.22) of [215], by picking a 4-manifold M

with boundary M = S> and putting
R 1
I(O)=1y = —/ Tr(R A R), (C.250)
dr M

where R is the curvature form of M, R*, = %R”Vp(,dxp A dx?. Taking M to be a flat 4-ball B, the
curvature vanishes so Ip = 0, corresponding to canonical framing. Viewing B as a 4-hemisphere
with round metric has Tr(R A R) = 0 pointwise so again Iz = 0. Gluing any other 4-manifold M
with boundary S3 to B, we get a closed 4-manifold X = M — B, with Iy — I = % f v TI(RAR) =
2np1(X), where pi(X) is the Pontryagin number of X. According to the Hirzebruch signature
theorem, the signature o(X) = by — b5 of the intersection form of the middle cohomology of X

equals % p1(X). Therefore, for any choice of M,
Iy = 6nr, r=cX)eZ. (C.251)

For example r = 1 for X = CP? and r = p — ¢ for X = pCPz#q@Z. Thus for general framing,
(C.249) becomes Zcs(k|m) = Zcs(k|m)o exp(r c(k) ) and (C.248) becomes

2 . b8 K
\ 2++ix Sm(2+z+u<)€

. 2
Zr — elr¢

; rez, (C.252)
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2

where, using c(k) = 3(1 - P

), the phase is given by

3
ré =r(c(l +ik)+c(l - iK))% =r(l- (23(12);?,(2)7” : (C.253)

In the weak-coupling limit k — oo,

2 2
Z, — (-iy (C.254)
K
Using (C.240) and taking into account that we took G = SU(2) X SU(2) here, the absolute value

agrees with our general one-loop result (C.230) in the metric formulation, with the phase (—i)"

P 5

matching Polchinski’s phase i¥ = i™> = —i in (3.112) for odd framing r.>> We do not have any
useful insights into why (or whether) CS framing and the phase i ~* might have anything to do with
each other, let alone why odd but not even framing should reproduce the phase of [59]. Perhaps
different contour rotation prescriptions as those assumed in [59] might reproduce the canonically

framed (r = 0) result in the metric formulation of Euclidean gravity. We leave these questions
open.

Comparison to previous results: The Chern-Simons formulation of gravity was applied to calcu-
late Euclidean A > 0 partition functions in [84, 211, 212]. The focus of these works was on
summing different topologies. Our one-loop (C.254) in canonical framing agrees with [211] up to
an unspecified overall normalization constant in the latter, agrees with Z(S3)/Z(S' x §?) in [212]

combining their eqgs. (13),(32), and disagrees with eq. (4.39) in [84], Z(D(S3) = 73 /(25k).

C.8.3 Chern-Simons formulation of higher-spin gravity

The SL(2,C) Chern-Simons formulation of Einstein gravity (C.236) has a natural extension to

an SL(n, C) Chern-Simons formulation of higher-spin gravity — the positive cosmological constant

22Strictly speaking for r = 1 mod 4, but i” vs i~ in (3.112) is a matter of conventions, so there is no meaningful
distinction we can make here.
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analog of the theories studied e.g. in [145-148, 153, 154]. The Lorentzian action is
S = (l + iK) Scs[ﬂJr] + (l - iK) Scs[ﬂ_], ﬂ: =A_, (C.255)

where Scs[A] = &= [ Try(AAdA+3AANAAA), an A is an sl(n, C)-valued connection, k € R

and [ € Z*. The corresponding Euclidean action Sz = —iS; extending (C.241) is given by
Sg = (k —il) Scs[AL] - (k +il) Scs[A-], AL = -A., (C.256)

where A are now independent su(n)-valued connections.

Landscape of dS; vacua

The solutions A of the original (n = 2) Einstein gravity theory can be lifted to solutions A =
R(A) of the extended (n > 2) theory by choosing an embedding R of sl(2) into sl(n). More

concretely, such lifts are specified by picking an n-dimensional representation R of su(2),
R=@m,, > me=n,  Si=R(S) =" (C.257)

Here Jl.(m) are the standard anti-hermitian spin j = ’”T_l representation matrices of su(2), satisfy-

ing the same commutation relations and reality properties as the spin—% generators S; in (C.242).

Then the matrices £; = R(L;) with the L; as in (C.238) are real, generating the corresponding
m—1

n-dimensional representation of sl(2,R). The Casimir eigenvalue of the spin j = “5= irrep is

JG+1) = 30m* = 1), 50
1 1 — 1 2
T0(SiS) = 3Tk 6 T(Lily) = §Temz.  Tr=¢ ) malmg—1):  (C258)
a

A general SL(2,C) connection A = A'L; has curvature dA + A A A = (dAi - %ei jkAj Ak )Li, and

an SL(n,C) connection of the form A = R(A) = A'L; has curvature dA + AN A = (dA" -
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%ei jkAj AX ) L, hence A = R(A) solves the equations of motion of the extended SL(n, C) theory
iff A solves the equations of motion of the original Einstein SL(2,C) theory. In other words,
restricting to connections A = A’ L; amounts to a consistent truncation, which may be interpreted
as the gravitational subsector of the n > 2 theory. Substituting A = R(A) into the action (C.255)

gives the consistently truncated action
St =l +ik)TR Scs[A+] + (I —ik)Tg Scs[A-], AL =A_, (C.259)

which is of the exact same form as the original Einstein CS gravity theory (C.236), except [ + ik
is replaced by (I + ik)Tg. Thus we can naturally interpret the components A’ again as met-
ric/vielbein/spin connection degrees of freedom, just like in (C.242), i.e. A’; = +ié /€, ds? =
ni jeiej , and the lift A = R(A) of the original solution A corresponding to the dS; metric again
as a solution corresponding to the dS; metric. The difference is that the original relation (C.240)

between k and ¢/Gy gets modified to

kTg = (C.260)

87GN

Since « is fixed, this means the dimensionless ratio £/Gyn depends on the choice of R. Thus the
different solutions A = R(A) of the SL(n, C) theory can be thought of as different de Sitter vacua
of the theory, labeled by R, with different values of the curvature radius in Planck units ¢/Gn.
These are the dS analog of the AdS vacua discussed in [154]. The total number of vacua labeled

by R = &,m, equals the number of partitions of n = }, m,,
Noae ~ €276 (n>1). (C.261)

