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Abstract
High-dimensional Asymptotics for Phase Retrieval with Structured Sensing Matrices

Rishabh Dudeja

Phase Retrieval is an inference problem where one seeks to recover an unknown complex-
valued n-dimensional signal vector from the magnitudes of m linear measurements. The linear
measurements are specified using a m X n sensing matrix. This problem is a mathematical model
for imaging systems arising in X-ray crystallography and other applications where it is infeasible
to acquire the phase of the measurements. This dissertation presents some results regarding the
analysis of this problem in the high-dimensional asymptotic regime where the number of mea-
surements and the signal dimension diverge proportionally so that their ratio remains fixed. A
limitation of existing high-dimensional analyses of this problem is that they model the sensing
matrix as a random matrix with independent and identically (i.i.d.) distributed Gaussian entries.
In practice, this matrix is highly structured with limited randomness. This work studies a correc-
tion to the i.i.d. Gaussian sensing model, known as the sub-sampled Haar sensing model which
faithfully captures a crucial orthogonality property of realistic sensing matrices. The first result of
this thesis provides a precise asymptotic characterization of the performance of commonly used
spectral estimators for phase retrieval in the sub-sampled Haar sensing model. This result can
be leveraged to tune certain parameters involved in the spectral estimator optimally. The second
part of this dissertation studies the information-theoretic limits for better-than-random (or weak)
recovery in the sub-sampled Haar sensing model. The main result in this part shows that appro-

priately tuned spectral methods achieve weak recovery with the information-theoretically optimal



number of measurements. Simulations indicate that the performance curves derived for the sub-
sampled Haar sensing model accurately describe the empirical performance curves for realistic
sensing matrices such as randomly sub-sampled Fourier sensing matrices and Coded Diffraction
Pattern (CDP) sensing matrices. The final part of this dissertation tries to provide a mathematical
understanding of this empirical universality phenomenon: For the real-valued version of the phase
retrieval problem, the main result of the final part proves that the dynamics of a class of iterative
algorithms, called Linearized Approximate Message Passing schemes, are asymptotically identi-
cal in the sub-sampled Haar sensing model and a real-valued analog of the sub-sampled Fourier

sensing model.
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Chapter 1: Introduction

1.1 The Phase Retrieval Problem

Phase retrieval is a statistical inference problem that arises in various imaging applications like
electron microscopy, crystallography, astronomy, and optical imaging [1]]. This problem origi-
nated in the field of X-ray crystallography [2], and we use this application to describe the physical

considerations giving rise to the phase retrieval problem.

e

e
o“e‘en““
«

Figure 1.1: A schematic diagram of a typical X-ray crystallography setup. Source: Shechtman,
Eldar, Cohen, Chapman, Miao, and Segev []1]

X-ray crystallography: The goal of X-ray crystallography is to infer the structure of a molecule
of a compound from its crystalline sample. The structure of a molecule is captured by its elec-
tron density function which describes the probability of observing an electron in any given spatial
location. In this imaging technology, the crystalline sample is irradiated with an X-ray beam.
As the X-rays pass through the sample, they interact with the electron density of the sample and
diffract. The intensity (or magnitude) of the diffraction pattern at various spatial locations is cap-
tured by a photographic plate. Due to physical limitations, it is infeasible to capture the phase

of the diffraction pattern. The relationship between the spatial intensity of the diffraction pattern



and the electron density function of the sample is described by Fraunhofer (or far-field) diffraction
principle. According to this principle, the intensity of the diffraction pattern at a specific spatial lo-
cation is proportional to the magnitude of the Fourier transform of the electron density function at
a suitable frequency (see [ 1, Page 4] for a precise formula). Hence, in the phase retrieval problem,
one seeks to infer the unknown electron density function of the molecule from the magnitude of
its Fourier transform. Since the Fourier transform is invertible, recovering the unknown electron
density function is equivalent to recovering the Fourier transform of the electron density function.
Since the magnitude of the Fourier transform is already observed, one simply needs to recover the
unobserved phase information. This is why this problem is called “phase retrieval”. A schematic

diagram of a typical X-ray crystallography setup (reproduced from [1]]) is shown in Figure[I.1]

Mathematical Formulation: A common mathematical formulation of the phase retrieval prob-
lem is to recover an unknown n-dimensional, complex-valued signal vector x, € C" from the
magnitudes of m linear measurements. The measurements are denoted by a m-dimensional vector

y € R™. The relationship between the signal x, and the observed measurements is given by:

y = |Az,|*. (1.1)

In the above equation, A € C™*™ is a m X n matrix, known as the sensing matrix. The operation
| - |? is understood to act entry-wise on the vector Az, € C™. The sensing matrix A is assumed
to be known. This general mathematical formulation can be specialized to the setup of X-ray

crystallography as follows:

* The signal vector x, encodes the unknown electron density function of the molecule of
interest. It is constructed by sampling (or discretizing) the electron density function on a 2D
grid of size d x d and encoding the resulting d x d matrix as a vector of dimension n = d?.

If X € C%* denotes the sampled (or discretized) electron density function, then one such



encoding is given by:
(m*)(i—l)d—i—j :Xij7 'L,j € {1,2,3,d} (12)

* The sensing matrix A = F,,, the n x n linear operator which maps x, € C" to the 2D
Discrete Fourier Transform (DFT) of X, (encoded as a vector). For the encoding specified
in (I.2), the sensing matrix is given by:

1 2ri . , 2mi :

(Fn)(ilfl)d+j17(i2*1)d+j2 = % €xXp (% : (Zl - 1)(22 - 1) + % : (]1 - 1)(]2 - 1)) )

(1.3)
where 1 = /—1.

Redundant Measurements: Note that in the Fourier phase retrieval problem discussed so far
(1.3), the number of measurements equals the signal dimension, i.e., m = n. However, the math-
ematical formulation in (I.1I) allows for the acquisition of m > n redundant measurements. Ac-

quiring m > n redundant measurements is desirable for two reasons:

* For arbitrary signal vectors, the magnitude of the Fourier transform does not uniquely de-
termine the signal [3]. Hence, acquiring redundant measurements can help ensure that the
signal is uniquely determined (up to some trivial ambiguities) by magnitude-only measure-

ments.

* Even for signal classes that are uniquely determined by the magnitude of their Fourier trans-
form, acquiring redundant measurements can improve the stability properties of the inverse

problem and provide robustness to some amount of noise in the measurements.

In this dissertation, we will be particularly interested in the following two approaches for ob-

taining redundant measurements.



Masks: In this scheme, proposed by Candes, Eldar, Strohmer, and Voroninski [4]], a mask or a
phase plate is placed between the sample and the photographic plate. By modulating the
sample with several different masks, redundant measurements are obtained obtained. A
schematic diagram of this setup is shown in Figure[I.2] The sensing matrix in this scheme is

called the Coded Diffraction Pattern (CDP) ensemble and is given by:

FnDl

FnD2
Acpp = ' ) (1.4a)

FnD6

where F,, denotes the n x n 2D-DFT matrix (defined in (I.3))), 0 € N is the number of masks

used and D, .5 are diagonal matrices representing phase masks used to modulate the signal:
D, = Diag (dew, ef2e ... ,e”wf) . (1.4b)

A popular proposal for designing the phase masks is to sample them randomly [4, 5], for e.g.

iid. . m T
0; ¢ ~ Unif ({—5,0, §,w}> . (1.4¢c)

xray
sample source
mask : !
diffraction
pattern

Figure 1.2: A schematic diagram of a typical setup for diffraction imaging with phase masks.
Source: Candes, Eldar, Strohmer, and Voroninski [4]]



Oversampling: Another strategy to obtain redundant measurements is to oversample the diffrac-
tion pattern on a grid of resolution finer than the Nyquist frequency [6]. This requires sur-
rounding the sample with a background of known transmission properties [/, 8]. Mathemat-
ically, this is formulated as zero padding the n-dimensional signal vector with m — n zeros
[1]. The measurements are given by the magnitude of m-point 2D-DFT of the zero-padded
signal. Consequently, in the oversampled Phase retrieval problem, the sensing matrix is
given by sub-sampling the first n columns of the m x m 2D-DFT matrix F,, (as defined in
(L.3)). In this dissertation, we will be interested in a semi-random model for oversampled
phase retrieval, where the n columns are chosen uniformly at random (without replacement).

Formally, the sensing matrix will be given by:

Apprr =F,,- P - S, ,, (1.5a)

where, F}, is the m x m 2D-DFT matrix defined in (1.3)) and,

P ~ Uniformly Random m x m Permutation Matrix, (1.5b)

S = : (1.5¢)

The subscript PDFT in Appgt stands for Partial DFT. We call this sensing ensemble the

(randomly) sub-sampled Fourier ensemble.

1.2 A Statistical Perspective on Phase Retrieval

Modern statistical analyses of the phase retrieval problem seek to design computationally effi-
cient estimators for recovering the signal x, using the minimum number of measurements.
A commonly used performance measure to quantify the quality of an estimator & is the squared

cosine similarity:



w (s, 2)|°

2 ~
COS (Z(m*,m)) = W

(1.6)

This performance measure accounts for the inherent phase ambiguity in the phase retrieval prob-
lem: Since the signal vectors x, and x, ¢! result in identical measurement vectors ¥ for any ¢ € R,
it is possible to determine x, only upto a global phase. An estimator & has good performance when
cos?(Z(x, &)) ~ 1. In this case, the estimator provides an accurate estimate of the direction of
the signal vector. On the other hand, when cos?(Z(x,, )) = 0, the estimator is nearly orthogonal
to the signal vector, and hence uninformative.

Existing statistical analyses of the phase retrieval problem fall into roughly two categories:

Order-of-Magnitude Analyses: A number of recent statistical analyses of the phase retrieval
problem design computationally efficient estimators which recover x, with information-theoretically
rate-optimal m = O(n) (or nearly optimal m = O(n polylog(n))) measurements. A representa-
tive, but necessarily incomplete, list of such works includes the analysis of convex relaxations like
PhaseLift [9, [10], PhaseMax [11} |12], and analysis of non-convex optimization-based methods
[13L 5, [14]. The number of measurements required if the underlying signal has a low dimen-
sional structure has also been investigated [|15, 16, |17]]. Though a number of these works study a
physical unrealizable and stylized model of the sensing matrix, the order of magnitude of measure-
ments required to solve the phase retrieval problem with certain sensing matrices that are close to
practice such as the CDP ensemble (see (I.4)) is also understood: the works by Candes, Li, and
Soltanolkotabi [18} 5] exhibit computationally efficient estimators for solving phase retrieval with

CDP sensing ensembles with m = O(n polylog(n)) measurements.

High-dimensional Asymptotic Analysis: The previously mentioned order-of-magnitude analy-
ses show that a variety of different methods succeed in solving the phase retrieval problem with the

optimal or nearly optimal order of magnitude of measurements. However, in practice, these meth-



ods can have a vast difference in performance, which is not captured by the order-of-magnitude
analyses. Consequently, efforts have been made to complement these results with sharp high di-
mensional asymptotic analyses which shed light on the performance of different estimators and

information-theoretic lower bounds in the high dimensional limit:

m,n — 0o, m/n — 0. (1.7)

The parameter ¢ is called the sampling ratio. This provides a high-resolution framework to compare
different estimators based on the critical value of § at which they achieve non-trivial performance
(i.e. better than a random guess) or exact recovery of x,. Comparing this to the critical value of
0 required information-theoretically allows us to reason about the optimality of known estimators.
This dissertation focuses on understanding the phase retrieval problem in the high-dimensional
asymptotic regime.

A key challenge in analyzing the phase retrieval problem in the high-dimensional asymptotic
regime is that current techniques are unable to handle the highly-structured semi-random
sensing matrices like the CDP ensemble (1.4)) and the sub-sampled Fourier ensemble that
arise in practice. Consequently, various mathematically tractable, approximate models for sensing

matrices have been proposed, which we introduce next. We refer to such a model as an ansatz,

to emphasize that such a model is physically unrealizable, and has been chosen for mathematical
convenience with the hope that it is a good approximation to sensing matrices that are closer to

practice.

LLD. Gaussian Ansatz: In this ansatz, the entries of the sensing matrix are assumed to be i.i.d.
Gaussian (real or complex). This is the most well-studied ensemble in the high dimensional
asymptotic limit. For this ansatz, the precise performance curves for various estimators such
as spectral methods [19, 20, [21]], convex relaxation methods like PhaseLift [22] and Phase-
Max [23], and a class of iterative algorithms called Approximate Message Passing [24] are

now well understood. The precise asymptotic limit of the Bayes risk [25] for Bayesian phase



retrieval is also known. However, this ansatz does not accurately predict the performance of
estimators on sensing ensembles closer to practice such as the CDP ensemble (I.4)) and the

sub-sampled Fourier ensemble (I.5).

Sub-sampled Haar Ansatz: In the sub-sampled Haar sensing ansatz, the sensing matrix is gen-

erated by picking the first n columns of a uniformly random m X m unitary matrix:

A=H,, Sy, (1.8a)

I,
H,, ~ Unif (Uy,), Smn = . (1.8b)

O(m—n) xn
The sub-sampled Haar ansatz captures a crucial aspect of sensing matrices that arise in prac-
tice: namely they have orthogonal columns (note that for both the CDP and the sub-sampled

Fourier ensembles we have A -+ Apprr = Ap Acpp = I).

Rotationally Invariant Ansatz: This is a broad class of unstructured sensing ensembles that in-
clude the 1.1.d. Gaussian ansatz and the sub-sampled Haar ansatz as special cases. Here, it is

assumed that the SVD of the sensing matrix is given by:
A=USV", (1.92)

where U, V are independent and uniformly random orthogonal matrices (or unitary in the
complex case): U ~ Unif (U(m)), V ~ Unif (U(n)) and S is a deterministic matrix
such that the empirical spectral distribution of ST.S converges to a limiting measure /5.
This ansatz is able to exactly model the spectrum of sensing matrices of interest, but treats
the singular vectors of the sensing matrix as generic. In comparision to the i.i.d. Gaussian
ansatz, the subsampled Haar ansatz and the rotationally invariant ansatz are significantly less

studied.



Universality Phenomena: Even though the sub-sampled Haar ansatz is faithful only to
a relatively coarse feature (column orthogonality) of the practically relevant sensing models, nu-
merical simulations reveal an intriguing universality phenomenon: It has been observed that the
performance curves derived theoretically for sub-sampled Haar ansatz provide a nearly perfect fit
to the empirical performance on practical sensing ensembles like Acpp, Apprr. This has been ob-
served by several authors in the context of various signal processing problems. It was first pointed
out by Donoho and Tanner [26] in the context of /; norm minimization for noiseless compressed
sensing and then again by Monajemi, Jafarpour, Gavish, and Donoho [27] for the same setup,
but for many more structured sensing ensembles. More recently, Abbara, Baker, Krzakala, and
Zdeborova [28]] have observed this universality phenomenon in the context of approximate mes-
sage passing algorithms for noiseless compressed sensing. For noiseless compressed sensing both
the Gaussian ansatz and the sub-sampled Haar ansatz lead to identical predictions (and hence the
simulations with structured sensing matrices match both of them). However, in noisy compressed
sensing and non-linear inverse problems like phase retrieval, the predictions from the sub-sampled
Haar ansatz and the Gaussian ansatz are different. The predictions from the sub-sampled Haar
ansatz seem to be correct in simulations. Oymak and Hassibi [29] pointed out that structured
ensembles generated by sub-sampling deterministic orthogonal matrices empirically behave like
Sub-sampled Haar sensing matrices for noisy compressed sensing. In the context of phase retrieval,
this phenomenon was reported by Ma, Dudeja, Xu, Maleki, and Wang [30] for the performance
of the spectral method. The current theoretical understanding of this universality phenomenon is

limited.

1.3 Overview of Contributions

The goal of this dissertation is to present some results that further our understanding of the
phase retrieval problem in the high-dimensional asymptotic regime (1.7) for semi-random sensing
matrices such as the CDP ensemble (1.4)) and sub-sampled Fourier ensemble (I.3).

Towards this goal, we focus on understanding the performance of the spectral estimator for



phase retrieval. The spectral estimator is given by the largest eigenvector of a matrix M con-

structed using the measurements y and the sensing matrix A as follows:

& = arg ”IIll?_Xl u' Mu, (1.10a)
M < A"TA, (1.10b)
T = Diag(T (1), T (1), - - - T (ym))- (1.10¢)

In the above equation the function 7 : [0, 00) — R is a suitable trimming function. This is a tuning
parameter that can be chosen to optimize the performance of the spectral estimator. The spectral
estimator is a widely used pilot estimator for phase retrieval. It is often used to initialize iterative
algorithms which seek to solve the phase retrieval problem by optimizing a non-convex loss [/13,
SL31].

We study the performance of the spectral estimator under the sub-sampled Haar ansatz for the
sensing matrix (1.8). Our choice of this ansatz is inspired by the empirical evidence for univer-
sality provided by previously mentioned prior works [26, [27, 28, |29, 30] which suggest that the
sub-sampled Haar ansatz accurately describes the empirical performance of various estimators on

practical sensing ensembles like Acpp, Apprr. The main results obtained are summarized below:

1. In Chapter 3] we provide an expression for the limiting value of squared cosine similarity
between the spectral estimator and the true signal for a broad class of trimming functions.
Our analysis builds on the techniques introduced by Lu and Li [19]] who analyzed the perfor-
mance of the spectral estimator for the i.i.d. Gaussian ansatz. The precise expression for the
limiting value had been previously conjectured by Ma, Dudeja, Xu, Maleki, and Wang [30],
and the results of this chapter provide a proof for this conjecture. Figure [I.3|compares the
theoretical performance curves for the sub-sampled Haar ansatz (obtained in Chapter|3) and
the i.i.d. Gaussian ansatz (obtained by Lu and Li) with the empirical performance curves
for the CDP ensemble. The figure suggests that the sub-sampled Haar ansatz accurately de-

scribes the empirical performance of spectral estimators on practical sensing ensembles like

10



the CDP ensemble, whereas the 1.i.d. Gaussian ansatz does not.
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Figure 1.3: Comparison of the theoretical performance curves for the sub-sampled Haar ansatz
(obtained in Chapter [3)) and the i.i.d. Gaussian ansatz (obtained by Lu and Li) with the empirical
performance curves for the CDP ensemble for three different trimming functions. 7, is the optimal
trimming function for the Gaussian [21] and the sub-sampled Haar sensing models [30]

2. Based on the conjectured formula for the limiting value of squared cosine similarity, Ma,
Dudeja, Xu, Maleki, and Wang [30] derived the optimal choice of the trimming function 7.
When ¢ > 2, the optimal trimming functions achieves a non-trivial (or weak) recovery, that
18,

lim E [COSQ(Z(JZ*,C%))] > 0.

m,n—00
m=don

In Chapter 4] we show that the threshold 0 = 2 is information-theoretically optimal: When
0 < 2, no estimator can achieve non-trivial (or weak) recovery. Our analysis in this chapter
builds on the techniques used by Mondelli and Montanari [20], who proved the analogous

result for the i.i.d. Gaussian ansatz.

3. In Chapter 5] we present some partial progress towards a mathematical understanding of the
empirically observed universality. For the real-valued version of the phase retrieval problem,

we show that the dynamics of a class of iterative algorithms that can match the performance
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of any spectral estimator are asymptotically identical in the sub-sampled Haar ansatz (1.8])

and a real-valued analog of the sub-sampled Fourier ensemble (1.5]).

1.4 Notations

Notations for common sets

We use N, Ny, R, C to denote the sets of natural numbers, non-negative integers, real numbers,
and complex numbers, respectively.

R" and C" denote the n dimensional real and complex vector spaces respectively. S*~! ¢ C"
is the set of complex n-dimensional vectors with unit norm.

The set of m x n real matrices is denoted by R™*™ and the set of m X n complex matrices is
denoted by C"™*™. Q(m) refers to the set of all m x m orthogonal matrices and U(m) refers to the
set of all m X m unitary matrices.

[k] denotes the set {1,2,---  k} and [i : j] denotes the set {i,i + 1,i+2--- ,j —1,j}.

For Linear Algebraic Aspects

For a matrix A, A" refers to the conjugate transpose of A and Tr(-) denotes the trace of a
square matrix.

For a matrix A € C"*", with real eigenvalues, we use A\;(A) > \y(A)--- > A\, (A) to denote
the eigenvalues arranged in descending order. We use o(A) to refer to the spectrum of A which
is simply the set of eigenvalues {\;(A), A2(A) ...\, (A)}. We denote the largest and smallest

eigenvalue of A by A\ax(A) and A\pin(A). Finally we define the spectral measure of A, denoted

by 14 as,

n

.1
pa S =) o4y
=1

n -

For m,n € N, we denote the m x m identity matrix by I,,, and a m X n matrix of all zero

12



entries by 0,, ,,. For m > n, We also define the special matrix .S,, ,, as:

I,
Sy = : (1.11)

Om—n,n

We use ey, e, ..., e, to denote the standard basis vectors in R".
For vectors and matrices || - || denotes the /5 and the Frobenius norm respectively. For complex
matrices || - ||,, denotes the operator norm. For vectors a,b € C", the inner product (a,b) is

defined as a"'b. For matrices A, B € C™*" the inner product (A, B) is defined as Tr(A" B).

For Complex Analytic Aspects

For a complex number z € C, Re(z),Im(z), Arg(z), |z|, Z refer to the real part, imaginary part,
argument, modulus and conjugate of z. We denote the complex upper half plane and lower half
planes by

C"={z€C:Im(z) >0}and C~ = {z € C: Im(2) < 0}.

Notation for Asymptotic Analysis

We say a sequence f(n) is o(n) if f(n)/n — 0 as n — oo. We use the generic constant
C to refer to a positive finite constant that does not depend on m, n. This constant may change
from line to line and may depend on the noise level o (introduced in Chapter [4)) and the sampling
ratio 0 unless stated otherwise. If this constant depends on any other parameters we will make
this dependence explicit: For example, C'(¢) denotes a positive, finite constant depending on some

parameter e, the noise level o and possibly the sampling ratio ¢ but independent of m, n.

For Probabilistic Aspects

We denote almost sure convergence, convergence in probability and convergence in distribution
as, P d . . P
by —,— and — respectively. If for a sequence of random variables we have X,, — c for a

deterministic ¢, we say p-lim X,, = c¢. Two random variables X, Y are equal in distribution,

13



denoted by X = Y if they have the same distribution. For an event £, 1¢ denotes the indicator

function of £. For a probability measure y, we use Supp(u) to denote the support of 4.

Some Special Distributions

The (real) multivariate Gaussian distribution with mean g and variance X is denoted by N (e, X2).
We say a complex random variable Z is standard complex Gaussian distributed, denoted by Z ~
CN (0,1)if Re(Z) and Im(Z) are i.i.d. N (0, 1). We say a complex n-dimensional random vector
Z ~CN (0, I,,) if each entry Z; ~ CN (0,1). Unif(U,,) denotes the Haar measure on the unitary

group.
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Chapter 2: Related Work

There are a large number of results on the phase retrieval problem with varying assumptions on
the sensing matrix, studying different classes of estimators under different analysis frameworks. In
this chapter, we summarize a few important and representative results. We organize our discussion

as follows:

1. In Section 2.1 we summarize results that study the order-of-magnitude of measurements

required to solve the phase retrieval problem.

2. In Section[2.2]we summarize results about the phase retrieval problem in the high-dimensional

asymptotic regime (1.7).

3. In Section we discuss empirical and theoretical studies of universality phenomena rele-

vant to our work.

2.1 Order-of-Magnitude Analyses

A large number of estimators are known to solve the phase retrieval problem with the rate-
optimal number of measurements m = O(n) or the nearly optimal order-of-magnitude of mea-
surements m = O(n - poly(log(n))). The earliest such estimator is PhaseLift SDP relaxation
proposed by Candes, Strohmer, and Voroninski [9]. A linear programming based relaxation called
PhaseMax has also been proposed and analyzed by Goldstein and Studer [[12]] and Bahmani and
Romberg [11]. More recently, approaches based on non-convex optimization have been analyzed.
This includes an alternating minimization approach due to Netrapalli, Jain, and Sanghavi [13]] and
a gradient descent-based algorithm due to Candes, Li, and Soltanolkotabi [5]. Though a number
of these works study a physical unrealizable and stylized model of the sensing matrix, order-of-

magnitude analyses are flexible enough to extend to CDP sensing matrices. We refer the reader to
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[18]] for the analysis of PhaseLift for CDP matrices and to Candes, Li, and Soltanolkotabi [5] and
Qu, Zhang, Eldar, and Wright [32] for the analysis of non-convex optimization approach for CDP

matrices and random circulant sensing matrices respectively.

2.2 High-dimensional Asymptotic Analyses

Results for Gaussian Sensing Matrices: Order-of-magnitude analyses, though flexible, lack
the resolution to compare the performance of various estimators which achieve the optimal sample
complexity of O(n) measurements. Consequently, recent years have seen a number of works
that provide an analysis in the high dimensional asymptotic framework where m,n — oo and
m/n = 6. Lu and Li [19] analyzed a class of spectral estimators in this asymptotic framework
for Gaussian sensing matrices. Their analyses was leveraged by Mondelli and Montanari [20]
and Luo, Alghamdi, and Lu [21] to design spectral estimators with optimal performance. Convex
relaxation-based approaches, such as PhaseLift and PhaseMax have also been analyzed in this
framework for Gaussian sensing matrices [23, [22]. Bayati and Montanari [24] have analyzed the
dynamics of a broad class of iterative algorithms called Approximate Message Passing schemes,
which seem to be capable of computing many estimators for a broad range of inference problems,

including phase retrieval.

Information Theoretic Lower Bounds for Gaussian Sensing Matrices Mondelli and Monta-
nari [20] showed that the weak recovery threshold for Gaussian sensing matrices was dyeak = 1.
Barbier, Krzakala, Macris, Miolane, and Zdeborova [25] have used interpolation methods to obtain
expressions for the asymptotic Bayes risk for estimating generalized linear models. This includes
real-valued phase retrieval with Gaussian sensing matrices as a special case. In particular, their
results recover the results of Mondelli and Montanari [20] as a special case and also shed light on
the minimum mean square error achievable above the weak recovery threshold. This work also
shows that the expression of the Bayes risk for any sensing matrix with i.i.d. entries with some

mild moment assumptions is the same as the Bayes risk for Gaussian sensing matrices.
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Sharp Asymptotic Analyses for Non-i.i.d. Sensing Matrices Rigorous results for non-i.i.d.
sensing matrices in the high dimensional asymptotic framework are limited. Thrampoulidis and
Hassibi [33] provide an analysis of the generalized Lasso estimator for compressed sensing using
uniformly random row orthogonal matrices using the Convex Gaussian Minmax Theorem (CGMT)
framework. The analysis of Approximate Message Passing algorithms has been extended to the
rotationally invariant ansatz (I.9) by Schniter, Rangan, and Fletcher [34], Rangan, Schniter, and
Fletcher [35]], and Takeuchi [36]. We note that the non-rigorous replica method can be used to
derive conjectures for the asymptotic Bayes risk for the large class of rotationally invariant sensing
ansatz which includes sub-sampled Haar sensing ansatz as a special case. The ap-
plication of the replica method to rotationally invariant ensembles was pioneered in a sequence of
papers by Takeda, Uda, and Kabashima [37]], Takeda, Hatabu, and Kabashima [38] and Kabashima
[39]. We refer the reader to Reeves [40]] for a recent derivation of these conjectures. To the best of
our knowledge, these conjectures have not been rigorously proved except in a few special cases,
none of which cover the sub-sampled Haar sensing matrix. The only rigorous result about sharp
information-theoretic lower bounds for non-i.i.d. sensing matrices is due to Barbier, Macris, Mail-
lard, and Krzakala [41] who provide the expression for the limiting Bayes risk for a certain class of
sensing matrices. The class of sensing matrices they consider are formed by a product of indepen-
dent matrices each consisting of i.i.d. entries. This is significantly different from the sub-sampled
Haar sensing model which we consider here. Moreover, the sensing problem they study is the real
linear sensing problem and not the phase retrieval problem that we study here. Lastly, we note
that the non-rigorous replica method has also been used to analyze convex relaxation methods like

LASSO [42, 43]] for rotationally invariant sensing matrices.

2.3 Universality Results

Empirical Results: It has been observed that the performance curves derived theoretically for
sub-sampled Haar sensing provide a nearly perfect fit to the empirical performance of estimators

on practical sensing ensembles like Acpp, Aper. This has been observed by a number of authors
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in the context of various signal processing problems. It was first pointed out by Donoho and Tanner
[26] in the context of ¢; norm minimization for noiseless compressed sensing and then again by
Monajemi, Jafarpour, Gavish, and Donoho [27] for the same setup but for many more structured
sensing ensembles. For noiseless compressed sensing both the Gaussian ensemble and the sub-
sampled Haar ensemble lead to identical predictions (and hence the simulations with structured
sensing matrices match both of them). However, in noisy compressed sensing, the predictions
from the sub-sampled Haar model and the Gaussian model are different. Oymak and Hassibi
[29]] pointed out that structured ensembles generated by sub-sampling deterministic orthogonal
matrices empirically behave like Sub-sampled Haar sensing matrices. More recently, Abbara,
Baker, Krzakala, and Zdeborova [28]] have observed this universality phenomenon in the context
of approximate message passing algorithms for noiseless compressed sensing. In the context of
phase retrieval, this phenomenon was reported by Ma, Dudeja, Xu, Maleki, and Wang [30] for the

performance of the spectral method.

Gaussian Universality: A number of papers have tried to explain the observations of Donoho
and Tanner [26] regarding the universality in performance of ¢; minimization for noiseless linear
sensing. For noiseless linear sensing, the Gaussian sensing ensemble, sub-sampled Haar sensing
ensemble, and structured sensing ensembles like sub-sampled Fourier sensing ensemble behave
identically. Consequently, a number of papers have tried to identify the class of sensing matrices
which behave like Gaussian sensing matrices. It has been shown that sensing matrices with 1.1.d.
entries under mild moment assumptions behave like Gaussian sensing matrices in the context of the
performance of general (non-linear) Approximate Message Passing schemes [24, 44], the limiting
Bayes risk [41], and the performance of estimators based on convex optimization [45] 46]. The
assumption that the sensing matrix has i.i.d. entries has been relaxed to the assumption that it
has 1.1.d. rows (with possible dependence within a row) [22]]. Finally, we emphasize that in the
presence of noise or when the measurements are non-linear, the structured ensembles that we

consider here, obtained by sub-sampling a deterministic orthogonal matrix like the DFT matrix or
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the Hadamard-Walsh matrix, no longer behave like Gaussian matrices, but rather like sub-sampled

Haar matrices.

A result for highly structured ensembles: While the results mentioned above move beyond
i.i.d. Gaussian sensing, the sensing matrices they consider are still largely unstructured and highly
random. In particular, they do not apply to the sub-sampled Fourier or CDP ensembles. A notable
exception is the work of Donoho and Tanner [47]] which considers a random undetermined system
of linear equations (in x) of the form Ax = Az, for a random matrix A € R™" and a k-
sparse non-negative vector €y € RY,. Donoho and Tanner show that as m,n,k — oo such
that n/m — ky1,k/m — kKo, the probability that @, is the unique non-negative solution to the
system sharply transitions from 0 to 1 depending on the values x1, k3. Moreover, this transition is
universal across a wide range of random A, including Gaussian ensembles, random matrices with
i.i.d. entries sampled from a symmetric distribution, and highly structured ensembles whose null
space is given by a random matrix B € R"~™*" generated by multiplying the columns of a fixed
matrix By whose columns are in general position by i.i.d. random signs. The proof technique of
Donoho and Tanner uses results from the theory of random polytopes and it is not obvious how to

extend their techniques beyond the case of solving underdetermined linear equations.

Universality Results in Random Matrix Theory: The phenomena that structured orthogonal
matrices, such as Hadamard and Fourier matrices, behave like random Haar matrices in some as-
pects has been studied in the context of random matrix theory [48]] and in particular free probability
[49]. A well known result in free probability (see the book of Mingo and Speicher [49] for a text-
book treatment) is that if U ~ Unif (U(m)) and D, D, are deterministic m X m diagonal matrices
then U D,U" and D, are asymptotically free and consequently the limiting spectral distribution
of matrix polynomials in Dy and U D;U" can be described in terms of the limiting spectral dis-
tribution of D, and D,. Tulino, Caire, Shamai, and Verdu [50] and Farrell [51]] have obtained an
extension of this result where a Haar unitary matrix is replaced by m x m Fourier matrix F,,,: If

D, D, are independent diagonal matrices then FleFﬂ is asymptotically free from D,. The
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result of these authors has been extended to other deterministic orthogonal/unitary matrices (such
as the Hadamard-Walsh matrix) conjugated by random signed permutation matrices by Anderson

and Farrell [52]).

Non-rigorous Results from Statistical Physics: In the statistical physics literature Cakmak,
Opper, Winther, and Fleury [53, 54, |55} 56, 57] have developed an analysis of message passing
algorithms for rotationally invariant ensembles via a non-rigorous technique called the dynamical
functional theory. These works are interesting because they do not heavily rely on rotational invari-
ance, but instead rely on results from Free probability. Since some of the free probability results
have been extended to Fourier and Hadamard matrices [50, 51, 52f], there is hope to generalize
their analysis beyond rotationally invariant ensembles. However, currently, their results are non-
rigorous due to two reasons: 1) due to the use of dynamical field theory, and 2) their application
of Free probability results neglects dependence between matrices. In our work in Chapter 5] we
avoid the use of dynamical functional theory since we analyze linearized AMP algorithms, and

furthermore, we properly account for dependence that is heuristically neglected in their work.

The Hidden Manifold Model: Lastly, we discuss the recent works of Goldt, Mézard, Krzakala,
and Zdeborova [58]], Gerace, Loureiro, Krzakala, Mézard, and Zdeborova [|59]], and Goldt, Reeves,
Mézard, Krzakala, and Zdeborova [60]], where they study statistical learning problems where the
feature matrix A € R™*" (the analogue of the sensing matrix in statistical learning) is generated

as:

A=0(ZF),

where F' € R%*" is a generic (possibly structured) deterministic weight matrix and Z € R™*9 is
an i.1.d. Gaussian matrix. The function o : R — R acts entry-wise on the matrix Z F'. For this
model, the authors have analyzed the dynamics of online (one-pass) stochastic gradient descent

(first non-rigorously [58]] and then rigorously [60]) and the performance of regularized empirical
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risk minimization with convex losses (non-rigorously) via the replica method [59] in the high
dimensional asymptotic m,n,d — oo, n/m — k1,d/m — ko. Their results show that in this
case the feature matrix behaves like a certain correlated Gaussian feature matrix. We note that
the feature matrix A here is quite different from the sub-sampled Fourier ensemble or the
CDP ensemble (T.4) since it uses O(m?) i.i.d. random variables (Z) where as the sub-sampled
Fourier ensemble only uses m random variables (to specify the permutation matrix P). However,
a technical result proved by the authors (Lemma A.2 of [58]]) appears to be a special case of a

classical result of Mehler [61]] and Slepian [62] which we find useful in our analysis in Chapter [3]
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Chapter 3: Analysis of Spectral Estimators

In this chapterﬂ we provide an analysis of the performance of spectral estimators for the sub-

sampled Haar sensing ansatz.

3.1 Problem Formulation

3.1.1 Measurement Model and Spectral Estimator

In the phase retrieval problem we are given m observations y € R™ generated as:

y = |Ax,|?

where , € C” is the unknown signal vector and A € C™*" is the sensing matrix. We assume
that ||, || = /m and that the matrix A is generated according to the following process: Sample
H,,, € U(m) from the Haar measure on the unitary group U(m) and set A to be the matrix formed

by picking the first n columns of H,,,. More formally,

A=HS,,, H~Unif(U(m)),

and S is defined in (I.TT). An important parameter for our analysis will be the sampling ratio,

denoted by § = m /n. Let T : R>y — R be a trimming function. We study spectral estimators &

constructed as the leading eigenvector of the matrix M, defined below:

& = arg max u" Mu,
[[uf=1

'The results obtained in this chapter have been published in the paper R. Dudeja, M. Bakhshizadeh, J.
Ma, and A. Maleki, “Analysis of spectral methods for phase retrieval with random orthogonal matrices,”
IEEE Transactions on Information Theory, 2020
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where M = AT A and T = Diag(T (v1), T (y2) . .. T (ym)).

3.1.2  Assumptions & Asymptotic Framework

We analyze the performance of the spectral estimator in an asymptotic setup where n,m —
oo,m/n = § > 1. In particular, we consider a sequence of independent phase retrieval prob-
lems realized on the same probability space with increasing n, m. We assume some regularity

assumptions on the trimming function 7 which are stated below.
Assumption 1. The trimming function T satisfies the following conditions:
1. T is Lipschitz continuous.
2. sup,so T (y) =1, infy5 T (y) = 0.
3. The random variable T, defined by Z ~ CN (0,1) and T = T (|Z|*) has a density with
respect to the Lebesgue measure on R.
In the following remarks, we discuss why each of these assumptions are required and whether

they can be relaxed.

Remark 1. We need the trimming function T to be Lipschitz continuous so that the trimmed mea-
surements T (y;) can be approximated in distribution by T (|Z|*), Z ~ CN (0,1). We expect this

approximation to hold under weaker smoothness hypothesis on T than Lipschitz continuity.

Remark 2. The assumptions:

sup 7 (y) =1, inf T(y) =0

y=>0

are no stronger than the assumption that T is a bounded trimming function. In fact, given any
arbitary bounded trimming function with inf,>o T (y) = a and sup,>,T (y) = b, the spectral

estimator constructed using T has the same performance as the spectral measure constructed
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using

This is because,

In particular M and M have the same leading eigenvector. We require the assumption that the
trimming function is bounded since a number of results in free probability theory that we rely on

assume this.

Remark 3. We need (3) in Assumption|l|to ensure that the limiting spectral measure of the matrix
M has no discrete component. We expect that this assumption can be completely removed by a
careful analysis since the location of point masses in the limiting spectral measure of M is well

understood.

3.2 Main Result

In order to state our main result about the performance of the spectral estimator, we need to

introduce the following four functions:

o 0oy L B
A(T) =T B [TET} ) ¢1<T> — [T_lT] ’
o A E [(TJT)Q} Q(T) det E [(ElT)Q] 3.1)

In the above display, the random variables Z, T" have the joint distribution given by Z ~ CN (0, 1),
T = T(]Z)?). The functions A, are defined on [1, c0) and the functions ), 13 are defined on

(1, 00).
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Remark 4. Under Assumption the support of the random variable T is the interval [0, 1]. Hence
the definition of these functions at T = 1 needs some clarification. First, note that the random
variable (1 — T)™' > 0. Hence, the E[(1 — T)'] is well-defined, but maybe oc. If it is finite,
each of the above functions are well-defined at T = 1. If E[(1 — T)™!] = oo, we define, A(1) =
1,41 (1) = 1. This corresponds to interpreting 1 /oo = 0 and co/oo = 1 in the definition of these

functions.

Theorem 1. Define 7, = arg min,cp o) A(7). Also, let 0, denote the unique value of § > 7, that

satisfies 11(0) = 5i_1' Then, under Assumption we have

A(), ) < =2
) 5 (1), () < 55

A(Q*)a wl(Tr) > 5%81

Furthermore,

=2 .

0,
[ENE (527)° =525 02(0.)
s (0,)2— 5 in(Q*)’ wl(TT> >

77ZJ1(7_7‘) < 55_17
)
7

Remark 5. The proof of Theorem |I| shows that if Y1 (7.) > §/(6 — 1), there exists exactly one

solution to the equation 1,(0) = 0/(6 — 1), 0 € (7,,00). Hence, 0, is well-defined.

The proof of this result is postponed until Section [3.5] Before we proceed to the proof of
this theorem, let us clarify some of its interesting features. First, note that similar to the Gaussian
sensing matrices, even in the case of partial orthogonal matrices, the maximum eigenvector exhibits
a phase transition behavior. For certain values of § > 1, the inequality ¢ (7,.) < % holds, and
hence the maximum eigenvector does not carry information about x,. For other values of ¢, the
inequality v (7,.) > <$§_1 holds and hence, the direction of the maximum eigenvector starts to offer

information about the direction of «,. For typical choices of the trimming function 7, there exists
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Figure 3.1: Plot of the asymptotic cosine similarity between & and x, for three different choices
of the trimming function.

a critical value of §, denoted by d7 such that, when d < -, the spectral estimator is asymptotically
orthogonal to the signal vector. When 6 > d7, the spectral estimator makes a non-trivial angle
with the signal vector. This phase transition phenomena is illustrated in Figure [3.1] for 3 different

choices of T .

Remark 6 (Choice of Trimming function). In Figure[3.1} we plot the asymptotic cosine similarity
given by Theorem |l| for various values of the sampling ratio 6 and 3 different trimming functions.
The trimming function T,(y) = y/(y + 0.1) is a regularized version of the optimal trimming

function for the i.i.d. Gaussian sensing model computed by Luo, Alghamdi, and Lu [21|].

Remark 7 (Extensions to generalized linear measurements). While we focus on the phase retrieval
problem in this dissertation, our results extend straightforwardly to the generalized linear estima-

tion, where the measurements y; are generated as follows:
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where f(-|-) denotes a conditional distribution modelling a possibly randomized output channel.
Under suitable regularity assumptions on f, Theorem 1 holds with the change that the joint distri-

bution of the random variables T, Z is now given by:

Z ~CN(0,1), Y ~ f(-|2), T =T(Y).

3.3 Optimal Trimming Functions

Theorem [I] can used to design the trimming function 7 optimally in order to obtain the best
possible value of |z"#|?. Most of the work towards this goal was already done in [30] where
the result in Theorem [I] was stated as a conjecture and was used to design the optimal trimming

function. In particular, [30]] showed the following impossibility result.

Proposition 1 ([30]). Let T be any trimming function for which Theorem|I| holds. Then,

|$H5@’2 )
1 x < 0
g%il%g ENE < Popt(0);
where,
0, 0<2

0P —1
g, 0> 2
* B

where 6°P* is the solution to the equation (in T):

Z2
5 E[ & }
opt opt def T—Lopt

1 (T):m7 1 (T):ﬁaTG(LOO)?

which exists uniquely when § > 2 and, the random variable T, is distributed as:

1

ZNCN<O,1), ToPt:l_W.
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The work [30] also provided a candidate for the optimal trimming function:

They showed that if the characterization given in Theorem [I] holds for 7, then it achieves the
asymptotic squared correlation pgpt(é). Unfortunately, since 7Top: is unbounded, Theorem |1| does
not apply to it. Extending Theorem [I] to unbounded trimming functions would likely require ex-
tending previously known results in free probability to unbounded measures, and we don’t pursue
this approach in our work. Instead, we suitably modify the arguments of [30] to show that the

family of bounded trimming functions:

1
7:>pt,€(y) =1~ y , € > Oa

€

attains an asymptotic squared correlation that can be made arbitrarily close to p?(d) as € | 0.

Proposition 2. Let . denote the spectral estimator for x,. obtained by using Topt . as the trimming

function. We have, almost surely,

. EAEA 2
lim lim S = 2 (§).
im mi%" N Popt(0)

We provide a proof of this result in Appendix |A.2

The regularized trimming functions 7ot are not only useful from a theoretical point of view
to prove an achievability result, but also from a computational stand point: In simulations we have
observed that the power iterations are slow to converge when 7, is used as the trimming function
due to presence of large negative eigenvalues and this problem is mitigated by using 7qp¢ . With a

small value of € (such as 0.1 or 0.01) with a negligible degradation in performance.

3.4 Some Additional Notation

In this section, we introduce some additional notation we will find useful in this chapter.
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The random variables Z,7: Throughout this chapter, the random variables Z, T refer to the

pair of random variables with the joint distribution given by Z ~ CN (0,1),T = T (|Z]?).

Notation for topological aspects: Let A be a subset of R or C. A denotes the closure of A.
The distance from a point z € R to A is defined by dist(x, A) = inf,c4 |z — y|. We define the €

neighborhood of A, denoted by A, as
A, E {x  dist(z, A) < €}.
The symbol () is used to denote the empty set.

3.5 Proof of Theorem

3.5.1 Roadmap

Our proof follows the general strategy taken by Lu and Li [19]]. In this subsection, we state
several key lemmas and show how they fit together in the proof of Theorem 5] First we note that
without loss of generality, for the purpose of analysis of the spectral estimator, we can assume

x, = y/me;. The following lemma supports this claim.
Lemma 1. The distribution of the cosine similarity, p* = |2 2| /||x.||? is independent of z,.

Proof. Let x, be an arbitrary signal vector with ||x,| = y/m. Let y, T, & denote the measure-
ments, trimmed measurements and spectral estimate generated when the sensing matrix was A and
the signal vector was x,. Note that the cosine similarity p? is a (deterministic) function of A, x,
and hence we use the notation p?( A, x,) to denote the cosine similarity when the sensing matrix
is A and the signal vector is x,.