For, say, n ~ 2 X 10, this gives Nyae ~ 10390,

Analogous considerations hold for the Euclidean version of the theory. For example the round
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sphere solution (C.243) is lifted to
(A, A) = (R(A4),0) = (R()'dR(2),0),  R(e™™) =™, (C.262)

with the sphere radius ¢ in Planck units given again by (C.260). The tree-level contribution of the

solution (C.262) to the Euclidean path integral is

2nt
exp(—Sg) = exp(2nk Tg) = exp(ﬁ) : (C.263)

Note that S© = —§; = % is the usual dS; Gibbons-Hawking horizon entropy [10]. Its value
SO = 27« T depends on the vacuum R = &,m, through T as given by (C.258). The vacuum R
maximizing e 5% corresponds to the partition of n = Y, m, maximizing Tx. Clearly the maximum

is achieved for R = n:

B n(n®-1)

max Tg =T, = (C.264)
R 6

The corresponding embedding of su(2) into su(n) is called the “principal embedding”. Thus the
“principal vacuum” maximizes the entropy at Sgun = %n(n2 — 1) 27k, exponentially dominating
the Euclidean path integral in the semiclassical (large-«) regime. In the remainder we focus on the

Euclidean version of the theory.

Higher-spin field spectrum and algebra

Of course for n > 2, there are more degrees of freedom in the 2(n>—1) independent components
of A. than just the 3+3 vielbein and spin connection degrees of freedom A.S;. The full set of
fluctuations around the vacuum solution can be interpreted in a metric-like formalism as higher-
spin field degrees of freedom. The precise spectrum depends on the vacuum R. For the principal
vacuum R = n, we get the higher-spin vielbein and spin connections of a set of massless spin-

s fields of s = 2,3,...,n, as was worked out in detail for the AdS analog in [153]. Indeed su(n)
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decomposes under the principally embedded su(2) subalgebra into spin-r irreps, r = 1,2,...,n—1,
generated by the traceless symmetric products S;,...;, of the generators S;. As reviewed in [69], this
means we can identify the su(n); @ su(n)_ Lie algebra of the theory (C.256) with the higher-spin
algebra hs,(su(2)); @ hs,(su(2))-, where su(2); & su(2)- = so(4) is the principally embedded
gravitational subalgebra. In the metric-like formalism the spin-r generators correspond to (anti-
)self-dual Killing tensors of rank r. These are the Killing tensors of massless symmetric spin-s

fields with s = r + 1. As a check, recall the number of (anti-)self-dual rank r Killing tensors on S°

4

r,xr

equals D; . = 2r + 1, correctly adding up to

n—1 n—1
ZZD;;, = 22(2r+ ) =2mn-1). (C.265)
+ r=1 r=1

For different choices of embedding R, we get different su(2) decompositions of su(rn). For example
for n = 12, while the principal embedding R = 12 considered above gives the su(2) decomposition
1434412) = 3+5+7+9+11 +13+15+17 + 19 + 21 + 23, taking R = 6 ® 4 © 2 gives
1434412) = 2-1+7-3+8-5+6-7+3-9+ 11. Interpreting these as Killing tensors for
ns massless spin-s fields, we get for the former n, = 1,n3 = 1,...,n12 = 1, and for the latter
ny =2,ny =7,n3=8,n4 =6,n5 =3,ne = 1. The tree-level entropy SO = 2l /4Gy for R = 12 is
S© =286 27k, and for R=6®4 & 2itis SO =46 - 2n«.

One-loop Euclidean path integral from metric-like formulation

In view of the above higher-spin interpretation of the theory, we can apply our general massless
HS formula (C.230) with G = SU(n) X SU(n) to obtain the one-loop contribution to the Euclidean

path integral (for [ = 0). In combination with (C.260) this takes the form

dim G
(1) .—P (27T’}/) 87I'GN 1
Z = —_— = = . C.266
L TN016), "N 20 T kT (C.266)

Recall that vol(G),, is the volume of G with respect to the metric normalized such that (M |M). = 1,

where M is one of the standard so(4) = su(2) @ su(2) generators, which we can for instance take
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to be the rotation generator M = Sz ® S3. In the context of Chern-Simons theory, it is more
natural to consider the volume vol(G)ry, with respect to the metric defined by the trace appearing
in the Chern-Simons action (C.256). Using the definition of T in (C.259), we see the trace norm
of M is (M|M)1, = -2Tr,(S8383) = Tp = Tr(M|M)., hence vol(G)ry, = (VTR)4™ G vol(G),..
Note that upon substituting this in (C.266), the Tg-dependent factors cancel out. Finally, using
(C.228), we get P = 3", Py = 1(25 = 3)(2s — 1)(2s + 1) = 3n*(n — 1)(n + 1) — (n® — 1). Because
(n—1)-n-(n+1)is divisible by 3, the first term is an integer, and moreover a multiple of 8 because
either n2 or (n + 1)(n — 1) is a multiple of 4. Hence i-* = i~ which equals —i for even n and

+1 for odd n. Thus we get

~\dim G

1y 2o Cry)

7y = —_— C.267
P~ vol(G)ry, ( )

!
1
£~

Euclidean path integral from CS formulation

Asin the SU(2) x SU(2) Einstein gravity case, we can derive an all-loop expression for the Eu-
clidean partition function Z(R) of the SU(n) X SU(n) higher-spin gravity theory (C.256) expanded
around a lifted round sphere solution A = R(A) such as (C.262), by naive analytic continuation of
the exact SU(n);, x SU(n)_ partition function on S° to k. = I + i«, paralleling (C.246) and the
subsequent discussion there. The SU(n); generalization of the canonically framed SU(2); result

(C.247) as spelled out e.g. in [80, 216] is

1 1 - (n-p) . 2
Zes(SUm A = —=——= H(Z sin —2 ) - @/ HOSes AL (C.268)

The corresponding higher-spin generalization of (C.248) is therefore

1

2Ry = | [1(2sn—22)""|
0= - sin ————
\/_(n+l+lK)Tlp=1 ”"'Z'HK

. @2 KTr (C.269)
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Physically this can be interpreted as the all-loop quantum-corrected Euclidean partition function of
the dS; static patch in the vacuum labeled by R. The analog of the result (C.249) for more general

framing Iy, is
Zes(SUm)e|A) = exp(szc(k)In) Zes(SUm| Ay, e(k) = (0> = D(1 = 74),  (C.270)

hence the generalization of (C.252) for arbitrary framing I, = 6xr, r € Z, is

Z(R), = ¢"® Z(R)o, (C.271)
where ¢ = (c(I + i) + c(l —ix)) 5 = (1 - (ni(g;i)l(z)(nz — 1)%. In the limit k — oo,

n—1

11 271\ 20n=r) oy (22N 1 () |
Z(R), — ir(nz—l) _ | |(_ = /"D (—) (— ) . C.272
(R) n k"1 K ) VK \n g (2n)* ( )

r=1

Recognizing n> — 1 = dim SU(n) and vn [15_,2n)°/T(s) = vol(SU(n))tr, (C.94), we see this
precisely reproduces the one-loop result (C.267). Like in the original n = 2 case, the phase again
matches for odd framing r. (The agreement at one loop can also be seen more directly by a slight
variation of the computation leading to (C.235).) This provides a nontrivial check of our higher-

spin gravity formula (C.230) and more generally (3.112).

Large-n limit and topological string description

In generic dS,;41 higher-spin theories, dim G = co. To mimic this case, consider the n — oo
limit of SU(n) x SU(n) dS3 higher-spin theory with / = 0. A basic observation is that the loop
expansion is only reliable then if n/x < 1. Using (C.260), this translates to T n < G% For the
exponentially dominant principal vacuum R = n, this becomes n* < /Gy while at the other
extreme, for the nearly-trivial R = 2&® 1@ --- @ 1, this becomes n < ¢/Gy. Either way, for
fixed /Gy, the large-n limit is necessarily strongly coupled, and the one-loop formula (C.266), or

equivalently (C.267) or (C.272), becomes unreliable. Indeed, according to this formula, log Z(!) ~
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log (%) - n? in this limit, whereas the exact expression (C.269) actually implies log Z(1°°P%) — 0.
In fact, the partition function does have a natural weak coupling expansion in the n — oo
limit — not as a 3D higher-spin gravity theory, but rather as a topological string theory. U(n);
Chern-Simons theory on S° has a description [217] as an open topological string theory on the
deformed conifold 7*S> with n topological D-branes wrapped on the S, and a large-n "t Hooft
dual description [79] as a closed string theory on the resolved conifold. Both descriptions are
reviewed in [80], whose notation we follow here. The string coupling constant is g, = 27/(n + k)
and the Kihler modulus of the resolved conifold is 7 = |, @ J +iB =igsn = 2nin/(n + k). Under

this identification,

Zes(SUM))o = B2 Zes(Un)i)o = |2 Ziop(8ss 1) = Ziop(gss 1) - (C.273)

Thus we can write the SU(n);4ix X SU(n);—i higher-spin Euclidean gravity partition function

(C.269) expanded around the round S solution A = R(A) as

- Tooni 2
Z(R)o = |Ziop(gs» 1) € TR 27185 (C.274)

where Tk was defined in (C.258), maximized for R = nat T, = %n(n2 — 1), and

2 2min

= t=igin=——.
&s &s n+l+ik

= C.275
n+l+ik’ ( )

Note that ¢ takes values inside a half-disk of radius % centered at r = i, with Re# > 0. The higher-
spin gravity theory (or the open string theory description on the deformed conifold) is weakly
coupled when x > n, which implies |[f| < 1. In the free field theory limit k — oo, we get
gs ~ —2mi/k — 0and t ~ 2nn/k — 0, which is singular from the closed string point of view. In
the ’t Hooft limit n — oo with ¢ kept finite, the closed string is weakly coupled and sees a smooth
geometry. The earlier discussed Vasiliev-like limit n — oo with [ = 0 and £/GN ~ Tpk ~ n«

fixed, infinitely strongly coupled from the 3D field theory point of view, maps to g5 ~ 27/n — 0
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and t ~ 2mi + 27k /n — 2ni, which is again singular from the closed string point of view, differing
from the 3D free field theory singularity by a mere B-field monodromy, reflecting the more general

n el +ik,t < 2nri —t level-rank symmetry.

C.9 Quantum dS entropy: computations and examples

Here we provide the details for section 3.8.

C.9.1 Classical gravitational dS thermodynamics
3D Einstein gravity example

For concreteness we start with pure 3D Einstein gravity as a guiding example, but we will

phrase the discussion so generalization will be clear. The Euclidean action in this case is

1 |
Selgl = o d3x\/§(A - 5R), (C.276)

with A > 0. The tree-level contribution to the entropy (3.153) is

SO — log zo Z0 — Dg o Selel (C.277)

tree

The dominant saddle of (C.277) is a round S* metric g; of radius £ =€y minimizing Sg(£) = Se[gel:

22
0) _ -Sg(f) _ 3
20 = [ de 0, sp) = £om (A - 30), (C278)

where ftree means evaluation at the saddle point, here at the on-shell radius £ = {y:

21t
0 = _§.(£y) = 220
, S Se(to) G

0¢SE(bp) =0 = A= (C.279)

oﬁﬁ)l —

reproducing the familiar area law S(® = A/4G for the horizon entropy.
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We now recast the above in a way that will allow us to make contact with the formulae of
section 3.7.1 and will naturally generalize beyond tree level in a diffeomorphism-invariant way. To

this end we define an “off-shell” tree-level partition function at fixed (off-shell) volume V:

ZOW)= [ _do [ DgeSleleUNEY), (C.280)

Evaluating the integral is equivalent to a constrained extremization problem with Lagrange mul-
tiplier o enforcing the constraint [/g = V. The dominant saddle is the round sphere g = g; of

radius ¢(V) fixed by the volume constraint:
ZOW) = 560 | 2 =V . (C.281)

Paralleling (3.135) and (3.136), we define from this an off-shell energy density and entropy,

p(o) _ —alegZ(O) — —%{’E)glogZ(O)/V = (A_[_z)/SnG

S(O) = (1 _ Vﬁv) log Z(O) = (1 — %58{7) 10g Z(O) = i—ﬂGg .