Let T' € U(n) be such that \/mle; = x,. We have 'z = \/me''T"z. Next we note that
&' £ THZ is the leading eigenvector of the matrix M’ £ THMT = (AT)'TAT = AM'T A,
where we defined A’ = AT Noting that T is a diagonal matrix consisting of the trimmed obser-

vations y = |Ax,|? = \/m|A’e;|, we conclude that &' is the spectral estimate generated when the
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sensing matrix was A’ and the signal vector was y/me;. Hence, we have concluded that

pQ(A’ :L'*) = pQ(A/’ Mel)'

Next we note that A was generated from the sub-sampled Haar model, thatis A = H,,S,, ,, where
H,,, ~ Unif(U(m)). Since the Haar measure on U(n) is invariant to right multiplication by unitary

matrices, we have

r 0
Hm - Hm : 5
0 Imfn

where the notation = means that two random vectors have the same distributions. Consequently
A = H,,8S,,, = AT = A’. Therefore, p*(A,x,) = p*(A’,\/me,) = p*(A,/me,), and the

distribution of p? is independent of x,. O

In the light of the above lemma, in the rest of the chapter, we will assume x, = \/me;. Next,

we partition A by separating the first column

A= [Ah A*l]?

where A_; denotes all the remaining columns of A (except A;). Hence we can partition A"T A
in the following way:

ANT A, A°TA_
AfTA = | T e 3.2)

Our strategy will be to reduce questions about the spectrum of the matrix M to questions about the
spectrum of a matrix of the form X = EU FU", where U is a uniformly random unitary matrix,
FE is a random matrix independent of U and F' is deterministic. This matrix model has been well

studied in Free Probability [[64]]. The starting point of our reduction is Proposition 2 from Lu and
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Li [19], stated below.

Proposition 3 (Lu and Li [19]). Let D be an arbitrary deterministic symmetric matrix partitioned

as.

Then, we have

where L(9) = M\ (P + 9qq"), and ¥, > 0 is the unique solution to the fixed point equation

L(v) = % + a. Furthermore, let v, be the eigenvector corresponding to the largest eigenvalue of

D. Then,

a,L(ﬁ*) 8+L(19*)
O_L(0,) + (1/0,)?" 04 L(9,) + (1/9,)? ]

el |* €
where O_ and 0, denote the left and right derivatives respectively. In particular, if L(V) is differ-

entiable at V,, then

L'(9,)
L(d,) + (1/9,)*

|€1HU1|2 =

A straightforward corollary of the above proposition to our problem is given below. Define the

function
IO EDY <AEI(T + 19TA1(TA1)H)A_1> .

Corollary 1. Let 9,, > 0 be the unique solution of L,,(¥) = 1/9+ AYT A,. Then, \;(A"TA) =
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L, (Y,,) and

|€H§3|2 0-L (19 ) a+ (79 )
' O—Lin(0m) + (1/9m)?" 0+ L(m) + (1/0)?

In particular, if L, (V) is differentiable at 9,,, then

. L (0,,)
= ) T (o)

Hence, we shift our focus to characterizing the function L,,(17). Recall the decomposition of the
matrix M given in . Recall that since x, = \/me, the diagonal matrix 7" is a deterministic
function of A;. If the sensing matrix A consisted of independent Gaussian entries, then 1", A,
would have been independent of A_;. This is no longer true when A is a partial unitary matrix.
In order to take care of this, the following lemma leverages a conditioning trick to get rid of the
dependence. The following lemma also establishes the link between the function L,,(¢}) and the
study of the spectrum of a matrix of the form X = EUFU", where U is a uniformly random

unitary matrix, E is a random matrix independent of U and F' is deterministic.

Lemma 2. We have
Ln(9) = M1 (BH(T + 19TA1(TA1)H)BHm_1RH;;_1) , (3.3)

where

B ¢ C™ ™Y is an arbitrary basis matrix for A{, which denotes the subspace orthogonal to A,

and H,, 1 ~ Unif(U(m — 1)) is independent of A;.
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Proof. We condition on A;. Conditioned on A, we can realize A_; as:
A—l = BHm—lsm—l,n—L

In the above equation, B € C™*™~1 is matrix whose columns form an orthonormal basis of the
orthogonal complement of A; and H,, ; is a Haar Unitary of size m — 1 independent of A;.

Hence, we obtain

Ln(9) = Ay (Aﬂl(T + ﬁTAl(TAl)H)A,1>

IS (B”(T + 9T A(TA)B - Hm_lRH;_l) .

In the step marked (a), We used the fact that for any two matrices A, I" (of appropriate dimensions),

AT and I' A have the same non-zero eigenvalues. In particular, we used this fact with:

A=sH H"

m—1n—1"*m—1

I'=B"(T +9TA(TA)")BH,, 1S, 1, 1.

Define the matrix,
E(W) = BYT +9TA,(TA)"B. (3.4)

The following lemma characterizes the asymptotic limit of the function L,,(¢). Define A (7) as

~1/8
Ar) T ];I[TE/T]) if 7> 7,,
T g
! : (1-1/%)
min,>q | 7 — B[] ifr <,
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where T = T(|Z|?) and Z ~ CN(0, 1), and

1-1/0
7, 2 arg min T——( /)

]

=T

-1 -1
Lemma 3. Let 9, < (1 — (E [é]) - ]E[|Z|2T]> . Define the function 6(0) as:

* When ¥ > .: Let (1) be the unique value of \ that satisfies the equation:

-1
2]

— 2 — —
A-E[ZPT] - 1/9 = | E |3==

in the interval:

A € (max(1,E[|Z|*T] + 1/9), ) .

« When 9 <9, () £ 1.
Then, we have L,,(0) = A, (6(0)), where L,,(9) is defined in (3.3)).

The proof of Lemma 3] can be found in Section [3.5.5]
From Corollary |1} we know that \; (M) solves the fixed point equation (in ¥): L,,(9) = 1/9+

AHMT A, . Simple concentration arguments (see Lemma Section (3.5.3)) show that asymptotically:
AT A, ~ E|Z|*T.

Combining this with Lemma 3| suggests that asymptotically \; (M) behaves like the solution to

the following fixed point equation (in ¥J):

AL (0(9)) = 1/9 + E|Z|*T.
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The following lemma analyzes the behavior of this asymptotic fixed point equation. The proof of

this lemma can be found in Section [3.5.5]

Lemma 4. The following hold for the equation:
A (0(9)) = 1/9 + E[|Z|*T), ¥ > 0.

1. This equation has a unique solution.

2. Let v, denote the solution of the above equation. Then:

Casel Ifyy(7.) < 5i_1’ we have

Furthermore,if the inequality is strict that is, 11 (1,) < §/(d — 1) then,

dA (6(9))

Case2 IfYs(7.) > 525, we have

and,

dAL(6(9) - 15 <_i_—%wu)

W |, 9251

where 0, > 1 is the unique 0 > T, that satisfies 1, (0) = ﬁ.

%(Q*) - (5§21)2 .

We are now in the position to prove our main result (restated below for convenience). Recall

the definitions of the functions A(7), 1y (7), ¥o(7), 13(7) from (3.1).
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Theorem 1 Define 7, 2 arg min, e o) A(7). Also, let 0, denote the unique value of 6 > 7, that

satisfies 11 (0) = 5. Then, we have

Ar), i ) < =2
M(M) 5 (1), ifn(r) < 55

A(Q*), ifwl(Tr) > %

Furthermore,

Proof. We start with the analysis of the largest eigenvalue. We recall the claim of Corollary
which tells us that A (M) is given by L,,(1J,,,) where 1J,,, denotes the solution of L,,(¢) = 1/94a,,
and a,, = AY'TA,.

We also know that there exists a probability 1 event £, on which, L,,(9) = A, (6(99)) (Lemma
3) and a,, =5 E[|Z)*T] (see Lemmain Section [3.5.3).

We claim that on &, ¥,, — ., where ¥, is the solution of the limiting fixed point equation
AL (6(9)) = 1/9 + E[|Z)?T] (which was analyzed in Lemma . To see this let ¥ = lim sup ¥,,,.
Consider a subsequence ¥,,, — 9. Then applying Lemma 3 (in Appendix E) of Lu and Li [19],

we obtain,

That is, 9 is also a solution to the limiting fixed point equation A (6(9)) = 1/9 + E[|Z|*T]. But

since this equation has a unique solution (Lemma @), we have limsup J,, = 9 = 9,. Likewise, an
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analogous argument shows lim inf ¥, = ;.

Now for any realization in the event £, we have,
M(M) = Ly (8) = Ay (0(9,)).

In the above display, in the step marked (a), we again appealed to Lemma 3 (Appendix E) of Lu
and Li [19] and the fact that ©J,, — ¢,. Finally, appealing to the alternative characterization of
A4 (6(9,)) given in Lemma]gives us the claim of the theorem.

We now discuss our result about the cosine similarity. We recall that from Corollary[I} we have

, 0Ly (V) Or L (U)
| O-Ly(V) + (1/9)? 04 L(0) + (1/0,)2 ]

ler®

Appealing to Lemma 4 in Appendix E of Lu and Li [19]], we have,

O- L) — O-A(0(V4)), 0 L (V) — 94 A4 (0(0,)).

The derivative of A, (6(¢)) at ¥ = o, was calculated in Lemma {4] Plugging this in the above

expression gives the statement of the theorem. [

The remainder of this section is dedicated to the proof of Lemmas [3|and 4] and is organized as

follows:

* Recall that (cf. [3.3)

where

E@®W) = BYT +9TA,(TA)™MB.

Note that E(4) is independent of H,, ;. The spectrum of such a matrix product has been

studied in free probability theory, and we collect some results regarding this in Section[3.5.2]
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* In order to apply the free probability results, we need to understand the spectrum of E(¥).

This is done in Section[3.5.3

e It turns out that the limiting spectrum measure of E(9)H,, RH" | is given by the free
convolution (defined in Section D of the measures v and L, where v = 101+ (1= %) do
and Ly is the law of the random variable 7 = 7(|Z|/v/4). Section is devoted to

understanding the support of the free convolution.

* Finally, Section [3.5.5| proves lemmas 3] and [4]

3.5.2 Free Probability Background

Our analysis of the spectral estimators relies on a well-studied model in the theory of free
probability; We will reduce the problem to the problem of understanding the spectrum of matrices
of the form X = EU FU", where E and F are deterministic matrices and U is a Haar-distributed

unitary matrix. Then, the limiting spectral distribution of X is the free multiplicative convolution

of the limiting spectral distributions of E and F'. This section is a collection of the results and
definitions regarding these aspects. Here is the organization of this section. Section collects
various facts from free harmonic analysis. Section [3.5.2] describes the two fundamental results
about the model X = EUFU™" that will be useful for our analysis. Section reviews some
results about the support of singular part of the free convolution of two measures. Throughout this
section, we assume that v and v are two arbitrary compactly supported probability measures on

[0, 00) and that neither of the two measures is completely concentrated at a single point.

Facts from Free Harmonic Analysis

In this section, we collect some facts from the field of free harmonic analysis. All these results
can be found in Chapter 3 of Mingo and Speicher [49] or the papers by Belinschi, Bercovici,

Capitaine, and Fevrier [64] and Belinschi [65].
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Definition 1. The Cauchy transform G., of -y at z is defined as follows:

G, (z) = /ﬁ, z € C\[0,00).

Definition 2. The moment generating function of vy, 1., at z is defined as follows:

wl2) = [ ), € C\o.o)

The Cauchy transform and the moment generating function are related via the relation

Gyfz) =~ (w G) " 1) -

Definition 3. The n-transform of a measure is defined as,

_ w“/('z)
my(z) = m

The Cauchy transform (and hence the Moment Generating function) uniquely characterizes a
measure. The measure can be obtained by the following inversion formula. The particular version

we state is taken from Section 3.1 of Belinschi, Bercovici, Capitaine, and Fevrier [64]].

Theorem 2. Fora < b € [0,00), we have

b
v((a, b)) + %7({01, b}) = 1 lim [ Im(G,(x —ie))dx.

T e=0t J,

Furthermore, if vy satisfies v = Yac + Vs, Where 4. and s denote the absolutely continuous and

the singular part of the measure with respect to the Lebesgue measure, then the density of the
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absolutely continuous part is given by

dvac (z) = lim llm(Gy(m — i€)).

dz e—0+ T

Next we recall the definition of the free convolution based on the subordination functions from
Belinschi and Bercovici [66]. The statement we provide below appears in a more general form as

Proposition 2.6 in Belinschi, Speicher, Treilhard, and Vargas [67]].

Definition 4. Let (v, v) be a pair of probability measures. There exist analytic functions w.,, w,

defined on C\[0, 00) such that, for all z € C* we have

1wy (2),w,(2) € CF5 wy(Z) = wy(2), w,(Z) = w,(2) and Arg(w,(2)) > Arg(z), Arg(w,(2)) >
Arg(2).

2. Forany z € C*, w,(2) is the unique solution in C* of the fixed point equation @Q ,(w) = w,

where (), is given by

Qu(w) = —2n, (Z””li“”) |

An analogous characterization holds for w., with the role of vy and v changed.

The free convolution of the measures v and v denoted by v X v is the measure whose moment

generating function satisfies

wy (2)wy(2)
z —wy(2)w,(2)

b (2) = 1y (w04(2)) = Y (w(2)) =

Remark 8. We emphasize that each of the subordination functions w.,, w, depend on both the

measures 7y, v. This is clear since the function Q) ,(w) defining w,, depends on both v, .
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Note that the above definition defines w, and w., on C\ [0, co). However these functions can be
continously extended to C* U {oo} (Lemma 3.2 in [64]). These extensions to the real line will be

important for Theorem [3.5.2]

Lemma 5. The restrictions of subordination functions w.,, w, on C* have extensions to Ctu {0}

with the following properties:
1. wy,w, : CTU{co} — C* U {oco} are continuous.

2. If1/x € [0,00)\Supp(y X v), then the functions w.,, w, continue analytically to a neighbor-

hood of x and
1 w,(r) 1+, (w,(z))
N o BT o £ R A
1 w'y(l’) . 1+ @D'y(w'y(x)) u
w, (z) x Uy (wy (7)) € R\Supp(v).

Spectrum of X = EUFU"

As we discussed before, we will convert the problem of analyzing the spectrum of M to prob-
lems involving the spectrum of matrices of the form Xy = ExyUxNF NU]F\',, where Uy is a sequence
of Haar distributed N x N random matrices, and Ey and F)y are sequences of deterministic pos-
itive semidefinite matrices. In this section, we review two important results from the field of free
probability regarding such matrices.

Suppose that Ey and F)y satisfy the following hypotheses:
(1) pEy 5 e and fip,, 5 ps, where fi., juf are compactly supported measures on [0, 00).

(ii) Ey has a single outlying eigenvalue € not contained in Supp(u.). Fy has no eigenvalues

outside Supp(/i).
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(iii) The set of eigenvalues of Ey not equal to ¢ converge uniformly to Supp(.) in the sense,

I dist(\;(E = 0.
am o max ist(A;(En), Supp(pe)) = 0

Our next theorem characterizes the bulk distribution of X . The first part of this theorem is
due to Voiculescu [[68]] and the second and third parts are due to Belinschi, Bercovici, Capitaine,

and Fevrier [64] (Theorem 2.3).

Theorem 3. Let w. and wy denote the subordination functions for the free multiplicative convolu-

tion of . and . Define

(1)) = e K = Supplpe B ) U7 (0)

Then we have, almost surely for large enough N,
1. pxy = e X piy.

2. Given ¢ > 0, we have 0(Xy) C K., where K. is the e-neighborhood of K and o(Xy)

denotes the set of eigenvalues of X y.

3. Forany p € 7,1(0) such that 3¢ > 0 with (p — 2¢,p + 2¢) N K = {p}, we have |o(Xx) N

(p—ep+e)l=1

Remark 9. The hypothesis in the above theorem can be relaxed (as mentioned in Remark 5.11 of
[64)]) in the following two ways: 1) E\ is random, independent of Uy and F' is deterministic,
provided |ig,, 5 e occurs almost surely, 2) The spike locations depend on N, Oy provided

On — 0 almost surely.

Remark 10. The above theorem is a simplified version of Theorem 2.3 in [64|] which allows for

multiple spikes in both Ey and Fy.
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Remark 11. The function T might not be invertible. In such cases, 7~'(0) can be a non-singleton
set, and hence a single spike in Ey can create multiple spikes in X . But we will see that this

doesn’t happen in our problem.

Singular Part of Free Convolution

In the last section we discussed the bulk distribution of Xy = ExUyFyUy. The main
objective of this section is to mention a result regarding the largest eigenvalue of X . We state
regularity results for the singular part of v X v from Belinschi [69] (Corollary 3.4) and Belinschi
[[65] (Theorem 4.1).

Theorem 4 (Singular Part of vXv). Decompose the singular part of YXv as (vWv)s = (YRv)q+
(7 R v)se where (y R v), denotes the discrete part and (v X v),. denotes the singular continous

part. Then we have,

1. There can be at most two atoms. The possible locations of the atoms are:

(a) 0, withy ®v({0}) = max(7({0}), »({0})).
(b) Any a € (0, 00) such that there exist u,v € (0, 00) withuv = a and y({u})+v({v}) >
1 and we have, v v({a}) = v({u}) + v({v}) — 1. Note that there can be atmost one

such a.

2. Suppose neither of ~y, v is completely concentrated at a single point. We have, Supp((y X

V)se) C Supp((y R v),.). Hence,

Supp(y X v) = Supp((y K v)ac) U Supp((y K v)4).

3.5.3 Analysis of the Spectrum of E(%)

In order to apply Theorem|[3} we need to understand the spectrum of B (T+9T A, (T A,)")B.

This is done in the following lemma.
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Lemma 6. Let

denote the sorted trimmed measurements. Let E(1)) < BR(T + 9T A,(T A,)")B. Then,

1. The eigenvalues of E (1) interlace with T(1y,T(2) ... T(mm) in the sense,

MEW) < Ty Vi=2,3,...m, &

MEW) >TueyVi=1,3,...m—1.

2. E(¥) can have at most one eigenvalue bigger than Ty), which (if it exists) is given by the

root of the following equation:

1

Qm(\) = ppa——y

A > max(am + 1/19,T(1)),

where Q,,,(N\) is defined as

H\,

o A
= T

=1

5

3. Furthermore, \{(E(V)) < 149 and \,,—1(E(?)) > 0.

Proof. Define the matrix E(Y) = B"(T + 9T A, (T A;)")B. The main trick will be to choose
the orthonormal basis matrix B conveniently, which will make our calculations easier. Recall that
the columns of matrix B, i.e. By, By ... B,,_1, span the subspace All. Any basis for subspace

A7 can serve as matrix B. Hence, we chose the following specific construction of B:

TA1 — amA1

Vom — a2,

B1:
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where a,, = AYT A, and b,, = ATT?A,. With this choice, we note that

B"TA, = [B'TA, BYTA,.. B! TA"

= 1/ bm — a%el.

Hence E(9) = BT B + 9J(b,, — a2,)e €. To obtain the eigenvalues of E() we use its char-
acteristic polynomial. To evaluate the characteristic polynomial of E(¢), we connect it to the

characteristic polynomial of OHT O, where O = [A;, B]. Note that O is a unitary matrix. First,

we have

T AYTA, ANTB

B"TA, BY"TB

A /bm — a2, el
Vbm — a2,e B"TB

Consider the following matrix equation:

am + % 0 am + % O
v = ! + (b, — aiy)esey
0 E(v) 0 B"TB
N 1/9 —/bpm — a2, 0" .,
A /b —a?e ’
- 1 + |- V bom — az,  V(bm — a?n) 0:;11—2,1
Vbm —a2e;  B'TB
- 0m—2,1 0m—2,1 Om—2,m—2
- H
1/vV9 1/V9
=O0"TO + | /by — a2)| |~/0(bm — a2,
Om_Q,l Om—271
= OoN(T + wu")O, (3.5)
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where

149
1
u=0-|_ ﬁ(bm _ a?n) = ﬁAl — \/ 19(bm — agn)Bl
0m—2,1
1
(@ ’ ) 1 1

Therefore,
|2 _ (1 + amﬁ — 197_;)2|A12|2
3 .

|u;

Now, we can compute the characteristic polynomial of E(1}). We have

det(\T — E(9))

1 am + < O
= T det | AT — v
A=l = 0 E®)
= ! det( AT — T — uu')
A=y, —1/9
det(A —T) H .
= ST (WO - T) M),
j— (1 —u™( )" u)
Note that
1—u" N -T)'u=1- ~ ll”
AT
B _lzm:(1+am19—A§+(A—E)19)2|A1¢|2
94 A=T;

)

1 — M) [~ Ayl -
— - Qe 2 A0 (ZA“T.) —9. (Z(AE)-AMF) = 2(1+ ) — M),
=1 ;
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Defining @,,,(\) in the following way:

we obtain,

det(AT — E(0)) = det(AT — T)(9 + (1 — A9 + @) Qm (). (3.6)

We emphasize that the above equation does not imply that 7}, 75, ..., T, are the eigenvalues of

E(¥). This is because while det(\I — T') has zeros at T;, the function @,,,(\) has poles at T;. This
prevents us from concluding that det(AI — E(¢})) = 0 when A = T;. However, we can make the

following observations:

1. By Cauchy’s interlacing theorem, we have

M(T +9(TA)(TA)Y) > Ty
> M(T + (T A )(T AN

> Ti). 3.7)

The above is also true for the eigenvalues of:

o (T +9(TA,)(TA)MO,

since O is a unitary matrix.

2. (3.5) shows that E () is a principal submatrix of

O™(T +9(TA,)(TA))O.
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Hence, the eigenvalues of E (1) will interlace the eigenvalues of O"(T+9(T' A,)(T A,)")O:

M(T +9(TA)(TA) > M\ (E(0))
> \o(T +9(TA,)(TA)

> M (E(V)). (3.8)

Combining (3.7) and (3.8)), one obtains

M (E (VD)) < Ty, M(E(D)) = Ti).

This proves statement (1) in the lemma. This means that E(1J) has atmost one eigenvalue
bigger than T{y. If A\; (E(¢))) < T{y), then it has no outlying eigenvalue, if A\, (E(0)) > T{y),
it has exactly one. We call this eigenvalue an outlying eigenvalue for reasons that will be

clear later.
. The outlying eigenvalue of E(1)) (if it exists) is a root of the characteristic polynomial:
det(AI — E(9)) =
det( A —T) - (¥ + (1 — AN + 0,,0)Q(N)).
Since this root lies in (7{1), 00), it must be a root of:

1

Qm(\) = Ppa—y

A > Ty. (3.9
Observing that:
A > T(l) = Qm(>\) > 0,

A>a,+1/0 = A—a, —1/9)"" >0,
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we conclude the outlying eigenvalue is the unique solution (if it exists) to:

1

Qm()\) = m7 A > max(am + ]_/197T(1))

This proves statement (2).

4. Finally, we observe that E (1) is a positive semidefinite matrix for all ¥ > 0, which shows
An_1(E(¥)) > 0. Also, we have A\ (E(¥)) < ||[E(W)|| < || B||*||T +9T A(T A})"||. Note
that | B|| < 1and [|T|| < 1 and |TA(TAy)"|| = A'T?A; < T, < 1. Hence, by the

triangle inequality we have A\, (E(¢)) < 1 + 9. This proves statement (3) of the lemma.

]

The following lemma analyzes the concentration of the function @,,()\) to the deterministic

function Q(\).

Lemma 7. Suppose ™ = 4. For a Lipschitz function T whose range is in [0, 1], there exists an

event of probability 1, on which the following three statements hold:

1. %Zyil 5Ti 4 Lr,
2. On(d) > Q) YA€ (1,00),
3. an — E|Z|°T.

In the above equations, Z ~ CN (0,1), and T = T (|Z|*). Furthermore, Lt denotes the law of

the random variable T, and

2]
A—T

QW) =E

The proof of the above result is provided in Appendix
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The next lemma analyzes the properties of the limiting fixed point equation Q(\) = (A —

E|Z|*T — 1/9)~". Define the critical value ¥, as:

-1 -1

2]
1-T

9. =1 - —E[|Z*T)| >0o.

Lemma 8. Consider the fixed point equation (in \)

A—E[|Z*T) - 1/0 = ——— (3.10)
E

on the domain:

A > max(1, E[|Z]*T] + 1/9).

We have

1. If 9 > 9., then the above equation has exactly 1 solution, denoted by A = 0(1)). Further-

more,

A —E[|Z]*T) - 1/9 >

]

VA € (max(1,E[|Z*T] 4 1/9),0(9))
1

“[e]

Furthermore, we have 0(V) is an increasing function of ¥ and limy_,, 0(9) = oc.

A—E[ZPT] - 1/9 < Ve (0(9),00) .

>
!

2. If ¥ < 9., then the equation has no solutions. For any ¥ < 9., we define () = 1.
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Proof. The following change of measure simplifies some of the proofs:

def ‘Z|2 2
p(z) = — exp(—|z["),

IMﬂznﬁ{/f@nm@da

Note that p(z) is a proper probability density function since [ p(z)dz = E[|Z|*] = 1. With this

notation, (3.10) can be written as

A—E[T]-1/9 = . A > max(1, E[T] + 1/9).

def 1 . 00
P E gy A€ o)
The first two derivatives of f(\) are
i\ _ ElG?]
0=
10y — o EIGUEIG] — BiG?P

E[G)?

First, since f'(\) > 0, the function f(\) is increasing. By Jensen’s Inequality f’(\) > 1. Since the
equality holds if and only if GG is deterministic, and we have assumed that the support of 7" is [0, 1],
we conclude that f(A) > 1. Noting that G > 0 and applying Chebychev’s association inequality
(See Fact[I] Appendix[A.3) with B = A = G and f(a) = g(a) = a gives f”(\) < 0. Hence f())
is an increasing, concave function and f’(\) > 1.

Next, we claim that f(A\) = A — E[T] — 1/9 can have atmost one solution in (1, o0). To see

this, let \; be the first point at which the two curves intersect. Hence f(\;) = A\, — E[T] — 1/4.
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Furthermore
d(\ —E[T] — 1/9)

S > 1= -

Hence there can be no other intersection point of the two curves after \;.
Now consider the following two cases:
Case 1: 9 > 9. First note that since (1 — z)~! is a convex function on (—oo, 1], according to

Jensen’s Inequality

Hence,

This shows that ¢, > 0. Furthermore,

0 >0, <= (A=E[T] — 1/9)s=1 > f(1).

On the other hand, we can also compare the limiting behavior of A — E[T] — 1/% and f(\) as

A — 00. We have

and

-1




Hence, f(\) > A—E[T]—1/4 for ) large enough and f(1) < 1—E[T]—1/7. Hence the functions

f(A) and 1 — E[T] — 1/ intersect once in (1, co). Finally note that,

SN
+
=h

e
N
2|
+
=h
=
I
I
~/
=h

—_

| ‘H
AL
N———

I

Hence f(\) = A\ — E[T] — 1/9 has exactly one solution in A > max(1, E[T] + 1/7) as claimed.

By the Implicit Function Theorem, we can compute

2
L/9 >0 (3.11)

O w1

Hence 6(1) is an increasing function of ¢J. Finally, we verify that limy_,, 6(¢) = co. Suppose that
this is not the case, i.e. #(1)) — 0., < oo as ) — oco. Recalling the fixed point characterization of

6(1), we obtain that 0., satisfies the fixed point equation

This means that Jensen’s Inequality applied to the strictly convex function (6, — t)~! should be
tight. This means under the tilted measure (E), T is deterministic. This is not possible since we
have assumed that 7" is supported on [0, 1].

Case 2: ¥ < 9. As in Case 1 we argue (this time with the opposite conclusion) that
9 <P, = f(1)>A—E[T]—1/9)r=

Furthermore, since f'(\) > w =1, f(A\) = A — E[T] — 1/9 has no solution in (1, c0).

]

Combining the above sequence of lemmas, we obtain the following proposition about the spec-
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trum of the matrix E (7).

Proposition 4. Let E(¥) = BY (T +9T A (T A\)"))B. Then, there exists an event of probability

1, on which we have,
1. ,UJE(qg) —d> ET.
2. Ifv < 9., o(E(W)) C[0,1].

3. If 0 > 9, then \i(E(Y)) € [0,1] Vi > 2, and,
where 0(0) is the unique solution to the equation (in \):

A—E[Z*T) - 1)9 = —————=

in the domain:

A > max(1, E[|Z]*T] + 1/9).

Proof. We restrict ourselves to the event guaranteed by Lemma |/, on which,
1. a, — E|Z]*T

2. LS b Ly

3. Qn(N) = Q) VA e (1,00).
Let us denote this event by £. Define the sequence of (random) functions f,,(\) as:

-1
Ay
A=\ — —1/09 — R
fm(N) am — 1/ 2T, ,
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with the domain:

A > max(1, a,, + 1/9).

Define the (deterministic) function f(\):

2]
A-T

Y

fA) =XA—E[|ZT]-1/9— | E

with the domain:

A > max(1, E[|Z|*T] + 1/9).

Note that on £, we have f,,,(A\) = f(A) VA > 1.

1. By Lemma |§], we know that the eigenvalues of E(¢}) interlace with the eigenvalues of the
diagonal matrix T'. On the event &, ur — L7. Hence indeed 1) < L. This proves

statement (1) of the proposition.

2. Consider the case ¥ < 9. By Lemma@ we already know that Ao (E(2))) < T(3) < 1 and

Am—-1(E(¥)) > 0. Hence to prove (2), it is sufficient to show that

A = limsup A (E(W) <1, on €.

m— 00

For the sake of contradiction, suppose that there is a realization in £ such that A; > 1. On this
realization we consider a subsequence such that A\, (E (1)) — ;. All the analysis henceforth
is along this subsequence. Since for all m large enough A (E(¢)) > 1, by Lemmal6] we

must have f,,(A(E(¢)) = 0. Applying Lemma 3 from Lu and Li [19] (Appendix E), we
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obtain

0= fu(A(E() = f(A).

Since ¥ < 9., we know by Lemma (8| that f(A) = 0 does not have any solution in A\ >

max(1, E[|Z|*T] + 1/49). Hence,

1<\ <E[|Z|*T] + 1/9.

Howeyver,
i) =7 —Elzer - e —(E | 22 1)
1) =M 4 =T
<0 N %
>0

< 0.

This contradicts f(\;) = 0. Hence, limsup A\;(E(9)) < 1, on €. This concludes the proof

m—r0o0

of statement (2).

. Now consider the case ¢ > 1).. Again by Lemma[6] we know X;(E(9)) € [0,1] forall i > 2.
By Lemma 8] we know that f(\) = 0 has a unique solution in A > max(1, E|Z|*T + 1/9)
denoted by 6(¥). Fix an e small enough such that [0(¢) — €,0(1)) + €] lies in the domain of
f(X). Note that f(6(0)) = 0, while f(6(9) —€) > 0and f(0(9) + €) < 0 (by Lemmalg).
Since a,, — E|Z|*T, for all m large enough, [0(9)) — ¢, 0(9) + €] also lies in the domain of
fm(X). By Lemmal7] we have f,,(A\) — f(\) forall A € [0(0) — €, 0(9) + €]. In particular,
we have, for all n large enough f,,(0(9) — ¢) > 0 while f,,(6(J) + ¢) < 0. Hence, by
Lemma [6] we have A\ (E(9)) € [0(9) — €,0(d) + €] for all n large enough. Hence indeed,
A (E(9)) =5 6(9). This proves (3).
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3.5.4 Analysis of the Support of v X L

We recall that L7 is the law of the random variable T = 7(|Z|?), and v = 16, + (1 — 1) do.
To keep the notation clean, we will refer to the analytic transforms corresponding to the measure
L7 with the subscript 7', for example the Cauchy transform for the measure L7 will be referred to

as G7.We begin by computing the Cauchy transform of v X 7.

Lemma9. Let z € C~. Then, we have,

1 1-1/6

Grr(z) = 21— zwr(1/2)

In the above display, the subordination function, wy(1/z), is the unique solution in C* to the

equation N(1/w) = z, where the function A is defined as:

A(7) “r— ﬁ

Proof. First we can compute the moment generating functions:

=
2
YammS
N
N—
Il
| =

Ur(z) = —1+E L —1zT} :

The n-transforms of the two measures are given by,

B z/d
20— 2+ 1

_E [

Bl
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Hence, we can compute the function (), given in Definition

Q.(u) = ———H

E[

(1/5—1)1—1wT]+1/z'

IlEﬂl:l—wT

Hence wr is the unique solution in C* of the equation @), (w) = w. This equation can be simplified

to

where the function A is defined as A(7) = 7 — g[fll/ 6])
T—=T

generating function of v X 7" in the following way:

Uywr (2) = Yr(wr(2))

:_HE{;]

1-— wT(z)T
@ 1-— 1/5
R T
T w0/

. Hence, we can compute the moment

In the above display, in the step marked (a), we used the fact that wy solves A(1/w) = 1/z. Finally,

the Cauchy transform of v X 7' is given by

Gywr(z) = (%m G) + 1)
1-1/6

1
2
1
z 1= zwp(l/z)

]

Our next goal is to characterize Supp(y X T). Theorem gives a complete characterization of

the support of the singular part of v X T. Hence, we now need to understand the support of the

absolutely continuous part of y X T". According to the Stieltjes Inversion theorem, (Theorem 2 the
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density of the continuous part is given by

d(y T ) 1 ,
%(m) = 61_1{(2L Im Gxr(x — ie)

1 1—3
= —Im - - .
T 1 —azlim, o+ wp(l/(x — ic))

Since 7p(x — i€) = 1/wp(1/(z — i€)) uniquely solves A(7) = z — ie in C~, our interest will
be to study the solutions of this equation for ¢ ~ (. Hence, we begin by studying the solutions
of A(7) = z. Before doing so, we clarify the definition of A(7) at 7 = 1 which is a subtle case
because 1 € Supp(7T'). We note that the random variable (1 — 7')~! is non-negative and hence the
expectation E[(1 — T')~'] is well defined but might be co. If it is finite, then A(7) is well defined at
7 = 1. If the expectation is co, we define A(1) = 1 which is consistent with intepreting 1/00 = 0.
A(7) is defined at 7 = 0 analogously. This definition ensures A(7) is a continuous function on
(—00,0] U [1,00). Next we discuss the solutions of A(7) = x. Figure [3.2] shows a typical plot
A(T). As is clear from this figure we expect the following two quantities to play major roles in

determining the existence of a solution of A(7) = z: Define

A = max A(7), 7, = argmax A(7)
T€(—00,0] T€(—00,0]

Ar = min A(7), 7, = argmin A(7).
7€[L,00) 7€[1,00)
Our next lemma proves the properties of A(7) suggested by Figure
Lemma 10. The following statements are true about A(T):
1. A(7) is a convex function on [1,00) and a concave function on (—o0, 0.
2. lim, 00 A(7T) = 00, lim,,_ o, A(T) = —o0.
3. N> XN>0.

4. Consider the 3 mutually exclusive and exhaustive cases:
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0.6 T T T

0.4 ,

0.2

0 | | | | | | | | |
-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 3.2: An Illustrative plot of the function A(7): When \; < = < \,, the equation A(7) = =
has no solutions. When x > \,, the equation A(7) = x, A’(7) > 0 has a unique solution in [1, co).
When = < A;, then A(7) = z, A’(7) > 0 has a unique solution in (—o0, 0].

Case A: x < \;. There is at least one and at most two solutions to A(1) = x. All solutions

lie in (—00, 0. Furthermore, when x < \,, there is exactly one solution for the equation

A(7) = x,N'(1) > 0. This unique solution additionally satisfies T < 1, < 0.

Case B: \; < © < \,. There are no solutions of the equation A\(1) = x, 7 € (—o0,0] U

1, 00).

Case C: © > ). There is at least one and at most two solutions to A(17) = z. All
solutions lie in [1,00). Furthermore, when, © > \,, there is a unique solution to

A(7) = x,N'(7) > 0. This solution additionally satisfies T > 7, > 1.

Proof. 1. We define the random variable G(7),

We observe that for any 7 € [1,00), G(7) > 0 where as for 7 € (—o0,0], G(7) < 0. Itis

straightforward to see that G'(7) = —G?(7) < 0. For notational simplicity, we will often
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short hand G(7) as G. We have

- o-3) 15

1 ) (EG?) - (EG) — (EGY)?
(EG)? '

Consider the following two cases,

Casel: 7 € [1,00). Applying Chebychev’s Association Inequality (Fact[I) with A = B =
G and f(a) = g(a) = a gives us that A”(7) > 0. In fact, an inspection of the proof of the
Chebychev’s Association Inequality from [[70] allows us to rule out the equality case under
the assumptions imposed on 7, and we have A”(7) > 0. Hence, A is strictly convex in

(1,00). Since A(7) is continuous on [1, c0), we have A is convex on [1, c0)

Case2: 7 € (—00,0]. Again, applying Chebychev’s Association Inequality with A = B =
—Gand f(a) = f(b) = a givesus A”(7) < 0, Hence A is concave in this region. As before,
an inspection of the proof of Chebychev’s Association inequality allows us to rule out the
equality case under the assumptions imposed on 7, and we have A”(7) < 0. Hence, A is
strictly concave in (—oo, 0). Since A(7) is continuous on (—oo, 0), we have A is concave on

(—o0, 0]. This concludes the proof of statement (1) in the lemma.

2. Note that,

lim 7 — —(1 —1/9) =7|1- —(1 —1/9)

T B[ B[

= OQ.

This shows lim, ., A(7) = oco. The claim about the limit as 7 — —oo can be analogously

obtained. This proves item (2) in the statement of the lemma.

3. The infimum in the definition of ), is attained due to item (2) in the statement of the lemma.
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Analogously, the supremum in the definition of )\; is attained. Next consider any 7, € (1, 00)
and any 7_ € (—00,0). Since the function f(¢) = (7, — t)~! is convex on [0, 1], according

to Jensen’s Inequality, we have

On the other hand, since the function f(t) = (7_ — t)~! is concave on [0, 1], we have

Hence,

Taking the minimum over 7, and maximum of 7_ gives us A, > ;. Furthermore we note
that A(0~) > 0. Hence A; > 0. This concludes the proof of item (3) in the statement of the

lemma.

. Forany x € (A, \;), A(7) = z doesn’t have a solution in (—oo, 0] U [1, 00) since A(7) <
ANV 7T <0andA(7) > \. V7 > 1. Now consider any = > \,.. Since A(7) < Ay < A\ V7 <
0, we know that all solutions of A(7) = z lie in [1, c0). Since A is strictly convex in (1, 00),
there can be atmost 2 solutions. Now consider any x > A,. Let 7, = arg min,>; A(7). Due

to strict convexity of A(7), we have A’(1) > 0 for any 7 € (7,,00). Hence A(7) is strictly
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increasing on [7,,00). Since A\, = A(7,) < z < A(o0) = oo, we are guaranteed to have
exactly one solution to A(7) = z on (7,,, c0) which indeed satisfies A’(7) > 0. The analysis
for the case when < )\; can be done in a similar way. This concludes the proof of item (4)
in the statement of the lemma.

]

We are now in the position to characterize the support of v X 7" which is the content of the

following proposition.

Proposition 5. The support of v X T is given by

Supp(y R T) = [N, A ] U Supp((v X T)a),

where (v X T) 4 denotes the discrete part of the measure v X T. If the random variable T has a

density with respect to the Lebesgue measure, then,
Supp(y RT) = [Ai, Ar].

Proof. We first claim that (\;, A\,) C Supp(y X T'). Since the support of a measure is closed,
this means that [\, \,] C Supp(y X T'). We prove this claim by contradiction. Suppose that
I\ € (A, \;) such that A & Supp(y X T'). To simplify notation, for z € C~, we introduce the

following reciprocal subordination function 7(z)

def 1
Tr(2) = —wT(l/z)'

According to Lemma 5] we have

7r(A) = lim 7p(\ — i€) € (—00,0) U (1,00).

e—0t
By Lemma[9] 7(\ — i€) uniquely solves the equation A(7) = A — ie in C~. Taking e — 0, we
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obtain,

A= lim A(7r (A —i€))

e—0t
1—1/
= lim | 7p(\ —i€) — —/
e—0t E [ L :|
Tr(A—te)—=T
. 1—-1/6
= TTQ\) - —/
E|l—L _
|:TT()\)—Ti|

In the step marked (a), we used the fact that since lim. o+ 77 (A — i€) &€ Supp(T), we have 3¢ > 0,
such that for any e small enough dist(77(A\—i€), Supp(7T’)) > c. This gives us a dominating function
for an application of the dominated convergence theorem. Hence, we have found a solution for the
equation A = A(7),7 € (—00,0) U (1,00). But this contradicts Lemma Hence, we have,
(A1; Ar) C Supp(y R T).

Next, we claim that any x € [0, \;) U (A, 00) is not in the support of the absolutely continuous
part of v X T". To show this, we first compute a first order asymptotic expansion of 7r(z — i¢) for
¢ ~ 0. From Lemma |10} we know there exists a unique solution for the equation A(7) = z,7 €
(—00,0) U (1,00) and A’(7) > 0. We denote this solution by 7. Since 7, & Supp(7’), the function
A(7) is analytic in the neighborhood (in C) of 7,. The implicit function theorem guarantees us a
solution 7(€) = 7g(€) + i17(€) of the equation A(7) = x — ie. However, this 7(¢) may not be the
reciprocal subordination function 77 (z — i€) since we still need to verify it is in C~. To take care

of this, again by the implicit function theorem we have

N(r) - %(0) =i

This gives us
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Hence, we have

T(€) =T — 1 + o(e).

€
N(7)
This verifies that 7(¢) € C~ for € small enough. Finally since 7r(x — i€) is the unique solution to
the equation A(7) = « —ie in C~, we have

€

m + O(G).

r(x —i€) =71, — 1

According to the Stieltjes Inversion Formula, Theorem 2] we obtain

d(’y&T)ac 1 1_l
dx (x):EIm< } 1 ))

1— 2 lim o+ wr (xfie

gi.lm(m)zo.

T Ty —

In the step marked (b), we are relying on the assumption that 7, # x. To verify this, we recall that

T, solves, A(7,) = x and 7, ¢ [0, 1]. This means that

1-1/6
|7 — x| = —/
e
> 1— 1/(5_
E |: T*l—T)
> (1 —1/9) - dist(r, [0,1]) > 0.
Hence, we have shown
d(v X T4 as.
%([E) = O,VZL' S [0, )\l) @) (AT, OO)
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This implies,
[0, A1) U (A, 00) € R\Supp((7 K T)qc).
Taking complements, we have Supp((y X T),.) C [A\, A,]. Hence, we have shown that

[A1; Ar] U Supp((y X T)g) C Supp(y X T)

= Supp((v X T)ac) U Supp((,}/ X T)d)

C [, Ar] U Supp((y B T')a).

Therefore, Supp(y X T') = [\, \;] U Supp((y X T")4) which proves the claim of the proposition.
Finally, when 7" has a density with respect to Lebesgue measure, Theorem @ gives us Supp((y X

T)q) = 0 which yields the second claim in the proposition. [

Finally we note that in order to apply Theorem [3] it is necessary to understand the set:

70 ({0}) N (R\Supp(y X 7)), § € R

(see Theorem [3] to recall the definition of 77). This is done in the following lemma.
Lemma 11. Let (w,, wr) denote the subordination functions corresponding to the free multiplica-

tive convolution of v, Lp. Define

TT(Z) = —wT<1/Z)

Then, we have

0¢elnrl: 0
7 ({6}) N (R\Supp(y K T)) = :
0& [, {A0)}
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A A .
where where, T, = arg max,<o A(7), 7, = argmin,>; A(7).

roof. From Proposition O} we know that Supp(y = |A;, Ar|, Where A\; = max,<g A(7) an
P From Proposition |5, we k hat Supp(y X T) = [\, A, where \; = <A d

def

A, = min;>; A(7). Furthermore, we showed that for any = & [\;, \,], the reciprocal subordination

function 77 (z) is the unique solution to the equations: A(7) = z,A'(7) > 0, 7 ¢ [0,1]. From

Lemma we know that when = > ), the unique solution to A(7) = z, A’(z) > 0 satisfies

7 > 7, and when x < );, the unique solution satisfies 7 < 7;. These considerations immediately

yield the claim of the lemma.

3.5.5 Proof of Lemmas and@

Recall we defined A, (7) as

where T = T(|Z|//$) and Z ~ CN(0,1), and

Tréargm;{l T—w
B

=T

We first prove Lemma |3} which we restated below for convenience.
-1

1-T

-1
Lemma 3. Ler 9, 2 (1 - (E [2—2]> - E[|Z|2T]> . Define the function 6(0) as:

* When ¥ > .: Let (1) be the unique value of \ that satisfies the equation:

-1
Z|?
A=T

A—E[ZPT]-1/9= | E

Y
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in the interval:

A € (max(1,E[|Z|*T] +1/9), 00) .
« Whend < 9. 0(9) £ 1.

Then, we have L,,(0) = A, (0(0)), where L,,(0) is defined in (3.3)).

Proof. In Proposition |§], we obtained an asymptotic characterization of the spectrum of E(4).

More specifically, we proved that

HE®W) = Loy, M(E(W)) — 0(9).

We recall the matrix R was defined as

In particular, pug N v, where the measure v is given by

1 1
’)/—5514—(1—5)60

Applying Theorem 3| we obtain:

1. The spectral measure of E(J)H,, ;RH}! | converges to:
HE@®)H,,—1RH" | = YR L.

2. For any € > 0, we have, almost surely, for m large enough that, o(E(J)H,, RH} |) C
K., where K. is the e-neighborhood of the set K = Supp(y X L) U 7' ({6(9)}).
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3. Forany A € 7.1 ({0(¥)})N(R\Supp(yX L)), we have almost surely exactly one eigenvalue
of E(Y)H,, RH! | in a small enough neighborhood of ) for large enough n.

In Proposition 5| we characterized Supp(y X Lr) as [\, A,], where \; = max, <o A(7), A\, =

min,>; A(7) and the function A(7) is given by:

Ar)=7— —(];:{ 1/?

In Lemma|[I1] we characterized the set:

0 0 € mn, 7,
77 ({63) N (R\Supp(y R T)) =
{A0)} 0¢[n, 7],

where, 7; £ argmax,<oA(7), 7. = argmin,>; A(7). Putting these together, one obtains the

following two cases:

Case 1: 0(9) < 7,. In this case, the set 7' ({6}) N (R\Supp(yX T)) = . The matrix

E(¥9)H,,_RH! | has no eigenvalues outside the support of the bulk distribution, and

Lon(9) 5 N\ = A(7,).