(C.282)

09 is the sum of the positive cosmological constant and negative curvature energy densities. S

is independent of A. It is the Legendre transform of log Z(®:
SO =10g29 +vp®,  d1ogz® = —pOaqv, 45O =vdp?®, (C.283)

Note that evaluating ftree do in (C.280) sets o = —dy log ZO) = p(O(V). On shell,

2t
00U =0, SO =log ZOtp) = SO(¢) = 4”—(;’ . (C.284)

Paralleling (3.137), the differential relations in (C.283) can be viewed as the first law of tree-level
de Sitter thermodynamics. We can also consider variations of coupling constants such as A. Then

dlog Z©® = —pOaVv — F-vdA, dS© = Vdp® — ZL-VdA. On shell, dS© = — & dA.
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General d and higher-order curvature corrections

The above formulae readily extend to general dimensions and to gravitational actions Sg[g]
with general higher-order curvature corrections. Using that R, 0 = (8up8vo — &uo8vp) /€% for the

round?? $4*1, ZO)(V) (C.280) can be evaluated explicitly for any action. It takes the form

Qi1

log ZO(V) = =Sg[ge] = (-AgH ¢ QD pd=t Ly Qi =Y, (C.285)

where + - - is a sum of R" higher-order curvature corrections o« £72" and Qg1 = (C.92). The

off-shell energy density and entropy are defined as in (C.282)

P = —-Lt8,10g 720 Jv = (A - 2D 2 4 1) 182G

A

SO = (1 - -00,) 1og 2 = E(l +oe )

(C.286)

where A = Qu_1¢9 " and +--- are 1/52” curvature corrections. The on-shell radius ¢y solves
p(£y) = 0, most conveniently viewed as giving a parametrization A(£p).

As an example, consider the general action up to order R? written as
1
Sk = g / \/§(A — AR -2 (A02C*P7 Crypor + A2 R + AEZE”VE,W)), (C.287)

where E,;, = R, — ﬁR 8uv» Cuvpo 1s the Weyl tensor, [ is a length scale and the 4; are dimen-

sionless. The Weyl tensor vanishes on the round sphere and R, = d g,,, /¢, hence

Qa1
&G

23By virtue of its SO(d+2) symmetry, the round sphere metric g, with Qg 1£9*! = V is a saddle of (C.280). Spheres
of dimension > 5 admit a plentitude of Einstein metrics that are not round [218-221], but as explained e.g. in [222],
by Bishop’s theorem [223], these saddles are subdominant in Einstein gravity. In the large-size limit, higher-order
curvature corrections are small, hence the round sphere dominates in this regime.

log 2@ = (AT + ld@+ 1) e + Qe d*(d + 1)1 6077, (C.288)
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For example for d = 2,

36122
log Z® = 1(—1\ Gr3es —Rz) (C.289)
4G
hence, using (C.286) and p©(£y) = 0,
2nt, 24 12 o 1 12 225
0 _ ¢0)(py = 270 sAR _ Ly 125Ag
SO = sO) = == (1 + ; ) A 53(1 ; ) (C.290)

Effective field theory expansion and field redefinitions

Curvature corrections such as those considered above naturally appear as terms in the derivative
expansion of low-energy effective field theories of quantum gravity, with /; the characteristic length
scale of UV-completing physics and higher-order curvature corrections terms suppressed by higher
powers of [2/¢?> < 1. The action (C.287) is then viewed as a truncation at order /2, and (C.290)
can be solved perturbatively to obtain £y and S© as a function of A.

Suppose someone came up with some fundamental theory of de Sitter quantum gravity, pro-
ducing both a precise microscopic computation of the entropy and a precise low-energy effective
action, with the large-£y /[ expansion reproduced as some large-N expansion. At least superficially,
the higher-order curvature-corrected entropy obtained above looks like a Wald entropy [158]. In
the spirit of for instance the nontrivial matching of R? corrections to the macroscopic BPS black
hole entropy computed in [224] and the microscopic entropy computed from M-theory in [225],
it might seem then that matching microscopic 1/N-corrections and macroscopic 12/ fg—corrections
to the entropy such as those in (C.290) could offer a nontrivial way of testing such a hypothetical
theory.

However, this is not the case. Unlike the Wald entropy, there are no charges Q (such as energy,
angular momentum or gauge charges) available here to give these corrections physical meaning
as corrections in the large-Q expansion of a function S(Q). Indeed, the detailed structure of the

I;/€o expansion of S© = S©)(£y) has no intrinsic physical meaning at all, because all of it can
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be wiped out by a local metric field redefinition, order by order in /£, bringing the entropy to
pure Einstein area law form, and leaving only the value of S itself as a physically meaningful,
field-redefinition invariant, dimensionless quantity.

This is essentially a trivial consequence of the fact that in perturbation theory about the round
sphere, the round sphere itself is the unique solution to the equations of motion. Let us however
recall in more detail how this works at the level of local field redefinitions, and show how this is
expressed at the level of log Z(©)(¢), as this will be useful later in interpreting quantum corrections.
For concreteness, consider again (C.287) viewed as a gravitational effective field theory action

expanded to order /2R?. Under a local metric field redefinition
uv = v + 08 + OL), 08 =17 (uo A gy +u1 Rguy +uz Ry, (C.291)
where the u; are dimensionless constants, the action transforms as

S — Sg +

|
167G / Vg (RM = 3RgH + Ag"") 6guy + OLY), (C.292)

shifting Ag2, A2 and rescaling G, A in (C.287). A suitable choice of u; brings Sg to the form

’ 4(d+1
Sp = g / V(N = 1R - 122 ZCWWC,,WW+0(14)) N =A(l - (<d+1))2 Apl2A).

(C.293)

Equivalently, this is obtained by using the O(I%) equations of motion Ry = %Agw in the O(1?)
part of the action. Since /l;eZ = 0, the entropy computed from this equivalent action takes a pure
Einstein area law form S© = Qd+1€6d_1 /4G, with £ = \/m . The on-shell value S
itself remains unchanged of course under this change of variables.

In the above we picked a field redefinition keeping G’ = G. Further redefining g,, — @ guv
leads to another equivalent set of couplings G”, A”, ... rescaled with powers of @ according to

their mass dimension. We could then pick @ such that instead A” = A, or such that f(’)’ = {p, NnOW
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with G” # G. If we keep {] = €y, we get

d—1
S(O) - M A = d(d—-1)

; — C.294
4G” 203 ( .

where for example in d = 2 starting from (C.290), G” = G(1 — 24 212 /€3 + O(1})).
At the level of log Z(O)(f) in (C.288) the metric redefinition (C.291) amounts to a radius re-
defininition £ — ¢ f(€) with f(€) = 1 + I>(vioA + v11€72) + O(I}). For suitable v; this brings

log Z© and therefore S to pure Einstein form. E.g. for the d = 2 example (C.289),
(=(1-12A4p2(A+072) = logz©® = %(—A’ 03 +30+0(h). (C295)

The above considerations generalize to all orders in the /; expansion. R” corrections to log Z(?) are

o (I;/€)*" and can be removed order by order by a local metric/radius redefinition
t—af)e, &) = 1+ (vioA +vi1€72) + I} (vaoA? + va i ALT2 +vapt ™) +- -+ (C.296)

bringing log Z(®) and thus S to Einstein form to any order in the ; expansion.

In d = 2, the Weyl tensor vanishes identically. The remaining higher-order curvature invariants
involve the Ricci tensor only, so can be removed by field redefinitions, reducing the action to
Einstein form in general. Thus in d = 2, S(© is the only tree-level invariant in the theory, i.e. the
only physical coupling constant. In the Chern-Simons formulation of C.8.2, S© = 2z«. Ind > 3,
there are infinitely many independent coupling constants, such as the Weyl-squared A2 in (C.287),
which are not picked up by S, but are analogously probed by invariants S](g) =1og ZV(gum] =
—Sglgm] for saddle geometries gy different from the round sphere. We comment on those and
their role in the bigger picture in section C.9.5.

The point of considering quantum corrections to the entropy S is that these include nonlocal
contributions, not removable by local redefinitions, and thus, unlike the tree-level entropy SO,

offering actual data quantitatively constraining candidate microscopic models.
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C.9.2 Quantum gravitational thermodynamics

The quantum off-shell partition function Z(V) generalizing the tree-level Z©(V) (C.280) is

defined by replacing [ .. Dg — [ Dg in that expression:>*

Zv) = | do [DgeSelelovgn, (C.297)

ree
The quantum off-shell energy density and entropy generalizing (C.282) are

o(V)=-6ylogZ, S(V)=(1-Voy)logZ. (C.298)

S is the Legendre transform of log Z:

S=logZ+Vp, dlogZ = -pdV, dS =Vdp. (C.299)
Writing e T(") = Z(V), the above definitions imply that as a function of p,
S(p) = log [ dv e TV = log [ Dg e Selelw [V (C.300)

hence S(p) is the generating function for moments of the volume. In particular

vV =(JVg), = ,5(p) (C.301)

is the expectation value of the volume in the presence of a source p shifting the cosmological
constant % - % — p. I'(V) can be viewed as a quantum effective action for the volume, in the

spirit of the QFT 1PI effective action [227-229] but taking only the volume off-shell. At tree level

24Z(V) is reminiscent of but different from the fixed-volume partition function considered in the 2D quantum gravity
literature, e.g. (2.20) in [226]. The latter would be defined as above but with # f[R do instead of ftre . do, constraining
the volume to V, whereas Z(V) constrains the expectation value of the volume to V.
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it reduces to Sg[g¢] appearing in (C.285). At the quantum on-shell value V =V = < f ‘/§>0’
(V) =0, S =1logZ(V) = S(V). (C.302)
It will again be convenient to work with a linear scale variable ¢ instead of V, defined by
Q™ =V, (C.303)

Since the mean volume V = ( Ik \/§>p is diffeomorphism invariant, (C.303) gives a manifestly
diffeomorphism-invariant definition of the “mean radius” ¢ of the fluctuating geometry. Given
Z(t) = Z(V(L)), the off-shell energy density and entropy are then computed as

_#56{ log Z

v , S(0) = (1 - 7<) log Z . (C.304)

p(€) =

The quantum on-shell value of £ is denoted by ¢ and satisfies p(£) = 0.

The magnitude of quantum fluctuations of the volume about its mean value is given by 6V? =
(([vg - V)2>p =S5"(p) = 1/T"(V)=1/p' (V) = V/S'(V). At large V, 6V/V o« 1/V5.
C.9.3 One-loop corrected de Sitter entropy

The path integral (C.297) for log Z can be computed perturbatively about its round sphere
saddle in a semiclassical expansion in powers of G. To leading order it reduces to log Z(?) defined

in (C.280). For 3D Einstein gravity,

o)
log Z(V) = log ZO(V) + O(G°) = ﬁ(—A £ +3¢) + 0(GY), (C.305)
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To compute the one-loop O(G) correction, recall that evaluation of ftree do 1n (C.297) is equiva-

lent to extremization with respect to o-, which sets o = —dy log Z(V) = p(V) and

log Z(V) = log [ Dg e SeEHAVIUNEY) (C.306)

To one-loop order, we may replace p by its tree-level approximation p® = —gylog Z(©®. By
construction this ensures the round sphere metric g = g¢ of radius £(V) given by (C.303) is a
saddle. Expanding the action to quadratic order in fluctuations about this saddle then gives a
massless spin-2 Gaussian path integral of the type solved in general by (3.112), or more explicitly
in (3.148)-(3.149). For 3D Einstein gravity, using (3.149),

3 2t
- 4—)3935 3log = + 5log(2m) + O(G) (C.307)

Here ¢, and ¢} arise from 0(G") local counterterms

c

Spct = / \/g(c() - EZR) : (C.308)
split off from the bare action (C.276) to keep the tree-level couplngs A and G equal to their “phys-
ical” (renormalized) values to this order. We define these physical values as the coefficients of the
local terms oc £3, ¢ in the V — oo asymptotic expansion of the quantum log Z(V). That is to say,
we fix ¢{ and ¢, by imposing the renormalization condition

Q3
logZ(V) =

ﬂG(A€3+3€) - (V > ). (C.309)

This renormalization prescription is diffeomorphism invariant, since Z(V), V and ¢ were all de-

fined in a manifestly diffeomorphism-invariant way. In (C.307) it fixes c6 =0, cé = 4“, hence
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log Z(£) = log Z© +10og Z(M) + O(G), where
2nl
log Z) = —31og % + 5log(27) . (C.310)

We can express the renormalization condition (C.309) equivalently as

log Z" = log Z{}) + log Z, Jim 9 log zW =0 (C.311)

where log Z; = —SEglge] with g, the round sphere metric of volume V. On S3 we have logZy =
col? + c2€, and the £ — oo condition fixes ¢y and c;. Recalling (3.135), we can physically interpret
this as requiring the renormalized one-loop Euclidean energy U!) of the static patch vanishes in
the { — oo limit.

For general d, the UV-divergent terms in log Zg) come with non-negative powers oc £471-2",
canceled by counterterms consisting of n-th order curvature invariants. For example on S°, log Z; =
col’ + 23 + caf. In 0odd d + 1, the renormalization prescription (C.311) then fixes the ¢,,,. In even
d + 1, log Z. has a constant term ¢4, which is not fixed by (C.311). As we will make explicit in
examples later, it can be fixed by lim/_,., Z(") = 0 for massive field contributions, and for mass-
less field contributions by minimal subtraction at scale L, cg+1 = —ag+1 10g(McL), M, = 2¢77 |€
(C.67), with Loy log Z = 0, i.e. LAy log Z© = ay,.