Case 2: 6(¥) > 7,. In this case, the set

77 ({0}) N (R\Supp(y X T)) = {A(6(9))}.

Hence, there is an eigenvalue in the neighborhood of A(6(¥))). Since 6(¢) > 7., and A is
a strictly increasing function on [7,, 00) (Lemma [10), we have A(6(¢J)) > A,. Hence the

eigenvalue in the neighborhood of A(6(1))) is the largest one, and we have

L, (9) = A(6(9)).
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It is now straightforward to check that the above two cases can be combined into a concise form

stated in the claim of the lemma. O]

We end this section by proving Lemma4] restated below for convenience.

Lemma 4. The following hold for the equation:

AL (0(9)) = 1/9 + E[|Z°T), ¥ > 0.
1. This equation has a unique solution.
2. Let U, denote the solution of the above equation. Then:

Casel Ifys(r) < 525, we have

Furthermore if 11 (1,) < /(0 — 1), then,

dAL (6(9)

Case2 [Ifin(r.) > %, we have

and,

dAL(6(9)) 1 5 5 1
W - 3o (rew) TR

O=04 3 (6—1)2

where 0, > 1 is the unique 6 > 7, that satisfies 1, (0) = %.
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Proof. Before we begin the proof of this lemma, it is helpful to list the conclusions of some of the

previous lemmas.

Lemma(8 In this lemma, for ¢ > 9. we defined the function () as the unique value of A\ >

max (1, E[|Z|?T] + 1/9) that satisfies

1
212 ]
B [

We also set () = 1 when ¥ < 9J.. We also showed that 6(¥) is strictly increasing on

A —E[|Z]*T) - 1/0 =

[¥, 00) and B(00) = oo. In particular 6(¢) has a well defined inverse defined on the domain

[1,00) given by:

'\ = | A\ —E[|Z]*T] — 1 (3.12)
E [IZP]
=T
Lemma[l0t We defined the function A(7) as
1-1
Ar) 27— 1=1/9) (3.13)

Bl

We showed the that A(7) is strictly convex on [1,00). We defined (7, A,.) to be the mini-
mizing argument and the minimum value of A(7) in [1, 00). In particular 7. > 1. We also

showed that A(oo) = co. We further defined A (7) in the following way:

Some simple implications of the above assertions are: First, since #()) and A, are both non-
decreasing continuous functions A (#(19)) is non-decreasing and continuous. Second, since A(7) =

A, for 7 < 7., we have, for all ¥ < 07Y(7,.), A, (0(9)) = A.. Third since f(oco) = oo and
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A(o0) = 00, we have, A, (A()) — oo as ¥ — oo. The only possible point of non-differentiability
of A (0(V)) is at ¥ = 0~1(7,). It is straightforward to compute the derivative of A(6(1)) at all

other points using implicit function theorem and obtain

dAL () )0 V< 07H(r),
iy _ (3.14)
N(OW)) -0 W) 9>0r).
The derivatives of A, 6 can be calculated as,
N =5 (52 - ). (3.15)
TN
o e
() =5 2| (3.16)
E [oiry) - (& [52])
A representative plot of the function A (6(¢)) is shown in Figure
2 . 1 ; ;
181 E :%\ ieFEﬁQI?T] 09+ —/‘;:Lwéﬁ)Z)PT] 1
161 : 0.8
1.4r : 0.7
12f : 06+
1t : 1 05F /
081 i/ 0.4 .
0.6 | 1 03
04f \: 02}
0.2 : N 01r
. | HTl(n): | | | | . | | | | | | | | |
0 5 10 15 ) 20 25 30 35 0 5 10 15 20 205 30 35 40 45 50

Figure 3.3: Typical Plots of the functions A, (6(¢))) (Blue) and E[| Z|*T] + § (Red). Case 1 (Left):
The two functions intersect at the constant part of A (6(1)), Case 2 (Right): The The two functions
intersect at the increasing part of A, (6())

We are now in a position to prove the claims of the lemma.
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1. Since A, (6(?9)) is continuous and non-decreasing and 1/9 + E[|Z]*T] is continuous and
strictly decreasing, the fixed point equation can have at most one solution. On the other hand
comparing the values of the two sides of the fixed point equation at ¥ — 0 and ¥ — o0

shows that there is at least one solution.

2. Let 9, be denote the solution of the fixed point equation A, (0(9)) = 1/9 + E[|Z|*T]. A
typical plot of these two functions is shown in Figure [3.3] The figure shows two possible
cases for the intersection of the two curves: Case 1: The curves intersect at a point ¥, <

0~1(7,) (or on the flat part of A (6(c)). In this case we have, A (6(1,)) = A,.

Case 2: The curves intersect at a point 9, > 6~1(7,) or the rising part of A (6(«). We have
A (6(94)) > A.. We can distinguish between the two cases by comparing the value of the

function 1/9 + E[|Z|*T] at ¥ = 6~1(7,.) with \,. In particular, we have,

Case 1:
AL(O(W) =\ & 1/9*1(7}) +EHZ|2T] <A\,

Case 2:
AL(0(9.)) > A & 1/07(r,) + E[|Z]PT] > A,.

Substituting the formula for 6~!(7,.), mentioned in (3:12)), and A\, = A(7,) and the formula

for A from (3.13), the 2 cases can be simplified slightly more.

Case 1: This case occurs when

E [ |Z|? ]
1 T 1)
+E[Z]PT) <\, & -
971(7_10) H | ]_ Ar




Then A (A(¥)) is differentiable at ¥, and, from (3.14), we have

A0
Case 2: This case occurs when

L m|zp) >

0-() '
1Z|2

- E [TT—T] > 5
[ 1 ] o0—1

=T

In this situation, we have, A, (6(0,)) > A,. It turns out that we can give a simpler expression

for A, (6(¢,)). In this case, ¥, > 671(7,) solves,

AOW,)) = ﬁi + E[|Z*T), (3.17)

*

and 6(v,) > 1 is the solution of the equation

1 1
B Z]*T] + 5= = 0(0,) = —— = (3.18)
) E |miir
By definition the function A(7(«)) is
AB.) = o(0,) — L= (3.19)

E |pdy=r ]

def

We first eliminate 9, from Equations (3.17)-(3.19) and conclude that 6, = 6(v,) solves

=51 k=7 (3.20)
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and v, is given by

-1

—— — EllZ]°T]

Since the solution to Equations (3.17)-(3.19) was guaranteed to be unique, the solution to
(3.20) is guaranteed to be unique. Finally we can compute the derivative of A, (0(¢)) at
¥ = 9. It will be convenient to introduce the random variable G = (6, — T)~" to write the

equations in a compact form. From (3.14)-(3.16), we have

dA+<6(19)) A/ /

W . =N(0,)-0'(9,)
-1 4 E[|Z]2G]?
=5 (6—_1 - W”) EZPC?] — E|ZPCP
o 0 (55— a00)  E|ZPap
T (G-1) 030, E[ZPGY - E||Z]G]?

5 (%1 - @/)2(9*)) E[G]?

92-(6—1)  E[ZPG’ - E[Z)G]
0 1
B 1932(((5 - 1) (5 -1 - wQ(e*)> w:%(g*) - (5521)2 ‘

In the above display, in the step marked (a) we used the fact that 6, satisfies 11(0,) =
d/(6 — 1). This concludes the proof of the characterization (2) given in the statement of the

lemma.

3.6 Conclusion

We analyzed the asymptotic performance of a spectral method for phase retrieval under a ran-
dom column orthogonal matrix model. Our results provides a rigorous justification for the conjec-

tures in [30]], which were obtained by analyzing an expectation propagation algorithm.
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Chapter 4: Information Theoretic Limits

4.1 Problem Formulation

In this chapte we study information theoretic lower bounds for Phase Retrieval problem in

the presence of (arbitrarily small) Gaussian measurement noise:

Yi = m\(A:c*)Z\Q + o€, 1= 1,2...771,,

iid.

€; (O, 1) .

We study this problem under the sub-sampled Haar ansatz for the sensing matrix:

A= Hm : Sm,na

L,
H,, ~ Unif (U,,), Sy =

)

O(m—n) xn

(4.1a)

(4.1b)

(4.2a)

(4.2b)

We assume that the signal vector is a uniformly random unit vector: x, ~ Unif(S,_;). This

is intended to model situations where we don’t have apriori knowledge regarding the structure of

the signal (for example it is not known if it is sparse). Moreover, as we will clarify in a moment,

this is the least favorable prior for this problem. The particular choice of scaling in (4.1)) has been

made so that the rescaled noiseless measurement m - (| Az, |)? satisfies m-E| Az, |? = 1. We adopt

the sharp high-dimensional asymptotic framework for our analysis and study a sequence of phase

retrieval problems with m, n — oo, such that the oversampling ratio § = m /n remains fixed.

'The results obtained in this chapter have been published in the paper R. Dudeja, J. Ma, and
A. Maleki, “Information theoretic limits for phase retrieval with sub-sampled Haar sensing matrices,’

IEEE Transactions on Information Theory, vol. 66, no. 12, pp. 8002—-8045, 2020
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4.2 Main Result

Our main result is summarized in the following theorem:
Theorem 5. For any § < 2 and for any noise level o > 0, the Bayes risk satisfies:

2

lim [E — 1,

m,n— 00
m __
=4

a:*w*H —E [m*mf‘y, A}

where || - || denotes the Frobenius norm.

We interpret the above result in two ways. First note that according to this theorem, for § < 2,
the Bayes risk is the same as the risk of the estimator & = 0. Hence it is information theoretically
impossible for any estimator to have a better performance than the trivial estimator = 0. Second,
we can make the above point more explicit as follows: Let (A, y) be any estimator for x, and let

r > 0 be an arbitrary constant. By the optimality of the Bayes estimator, we have,

A S 2
mlHE T .’.UH - ,rm<A y)w(Aay)H
>0 T

>E zc*a:i' —E [w*zcﬂy, A]

Taking m,n — oo and some simple algebraic manipulations give us the following conclusion.

When § < 2, then for any estimator (A, y) we have,

H 4. 2
lim E “”t"”(A’yL' —0
mazee | [2(Ay)

That is, when ¢ < 2, Theorem [5] provides an impossibility result: any estimator is asymptotically

orthogonal to the signal vector x,. This result complements our previous results [30, 63] which
showed that the optimally designed spectral estimator is orthogonal to the signal vector in this

regime. Moreover, these papers also provide the achievability result and exhibit estimators which

achieve a strictly positive correlation with the signal vector when § > 2 and ¢ = 0. Hence,
the sharp threshold for achieving a non-trivial correlation with the signal vector (called the weak

recovery threshold in the literature) is dye.x = 2 for phase retrieval with subsampled Haar sensing
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matrix and vanishing measurement noise. This also shows that the uniform prior on x, as the least
favorable prior in the following sense: The achievability results of these papers actually hold for
an arbitrary signal vector (not necessarily drawn from a prior distribution). Consequently, when
0 > 2, for any prior on the signal vector, the Bayes risk for noiseless phase retrieval is non-trivial
(< 1). Hence the uniform prior maximizes the o threshold below which the Bayes risk is trivial

and hence is least favorable.

Proof Techniques Our proof of Theorem 5| builds on the techniques of Mondelli and Monta-
nari [20]: namely relating the Bayes risk to the Mutual Information and bounding the Mutual
Information by the y? divergence. However, unlike in the case of Gaussian sensing matrices, the
evaluation of x? divergence for our model is non trivial due to the dependence in the entries of
the subsampled Haar sensing matrix. In our model, understanding the asymptotics of the x? diver-
gence reduces to understanding the asymptotics of a pair of high dimensional integrals defined on
Sm=!and S™! x S™! (see Lemma which we accomplish using Large Deviation techniques.
These integrals are related to low rank Harish-Chandra-Itsker-Zuber (HCIZ) integrals studied by
Guionnet and Maida [72] and our analysis is inspired by their approach. More specifically, our
analysis of these integrals is based on the classical approach of Chaganty and Sethuraman [73] for
obtaining strong large deviation results (i.e. results characterizing the leading exponential order as
well as the second order polynomial factors in large deviation quantities of interest) using change

of measure and local central limit theorems.

4.3 Some Additional Notation

In this section, we introduce some additional notations which we will find useful in this chapter.
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Notations for special distributions A (1,0?) denotes the (real) Gaussian distribution with

mean 4 and variance o2. ¢, denotes the probability density function of N (0, 02):

1 _ =%
Vol@) = <—ge .

A random matrix W is a GUE(n) random matrix if it is a Hermitian n x n random matrix whose

entries are sampled as follows:

Exp () denotes the exponential distribution with parameter A\ which has the pdf:

Gamma («, ) denotes the Gamma distribution with shape parameter « and rate parameter 3 and

has the pdf:

B« -1,-8 .
F(a)xa e’ x>0

flr;a,B) = :
0 <0

Beta («, /3) denotes the Beta distribution with shape parameters «, 5 > 0 which has the pdf:

T'(a+B) L pea—1 1— Bs—-1 . 0.1
T+ (1—2)" e el ]]
flz;a,8) =

0 :x%[(),l].

Let gi,G2-..,9n ~ CN (0,1,). Then the matrix S = 3_7_| g;g!" has a complex Wishart distri-

bution with parameters n, p denoted by Wis (n, p). The complex Wishart distribution is supported
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on positive definite Hermitian matrices and has the pdf:

det(S)» P . e T(S)
f(S;n,p) = p(p—<l) )

™

: ?:1(” =)

The distribution Unif (U,,) denotes the uniform (Haar) probability measure on U(m).
Notation for other probabilistic aspects We will use p(y) to denote the density of the mea-
surements y with respect to the Lebesgue measure. Likewise p(y|A) and p(y|A, ) denote the

conditional density of the measurements y given the measurement matrix A and the conditional

density of the y given the measurement matrix A and the signal vector x respectively.

Notation for Information Theoretic Aspects For random variables A;, A,, ... A, we denote

the entropy of (A; ..., Ax) by H (A1, Ay ..., Ag). If (A1, Ay ... Ag) have ajoint density p(ay, as . . .

with respect to the Lebesgue measure, this is defined as:

H(Ax) =— /Rk plark) Inp(ary) dag.g.

Let By, B; ... B; be another collection of random variables. We denote the conditional entropy
of (Ay,... Ag) given (By,...,B;)) by H (Al, Ay... Ay | By, Bs. .. ,Bl). When the conditional
distribution of (A1, Ay ..., Ay) given (By, By ..., B;) has a density p(aj,as ..., ax|b;,ba..., b;)
(with respect to Lebesgue measure) and (By, B, ..., B;) has a marginal density p(by, by ..., b))

(with respect to Lebesgue measure), then H (Al; k| Bl:l) is given by:

H(Al,...Ak|Bl...,Bl):/

R!

p(b12) /k plarx)br ..., b)) Inp(ay, ... axlb,...b) day, dbyy.
R
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The mutual information between Ay, Ay, ... Ay and By, By ... Byisdenoted I (A;, ... Ay; By, ... B))

and is defined by the following equivalent formulae:

I(Ai,... A By,...B) S H(A,...A) —H (A1, ... 4| B1,... B)

—H(By,...B)—H(By,...B| Ay,... A) .

The random variable Y We reserve the random variable Y to denote the random variable with

one of the following two special distributions:

1. Y can be sampled from the empirical distribution of the phase retrieval measurements:

1 m

For any f : R — R, we define Ef(Y) to be the expectation of f(Y") with respect to the

empirical measure of the measurements:
. 1 —
Ef(Y) = — ). 4.3
FO) == f() (4.3)

2. Alternatively the distribution of Y can be givenby Y = |Z|*+0e where Z ~ CN (0,1), € ~
N (0,1). Forany f : R — R, we define Ef(Y") denotes the expectation of f(Y) with respect
to this measure, thatis, Ef(Y') = Ef(|Z|? + o¢). This special distribution is important to us

because we will see that for a large class of test functions f, Ef(Y) — Ef(Y) as m — co.
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Notations for linear algebraic aspects: For a 2 x 2 Hermitian matrix A we define the Vec (-)

operation by:

Vec (A) =

4.4 Organization of the Proof

The remainder of this chapter is dedicated to proving Theorem[5] The proof consists of different

steps which are split into various sections as follows:

In Section 4.5 we relate the Bayes risk to the Mutual Information for the phase retrieval problem
with a small amount of side information and show that if the mutual information is o(m),
then the asymptotic Bayes risk is trivial. Hence, our focus shifts to showing that when
d < 2, the Mutual information is o(m). We then bound the mutual information by the
x? divergence. Understanding the y? divergence in the Phase retrieval model requires us to
understand the asymptotics of two high dimensional integrals denoted by .# and % on S™!

and S x S™~1 respectively.

In Section 4.6 we study the asymptotics of the integrals %, .Z by change of measure techniques

and local central limit theorems.

In Section we use a stochastic version of the Laplace Principle along with the asymptotics of
% , % to understand the asymptotics of the x? divergence. This results in a explicit condition
on the sampling ratio ¢ and the noise level o which guarantees that the mutual information

is o(m) and hence the Bayes risk is trivial.

In Section4.8], we simplify the condition on §, o obtained previously in the low noise limit o — 0.
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4.5 Mutual Information and Bayes Risk

We first relate the Bayes risk to the mutual information in the phase retrieval problem where
one observes a small amount of side information about the signal vector x,. The amount of side
information we observe will be controlled by a parameter A > 0 which will be a constant indepen-
dent of n, m. The side information we observe will be linear gaussian measurements of the matrix
x,x". More precisely, fori = 1,2... | A-m| we observe a measurement pair (w;, z;) drawn from

the following model:
w; % GUE(n), z % ((wi,w*a}f)J) Vi=1,2,...|A m]. 4.4)

We collect all the side information measurements z;’s in a vector z € RI2™  We denote the
collection of the GUE sensing matrices by W = {w,w;y ... w A, }. The following proposition

establishes the connection between the Bayes Risk and I (y, z; A, W).

Proposition 6. Suppose that there exists a constant A > 0 (independent of m,n) such that the
mutual information I (y, z; A, W) = o(m). Then we have,
lim Eq,yallz.2) - Elz.ay, All* = 1.

m,n—00
m=nd

In light of Proposition [6] in order to show that the Bayes risk is trivial, it is sufficient to show
that an upper bound on the mutual information is o(m). We will use the second moment upper
bound (or the y2-divergence uppper bound) on mutual information. This upper bound was utilized
by Mondelli and Montanari [20] for determining the weak recovery threshold for Gaussian sensing

matrices. In our setup, the result of these authors can be stated as:

I(y,z; AW)<E,,

EA,WpZ(y’ ZlA, W) -1
P*(y, 2)

It is also well known that the second moment upper bound is sensitive to bad but rare events that can
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cause the upper bound to blow up. In order to exclude these bad events we will use a conditional
version of the above bound which is stated below. A similar result was used by Reeves, Xu,
and Zadik [74] in the context of a linear regression problem. The proof of this result is given in

Appendix [B.1.2

Lemma 12. Let £, be any sequence of events depending only y. We have,

2
1(y,z; A, W) < / Bawp W2 AW) 400 1) s 0om. JBED.
Em p(y,Z)

In the above display, C > 0 denotes a finite constant depending only on §, A, o>

The following lemma simplifies the upper bound on I (y, z; A, W). For any y € R™ and any

positive semidefinite 2 x 2 Hermitian matrix @, introduce the functions:

G"G =mQ]| , (4.5)

%y, Q) = E H@bo — [Gul*) o (4 — |Gaul®)

ZL(y) = E ng —[GuP)|IGuII? = m]|, (4.6)

where G1, Gy =~ CN (0, I,,) and the matrix G = [G; Gs]. We emphasize that in the definitions
of Z (y, Q) and .Z(y), the measurements y are fixed, and the expectation is only with respect to

the Gaussian matrix G.

Lemma 13. We have,

1 ¢q _
1 (1—q2)n—2
o |y 1] i-g/prar dg

dydz = E, g

n—1

/ EA,WPQ(y7z‘A7 W)
. Z2(y)

p(y,2)
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Proof. We have,

EA,WPQ(yv Z|A, W) = ]EA,W,:I:,:I:’p(y’ Z|A7 W’ m)p(y7 Z’A, W7 33,)

[Am]

—E ng = s @)oo = mi(an @) TT o1 = (s o )un

Define the scalar random variable:

and the associated random matrices:

I g 1 q
1 1 —|qf?

Note that we have CHC = Q. It is easy to see that, conditioned on x, ':

(wi,wwH) i.i,d.N 0 1 ’q’2

(w,, @'z g 1

Az, Ax' = Uy, qU, + /1 — |q|2U..

In the above display, U = [U; U,] is a uniformly random m X 2 partial unitary matrix. By the

rotational invariance of U, we have,

N [Aw Awf] L i UC
=UCQ (m-Q)'""

dg) U(mQ)1/2

In the step marked (1), we used the fact that CQ~'/? is unitary consequently UCQ~'/? =
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G be am X 2 matrix consisting of CN (0, 1) entries. Then we have,

\/ﬁ' |:A£B Aw’] 4 U(mQ)1/2
= G(E"e) Q)
L G(G"G) M (m-Q)*IGNG = mQ

= G|G"G = mQ.

In step (2) we used the well known fact that a uniformly random partial unitary matrix can be
realized as U = G(G"G)~'/2. In the step marked (3) we used the fact that G(G"G)~/2 is
independent of GHG, and hence conditioning on the event GH'G does not change the distribution
of G(GHG)~'/2. Hence we have shown that, conditioned on x, =, the matrix v/m - [Ax Ax'] has

the same distribution as a Gaussian matrix G conditioned on the event G'G = mQ:
vm - {Aw Am’} = G|G"G =mQ.
Hence we have,

EA,WPQ(yu Z‘Aa W) = EA,W,w,w/p(y7 Z’A, W7 w)p<y7 Z|A, W7 .’B/)

=E, [Vi(q:y) - 2(g:2)] -

In the above display, we defined,

=E H¢U Yi — |Gul) Vs (v — |G2)?) |GG =mQ | ,
and,

Uo(q;2) = Ezzthi (2 — Z)01 (2 — 4|*Z — /1 — |q|*2)),
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where Z, 7' '~ N (0,1). We observe that the conditional expectation:

Hwa yi — |Gl e (i — |G| GNG = mQ|
depends on ¢ only via |¢|. Consequently, we redefine the matrix @ as:

1 |ql

lq] 1

Q=

The following integral has been evaluated in Lemma [46]in Appendix [B.9]

Vo / _ 1 22
IEZ,Z'%(Z - )wl = |Q| Z=V1- ’C'I|4 WGXP (_m> ‘

Hence,

EA,sz(ya Z’A, W)

_ 1 LAmJ 2
e 2(1+[q?/2) = '

(4m /T [ /4) am]

=, |E Hwa yi — Gul) Vo (s — 1G2i?) |GHG = mQ

Next we compute p(y, z). Since y and z are independent, p(y,z) = p(y)p(z). p(y) can be
computed by following similar steps as before:

I

H'@Da Yi |G12 )

=m

It is also easy to check that z; ~ A/ (0,2). Hence:

H'@ba Yi ‘Gll )

Am
GilP =m]| - [] vvalz)-
=1
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Consequently, introducing the functions:

%(y,R) = E Hwa

— |Gl Ve (yi — |Gail?)

G =mR

?

ZL(y) =K Hwa —|GuP)|IG)? = m
we obtain,
L g
“ ’ | | ’1’ E @ Z2
EA Wp2(y7Z|A7 W) q ZNN(O 2) eXp +T‘2 ' 7
E,— 5 =[E, 5
D (yaz) "E/ﬂ ( ) 1 _ ﬂ
4
L g
2|y lq]
1
. 4] | )
! Z*(y) (L —|g[?/2)2m

In the step marked (a), we used the MGF of 2 distribution to compute:

Ezn (0,2) €XP

la?
2
a2
1+ 5
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Hence we have,

/ ]EA,Wp2(y7 Z’A, W)
- p(y, z)

Next we observe that,

1

1
w | v,
4]
dy dz = Ey7‘q| .22(31)
lg|* ~ Beta(1,n —1).

(- laP/2)am

Utilizing the formula for the pdf of Beta random variables we have,

/ EA,Wp2(y7 Z‘Av W)
e p(y, )

Finally making the change of variable b = ¢ gives us:

/ ]EA,WPZ(ya Z|A7 W)
Em p(yaz)
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n—2
I |y gy db
N (1-5/2)
= E
dydz —— P(y)
]' q 2\n—2
1 -(1—
fo U |y, . : ((11(_q2(1/2))A_m dg
q
2
dydz < ——FE
Y S Z7(y)

1g

Em

.15

m




Remark 12. At this point, it is instructive to compare the claim of Lemma |l3| to its counterpart

from [20]. If A were Gaussian, then, Mondelli and Montanari [20] have shown that,

]‘ q 2\n—2
1 .
fO OZ/Gauss Y, ) ’ % dq

q

E 2 A 2
/ AWDP (y,Z| 7W) dydz _ ]Ey

p(y,z) n—1 gGZauss( ) 7
“4.7)
where the functions Ucauss and Lcauss are defined as follows:
1 g¢q .
%Gauss Yy, d:fE Hwa Y |Glz ) o' Yi |quz + V 1— q G2'L )
qg 1

gGauss(y) ﬁ E Hwa(yi - |Glz|2)
=1

Because the conditioning is absent in the definitions of Ugauss and Lcauss, ONe€ can leverage the

independence in G, Gy and obtain straightforwardly:

1 q
%Gauss Yy,
¢ 1 ﬁ EGLGz [¢U(yi - |G1| )1/)0 Y; — |qG1 + \ 1 - q GQ ]
"ngauss( ) N i=1 Eé‘ Wu(?ﬁ - |G| )] ‘

Furthermore when the sensing matrix is Gaussian, the observations y,,Ys . . . Y, are i.i.d. Let Y be

a random variable with the same distribution as y;. The expression in simplifies significantly:

]E’A Wp2<y7 Z|A, W) 2 /1 q- (]‘ - q2)n72
: dydz — Feanss(q)™ - dg, (48
/ Py, 2) ydz=1"7 ) Feusld™ (o pyimmy 40 (48)
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where,

Eo,n (Y — G126 (Y — [aGh + /T = #Caf)
E%} [wa( _|G| )}

FGauss(Q) ﬂ‘ IEY

Mondelli and Montanari [20] analyze the integral in by a straightforward application of the
Laplace Principle. Note that this whole approach breaks down in our case because the condition-
ing in the definition of % , £ introduces dependence between the Gaussian random vectors G, G
and their entries. This dependence is a manifestation of the dependence present in a subsampled

Haar unitary matrix.

4.6 Asymptotic Analysis of . and %

In order to evaluate the upper bound on the mutual information that is given in Lemma|[I3] one

needs to understand the asymptotic behaviour of the functions . and % introduced in Lemma

4.6.1 Analysis of .Z

Recall that .Z(y) was defined as:

= H wa ’Glz )

I* =

We can rewrite .Z(y) as follows:

def - 1
2) B |exp | L nval— Gul?) | | LG -
=1
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The above equation suggests that the asymptotics of . are determined by the large deviation

properties of the random variables:

1 « 1
— Y Ity — [Gul), =G | - (4.9)
m i1 m

Note that the random variables in the display above are a sum of independent random variables. In
our analysis we treat y as a fixed vector in R™ and only leverage the randomness in G;. Conse-
quently, the two random variables in (4.9) are sums of independent, but not identically distributed
random variables. This makes our analysis a bit delicate. Large deviation theory tells us that the
Cramer Transform plays a crucial role in understanding the large deviations of sums of indepen-
dent random variables. Hence, we define the Tilted Exponential distribution which is the Cramer
Transform (or the exponential tilting) of the pair of random variables (In v, (y —|G|?), |G|*) where

G ~CN (0,1) and y € R is a fixed scalar below.

Definition 5 (The Tilted Exponential Distribution). The Tilted Exponential distribution with pa-

rameters (\,y) denoted by TExp (A, y) is the distribution on [0, c0) with the pdf:

6—(1—/\)u¢0 (u _ y)

fu) = ZreeNy)

where, ZTEp (A, y) denotes the normalizing constant:

ZTExp ()\a y) g / e_(l_A)uwa (u - y) du = IEENExp(l)e)\Ewa(EJ - y)
0

We also denote the variance of TExp (A, y) by O-?I'Exp (A, y).

In Appendix [B.6.1] we prove some essential properties of the Tilted Exponential distribution
which will be useful in our analysis.
The analysis of .Z(y) uses two standard techniques from large deviation theory: performing an

exponential change of measure and then applying a central limit theorem under the tilted measure.
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The following lemma is a change of measure result that we use in our analysis. In order to
state it we first introduce some notation. Fix any y € R™ and any A € R. Let uy,us...u,, be
independent non-negative random variables with u; ~ TExp (), y;). Let F) ,, be the density of the

m
1=

random variable ) )" | u;.

Lemma 14. For any A € R,y € R™ we have,

(m — 1)1 em=N .y (m

Z(y) = ). H Z1Exp (A Ui) -

mm—l

i=1

In the above display, F) ,, is the density of the random variable ;" | u; where the random vari-

ables u; are sampled independently with marginal distribution u; ~ TExp (X, y;).

Proof. Define the random variables:

U= Zui, T= Zlnwg(yi — u;).
i=1 i=1
Consider two possible probability distributions for U and 7:

1. u; areii.d. Exp (1). Let G(u,t) be the joint pdf of U and T in this setup.

2. wu; are sampled independently from TExp (), y;) defined in the statement of the lemma. Let

F) y(u,t) denote the joint pdf of U, T in this setup.

We can compute F) ,(u,t) in terms of G(u, t) in the following way:

exp(t + Au)
F ) = =m -G(u,t). 4.10
)\,y(u ) Hizl ZTExp (>\7 yz) <u ) ( )

Let G(t|u) denote the conditional density of 7" given U = w and G (u) denote the marginal density

of U under Setup 1. Analogously define F) ,(¢|u) and F) ,(u). We can then compute .Z(y) as
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follows:

L) = Eyenionny | | 3 6o — o) \ngn?:m

i=1
= ¢ ™E |exp Zln bo(yi — |gil*) + Am ‘||g||2 =m
i=1

@ goma / MG (Hm) dt

—mA\

= G /e+m G(m,t)dt.

In the step marked (a), we used the fact that if G ~ CAN (0,1), then |G|> ~ Exp(1). Next,

appealing to (4.10), we obtain:

—mA T™
® € | | i—1 ZTExp (>\7 yz> /
= L F t)dt
G(m) hy(m,1)

_ F/\,y(m)@_mA .

= W E ZTExp (/\7?/1')

Z(y)

(m — 1)1 em=N .y (m

= ) . H Z1exp (A Ui) -

()= 1

The equality marked (b) follows from (4.10). In the step (c), we used the fact that under Setup 1,
U is a sum of exponential random variables and hence U ~ Gamma (m, 1). Therefore the density

of the Gamma distribution can be used to evaluate G(m). This proves the claim of the lemma. [J

Our next step will be to develop the asymptotics of F) ,, by means of a local CLT. Note that in

Lemma A € R was arbitrary. We will set A = A, (o), where

~

A1(0) < arg max ()\ —FyIn EENEXp(l)e’\E%(E — Y)) ) 4.11)
€
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We also define,

(1>

(o) = max (A Ey In Epgp)e 00 (B — Y)) (4.12)

The notation [ in the above display, has been introduced in (4.3). Note that the above quantities
depend on the vector y, but we have not made the dependence explicit in the notation. The intu-
ition for setting A in this way is that the first order stationarity condition applied to the concave

variational problem in (4.11)) and (4.12)) give us:

iEEeM(U Ew (E yz) 1 — & ifw —m
i—1  ZTExp <)\1(U)>yz‘> i—1

Consequently, by the central limit theorem, we expect that, m ™2 - (32, u;) —m) is close to a

Gaussian distribution with variance:
A def 1 “ 2 S ~ 2 ~
(o) = — 2 02t <)\1(J), y) = Eyolg, ()\1(0), Y) . (4.13)

Hence, F5, ,),,» Which is the density of >, u; can be approximated by the density of N (m, mo(0)).

1
F; m) = Ym.oe)(0) = .
Al(o),y( ) w ( )( ) 271_@(0_) m

This intuition is made rigorous in the following proposition.

Proposition 7 (A Local Central Limit Theorem). Suppose that there exists a constant ) < K < oo,

such that,

1

M) < K By (Y] +[YP+[YP) < K, 7 Silo) < K.

Then, there exists a constant C(K), depending only on K such that we have the following asymp-
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totic expansion for Fy ) . (m):

1 C(K)In(m)
F)‘l(a)’y(m) a 270(c) - m = m ’

where \i(0) and ©(c) have been defined in @I1) and @F13).

There is a large literature on local central limit theorems. We refer the reader to Bhattacharya
and Rao [73]] for a textbook treatment of these results. We are unable to use the statements of local
central limit theorems already available in the literature because we require a local central limit
theorem for sums of independent but not identically distributed random variables and we further
require some control on the error of normal approximation. The proof of Proposition [/| can be
found in Appendix It closely follows the classical proofs of local central limit theorems
based on characteristic functions (see for example Feller [76, Chapter 16]).

We conclude our analysis of .’ with the following result which is a straightforward corollary of

the change of measure result given in Lemma[I4]and the local central limit theorem in Proposition

vi!

Corollary 2 (Lower Bound on .Z). Under the assumptions of Proposition @ there exists M(K) €

N depending only on K such that,

1
WK

L(y) > exp <—m : él(a)) . Vm > M(K),

where the function =, () has been defined in @&12).
Proof. Applying Lemma with A = \;(0), we have,

(m—1)!- em0=% .

(m>m_1 /\,y(m) . ﬁ ZTEXp <5\’ yi> .

=1

ZL(y) =
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Note by Stirling’s Approximation, we have
—1)! "
(m 1) Z 2 ( _ 1) —(m—1) (1 . _)
mm- m
— 1) —-m

In the step marked (a), we used the bound 1 — x > e 7=, = € (0,1). From Proposition l, we

1 _ C(K)In(m)

conclude that there exists a constant M (K'), depending only on K, such that
E5 . (m) >
apl(m) 2 2m0(0)m

In particular, this means that there exists M (K') depending only on K such that

This gives us the lower bound
1 N T :
A H ZTExp <)\7yi> , Vm > M(K)

A > e
W) 2 11
Z In ]EENExp

exp | —mmax )\7“——
AER

AE@Z)U(E - yz)

1
WK

2\/_
In the last step, we used (4.11)) and (@.12)).

o (-

4.6.2 Analysis of %
We recall the function % was defined as follows

%(y,Q) = E Hwa

|Glz ) 0( |G2z| )GHG:mQ )
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where the matrix Q) is of the form:
Q= , € (0,1). (4.14)
We observe that %/ can be rewritten as:
.= [exp | S mvnlo— (G = Gl | |L6"G - @

The asymptotics of %/ are determined by the large deviation properties of the pair of random

variables:
1 — 1
— 3 Ity (i — |Gul?) + I (y, — |Gail?), —GHG
m 1 m

Both of these random variables are a sum of independent random variables. The Tilted Wishart
distribution which is defined below will play a key role in our analysis. This distribution is the

Cramer transform (or the exponential tilting) of the random variables defined above.

Definition 6 (The Tilted Wishart Distribution with Parameters (A, ¢, y)). A 2 X 2 Hermitian matrix

S is said to be TWis (\, ¢,y) if

and the random variables s € [0,00), s € [0,00),0 € (—m, 7| are sampled from the pdf:

A 1 —(1=X)(s+s ss’ cos
his,s'.0) = 5 N oy) (INtrovest o0y (5 — y) - o (s' = y)-
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In the above display, the normalizing constant Ztw;is (A, ¢, y) is defined as:
T o) 2 5o 7 [ [ et ety () (g ap s,
We denote the covariance matrix of the tilted Wishart distribution by Xtwis (X, ¢,y), that is:
Swis (A, 6, 1) = E [Vec (S — ES) Vec (S — ES)H] .

Similar to the analysis of ., the analysis of % consists of two steps: First, a change of
measure step which is given in Lemma (15| and second, an application of the local central limit
theorem which is given in Proposition [§

We begin with the change of measure result. Let A\, ¢ € R be arbitrary. Let Sy, 5, ....5,, be

independent Hermitian random matrices with

Define the random variable S as:

Let H) 4, be the density of the random matrix S.

Lemma 15. For any y € R™ and any 2 x 2 positive definite Hermitian matrix Q, we have,

m(m—1)!(m —2)!
m?m=2 . det(Q)m2

Uy, Q) = . eMI=ATHQ)—méRe(Qu2) . H Zrwis (A, @,91) | - Hag,y(mQ).
i1
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Proof. Let us index the entries of Sy, k € [m] as follows:

Sk \/ :5‘,@92/,6‘9’c
\/ Skshe 10k Ty,

S =

Define the random variables:

S = Zslw T = Zln¢o(yk - Tk) + 1n¢0<yk - 7’;)
k=1 k=1

Consider two possible probability distributions for S, T":

Setup 1: S, = gkg,';' where g;, ~ CN (O’IZ). Equivalently, s; and s/ are i.i.d. Exp (1) and 6; are
i.i.d. Unif(—m,7|. Let H(-,-) be the joint pdf of .S, T in this setup.

Setup 2: S;, are independent and distributed as Sy, ~ TWis (), ¢, yi). Let Hy 44 (+, ) denote the

joint pdf of S, T in this setup.
We can compute /) 4, in terms of G as follows:

exp(T + A - Tr(S) + ¢ - Re(S12))

H T)=
roy(S,T) [T Zrwis (N, 0, 43)

L H(S,T).

Let H(-|S) denote the conditional density of 7" given S and H(S) denote the marginal density
of S under Setup 1. Analogously define H) 4 ,(:|S) and H) ,,(S) under Setup 2. We can then
compute % (y, Q) as follows:

% (y,Q) = E |[] 60 (yi — 1G1il*) b0 (yi — |G2|*)|G'G = mQ
=1

=B |exp [ Yoo (yi — |91l*) + In ¢o (v — |92 'GHG =mQ
=1

= /etH(t|mQ) dt.
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In the step marked (a), we used the fact that under Setup 1, we have

(S,7) = | G"G, > oo (yi — |gul®) + In o (yi — |g2il)

i=1

Hence,

%y, Q)= | H(tlmQ)dt

e~ mATr(Q)—m¢Re(Q12)
_ / et+m)\Tr(Q)+m¢Re(Q12) H(mQ,t) dt
H(mQ)
67m)\Tr(Q)7m¢Re(Q12) m
_ . 7 is >\ - | H ,t)dt
HmQ) H T™W b, i) / ,\,¢>,y(mQ )
e—m)\Tr(Q)—m¢Re (Q12)

= H(m H Zrwis (A, &, Yi) - H g (mQ)

mm—D!m—=2)' O THO) —mdRe
gmgm—z.(ie(t(Q)mL'e (V@) moRe(@ia) HZTW.S 6.1) | Hagy(MQ).

In the step marked (b), we used the fact that under Setup 1, S is distributed as a complex

Wishart random matrix and hence,

1 m?m—Q
H =— —mT -det(Q)" 2.
Q)= o iy P TH@) - det(Q)
This concludes the proof of the lemma. [

Next, we will use a local central limit theorem to characterize the asymptotics of H) 4, (mQ).

Note that Lemmaholds for any A, ¢ € R. We will set A\ = \y(q; 0), ¢ = ¢(g; o), where

~

(Aa(q; 0), ng(q; U)) = arg (}I\I(l;}x (2)\ +qp — Ey In Zrwis (A, ¢, Y)) ) (4.15)
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We also define

(1>

2(4:0) 2 masx (2 -+ 46— By In Zrws (A, 0,Y) ). (4.16)

The rational behind this choice of A, ¢ is that the first order optimality conditions for the above

concave variational problem give us:

Oy ZTwis (5\2(% )Qg( o), Z) w 1 .
i—1  ZTWis (S\Q(QQ ), (

In the steps marked (a), we used the formula for the normalizing constant Ztw;s (A, ¢, ), given in
Definition [6] to compute the partial derivatives. It is also clear by the symmetry of Definition [6]

that:
Es; = Es, E\/s;s;sin(f) = 0.
Hence, the first order optimality conditions imply:

ES = Em:]Esi = mQ.

i=1

By the Multivariate Central Limit Theorem, we expect that m 3. (S — mQ) to be asymptotically

1

Gaussian. We also define the covariance matrix of m~z - (S — mQ) as V (¢; 0):

. « EVec (S — ES) Vec (S — ES)"
V(g;0) 2 eI ES Ve (S 25

= EXTwis (5\2(Q; o), @(Q; o), Y) . 4.17)

m
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By the CLT, we expect

Vec (S —mQ) =~ N (O, V(q;a)) .

3

Hence,

1

H/A\Z(Q;U),ti;(q;a),y(mQ) ~ - )
\/(27rm)4 det(V(q;0))

The following proposition makes this argument rigorous.

Proposition 8 (A Local Central Limit Theorem). Suppose that there exists a constant 0 < K < 0o

such that:

~ ~ ~ 1 ~ ~
Ra(gs )| +[0(a:0)] < K, By V[ < K, 2= < Aain (VI:0)) < dnae (V@) < K
Then, there exists a constant C(K), depending only on K such that we have the following asymp-
totic expansion for Hj, (6:0),d(@:0) "
o 1 < C(K)In®(m)
Aa(gi0).d(g50)y A = 2 .
2 JemmptdeWigoy| V™

The proof of this proposition appears in Appendix [B.2.2]and closely follows classical proofs of
local central limit theorems based on characteristic functions (see for example, Feller |76, Chapter
16]). We conclude our analysis of %/ with the following upper bound on % which is a straightfor-

ward corollary of Lemma [I5]and Proposition

Corollary 3. Under the assumptions of Proposition 2, there exists M (K) € N depending only on

K such that




forallm > M(K).

Proof. From Lemma 5, we know that

U(y,Q) =
7T(m— 1)'(m—2)' m— m(1l— r —moRe(Q1 .
e det(Q)™2 . em1-NTHQ)-moRe(@12) HZTWIS (N @, ui) | - Hypy(mQ).
=1

In Proposition 8] we obtained the bound

1 < C’(K)ln‘r’(m).
Jemmydea(Vigoy| VM

H; 5., (mQ) —

Note that under the assumptions of Proposition [§| we have

1

det(V(q;0)) > A (V (g3 0)) > =T

min

This tells us, that there is a M (K) € N depending only on K, such that,

iy, (mQ) < 5

AP,y m2

Vm > M(K).

By Stirling’s approximation, we have

w(m — 1)l(m — 2)! < med

m2m—2 — e2m ’

These estimates give us the upper bound:

m(Tr -2
Uy, Q) < C(K)e (Tr(Q)-2) .e_mmaX(A’(b)e]R()\TV(Q)“F(ﬁRe(QIQ)_% S In Zrwis(\6.0i) )
YT m2 - det(Q)m2 ’

for all m > M (K). Recalling the definition of Z(¢; o) (See (@.13)) and the form of the matrix Q

(see (@.14)) gives us the claim of the corollary. O
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4.7 The Stochastic Laplace Method

Recall that in Lemmas and we have shown the following upper bound on I (y, z; A, W):
1 q 2\n—2
1 (1—
fO 4 Y, . : 211(,q2(1/2))Am dq

I(y,z; A, W) < E, 2 1g, | — 14+ Cmn/P(ES),

n—1

where &, is an arbitrary event depending on y and the functions %, % were defined in (4.5) and
(.6). Let us for the moment, also assume that the conditions required for Corollary [2] and [3] are

met. Then, tracking only the exponential order terms, we obtain,

1 R
I(y,z A, W) SE, / e dg 1gm] : (4.18)
0
where,
S S S 1 2 q2
Fl(qg;0,A,0) =E9(q;0) —2=1(0) + | 1 — 5 In(l—¢*)+Aln|1- SHE (4.19)

Our goal will be to evaluate the integral in (4.18)) via the Laplace Method. However, we ob-
serve that the function F (¢;6,A,0) is stochastic since it depends on the empirical distribution
of the phase retrieval observations y. It turns out that Z5(¢; o), defined in @I3), and =, (), de-
fined in (@.12)), and hence F(q; §, A, o) concentrate around deterministic functions Zs(q; o), Z1 (o),

F(q; 0, A, o) defined below:

=1(0) £ max ()\ — By mEp gy e Ey (B — Y)) , (4.20)
c
EQ(Q, 0) d:ef (A@??R (2)\ —|— (]Qb — Ey ln ZTWis ()\, ¢, Y)) s (421)
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2
F(q;0,A,0) = Zy(q;0) — 281 (0) + (1 — %) In(1 —¢*) + Aln (1 — %) . (4.22)

In the above display, the random variable Y = |Z|*> + oe where Z ~ CN (0,1), e ~ N (0,1). We

also define the deterministic counterparts to A, (o), defined in @11 and \y(q; o), ¢(q; o), defined

in (4.15):
(o) ¥ arg max </\ — Ey InEp g 0 (B — Y)) , (4.23)
AER
(Ae(g;0),6(g;0)) = max (23 + g0 — By In Zrwis (A, 6,Y)) . (4.24)

The convergence to these deterministic functions allows to design a high probability event &, on
which applying Laplace method to the stochastic function F (¢;6, A, 0) is essentially the same as
applying it to the deterministic function F(q;d, A, o). We state our concentration result in the

proposition below.
Proposition 9. For any fixed o > 0, we have the following convergence results:

1. Convergence of Moments: EY* 5 EY* forany k € N, where Y = |Z|> + oe, Z ~
CN (0,1) and e ~ N (0,1).

2. Forany R € (0, 00), we have the uniform convergence of the functions:

sup |]EU'2rExp (/\7 Y) - EO—%Exp <)\7 Y) | _P> 07
[A<R

sup  [[EStwis (A, 6, Y) — EXqwis (A, 6,Y) || 2 0.
[Al+]o|<R

3. M (o) is tight in the sense that, there exists a constant R € (0, 00), depending only on o such

that,

]P’<|5\1(<7)| > R) 0.
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[1]

1(0) = 1(o)

For any n € (0, 1), there exists R, € (0, 00) (depending only on n, o) such that

(11>

JAalaso)] + 160 0)| = 1y ) =0

0<g<1—

IP’( max

6. Foranyn € (0,1), we have,

sup  |Za(q;0) — Ea(q; )| > 0.
qe[ovlfn]

7. Foranyn € (0,1), we have,

sup | Aa(q;0) — Aa(q;0)] >0, sup |6(q;0) — dlg; )| = 0.
q€[0,1-n) q€[0,1-n]

8. Foranyn € (0, 1), we have,
2

d? - _
sup d—qQ:2(Q§U) - d—q2:2(Q§U) 5 0.