The renormalized off-shell p and S are obtained from log Z as in (C.304). For 3D Einstein,

1 2rl
1) _ 1) — _
oV = Py SY = -3log e + Slog(2m) + 1. (C.312)

The on-shell quantum dS entropy S = log Z(£) = S(£) (C.302) is

S = 5@ = SO%) + SV@) + 0(G) (C.313)
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where £ is the quantum mean radius satisfying p(£) < d; log Z(£) = 0. For 3D Einstein,

2l 2l 1 4G
S=="=-3log=— +5log2n) +1 + O(G), A=—=-—+0(G>). C314
s ~3log = +510g2m) + 1 + 0(G) S-—%+0@). (€314
Alternatively, S can be expressed in terms of the tree-level £y, pO(£) o 8, log ZO(£y) = 0, using

S =10g ZO(&) + 1og ZW(€) + O(G), £ = €y + O(G) and Taylor expanding in G:

S =log Z(£) = SO(¢) + 1og ZV (&) + O(G) (C.315)

This form would be obtained from (3.153) by a more standard computation. For 3D Einstein,

2 2 1
S = 2l 3log 2rbo + Slog(2n) + O(G), A=—. (C.316)

4G 4G gg

The equivalence of (C.313) and (C.315) can be checked directly here noting f=C— %G + O(G?),
SO iicf = 241”—6&) — 1+ O(G). The —1 cancels the +1 in (C.314), reproducing (C.316).

More generally and more physically, the relation between these two expressions can be un-
derstood as follows. At tree level, the entropy equals the geometric horizon entropy S©©(£y), with
radius € such that the geometric energy density p®) vanishes. At one loop, we get additional
contributions from quantum field fluctuations. The UV contributions are absorbed into the gravita-
tional coupling constants. The remaining IR contributions shift the entropy by S'") and the energy
density by p(1). The added energy backreacts on the fluctuating geometry: its mean radius changes
from £ to £ such that the geometric energy density changes by 6p(?) = —p(1); ensuring the total

energy density vanishes. This in turn changes the geometric horizon entropy by an amount dictated

by the first law (C.283),
58O = v, 6p@ = —v; V. (C.317)

We end up with a total entropy S = S©O(2) + SV = SO(£y) =V pV + SU = SO (£y) +1og 2V, up
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Figure C.12: One-loop contributions to the dS3 entropy from metric and scalars with n = 1, 4—1‘, 45'1’ ie.

¢ =0, %, —2—14. Blue dotted line = renormalized entropy S(). Green dotted line = horizon entropy change
68O =276¢/4G = -V pV due to quantum backreaction £y — € = £y + ¢, as dictated by first law. Solid red
line = total 68 = SV — Vpl) = log Z(1). The metric contribution is negative within the semiclassical regime

of validity € > G. The renormalized scalar entropy and energy density are positive for m¢ > 1, and for all

\/n-1 G ¢
m

T 3n G-,
approximation breaks down. The scalar becomes tachyonic beyond this point. If a ¢* term is included in

the action, two new dominant saddles emerge with ¢ # 0.

m€ifn=1.Ifp>1and {y — ¢, =

, the correction 6¢ ~

— —oo, meaning the one-loop

to O(G) corrections, relating (C.313) to (C.315). (See also fig. C.12.)
More succinctly, obtaining (C.315) from (C.313) is akin to obtaining the canonical description

of a thermodynamic system from the microcanonical description of system + reservoir. The ana-

es(l)_vo o

log of the canonical partition function is Z() = , with =V p!) capturing the reservoir

(horizon) entropy change due to energy transfer to the system.

C.9.4 Examples
3D scalar

An example with matter is 3D Einstein gravity + scalar ¢ as in (3.140). Putting £ = 1%’7,

1 1 _
Selg. ¢] = %/\/E(A—%R) + E/\/§¢(—V2+m2+ IR )¢, (C.318)
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The metric contribution to log Z(!) remains log AN log 75 2zl | 51og(27) as in (C.310). The

metric

scalar Zl()}) was given in (3.143). Its finite part is

2 =2y
(1) Ty Ll3 k(e ) _
10g ZPI,ﬁn,scalar - 6 Z k_ (271')2 k V= szgz -n. (C.319)

The polynomial log Z.(£) = cot> + c»€ corresponding to the counterterm action (C.308) is fixed

by the renormalization condition (C.311), resulting in

n mn

= log Z) — =m0+ —Lme. (C.320)

M
lOg Z PLfin,scalar 6 4

scalar

The finite polynomial cancels the local terms oc £3, ¢ in the large-¢ asymptotic expansion of the

finite part: log z\W ﬁ—’g(mf)‘ + ”'7 e (ml)” 3 4+ ... when mf — co. The (m€)~>"~! terms have

scalar
the ¢-dependence of R" terms in the action and can effectively be thought of as finite shifts of

higher-order curvature couplings in the m¢ > 1 regime. In the opposite regime m¢ < 1, IR bulk

modes of the scalar becomes thermally activated and log z\W

ceases to have a local expansion.
scalar

In particular in the minimally-coupled case n = 1,

log z\W

scalar

~ _log(mt)  (ml— 0). (C.321)
The total energy density is p = —1€0,log Z/V = gz (A - £72) + 1 + pigﬂar where

7T
vpl) = ——(mf)zvcothwv) += (mf>3 -5 T me. (C.322)

The on-shell quantum dS entropy is given to this order by (C.315) or by (C.313) as
S =89 +8W = 5O +10g ZM = V() — v + sV = sO) + O (C.323)

where £;2 = A = 72 -87G p(?) and SO = S5+

PLfin %nn m¢, with the scalar contribution to S, (1

PLfin

given by the finite part of (3.145). Some examples are shown in fig. C.12.
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For a massless scalar, m = 0, the renormalized scalar one-loop correction to S is a constant

(M

scalar

independent of ¢, given by (C.319) evaluated at v = /=7, and p
7D _ 340) _ log(2)

1
4> “scalar — 1672 g

= 0. For example for a

massless conformally coupled scalar, n =

3D massive spin s

The renormalized one-loop correction Sﬁl) = log Z§l) to the dS3 entropy from a massive spin-s

field is obtained similarly from (3.90):

(1 _ (1) (1)
S, =log Zs’bulk — log Zs’e dge” (C.324)

where log Zilgulk equals twice the contribution of an n = (s — 1) scalar as given in (C.320), while

the edge contribution is, putting v = y/m2£2 — (s — 1)2,
log 2" = s2(n(met - v) - 1og(1 - 6_2’”’)) . (C.325)

s,edge

The edge contribution to (C.324) is manifestly negative. It dominates the bulk part, and increas-

ingly so as s grows. Examples are shown in fig. C.13.