The proof of this Proposition appears in Appendix It uses standard empirical process

theory results from Van Der Vaart and Wellner [77] with some modification to account for the fact

that the observations v, ys . . ., ¥, are not independent. With the above concentration result, we

suitably design an event &,, with P(&,,) — 1 such that on the event &,,, we are able to adapt the
usual proof of Laplace Method to obtain the following conclusion.
Proposition 10. Suppose that 0, A\, o are such that F(q;6,A,0) > F(0;6,A,0) =0V g € (0,1)

and cilz_J;(O; §,A,0) > 0. Then, I (y,z; A, W) = o(m).
The proof of this proposition can be found in Appendix [B.4] The claim of this Proposition is

very intuitive: It says that due to the concentration of F (¢;6,A,0) to F(q;,A, o), the stochastic
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and the deterministic integrals:

1 R 1
/ e—m]:(q;(S,A,a) dq ~ / e—m]:(q;é,A,U) dq,
0 0

behave very similarly. According to the standard Laplace method, the condition F(q;d, A, o) >

F(0;0,A,0) = 0 ensures that,

1 1
1 ( / o—mF(g:0.00) dq> N
m 0

whereas the positivity requirement on the second derivative ensures that the second order, subex-
ponential factors in the Laplace integral are sufficiently well controlled to obtain I (y, z; A, W) =

o(m).

4.8 Low Noise Asymptotics
Proposition [I0]and Proposition [6|tell us that if for some J, o, we can find A > 0 such that:

2
F(q;0,A,0) > F(0;0,A,0) Vg € (0,1), %(0; 0,A,0) >0, (4.25)

then,

i B,y alle.at! = Efeatly, Al =1
m=nd

Note that the Bayes risk increases monotonically with the noise level o (that is, the phase retrieval
problem is harder for larger noise levels). Furthermore, the Bayes risk is atmost the risk of the

trivial estimator = 0:

lim sup Eg, .4z} — Elz.ally, All]* < Eq, yalle.al -0 = 1.
m,n—>(cs>o
m=n
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Hence if show that the asymptotic Bayes risk is trivial (that is, equal to 1) for an arbitrarily small
o > 0, it automatically implies the Bayes risk is trivial for larger values of noise. Consequently
we will focus on verifying condition (4.25)) for small values of noise, where the analysis of the

variational problems involved simplifies considerably. We show the following result:

Proposition 11. Recall that F(q; 9, A, o) was defined as:

1 2
F(q;0,A,0) =EZ5(q;0) —254(0) + (1 — 5) In(1—¢*) +Aln (1 — %) :

For any § and A that satisfy

92—
1§5<2,0<A<Té,

there exists a critical value of the noise level o.(5, A) > 0 such that, for any 0 < o < 0.(d, A), we

have

1. The function F(q; 6, A, o) has a unique minimum at ¢ = 0 and F(q; 5, A, o) > F(0;6,A,0)

forany q € (0,1).

2. %(q; 5, A, o) > 0.
q=0
Combined with Proposition[I0Jand Proposition[6]it immediately gives us Theorem 5 as a corol-

lary.
Corollary 4. Theorem/[3] holds.

Proof. When § < 2, we can set:

2—9
A—2—5>0-

Proposition |1 1| guarantees that (4.25)) holds for all values of 0 < o < ¢.(d, A). Proposition [10|lets

us conclude that for all 0 < o < 0.(,A), I(y, z; A, W) = o(m). Consequently, by Proposition
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6l for any 0 < o < 0.(d, A) we have,

i By alle.at! = Efeatly, Al =1
m=nd

Since the Bayes risk is atmost 1 and increases monotonically with o, this means for any o > 0:

i B,y alle.at! — Ele.atly, Al =1
m=nd

]

The proof of Proposition [TT] can be found in Appendix The main idea of the proof is that

in the limit o — 0, the analysis of the function F(g¢; 0, A, o) simplifies considerably.

4.9 Conclusion

In this chapter, we studied the Phase Retrieval problem with subsampled Haar sensing matrices
with non-zero but vanishing measurement noise in the high dimensional asymptotic where the
signal dimension (n) and the number of measurements (1m) diverge such that the sampling ratio § =
m/n remains fixed. We showed that when the sampling ratio 6 = m/n < 2, then it is information
theoretically impossible for any estimator to obtain an asymptotically non-trivial performance: any
estimator is asymptotically uncorrelated with the signal vector. Since previous work [30, [63]] has
designed estimators which achieve a non trivial correlation with the planted vector when 6 > 2,

this shows that the weak recovery threshold for this model is dyeax = 2.

110



Chapter 5: Universality in Dynamics of Linearized Message Passing

In this chaptelﬂ we present some partial progress towards a mathematical understanding of the
empirically observed universality. We study the real-valued analog of the phase retrieval problem
where the sensing matrix is generated by sub-sampling n columns of the m x m Hadamard-Walsh
matrix. Under an average case assumption on the signal vector, our main result (Theorem [6)) shows
that the dynamics of a class of linearized Approximate message passing schemes for this structured
ensemble are asymptotically identical to the dynamics of the same algorithm in the sub-sampled

Haar sensing model in the high-dimensional limit.

5.1 Problem Formulation

In the real-valued analog of the phase retrieval problem (also called sign-retrieval), one ob-
serves magnitudes of m linear measurements (denoted by ¥;.,,) of an unknown n dimensional

signal vector ¢, € R":

yi = |(Az,),[,

where A € R"*" is a m X n sensing matrix.

We also define z = Ax, which we refer to as the signed measurements (which are not ob-
served).

We will study this model in the high-dimensional asymptotic regimen m,n — oo, m = nd. In

this chapter, we will find it convenient to state the results in terms of the inverse sampling-ratio:

I'The results obtained in this chapter have been submitted for possible publication in a journal and appear in the
preprint R. Dudeja and M. Bakhshizadeh, “Universality of linearized message passing for phase retrieval with struc-
tured sensing matrices,” arXiv preprint arXiv:2008.10503, 2020

111



o
@
<X

5.1

S| =
3=

=
Il

5.1.1 Sensing Models

Next, we introduce 3 different models for the sensing matrix A. In all the equations below, P

is a uniformly random m x m permutation matrix and .S’ is the column-selection matrix:

P ~ Uniformly Random m x m Permutation Matrix, (5.2a)
I,
S = . (5.2b)
O(m—n)x

Sub-sampled Hadamard Sensing Model: Assume that m = 2 for some ¢ € N. In the sub-
sampled Hadamard sensing model the sensing matrix is generated by sub-sampling n columns of

a m x m Hadamard-Walsh matrix H uniformly at random:
A=HPS, (5.3)

Recall that the Hadamard-Walsh matrix as a closed form formula: For any ¢,5 € [m], let 4,j
denote the binary representations of i — 1, — 1. Hence, i, j € {0, 1}*. Then the (i, j)-th entry of

H is given by:
(5.4)

where (i,7) = Zizl irjr. It is well known that H is orthogonal, ie. H'H = I,. This
sensing model can be thought of as a real analogue of the sub-sampled Fourier sensing model. Our

primary goal is to develop a theory for this sensing model which is not covered by existing results.
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We believe that our analysis can be extended to the Fourier case without much effort as well as

some other deterministic orthogonal matrices like the discrete cosine transform matrix.

Remark 13. Some authors refer to any orthogonal matrix with +1 entries as a Hadamard matrix.
We emphasize that we claim results only about the Hadamard-Walsh construction given in (5.4)

and not arbitrary Hadamard matrices.

Sub-sampled Haar Sensing Model: In this model the sensing matrix is generated by sub-
sampling n columns, chosen uniformly at random, of a m X m uniformly random orthogonal

matrix:

A=oOPS, (5.5)

where O ~ Unif (@(m)) Existing theory applies to this sensing model and our goal will be to

transfer these results to the sub-sampled Hadamard model.

Sub-sampled Orthogonal Model: This model includes both sub-sampled Hadamard and Haar
models as special cases. In this model the sensing matrix is generated by sub-sampling n columns

chosen uniformly at random of a m x m orthogonal matrix U:

A=UPS, (5.6)

where U is a fixed or random orthogonal matrix. Setting U = O gives the sub-sampled Haar
model and setting U = H gives the sub-sampled Hadamard model. Our primary purpose for in-
troducing this general model is that it allows us to handle both the sub-sampled Haar and Hadamard
models in a unified way. Additionally, some of our intermediate results hold for any orthogonal
matrix U whose entries are delocalized, and we wish to record that when possible.

In addition, we introduce the following matrices which will play an important role in our anal-

ysis:
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1. We define B = PSSTPT. Observe that B is a random diagonal matrix with {0, 1} entries.
It is easy to check that the distribution of B is described as follows: pick a uniformly random

subset S C [m] with |S| = n and set:

1: 1€8
B;i =

0: i¢S
2. Note that EB = kI,,. We define the zero mean random diagonal matrix B = B — x1,,,.

3. We define the matrix ¢ £ UBUT = AAT — kI,,,.

Finally, note that all the sensing ensembles introduced in this section make sense only when n < m
or equivalently ~ € [0, 1]. We will additionally assume that « lies in the open interval (0, 1).
Linearized Approximate Message Passing (AMP) Algorithms

We study a class of linearized message passing algorithms. This is a class of iterative schemes

which execute the following updates:

S+ (%AAT —~ I> : (m(Y) = WMI) 20, (5.7a)

g = ATzt (5.7b)
where

Y = Diag (y1,%2- - YUm) ,

and 7; : R — R are bounded Lipchitz functions that act entry-wise on the diagonal matrix Y. The
iterates (2(Y),>( should be thought as estimates of the signed measurements z = Ax,. We now

provide further context regarding the iteration in (5.7)).
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Interpretation as Linearized AMP: The iteration (5.7) can be thought of as a linearization of a
broad class of non-linear approximate message passing algorithms. These algorithms execute the

iteration:

1
ﬁ(t-"—l) = (—AAT - I) : Ht(yv 2(t))7 (583)
K

gt = ATz, (5.8b)
where H; : R? — R is a bounded Lipchitz function which satisfies the divergence-free property:
Ly (8)
— ZE@ZHt(yi, z7)=0.
mia

Indeed, if H; was linear in the second (z) argument (or was approximated by its linearization)
one obtains the iteration in (5.7)). By choosing the function H; in the iteration appropriately, one
can obtain the state-of-the-art performance for phase retrieval with sub-sampled Haar sensing.
This algorithm achieves non-trivial (better than random) performance when x < 2/3, and exact
recovery when x < 0.63 [[79]]. While our analysis currently does not cover the non-linear iteration

(5.8), we hope our techniques can be extended to analyze (5.8).

Connection to Spectral Methods: Given that the algorithm we analyze does not cover
the state-of-the-art algorithm, one can reasonably ask what performance can one achieve with the
linearized iteration (5.7). It turns out that the iteration in can implement a popular class of
spectral methods which estimates the signal vector x, as proportional to the leading eigenvector of

the matrix:

where a;.,, denote the columns of A and 7 : R5y — (—o0,1) is a trimming function. The

performance of these spectral estimators have been analyzed in the high dimensional limit [30, 63]
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for the sub-sampled Haar model and they are known to have a non-trivial (better than random)
performance when x < 2/3. Furthermore, simulations show that the same result holds for sub-
sampled Hadamard sensing. In order to connect the iteration (5.7) to the spectral estimator, Ma,

Dudeja, Xu, Maleki, and Wang [30]] proposed setting the functions 7 in the following way:

1

wn = (5 - T<y>)l, 59)

where p € (0, 1) is a tuning parameter. Ma, Dudeja, Xu, Maleki, and Wang shows that with this
choice of 7, every fixed point of the iteration (5.7) denoted by 2>, ATz is an eigenvector of the

matrix M. Furthermore, suppose j is set to be the solution to the equation:

1 « E|Z|?°G
i) = T2, () 2 P2LE 5.10

1—k’

where the joint distribution of (Z, G) is given by:
1 -1
Z~N(0,1), G= (E—T(|Z\2)> .

Then, Ma, Dudeja, Xu, Maleki, and Wang have shown that the linearized message passing itera-
tions (5.7)) achieve the same performance as the spectral method for the sub-sampled Haar model

ast — oo.

The State Evolution Formalism: An important property of the AMP algorithms of and
(5.8) is that for the sub-sampled Haar model, the dynamics of the algorithm can be tracked by a
deterministic scalar recursion known as the state evolution. This was first shown for Gaussian sens-
ing matrices by Bayati and Montanari [24]] and subsequently for rotationally invariant ensembles
by Rangan, Schniter, and Fletcher [35]. We instantiate their result for our problem in the following

proposition.

Proposition 12 (State Evolution [35]). Suppose that the sensing matrix is generated from the sub-
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sampled Haar model and the signal vector is normalized such that |, ||3/m = 1 and the iteration

(5.7) is initialized as:

ﬁ(o) = oz + oW,
where ag € R, 0 € Ry are fixed and w ~ N (0, I,,,). Then for any fixed t € N, as m,n — oo,

n/m — k, we have,

() 5(t)||2
9.2 o WO s s
m m
() ()2
@7,z 5 o, 12712 5a2+ (1 - k)o?,
m m

where (o, 0?) are given by the recursion:

a1 = (6 —1)-ar-EZ%7,(12)), (5.11a)

ta= (3 -1) - (2 {BZ702) - @Z0(2)P) + oFER(ZD) . Ao

In the above display, Z ~ N (0,1) and 7,(2) = n:(|2]?) — En:(|1Z]?).

The above proposition lets us track the evolution of some performance metrics like the mean
squared error (MSE) and the cosine similarity of the iterates. The proof of Proposition[I2|crucially
relies on the rotational invariance of the sub-sampled Haar ensemble via Bolthausen’s conditioning
technique [80]] and does not extend to structured sensing ensembles like the sub-sampled Hadamard
sensing matrix. However, empirically, the state evolution accurately describes the dynamics of the
Linearized AMP algorithm even for the sub-sampled Hadamard ensemble. In this chapter, we seek

to understand this universality phenomenon.

A Demonstration of the Universality Phenomena: For the sake of completeness, we provide a
self contained demonstration of the universality phenomena that we seek to study in Figure[5.1] In

order to generate this figure:
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1. We used a 1024 x 256 image (after vectorization, shown as inset in Figure as the signal
vector. Each of the red, blue, green channels were centered so that that their mean was zero

and standard deviation was 1.
2. We set m = 1024 x 256.

3. In order to generate problems with different x we down-sampled the original image to obtain

a new signal with n =~ mx (upto rounding errors).

4. We used a randomly sub-sampled Hadamard matrix for sensing. This was used to construct

a phase retrieval problem for each of the red, blue and green channels.

5. We used the linearized message passing configured to implement the spectral estimator (c.f.

(3.9) and (5.10)) with the optimal trimming function [21} [30]:

We ran the algorithm for 20 iterations and tracked the squared cosine similarity:

(@, 2.)|”

20 /(1) det
cos”(L(x', x,)) = .
[ 3213

We averaged the squared cosine similarity across the RGB channels.

6. We repeated this for 10 different random sensing matrices. The average cosine similarity
is represented by + markers in Figure [5.1] and the error bars represent the standard error
across 10 repetitions. The solid curves represent the predictions derived from State Evolution
(see Proposition [I2)). We can observe that the State Evolution closely tracks the empirical

dynamics.

Assumption on the signal: It is easy to see that, unlike in the sub-sampled Haar case, the state

evolution cannot hold for arbitrary worst case signal vectors for the sub-sampled Hadamard sensing
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Figure 5.1: Solid Lines: Predicted Dynamics derived using State Evolution (Prop. developed
for sub-sampled Haar sensing, + markers: Dynamics of Linearized Message Passing averaged over
10 repetitions with sub-sampled Hadamard sensing and a real image (shown in inset) used as the
signal vector. The error bars represent the standard error across repetitions.

models since the orthogonal signal vectors \/me; and /me, generate the same measurement
vectory = (1,1---,1)T. This is a folklore argument for non-indentifiability of the phase retrieval
problem for +1 sensing matrices [81]. Hence we study the universality phenomena under the

simplest average case assumption on the signal, namely x, ~ N (0, I,/ /{).

5.2 Main Result

Now, we are ready to state our main result.
Theorem 6. Consider the linear message passing iterations (3.7). Suppose that:
1. The functions 1, are bounded and Lipchitz.

2. The signal is generated from the Gaussian prior: x, ~ N (0, %In)
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3. The sensing matrix is generated from the sub-sampled Hadamard ensemble.

4. the iteration (3.7) is initialized as:

2(0) = qpz + opw,

where ag € R, 0y € R, are fixed and w ~ N (0, I,,,).

Then for any fixed t € N, as m,n — 0o, n = km, we have,

5 (1) 5 (1)]|2
(2", z) ;at, 129113 Qa?—i—af,
m m
() 5 (1) ||2
@0z 5 o, 12712 5a2+ (1 - k)o?,
m m

where (o, o) are given by the recursion in (3.11)).

Theorem [6] simply states that the dynamics of linearized message passing in the sub-sampled
Hadamard model are asymptotically indistinguishable from the dynamics in the sub-sampled Haar

model. This provides a theoretical justification for the universality depicted in Figure [5.1]

Remarks on Proof Techniques: The proof of Theorem [f] is inspired by certain universality
results in random matrix theory [48] and in particular free probability [49]. A well known result
in free probability (see the book of Mingo and Speicher [49] for a textbook treatment) is that if
U ~ Unif (U(m)) and D;, D, are deterministic m x m diagonal matrices then U D,U" and D,
are asymptotically free and consequently the limiting spectral distribution of matrix polynomials
in D, and U D, U" can be described in terms of the limiting spectral distribution of D; and D..
Tulino, Caire, Shamai, and Verdu [50]] and Farrell [51] have obtained an extension of this result
where a Haar unitary matrix is replaced by m x m Fourier matrix: If D, D, are independent
diagonal matrices then F,, D, FH is asymptotically free from D,. The result of these authors has
been extended to other deterministic orthogonal/unitary matrices (such as the Hadamard-Walsh

matrix) conjugated by random signed permutation matrices by Anderson and Farrell [52]]. In order
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to see how the result of Tulino, Caire, Shamai, and Verdu connects with ours note that the linearized
AMP iterations involve 2 random matrices: HBH and ¢(Y'). Note that if B and the
diagonal matrix ¢(Y) were independent, then the result of Tulino, Caire, Shamai, and Verdu would
imply that H BH T and ¢(Y) are asymptotically free and this could potentially be used to analyze
the linearized AMP algorithm. However, the key difficulty is that the measurements y depend
on which columns of the Hadamard-Walsh matrix were selected (specified by B). Infact, this
dependence is precisely what allows the linearized AMP algorithm to recover the signal. However,
we still find some of the techniques introduced by Tulino, Caire, Shamai, and Verdu useful in
our analysis. We also emphasize that asymptotic freeness of HBH', ¢(Y) alone seems to
be insufficient to characterize the behavior of Linearized AMP algorithms. Asymptotic freeness
implies that the expected normalized trace of certain matrix products involving HBHT, ¢(Y)
vanish in the limit m — oo. On the other hand, our proof also requires the analysis of certain
quadratic forms involving HBH, ¢(Y") (see Proposition which do not appear to have been

studied in the free probability literature.

5.3 Additional Notation

In this section, we introduce some additional notations we rely on in this chapter.

Linear Algebraic Aspects: We will use bold face letters to refer to vectors and matrices. For a
matrix V € R™*", we adopt the convention of referring to the columns of V by V;, V,---V,, €

R™ and to the rows by v, vs - - - v, € R". For a vector v, ||v||1, [|[v||2, ||v| « denote the ¢, {5, and

{~ norms, respectively. By default, ||v|| denotes the ¢, norm. For a matrix V., ||V ||op, [|V||Fr, ||V |l o

denote the operator norm, Frobenius norm, and the entry-wise co-norm, respectively.

Important distributions: Bern(p) denotes Bernoulli distribution with bias p. Binom(n,p) de-
notes the Binomial distribution with n trials and bias p. For an arbitrary set .S, Unif (S) denotes

the uniform distribution on the elements of .S.
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Order Notation and Constants: We use the standard O(-) notation. C' will be used to re-
fer to a universal constant independent of all parameters. When the constant C' depends on a
parameter & we will make this explicit by using the notation C} or C'(k). We say a sequence

a, = O(polylog(n)) if there exists a fixed, finite constant K such that a,, < O(log™ (n)).

5.4 Proof Overview

Our basic strategy to prove Theorem [6] will be as follows: Throughout the chapter, we will
assume that Assumptions 1, 2, and 4 of Theorem [6| hold. We will seek to only show that the

observables:

<2(t)’z>7 ||z<t>||§7<:i<t>,a:*>7 II:%“)II%’ (5.12)

m m m m

have the same limit in probability under both the sub-sampled Haar and the sub-sampled Hadamard
sensing models. We will not need to explicitly identify their limits since Proposition [12] already
identifies the limit for us, and hence, Theorem [6] will follow.

It turns out the limits of the observables (5.12)) depends only on normalized traces and quadratic
forms of certain alternating products of the matrices ¥ and Z. Hence, we introduce the following

definition.

Definition 7 (Alternating Product). A matrix A is said to be a alternating product of matrices
W, Z if there exist polynomials p; : R — R, © € 1,2... k, and bounded, Lipchitz functions
¢ :R—=R, i€ {l,2...k} such that:

1. If B ~ Bern(k), Ep;(B — k) = 0.
2. g; are even functions i.e. ¢;(§) = q;(—=&) and if § ~ N (0,1), then, E¢;(§) = 0,
and, A is one of the following:

1. Type 1: A= p1(W)q1(Z)p2(¥) - - - qr—1(Z)pi(P)
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2. Type 2: A =py(®)q1(Z)ps(®)2(Z) - - pi(®) i (2Z)

3. Type 3: A= qi(Z)ps(9)qo(Z) - - - pi( V) ( Z).

4. Type 4: A= qi(Z)p2(¥)q2(Z)ps(¥) - - qr—1(Z)pr(P).
In the above definitions:

1. The scalar polynomial p; is evaluated at the matrix WV in the usual sense, for example if

p(y) = 2, then, p(¥) = P2,

2. The functions q; are evaluated entry-wise on the diagonal matrix Z, i.e.
4i(Z) = Diag (¢;(=1), ¢i(22) - . . ¢i(2m)) -

We note that alternating products are a central notion in free probability [49]. The difference
here is that we have additionally constrained the functions p;, ¢; in Definition
Theorem [6]is a consequence of two properties of alternating products which may be of inde-

pendent interest. These are stated in the following propositions.

Proposition 13. Let A(V, Z) be an alternating product of matrices W, Z. Suppose the sensing
matrix A is generated from the sub-sampled Haar sensing model, or the sub-sampled Hadamard

sensing model, or by sub-sampling a deterministic orthogonal matrix U with the property:

K, logh?
Ul < Kilog™(m)

9 vm EK?)’

for some fixed constants K1, Ko, K3. Then,

Tr(A(W, Z))/m 5 0.
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Proposition 14. Let A(V, Z) be an alternating product of matrices ¥, Z. Then for the sub-

sampled Haar sensing model and for sub-sampled Hadamard (U = H ) sensing model, we have,

p-lim

(z, Az)

exists and is identical for the two models.

Outline of the Remaining Chapter: The remainder of the chapter is organized as follows:
1. In Section[5.5|we provide a proof of Theorem [6] assuming Propositions [I3]and [I4]
2. In Section[5.6] we introduce some key tools required for the proof of Propositions[13|and[14]
3. The proof of Proposition [I3|can be found in Section

4. The proof of Proposition[T4]can be found in Section[5.8]

5.5 Proof of TheoremH

In this section we will show the analysis of the observables (5.12)) reduces to the analysis of
the normalized traces and quadratic forms of alternating products. In particular, we will prove

Theorem [6using Propositions [I3]and [T4]

Proof of Theorem[6] For simplicity, we will assume the functions 7, do not change with ¢, i.e.
n: = n ¥ t > 0. This is just to simplify notations, and the proof of time varying 7, is exactly the

same. Define the function:

a(2) = 1(|2*) = Ez~aon [0(1Z]%)-

Note that the linearized message passing iterations (3.7 can be expressed as:
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Unrolling the iterations we obtain:

Note that the initialization is assumed to be of the form: 2(°) = ayz + gow, where w ~ N (0, I).

Hence:

A 1 1
50 _ o+ (- q(Z)) - z+o0o- = (2 4(2))" - w,

2 = ATz0),

We will focus on showing that the limits:

NOIE
plim 1220 (5.13)
m

p-lim

(., )
m

exist and are identical for the two models. The claim for the limits corresponding to 2(*) are exactly

analogous and omitted. Hence, the remainder of the proof is devoted to analyzing the above limits.

Analysis of (x,,2®): Observe that:

(x,, ) = (ATz, AT20)
1 1
= a5 - (AT2, AT(W - ¢(2))' - z) +00- — - (ATz, AT - (¥ - ¢(Z))" - w) .

. J/ K (.

(T1) (T3)
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We first analyze term (77). Observe that:

(1)) = 2T AAT(¥ - 4(2))'=
— ZTU(W - ¢(2))'z + k2T (T q(2))'z
— WY Z2)W) N q(2)z + r2T (V- (2))'z

= 2" p(P)(¢(Z2)0) " q(2)z + 5(1 = £)2" (¢(2)®) " q(Z)z + £2T(¥ - ¢(Z))'=.

In the step marked (a) we defined the polynomial p(v)) = 1* — k(1 — k) which has the
property Ep(B — k) = 0 when B ~ Bern(x). One can check that Z ~ N (0,1), Eq(Z) = 0,
and ¢ is a bounded, Lipchitz, even function. Hence, each of the terms appearing in step
(a) are of the form zT Az for some alternating product A (Definition (7)) of matrices ¥, Z.
Consequently, by Propositionwe obtain that term (1) divided by m converges to the same
limit in probability under both the sub-sampled Haar sensing and the sub-sampled Hadamard
sensing model. Next, we analyze (73). Note that:

(ATz, AT - (¥ -¢(2))" - w)

= 2TAAT(T - ¢(Z))'w/m

t T
o NGOV AA 2Nz oy a0 1),

m

where = means both sides have a same distribution. Observe that:

[(a(2)®)'AA =], _ [|(a(2)®)" Az,

m m

< [(a(2)®)" Allop -

[P
m

Il

< la(2)llepl @ llep | Alop -

It is easy to check that: [|¢(Z)]lop < 2||9]|ec < oco. Similarly, || ¥l <1, [|Alop = 1.
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Hence,

& 1

m m

< 2'[nlls -

I(g(Z)®)' AAT 2|,

Observing that ||x,||?/m —» 1 we obtain:

(ATz, AT - (¥ -¢(2))" - w)

Jz? W]
: —

mo/m

< 2'[Inll5 - 0.

Note the above result holds for both subsampled Haar sensing and subsampled Hadamard

sensing. This proves that the limit

20
p-lim —<£1:*, z0)

exists and is identical for the two models.

Analysis of ||£®||?: Recalling that:

20 — @0 7 (- q(Z)) z+ 705 (¥-q(2))" - w,

g® = ATz®)
we can compute:

1. . 1
EH«’B(”Hg =3 (ag - (T3) + 20000 (Ty) + 03 - (T5))

where the terms (73 — T5) are defined as:

(Ts) N m 9
1y = ZUDV AL 0 Z)
(1) = W ADY AL (2))
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We analyze each of these terms separately. First, consider (73). Our goal will be to decom-

pose the matrix (¢(Z)®)!AAT (¥ - ¢(Z))! as:
(a(Z2)®) AAT(¥ - ¢(Z))" = col + i: ciAi,

where A4; are alternating products of the matrices W, Z (see Definition [7)) and ¢; are some
scalar constants. This decomposition has the following properties: 1) It is independent of
the choice of the orthogonal matrix U used to generate the sensing matrix. 2) The number
of terms in the decomposition NV; depends only on ¢ and not on m,n. In order to see why

such a decomposition exists: first recall that AAT = ¥ + xI,,. Hence, we can write:

(@(2)®) AAT(T - ¢(Z))" = (a(2)®)" (¥ - q(Z)) + 12" (¢(Z)0) (T - q(Z))’

= (a(2)®)" " 'q(2)Vq(2)(® - q(2))"" + k2" (a(2)®) " q(2)¥*¢(Z2)(T - q(Z))"".

For any i € N, we write U* = p;(¥) + u, I, where y; = E(B — k)', B ~ Bern(x), and

pi(v) = " — p;. This polynomial satisfies Ep;(B — ) = 0. This gives us:

(¢(Z)®)AAT (¥ - q(Z))" = (¢(Z2)®) ' q(Z)ps(L)q(Z) (¥ - q(Z))""
+ 12" (¢(2)0) ' Z2)pa(V)q(Z) (¥ - q(Z))

+ (ks + wopia) - (q(Z2)®) 1 q(Z2)*(P - q(Z)) "

In the above display, the first two terms on the RHS are in the desired alternating product

form. We center the last term. For any i € N we define ¢;(2) = ¢'(2) —vi, v = Eq(§)", € ~

128



N (0,1). Hence, ¢'(Z) = ¢;(Z) + v;I,,. Hence:

((Z2)0)AAT (¥ - ¢(Z))" = (¢(Z2)®)" " q(Z)ps(¥)q(Z)(¥ - q(Z))"
+ 12T (q(Z2)®) " g(Z)ps(V)g(Z)(Pq(Z))
+ (s + 1) (@(2) W) 42 Z) (¥ - ()"

+ vy (ps + k) (q(Z)®) (W - ¢(Z)) 1

In the above display, each of the terms in the right hand side is an alternating product except
(ps + kpz) - (q(Z)®) (W - q(Z))" 1. We inductively center this term. Note that this cen-
tering procedure does not depend on the choice of the orthogonal matrix U used to generate
the sensing matrix. Furthermore, the number of terms is bounded by N; < N;_; 4 3, so

N; < 1+ 3t. Hence, we have obtained the desired decomposition:

(@ Z2)®)YAAT(V - ¢(Z))" = coI + zt: ciAi. (5.14)

Therefore, we can write (73) as

N,
(T3) = ||z||2 +— Z 2T Aiz = ||:c*||2 + iZtc 2T Az
m m ‘ o

Observe that ||z, |?/m —> 1, and Proposition |14 guarantees zT.4;z/m converges in prob-
ability to the same limit irrespective of whether U = O or U = H. Hence, term (73)
converges in probability to the same limit for both the subsampled Haar sensing and the

subsampled Hadamard sensing model.

Next, we analyze term (7). Repeating the arguments we made for the analysis of the term
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(T3) we find:

o 14(2)%) AAT(¥ - (2)) 22,

m

where W ~ AN (0, 1). Finally, we analyze the term (7). Using the decomposition (5.14) we

have:

We know that ||w||3/m = 1. Hence, we focus on analyzing w' A;w/m. We decompose

this as:

'wT.Al-'w . wT.Aiw - ]E[wT.AZ’w|AZ] 4 E[IUT.AZQMAZ]

m m m
Observe that:

E T ; ; - T i) P ...
[w” Aiw|A;] _ R r(A:) — 0 (By Proposition [T3).
m

m

On the other hand, using the Hanson-Wright Inequality (Fact 4)) together with the estimates

||-/41||0p < C(Az)a ||-’41||Fr < \/E O(Al)v

for a fixed constant C'(A;) (independent of m, n) depending only on the formula for A;, we

obtain:

P (‘wTAzw — E[wT.Az'w]Az]

> mt ‘ .Ai) < 2exp (— -m - min(t,tZ)) — 0.

C(A;)
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Hence,

wTAiw — E[U)T.AZUJ’AJ P
. —

0.

This implies (T5) — ¢, for both the models. This proves the limit :

1213

p-lim

exists and is identical for the two sensing models, which concludes the proof of Theorem [6]

]

5.6 Key Ideas for the Proof of Propositions [13{and

In this section, we introduce some key ideas that are important in the proof of Propositions
and [14 Recall that we wish to analyze the limit in probability of the normalized trace and the

quadratic form. A natural candidate for this limit is the limiting value of their expectation:

p-lim lTrA(\IJ,Z) = lim l]ETrA(\Ir,Z),
m m—oo M,
(z,Az) E(z, Az)

p-lim — = lim ——.
m m—00 m

In order to show this, one needs to show that the variance of the normalized trace and the normal-
ized quadratic form converge to 0, which involves analyzing the second moment of these quantities.
However, since the analysis of the second moment uses very similar ideas as the analysis of the
expectation, we focus on outlining the main ideas in the context of the analysis of expectation.
First, we observe that alternating products can be simplified significantly due to the following

property of polynomials of centered Bernoulli random variables.
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Lemma 16. For any polynomial p such that if B ~ Bern(k), E p(B — k) = 0 we have,

Proof. Observe that since W = UBUT, and U is orthogonal, we have p(¥) = Up(B)U. Next,

observe that:

p(Bii) = p(1 — k) By + p(—k)(1 — By)

= (p(1 = k) = p(=K)) - Bii + rp(1 — k) + (1 — &)p(—k),

-

=0

where the last step follows from the assumption E p(B — x) = 0. Hence, p(B) = (p(1 — k) —
p(—+))B and p(¥) = (p(1 — k) — p(—K))¥. 0

Hence, without loss of generality we can assume that each of the p; in an alternating product
satisfy pi(€) = .
5.6.1 Partitions

Note that the expected normalized trace and the expected quadratic form in Propositions [I3]

and [14] can be expanded as follows:

1 1 i
EETrA(‘Ilv Z) E Z E[(\I’)a1,GQQ1(ZtI2) T qk—l(’zak)(\I’)ak@l]?
a1,a2,...a
E(z, Az) 1
T = E Z[ Za1 al,aqu (Zaz)(‘Il)GQ,a:s e qk—l(Zak)(‘:[,)akaak+lzak+l]‘
a1:k+1

Some Notation: Let P([k]) denotes the set of all partitions of a discrete set [k]. We use |7] to
denote the number of blocks in . Recall that a partition 7 € P([k]) is simply a collection of

disjoint subsets of [k] whose union is [k] i.e.

7=V, V. Vig}, ULV, = (k).
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The symbol L is exclusively reserved for representing a set as a union of disjoint sets. For any
element s € [k], we use the notation 7(s) to refer to the block that s lies in. That is, m(s) = V; iff
s € V;. For any m € P([k]), define the set C() the set of all vectors a € [m]* which are constant

exactly on the blocks of 7:
C(r) = {acm]*:a,=a, < n(s)=n(t)}.

Consider any a € C(w). If V; is a block in 7, we use ay, to denote the unique value the vector a
assigns to the all the elements of V;.

The rationale for introducing this notation is the observation that:
|_| C(r
TeP(]

and hence we can write the normalized trace and quadratic forms as:

ETrA(Y, Z) 1
L = Z Z a1 ,a2q1 Zaz) Qkfl(zakqu)ak,al]? (5.15a)

wGP([k]) aeC(m)

E(z, Az 1
Q = — Z Z E Zal a1,a2q1 (ZGQ) e qk—l(zak)(l:[,)ak7ak+1 Zak+1]' (5.15b)

m
reP([k+1]) acC(r)

This idea of organizing the combinatorial calculations is due to Tulino, Caire, Shamai, and Verdd

[82]] and the rationale for doing so will be clear in a moment.

5.6.2 Concentration

Lemma 17. Let the sensing matrix A be generated by sub-sampling an orthogonal matrix U. We

have, for any a,b € [m):

E2
P |Vl >elU) <4 - ].
(sl 2 eU) < eXP( 8m|rU||§o>
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Proof. Recall that & = U (B — kI,,,)UT, where the distribution of the diagonal matrix
B = Diag (By1, Bz - .. Bium)
is described as follows: First draw a uniformly random subset S C [m] with |S| = n and set:

0 :i¢gS
B =

1 7€ 8

Due to the constraint that 221 B;; = n, these random variables are not independent. In order to

address this issue we couple B with another random diagonal matrix B generated as follows:

1. First sample N ~ Binom(m, k).
2. Sample a subset S C [m] with |S| = N as follows:

e If N < n, then set S tobe a uniformly random subset of S of size V.

* If N > n first sample a uniformly random subset A of S¢ of size N — n and set

S=SUA.

3. Set B as follows:

It is easy to check that conditional on NV, Sisa uniformly random subset of [m] with cardinality

N. Since N ~ Binom(m, ), we have B;; ~ Bern(x). Define:

T = \Ifab =Uu ( — KI Z Uazubz W Bu)a

T déf 'U;—ar< — K?I Z umubl i B“)
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Observe that [T — T'| < |N — n|||U||%,. Hence,

P71 <P (|72 ]

2
—P(|T|>S)+P(|N-EN|> -
“PT=s ST E

2y 3
<dexp|————1.
8m||U|3,

In the step marked (a), we used Hoeffding’s Inequality. [

\I/
+
as]

R
~

|
=

v
DN ™
N—

Hence the above lemma shows that,

¥l < O (Vm|UI|3, polylog(m)) ,

with high probability. Recall that in the subsampled Hadamard model U = H and ||H ||, =
1/y/m. Similarly, in the subsampled Haar model U = O and ||O||,, < O(polylog(m)//m).

Hence, we expect:

Iyl
¥l < O (—po “y\/oﬁ(m)) . with high probability. (5.16)
m

5.6.3 Mehler’s Formula

Note that in order to compute the expected normalized trace and quadratic form as given in

(5.15)), we need to compute:

E[(lp)ahaqu (Zaz) o qk‘—l(zak)(l:[,)alwal]’

E[Zm (‘Il)ahaqu(zaz)(‘ll)am% o 'qk—l(zak)(lp)ak7ak+lzak+l .

Note that by the Tower property:

E[(‘P)al,aqu(zaz) o 'qk—l(zak)(ql)ak,al] =E [(\Il)ahaz e (‘I’>ak7a1E[ql(za2) T QIf—l(Zak)|A]] )
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and analogously for E[z., (¥)a; 0,61 (Zas) (¥)ag.as - - - Qk—l(zak>(l:[’)ak,ak+1zak+1]- Suppose that a €
C(m) for some m € P([k]). Let m = V; U Vs - - - LI V). Define:

§) = H ¢j-1(§)

JEVi
J#1

Then, we have:
|7

E[Ql(zag) * k- 1<Zak ’A HFV Zav ’A

In order to compute the conditional expectation we observe that conditional on A, z is a zero mean

Gaussian vector with covariance:

EpﬂpﬂzlAATleBUT:I+E.
K K K

Note that since ay, # ay, fori # j, we have as a consequence of (5.16)), {z,, } _, are weakly
correlated Gaussians. Hence we expect,
||

Elq1(zay) - - - @r—1(24, )| A] = HEZ~N 01)Fv,(Z) + A small error term,

=1

where the error term is a term that goes to zero as m — oo. Mehler’s formula given in the

proposition below provides an explicit formula for the error term. Observe that in (5.13):

1. the sum over m € P([k]) cannot cause the error terms to add up since |P([k])| is a constant

depending on k but independent of m.

2. On the other hand, the sum over @ € C(7) can cause the errors to add up since:

C(m)[ =m - (m—=1)---(m—|r| +1).
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It is not obvious right away how accurately the error must be estimated, but it turns out that for
the proof of Proposition[13]it suffices to estimate the order of magnitude of the error term. For the
proof of Proposition [I4] we need to be more accurate and the leading order term in the error needs
to be tracked precisely.

Before we state Mehler’s formula we recall some preliminaries regarding Fourier analysis on
the Gaussian space. Let Z ~ N (0,1). Let f : R — R be such that Ef*(Z) < oo, i.e. f €
L*(N (0,1)). The Hermite polynomials {H; : j € Ny} form an orthogonal polynomial basis

for L*(NV (0,1)). The polynomial H; is a degree j polynomial. They satisfy the orthogonality

property:

The first few Hermite polynomials are given by:
Hy(2) =1, H\(2) = 2z, Hy(z) = 2> — 1.

Proposition 15 (Mehler [61] and Slepian [62]]). Consider a k dimensional Gaussian vector z ~
N (0,X), such that ¥y = 1 for all i € [k]. Let fi, f2,..., fx : R = R be k arbitrary functions

whose absolute value can be upper bounded by a polynomial. Then,

k ko s ) t+1
E(llfG)| = D | ]]/fi(di(w) ol | =€ (1 + X“T(E)) (rgl?gxl%l) ;
i=1 i=1 '

weg (k) min
lwll<t

where:

1. G(k) denotes the set of undirected weighted graphs with non-negative integer weights on k

nodes with no self loops.

2. An element w € G(k) is represented by a k x k symmetric matrix w with w;; = wj; €
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N U {0}, and w;; = 0.
3. d;(w) denotes the degree of node i: d;(w) = Z?Zl W;;.

4. ||w|| denotes the total weight of the graph defined as:

k
Jooll £ 3wy = 5 3 diw)
i=1

i<j

5. The coefficients fi(j) are defined as: f;(j) = Efi(Z)H;(Z) where Z ~ N (0,1).

6. X", w! denote the entry-wise powering and factorial:

Wi 4
X = HEUJ’ w! = H’LUZ]‘
i<j i<j
7. C" = Cyp, ., is a finite constant depending only on the t,k, and the functions fi., but is

independent of 3.

This result is essentially due to Mehler [61] in the case £k = 2, and the result for general &
was obtained by Slepian [62]]. Actually the results of these authors show that the pdf of A/ (0, )

denoted by 1 (z; X) has the following Taylor expansion around ¥ = Ij:

k

w2 =010 | Y T T Ha ()

weg (k)

In Appendix [C.5] of the supplementary materials we check that this Taylor’s expansion can be
integrated, and estimate the truncation error to obtain Proposition [13]
At this point, we have introduced all the tools used in the proof of Proposition[I13]and we refer

the reader to Section[5.7]for the proof of Proposition [I3]

5.6.4 Central Limit Theorem

We introduce the following definition.
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Definition 8 (Matrix Moment). Let M be a symmetric matrix. Given:

1. A partition © € P([k]) with blocks m = {V1,Va,- -+ , Vx| }.

2. A k x k symmetric weight matrix w € G(k) with non-negative valued entries and w;; =

0Vie k]
3. Avectora € C(r).

Define the (w, 7, a) - matrix moment of the matrix M as:

def Wi
MM w.ra) 2 [ M.

i,5€[k]i<j

By defining:

Wst(w,ﬂ') déf E wij,
i,j€[k]i<j
{m (@), 7 () }={Vs, Ve }

we can write M (M ,w, , a) in the form:

MM, w,m.a)= ] My,

ayg,ay,
ste(|m]
s<t

Remark 14 (Graph Interpretation). It is often useful to interpret the tuple (w, 7, a) in terms of

graphs:

1. w represents the adjacency matrix of an undirected weighted graph on the vertex set [k] with

no self-edges (w; = 0). We say an edge exists between nodes i,j € [k if w;; > 1 and the

weight of the edge is given by w;;.

2. The partition T of the vertex set k| represents a community structure on the graph. Two

vertices i, j € k| are in the same community iff w(i) = 7(j).
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3. a represents a labelling of the vertices [k| with labels in the set [m| which respects the

community structure.
4. The weights Wy (w, ) simply denote the total weight of edges between communities s, t.

The rationale for introducing this definition is as follows: When we use Mehler’s formula

to compute E[q;(2q4,) - - - qr—1(2a, )| A] and E[z4,¢1(2ay) - - - q—1(2a, ) 2ax,, | A], and substitute the
resulting expression in (5.13)), it expresses:

TrA(P, Z) E(z, Az)

Y Y

m m

in terms of the matrix moments M (¥, w, 7, a).

For the proof of Proposition [13|it suffices to upper bound |M (¥, w, 7, a)|. We do so in the

following lemma.

Lemma 18. Consider an arbitrary matrix moment M(¥, w, 7, a) of W. There exists a universal

constant C' (independent of m, a, 7w, w) such that,

flwl]

2
E|M<‘I’,w,7r7a)| < \/CH’UJH log (m) |

m

for both the sub-sampled Haar and the sub-sampled Hadamard sensing model.

The claim of the lemma is not surprising in light of (5.16). The complete proof follows from
the concentration inequality in Lemma([I7] which can be found in Appendix [C.3.1]

On the other hand, to prove Proposition [[4] we need a more refined analysis and we need to
estimate the leading order term in EM (W, w, 7, a). In order to do so, we first consider any fixed

entry of \/mW:

VW, = Vm(UBU )a, = Y v/m - tg; - wi(Bsi — k).
i—1
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Observe that:
1. B;; — K are centered and weakly dependent.

2. mugiuy = O(m*%) under the sub-sampled Haar model and the sub-sampled Hadamard

model.

Consequently, we expect /mWV,;, to converge to a Gaussian random variable and hence, we expect

that:

EM(vm¥, w,r, a)

to converge to a suitable Gaussian moment. In order to show that the normalized quadratic form
E(z, Az)/m converges to the same limit under both the sensing models, we need to understand
what is the limiting value of EM (y/mW¥, w, 7, a) under both the models. Understanding this uses

the following simple but important property of Hadamard matrices.