2D scalar

As mentioned below (C.311), the counterterm polynomial log Zé?) has a constant term in even
spacetime dimensions d + 1, which is not fixed yet by the renormalization prescription given there.

Let us consider the simplest example: a d = 1 scalar with action (3.140). Denoting
£(v) = Z (=LY i) FivZ(0,1 £iv),, (C.326)
and M, = 2¢77 /€ as in (C.67), we get from (C.59) with v = \/nm, n= 41'1 - 2¢,
log Z4) = (272 = m? log(Mc6) + m?) €2 + (n + i) log(M.£) —n + £(v), (C.327)
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Figure C.13: Contributions to the dS; entropy from massive spin s = 1,2, 3 fields, as a function of m¢y,
with coloring as in fig. C.12. Singularities = Higuchi bound, as discussed under (3.145).

In the limit mf — oo, using the asymptotic expansion of the Hurwitz zeta function?>,
log Z\) = (2672 = m* log(M,/m) — 1m?) € + (7 + ) log(M./m) + O((m€)™?).  (C.328)

Notice the log £ dependence apparent in (C.327) has canceled out. The counterterm action to this
order is again of the form (C.308), corresponding to log Z.; = 47r(—c(’)£2 +c}). The renormalization
condition (C.311) fixes c(’) but leaves ¢/, undetermined. Its natural extension here is to pick ¢y =

47rc§ to cancel off the constant term as well, that is

2=+ fy)log(Me/m) = limlogZV =0, (C.329)

25E.g. appendix A of [230]
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ensuring the tree-level G equals the renormalized Newton constant to this order, as in (C.309). The

renormalized scalar one-loop contribution to the off-shell partition function is then
log ZM = (2 —log(m0))(mt)* + (n + 1) log(mt) —n + £(v). (C.330)

2
2029127 (1) 2 4 - - > 0, while in the small-m¢ limit

In the large-m¢ limit, log Z(V) =
logZM = (n+ &) logmt) (p<1),  logzM=(1+L—1)logmt) (=1). (€331

The extra —log(m¢) in the minimally-coupled case n = % is the same as in (C.321) and has the

same thermal interpretation. The energy density is p!) = —%f@g log ZW/V with V = 472
Vol = L+ &) + Lmo)? (2log(me) - 3.y (L +iv)) (C.332)

In the massless case m = 0, v = \/—n is £-independent, and we cannot use the asymptotic expansion
(C.328), nor the renormalization prescription (C.329). Instead we fix ¢; by minimal subtraction,

picking a reference length scale L and putting (with M, = % (C.67) as before)
(L) = —(n + ) log(M.L), (C.333)
The renormalized G then satisfies (’)L(gjr—”G +c)=0,i.e. L@L% =n+ ﬁ and

log ZM = (p+ H)log(t/L) -+ £(v=7), VeV =-1+ ). (C.334)
The total log Z = %(—Aﬁz + 1) +log ZU is of course independent of the choice of L.

4D massive spin s

4D massive spin-s fields can be treated similarly, starting from (C.65). In particular the edge

contribution log Zéé?ge equals minus the log Z(V of Df_l = %s(s +1)(2s5+ 1) scalars on S?, computed
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Figure C.14: Edge contributions to the dS4 entropy from massive spin s = 1,2, 3 fields, as a function of

mty, with coloring as in fig. C.12. The Higuchi/unitarity bound in this case is (m£y)*> — (s — %)2 > —4—11.

earlier in (C.330), with the same v = /m%(% — 5, as the bulk spin-s field, which according to
(3.79) means 15 = (s — %)2. The corresponding contribution to the renormalized energy density is
pgi)ge = —%f O¢ log Zé:l)ge JV with V = Q€% so Vp((;]l)ge equals —%Df_l times the scalar result (C.332).

As in the d = 2 case, the renormalized one-loop edge contribution SW o the entropy 1is
edge

negative and dominant. Some examples are shown in fig. C.14.

Graviton contribution for general d

For d > 3, UV-sensitive terms in the loop expansion renormalize higher-order curvature cou-
plings in the gravitational action, prompting the inclusion of such terms in Sg[g]. Some caution
is in order then if we wish to apply (3.112) or (3.148)-(3.149) to compute log ZM. The formula
(3.112) for Zl(,}) depends ony = m , gauge-algebraically defined by (3.109) and various
normalization conventions. We picked these such that in pure Einstein gravity, y = 1/87G/A({p),
& = \/m, with G and A read off from the gravitational Lagrangian. However this ex-
pression of vy in terms of Lagrangian parameters will in general be modified in the presence of
higher-order curvature terms. This is clear from the discussion in C.9.1, and (C.294) in particular.
Since vy is field-redefinition invariant, and since after transforming to a pure Einstein frame we
have yg = \/m , with the right hand side also invariant, we have in general (for Einstein +

perturbative higher-order curvature corrections)

y = [27/SO . (C.335)
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From (3.148) we thus get (ignoring the phase)

D "
§ =80~ log S +ay) log 7 + Kt + 0(1/87) (C.336)

(d+2)(d+1) (2)
2

where D; = @,

= ( for even d and given by (3.116) for odd d, and K;;1 a numerical
constant obtained by evaluating (3.115). For odd d the constant in the counterterm log Z(¢)
is fixed by minimal subtraction at a scale L, cg+1(L) = —ag+1log(McL), with M, = 2¢77 /€
determined by the heat kernel regulator as in (C.67), and L3, S = 0,i.e. L, S = @, ) . Explicitly

for d = 2, 3,4, using (3.149), (3.12)

d|S

2| 8@ - 310gS© + 510g(27)

(C.337)
3180 _-510g8© — 571 log( ) log(%’r) M {( 1)+ 3§( 3)
4|80 - B1og SO +10g(12) + Z log(2n) + SE5) 4+ 248
For a d = 3 action (C.287) up to O(I?R?), with dots denoting O(I*) terms,
s N
O T (g 2, ... 3
SO=Z(G+a8aple), A= (C.338)
where Loy Age = —48i 7 2751 Putting L = ¢y, and defining the scale £z by Ag2(€p2) =
aly 571 &
S=89_-510a8? + K4 + 0(1/S©), SO= log —~ (C.339)
G 45 fRz

The constant K4 could be absorbed into Ap: at this level. Below, in (C.345), we will give it relative

meaning however, by considering saddles different from the round S*.
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C.9.5 Classical and quantum observables

Here we address question 3 in our list below (3.153). To answer this, we need “observables”
of the A > 0 Euclidean low-energy effective field theory probing independent gravitational cou-
plings (for simplicity we restrict ourselves to purely gravitational theories here), i.e. diffeomor-
phism and field-redefinition invariant quantities, analogous to scattering amplitudes in asymptoti-
cally flat space. For this to be similarly useful, an infinite amount of unambiguous data should be
extractable, at least in principle, from these observables.