Lemma 19. For any i,j € [m], we have:
Vmh; © hj = hig;,
where ® denotes the entry-wise multiplication of vectors, and i ® j € [m| denotes the result of the

following computation:

Step 1: Compute i,5 € {0,1}™ which are the binary representations of (i — 1) and (j — 1)

respectively.
Step 2: Compute © + j by adding 1, j bit-wise (modulo 2).
Step 3: Compute the number in [0 : m — 1| whose binary representation is given by i + j.

Step 4:  Add one to the number obtained in Step 3 to obtain i @ j € [m).
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Proof. Recall by the definition of the Hadamard matrix, we have,

. 1 .
(=159, g = —=(=1) 94,

ha =
k; \/m

Bl

Hence,

(—1) k)

Vm(h; ® hj);, = = (Rigj)k,

3

as claimed. O]

Due to the structure in Hadamard matrices, EM (/m¥, w, 7, a) might not always converge
to the same limit under the subsampled Haar and the Hadamard models. There are two kinds of

exceptions:

Exception 1: Note that for the subsampled Hadamard Model,
m . 1 m L
\/quaa = \/E Bii|hai’2 = = Bm =0.

In contrast, under the subsampled Haar model, it can be shown that /mV,, converges to a
non-degenerate Gaussian. These exceptions are ruled out by requiring the weight matrix w

to be dissassortative with respect to 7 (See definition below).

Exception 2: Define b € R™ to be the vector formed by the diagonal entries of B. Observe that

for the subsampled Hadamard model:

\/E\Ilab - <B7 \/Eha © hb> - <57 ha@b>'

Consequently, if two distinct pairs (aq, b) and (az, be) are such that a; @ by = ay @ by, then
vVm%¥,, p, and /mV,, ,, are perfectly correlated in the subsampled Hadamard model. In

contrast, unless (aq,b;) = (ag, by), it can be shown they are asymptotically uncorrelated in
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the subsampled Haar model. This exception is ruled out by requiring the labelling a to be

conflict free with respect to (w, 7) (defined below).

Definition 9 (Disassortative Graphs). We say the weight matrix w is disassortative with respect to
the partition 7 if: ¥ i, j € [k], i < j such that w(i) = w(j), we have w;; = 0. This is equivalent to
Wes(w, ) = 0 for all s € [|x|]. In terms of the graph interpretation, this means that there are no
intra-community edges in the graph. For any m € P([k]),we denote the set of all weight matrices

dissortive with respect to ™ by Gpa(T):

Goa() = {w € G(k) : Wes(w, m) =0V s € [|]}.

Definition 10 (Conflict Freeness). Ler m € P([k]) be a partition and let w € Gpa () be a weight
matrix disassortative with respect to w. Let s1 < t; and sy < ty be distinct pairs of communities:
S1, Sa,t1, by € [|7]], (s1,t1) # (S2,t2). We say a labelling a € C(r) has a conflict between distinct

community pairs (s1,t1) and (s, to) if:
1. Wshtl(w,ﬂ') Z 1, Wsz,tQ(w,ﬂ') Z 1.
2. CLVS1 D thl = GV52 D Clyt2.

We say a labelling a is conflict-free if it has no conflicting community pairs. The set of all conflict

free labellings of (w, ) is denoted by Lcp(w, 7).

The following two propositions show that if Exception 1 and Exception 2 are ruled out, then
indeed EM (/mW¥, w, 7, a) converges to the same Gaussian moment under both the subsampled

Haar and the Hadamard models.

Proposition 16. Consider the sub-sampled Haar model (¥ = OBO7). Fix a partition = € P(k)

and a weight matrix w € G(k). Then, there exist constants K1, Ko, K3 > 0 depending only on
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|w|| (independent of m), such that for any a € C(7) we have:

K logh?
M(m®, w7, a)— ] E[ZW“’”} < Malog*m) Sk,

s, t€]|ml]
s<t

In the above display, Zy, s < t, s,t € [|r|] are independent Gaussian random variables with

the distribution:

s<t: N(0,k(1—k))
s=t: N(0,2:(1 — k)

Proposition 17. Consider the sub-sampled Hadamard model (¥ = HBH"). Fix a partition

7 € P(k) and a weight matrix w € N;**. Then,

1. Suppose that w & Gpa(7), then,
MGH/m¥,w,T,a) = 0.

2. Suppose that w € Gpa(7). Then, there exist constants K, Ko, K3 > 0 depending only on

l|lw|| (independent of m), such that for any conflict free labelling a € Lcg(w, ), we have:

Kl
M(G/m¥, w, T, a) H E[ZWS”‘”T} LﬁVmZK&
st€lnl ma
s<<

In the above display, Z,, ~ N (0, k(1 — k)).

The proof of these Propositions can be found in Appendix|C.3.2]in the supplementary materials.
The proofs use a coupling argument to replace the weakly dependent diagonal matrix B with ai.i.d.
diagonal entries (as in the proof of Lemma along with a classical Berry Eseen inequality due

to Bhattacharya [83]].
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Finally, in order to finish the proof of Proposition |14{regarding the universality of the normal-
ized quadratic form we need to argue the exceptional labellings for which EM (y/m¥, w, 7, a)
doesn’t converge to the same Gaussian moment under the sub-sampled Hadamard and Haar models

are an asymptotically negligible fraction of the total labellings.

Lemma 20. Let m € P([k]) be a partition and w € Gpa(m) be a weight matrix disassortative with

respect to w. We have, |C(m)\Lcr(w, )| < |x|* - mI™=1, and

I Lcr(w, )

m—00 m|7r|

=1
Proof. Let (s1,t1) # (s2,t2) be two distinct community pairs such that:
W o (w,m) > 1, Wy, (w,m) > 1.

Let L5, ,:5,.,) (w, m) denote the set of all labellings @ € C(7) that have a conflict between distinct

community pairs (s,t1) and (sq, t2):
L(s t135,6) (W, T) Z{acC(n): ay, © ay, = ay, © ay, }.

Then, we note that

C(m)\Ler(w, m) = U £(S1,t1;52,t2)(w7 ),

$1,t1,82,12

where the union ranges over sy, t, S, to such that 1 < sy < t; < |7],1 < 59 < t9 < |7| and
(51,t1) # (s2,t2) and Wy, 4 (w, ) > 1, Wy, (w,m) > 1. Next, we bound |Ls, 45,1, (w, 7)|.
Since we know that (s1,%1) # (s2,t2) and s; < t; and sp < t5 out of the 4 indices s1, t1, S2, ta,
there must be one index which is different from all the others. Let us assume that this index is 5
(the remaining cases are analogous). To count | L, +,.s, +,)(w, 7)| we assign labels to all blocks of

7 except t,. The number of ways of doing so is at most m/™~1. After we do so, we note that ay,

145



is uniquely determined by the constraint:
CLV51 D CLth = (Iys2 D thQ'
Hence, |L s, t1:5,t) (W, 7)| < mI™~1. Therefore,

CNLer(w, M) = D Lyt (w0, m)] < |n]*ml™

s1,t1,52,12

Finally, we note that,
IC(m)| = IC(m)\Ler(w, )| = |Ler(w, 7)| < [C(m)].
C(r)| is given by:
C(m)|=m(m —1)-(m— x| +1) = m/™ - (1+0,(1)).

Combining this with the already obtained upper bound |C(7)\ Lcr(w, 7)| < |x|*-m!™~1, we obtain
the second claim of the lemma. U
We now have all the tools required to finish the proof of Proposition[I4]and we refer the reader

to Section [5.8]for the proof of this result.

5.7 Proof of Proposition

In this Section we prove Proposition[13]
Let us consider a fixed alternating product A(W¥, Z) as given in Deﬁnition As a consequence
of Lemma (16| we can assume that all the polynomials p;({) = &. We begin by stating a few

intermediate lemmas which will be used to prove Proposition[13]

Lemma 21 (A high probability event). Let U denote the m xm orthogonal matrix used to generate
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the sensing matrix . Define the event:

€ = {max|(AAT]), < /32 TOT - Togl)
i#j

max |[(AAT); — k| < /32-m - |U||4, - log(m)} : (5.17)

1€[m]

Then,
PE|U) > 1 —4/m?,

Furthermore, for the subsampled Haar model, when U = O ~ Unif (@(m)) we have:
1
P {HOHOO < M} nE| >1—6/m2
m

The above Lemma follows from the concentration result in Lemma [I7] and a union bound.

Complete details are provided in Appendix [C.1]in the supplementary materials.

Lemma 22 (A Continuity Estimate). Let A(W, Z) be an alternating product of the matrices ¥, Z
(see Definition[7). Then the map Z — TrA(W®, Z)/m is Lipchitz in Z, i.e. for any two diagonal

matrices Z = Diag (z1,25 ..., 2m), Z' = Diag (21,2 ..,2.) we have:

TA(R, Z)  TrA(Y, Z))| _ C(A)
m m - ym

N2 = Z'|,
where C(A) denotes a constant depending only on the formula for the alternating product A
(independent of m,n).

This lemma follows from a straightforward computation provided in|C.1{in the supplementary

materals.

Lemma 23 (Analysis of Expectation). Let the sensing matrix A be drawn either from the subsam-
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pled Haar model or be generated using a deterministic orthogonal matrix U with the property:

K log™?
Ul < Kilog7(m)

m

for some universal constants K1, Ky > 0, then, we have:
1 P
—E[Tr(A(P, Z))|A] — 0.
m

Lemma 24 (Analysis of Variance). Let A(W, Z) be any alternating product of the matrices ¥, Z.

Then,

where C(A) denotes a constant depending only on the formula for the alternating product A

(independent of m,n).

Proofs of Lemmas [23]| and 24] can be found at Section Before moving forward to the
proofs of these lemmas, let us conclude the proof of Proposition [[3]assuming Lemmas [23] and [24]

are true.

Proof of Proposition We write Tr(A(¥, Z))/m as:

Tr(A(Y, Z))

m

_I_

A

We will show each of the two terms on the right hand side converge to zero in probability. Lemma

[23] already gives:
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On the other hand, by Chebychev’s Inequality and Lemma [24{ we have:
1 TrAW, Z
[p[ §—-Var<M'A>§C(A)‘

€2 m
Hence,

A

Tr(A(W,Z)) —E[Tr(A(P, Z))|A] ‘ o,

. ”Tr(A(\II, Z)) - E[Tr(A(¥, 2))| 4]

‘>e]—>0.

This concludes the proof of the proposition. [

5.7.1 Proof of Lemmas [23|and

Proof of Lemma 23] Recall the notation regarding partitions introduced in Section [5.6.1 We will

organize the proof into various steps.

Step 1: Restricting to a Good Event. We first observe that Tr(A(W, Z))/m is uniformly bounded:

k
< A, Z)[lop < [T lailloe = C(A) < 0,

i=1

TrA(Y, Z)
m

where ||¢i||cc = supgcg [¢:(€)], and C(A) denotes a finite constant independent of m, n.
Recall the definition of £ in (5.17). If the sensing matrix A was generated by subsampling a
deterministic orthogonal matrix U with the property
K, log™*(m)
1Ullee <) ————
m
then Lemma gives P(£¢) < 4/m?. On the other hand, if A was generated by subsampling

a uniformly random column orthogonal matrix O then we set K; = 8, K, = 1 and Lemma

gives P(£¢) < 6/m?. Using this event, we decompose E[Tr(A(®, Z)|A]/m as:

E[TA(W, 2)|A] _ B[TRA®, Z2)|A] | ), A, Z)|4]

m m m

L(£°).
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Since P(€¢) — 0 and E[Tr(A(P, Z)|A]/m < C(A) < oo is uniformly bounded, we

immediately obtain E[Tr(A(¥, Z)|A] - 1(£°) /m = 0. Hence, we simply need to show:

E[TrA(®, Z)|A]

m

T(E) > 0.

Step 2: Variance Normalization. Recall that Z = Diag (z), z = Az, ~ N (0,AAT/k). We

define the normalized random vector z as:

Gi= L g2 = 1 i (5.18)

Note that conditional on A, Z is a zero mean Gaussian vector with:

(AAT)U/E

0;0;

E[z2A] = 1, E[35|A] =

We define the diagonal matrix Z = Diag (2). Using the continuity estimate from Lemma

we have,

TrA®, Z) TrA(Y, 2) _ O
m m — Jm

-
i€[m] | 0;

A
Q
=
|-
(]
2,
D=
VR
5
>
[
~

— 1
i€lm] | 0;

A
Q
=

3=
(7=
S,

[ I
O S
3
i

—_
N——

We observe that ||, ||>/m —> x~, and on the event &,

max

i€lm] | 0

1
——1‘—>0.
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Hence,

E[TrA(Y, Z)|A]  E[TrA(Y, Z)|A]

B P
= = ()50,

and hence, to conclude the proof of the lemma we simply need to show:

E[TrA(Y, Z)|A]

T(E) 5 0.

Step 3: Mehler’s Formula. Supposing that alternating product is of the Type 2 form (recall Def-

inition [7)):

The argument for the other types is very similar and we will sketch it in the end. We expand

TrA(W, Z) as follows:

1

ETrA(\Ila Z) = Z (\I’)al,azch(z)az,az o (lIl)ak,CHQk(Z)al,ar

a1,as,...ak

1
m

Next, we observe that:

Hence we can decompose the above sum as:

[TF.A(\I’ Z |A Z Z a1 ag """ )CLk,lllE[ QI(gaz) U qk(gak+1>|A]'

meP([k]) aEC ()
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By the triangle inequality,

E[TrA(¥, Z) |A]

< Z % Z |(\Ij)a1,a2"'(II’)ak,mH]E[QI(gaz)"'Qk(ga1)|A]|'

We first bound |E[ ¢1(Z4,)q2(Zas) - - 1 (Z4,)|A]|. Observe that if we denote the blocks of
m={V1,Vs...Viz}, We can write:

||

|E[ 91(Za5)q2(Zay) -+ - Qk(2a1>|AH = |E H H qj—l(gavi)

=1 jEV;

A

In the above display, we have defined ¢ ¢ gk Define the functions G1:Gs - - - )z @S-
7,6 = ] 419 — v, v = Eeunvoy | [[ 4-19)
JEV; JEV;
Hence, we obtain:

||

’E[QI(EG2)Q2<EG3)"'Qk(galﬂAH = |E H(gi(zavi) +Vi) A
=1
<> Il B | ]]7@G) Al (520
vclx] \igV eV

Let . () denote the singleton blocks of the partition 7: (7)) = {i € [|x|] : |Vi| = 1}.
Note that for any ¢ € .(w), v; = 0 since the functions ¢; satisfy E¢;(§) = 0 when £ ~

N (0,1) (Definition[7). Hence,

B[ 01(Z0:)2(Za0) - a(Za)|A] < ) [Tl |- E[]aG,)|A

vc(|n|]:(m)cV \igV eV
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Next, we apply Mehler’s Formula (Proposition to bound:

e | [aGa)|4| 166)

We make the following observations:

1. Recall the distribution of Z given in (5.18]) and the definition of the event & in (5.17),

we obtain:

1 \/32 - K2 - log?®2t(m)

max [B[%Z;|A]] < | max -

i#j KO0

Note that for large enough m, event £ guarantees min; o; > 1/2. Hence,

4 32 K2 log*®**!
max |E[%3;]A]| < —\/ L-log”*7 (m)
1#] K m

For any S C [m] with |S| < k, let E[227|A]ss be the principal submatrix of the

covariance matrix E[22T| A]. By Gershgorin’s Circle Theorem we have.

Amin (E[22T|A]S7S> >1- km;?x |E[Z:Z;|A]| > = (for m large enough).
i#]

| —

2. We note that g; satisfy Eg,(£) = 0 and E£g;(£) = 0 (since g, are even functions) when
& ~ N (0,1). Hence, the first non-zero term in Mehler’s expansion corresponds to w

such that:

di(w)>2, VieV,

thus,

Jw| = [V].
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Hence, by Mehler’s Formula (Proposition[I5]), we obtain:

E|]]%(Z,)

1
iev 7

All1(e)<C- (maxE[iiéj\A])|V|

Vi

K2 . 2Ko+1
<C. é\/32 K3 -log (m)
m

for some finite constant C' depending only on k and the functions ¢;.x. Substituting this

bound in (5.20) we obtain:

‘E[QI(ECLQ)QQ(E%)"'Qk(gal)‘AH H(“:) < Z H|VZ| - |E Hqi(gav) A
vc|=|] \i¢V eV
V]
4 32 K2 -1log?®>™(m)

<C B I 1

= Z H |vil H\/ m

vcr|] \igV
|- ()]

4 [32- K2 log®®2*(m)
m

In the above display, C'(.4) denotes a finite constant depending only on % and the functions

appearing in the definition of .A. Substituting this in (5.19):

E[TrA(W, Z) |A]

m

1(£)

|7 ()]

C(A) 4 32 K2 log***™(m)
< —_ 7 _
<D - > (a0 ()] H\/ -
meP([k]) a€eC(m)
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Again, recalling the definition of £ in (5.17), we can upper bound |(¥),, 4 -+ (¥)ap .0yl

|7 (m)|+k
E[TrA(®, Z) |A C(A K2 1og?Ket(m
A2 ) g 5 O \/ 5 )
weP([k]) a€eC(m)
|7 ()| +Ek
) 3~ K7 -log? )
-2 Y e \/
m w€P([k]) m
(5.21)

Step 4: Conclusion. Observe that: |C(7)| < m/™. Recall that 7 has |.# ()| singleton blocks. All
remaining blocks of 7 have at least 2 elements. Hence, we can upper bound || as follows:

k)

|m| <
2

k=17 (m)
(o)

Substituting this in (5.21)) along with the trivial bounds |7 ()| < k, |P([k]) < k*, we

obtain:

C(A) - K* - (KFlog™ " (m))"

m

E[TrA(W, Z) |A]

m

I(E) < — 0,

as desired.

Step 5: Other Cases. Recall that we had assumed that the alternating product was of Type 2:

The analysis for the other types is analogous, and we briefly sketch these cases:

(O (Z)(0)a(Z) - - - (¥)qe(Z) (). In this case, we can expand the

Type 1: A(V, Z)
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normalized trace as:

E[TrA(‘fn’ Z~) ’A] - % in: E[(lIl)ao,mql(Z)ahal s Qk<2)ak=ak(‘1’)ak’ao |A]

ap,at,...ap=1

= % Z Z Z (\I’)ao,al (‘Il)a1,a2 to (ql>ak,aoE[QI(2a1) c Qk(gakﬂA]-

ao=1 weP([k]) acC(m)

As before, we can argue on the event &, for any ag.x:

IELGI
|]E[Q1<§a1) o Qk(gakﬂA” <O <<M> ) )

m
lylog(m)\ *
() () (¥)y] < O ((%) ) ,
‘C(W)’ S mkH{(rH
[P([K])] < K*.
This gives us:
E[T A(\I} Z) ‘A] 1 choices for ag choices for m choices for aq. 1 1 ( )
— — olylog(m
S 1E)<—- 7 PR - Tew)l o (%)
m m T —

Il
Q

(st

Type 3: A= qo(Z)(¥)q1(Z) - - - (¥)qr(Z). This case can be reduced to Type 1 and Type

2. Define g1 (§) = qo(§)qx(§) — v, v = Eeonro,1) 90(§)qx(§)- Then:

E[Tr AP, Z)[A] _ E[Tr(q0(2)(¥)q:(Z) - - - (¥)qu(Z))|A]

_ EMr(W)a1(Z) - -- (¥)ae(Z)q0(£))|A]
_EMM(®)a(2) - (¥)a(2)|A] | E[M(¥)0(2) - (¥))|A]
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Typed: AV, Z) = q1(Z2)(V)q2(Z)(P) - - - q(Z)(F). This case is exactly the same as

Type 2, and exactly the same bounds hold.
This concludes the proof of Lemma 23] [

Proof of Lemma We observe that since ¥ = AAT — k1, conditioning on A fixes ¥. Hence,
the only source of randomness in A(¥, Z) is Z = Diag (z) , z = Ax,,z, ~ N (0,1/k). Define
the map f(zx,) = Tr(A(¥, Diag (Ax,))/m. By Lemma we have:

C(A) A)[[Allop

@) - 1) < 2 A - )l < &

/ C A li
N —afls = S iz — &)

vm m

Hence, f is C'(A)/y/n-Lipchitz. The claim of Lemma follows from the Gaussian Poincare In-

equality (see Fact[5)). O

5.8 Proof of Proposition

In this section, we provide a proof of Proposition [[4] The proof follows from the following

three results.

Lemma 25 (Continuity Estimates). We have:

2" AUBUT,Diag (2))z zZ"A(UBUT, Diag (z))z

m m

C(A > z z
< A (2l z  Elhe + U2~ 2 (2l + 1211)).

where C'(A) depends only on k, the ||||»-norms, and Lipchitz constants of the functions appearing

in A.

We have relegated the proof of the above continuity estimate to Appendix [C.4.1]in the supple-

mentary materials.
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Proposition 18 (Universality of the first moment of the quadratic form). For both the subsampled

Haar sensing model and the subsampled Hadamard sensing model, we have:

) ]EZT.Az
nll_rgo - (1— k)" qu : 1:[(1%(1 — k) —pi(=K)) |,

where the index i in the product ranges over all the p;, q; functions appearing in A. In the above

display:

@(2) = EQ@(€>H2(§)a f ~ N(Ov 1)7 (522)

where Ho(E) = €% — 1 is the degree 2 Hermite polynomial.

Proposition 19 (Universality of the second moment of the quadratic form). For both the subsam-

pled Haar sensing model and the subsampled Hadamard sensing model we have:

i BEAT g |\ Ia@ ) | o =m -y

m—00 m2 .
7

In the above expression, §;(2) are as defined in (5.22).

We now provide a proof of Proposition (14{using the above results.

Proof of Proposition Note that Propositions together imply that,

-
Var (Z AZ) — 0,
m

for both the sensing models. Hence, by Chebychev’s inequality and Proposition [I§] we have, for

both the sensing models,

2T Az

—1-nF TTa@ | - | [T = #) = pi—s))

% %

p-lim
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This proves the claim of Proposition O

The remainder of the section is dedicated to the proof of Proposition [I8] The proof of Proposi-

tion[19]is very similar and can be found in Appendix [C.2]in the supplementary materials.

5.8.1 Proof of Proposition

We provide a proof of Proposition |18 assuming that alternating form is of Type 1.

AW, Z) = p1(‘I’)Q1(Z)p2(‘I’) @1 (Z)pr(P).

We will outline how to handle the other types at the end of the proof (see Remark|[I3)). Furthermore,
in light of Lemma [16| we can further assume that all polynomials p;(1)) = 1. Hence, we assume
that A is of the form:

AW, Z)=Vq(Z)T - qu_1(Z)T.

The proof of Proposition [I§| consists of various steps which will be organized as separate lem-

N
sz(O,AA )
K

mas. We begin by recall that

Define the event:

2048 - log” 2048 - log®
£= maX|(AAT|)Z»j§\/08—Og(m)7 maXKAAT)M_MS\/OS—Og(m)
7 m i€[m) m

(5.23)

By Lemma we know that P(£¢) — 0 for both the subsampled Haar sensing and the subsampled

Hadamard model. We define the normalized random vector z as:

~ Zi 2 (AAT>“

Zi:_u g. =



Note that conditional on A, z is a zero mean Gaussian vector with:

AAT),;
E[2|A] = 1, E[z5)4] = AADu/x
0;0;
We define the diagonal matrix Z = Diag (2).
Lemma 26. We have,
EzTA(®, Z E3T AW Z)3
im 22 AR L)z ERAZ)Z, o

provided the latter limit exists.

The proof of the lemma uses the fact that P(£¢) — 0, and that on the event £ since 07 =~ 1,
we have z =~ Zz and hence, the continuity estimates of Lemma [25| give the claim of this result.
Complete details have been provided in Appendix [C.4.2]in the supplementary materials.

The advantage of Lemmal[26]is that Z; ~ N (0, 1), and on the event £ the coordinates of Z have
weak correlations. Consequently, Mehler’s Formula (Proposition [15]) can be used to analyze the
leading order term in E[2T A(¥, Z)Z 1(€)]. Before we do so, we do one additional preprocessing

step.
Lemma 27. We have:

27 AV 7\ 33T _ 72
lim Ez A(III’Z)Z]I(S) ~ im EAY,Z),zz"' — Z >]I(c‘f)7

m—00 m m—00 m

provided the latter limit exists.

Proof Sketch. Observe that we can write:

ZTAZ = (AP, Z),22")

YA, Z),22" — Z2) + T (A, Z) - q(2)) + Tr(A(®, Z)).

160



In the step marked (a), we defined ¢(¢) = £ — 1 which is an even function. Note that we know

|Tr(A)|/m < ||A]lop < C(A) < oo. Furthermore, by Proposition , we know Tr(A)/m = 0,

and hence by Dominated Convergence Theorem ETr(A)I(£) /m — 0. Additionally, note that

Tr(Aq(Z)) is also an alternating form except for minor issue that ¢(¢) is not uniformly bounded

and Lipchitz. However, the combinatorial calculations in Proposition [I3]can be repeated to show

that ETr(A - ¢(Z))/m — 0. Since we will see a more complicated version of these arguments in

the remainder of the proof, we omit the details of this step.
Note that, so far, Lemmas [26] and 27| show that:

T 7\ 3T _ 72
lim Ez'" AV, Z)z — lim E(A(Y,Z),zz" — Z >]I(<€')7

m—00 m m—00 m

provided the latter limit exists. We now focus on analyzing the RHS. We expand

<A(\I’7Z)722T_Z2> 1 ~ ~ ~ ~

m = E § Za1(\I’)a1,a2QI(Za2) T Qk—l(zak)(ql)akﬂkﬂzakﬂ‘
ap: 16[77’1]
alk;ak+1

Recall the notation for partitions introduced in Section Observe that:

{(ay...ap) € M ay # apa ) = U C(m).
TeP([k+1])
m(1)#m(k+1)

Hence,

E(A(Y, Z),227 — Z%) - 1(€)

m

1 ~ ~ ~ ~
E Z Z E Zal<‘I’)a17a2Q1(za2)(‘P)a2,a3 U qk—l(zak)(‘:[l)akvak+lzak+l ! (5) :

wE€P([1:k+1]) acC(m)
w(1)7m (k1)

]

Fix a7 € P([k + 1]) such that 7(1) # 7(k + 1), and consider a labelling a € C(7). By the tower
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property,

Ezm(qj)al,@ql (z@)(q’)az,as T Qk—l(Eak)(q’)ak,akﬂzakﬂﬂ (&)=

E [(lp)m,az(‘l’)az,% e (‘Ij)akvak+l : E[zmql (zaz)qQ(zag) e Qk—l(zak)zakﬂ |A]]I (5)} .

We will now use Mehler’s formula (Proposition [I5)) to evaluate the conditional expectation upto
leading order. Note that some of the random variables z,, , ., are equal (as given by the partition

7). Hence, we group them together and recenter the resulting functions. The blocks corresponding

to a1, ax11 need to be treated specially due to the presence of 2,,, Zq,

in the above expectations.

Hence, we introduce the following notations:

F(r) =n(1), L(r) =rlk+1), L(x)={ie2:k:|r()] = 1}.

We label all the remaining blocks of 7 as Vi, Vs ... Viz_|#(x)—2. Hence, the partition 7 is given

by:
7= ()] -2
r=FmuL@u| || {i}|u || v
€. () t=1

Note that:

k 7| =7 ()| -2

Ealgalﬂ»l H Qifl(zvai) = Q5‘7<Ea1)(°2$<gak+1> H Qifl(zai) ’ H (Qvi(zav) + :LLVi)7

=2 i€ (m) i=1

where:
Qr©)=¢ I a9, (5.24)

i€ F (m),i£1

(5.25)
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Qe)=¢ JI  a(9), (5.26)

i€ L () itk+1

v, = Eeenon | [ 4109 | (5.27)
JEV;
Qv () = [ ¢5-1(&) — v (5.28)
JEV;

With this notation in place, we can apply Mehler’s formula. The result is summarized in the

following lemma.

Lemma 28. For any © € P([k + 1)) such that w(1) # w(k + 1), and any labelling a € C(7) we

have:

I (5) : E[§G1QI(za2>QZ(za3> o 'qk—l(gak)zakﬂ |A] - Z g(w7 ﬂ-) : _/\/[(III’ w,T, a’)
wegG ()
24| (m)|

§<j@4).<bg%””) T (5299

mk2

where M(W,w, m,a) is the matrix moment as defined in Definition |8, The coefficients g(w, )

are given by:

glw,m) = —— [ Q(1)0(1) Gia(2) | - IT m]. 629

~ Llwlig!
i€ (n) i€[|m]|— | ()| 2]

and, the set G1(r) is defined as:

Gi(m) £ {w € G(k +1) : di(w) = 1, dgs1(w) = 1, ds(w) =2V i € L(m),

di(w)=0Vi ¢ {Lk+1} UL (m)}. (5.29)

The proof of the lemma is obtained by instantiating Mehler’s formula for this situation and
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identifying the leading order term. Additional details for this step are provided in Appendix|C.4.3
in the supplementary materials.

With this, we return to our analysis of:

E(A(Y, Z),227 — Z%) - 1(€)

1 ~ ~ ~
p Z S B Za (%) o) (Vs 1) (W Fo 1S

m€P([1:k+1]) aeC(w)
(L) (k1)

We define the following subsets of P(k + 1) as

Pu([k+1]) &
(rePlh+1): n(1) £x(k+1), [7(1)] = L|r(k+1)] = 1,|x(j)| <2V j € [k+1]},
(5.30a)

Polk+ 1) E{mr e Pk +1): n(1) #x(k+ DN\P([k + 1)), (5.30b)

and the error term which was controlled in Lemma

6(\117 a’) = I (8) ’ E[EG1Q1(ga2) T q’ffl(gak>gak+1 ’A] - Z g(w7 7T) ' M(‘Ila w, T, a’)
weg ()

With these definitions we consider the decomposition:

E(A(®,Z), 227 — Z2) - 1(€)

% Z Z Z g('w,w)E [(\Il>al7a2 T (\I’)akvak+1M(\IIJ w, T, a)] — I+ 1+ I,

weP1([k+1]) aeC(m) weG ()
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where:

| & % Z g(w, W)E [(‘I’)ahtm U (\Il)akvak+lM(\I,7 w,, a’)H (EC)} !

&
| —
=
—
—~
S
~—
=
S

o (\P)ak7ak+1€(‘]?’ CL)H (8)} )

= — 9w, TE [(¥)4,0, - - () M(¥, w, 7, a).

0k ,qk+1
Define £;1 € G(k + 1) to be the weight matrix of a simple line graph, i.e.

1: |j—il=1
(£k+1)ij = .
0: otherwise

This decomposition can be written compactly as:

= % Z Z Z M(‘I’,w +£k+177ﬂa)1[(50)] g

TE€P([1:k+1]) aeC(m) weG: ()
m(1)n(k+1)

=0 Z M(®, b1, 7,0)e(W, @)l (£)],

mEP([1:k+1]) acC(n
s(C

|||:% YD) D) gwm) E[M(T,w+ £, 7 a)]

m€P2([1:k+1]) a€C(m) weG ()

We will show that |, 1, Il — 0. Showing this involves the following components:

1. Bounds on matrix moments E [M (¥, w + £;,1, 7, a)], which have been developed in Lemma

18]

2. Controlling the size of the set |C(7)| (since we sum over @ € C(m) in the above terms).
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Since,

C(m)| = m(m —1)---(m — x| + 1) = m/,

we need to develop bounds on |7|. This is done in the following lemma. In contrast, the sums
over m € P([k + 1]) and w € G;(m) are not a cause of concern since |P([k + 1])|, |G1(7)|

depend only on £ (which is held fixed), and not on m.

Lemma 29. For any m € Py([k + 1]), we have:

k 2 1l k424 ™

Proof. Consider any m € P([k + 1]) such that w(1) # 7(k + 1). Recall that the disjoint blocks of

|| were given by:

|| =] ()| -2
r=Fmuz@u| || {}|u Nz
e () t=1
Hence,
|7 =] ()| -2

k+1l=|Z@m|+ L@+ 2@+ Y. il

t=1
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Note that:

| F ()| > 1 (Since 1 € .Z (), (5.31a)
L ()] > 1 (Since k + 1 € £ (), (5.31b)
Vil > 2 (Since V; are not singletons). (5.31¢)

Hence,
k+1>[F(m)| + L (m)| + |7 (m)] + 2|n| = 2|7 (7)] — 4,

which implies:

| < k454 |7 (m)| = |F(m)] = | £ ()]
= 2

k+3
< + +\5”(7r)\’ (5.32)
2
and hence,
C(m)| < mlh < m ™

Finally, observe that:

1. For any m € P;([k + 1]) each of the inequalities in (5.37)) are exactly tight by the definition
of Py ([k + 1]) in (5.30), and hence:

_ k+3+ 17 (n)

i ;

2. For any m € Ps([k + 1]), one of the inequalities in (5.31) must be strict (see (5.30))). Hence,
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when 7 € Py([k + 1]), we have the improved bound:

s k+2+ |7 ()
[— 2 .

This proves the claims of the lemma.
We will now show that [, II, [l — 0.

Lemma 30. We have,

| =0, =0, Il -0 asm — oo,
and hence:

. EzTA 1
Jim P LYY Y s(w mE MO w b, 7))

7€P1([k+1]) aeC(m) weG: ()

provided the latter limit exists.

Proof. First, note that for any w € G;(7), we have:

k+1
1 14+142|A(m
ol = 23 dutw) = 2Ny see 20
i=1
Furthermore, recalling that £, is the weight matrix of a simple line graph, ||€x.1|| = k. Now, we
apply Lemma [[§]to obtain:

E[M(®,w + £, m, )1 (€] | < /B [M(T. 20 + 26117, 0)] /B(E)

| (m)|[+1+k
< (Ck et} P(£°)
m
| (m)|+1+k
m m
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Analogously we can obtain:

MES

C;, log?
E|M(®, £y, 7, a)| < (M) ’
m
) |Z(m)|+1+k
Cilo :
E |:|M(\Il7w +‘ek+177raa’)’] S (%(Tn)
Further, recall that by Lemma @ we have:
, 24| ()|
log’(m)\ *
v <C .
(¥, 0)] < C(A) ( B
Using these estimates, we obtain:
) | ()| + 14k
C(A) Cy log®(m) ’ Cy
| < 2222, | 2 VT Lk
=2y rcw( “ =
7P ([k+1])
7(0)#m(k+1)
| ()| 4+ 1k
¢ C(A) Z R (C’k log®(m) TG
m m m
mP([k+1])
m(0)#£m(k+1)
_0 (polylog(m)> .
m
In addition:
c) [ Culogm)\ m)
log®(m log”(m
1| < i . .
< =° ( £ ) > |c<7r>|<mz)
mP([k+1])
w(0)#£m(k+1)
& 247 (x)|
2 C(A) _ (Ck logz(m)> ) Z o @] <10g3(m)>
~— m m mk?
mP([k+1])
m(0)#m(k+1)
_0 polylog(m)
— NG
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Furthermore:

, | (1) | +1+k
C(A) Cy log™(m) i
< —=. z:]qﬂyﬁ____
m m:Pa([k+1]) m
| (m) | +1+k
<§ (.A) ) mk+2+2|c(r)\ . (Ck log2(m)) :
T (k) "

O(m%%é»

In each of the above displays, in the steps marked (a), we used the bounds on |C(7)| from Lemma
C} denotes a constant depending only on &k and C'(.A) denotes a constant depending only on &

and the functions appearing in A. This concludes the proof of this lemma. [

So far we have shown that:

lim EzTAz = lim 1 Z Z Z g(w, ) M(\Il,'w—l—ﬂkﬂ,ﬂ,a)} ,
7€P1 ([k+1]) acC(m) weGy (r)
provided the latter limit exists. Our goal is to show that the limit on the LHS exists and is universal
across the subsampled Haar and Hadamard models. In order to do so, we will leverage the fact that
the first order term in the expansion of [£ [M (U, w + yq, T, a)} is the same for the two models if
w+4£, is dissortive with respect to 7 and if a is a conflict-free labelling (Propositions[16]and [17).
Hence, we need to argue that the contribution of terms corresponding to w : w + €51 & Gpa(m)

and a € Lcg(w + £y41, ) are negligible. Towards this end, we consider the decomposition:

% Z Z Z glw,m) - E [M(®,w + by, m,a)] =

me€P1([k+1]) aeC(r) weG: ()

1
p Z Z Z g(w, ) - E[M(®,w+ €1, m,a)] +IV+V,
meP1([k+1]) wegy () a€Lcp(w+Lyq1,m)
w+Ly41€Gpa ()
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where:

v & % Z Z Z g(w,m)-E [/\/l(\Il,'w + b1, T, a)} ,

m€P1([k+1]) a€C() weGi ()
wHLy41¢Gpa(T)

|
Vd:fa E E g g(waﬂ)'E[M(\I’7w+£k+17777a)] .
m€P1([k+1])  weGi(r)  a€C(m)\Lcr(wtlyy1,m)
WLy, 1€Gpa(T)

Lemma 31. We have IV — 0,V — 0, as m — oo, and hence:

lim % Z Z Z glw,m)-E [M(lIl,'w +€k+1,7r,a)} ,

n€P1([k+1]) weGy (m) aeﬂcp(’w-l-karl,Tr)
w+£j 11 €Gpa(T)

provided the latter limit exists.
Proof. We will prove this in two steps.
Step 1: IV — 0. We consider the two sensing models separately:

1. Subsampled Hadamard Sensing: In this case, Proposition [I7tells us that if w + £41 &
Gpa(m), then:

E [M(lI’a w + Bk-ﬁ-lv T, a’)} = Oa
and hence, IV = 0.
2. Subsampled Haar Sensing: Observe that, since ||w|| + |[€x11]| = 1 + |7 (7)] + k, we

have:

E 1\
E [M(\Il,'w +£k+1777'7a)} _ [M(\/% , W —i—ﬁkﬂ,w,a)] '

14| (m)|+k
2
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By Proposition[I6] we know that:

w ™ Kl
E[M(\/E‘I”w"‘ekﬂﬁ,a H ]E[ZW“ Hoi1,m) LH7

m

PN

s,t€]|m]]
s<t

where K, K, K3 are universal constants depending only on k. Note that since w +

L1 ¢ Gpa(m), we must have some s € [|x|| such that:
Wss(w + 'ek-l-la 71') > 1.

Recall that d;(w) = 0 forany i ¢ {1,k + 1} U () (since w € Gi(m)), and fur-
thermore, |7(i)] = 1V i € {l,k+ 1} U .%(x) (since 7 € Pi(k + 1)). Hence,
we have w € Gpa(m) and in particular, Ws(w, 7) = 0. Consequently, we must have

Wis(€y41,m™) > 1. Recall that £ is the weight matrix of a line graph:

1: |li—j|=1
(£k+1)ij = :
0: otherwise

Consequently, since Ws(€x11,7) > 1, we must have for some i € [k], (i) = (i +
1) = V. However, since 7 € Py(k + 1), |Vs| < 2, and hence, Vs = {i,i + 1}. This

means that W, (€11, 7) = 1 = Wig(w + £41, 7). Consequently, since EZ,; = 0, we

have:
H E |:ZWst w+£k+1 77) — O,
s,t€[|m]]
s<t
or

K
Cy log™ (m)
1+ ()| +k Y

oy LI 1

E [ M(P,w+ yq,7,a)] | =
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where Cy, K are constants that depend only on k. Recalling Lemma [29]

k4347 ()]
2

C(m)] < m < m :

we obtain:

< CA S gy Cilosm) (Beos))

HF (k1 T
m LAtk | 1 :
rePy ([k+1)) 2 4 m

Step 2: V — 0. Using Lemma 20, we know that
IC(TN\Ler(w + Lpyr, 7)| < (k + 1)*m/7—1,

In Lemma[29} we showed that for any m € P;([k + 1]),

_ k434 |S(m)]

i )

Hence,

k+14+|(7)|
2

IC(M\Ler(w + Ly, )| < (k+1)*-m

We already know from Lemma [1§] that:

lwll+11€g 41l | ()| +1+k

Cy 1og2 (m) : < C log2 (m) ) :

m m

|IE [M(\Il7w +£k+17ﬂ-7a’)} | S (

173



This gives us:

) \<¢<ﬂ)2|+1+k

C Cy log”(m)

VI = m Z Z IC(m\Ler(w + Liyr, )| - (T

T€P1([k+1]) weG (m)
w+£y11€Gpa(T)
_0 (polylog(m))
m
which goes to zero as claimed.

]

To conclude, we have shown that:

. EzTAz
lim =
m—ro0 m

lim % Z Z Z glw,m)-E [M(\Il,'w +£k+1,7r,a)} ,

m—00
weP1([k+1]) weG (m) a€Lcr(w+Ly41,m)
w+£;+1€Gpa(T)

provided the limit on the RHS exists. In the following lemma we explicitly evaluate the limit on

the RHS, and in particular, show it exists and is identical for the two sensing models.

Lemma 32. For both the subsampled Haar sensing and Hadamard sensing model, we have:

. Ez"TAz
lim = Z Z g(wvﬂ-) 'u(w+£k+17ﬂ'>7

m—oo m
7€P1 ([k+1]) weG ()
wLy,11€Gpa(T)

where,

p(w + Lyyq,m) “ H E |:ZWst(W+£k+17ﬂ'):| L Z~N (07,41(1 _ 5)) )

s;te(|m(]
s<t

Proof. By Propositions|I7|(for the subsampled Hadamard model) and[I6|(for the subsampled Haar
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model) we know that, if w + €1 € Gpa(7) and @ € Lcg(w + €y 1, ), we have:
M(\/E\II7 w + ‘ek-‘rh T, a’) = M(’UJ + ek—l—lv 7T) + 6(’[.07 T, a’)7

where

K, log"2(m)

1
m4

le(w,m,a)| < , Vm > Ks,

for some constants K, K5, K3 depending only on k. Hence, we can consider the decomposition:

1
~ > > > 9(w, ME [M(¥,w + L1, 7, a)] = VI+ VI,
meP1([k+1]) weGy () a€Lcr(w+Lyq1,m)
’w-‘rek_HegDA(ﬂ)

where:

def 1 ,u(w + ek+17 7T>
VI= — Z Z Z g(w, ) - RESTGEEI

me€P1([k+1]) weGy () a€Lcr(w+Lyq1,m)

wHLy+1 €Gpa(m)
1 e(w,m, a)
def 9 9
VIl = - E E E g(w, ) - T
meP1([k+1]) weGy () a€Lcr(w+Ly41,m) m 2
w+£j 11 €Gpa(T)

We can upper bound |VII| as follows:

k4347 (m)]
2

|Ler(w + €1, m)| < [C(m)] < m

Thus:

C(A 1 Kilogh2(m
|V|||g%.ok.\ch(erem,w)l- o 1 (m)

_0 (polylolg(m)) o,

ma

N

m
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Moreover, can compute:

: .1 w+ by, T
lim (VI) = lim p— Z Z Z g(w,m) - il 1+y(]jj+lk )

m—00 m—00
mePy([k+1]) weGy () a€Lcr(wHLy41,m) m
w+Ly11€Gpa(T)
1 p(w + Ly, )
= WILI_IS)O — Z Z g(w, ) - Tz [ Lor(w + £y, )
rePi(k+1])  weG(r) m 2
wHLy+1 €Gpa(m)

|Lcr(w + £yyq, )|
m‘ﬂ'|

lim ) Y g(w, ) pw + L, ) -

weP1([k+1]) wegy (m)
w+£j 41 €Gpa(T)

5N ST glw, ) pw + B, 7).

mEP1([k+1]) weg (m)
w+£y 41 €Gpa(T)

In the step marked (a) we used the fact that |7| = (3 + |-7(7)| + k)/2 for any m € Py ([k + 1])

(Lemma , and in step (b) we used Lemma (|Lcr(w + £y,41,7)|/m!™ — 1). This proves the

claim of the lemma. [

In the following lemma, we show that the combinatorial sum obtained in Lemma [32| can be

significantly simplified.

Lemma 33. For both the subsampled Haar sensing and Hadamard sensing models, we have:

T k—1
lim 22 AZ (g [Ta ).

m—00 m

In particular, Proposition I8 holds.
Proof. We claim that the only partition with a non-zero contribution is:

k+1

T = |_|{z}

In order to see this, suppose 7 is not entirely composed of singleton blocks. Define:

i, Z=min{i € [k +1] : |7 (5)] > 1}.
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Note that i, > 1 since we know that |7(1)| = |#(7)| = 1 for any # € Pi(k + 1). Since

m € Pi([k + 1]), we must have |7 (i, )| = 2, hence, denote:

m(ix) = {ix; 5u}s

for some j, > i, + 1 (7, < j, since it is the first index which is not in a singleton block, and
Jx 7 14 + 1 since otherwise w + £, 1 will not be disassortative). Let us label the first few blocks

of 7 as:

Vi={1}, Vo ={2},... ) Vi,.1 = {i. — 1}, Vi, = {is, Ju}-

Next, we compute:

Wi, i (W + Lyr,m) = Wi, 14, (Cpyr, ™) + Wi 14, (w, )

EWi, 14, Ly, )
=1, —1ev,, ., + Li,q1ev,, o, + 1, 1ev, . + 116y,
=1, =it i+ 1, —i 1 L —i 1

21

In the step marked (a), we used the fact that since w € G;(7) and |7(i,)| = |7(ji)| = 2, we must
have d;, (w) = d;, (w) = 0and W;,_; ;, (w, 7) = 0. In the step marked (b), we used the definition
of €51 (that it is the line graph). In the step marked (c), we used the fact that V;, ; = {i,_1}. In
the step marked (d), we used the fact that j, > 7, + 1.

Hence, we have shown that for any 7 # LI**}{i}, we have:

p(w, ) = 0V w such that w € Gi(7), w + €41 € Gpa(T).
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Next, let 7 = LI¥'{i}. We observe for any w such that w € Gy (7), w +4£;.,1 € Gpa(7), we have:

,u('w +£k+1,7T> = H E |:ZWst(’w+ek+17ﬂ'):| L Z~N (07/{(1 _ ,{))

ste(|m]
s<t

- Il E [wa“wl)w)} L Z~ N (0,5(1— k).

i,j€[k+1]
i<j

Note that since EZ = 0, for p(w + €511, 7) # 0, we must have:
wij 2 (br+1)ij, Vi, 5 € [K].
However, since w € G;(m) we have:

dl(UJ) :dk+1(1U) =1, dl(’lU) =2V € [2 : k],

s0, w = £;11. Hence, recalling the formula for g(w, 7) from Lemma 28] we obtain:

. EzTAz
lim

m—o0 m

k—1
=(1-r)-JJa@.

i=1
This proves the statement of the lemma and also Proposition [I8](see Remark [I5|regarding how the

analysis extends to other types). [

Throughout this section, we assumed that the alternating product A was of Type 1. The follow-

ing remark outlines how the analysis of this section extends to other types.

Remark 15. The analysis of the other cases can be reduced to Type 1 as follows: Consider an

alternating form A(W, Z) of Type 1:

A=p1(®)n(Z)p1(¥) - - qr—1(2Z)p(F),
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but the more general quadratic form:

%Ea(z)TA(lIl, Z)B(z), (5.33)

where o, 5 : R — R are odd functions whose absolute values can be upper bounded by a polyno-

mial. They act on the vector z entry-wise. This covers all the types in a unified way:
1. For Type 1 case: We take o(z) = 5(z) = z.

2. For the Type 2 case, we write:
2" (W) a1 (Z2)pi(P) - au(Z)pe(R)an(2)z = a(2) A(L, Z)B(z),

where o(z) = z, f(z) = zqi(2).

3. For the Type 3 case:
2" q0(Z)p1 ()01 (Z)p1 () - ax-1(Z)e(W)ai(Z) 2 = a(2) T A(T, Z)5(2),

where o(z) = zqo(2), B(2) = zq(2).

4. For the Type 4 case:
2'40(Z)p1 (9) 1 (2)po(®) - -~ 451 (Z)pi(¥)2 = a(2)TA(Y, Z)6(=),

where a(z) = zqo(2), B(z) = =

The analysis of the more general quadratic form in (5.33)) is analogous to the analysis outlined in
this section. Lemmas [26|and 27| extend straightforwardly. Inspecting the proof of Lemma 28| shows
that the same error bound continues to hold (after suitably redefining c(w, m)), since «, 5 are odd

(as in the case o(z) = [(z) = z). The subsequent lemmas after that hold verbatim for the more
general quadratic form (5.33).
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5.9 Conclusion

In this chapter, we analyzed the dynamics of linearized Approximate message passing algo-
rithms for phase retrieval when the sensing matrix is generated by sub-sampling n columns of a
m X m Hadamard-Walsh matrix under an average-case Gaussian prior assumption on the signal.
We showed that the dynamics of linearized AMP algorithms for these sensing matrices are asymp-
totically indistinguishable from the dynamics in the case when the sensing matrix is generated by
sampling n columns of a uniformly random m x m orthogonal matrix. This provides a theoretical

justification for an empirically observed universality phenomena in a particular case.
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Chapter 6: Conclusion and Future Directions

We end this dissertation by mentioning some interesting directions for future work.

6.1 Beyond Spectral Estimators for Phase Retrieval

In Chapter [3] we provided an analysis of the performance of spectral methods under the sub-
sampled Haar ansatz for the sensing matrix. However, spectral estimators are not the state-of-the-
art estimators for the Phase retrieval problem. It would be interesting to analyze the following

estimators for the phase retrieval problem with sub-sampled Haar sensing matrices:

Analysis of Maximum Likelihood Estimator: The maximum likelihood estimator for the (noise-

less) phase retrieval problem is any solution to the following feasibility problem:

Findu € C": |Aul* = y. (6.1)

It would be interesting to understand at what value of § does this feasibility problem have
u = x as the unique solution. Maillard, Loureiro, Krzakala, and Zdeborova [[79] have analyzed
the conjectured replica-symmetric prediction for the Bayes risk for this problem. Their analysis
suggests that exact recovery is possible as soon as 9 > 2. This leads to the conjecture that the
feasibility problem (6.1]) has a unique solution when § > 2. It would be interesting to prove this
conjecture. Combined with the results of Chapter 2 of this dissertation, such a result would show
that this problem exhibits a “all-or-nothing” phase transition [74]: When § < 2 any estimator is
asymptotically orthogonal to the signal and when § > 2, there is an estimator which recovers

exactly.
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Analysis of Bayes Optimal Approximate Message Passing with Spectral Initialization: It
is not clear if the maximum likelihood estimator in (6.1)) can be computed efficiently. Maillard,
Loureiro, Krzakala, and Zdeborova have also studied the performance of a computationally effi-
cient Bayes-optimal Approximate Message Passing algorithm. Their analysis suggests that this
algorithm achieves exact recovery of the unknown signal vector when o > 2.265. Unfortunately,
since the state evolution of the Bayes-optimal AMP algorithm for this problem has an uninforma-
tive fixed point, it requires an arbitrarily small amount of side information to recover the signal.
Consequently, it does not yield a valid estimator. It would be interesting to provide an analysis of
the Bayes optimal AMP algorithm initialized with the spectral initialization similar to the work of
Montanari and Venkataramanan [84]] and Mondelli and Venkataramanan [85]] for Gaussian sensing

matrices.

6.2 Understanding Bayes risk above the Weak Recovery Threshold

In Chapter [, we studied the Phase Retrieval problem with sub-sampled Haar sensing matrices
with non-zero but vanishing measurement noise in the high dimensional asymptotic regime. We
showed that when the sampling ratio 6 = m/n < 2, then it is information-theoretically impossible
for any estimator to obtain an asymptotically non-trivial performance: any estimator is asymptot-
ically uncorrelated with the signal vector. Since Chapter 3| exhibits an estimator which achieves
a nontrivial correlation with the signal vector when 6 > 2, this shows that the weak recovery
threshold for this model iS dyesx = 2.

Our proof techniques in this chapter do not offer any information about the behavior of Bayes
risk above the weak recovery threshold, particularly in the presence of measurement noise. For
Gaussian sensing matrices Barbier, Krzakala, Macris, Miolane, and Zdeborova [25]] have devel-
oped interpolation-based methods to compute the exact expression of Bayes risk. Furthermore,
this technique appears to be general enough to handle interesting models of measurement noise
and prior information about the signal (e.g. sparsity). It would be interesting to see if this tech-

nique can be extended beyond i.1.d. sensing matrices to sub-sampled Haar sensing matrices. Re-
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cent works by Barbier, Macris, Maillard, and Krzakala [41] and Maillard, Loureiro, Krzakala, and
Zdeborova [[79]] take a step in this direction and study generalized linear models where the sensing
matrix is a Gaussian matrix whose rows are sampled i.i.d. from a correlated multivariate Gaussian

distribution.

6.3 Further exploration of Universality Phenomenon

In Chapter [5| we analyzed the dynamics of linearized Approximate message passing algo-
rithms for phase retrieval when the sensing matrix is generated by sub-sampling n columns of a
m x m Hadamard-Walsh matrix under an average-case Gaussian prior assumption on the signal.
We showed that the dynamics of linearized AMP algorithms for these sensing matrices are asymp-
totically indistinguishable from the dynamics in the case when the sensing matrix is generated by
sampling n columns of a uniformly random m x m orthogonal matrix. This provides a theoretical
justification for an empirically observed universality phenomenon in a particular case. It would be

interesting to extend our results in the following ways:

Other structured ensembles: While we focused on the sub-sampled Hadamard sensing model
in Chapter [5] we believe our results should extend to other popular structured matrices with or-
thogonal columns such as randomly sub-sampled Fourier, Discrete Cosine Transform matrices,
and CDP matrices. For these ensembles, there exist analogs of Lemma [19] which would make it

possible to prove counterparts of Proposition

Non-linear AMP Algorithms: Our results hold for linearized AMP algorithms which are not the
state-of-the-art message-passing algorithms for phase retrieval. It would be interesting to extend
our results to include general non-linear AMP algorithms. This could provide a unified approach

to understanding universality in a broad class of estimators.

Non-Gaussian Priors: Simulations show that the universality of the dynamics of linearized

AMP algorithms continues to hold even if the signal is not drawn from a Gaussian prior, but is
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an actual image. Hence it would be interesting to extend our results to general i.i.d. priors and

more realistic models for signals.
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Appendix A: Omitted Proofs from Chapter

A.1 Proof of Lemma

This section is dedicated to the proof of Lemma/7|
Proof of Lemmal[7] 1t is sufficient to show each item holds almost surely.

1. The argument for this part is a minor modification of the argument sketched in [86]]. To

prove statement (1) it suffices to show that

1 & d
E;(Sﬁ““' % 17|, (A.1)

almost surely. Because if we have (A.T]), then for every bounded continuous function f,

f (7' <m|Az‘1|2)> = g (Vm|Ayl),

where g(z) = f(T (x?)) is a bounded continuous function as well. Hence by (A1),

m <
=1

235w e @] < |7 (T(20)].

which implies L 3" 87 % £

To show (A.I), note that A; has the same distribution as %, where z = (2, ..., 2y ), and

lll]*
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% " eN (0,1). Let ® denote the cumulative distribution function of | Z| and define

Then, we have

Fo(t) £ G, (tm> . (A.2)

Moreover,

Iz

G (1) ~ 00 =
G t% @(HZ”>+¢(U/Z%> 0

a.s.

— 0+

G (t||z]|) — ®(t]|z]|) goes to 0 almost surely by Glivenko-Cantelli lemma. Furthermore,
since
ﬂ N |

N :

and ® is a continuous function we conclude that

P (t%) — ®(t) 3 0.

Hence,

F(t) — ®(1),

almost surely which yields (A.T).
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2. We now focus on the proof of statement (2). Let

) 1
ck“:f[1+g,k], k € N.

‘We will show that

Qm(A) = Q) YA € G, (A.3)

almost surely. This means there is a set C;, with measure 0, out of which we have the
convergence for all \ € Cy. If we define C' = |J Cj, then Q,,(\) — Q(A\) VA € (1,00)

k=1
out of " and clearly PP (C') = 0.

First note that A4 4 HZLH’ where
z2=(Z1,..,Zm), % N CN(0,1).

Define
|2

~ def l e ‘Zi
QmY) = m ; A=T (lz?) (A

Note that for a fixed A\ we have Q,,(\) — Q()) almost surely by the strong law of large
numbers. Since Q,,()\) is a decreasing function in A and we have Q,,(\) — Q(\) Y\ €
Cr, N Q almost surely, we obtain Q,,,(\) — Q(X) for all A € C, with probability 1. Hence, it

suffices to show under an event that holds with probability 1,

Qum\) — Qm(A) = 0 VA €. (A.5)

To prove (A.5)), we will find a sequence 7,,, such that 7,,, — 0 as m — o0, and,

P (Sup

m>1 AECE

Q) — Qm(x)‘ > Tm> < o0,
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With this, Borel-Cantelli lemma yields that event

E = {sup Qm(\) — Qm(N)| > 7, infinitely often}
AEC

has measure 0. Out of the event E' we have (A.3)) as it was desired.

Define the events:

E 2 {sup\zi] < \/610gm},
i<m

2
l21* | .

m

where € is parameter we will set later. Note that,

i |Zz’2 |lz[* 1
> _
 lzll* | A =T (=) /\—T(#mz)
< I+l

where we defined the terms I, Il as:

||z||2 ks 1
= ! lezH?' A =T (|z[?)
& TR - mr'; >]
Il = ZHZH2 ‘)\ T(|:]2) |22 )’
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Using the fact that z € Ey N Ey . and A € Cy, we have,

| < ke,

12
IISIfQ'maX7'(,22»2>—7'm .
x| T\ ) =T )

Observe that, on the event £} N Ey .,

o = Zalal| < |1 - T
Il ||
< 6log(m) - —
1—e€
Since 7 was assumed to be Lipchitz,
2 6
<k ||TLip - 6log(m) - — o

where || T ||Lip denotes the Lipchitz constant of 7. Hence, when m > €2, setting € =

1 .
Tog? (m) < 0.5, we obtain, on the event £, N Es

Qum(N) — QN < T, VX € G (A.6)

where

_ k 2k - HTHLip
log’(m)  log(m)
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Note that 7,,, — 0 as m — oo as required. And,

P (sgg Qu(X) — Qm(/\)‘ > Tm>
<P (E5)+P (Es,)

—2 ~ Slost )
Szm +26 810g(m)’

where the last step follows from standard bounds on the tail Gaussian random variables and

x? random variables. In particular, we have,

Qn(N) = Qn(V)| > m> <0,

AeCy

Z P (sup
m>1
as required.

3. The proof is similar to the proof of the second statement. Hence, we skip the details.

A.2  Proof of Proposition

This section is devoted to the proof of Proposition 2 We denote the functions A, 1, 15, 13
(recall B.1))) with T = Topr as Agpe, 7P, 1P 45" and those with T = Topr as A, U5, 15, 5.

Define the random variables:
Z ~ CN (0, 1) ) Topt = 7:)pt<|Z’2)7 Te = 71—3Pt,€(‘Z|2)'

Next we observe that the function 7,  is a bounded, strictly increasing, Lipchitz function and
consequently 7, has a density with respect to the Lebesgue measure. Hence by the rescale and shift
argument outlined in Remark 2} Theorem [T]applies to a equivalent modification of gy . which can
used to infer the corresponding result for 7., (after another rescale and shift argument). This

gives us the result:
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‘ml;'j:e|2 as, 0’ E(TE) < p

||w||2 (6§1>2_%'¢
¥

) (A7)

where 7¢ = arg Min, ¢ o) Ac(7) and 65 is the solution to the fixed point equation (in 7): ¢5(7) =
d/(6 — 1) which is guaranteed to exist uniquely provided ¢ (7¢) > 6/(6 — 1). First we observe

that,

N(r)=1- (1 _ %) . —éé’:((:)))y Go(r) = (r—T.)".

In particular, at 7 = 1, we have,

4] (1+¢€)?
2—-90
limA'(1) = ——
= lim AY(1) 5
and,
Pi(l) =2+e.

We consider the following two cases.
Case 1: 1 < 0 < 2. Lemma[l0[shows that A.(7) is convex on [1, 00). When § < 2, AL(1) > 0
for € small enough, and hence A, is strictly increasing and 77 = 1. Moreover, in this case, for e

small enough,

5 2§ )
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Hence, using (A.7)),

Hz |2
. . T, T
lim lim ’*—l = 0.
€l0 ™M;n—00 n
m=on

Case 2: 0 > 2 In this case, for small enough ¢, A’(1) < 0. Hence the 7, the minimizer of the

convex function A, occurs in the region (1, c0). This means it satisfies the optimality condition:

0

A7) = 0 < () = 51

Next we claim that, V7 € [1, c0),

Yi(r) > ¥5(7) & E[Ge(7)] - E[|Z]*Ge(7)] > E[GZ(7)],

which is a consequence of Chebychev’s association inequality (Fact[I]) with the choice:

S
Il

GG(T)v A= |Z|7

In particular we have ¢§(7¢) > 6/(6 — 1), and hence Theorem 1] gives us:

1. There exists a unique solution 6 € (77, 00) such that ¢{(0<) = /(5 — 1),

2. and,
) 2 Fy
e L (555) — o vses)
ll2 7 s(02)% — <2 - s (62)

Next we claim that,

1 < liminf @ < limsupd; < oo.
€l0 €l
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To see this, observe

s

e€/peN c—1)(|Z]?+€)+1

@01(9*) - E (|Z]24)
(0s—1)(1Z]2+€)+1

If lim inf, o 6 = 1, one can select a subsequence along which ¢(0<) — E|Z|* = 2 by dominated
convergence which contradicts: ¥5(65) = §/(6 — 1) < 2. Likewise if lim sup, , ; = oo, one can

find a subsequence along which 6 — oo and, by dominated convergence,

EIZ20Z1 )

€/NE\ i1 +e)+1

N0 = T Zmon - b
0s—1)(|1Z]2+¢)+1

which contradicts $(05) =6/(6 — 1) <1V J € (2,00). We can now conclude that,

lim inf 5 = lim sup 6 = 67",
€l0 €l0

where 0°P* is the unique solution to ¢)S**(7) = 6/(§ — 1) in 7 € (1, 00) guaranteed by Proposition

ue to . 1S 1S DEcause, selecting a subsequence along wit — lImInt g , WE can
[M] (due to [30]). This is b by selecting a subseq long with 65 — lim inf,;o 6

conclude that, along that subsequence,

0

A E€(PE opt C €
o = vt0) - o (it ).

This implies,
o e epe )
opt (hrilul]nf 0*) =57
and analogously,

)
P 0 | = ——.
! ( mﬁﬁup *) 0—1

Since Proposition 1| guarantees that the equation ¥;™(7) = 6/(§ — 1) has a unique solution in

201



(1,00) we get,

lim inf #¢ = lim sup ¢ = °P".
€l0 €l0

Dominated convergence now yields,
Vi) = PO, ase L0V i =1,2,3,

and consequently, almost surely,

2
5 5 ¢
[zt |? .. (5-1) — 507 - BT (627)

el mattee, T R — S (6

The right hand side of the above display can be simplified to:

2
§ ) opt / nopt
(571) T 51 Y2 (627°) oot —

1
G R GO R Y

This clean formula is due to [[30] and we refer the reader to Appendix B in [30] for a proof.

A.3 Miscellaneous results

Fact 1 (Chebychev Association Inequality, [70]). Let A, B be r.v.s and B > 0. Suppose f,qg are

two non-decreasing functions. Then,

E[BIE[Bf(A)g(A)] = E[f(A)BJE[g(A)B].

Furthermore, if, P (B = 0) = 0 and,

P(f(A)=2)=0,P(g(A)=2)=0,Vz € R,
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then, the above inequality is strict.

Proof. The proof of the inequality appears in [70]]. Inspecting the proof we can derive a sufficient

condition for the inequality to be strict. The proof in [70] shows,

2- (E[BIE[Bf(A)g(A)] — E[f(A)B]E[g(A)B]) =

EBB'(f(A) = f(A)) - (9(A) = g(A).

where (B’, A’) is an independent sample of the random variables (B, A). Since, f, g are increasing

(f(A) — f(A)) - (g(A) —g(A")) > 0and B > 0, B’ > 0. Hence the equality is tight iff:

BB'(f(A) = f(A)) - (9(A) — g(A") =0,

which is ruled out by the assumptions of the claim. [
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Appendix B: Omitted Proofs from Chapter@

B.1 Proofs from Section

In this section, we collect the missing proofs from Section 4.5] We begin with a lemma de-

scribing the joint distribution of the phase retrieval measurements y and the side information z.

Lemma 34. Let x,,y and z denote the signal vector, the measurements and side information
sampled from the phase retrieval with side information model (see 4.2)), @.1)) and @.4)). Then

conditioned on x,, y and z are independent with marginal distributions:

y L mlU* + o€, U ~ Unif (§") , € ~ N (0.1,).

2~ N (0,2 Ijam))-

Furthermore, since the above distributions do not depend on x,, this result holds even without

conditioning on x,.

Proof. From (4.2), (4.1)) and (@.4)), we know that,
y =m|Azx, |’ + o€, z SN ((wi,w*a}f), 1) ,ie{l,2...,|Am]},

where A is a uniformly random m X n partial unitary matrix and the matrices w; ~ GUE(n).
Since A is independent of w, w; ..., w|am|, We have y, z are conditionally independent given

x,. Let B be the n X n unitary matrix whose first column B; = x, (and the remaining columns
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can be arbitrary). Then note that, conditioned on x,,

Az, £ ABB"z,
= A361

d.2)
= Ael .

In the above display, the step marked (1) used the fact that BB = I, the distribution inequality
(2) used the fact that since A is a uniformly random partial unitary matrix, its distribution is
invariant to left multiplication by a unitary matrix. Finally note that the first column of a partial

unitary matrix Ae; ~ Unif (qu). This gives us:
y =m|U|* + o€, U ~ Unif (S"'), e ~ N (0,1,,). (B.1)
Next observe that since w; ~ GUE(n), conditioned on x,,
(w;, 2, x™) N (0,1), i e {1,2...,|Am]}.
Hence, conditioned on x,,
2z N N(0,2).

This proves the claim of the lemma. Note that since the conditional distributions do not depend on
&, this result holds even without conditioning on x, OJ
The remainder of this section is organized as follows:

1. Section is devoted to the proof of Proposition [6]

2. Section[B.1.2]is devoted to the proof of Lemma/[I2]
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B.1.1 Proof of Proposition@

Proof. Let A > 0 be fixed to any value that guarantees:
I(y,z; A, W) =o(m).
By the chain rule for mutual information,

Iy, z, A W)=1(y; AW)+1(z;A, Wly)
=I(y; A)+1(z; A Wly)

>1(y; A).
Consequently I (y; A) = o(m). This means,

H(y| A) =H(y) — o(m) (B.2)

H(y,z| A W) =H(y,z) —o(m). (B.3)

In order to prove the claim of the proposition, we will costruct an upper bound and a lower bound

on the quantity H (z |y, A, W) Comparing the upper and lower bound will give us the claim of

the proposition.

H(z|y,AW)=H(y,z| AW)-H((y| A W)
:H(y,z\A,W)—H(y\A)

£ H(y,z) — H(y) — o(m)

2 H(z) — o(m)
2 |Am]| - h(2) - (1 - o(1)) (B.4)
= Am-h(2)-(1—0(1)). (B.5)
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In the equality marked (a), we used the conclusions derived in (B.2)) and (B.3)). In the step marked
(b), we used the fact that y, z are independent (see Lemma . In step (c) we defined h(v) e
1 In(27v), which is the entropy of A (0, v) and recalled the claim of Lemma : z ' N(0,1).
On the other hand we can upper bound H (z |y, A, W) as follows:
[Am]
H(z|y. AW)< ) H(z|y A W)
i=1
© [Am|
< Z Eh (Var(z|y, A, W))
i=1
LAm]

< ) h(EVar(zly, A, W)) (B.6)

i=1

In the step marked (a) we used the fact that the Gaussian Distribution has the maximal entropy for a
fixed variance and in step (b) we used the concavity of h. Next we compute EVar(Z;|Y, A, Wi.am).

We have,

EVar(z;|ly, A, W) = E(z; — E[z]Y, A, W])?
e E(w;, z,z" — B[z, x|y, A, W])? +1
o E(w;, a:*:z:i' — E[w*wmy, A +1

2EH:I:*:):i| —E[w*azf|y,A]||2+1. (B.7)

In the above display, the equality (a) follows from the fact that z; ~ N (('wi, x, ), 1) and equality
(b) used the fact that W' is independent of x,, y, A. In the step (c), we used the following property
of a GUE matrix: for a deterministic Hermitian matrix M, (w;, M) ~ N (0, | M|?). (B23),
and give us the conclusion:

Am - h(E|z,x! — B[z, 2| Y, A]|? +1) > Am - h(2)(1 — o(1)).
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Since h is an increasing function this gives us:

liminf By, y 4.zl — Elz.aly, All* > 1.
m=on

On the other hand, by the optimality of the Bayes estimator, we have: E;, , al|z. 2! —E[z, x|y, A]||? <

Ew*,y,A”m*mf — 0||2 = 1. Hence,

i B,y alle.at! — Eleatly, Al =1
m=nd

This concludes the proof of the proposition. 0

B.1.2 Proof of Lemma

Proof. Through out this proof C refers to a finite non-negative constant independent of m, n that

can possibly depend on §, 2, A. This constant may change from line to line. Recall that,
I(y,z; AL W)=H(y,z) — H (y,z|A7 W) )
We can split H (y, z|A, W) as follows:
H (y,z|A, W) =—Eaw (/p(y,z|A, W)lnp(y, z|A, W) dydz)
— —Eaw ( | A W) mpty, 214 W) ay dz)

CEaw ( / p(y, 2| A, W) lnply, 2| A, W) dydz>
&G,
@ _ / Eaw [p(y. 2l A, W) lnp(y, 2| A, W)] dy d=
Em

— / Eawp(y, z|A, W)lnp(y, z|A, W) dy dz.
gc

m
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In the step marked (a) we used Fubini’s Theorem. Likewise we can split H (y, z) as follows:

H(y.2) =~ [ p(y.2)lnply =) dydz— [ ply.z)lply. =) dydz

m &

Hence,
I(y,z; A W) =1+11+1l,
where the terms |, |1, [1] are defined as:

| = _/ p(y,z) Inp(y, z) dy dz +/ Eaw [p(y.2|A, W)lnp(y, 2|A, W) dy dz,

12~ [ ply.2)nply. ) dydz,
£

e / Eawp(y, 2| A, W) Inp(y, 2| A, W) dy dz.
&

c
m

Analysis of | :  Consider the following inequality:

In(z) < (z—1) = zln(z) <z(x—1), Vo > 0.

p(y,2|A,W)

e Ve obtain,

Applying this to

y,z|A, W)
ply,z)

2
p
p(y,2|A, W) np(y, 2|A, W) < p(y, z|A, W) In(p(y, 2)) — p(y, 2|A, W) + (
Substituting this in the expression for | we obtain,

< - / Py, 2) Inp(y, z) dy dz= + / p(y, =) Inp(y, z) dy dz — Pr(En)
5’m gm

+ / ]E'A,WPQ(yu Z|A, W)
57’L

p(y, z)
- /EA’Wp2<y’ZA’W)dydz—1 +P(ES).
" p(y, z) "
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Hence we have,

2
| < / Bawpr (v 2 A W) 42— 1) 4 p(ee). (B.8)

Analysis of || :  We can handle Il as follows:

I g—/ Py, z)Inp(y, z) dy dz
&,

@ _ / p(y) Inp(y) dy + H(2) P(ES)

m

< —/ ply) Inp(y)dy + C-m-P(E)
e

__ / p(y) InEq ap(ylz, A) dy + C - m - P(EL)
&
S _Em,A,ylgﬁn lnp(y|:13, A) + C -m - ]P)(Srcn)
1 mIn(2ro?
= LBy - mlAwf|P1, + Mg
o 2
< O (m*P(E:)E)| Aw||! + Elly|*1e; ) + C - m - P(EL).

&)+ C-m-P(E;)

In the step marked (a) we used the fact that y, z are marginally independent. In the step marked
(b) we used the fact that H (z) < C'm for a suitable C. In the step marked (c) we applied Jensen’s
Inequality and note that the random variables «, A and y are independent. Note that by Cauchy

Schwartz Inequality, we have,

Ellyll*Le;, < VE[yl* - P(E;,).
It is also straightforward to obtain the following estimates by simple moment computations:

m m C
EllAz| = Y Elai,z)|' = Y Ellai||*|z:|" < mE|a|* < —, Elyl* < Cm”*.

i=1 =1
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for some 0 < C' < oco. This gives us:
Il < Cm (1@(5;) + P(ﬁ;)) . (B.9)
Analysis of |l :  Next we analyze the term |ll:

= / Eawp(y, 2| A, W) np(y, 2| A, W) dy dz
&

(&
m

Noting that:

lnp(y> ZlA, W) = h’lep(y, Z|A, W7 .T)

[Am| 9
—In ]Eme_Hy_m‘AleHQﬂUQ + In Em H 6—(Zi—<mmH,wi>)2/2 B mll’l(Q']TO‘ ) + LAmJ 111(271')
2

=1

< _mlIn(270?) + [Am] In(2)

- 2
< Cm.
Hence we obtain,
< CmP(Er).
Combining the estimates on I, |1, [I1l we obtain,

2
I(y, 2 A, W) < /EAW W AAW) jaz—1) £ Com.VBED.
Em p(y,Z)
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B.2 Proofs of Local Central Limit Theorems

The proofs of the Local central limit theorems are based on the classical approach using char-
acteristic functions. Section [B.2.T|contains the proof of the local CLT in Proposition[7]and Section
[B.2.2] contains the proof of the local CLT in Proposition [§] The proofs use some standard prop-
erties of characteristic functions which have been collected in Appendix for reference. We
will also rely on some analytic properties of the Tilted Exponential distribution and Tilted Wishart

distribution given in Appedices[B.6.1]and [B.6.2]

B.2.1 Proof of Proposition

Proof. Recall the random variable U was defined as:

U= in:ui, u; ~ TExp (5\1(0),%) , 1 € [Am)],

i=1

where,

~

(o) £ arg max ()\ By In Ep gy Erdy (E — Y))

AER

Note that A = \; (o) satisfies the first order stationarity condition:

_ li E~Exp(1 77Z)o E yz @ZEU _
m i=1 ENEX 6)\1 E¢ (E yl i=1 Z

From here on, throughout this proof, we will shorthand ;\1(0) as simply 5\1. Define the centered

random variables: %; = u; — [Eu; and centered and normalized random variable:

U—m: D i Ui

v= i
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Let ©(o) denote the variance of U

Again for ease of notation we will short hand () as 9. Let £ denote the density of U. Let

W(t) = EeitU denote the characteristic function of U. By the change of variable formula, we have,

Al,y(m) = W

Hence we focus on computing £'(0). By the Fourier Inversion formula (Lemma [7, Appendix i

we have,

@ 1 - . 542
< oo / W(t) — dt+/ ydt+/ |z/1(t)|dt+/ e~z dt
2 [t|<t1 t1<|t\<t2f [t|>t2/m It >t1
® 1 . 5 9 o2
< — / p(t) — dt+/ \dt+/ |P(t)| dt +—e™ 2
2m <t 1<\t|<t2f o Jzteym v
) ©)

In the step marked (a), the cutoff parameters ¢, ¢, are arbitrary and will be fixed later. In the step
marked (b), we used standard bounds on the tail of a gaussian integral (see Lemma @7, Appendix
B.9). In the following sequence of steps, we upper bound each of the error terms (1), (2) and (3).

We will be able to show, for a suitable selection of ¢4, ¢, that,

(1) +(2) + (3) + %e < W

213



This gives us,

. 1 C(K)In(m) ) 1 C(K)In(m)
F(0) — —| < i = |F5,,(m) T < - ;

which is the claim of this proposition. The remaining proof is devoted to the analysis of (1), (2)

and (3).

Analysis of (1): Recall ¢/(t) = Ee¥ and f(z) = €' is bounded, t-Lipchitz function of z.

Applying the Berry-Eseen Inequality (Theorem 9] Appendix [B.8)), we have,

_ ot2
2

_ C-(L+Vilt) - po

&(t) —€ m

In the above display, C' is a universal constant and ps is given by:

1 m
pP3 = E;EW%—EUZ’B’
8 m
< =S E|ul?
< m; i

(c) ~ 1 m
<Cl1+MP+= |2
< +|1|+m,-21|y|

In the step marked (c) we used the estimate on E|u;|® proved in Lemma Integrating the

pointwise bound above we obtain:

. 1 & t1(1+ Vot
D<C- 1+ MP+=Y |uP | B

We set:
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This gives us:

(Dé%-lHMB }J Jy@SCM%?m.

Analysis of (2): Let (u),u),...u,,) be independent and identically distributed as (uy, us ..

Note that,

.. ]2 . 2 .
’]Eeltui _ ’Eeltui _ Eelt(ui—u;) .

Hence,

m

11

=1

()

(1) e (2)

By the Taylor’s theorem for CF (Theorem[§] Appendix [B.8), we have,

it (u; — uj E(u; — uj)® - 12 Elu; — il - [t
Em%wu W)_L_wzw) B, || < Hw ol
m

vm 6m+/m

Now consider any ¢ < ta/m:

|1/V’(t)|2:H (1_ E(u; _2::5)2.152 +Ei>

< ﬁ - E(u; — ul)? - 2 N Elu; — ul]® - [t
. 2m 6m+/m

< exp —%ZE(%’— u)? + 6m\/_ZE‘ — i’

Next we observe that,
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We set:

-1

_1} 1 - 113

This ensures, for any |t| < t5/m, we have,

: 1?2 B & ot2
N2 < —— E(u; — u)? Elu; — P | < —= .
FOF < exp | —50 3 B =) + g 3Bl —uif* | < e | -

Consequently,

(2):/ |1L(t)|dt§/ e—ﬁt2/4dt§/ e~/ qt
t1<[t|<ta/m t1<[t[<ta/m t1<[t|

In the step marked (d), we used the standard bound on gaussian tail integrals (Lemma
and in the step marked (e) we substituted the value of ¢; fixed in the analysis of (1). Finally,

to wrap up this step, we note that there exists a finite positive constant C'(K) such that,

> —
T CE)

Indeed,

1 = 73 8 - 3 NIE 1 - 3
LBl =l < DS SEwP <€ 1 WP+ 3l < o)

i=1 =1
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and,

-1

ZE|uz—u| zm.

l\.’)|®>

Analysis of (3): Recall the term (3) was given by:

(3) = / WO dt = vm [ ey d.
[t|>tay/m [t|>t2

By AM-GM for non-negative real numbers we have,

. 2 ol |2 I =~ . |2
t ’ — ‘E itu; < - )E itu;
o] =TT (e < | 30 [ee
We use two different strategies to further control the above bound:
1. Applying Lemma43] we obtain,
2 O 1¢ . C(K)
itu; L N2
—}j]Ee ST m N+l <

2. The above bound tells us that for |t| > /2C(K), we have,

1
5

<

I & a2
_§ ‘Eeltui
m~

=1

Applying Lemma in Appendix we can find a constant 0 < 7(K) < 1 de-

pending only on K such that,

(1 =n(K)), V[t| = ta.

- Z ‘Eeltul
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We can combine the above to bounds to control (3) as follows:

(3) =vm [ (ty/m)| dt
[t|>t2
1 & ‘
<+/m — Z )Eelt“’ dt
[t|>t2 \ T i=1
m_y
< vm-C(K) / S i ‘Eeituw L
> \ M 22
m 1
< C(R) -V (=) [t
>t [t
< CE)
—_— \/m
This concludes the proof of the proposition. [

B.2.2 Proof of Proposition

Proof. Recall that the random variable S was defined as:

Sk \/ S5, e
A /sksz,e“ek’ 7).

S = Z Sk, Si = ~ TWis (5\2(% o), d2(g; 0),yi> ,
k=1

~

where (A\s(q; o), &(¢; o)) solved the concave variational problem:

~

(A2(q; 0), q@(q; o)) = arg max (2/\ +q¢ — Ey In Zrwis (A, ¢, Y)) )

(A9)eR

Throughout this proof for easy of notation we will omit the dependence of quantities like Ao (q;0),

qg(q; o) and V(q; o) on ¢, 0 and denote them by Mo, &, V. Since the optimizer of the variational
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problem lies in a compact set, we know that ;\2, (ﬁ satisfy the first order optimality conditions:

1 I OZTwis <5\2,¢;7 yz‘)
2 = ~ ~
M3 Zrwis </\27 o, yi)

m 8¢ZTWis (5\27 & yz)

1
QZEZ

i—1  ZTwis <;\27 QZ% yi)

1 m
(@) /
-~ (S + 81)

o LN R /o cos(
= ;E s;8% cos(6;).

In the steps marked (a), we used the formula for the normalizing constant Ztw;s (A, ¢, y) given in

Definition [0 to compute the partial derivatives. It is also clear from Definition [6| that:
Es; = Es}, E\/s;s.sin(f) = 0.
Hence the first order optimality conditions imply:
ES =mQ.

Next we define the centered random variables:

m

- . S—-ES 1 -
S;=8-ES;, S="—-—"=—> &,

Note that,
. AH 1 & AN .
EVec <S) Vec (S> = — Z 3Twis </\2, 03 yi) =V.
mi3

Let H denote the density of S. We note that it is sufficient to study the asymptotics of I7(0) since
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by the change of variable formula we have:

1(0)

m2

Hy, 4, (mQ) =

In the remainder of the proof we focus on developing asymptotic expansions for H. We define the

characteristic function of S:

U(t) = Eexp <i<t,Vec (S’))) :
By the Fourier Inversion formula (Lemma|/) we have,

] 1 —i ec T
() = 5 /R N (1)

Applying the inversion formula to <0, V) gives us:

1
(2m)4 det(V)

6—%Vec(U)HV*1Vec(U) _ (21)4/ 6—i<t,Vec(U)>6—%tHVt dt.
e R4

Setting U = 0 and computing the error between the above two displays we obtain: Appendix [B.8&))

we have,

. 1 . . 1HY
(2m)* |H(0) — = e HEVecl)) (r(t) — em28VE) dt
(27)4 det(V) /R < ) ‘
S()+@)+B)+ @),
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where,

F(t) — e 2"VE| dr,

we [
1tlI<t1

2 [ b)) dt,
t1<[[t||<t2v/m

(3) % / ()],
[t >ta/m

(4) & / e 3"Vt dt,
1>t

In the step marked (a), the cutoff parameters ¢, 5 are arbitrary and will be fixed later. We will be

able to choose t1, t5 such that the following bound holds:

This gives us,

- 1 C(K)In®(m)
H(0) — < :
(2m)* det(V) vm

and hence,

< C(K)In®(m)

Hy, 5, (mQ) — —| < 5 :
’ J @rm)t det(V) my/m

which is the claim of this proposition. The remaining proof is devoted to the analysis of (1), (2),

(3) and (4).

Analysis of (1)1 Recall ¥(¢) = Ee'®Ve<(S)) and f(z) = ¢it#) is bounded, ||#|-Lipchitz function
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of . Applying the Berry-Eseen Inequality (Theorem 9] Appendix [B.8)), we have,

C-(L+ [Vt - ps
m- M. (V)

min

B(t) — e—%t“"t‘ <

In the above display, C' is a universal constant and ps is given by:
1 m
=— )Y E|Vec(S;) —EVec(S;) |
p3 mz [Vec (S;) — EVec (S)) |

—ZEHVec P
ZE -+ Es

| A

| /\

() N A 1 &
SO+ PP+ + = lul’
=1

In the step marked (a) we used the estimate on Es; proved in Lemma Recalling the

assumptions

. . . . 1 <&
K< Ain(V) € dmax (V) < K | < K, — i|? < K,
(V) € Anax(V) < K, [¢] + | A ,mZIy\ <

we obtain,

Integrating the pointwise bound above we obtain:

C(K)-(1+t) -t
Jm

(1) <
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We set:

2 41n(m)
' )\mln(f/)
This gives us:
nd
(1) < C(K) - 1In’(m)

Analysis of (2): Let (5’1, S, ... S’m) be independent and identically distributed as (S7, Ss . ..

Note that,

‘Eei(t,Vec(Si) ‘2 _ ’Eei(t,Vec(Si)) 2 Fei(tVec(Si—5:))

Hence,
)\I/(t)r _ ﬁ ‘Eei@,\/ec(si)vm‘? _ ﬁEei@,Vec(si-sy)ym_
=1 i=1
By the Taylor’s theorem for CF (Theorem [8] Appendix [B.8), we have,

S i<t,Vec <Si — 52)) L E(t, Vec <Si - 5@))2

vm 2m

+Ei7

where | F;| is controlled by:

B {t,Vec (8 — S ) _ [[I1E][Vee (8. — 51) I
6m+/m - 6m+/m '

|E;| <
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Now consider any ||t|| < toy/m:

) m E(t,Vec (S; — S;))?

woF =TI | 1- gm L
[, EtVee(si- 8 elPE|vec (i - 8:) IF
—H L= 2m * 6m/m

m_E(t, Vec (Sz- . Sy)v . 1£[PE|[Vec (s,» - s) E

< ex —
P — 2m 6m/m

Next we observe that,

We set:

—1
. 1 & -
ts = (V) - [ =S E|IV (Si—Sl) 5]
2 = Bhasa(V) (mz Vec ||
This ensures, for any |¢| < to1/m, we have,

) m_ E(t,Vec (S; —S;))?  ||t||PE|Vec (S; — S;) ||?
<[ (5 )° (s -3)
=1

thvt Amin(V)[[2]2
<exp|— 5 < exp —# .
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Consequently,

(2):/ [U(t)|dt (B.10)
t1<[t]|<t2/m
(Y 2
< / exp (—M) dt (B.11)
t <t <tov/m 4
%C/ exp <—A“11“T<V)12> Bl (B.12)
t1
Y\ 42 N\ 42
2 o). (# . 1) e (_#> .13

In the step marked (a), we converted the integral into polar coordinates from cartesian
coordinates. In the step marked (b), we used Lemma and used the assumption that

Amin(V) > K. Recalling that we set:

2 _ 41n(m)
1 — N
)\min<v)
we obtain,
() < C(K) - In(m)
m

Finally, to wrap up this step, we note that there exists a finite positive constant C'(K) such

that,

Indeed,

1 . Q 3 ¢ . 3 3 3 1 . 3
- . g, < |3 < - ) <
— > E|Vec (8= 8] I < = DTElsi* <O [ 1+ A+ [¢l o ol | <)

i=1 i=1
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-1

and,
3 <Sz‘ - gz) I°

Analysis of (3): Recall the term (3) was given by:

3 :/ |U(t)| dt = m? [T (t/m)| dt.
1>t v/ I£]1>t2

2

By AM-GM for non-negative real numbers we have,

2 < i Z )Eei@,Vec(si)}
1

m
1=

‘E piltVec(S0))
=1

ity =]

1=

We use two different strategies to further control the above bound:

=~

,  COUE)
Bk
(B.14)

1. Applying Lemma[44] we obtain,
(14 Aol + % + ly[7)

2

A
=1 Q
| —

1 Z ‘Eei(t,Vec(Si))
m =1

8C3(K), we have,

2. The above bound tells us that for ||¢|| >
2

1 3 ‘Eeut,Vec(sm <1
m < -2

Applying Lemma in Appendix we can find a constant 0 < n(K) < 1 de-

1

pending only on K such that,
< (1= (). V(] >t > s
C(K)

1 Z ’Eei@,Vec(S’i))
m i=1

2
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We can combine the above to bounds to control (3) as follows:

3)=m? [ |[b(t/m)|dt

([t >t2
. 5
1 ; 2
< m? L Z ‘Eel<t,Vec(Si)> dt
Ith>t: \
m_g
@ m? - O(K) / l Z ‘E i(t,Vec(S;)) . Ldt
st \ M []]6
(b) 9 m_g 1
<CO(K)-m”- (1—n(K))2"" g dt
el
o O(K S|
gﬁ. — . 3dl
\/m to 9
C(K)
S P S

In the above display, in step (a), we utilized the bound in (B.14). In the step marked (b) we
utilized the bound in (B.T5)). In the equation marked (c) we converted the integral into polar

coordinates and checked that the integral was finite.

Analysis of (4): We recall that:

(4) = / e 2tV
It >t

Amin (V'
<[ ey,
lIt1>t

After this, we can exactly repeat the arguments following (B.10) and obtain,

C(K) ln(m)'

(4) <

This concludes the proof. 0
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B.3 Concentration Analysis

This section is devoted to proving the concentration result Proposition [0] Throughout this
section, we will use Y to denote the random variable |Z|*> + o€, where Z ~ CN (0,1) and ¢ ~
N (0,1). Hence, forany f : R — R, Ef(Y) = Ef(|Z|? + o¢). We also recall the [E notation, for

any real valued function f on R:

where y1,ys . . ., Y, are the observations in the phase retrieval problem. The main intuition behind
all of the results in this section is that the empirical measure of the measurements converges to the
law of Y. Hence for a large class test functions f, Ef (Y) ~ Ef(Y). This intuition is made rigorous
in terms of a general Weak Law of Large Numbers (WLLN) and a Uniform WLLN (ULLN) for
the empirical measure of the measurements in Section We then use these general results to

prove Proposition [9]in Section[B.3.2

B.3.1 A General Uniform Weak Law of Large Numbers

The following proposition establishes a weak law of large numbers (WLLN) for empirical

averages of measurements ¥y, ¥ . . . ¥, in the phase retrieval model.

Proposition 20 (A WLLN). Let y1,vs> ...y, be the m measurements from the Phase Retrieval

model. Let f : R — R satisfy the local Lipchitz assumption:

[f(a) = FO) < L-(1+ al* +[b]*) - Ja = b,

for some L > 0, k € N. Then we have,
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In the above display, Z, ¢ are independent r.v.s with the distributions: Z ~ CN (0,1), € ~
N (0,1).

Proof. Recall that in the phase retrieval model, we have,

mgi|’ m|gs|? M| g ?
(yl’y2"'ym)é ——— t+0€, 5 t0€a... ———— +0€, | .
gl? gll? gll?

In the above display g and € are independent with g ~ CN (0, I,,,) and € ~ N (0, I,,,). To obtain

the claim of the proposition we write,

m

LS )~ BI(ZP 00 & Zf(m’%| +aei> ~EJ(|Z + 09

2
pa lgll

= (1) + (2).

where the terms (1), (2) are defined below:

def 1 ]_ T
Zf <Tﬁ|g”2 6i> - EZJC(|9¢|2+UQ) ;
i=1
S 7 (10 + 06) ~EF(1ZP + 09
=1

Note that,

by WLLN for sums of i.i.d. random variables. On the other hand, by the local Lipchitz assumption
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on f:

1 . kngPk 2k
(DSL (||g||2_ > Ez:: ( ||g||2k +|gi|
m 1 — m \F L s
AN EZ‘QZ o) 1 g;w (B.16)

By WLLN and continuous mapping theorem:

P

m
1250
lgll?

1 m
- Z 9> 5 E|Z|* < oo,
m 1=1

k m
m 1 1
1 i i2k+2 P - 1 'EZ2k+2< .
<(ng2> +> m 29 5 G 1) BIAPT < o0

Hence (1) = 0. This proves the claim of the proposition. O

The following proposition proves a Uniform Law of Large Numbers (ULLN) for empirical

averages of the measurements v, Y5 . . . Y, using some results from empirical process theory [77].