As discussed above, S© =1og Z© = —§; [g¢,] invariantly probes the dimensionless coupling
given by 561_1 /G o« 1/GAY"D/2 in Einstein frame. The obvious tree-level invariants probing
different couplings in the gravitational low-energy effective field theory are then the analogous
81(‘2) = log Zl(lfl)) = —Sg[gm] evaluated on saddles gj, different from the round sphere, in the
parametric {y > [ regime of validity of the effective field theory, with g3, asymptotically Einstein
in the {5 — oo limit. These are the analogs of tree-level scattering amplitudes. The obvious
quantum counterparts are the corresponding generalizations of S, i.e. Sy = log Zy evaluated in
large-{; perturbation theory about the saddle gj;. These are the analogs of quantum scattering

amplitudes. Below we make this a bit more concrete in examples.

3D

In d = 2, the Weyl tensor vanishes identically, so higher-order curvature invariants involve R,
only and can be removed from the action by a field redefinition in large-{y perturbation theory,
reducing it to pure Einstein form in general. As a result, S is the only independent invariant in
pure 3D gravity, all g, are Einstein, and the 81(\2) are all proportional to Sy = Ség).

As discussed under (3.168), the quantum S = Sg; takes the form
S =8y =8y —3logSy + 5log27) + ¥, ¢n Sy ™" (C.340)

The corrections terms in the expansion are all nonlocal (no odd powers of ¢y), and the coefficients
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provide an unambiguous, infinite data set.

oddD > 5

In 5D gravity, there are infinitely many independent coupling constants. There are also in-
finitely many different A > 0 Einstein metrics on S, including a discrete infinity of Bohm metrics
with SO(3)xSO(3) symmetry [219] amenable to detailed numerical analysis [220], and 68 Sasaki-
Einstein families with moduli spaces up to real dimension 10 [221]. Unlike the round S, these
are not conformally flat, and thus, unlike S©, the corresponding 81(\2) will pick up couplings such
as the Weyl-squared coupling A2 in (C.287). It is plausible that this set of known Einstein met-
rics (perturbed by small higher-order corrections to the Einstein equations of motion at finite ;)
more than suffices to invariantly probe all independent couplings of the gravitational action, de-
livering moreover infinitely many quantum observables Sy, providing an infinity of unambiguous
low-energy effective field theory data to any order in perturbation theory, without ever leaving the
sphere — at least in principle.

The landscape of known A > 0 Einstein metrics on odd-dimensional spheres becomes in-
creasingly vast as the dimension grows, with double-exponentially growing numbers [221]. For
example there are at least 8610 families of Sasaki-Einstein manifolds on S7, spanning all 28 diffeo-
morphism classes, with the standard class admitting a 82-dimensional family, and there are at least
10328 distinct families of Einstein metrics on S2°, featuring moduli spaces of dimension greater

than 10833,

4D

4D gravity likewise has infinitely many independent coupling constants. It is not known if $*
has another Einstein metric besides the round sphere. In fact the list of 4D topologies known to
admit A > 0 Einstein metrics is rather limited [231]: %, S2 x S2, CPZ, and the connected sums
CPZ#k@, 1 < k < 8. However for k > 5 these have a moduli space of nonzero dimension [232,

233], which might suffice to probe all couplings. (The moduli space would presumably be lifted at

343



sufficiently high order in the /; expansion upon turning on higher-order curvature perturbations.)
Below we illustrate in explicit detail how the Weyl-squared coupling can be extracted from
suitable linear combinations of pairs of 81(12) with M € {§%, §% x §2, CP?}, and how a suitable linear
combination of all three can be used to extract an unambiguous linear combination of the constant
terms arising at one loop.
The Weyl-squared coupling A2 in Sg[g] = (C.287) + - - - is invisible to S© (C.338) but it is
picked up by S](S) by M = §? x §%;

2
Sers =73 %(fg A8 A 2+ 162 12 + +++), (C.341)

with the dots denoting O(I¥) terms and £y = /3/A + - -+ as in (C.338). Physically, S;g)x g is the
horizon entropy of the dS, x S static patch, i.e. the Nariai spacetime between the cosmological
and maximal Schwarzschild-de Sitter black hole horizons, both of area A = % . 47153. Comparing

to (C.338), the linear combination

32nl?
~280 = gf (A2 + ) (C.342)

) _ (0)
Ser =380

extracts the Weyl-squared coupling of Sg[g]. Analogously, for the Einstein metric on CP?, we get

~ 2
S0 = 88&22 ~68© = 2 (1 +--.). Then

0 (0 0 0 0
St =280 -380 =1680,-987 -680 =0+, (C.343)

ub = S2xS2

which extracts some curvature-cubed coupling in the effective action.

To one loop, the quantum Sy, = log Zys can be expressed in a form paralleling (C.336):

Dy

Su =Sy -3

€
logS[(S) + ay log ZO +Ky + -, (C.344)

where D)y is the number of Killing vectors of M: Dgs = 10, Dg2y2 = 6, Dp2 = 8, and @y can be
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obtained from the local expressions in [51]: ag = —54%1, A2y = —%, Qep2 = —%. Computing
the constants K, generalizing K¢+ given in (C.337) would require more work. Moreover, com-
puting them for one or two saddles would provide no unambiguous information because they may
be absorbed into A2 and Az.. However, since there only two undetermined coupling constants at
this order, computing them for all three does provide unambiguous information, extracted by the

quantum counterpart of (C.343):
Seub = 16852 —9Ssous2 — 6Sgs = —7 log SO + 16 Kpo — 9 Koo — 6 Kga + -+ (C.345)

The log({p/L) terms had to cancel in this linear combination because the tree-level parts at this

order cancel by design and LAy Scyp = 0.
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