Proposition 21 (A Uniform Law of Large Numbers). Let Fr be a collection of functions f; : R —
R indexed by a parameter t which takes values in the set T, a bounded subset of R*. Suppose that

the collection Fr satisfies the following Lipchitz conditions:

Lipchitz in parameter: | fy(y) — fs(y)| < L- ||t —s|-(1+ |y )Vt,s €T, y € R,

Lipchitz in argument: |fy(y) — fe(y)| < L-ly—o'|- (Jyl'+ /' + 1)Vt €T, y,y/ €R.

for some L > 0,1 € N. Then we have,

sup —thyZ ~Efi(|Z)* +0€) | > 0.

teT
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Proof. As in the proof of Proposition[20} we have the decomposition:
1 m
. Y fy) —EF(ZF +oe) = (1) + (2).

=1

where,

;|2 1 «—
Jt (m!g| +U€z‘> _E;ft (|gz‘|2+U€z‘) ;

gl

ft (lg:]” + o)) —Efe(|Z]” + oe)

The analysis (1) is exactly the same as in Proposition 20} The upper bound in holds uni-

formly over 7" and hence,

sup (1) = 0.
teT

For the term (2), we appeal to standard empirical process theory results from Van Der Vaart and
Wellner [77]. By Theorem 2.7.11 of Van Der Vaart and Wellner [77], the function class F has
bounded bracketting number. Consequently, by Theorem 2.4.1 of Van Der Vaart and Wellner [77]],

JFr is Glivenko-Cantelli, that is,

sup (2) = 0.
teT

This concludes the proof of the proposition. [

Next we will apply the ULLN of Proposition 2] to obtain uniform convergence of empirical

averages of the log-normalizing constants and moments of the Tilted Exponential and Wishart
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distributions. In particular, we recall the definitions:

def

In ZTExp (/\, y) In EENExp ¢J (y E)

In Zrwis (A, ¢, y) = In Eg~cN<o,12>€A("‘“'2+‘92‘2)+¢Re(91§2’%(y —1911)%s (y — |ga]?).

For any a, b, ¢, d € N we also define the moments of the tilted exponential and wishart distributions:

Wl (\y) EETI, T ~ TExp (A, y)

M%&iﬁyd) (/\v ¢> y) = ES%RG(Sl?)bIm(Sm)Cng? S ~ TWis ()‘7 ¢7 y) :
Recalling the Definitions [5|and [6] we have,
EEce )\Ew0<y _ E)

A ,

IUTExp ( y) EENExp(I)e wg(z/ . E)
(@bscrd) E|g1)%*Re(g17,) Tm(g17,)¢|go|*de 91 Hoz )+ 0Re(152)a, (3 — | g 2)eh, (y — |g2]?)
IU’TExp ( ¢7 ) :

EeXlg112+g2]?)+oRe( 9192)1/}J<y — |gl| )¢J(y — |92| )

In the above display FE ~ Exp (1), g ~ CN (0, I,). The following corollary applies the obtained

ULLN to the above functions to obtain uniform convergence for these functions.

Corollary 5 (Uniform Convergence of Log-Normalizing Constants and Moments). For any R > 0

and a, b, c,d € N, we have,

1 & ,
1) sup [ — Y In Zreg (A 9i) — Ezeln Zreg (A, |2 + 0€) | 50,

m

1 ,
2) sup = InZrwis(\, ¢, 41) — Ezcln Zrwis (A, ¢, |2)° + o€) | 50,
Al+lgl<r \ ™

3w |, Zump (A vi) = Ezenfde (V2P +0¢) | 50,

a,b,e,d) a,b,c,d
4) sup .. Z '(I'Exp ¢7 yz) EZ,GILI/EF(EXP ) ()‘a ¢> ’ZP + UE) i> 0.
[Al+l¢|<R
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Proof. In order to prove the corollary, we just need to verify the Lipchitz conditions in Proposition

21} In order to do so, we observe that,

) Wl \y)—y 9
= 111 ZTExp ()‘7 ¢) TE b ( )

_ ()
ay o2 a>\ 7 In ZTEXP ()\ ¢) - IU’TExp ()\7 y) :

The moments of the Tilted Exponential distribution are bounded in Lemma {3] Using this we

obtain,

0
aanTExp ()\ y) S C(R_'_ ‘y’)

max
IN<R

0
—InZ <
ay 1N ZTExp ()\ y)‘ < C<R+ ]y\) ‘rﬁax

Integrating these derivative bounds gives us the following Lipchitz estimates:

[0 Zreg (A ) =10 Zreg (M y)| < O (R+ [yl +1y]) - ly—y/| VN < R yy/ €R,

[0 Zre (A1) = In Zresp (A',y)\ SC (Rt -A=XNIVN <R N <R yeR

which verifies the assumptions of Proposition 21] and hence (1) follows. Likewise the uniform

convergence in (3) follows from the observation:

0 @ (y e A1) = 1 ) nfde (A 9)
a_yluTExp( 7y)

)
0-2

8 a a a
5/~L(TE)XP ()‘7 3/) NTthlg (>‘ y) IUSI'IQXp O" y> 'ugrléxp (A’ y) )

The proofs of (2) and (4) are analogous and rely on moment bounds for the tilted wishart distribu-
tion given in Lemma 44] O
B.3.2  Proof of Proposition@

We now present the proof of Proposition 9]

Proof. Since polynomial functions are locally Lipchitz, the claim (1) follows from the WLLN

proved in Proposition Item (2) is a special case of Corollary [5| The proofs of items (3-4) is
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very similar to (and easier) items (5-6) and is omitted. Hence we focus on proving claims 5-8.

Define the concave (in A, ¢) potential functions:

Va(\, ¢59) = 2X + g — By In Zrwis (N, ¢, Y)

VoA, d39) = 2X + ¢g — Ey In Zrwis (A, 6, Y) .
The potential functions are important because:

(A2(q;0), 0(q; 0)) = arg max Va(A, ¢; q), Za(q; 0) = max Va(A, ¢;q).

ApeR A ¢ER

And likewise,

~

(A2(q;0),0(q;0)) = arg max Va(A, ¢:q), Zalgq;0) = ggé‘/g(% ?;q).

The proof of this proposition relies on coercivity estimates for the above potential functions which
have been proved in Appendix |B.7
For the ease of notation, in this proof we will short hand Z(q; o), Z5(¢; o), Aa(q; ), Aa(g; 0),

#(q; ) and ¢(q; o) as Za(q), Za(q), Aa(q), Aa(g), 6(g) and ¢(q), omitting the dependence on o

We consider each of the claims (5-8) one by one:

5. In Proposition[23|(Appendix[B.7)), we have shown that the solutions to the variation problems

lie in the compact intervals:

el + 100l < € (a1 ) BVP 1),

. R 1 .
Rala)] +160) £ € (14 0+ 2 ) - @VE +1
On the other hand we know from Proposition [20] that,
EY? 5 EY? < 0.
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Consequently, we can find constant R that depends only on 7, o such that,

max [ Aa(q)] +16(g)] < R, IP( max |As(q)| + |$(q)] > R) — 0.

0<g¢<1-n 0<q<1—n

For instance taking R as:

1
R:C’(2+—> (2+EY?),
L—n

is sufficient. This proves item (5) of the proposition.

6. We upper bound Z5(q) — Z5(¢) and Z5(q) — Z(q) separately:

~ ~ ~ ~

= Va(Na(q), 9(9); @) — Va(Na(q), 9(q); @) + Va(Na(a), 9(q); @) — Va(Na(a), ¢(q); q)

/

-~

<0

< Va(Ma(q), 9(0); @) — Va(Na(a), ¢(q); q)

< sup V(X ¢:9) = Va(, ¢ 9)-

 gel0,1-n) A +I¢I<R
Analogously, we can obtain ég((]) —Za(q) < supyeio1—m o<k [V2(As @) — Vg()\, ®;q)|-

Consequently we have,

sup  [Za(q) —Z2(q)| < sup Va(\ ¢5q) — Va(\, 65 )]

= sup Ey In Zrwis ()\, ¢, Y) - IEiy In Z1wis ()\, ¢, Y)
A ¢: A +[9I<R

— 0.

In the last step we appealed to Corollary [5] This concludes the proof of item (6).

7. For the purpose of demonstrating convergence in probability it is sufficient to restrict our-
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selves to the event:

max |Aa(q)| + |¢(q)| < R,

0<¢<1-n@

since this event occurs with probability tending to 1. Proposition [23]shows that the function
Ey In Z1wis (A, ¢,Y) is strongly convex on compact intervals. Hence for some universal

constant C' < oo, we have, forany A\, ¢ : |\ + |¢| < R, Vg € [0,1 — 1],

1

Va(A, ¢5q) < Va(Xa(q), ¢(q); q) — ok (IX=Xa(@) P + ¢ — o(0)]?).

~

Applying the strong convexity estimate to A = Ay(q), ¢ = &(q) gives us:

Aa(@) = Aa(a)* + 16(a) — #(0)* < C(Va(Aa(a), 6(a); @) — Va(he(a), $(4); 0))
=C-(H+(2)+(3)).

In the above display, we defined the terms (1), (2) and (3) as:
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On the other hand, both (1) and (2) can be bounded by:

(1) < sup (Vé(A, ¢;q) — Va(A, ¢ q)),

(2) < sup
X @: Al+1¢|<R,q€[0,1-n]

Hence we have obtained,

A2(q) = Aa(@)]* + d(q) — 8(q)* < 2C - sup Va(\, 6:9) — Va(\, 639)] -

A ¢: A+ ¢|<R,q€[0,1-7]

Corollary [5] gives us the uniform convergence:

sup Va(\, 6;) — Va(X, ¢ CI)‘ =
Aot +|6l<Ragel0,1—]

sup ‘EY In Zrwis (A, ,Y) — By In Zrwis (A, 6, V)| = 0.
A @Al 40| <R

Hence we obtain,

sup [ Aa(q) — a(@)]* + [9(q) — B(g)]” = 0.

‘16[0)1—77]
This shows claim (7) of the proposition.

. A simple computation shows that:

d?= dz2= o )
d;@ B dq22(q> = el (V3,Va(hl). 0(0): )" = V5 ,Va(hala). d(0):0) ) e,

Hence,

d®Zy(q)  d*Ea(g)
dg? dg?

sup
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Hence it is sufficient to show that,

up V3,20l 800)0) ! = 3 Fatula). S|

q€[0,1—n]

By triangle inequality, we can write,

sup || V2500a(0), 6(a)s ) = V2 Va(ha(a), dl@)ia)|| < (1) + (2)

q€[0,1—n]

where we define the terms (1) and (2) as:

W= swp [[V0a(a).d(0):a) - ¥ Valhala). o) a) |
qel0,1—n

@ sw [Vl d0):0) - T Velala). o0 a) |
qel0,1—-n

‘We control the first term as follows:

< s [V - TR0 60|
a€[0,1-n},A.¢:|A|+|¢|<R

= sup  ||[VZEyIn Zrwis (N, 6, Y) — V2Ey In Zrwis (N, 6, Y) ||
XA +|oI<R
Noting that the entries of matrix Vi’ 6 10 Zwis (A, ¢,Y) are moments of the Tilted Wishart

distribution and appealing to Corollary [5| gives us the uniform convergence:

P

W< s V(G - VB G| 0. BT

q€[0,1-n],A,¢:[Al+|g|<R

To control the second term, we first note that V2V5(, ¢; ¢) is independent of ¢. It is also

easy to check that it is locally Lipchitz of A, ¢, consequently we have the estimate,

|V2V2(0a(@), 6(2):0) = V2 Va(ala), 6(a)i )| | < € (Phale) = ()| +10(a) = S(a)])
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for some constant C' depending only on R (in particular, C' does not depend on ¢). Combin-

ing this with the conclusion obtained in item (4) of the lemma gives us:

(2) = 0.

Hence we have,

P

— 0. (B.18)

Vs (Aa(q), d(q); q) — V2 Va(ha(q), d(q); Q)’

sup

In order to obtain the analogous result for the inverse-hessian, we note that by Proposition
Va(A, ¢; q) is strongly concave on compact sets. Furthermore, V?V5(\, ¢; ¢) does not

depend on ¢g. Hence we have,
1
Amax(V2V2(, 619)) < =5, VA +[¢] < R, Vg,

for a large enough universal constant C'. Recalling the uniform convergence in (B.17)), we

have,

) 1
P )‘max 2 )\7 ; < —— 1.
(w:ﬁrﬁﬁ@ (Ve ¢:q)) < 20) -

Since both V, V are concave functions (c.f. Proposition , we have,

sup || V2Va(Aa(q), 6(0); @) Hlop = O(1),  sup [|V*Va(Ma(q). 5(q); @) *lop = Op(L).

q€[0,1-n) q€[0,1—n)

(B.19)

Wedin [87] has shown the following perturbation bounds for matrix inverse for any two

invertible matrices A, B:
1A~ = B7H| < V2 - max(|[ A lop, 1B lop) - 14 = B
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Combining the tightness result in (B.19) and the uniform convergence of hessians (see

(B.17)) gives us,

sup  [[V*Va(Ma(a), 6(0);0) ™" — V2Va(Xalq), d(q)iq) || = 0.

This concludes the proof of item (8).

]
B.4 Proof of Proposition
Recall that we had introduced the following functions:
_ _ 1 5 ¢
F(q;0,A,0) =Z2(q;0) —2=1(0) + (1 — 5 In(l—¢°)+Aln|1- B
~ S S 1 2 ¢
F(g:0,4,0) = Ex(g;0) = 251(0) + (1 -5 JIn(1 = ¢) + Aln {1 =5 |,
where,
EQ(qu U) = ()%??R (2)‘ + ¢q - IEY In ZTWis ()‘7 9257 Y)) )
Za(gi0) 2 max (224 6g — By In Zrws (1,6.))
=1(0) £ max ()\ Ey nEppepnye Ery (B — Y))
S
él(a) = max <)\ Ey In EENEXP 1)6 o (B — Y)>
S
Consider any ¢ that satisfies the assumptions of Proposition
F(0;0,A,0) < F(q;0,A,0)Vq € (0,1), (B.20)
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and,

2
((117]2:(0; 5, A,0) > 0. (B.21)

In Lemmas [12] and [13] we showed that,

1 q 2\n—2
1 (1-g?)
fo U |y . ’ (qlfqz’q/2)Am dg
q
2
I A < E -1 -m - A/P(EC).
(y7z7 7W> = Tl—l y gz(y71> Em +C m (8m)
(B.22)
We will set &, as:
Em = EDL)NED (R NED (R, NEDM) NED () NED(Ry2)  (B23)
where:
EWV(L) = {y 1+ EYY < L}, (B.24)
Eg)(R, n) = {y : sup EO'?'—EXP (\Y) — EU—%—EXP ()\,Y)‘ < 77} , (B.25)
MN<LR
SS)<R7 77) =4qY: Sup “EZTWis (A,cb, Y) — EXTwis (/\7¢> Y)H <ng¢, (B.26)
A+[I<R
d? d? .
EDm) =y sup |=—F(q:0,A,0) — —F(g:6,0,0) <np, (B.27)
q<1/2 dq dq
EX(n, €5) = {y HE(o) = Ei(0)] < sup [Za(g;0) — Ea(gi0)| < n}, (B.28)
qG[O,l—EQ]
E(R, ) = {y Mi(o) < R, s ]|X2<q;o>! +10(g;0)| < R}. (B.29)
q€[0,1—e€2
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In the above display L, R, 1, €2 are parameters which will be set appropriately later. Recall that the

notation [ is used to denote empirical averages:

and the notation Ef(Y) = E f(|Z|? + o¢) where Z ~ CN (0,1), € ~ N (0,1). Recall the
upper bound in (B.22)). Our goal in this section is to show I (y, z; A, W) = o(m). Towards this

goal, the remainder of this section is organized as follows:

1. In Lemma 35| we show that P(E,) = o(1).

2. In Lemmas [36] and [37| we show that under the event &,,, the assumptions of Corollary [2] and

are met, and hence we can use them to obtain an upper bound on % and a lower bound on

Z.

3. Finally the proof of Proposition[I0]is restated and proved.

Lemma 35 (Analysis of P(E,,)). For any es € (0, 1), there exists a critical value R.(€2) such that,

forany L > 1+ EY™ any R > R.(ey) and any n > 0, we have, for the event,

En=EW(L)NED (R, NED (R, NELD () NED (n,€2) N EP (R, €3),

P(&n) — 1.

Proof. This lemma is essentially a consequence of the concentration analysis in Proposition[9] By

claim (1) of Proposition [20] we know that,

EY4 5 By < .

Consequently any L > EY“? we have,



For any €5 > (. Claims (3) and (5) of Proposition@ guarantee the existence of R.(e3) such that,
P(EO(R,e)) = 0, ¥V R > R.(e), Ve > 0.
Claim (2) of Proposition@ gives for any R € (0,00), n > 0,
PED (R, 1) = 1, EP(R,n) = 1.

Like wise Claim (4) and (6)@ guarantee for any €, € (0, 1) andin 7 > 0, we have, IP’(SS ) (n,€)) —
1. Finally we observe that:
d? d? .

d—qu(Q;&AaU) — d—qg]:(Q; 5, 0)

Hence Claim (8) of Proposition@ shows that for any n > 0, we have,]P’(&(L4) (n)) — 1. Finally a

union bound gives us the claim P(&,,) — 1. O

Lemma 36 (A Lower Bound on .Z). For any R,L € (0,00), there exists a critical value of
n denoted by 1,(R) depending only on R such that for any n < n1(R), €3 > 0 on the event
ey (L) N Er(,f)(R, €2) N &(,12)(}2, n) N glv (R, €2), we have the lower bound,

e ™= Ym > M(L, R). (B.30)

where C'(L, R), M (L, R) are large enough, finite constants depending only on L, R.

Proof. Recall that from Corollary [2] we obtained the lower bound:

1

—e‘mél, Ym > M(K).
R = M)

ZL(y,1) >

exp (—m max ()\ —Eyln IEENEXP(l)e’\E@ZJJ(E — Y))) =

1
WK AR
provided we can verify:

« E(]Y|4|Y[2+|Y|?) < K: This can be ensured by taking & > 3L and observing that under
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event &5 (L) we have 1 + EY* < L.

)\ which is the solution of the variational problem:

\ = arg max </\ —EyIn EENEXp(l)e’\EwU(E — Y)) ,

AER

lies in a compact set | A; (0')| < K. Taking K > R guarantees this under the event g (R, €2).

Finally we need to check:
< RoZg,, (A,Y) <K, (B.31)

for some value of K. Note that event £° )(R, €5), guarantees |\ (0)| < R. The function

A= EO'-ZFEXP (A, Y) is strictly positive and finite on compact sets, that is:

in Eo2 < & :
0< |r)\1‘1%% Eote, (A, Y) < &TQ}FEEO‘TEXP (A\Y) <0

This can be checked by observing A — Eo¢, (A, Y") is continuous and if Eo3¢,, (A, Y) = 0
for some X then, oF¢,, (A, Y) = 0. This is clearly not possible since TExp (,y) is not
deterministic for any finite \,y. Hence there exists a constant depending only on R such

that,

The event £ (R,n) guarantees:
sup IAEO_%'EXp ()‘7 Y) - IE0-'2|'Exp (/\7 Y)‘ < n.

[AI<R

Since |\ (0)| < R, the above error bound holds for A = A;(¢). Taking < (2C}(R))™*
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guarantees:

<
2C1(R) —
This verifies for a suitable K.

Hence, all the requirements of Proposition [22] are satisfied which gives us the claim of the lemma.

O
Lemma 37 (An Upper Bound on %). We have the following upper bounds on % :

1. Unconditional Upper Bound: For any y € R™, for any q € [0, 1), we have,
U |y < eCum,

for a universal constant Cy, which depends only on the noise level o.

2. Forany R, L € (0,00), there exists a critical value of n denoted by ns(R) depending only

on R such that for any n < n2(R), €3 > 0, we have the upper bound,

1 ¢ _ C(L,R) - e—m=2(a)
m? - (1 — g2)m—2

Vqel0,1— e,

foranyy € EXL)NEP (R, ) N EW (R, e). In the above display, C(L, R) is a constant

depending only on the choice of L, R.

Proof. 1. We recall the definition of % :

y Q ZE Hwa Yi m|G1i‘2)wa(yi - m‘Gzi‘Q) G"G = Q
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Observing that, 1, (z) < (2r0?)~1/2, we obtain, Yy € R™, Vq € (0,1),

for a universal constant C7, < oo that depends only on o.

2. Recall that Corollary [3|shows,

1 ¢ C(K)e‘mé?W)
= m2(1—g@)m2

provided we can show:

« EY“ < K. This is true under the event &1 )(L) if we choose K > L.

« The minimizing arguments (A(q; o), ¢(q; o)) satisfy |Xo(q; 0)| + |p(q;0)| < K for

any ¢ € [0,1 — €]. This is guaranteed by the event Sf,?)(R, €9) if K > R.

* Finally, we need to check:

1

= < A (fEETWiS (A0 Y)) < Aumax (EETWiS (Ao Y)) <K = (B3

The event Sr(,?)(R, €9) guarantees \ng(q; o) + ]é(q; o)l <R, ¥Vq €[0,1— ¢ The

matrix function (A, ¢) — EXtwis (A, ¢,Y) is:

(a) Bounded on the compact set |A| + |¢| < R. Indeed:

HEETWis ()\, ¢, Y) H S IE:Hz]TWis ()‘7 ¢7 Y) H

(a)
<O+ M+ 8 + EY?) < C(1 + R?).
In the inequality marked (a), we used the moment bounds for the tilted Wishart
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distribution derived in Claim (4) of Lemma [44]

(b) Strictly positive definite on the compact set |A| + |¢| < R. To see this we note that

if Anin (EXTwis (A, ¢, Y)) = 0 for some A, ¢ then since
)\min(EETWis ()\a qu Y)) Z ]EAmin<ETWis ()\7 gba Y))v

we have \yin(Ztwis (A, ¢, Y)) = 0 almost surely (with respect to the distribution

of Y). This contradicts Claim (6) of Lemma [44]

Hence, there exists a positive and finite constant Cy( R) depending only on R such that,

C; 7y < A (EETWiS (A0 Y)) < Amax (EETWiS (A6 Y)) = G

The event &) (R, n) guarantees:

Amin (EETWis <;\7 ¢, Y)) — Amin (EETWis <5\> , Y))

)\max (EETWiS (A, ¢, Y)) — )\max (EETWis ()\, Qb, Y)) ‘ S 7.

<1

)l

Choosing < (2C5(R)) ™!, we have,

N o A 1
< : - >
>~ )\mm (EETWS ()\a Cb, Y)) - 202(R)7
1

2C5(R)’

Amax (EETWis (5\, é, Y)) < Cy(R) +

which verifies (B.32)) for a suitable K.

Hence all the assumptions of Corollary [3] have been verified, which gives us the claim in

item (2) of the lemma.

Finally we restate and prove Proposition [I0]
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Proposition 10. Suppose that 6, A, o are such that F(q;6,A,0) > F(0;0,A,0) =0V g € (0,1)
and %(0; 5,A,0) > 0. Then, I(y,z; A, W) = o(m).

Proof. In Lemmas[12]and[13] we showed that,

1 (1_b)n72
b % |y, " lizpyzyam db

I(y,z; A, W) <

-1g +C-m- P(Efn)

m

E
n—1Y

]' q 2\n—2
1 _
Jow | || e
q
2
= n—lEy L2(y,1) e, | +C-m-/P(E)
Z(1)+(2)+(3)+C-m-/P(E). (B.33)
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In the step marked (a), we split the integral into three parts:

1 q (1—q2)n—2
fo? |y e 4
9 q
1) = E 1
( ) n — 1 Yy 32(y7 1) Em
1762 % q q(l_qQ)n—Q d
Je Yy - 4
9 q
2) = E 1
( ) n—1 Y gg(y’ 1) Em
1 q 2\n—2
€ (1-q%)
fol U |y, : M;W dg
9 q
3) = E -1
( ) n—1 Yy $2<y, 1) Em

In the above display €;, e, € (0, 1) are parameters which will be set appropriately. We also recall

that we had set:

En = EWL)NED (R NED (Ryn) NER () NER (n,62) N EP (R, €5).

where the various events have been defined in Equations We now describe how to set the
parameters L, R, 1, €, €3 so that each of the terms in is o(m). We also draw the readers

attention to the point that the parameter €, used to define the cutoff points for the integrals (1) and
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(2) is same as the €, in the definition of the event g (n, €2), &g,?)(R, €2). Notice also the same

parameter R is involved in the definitions of the events &£\ (R,m), g (R,7m), g9 (R, €3).

Analysis of (1): By Lemma[37] we know that,

We next appeal to Lemma We enforce the requirement
n < n(R) (B.34)

and obtain,

1 -
mEy

ZL(y,1) >

- €

C(

&~

R)

The event £\ (1, €) guarantees that =, (¢) < Z;(c) + 7. By enforcing:
n<1, (B.35)

—_

we have Z,(0) < Z;(c) + 1 which is an absolute constant (depending only on the noise

level). Consequently, we have .Z(y, 1) > C(L, R)~! - e=“¢"™ for some universal constant
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C¢ € (0, 00) depending only on the noise level. Hence we have, for min(n, m) > 4

2.C*(L.R) - eCu+2Czym 1 -
1) < 20 / R
n — 1 1—e2
2
n—
2
C2CWR) (cpioom . g
>~ n—1
5. 02(L R) In(2) InL
_2-CX(L,R) ¢, +20 - o5
— e m- | Cu + 20y + == — ¢
We set:
€y = % e 20(Coy+2Cy) 1, (B.36)

which gives us (1) = O(1/n) = o(1).

Analysis of P(£¢)):  As suggested by Lemma [35, we set L > E|Y|*°. For example, we can set
L = 1+ EY*. We will also enforce the constraint R > R.(e,) for example by setting
R = R.(e2) + 1 (note that €5 has been set in (B.36). This ensures that P(E¢,) = o(1). At

this set we have set R, €5, L and we are still free to set n > 0,¢; € (0, 1) arbitrarily subject

to the requirements in (B.34)-(B.35).

Analysis of (2): We enforce:

n < min(n (R), n2(R)) (B.37)

which is enough to satisfy the assumptions of Lemma [36] and item (2) of Lemma which
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gives us,

L q
U |y,
¢ 1 O . e—m(E2(0)-251) aelole ©38)
— €9). .
Ly - TR
This allows us to upper bound the term (2) as follows:
1 q 2yn—2
1—e 1—
Ie |y i da
2 ¢ 1

2) = E -1
( ) n—1 Yy gg(y)l) Em

1—e2 R
< . ]Ey / e—m]—'(q;é,A,a) dq . 15m

€1

(n—1)-m?

Since event 5,(,?)(7), ¢,) guarantees |Z,(0) — = (0)| < 7, SUDge(0,1-cs] 125(q;0) —Ea(q; 0)| <

7, we have,

~

|‘F(Q757A7O_)_-F<q757A,0')| SSUVQE [0,1—62]

Since 6 < d.(c? A) and €; > 0, Recall that we have, inf,er, 1 F(q;0,A,0) > 0 =

F(0;6,A,0) (see (B.20)). Hence, we can enforce that 7), e; satisfy:

77<1 inf F(q;9,A,0) (B.39)

q€ler,1]
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This guarantees, for any ¢ € [e;, 1 — €3],

~

F(q:0,A,0) > F(q;90,A,0) —3n

> inf F(q;6,A,0)—3n

q€ [61 11]

1
> inf ]f(q;5,A,0) > 0.

2 qe[el,l

Hence,

(2) < (nTC;mQ - exp (—% - inf F(q; 5,A,J)) = o(1).

q€le1,1]

Analysis of (3): We recall that Term (3) was given by:

1 q 2\n—2
¢ (1-¢%)
fol% Y, 'Fl—ngwdq
2 ¢ 1
3) = E -1
() n—1 Yy 32(’!_],1) Em

The upper bound in (B.38)) applies to ¢ € [0, €;]. Hence we obtain,

C “ —mA 5 g
B = Gy B U s 4q . 1,
5 0

Next we approximate F by its taylors expansion at ¢ = 0. First observe that, F (0;0,A,0) =

0 and,
dF, o 1\ ¢ Aq dF B
s A =dlgio) -2 (1-3) 1o - ks = A 0.
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We enforce the constraint

1d*F
We set €; € (0,1/2) which guarantees:
d2F d2F 1d2F
—(¢;0,A,0) — —(0;9, A < ———(0;9,A,0).
dq2 (q7 57 ? 0—) dq2 <O7 57 Y O—) — 2 dq2 (07 57 ? 0—)

and the fact that F(-; 0, A, o) has a continuous second derivative at ¢ = 0 ensures this

is possible. Hence we have,

d2F

d—qQ(q;é,A,a) >2n, Vq<e.

The event &’ (n) guarantees:

d2F d>F 2F
su —(;0,A,0) — —(q;0,A0)| <n = —(q;0,A,0) >n, Vq<e.
qe[o,BQ] 17 (g ) AW (¢ )< AW (¢ )>n, Vg<ea
Then by Taylor’s theorem, we have, ¥V ¢ € [0, ¢;),
~ R dJT:' d2]:_ q2
00, A > 00, A —(0;0, A . inf ——(x:6,A - =
f(q’ ) 70-) — ‘F(O’ ) ’O-) + dq (07 ) 70-) q + (xel[I(}’61) dq2 ('Z‘7 b 70-)> 2
2
L
- 2

Hence we obtain,

(3) < (nTC)mQ : /061 e~ < m =o(1).
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Finally we note that set 7 as,

2
inf F(q;6,A,0) lgr((J;<5,A,ff))

. 1
7 = min (1,U1(R)7772(R)’ 6 q€le1,1] 4 dg?

satisfies requirements in (B.34)),(B.35)),(B.37), (B.39) and (B.40) and also ensures 7 is a fixed

positive constant.

This concludes the proof of the proposition. 0

B.5 Proofs from Section

This section is devoted to proving Proposition Recall that the function F(q; 0, A, o) was
defined as:

def 1 2
F(g;0,A,0) = Ea(q;0) — 221 (0) + (1 - 5) In(l1—-¢*) +Aln (1 - q—) ,

where the functions, =, =, are defined as follows:
EQ(Q? 0) = aXR (2)\ + Cb(] - ]EY In ZTWis ()\7 ¢7 Y)) )

(Mo)e

=1(0) & max ()\ — Ey In Zteep (A, Y)) .

In the above display the random variable Y = |G|? + o€, where G ~ CA (0,1) and ¢ ~ N (0, 1).

Our goal is to identify conditions on (d, A, o) such that,

2

d
F(q;0,A,0) > F(0;0,A,0) ¥V q € (0,1), d—qu(q; 5, A 0) > 0. (B.41)

We will not be able to solve this for a general o > 0, but only for small enough o since in the limit
o — 0, the variational problems in the definition of =5, =; simplify considerably.

We first begin with a heuristic derivation of the zero noise limit of the functions Z5(¢; o) and
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Z1(0). Recalling the definition of Ztg,, (A, y) (Definition [5):

In Zrep (N, Y) = EENExp(l)e/\Ewa(E - |G|2 — o€)

A=1)(|G|?+0¢) ea()\—l)

= 6( EwwN(O,l) w1|G|2+05+aw20

o 0 — 2
50 DGR

This gives us,

A —EylnZree (A, Y) =7 1.

In the zero noise limit, the variational problem in the definition of =, is trivial. Hence, it makes
sense to extend the definition of Z;(0) to include 0 = 0 as Z;(0) = 1. Likewise, recalling

Definition [6] we have,

Zrwis (A, ,Y) = Ztwis (>\7 ®, |G‘2 + 06)

= Eexp (()\ — D)(2Y 4 o(w1 + w2)) + o/ (Y 4 ow) (Y + ows) COS(Q)) 1y 4 6wi>0,y40ws>0

730 Q2A-DIGP R (dIGP cos(0)

= 62(A—1)IG\2]0(|G|2¢)'

In the last step we used the definition of Modified Bessel function Iy(z) = Ee®°**?. Hence we

extend the definition of Z5(q; o) to 0 = 0 as:

Za(q;0) =2+ %13H§CQ¢ —Ezcnon InIo(d|Z]%).

This allows to guess the correct zero noise limit of F(q; 0, A, o) as:

2

def 1
F(q;0,A,0) = E5(q;0) —224(0) + (1 — 5) In(1—¢*) +Aln <1 — %) :
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The remainder of this section is organized as follows:

1. In Section we analyze the zero noise limit function F(q¢; 9, A, 0) and find a condition
on (4, A) such that holds for F(q; 0, A, 0).

2. In Section [B.5.2] we show that =; (o) converges to =;(0) and = (g; o) converges to Z3(g; 0)

in an appropriate sense.
3. Finally Section contains the proof of Proposition [TT]

Throughout this section, C' denotes a universal constant that does not depend on o. As before this

constant may change from line to line.

B.5.1 Analysis in the Low Noise Limit

The following lemma shows that if 6 < 2, and A is small enough (but positive), the function

F(q;0,A,0) is strictly increasing.

Lemma 38 (Limiting Variational Problems). Consider the following functions for q € [0,1):

Za(q;0) £ 2+ max 96 — Ezecno) In (4] Z)?),

$2(g;0) £ arg max ¢ — Ez-cwo I lo(6]2 ).

Then we have,

1. The function ¢ — q¢ — Ezcno1)InIo(¢|Z]*) has a uniqgue maximizer ¢2(q;0) which
satisfies: 0 < ¢2(q;0) < oo for any q € [0,1). Furthermore, maxc(o1—y $2(q;0) < oo for

anyn € (0,1).

2. The function:
def 1 q2
f(Q):E2(QQU)+(1—5>1n(1—q2)+A1n 1—3 7
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is a strictly increasing function of q with f(0) < f(q) Vq € [0,1), provided,

2—9
0<d<2, O<A<T.
Proof. 1. The function ¢ +— ¢¢ — Ezcpno)Inlo(¢|Z]?) is strictly concave (see Fact
item (5), Appendix . Hence, q¢ — Ezcn0.1) In Io(¢|Z|*) has at most one maximizer.
Next observe that any maximizer must lie in [0, 00]. This is because Eln Iy(|¢||Z]?) =
Eln Iy(—|¢||Z|?) since I, is even (see Fact[3] Appendix [B.9), but q|¢| > —g|¢|. This shows

that if ¢o(q; 0) exists, we must have, ¢2(q;0) > 0. In order to show existence of ¢5(0, ¢) it

is sufficient to find a solution to the first order optimality conditions:

I'(o| Z)?

Io(¢]Z]?)

Note that:

=0.
Io(0Z]) | 4o

In order to check that ¢,(q; 0) < oo, it is sufficient to show that,

. Ii (0] Z]?)
lim ¢ — E|Z]? - 222 2 <.
Jim = BIZI- 3 07

By Monotone convergence theorem and the fact that %Eg Tlasz T oo (see Fact Appendix
B.9), we have,

. In(¢]2]?)
limg—E[Z]?- S22 L —g—-1<0,Vg<l.
B T ize)
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This confirms ¢»(q; 0) < oo for any g < 1. Further inspection of the stationarity condition:

(6 Z]?)

E|Z|?-
Iy(o|Z]?) $=d2(g;0)

=4q

reveals that ¢5(q; 0) is an increasing function of ¢ since the function on the left is an increas-

ing function of ¢ (see Fact 3, Appendix [B.9). Hence,

max  ¢2(q;0) = d2(q, 1 — 1) < 0.
qe[ovlfn]

This concludes the proof of item (1).

. It is sufficient to show that the function

P 2 Zal0) + (1= ) - )+ A (1 - %) ,

is strictly increasing or:

2 2"
1—g¢q 1— ‘1?
Hence,

df(9) , 1
d—q >O(:>¢2(q,0) >2<1—5>

q Aq
+ = ¢3(q)
2 2
1—g¢q 1-<

Note that since ¢5(q;0) is the maximizing argument of the strictly concave function ¢¢ —
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Eln Iy(¢|Z|?), we have,

df(a) 4 2 2 To(es(a) - 1Z)
P 0< 0 (g9 — ElnIo(¢|Z[*) oy >0« q>E|Z] oonta) 2P

Next we make the following sequence of observations:

(a) ¢3(0) =0, hence,

Ii(¢s(q) - 1Z)

B o@s() - 12P)

q=0
(b) We can compute the first derivative:

d
dg

(¢s(q) - 121%)
(9s(q) - [21?)

. dgs(q)
dg

I/
EZ20
2P

d (o1 olo(@-121)
— — | |z =/
q:o d¢< 121 ]0(¢'|Z|2)> -

w ElZ 1

=3 211 ; +A
2 —

(508

where the step marked (a) used Fact (3| and the definition of ¢3(g) to compute the rele-

q=0

vant derivatives.

(c) Finally we note that, the function,

, Ih(ds() - 12P)
1= BI2F 1 Gnla) 12

Ip(x)
Io(z)

is concave and increasing since is concave and increasing (Fact Appendix [B.9

and ¢3(q) is convex and increasing.

The above three observations immediately imply:

I | Z? d
s ES R < a0 = Honvaoo
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Furthermore,

df

5,0 =0

Hence f(q) is a stricly increasing function of ¢ and hence so is F(q; 9, A, 0). This concludes

the proof of item (2).

B.5.2 Convergence to the Low Noise Limit

The following lemma shows that lim,_,o Z1(¢) = Z1(0) = 1.
Lemma 39. Recall that =,(c) and \1(0) denote the optimal value and solution of the variational

problem:

=, (o) 4 max ()\ — By mEppenye Evy (B — Y)) ,

(o) 2 arg max ()\ — EyIn EENEXp(l)e’\EgbU(E — Y)) )

Then we have,
1. M\(o) < 1forallo > 0.
2. Zi(o) is a decreasing function of o.
3. limy_0 = (o) = L.

Proof. First we can write Ep g1 e, (E — Y) as follows:

IEEwExp(l)e/\Ewa(-E - Y) = e(Ail)YEwNN(O,l)eg(/\il)w1Y+Uw20
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Note that Y = |Z|? + ¢, Z ~CN (0,1), € ~ N (0,0?). Hence, we have,

max 1 —-Eyln EwNN(0,1)€U(/\_1)w1Y+awzo

1-— miﬂrg Ey In EUJNN(O,l)eU’Yu} 1y+gw>0. (B42)
V€ -

Likewise,

)\1(0’2) =1+ arg I'?GIHIQ Ey In EWNN(071)€UVw1y+UWZO

Now we consider the three claims one by one:

1. Observe that, by the Chebychev Association Inequality ( Fact[2], Appendix [B.9),

Ewe_ghlw]_y_i_ngo S Ewe_"w“’ . ]P)(Y +ow Z O)

= Eweo—l’Ylw . P(Y + ow Z 0)

S Eweo|’y'w]—Y+ow20'
This shows that \;(0?) < 1.
2. A gaussian integral shows that:

2_2

o

1 °° W2 e 2 ©_weye)? 2202 Y
Ewegwwl ow - —F GUWW_T - 6_ 2 =€ 2 : @ — + g
Y+ow>0 /_271_ /1; /271' /Z ( o " )

Hence,

Y t?
Z1(0) =1 — min (]Eyln@ (— —|—t) + —)
t o 2

Z2 t2
=1—min Ezeln@(u—ke—f—t)—i-—
t ’ o 2
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Note that ® (@ + €+ t) increases as o | 0. Consequently, we have, =, (o) is a decreasing

function of o.

. Recall that in the previous step, we showed that,

_ | 22 2
:l(a)zl—mtln Ezeln® | — + e+t +§
o

Proposition 22] shows that for any o > 0, the objective in the definition of =, is cooercive.

Consequently we can identify —oo < t; <t < oo such that,
t2
Ezeln® (|Z]” +e+1t) + 3] >0 Vte (—oo,t;) U (ty,00).

Since @ is an increasing function,

Z? t?
Ezclnd <u+6+t> +§ >0, Vite (—oo,t1) U (t2,00), Vo < 1.
o

On the other hand,

ZQ 2
Ezjeln®<u+e+t> + —
o

Hence we have,

tefty to o 2

Z|? t?
Ei(o)=1- min} Ezelnd® (u—i-e—l—t) + =

Observing that (E zeIn® (@ + e+ t) + %) is a convex function such that for every fixed
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t we have,

Z? 12 t2
lim | Ez . In® u—|—€+t + =1 =—
o0 : o 2 2

Due to convexity, this convergence can be made uniform on compact sets:

o—0 tG[tl,tQ] g

. Z|?
lim max |[Ez . In® | —+e+t || =0.

This uniform convergence immediately yields lim,_,o =Z1(0) = 1.

]

The following lemma analyzes the convergence of =Z5(q; o) to Z2(q;0). For our purposes, it
turns out, that we don’t need to show that Z»(q; o) — Z3(¢;0) as ¢ — 0. It is sufficient to show
the weaker result that =5(q; o) is asymptotically lower bounded by =5(¢; 0) as ¢ — 0. This is the

content of the following lemma.

Lemma 40. Forany 0 < n < 1, we have,
lim inf 1 = — =5(g;0) > 0.
1211151 qer[l&llnn} g(q,a) Q(Q, )

Furthermore we have,

lim Z5(0, o) = Z5(0,0).

o—0
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Proof. We lower bound Z5(q, 0?) as follows:

EQ((], 0.) def ] (;;?R (2)\ + qu o EY In ]Ee((k—l)(QY—l—U(wl-&-wz))-ﬁ-d)\/ (Y+owr)(Y+ow2 008(0)1Y+0w120,y+0w220)

> 24 qpo(q;0) —Ey InEy, w, Io (gbg(q; 0) - \/(Y + ow) (Y + UWZ)) Ly 4ou120,y+0we>0
= Z5(q; 0) + Eln Io(¢(q; 0)|Z]?)

— Ey InEy, w, 1o <¢2(q; 0V (Y + ow)(Y + 0w2)> 1y 46w >0,y+0ws>0-

In the above display, we recall that ¢»(q; 0) was defined as,

¢2(Q§ 0) = arg %1311? qo — EZNCN(O,I) In [0(<Z5|Z’2)-

Note that for any fixed ¢ € R, we have, by Dominated convergence, as ¢ — 0, we have,

Ey InEy, w,lo <¢\/(Y + ow ) (Y + aw2)> 1y fown >0y+0wr>0 = Ezecno,n) In Io(¢]Z]?).

Observing that the function on the left hand side is convex in ¢ we have the above convergence
holds uniformly on all compact sets. Lemma guarantees that sup (1, |$2(¢; 0)| < co. Con-

sequently, we have,

lim Ey InE,,; ., 1o <¢2(q; 0) - \/(Y +owy)(Y + UW2)> 1y 40w >0.y0we>0 = EIn Iy(¢2(q; 0)| Z]?),

o—0
where the convergence is uniform on ¢ € [0,1 — n]. Combining this with the lower bound on

Z5(q, o) immediately gives:

liminf min Ey(q,0) — Zy(q; 0) > 0.
iminf min 2(q,0) — Z2(q;0) >

Finally when ¢ = 0 we note that, Z5(0,0) = 2Z,(0, o). Lemma [39] guarantees that Z5(0,0) — 1

as o — 0. Note that since Iy(z) is minimized at z = 0 (see Fact 3] Appendix B.9), we have
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=5(0,0) = 2. Hence we indeed have =5(0,0) — =2(0,0) as 0 — 0. H

B.5.3 Proof of Proposition

Recall that our goal is to find conditions on (J, A, o) such that F(q; 0, A,0) > F(0;6,A,0),

where,

def 1 2
Flqg;0,A,0) =E5(q;0) —254(0) + (1 — 5) In(1—¢*) +Aln (1 — %) :

The following lemma provides a lower bound on the curvature of Z5(q; o) — 2= (o) in the neigh-

borhood of ¢ ~ 0.

Lemma 41 (Analysis for ¢ = 0). There exists a universal constant C (independent of o) such that,

forany 0 < ¢ <1/2, 0 < 1we have,

q2

25(¢,0) = 251(0) 2 (1= 0%) - 5 = O,
Proof. We can write Ztwis (A, ¢, Y) (c.f. Deﬁnition@ as:
Zrwis (A 0, 9)
= 2—/ / / exp(—(1 = AN (s +5") + ¢Viss' cos(0)) - Yo(s — y) - Yo(s' —y) dfdsds’
T™Jo Jo -7

= Eexp (()\ —1)(2y + o(wi + w2)) + &/ (y + owr) (y + ow) 005(9)> 1yt 0w >0,5+0ws>0-

In the above display wy,ws, 6 are independent r.v.s with distributions w; ~ N (0,1), ws ~

N (0,1), 6 ~ Uniform|[—m, w]. We lower bound = as follows:

Ea(q,0) = (/{%%R (2X + ¢g — Ey In Z1wis (A, ¢,Y))

> <2>\1(02) +¢* — Ey In Zrwis (/\1(0)7%3/)) :
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Next we will approximate In Ztyis (/\1 (0),q, Y) by its taylor series around ¢ ~ (. We can compute

the first three derivatives:

d
_1 Z is )\ s Y =Y,
a4 n Zrwis (M(0), 4, 9) Y 0
d2
F In Zrwis (>\1(U), Q7Y)

q q=0

E(y + owy)(y + ows) 0082(9)6()‘1(U)_l)(2y+a(wl+w2))1y+aw1 >0,y+owz>0
Ee(Mi(o)—1)(2y+o(wi+wz2)) 1

y+owi >0,y+ow2>0
]E(y + le)(y + ng)e()q(U)*l)(2y+a(w1+w2))1y+0w1 >0,4-Lows>0
Eei(o)-1)(2y+o(wi+ws2)) ]

N | —

yt+ow120,y+ow2>0

2
E(y _|_ le)e()\l(g)_l)(y—‘rown1y+O'W120
EeAi(o)—1)(y+owi) ]

y+ow1 >0

: (E(y + Uw1)1y+aw120)2

|
NI~ N~ N =

‘E(y + ow;)?

02

+ 5

OIS

In the step marked (a), we used the fact that /\1(02) < 1 (see Lemma and Chebychev’s Asso-

ciation Inequality (Fact[2] Appendix [B.9). Similarly we control the third derivative:

3

d
d_(]3 In ZTWiS (>\1 (U>7 q, Y) - T3 - 3T2T1 + 2T137

where, for ¢+ = 1,2, 3:

e E(y + UW1)% (y + O—Cdz)% osi(9)6()\1(U)—l)(2y+0(w1+w2))+q (y+owi)(y+owz) cos(0) |
T, =

yt+ow120,y+ow2>0

C
Eei(0)-Deytolwrtea)tay/hoenhow)eos@y oo
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We can control 7T; as follows, for any ¢ € [0, 1] and any o < 1, we have,

(5 + 0w1) 5 (y + o) s @D Crtor ) tay Ty loaws) cos(t)
EeA1(0)=1)(2y+o(wit+w2))+a1/ (y+owi)(y+owz) cos(9) 1y+aw120,y+0w220

w Ely+ owy) 2 (y + owy)2eM @ D@urelwrtea)) [ (g, /(y + ow:) (y + 0w2)) 1y tow >0,y+0ws >0

Ee(@)-1Cyto(witw2)) [y (g1/(y + owr) (Y + 0ws)) Lyt 0w >0+ 0ws>0

o Ely + owi) 7 (y + owy)teM @D Curolwitw) gay/(rowlutowa)y oL
- Ee(i(o)—1)(2y+o(witws2)) ]

yt+ow1 20,y+ow2>0

E
T3] <

yt+ow120,y+ow2>0

]E(y + le)% (y + 0'&12)%6()\1(0)71)(2y+0(w1+w2))6%'(y+aw1+y+aw2)1y+aw1207y+0w220

= Ee(Ai(o)—1)(2y+o(witw2)) 1

yt+ow120,y+ow2>0

i 2
E(y + owy)? A1 (0)=14+3) (y+owr) Lyt owi >0
EeM@-1+Dl+owy oo

(c)

IN

; 2
(E(y + le)ﬁe%(“"”l)lwwlzo)
<Ely+ 0w1|ie‘Y(y+"‘”1)

< C(lyP + 1)e.

where, C'is a universal constant independent of ¢. In the step marked (a), we used the definition
of Modified Bessel Function (see Fact 3 Appendix B.9). In the step marked (b), we used 1 <
Ip(z) < e” for any = € R. In the step marked (c) we recalled \; (o) < 1 and applied Chebychev’s

Association Inequality. In conclusion, we obtained the following:

d

—InZ is A y {4, :Ov

dg n Zrw ( 1(0),q y) -

d? y? + o2
_1 Z is )\ y Yy S )
APE nZtw ( 1(0),q y) 0 5

This allows us to upper bound In Zr;s ()\1(0), q, Y) forany ¢ < 1/2,0 < 1 as follows:

2
Eln Zrwis (M(0),¢,Y) < By |In Zrws (M (0),0,Y) + qz (02 Y+ OA(YP + 1)eE | .
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Observing that EY? = E|Z|* 4+ 6% = 2 + 0%, We obtain,

2
E2(q,0) — 2E1(0) > % (1-0%) —C¢.

Next we show that at ¢ — 1, Z5(q; 0) — 2=2;(0) — oo in the following lemma.

Lemma 42 (Analysis at ¢ & 1). There exists a universal finite constant C' > 0 (independent of

0,q) such that, for all o < 1,

In(1 —q)

2(0,0) = 2E1(0) = ~C —

, Vo >0,Vq € [0,1).
Proof. We lower bound =, as follows:

E2(Qa U) = max (2)‘ + ¢q - EY In ZTWis ()\a ¢7 Y))

(\¢)€ER
1 q 1 1
Z - + - EY ln ZTWis (— , ,Y)
2(l—q) 2(1-gq) W1—q) 2(1—9
2 Ey |InZ ( 1 1 Y)
= —<2— Ly [InZtwis | — , 7
4(1—q) 2(1-q)
Recall that,
1 1 - o(w w 1 \/WMCOS(H)
ZTwis (—4(1 — q)7 2(1 — q) ) y> = Ee (2y+o(wi+ 2))<4<17q>+1)+ 2(1—q) ly+0w120,y+ow220
% e_ﬁ ’ Ee_% ’ IO (\/y +20-<01}1\/y)+ it ) 1y+aw1>0,y+ow2>0
—q > >

o _ o(wy+wa) 2

S (& 2(1y—q) . Ee 4(%—(1)2 . IO ( y ‘:L(OI«Ui ‘;‘)UUJQ) 1y+gwlzovy+gw220.
In the above display ws, wo,  are independent with w ~ N (0,1) ,wy ~ N (0, 1) ,6 ~ Uniform[—, 7].
In the step marked (a), we used the definition of Bessel Function I, (see Fact[3)). In the step marked

(b), we used AM-GM Inequality and the fact that Io(x) is increasing on x > 0 (Fact . Further
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applying the upper bound /() < Cz~% -e® x> 0 (see Fact 3), gives,

1 1 1
. _ < 2/1—=0-

V]2y 4 0wy + ow,|

Hence we have,

1 1
(T—q) 201 —¢

< EzInEZtwis <—

1 1
Y|=E 61 Z is \ T ) aZQ
) ) el Zrw ( —g =g “)
1 1

4(1—q)’2(1—Q)”Z| +€>
1

V 12y + 0w + ows|

Ey In Ztwis (—

In(1 —
<InC+ M +E;InE, .

% InC + —ln(12— )

<C+ —ln(12_ 7

1
+1In(4) — Bz In | Z|?

In the step marked (c), we appealed to Lemma 48] In the step marked (d), we used the fact that

Eln|Z|* = [;7In(r)e " dr ~ —0.58 is finite. Hence we have the lower bound on =:

In(1 —
Zg.0)> ¢ - 200

Lemma shows that =; (¢) < Z;(1) which is an absolute constant, consequently,

In(1 —
Zu(0.0) ~251(0) 2 ~0 — M=)

O]

We finally put together all the different auxiliary results we have established so far and prove

Proposition [TT| which is restated below for convenience.
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Proposition 11. Recall that F(q; 6, A, o) was defined as:

1 2
F(q;0,A,0) =EZ5(q;0) —254(0) + (1 — 5) In(1—¢*) +Aln (1 — %) :

For any § and A that satisfy

1§6<2,0<A<2f;5,

there exists a critical value of the noise level o.(5, A) > 0 such that, for any 0 < 0 < 0.(J, A), we

have

1. The function F(q; 6, A, o) has a unique minimum at ¢ = 0 and F(q; 0, A, o) > F(0;0,A,0)
forany q € (0,1).
2. %(q; 5, A, o) > 0.
q=0
Proof. We will prove the above claims in 3 steps: 1) Step 1: Analysis around ¢ ~ 0, 2) Step 2:

Analysis around ¢ ~ 1 and 3) Step 3: Analysis for all other values of ¢.

Step 1: ¢ ~ 0. Lemma[4I] guarantees the existence of a universal constant C; > 0 independent of

0,9, A such that, for any ¢ € [0,0.25], o < 1, we have,

2 _
Flgsao) -7 802 o (B0 mamot) o - (1-5) 0t - 5

In particular ensuring that,
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gives us,

2 R—
F(q;0,A,0) > % - (275 — A) . (B.43)

Note that F(0; d, A, o) = 0. Hence, (B.43) verifies claim (1) of the proposition for small ¢:

2 2 _
‘F(q;daAaU) ZF((L(S,A,O’)-I—% (T(S_A> ’ qu [Ovnl(éaA)]’ USO’l((S,A),

where,

def 1 2—9 w1l [(2—0
A) & : A A E (220 A,
nl(éa ) 8(01+2) ( 5 )7 01(67 ) 9 ( (5 A)

Furthermore since,

dF
—(@:0,A,0)| =0,
dg 4=0
by Taylor’s Theorem,
2 dzf
-F(Q;&A,U):F(0;5,A,0)+%'d—q2(QS5aAaU) +0(q)-
q=0

Comparing the above display with (B.43)), gives us claim (2) of the proposition:

2 _
i 1 (550 -a) >0

d_qQ(q; 5, 0)

4 )

q=0
Step 2: ¢ ~ 1. Lemma 2] guarantees the existence of a universal constant C, such that,

In(1 —q)

Ea(q,0) —254(0) > —C5 — 5

, Yo >0,Vq € [0,1), Vo < 1.
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Consequently,

_ X )
F(Q?5’A7U)Z—(22—55) In(1 - q) + (1—5) (1 +¢)+Aln (1_%> o

2—96
z—(——)ma—w—«z+n
Hence we have,
F(q;:0,A,0)>1>0=F(0;6,A,0)Vqe[l—mn),l),o<1,

where,

12(0) = exp (—5(?2—:;2)) > 0.

This verifies claim (1) of the proposition for large q.

Case 3: Other values of ¢. In Steps (1) and (2), we have verified Claim (1) for g € [0,7;(d, A)]U

[12(9), 1]. Now we focus our attention to:

q € [m(d,A), 1 —nz(0)].

Note that it is sufficient to show that,

ef 1 2
f(q,(S,A,O') d:EQ(q,U) + (1 — g) 11’1(1 —q2)+A11’1 (1 — %) ,

satisfies f(q;0,A,0) > f(0;6,A,0) Vg € [m(0,A),1 — no(6)]. In Lemma 38] we had

shown that the function:

def 1 2
f@&am=%@m+(uj)mrw%+AmG—i>,
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is strictly increasing and has the property that f(0;0,A,0) < f(q;9,A,0), ¥V ¢ € (0,1).
Consequently, 73(d, A) defined below is strictly positive:

n3(0,A) = min f(g;6,4,0) = £(0;6,A,0) (B.44)
q€[m(6,4),1)

= f(771(5’ A)a(Sa A,O) - f(oa 57 A,O) > 0. (B45)

Furthermore, Lemma[40]shows that f(g; §, A, o) is asymptotically lower bounded by f(g; 8, A, 0)
in the following sense:

liminf min

10,0, 0) — :0,A,0) > 0.
n i1 qem_m(é)]f(q o) — flq )

Furthermore, it also guarantees f(0;0, A, o) — f(0;0,A,0) as 0 — 0. Consequently there
exists o3(d, A) > 0 such that,

F(a:0.8,0) = fla:0.8,0) > =02 g e j0.1 - ,0)), Vo < 0406,0), BAO
1£(0:5, A, 0) — £(0;6,A,0)| < @ Vo < a3(5, A).

(B.47)
HCDCG, Vq € [771(57 A)u 1- 772(5>]’
A
Fa0.0,0) S flgio.n,0) - BEA)
0, A
> f(0;6,A,0) 4+ (f(g;6,A,0) — f(0;0,A,0)) — %
£(0;6,A,0) + —2”3(3’ 2)
£(0:6,8,0) + B0
> f(0;6,A,0).
This concludes the proof of the proposition. [
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B.6 Properties of the Tilted Exponential and Wishart Distributions

B.6.1 Properties of the Tilted Exponential Distribution

The following lemma collects some properties of TExp (A, y) random variables which were

used to prove the local CLT given in Proposition
Lemma 43 (Properties of TExp (), y) Distribution). Let T' ~ TExp (A, y). We have,

1. Moment Bounds: For any k € N we have:
E|TI < Ci (Jyf* + N +1).

In the above display, C}. is a universal constant independent of y, A but depends on k.

2. Decay of characteristic function: For anyt € R

CA+ |yl +[AD
i ’

where C'is a constant independent of t, y, .

Proof. 1. Since T > 0, |T'| = T'. We first observe that,

ET* = ET* 1r<jy o2 + ET Lrspy o2

< (lyl + o*|AD* + ET 11240210
Let £ ~ Exp (1). Using the formula for the density of TExp (), y) distribution in Definition

[14] it is easy to see that,

EEkeAEwU(E - y)]-Ez\y|+0'2|)\|
Eereoy, (B —y)

ET*Lrspy 402y =

We observe that f(e) = e* is increasing and g(e) = e*4),(e — y) is decreasing when

e > |y| +0?|A|. Consequently by Chebychev’s Association Inequality (Lemma[2} Appendix
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we obtain,
ET*1 750020 < EEF = KL
Hence for a suitable constant 'y, independent of \, y we have,

ET* < Cy(lyl* + AIF +1).

2. Let f(u) denote the pdf of TExp (A, y). We bound the characteristic function as follows:

/ et () du

0
:m/o aetf(u)du

1 > / itu
= | [ et
FO) + 17

i

|]E€itT| —

<

We further upper bound || f’||;. Note that:

u

fﬁo:fwy(x_l__).

o2

Consequently, for a suitable constant C' (independent of \, i) we obtain the estimate,

ET
17l < AT +1+ —
o

< CA+ |yl + [A)-

In the last step, we used the estimate on E7' from part (1) of this lemma. Next we upper
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bound f(0). Note that,

@ ! Y 1
< A—-14 =5 - —
< /0 exp (u < + 2 202)
(Al+lyl/o?+1+1/202) 71 /2 y 1
A—-14+=5 —— d
J oo (ot o) o

o [ POl > 141/20%) 12
< / 1+u
0

IN

(c)
< C(|A] + |yl + 1).

In the step marked (a) we used u? < u, u € (0, 1). In the step marked (b) we used the lower
bound e > 1 + x. Finally in the step marked (c), we observed that the integrand is larger
than 1/2 in the domain of integration. Combining the bounds on f(0) and || f'||; gives us the
required result:

C1+ |yl +[AD
i '

|E€itT| S

B.6.2 Properties of the Tilted Wishart Distribution

The following lemma collects some properties of the tilted Wishart distribution which were

used to prove the Local CLT given in Proposition [§]
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Lemma 44. Suppose that:

N
S = ~ TWis (X, ¢, )

Then, there exists a universal constant 0 < C' < oo depending only on o such that:

1. Equivalent Characterization: For any bounded measurable function f we have,

]EgNCN(o,IQ)f(ggH)em’ggHWa(3/ — 1110 (y — |92]?)

Ef(S) =
) = g, o P (g — 920 (4 — [2F)

In the above display, A is given by:

Ny
6/2 A |

A =

2. The density:

OBl (g2 — 3T — )
Zrwis (A, 0, ) ’

il)\,qﬁ,y (ga g,) =

on C? is locally bounded, that is:

Paoy (90, g5) < C(L+ A+ 161" + |y (L + |90/ + |go|™2)-

3. Tail Bound: With probability 1 — e,

[ 1
r < OV1+|y2+ 82+ A2+ C I~

The analogous result holds for r'.
4. Moment Bounds: For any k € N, There exists a universal constant C), depending only on k

278



such that

Erf < C(1+ [A*+ [o]" + |y[").

5. Decay of Characteristic Function:

EeT)| < C (L AP+ 1917 + [y™)
17

6. Foranyy, \, 9 € R, we have,

O < )\min (ETWis (/\7 Qb, y)) < /\max (ZTWis ()\7 ¢7 y)) < 00.

Proof. Throughout this proof, we use C' to denote constants that depend only on the noise level o

and in particular are independent of the parameters \, ¢, y.

1. We write g; = \/re", g, = V/r'e™’. Using standard properties of the complex gaussian

distribution, we know that r, 7’ ~ Exp (1) and w,w’ ~ Unif(—m, 7]. Consequently,

T rreilw—w’)

99 =
i(w' —w) /

rrle T

Let # ~ Unif(—7, 7). Then we have ¢!(“~%") = ¢i%. Consequently,

Ef(gg™)e™99" )y, (y — |10 (y — |92]?)

! T (A=) (r+r’ 77/ cos
— %/ / / f(T, 7”’7 6)6 (I=XN)(r+r")+¢ (9)%(3/ o T)wg(y . 7,/) dr d’/‘/ d6.
0 0 -7

Comparing this with the density of S from Definition [6] gives us the claim of item (1). Note
that the Tilted Wishart distribution is supported on rank-1 Hermitian matrices. In particular,

it does not have a density with respect to the Lebesgue measure on Hermitian matrices. The
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advantage of the alternate way of computing expectations of functions of S is that they can

be computed by integrating with respect to the proper PDF & row(g, ') on C*:

—/

91> 97 | | -
IEf(S)z/ f haoy(9,9") dgdd,
c a9 |97

where the pdf 1y 4, (g, ¢') is given by:

e I R s, (g1 — y)vo (lg'* — 9)
Zrwis (A, ¢, 9) '

ib\,qb,y (ga g,) =

This density function is much nicer, in particular it is locally bounded.
. We first note that In h, 4, is a degree 4 polynomial in g, g’. Consequently it is local Lipchitz,

that is,

|Inhy by (9. g') — by gy (90, 96)

< C(1+ gl + g + |gol + 196> (X + [Al + [o] + [y])(lg — gol + 19" — g5])-

In particular this means that there exists a large enough constant C' depending only on o such

that,

Vg, ¢+ max(|g — gol,|g' — g6|) < R, [Inhirgy(g.9") — Inhygy(g0. gp)| < In(2),

where,

def ]_
O+ N+l + [y + g0l + o)

280



We can use this to show that A4,y 18 locally bounded. We have:

= ;L,\ @ (90, 96)
h>\7¢ay(90796) = T —
Jez Tasy(9,9') dg dg’

—1
= (/2 exp (hl h)\,qb,y(gv g/) —In h/\7¢7y(go’ g(’))) dg dg/)
C
-1
< (/ exp (hl ﬁA,¢,y<gv g') —1In ilk@,y(go, %)) dg dg’)
lg—g0|<R,|g’'—g})|<R

—1
< / dgdg
l9—90|<R,|g'—gg|<R

m2 R4

<O+ AP+ 18+ [y (A + |gol™ + [gh] ™)

N N

3. We begin by computing the log-mgf of 7:
InEe” = A — B,
where,

A def (% /OO /OO /7r e()\—1+t)r+(>\—1)r’+¢ rr! cos(e)wa(rl — y)¢a(r2 — y) dg dr d?",)
™ Jo 0 —r

B=In ZTwis ()\7 o, Z/) .

We upper bound (A):

1 o0 oo 71‘ ’ 1
A _/ / / WO A= ovrr eos@)y, (1 — 9)h, (ry — y) dO dr dr’
27T 0 0 -
) /°° /OO WA+ OOy, (1 — Vah, (19 — ) dr
o Jo
< / / eNFLFIHIN T+ 0 () — )by (10 — y) dr i

(b)

2 exp (2y(JA| + 1+ [¢] + [8]) + o2 (A + 1+ [¢] + [¢])?) -
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In the step marked (a), we used the fact the fact that v/rr'cos(6) < r + r’. In the step
marked (b) we used the formula for the MGF of a gaussian distribution. Hence, there exists

a universal constant C' depending only on ¢ such that:
InA<C(1+ AP+ o]+ yl* + [t]?) -

Next we upper bound (B):

B =1In (%\/ / / e(/\71+t)r+()\fl)r’+¢> rr! cos(@)wa(r o y)wg(rl _ y) 46 dr d7’l>
mJo Jo J-=x

(©)

> % /000 /000 /7; ((A + )1+ A"+ ¢V’ cos(0) + In v, (r —y) + Iny, (1 — y)> o

/

Ve

—C (14 |yl + [A + |t])

In the step marked (c) we applied Jensen’s inequality and in the step marked (d) we used per-
formed the integration involving the moments of the Exp (1) distribution and used straight-

forward algebraic bounds. This gives us:
mEe” < C (14 AP+ [0 + |y* + [t?) .
For notational convenience we define:
def

K= 14N+ (o] + Jy[*.

By Markov’s Inequality we have,

72
P(r > x) <exp C/@—E .
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Setting the tail probability to € gives us the result:

[ 1
IP’(T >COV1+yP2+ |92 +|M24+C 1n—> <e,
€

for a suitable constant C'.

4. Integrating the tail bound obtained above gives us the moment bound:

Erk = k/ " IP(r > 2) do
0

2CV/k SS] 2
=k / 21 1de —l—/ k1. Cr—ic
0 20k

00 2
SCk-/ikg+/ exp C’/{—:U— ke de

() k—1
2

<Cp-Kk?2

< Ce(1+ A[F+ o]" + [y]").

In the step marked (a), we used the a bound on the truncated gaussian integral given in

Lemma7)in Appendix

5. Let T' be a 2 x 2 Hermitian matrix. The characteristic function of the Tilted Wishart distri-
bution evaluated at T is given by EelT"5). Let w € C? be a random vector sampled from

the pdf hy 4.4
w = ~ h)\7¢7y.

Using the alternate characterization derived in item (1) of this lemma we have,

Rel(T.S) — Eei(T,ww“)

283



Consider the spectral decomposition of 1':

=
I

%
%

0t bY
Since we have,

T = t* 47 —= max(|[t], [¢']) > —HTH
’ 2

We will assume that infact,

g5 17
V2
Define the random vector:
z
Z/
We will often use the polar representation of z:
Seizx
z =
Sleiy’

Let d(z, ') denote the density of z. This density can be obtained by a simple unitary trans-
formation of the density h) 4,. While the exact formula is complicated it is easy to see that

it is of the form:

!
exp (Zk,l:k+l§4 ag(v,V)s"s’ )
Zrwis (A, 0, 1)

The exact formula for the coefficients ay () is not important. It is sufficient to see they
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satisfy the bound:
Jaks (v, V)] < CA A [yl + A + [9]).
We can now analyze the decay of the characteristic function:

[Ee!TS)| = [Eexp (it]2]* +it'|2'|?) |

it|z|2+it’ |2/ |2 it|z|2 it |2/ |2 it|z|2+it’ |2/ |2
< BT o iar] + BT ] + BT L g

<P(l2] < 6,12'] < R) +[Eexp (it|z* +it'|2']*) Lsjsejo<r| +P(|2]| > R)
0 ) (1

In the above display 0 < € < 1 < R are parameters which will be chosen later. We analyze

the terms (1), (I1) and (lIl) separately.

Analysis of (1): Recall that in part (2) of this Lemma we had shown the density of w is

locally bounded:
hagy(w,w') < CA+ A+ o] + [y (1 + Jw]™ + |[w']™).

The density of z, 2/, denoted by d(z, ') is a unitary transformation of the density h 4 4.

Consequently, we have the estimate:
d(z,2) <CA+ A+ o + ") - R, Viz| < e, [ < R, (B.48)
Using this we can easily bound A:

(1) =P(z| <[] <R) <CL+ N+ |o]* + [y[*) - R** - € - R?

<O (L4 [l + [y HRY - €,
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Analysis of (11): Recall that term B was given by:

(1) = |Eexp (it|z|2 it'|z’|2) Lij>e 2 |<R]

‘/ / / / exp(its® + it's”)d(se, s'e"")ss' ds ds' dv dv/
ts® +it's?) |
/ / / / 0expls i )d( v e s dsds’ dv dr/

< (I1a) + (Ilb).

I

In the step marked (a), we applied integration by parts and defined the terms (lla), (1lb)

as follows:

1 " " R i s+ ! .
lla) = — U gleel o) s ds' dv dv/
g
S R
1 ™ ™ R 0 L a ‘
e m / / / / 61t52+1t528_d(8 iv / ly )S dsds d]/dy
—mJ—mJO € S

The previously obtained bound on d(z, z’) immediately gives the following bound:

C
(Ha) < R (L4 A+ (o] + [yl*) - R™.
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We can control (llb) as follows:

w2 (][t

s dsds’ dl/dy>

. 1 . .7

© - / / / / aij(v,)s" 15 d(se | s'e ) ds ds' dv dv/
2 -

i k+l<4

1 .

< — / / / / ai(v,)s" 1 d(se | s' e )ss' ds ds’ dv A/
i —mJ—mJ0 k+I<4

@ CL+ A"+ [ + |y[*)

< E|z|*|2'|

k+l<3

e

CA+ A"+l +1ylY) [ L+ AP+ o] + |y
- 1t €

In the step marked (b) we used the local Lipchitz bound on d. In the step marked
(c) we recalled the formula for the density d (see (B.48))). In the step marked (d) we
used the bound on the coefficients ay (). In the step marked (e) we used the fact that
the random vector z is a unitary transformation of w and the third moment of w was

bounded in item (4) of this lemma. Combining the bounds on lla, [Ib we obtain,

4 4 4 2 2 2
< CUHPLEO ) (Rl4+1+w 1ot + | )
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Analysis of (111): We have:

INA
g " = N

171 = R
Izl > R]
[
[

INS

lw|| > R]

IN

lw| > R| + P [|u'| > R]

éQIP) [|w| ER].

In the step marked (f) we used the fact that since z is a unitary transformation of w, we
have ||z|| = ||w||. In the step marked (g) we used the fact that |w|, |w|" are identically

distributed. Finally we set R as:

1
R=C\1+|y2+]02+ N2+ C\/lnz,
and apply the concentration inequality from item (3) of this lemma to obtain:

(3) < 2e.

Combining the bounds on (1), (2) and (3) and setting ¢ = O(1/||T’||'/?) gives us the final

bound on the characteristic function of .S":

: In'°(|T])
BSOS <0 (1 AP+ [0 + [yf*) T

o OO+ N+ o™ + y[*)
N 1T

6. The claim A« (ETW;S (A, b, y)) < oo follows from the moment estimates derived in claim
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(4) of the lemma. To show that \;, (ETW;S (A, o, y)) > ( we note that if

)\min (ETWis (Av ¢7 y)) = 07

Claim (5) of this lemma.

we can find a matrix 7" with ||T'|| = 1 such that (T',.S) is deterministic. If this happens
then the characteristic function Eef*'S"T) = 1 which contradicts the O(t_%) decay proved in

B.7 Analysis of the Variational Problems

[1]

In this section, we study the potential functions involved in the definition of the key functions
1(0),21(0) and Z5(q; 0), Z2(q; o). Define the two concave potential functions:

Vitsr) = r —EyIn Zte (A Y), A€R

VoA, 0;q) = 2aX + ¢ — Ey In Zrwis (N, 0,Y) , A\, ¢ € R.

In this section, we study the two variational problems:
P1: max Vi()),
AR

p2: ﬁ%ﬁ%(A7 ®;q)

The analysis in this section will consider an arbitrary distribution on the random variable Y. The
reason for doing so is to handle the following two cases in a unified way:

1. Y is sampled from the empirical distribution of the phase retrieval observations:
m — Yi*
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This case covers the analysis of =1 (), Z5(q; ).

2. Y = |Z|*> + oe where Z ~ CN (0,1) and ¢ ~ N (0,1). This case covers the analysis of

[1]

1(0), Z2(g; 0).

We also note that the potential functions V7, V, depend on the noise level o even though the depen-
dence is not explicit in our notation. In this section, we consider a fixed o > 0 and the universal
constants C' of this section may depend on 0. However, they do not depend on the distribution of
Y. Finally we note that the variation problem P1 is more general than we require in the sense that
for the analysis of =, =, we can set 7 = 1. The reason for studying this more general variational
problem is that we can reduce the analysis of P2 to this more general variational problem.

B.7.1 Analysis of Variational Problem P1

The following proposition analyzes the variational problem P1 and shows that it has a unique

minimizer which is guaranteed to lie in a ball of a certain radius.

Proposition 22 (Analysis of P1). There exists a universal constant 0 < C' < oo depending only

on the noise level o such that:

1. The following coercivity estimate holds:

r|Al

1
) < —— o > — | (E|Y]+1).
Vi) < =G A2 € (r ) IV )

2. All minimizers of the variational problem lie in the compact set:

{)\ A< C (r—i—%) E|Y] + 1)}.

3. The function Vi(\;r) is strongly concave on every compact set. Consequently, the varia-

tional problem has a unique minimizer.
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Proof. Throughout this proof, C refers to a universal constant depending only on o which may

change from line to line.

1. We need to show that V] is coercive, that is:
Vi(A;7r) = —oo as |A| — oc.
In order to do so we need to obtain lower bounds on In Ztg,, (j:|/\|, Y). First we consider:

ZTExp (|/\|7 y) (é) / 6_(1_|>\‘)u¢0(u - y) du

0
2

Y
e 22 [ u?  uy

® |)\|e_2?ir72 o 5 u |A|uy
= A 1—-— — A d
2102 Jo o <‘ | u( 2‘72> i 207 A ]
A e_% o u Aluy
Z ||2? > exp <‘)\’2u (1 - ﬁ) + |2|0_2 - ’)\‘U) du

2

o [Me 722 [ AP%o” vl . -
ZW fexp(T—W 7—1—0 du.

In the step marked (a), we used Definition[5] In the step marked (b), we performed a change

of variable © = |A|u. In the step marked (c), we used the fact that:

TR W s P
Uu — —_ u g .
252) = 4 22 ==

Hence we obtain, for a universal constant 0 < C' < oo depending only on o2, we have,

AP

A
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Hence,

)\2
V(AR ) < N+ O + 1)~ In ) — 2
2
<—LLVMDQCW+C@WF+D) (B.49)

- 20’

Next we consider:

Zreg (-Poy) = [ 0P (0 ) du
0
oe Uu U
= )\/ e‘“-¢a(——y)~6_lkdu
A, R

By Jensen’s Inequality,

E
In Zvexp (—|)\|,y) In|A| +In (EENEXP(I e Ix Il/Jo— (|)\| ))

11 /2 %
S U [y (I B
== 202(Ml2+ w)

>In[A| = Cy*+1), V[A[ > 1.
Consequently we have,

Vi(—|A;7) < —r| A = In| A+ CE|Y]P+1), V| >1
rIAI 2C(E[Y]* 4 1))
T

< - V|| > ey (B.50)
Combining the estimates in (B.49) and (B.50)), we obtain that for a large enough constant C,

7"|/\| 1 2
)< =22 > - :
Vv < = 5el Az € (re 1) @)
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2. We observe that,

Vi(0;7) = =Ey InEggpa)¥e (£ —Y)

1
> —1In
- (\/ 27r02)
> (.

Hence,
A= (74 1) BIYE 4 1) = i) < Vi)
Hence,
arglileiﬂlgvl(k;r) C {)\ A < C (r + %) (E|Y > + 1)} .
3. In the light of item (2) of the lemma, it is sufficient to study the variational problem:

X 1
max V;(\;r), R= C (7" + —) (E|Y]? +1).
AR r

In order to show uniqueness of the solution it is sufficient to show that V;(\;r) is strictly

concave on |A| < R, for which it is sufficient to check that:

AV d?
|1;I|1£2 e (A <0e —EyInZg, (A, Y) > 0.

dA?

Note that by convexity we have,

2

d
WEY In ZTExp ()\, Y) 2 0.
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In order to obtain a strict inequality, suppose there is a A\ such that:

2

d—Ey hl ZTExp (/\, Y)

e =0.

A=Xo

This means that,

EE2e2Ey,(E —Y) (EEekoEwg(E - Y)) i
Ey - == 0

E€A0E¢J(E - Y) Ee’\OE?ﬂa(E - Y)

Recalling Definition [5
U'2I'Exp ()‘07 Y) =0.

However this contradicts the decay rate property of the characteristic function of Tilted Ex-
ponential distribution proved in Lemma (43| in Appendix [B.6.1] since the amplitude of the

characteristic function of deterministic random variables is constant.

B.7.2 Analysis of Variational Problem P2

The following proposition analyzes the variational problem P2 and shows that it has a unique

minimizer which is guaranteed to lie in a ball of a certain radius.

Proposition 23 (Analysis of P2). Suppose that ¢ € (0,1). There exists a universal constant

0 < C' < oo depending only on the noise level o such that:

1. The following coercivity estimate holds:

(1—2q)

. < —
Va(A, ¢5q) < 50

A+ lo, W16 2 € (L g+ 12 ) (Y41,
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2. All minimizers of the variational problem lie in the compact set:
1
{()\,gb) ER?: N+ o < C (1 +q+ 1——q) (ElY | + 1)} .

3. The function Va(\, ¢; q) is strongly concave on any compact set. Consequently, the varia-

tional problem has a unique minimizer.

Proof. Throughout this proof, C refers to a universal constant depending only on o which may
change from line to line. It will be helpful to write the variational problem in the following matrix

notation. Define,

oS-

R >
>~

Then the problem P2 can be rewritten as:

max Va(A), Va(A) = (A, Q) — By nEg-cao.r) xP((A, 99 (Y — 91000 (V = |ga*),

where,

To obtain the above display, we recalled the definition of the normalizing constant of the Tilted

Wishart Distribution (Definition [6).

1. In order to obtain a coercivity estimate we need to lower bound In Ztw;s (A, ¢, y). Our lower

bound will depend only on the spectrum of A. We consider the eigendecomposition of A:
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In the above display 7; > 7, are the ordered eigenvalues of A. We have the following lower

bound on In Z1wis (A, ¢, y):

In Zwis (A, ,y) = nEexp((A, gg™)) ¢ (y — 01°) %0 (y — |92/%)
=InEexp(ni|g1]* + 72lg2|*)¥s (v — |bYg]|?) ¢ (y — |bYg[?)

1
—mEexp (il vl - 5207 — 200l + gl + el + "))

@ 1
> InEexp (’71|91\2 + Y2lgo]® — ﬁ@yz —2y(|lg1” + 1921?) + 2| |* + 2|92’4))

2
> mBespulan v (2= = Vol ) + mBespulanf)ie (2 = Vo) - L

V2 V2
=In EENEX (1)671E1/Jg i - \/§E + In EENEX (1)672E7,Dg i - \/§E — y—2
p \/§ P \/5 20_2

In the step marked (a), we used the fact that,

IBgllz = llgll*, 1Bglli < llgllz < 2(lg1[* + [g2|)-

Next note that,

(A, Q) < A(Q) +7222(Q),

where A\1(Q) > A\2(Q) are the ordered eigenvalues of Q. It is easy to check that \(Q) =

1+ g and X\5(Q) = 1 — ¢ which means,

(A, Q) <n(1+q)+7(l—q).
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This gives us,

Va(A;q) <mi(1+¢q) — ElnEe™ Py, (i - \/§E> +72(1—q)

V2
EY?
—ElnEe=Ey, (L — 2E
e (5 - VIE) 7

Utilizing the coercivity estimates from Proposition [22] we obtain,

(’Yl (14 ¢q) — Ey InEe"Fy, <i - \/§E>) < _xa) -l hl',

V2 2C
Y (1 —q)l
1—¢q)—EyInEe™Py, | —= - V2E ) | < ———Z =
(w( ¢) — Ey InEe w(ﬁ f))_ ol
for all:
>0 (14q+——) EY?+1)
= T +q ,
1
7] ZC((l—Q)JrlT) (EY®+1).
Since,
2 2 9 t
||A|| Zt = maX(’Yl?fyZ) Z 5? Vt7
we obtain,

1—¢q 1 2
A;q) < ——-||A]l, ||[A|l > 1 — | (EY* 4+ 1).
Vilio) < o AL Al 2 € (14 g 2 ) Y

This is equivalent to the estimate:
1—g¢q 1 9
Va(A, ¢59) S—Y’(W"‘WD, A+ o] > C - 1+Q+1Tq (EY” +1).

This concludes the proof of item (1) in the statement of the lemma.
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2. The proof is analogous to the proof of item (2) in Proposition

3. The proof is analogous to the proof of item (3) in Proposition

B.8 Background on Characteristic Functions

In this section we collect some basic facts about characteristic functions (CF). Most of these
results are taken from Chapter XV of Feller [76]. The characteristic function is simply the Fourier

transform of the probability density function.

Definition 11 (Characteristic Function). Let f be a probability density function on R. Then the

characteristic function of f is defined as:

If the characteristic function is absolutely integrable, the probability density function can be

recovered from it using the Fourier inversion formula.

Theorem 7 (Fourier Inversion of CFs). Let 1) be the CF of density f. Then,

fla) = 5= [ vl

The moments of the PDF can be recovered from the Taylors expansion of the CF.

Theorem 8 (Taylors Series of CF). Let X be a random variable with probability density function
f. Let 1) be the CF of f. We have, for anyt € R.

n—1
EXF | E|X|™t"
Yt) - [ 1+ o - (it)* SL

n!
k=1

The following bound on CFs will be useful in the proofs of the local central limit theorems.
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Lemma 45 (Bounds on CF). Let v be a multivariate CF and suppose that, there exists 0 < ¢ < 1

and b > 0 such that,

(@) < eVt > 0. (B.51)

Then, for any ||t|| < b we have,

1—¢2

8b2

() <1- [idlee

Proof. A univariate version is given as Theorem 1 in Chapter 1 of Petrov [88]]. A multivariate

version is given as Theorem 1.8.13 in Ushakov [89]. O
Finally we state a Multivariate Berry-Eseen bound due to Bhattacharya [83]].

Theorem 9 (A Multivariate Berry-Eseen Bound, [83]). Let X, X5 ... X,, be independent random

vectors in RF. Suppose that:
1 n
EX; =0, — Y EX;X'=1I,.
Define:
def 1 & 3
P3 = EZEHX’” :
i=1

Then, there exists a universal constant C}, depending only on the dimension k, such that for any

bounded, Lipchitz function f we have,

£/ (Z%) ~Ezeiony1(2)] < S0 Wt W o)
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B.9 Some Miscellaneous Results

This appendix collects some miscellaneous facts and results that are useful in our analysis. The

first is a classical correlation inequality.

Fact 2 (Chebychev Association Inequality, [70]). Let A, B be r.v.s and B > 0. Suppose f, g are
two non-decreasing functions. Then, E[B]E[Bf(A)g(A)] > E[f(A)B|E[g(A)B].

The following collects some useful properties of Modified Bessel Function of the first kind.
These results can be found in the standard references [90, 91]. Item (5) of the following is relatively

less known and is due to Watson [92, Appendix Al].

Fact 3 (Properties of Modified Bessel Function of the First Kind). For x € R, the Modified Bessel

Function of the First Kind, denoted by, 1y(x) is defined as:

ef 1 T
To(z) “ %/ S cos(0)

It satisfies the following properties:
1. Iy(z) is an increasing function on x > 0 and 1,(0) = 1.
2. Iy(x) is an even function.

3. There exists a universal constant C such that,

4. Iy is infinitely differentiable.

[ . . . :
5. The function 70 Is an increasing concave function with,

1(0) :
=0, lim =1,
15(0) =00 Io(x)
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and,

1

=3

()

The following lemma is about a bivariate Gaussian integral.

z=0

Lemma 46. Let 71, Z5 be distributed as:

Zl 0 1 P
~N ,
ZQ 0 P 1

Then the integral:
J(CL, b) < EZLZle(a/ - Zl)wl(b - Z2)7

is given by:

Jab) = 1 e _a?+ b — pab
T T prja P\ A =4y )

Proof. Note that J(a, b) is the Joint PDF of the random variables (A, B) with distribution:

Zl 0 1 P
Azzl+€1,B:Z2+€2, NN s ,€1NN(0,1),62NN(0,1).

ZQ 0 pl

We can directly find the distribution of A, B from this description:

0
~N ,
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Hence by the formula for the bivariate Gaussian pdf,

J(a,b) = N S exp _ @+ b — pab
T 4n /1 — p2/4 41 —p2/4) |

We will also find the following bound on truncated Gaussian integrals useful.
Lemma 47 (Truncated Gaussian Integrals). Suppose that a, A > 0 and k € N. Then, we have,

a2

o 2
/ ez de < Cp - A- (Ak —l—ak) e 7.

In the above display C', is a universal constant depending only on k.

Proof. Let us first consider the case when A = 1. Then we have,

> A @ k=1 ok —u
e 2 dr =22 u 2z e “du
a a?/2
(b) k=1 ,ﬁ Oo 7:1:
=232 .¢ 2 dx
0
9 k-1 —ﬁ - e %
<2 .em 2 dz
0
k-1 o2 OO af!
<P hlieTT / e~rxk—1lday +
0 QT

k—1 -4 /
S 2 e 2 | + k—l)

2

a2

< Ck(l +a )6_7

In the step marked (a), we substituted u = /2 in the step marked (b) we substituted u = z + a.

In the step marked (c) we used the inequality (a + b)* < 2%(a* + b*), a,b > 0 k > 0. Making the
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substitution x = Az in the above bound gives us:

a2

/ the e de < Cp- A (AP 4 ab) e 7.

This concludes the proof.
The following lemma contains a useful upper bound on E|G|~2 where G ~ N (0, 1).

Lemma 48 (Fractional Moments of Gaussian Distribution). Let G ~ N (u, 02). Then we have,

1 4

Emgm

Proof. We have,

1

1 1
E <E Ligi<ospu + E LiG1>0.5/l
V|G| VG| VIG]
_ /05“‘ 1 1 _(@-w)? V2

202 dx +

—— . —6 —
—05lul \/|7|  V2mo? vari
2

-&5 0.5/ul
L L g V2
2mo? Joslul /|7 vy
2
2 /fple s V2

= -
V=R
4

<
vard
1

In the last step we used the fact that max,>q v/ze ™ < NeTR
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Appendix C: Omitted Proofs from Chapter

C.1 Proof of Lemmas|21{and

C.1.1 Proof of Lemma

Proof of Lemma[21] Recall that, AAT =UBUT, ¥ = AAT -E[AAT|U|=U(B —«I,)UT
where B is a uniformly random m X m diagonal matrix with exactly n entries set to 1 and the
remaining entries set to 0. Using the concentration inequality of Lemma[I7}

2
P (|(AAT)U ~E(AAT);| > €| U) < dexp <— ) . (C.1)

€
sm|U|I%

Setting € = /32 - m - |U||%, - log(m) in (C.I)) we obtain,

4
P (I(AAT);; ~ E(AAT),| > v/32-m- UL -loglm) | U) < —.

By a union bound, P(£¢|U) < 4/m* — 0. In order to prove the claim of the lemma for the

subsampled Haar model, we first note that by Fact|/| we have,

| 2
. (|Oij| N M) <2
m

m
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By a union bound P(||O|», > /8log(m)/m) < 2m~2. This gives us:

P {nonms &%W}me 21—P<||ouoo> “%W)—w‘:)

2 (&
> 1—ﬁ—E]P’(€ \U)
6
>1- et
This concludes the proof of the lemma. O

C.1.2 Proof of Lemma

Proof of Lemma[22] Consider any alternating product A (see Definition [7):
A, Z) = ()0 (Z2)(T) - - qx(2).

Note that in the above expression, we have assumed the alternating product is of Type 2 but the

following argument applies to all the other types too. We define:
Ai = ()1 (Z2)(V)q2(Z) - - (9)qi(Z) (V) i1 (Z)(¥)qis2(Z) - - - (¥)qu(Z').

Then we can express A(W, Z') — A(W, Z) as a telescoping sum:
k
AW, Z) - A(®,Z') = (Ai— Ay).

i=1

Hence,

AR, Z)  TrA(®, Z)
m m

<

1 k
Z |TI’(./41 - Aifl)‘.
=1

m <
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Next we observe that:

|TI’(AZ — Ai_1)|

=[Tr(®)q1(Z) - (®)qi-1(Z) - (i(Z) — ¢:(Z")) - (¥)qis1(Z') - -- () (Z"))]

< |[[(®)ar(Z) - (®)ai-1(Z) - () i1 (Z) - (¥)a(Z) ]| Zl% %) = 4i(Z))]

N

< ) llopllgr(Z)llop - - [ (%) lopll s (Z") [lop - Z|ql %) = 4i(%))]
@ k m
< HHqJHoo lgilluie - Z‘Z]
i=1 j=1
< Vi C(A)- |Z - 2.

In the step marked (a), we observed that: [|(¥)|lo, = [|[U(B)U " ||op < max(|s)], |1 — x|) < 1.

0 (Z)]lop < llgjllo0 = SuPeer |g;(€)|. We also recalled the functions ¢; are assumed to

Similarly,

be Lipchitz and denoted the Lipchitz constant of ¢; by ||¢;||Li,- Hence we obtain:

TrA(W, Z TrA(Y, Z' k-C(A
(.2) AW Z)| _hCA) oo
m m vm
This concludes the proof of the lemma. [

C.2 Proof of Proposition

The proof of Proposition[I9]is very similar to the proof of Proposition [[§and hence we will be
brief in our arguments.

As discussed in the proof of Proposition[I8] we will assume that alternating form is of Type 1.
The other types are handled as outlined in Remark Furthermore, in light of Lemma [16{we can

further assume that all polynomials p;(¢)) = 1. Hence we assume that A is of the form:

AW, Z) =g, (Z)T - q,_1(Z)T.
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The proof of Proposition [I9| consists of various steps which will be organized as separate lem-

N
sz(O,AA )
K

mas. We begin by recall that

Define the event:

. 3 . 3
£ = m§X|(AAT|)¢j§\/M7 mﬁ%l(AAT)ii—MS\/M (C.2)
1#£] i€lm m

m

By Lemma we know that P(£¢) — 0 for both the subsampled Haar sensing and the subsampled

Hadamard model. We define the normalized random vector z as:

- ; AAT),;
A (AAT)is
ag; K

Note that conditional on A, Z is a zero mean Gaussian vector with:

(AAT);/ )

0,05

Ez’|A] = 1, E[zZ]A] =

We define the diagonal matrix Z = Diag (2).

Lemma 49. We have,

provided the latter limit exists.

The proof of this lemma is analogous the proof of Lemma[26|and is omitted. The advantage of
Lemma [49|is that Z; ~ A (0, 1) and on the event & the coordinates of z have weak correlations.
Consequently, Mehler’s Formula (Proposition[I5)) can be used to analyze the leading order term in

E[zTA(P, zZ )z 1(€)]. Before we do so, we do one additional preprocessing step.
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Lemma 50. We have,

1 EGTA(T, 2)5)2]1 (€)= lim ETr(A- (227 — Z2)- A- (327 — Z%))L(E)

2 2 9
m—o00 m m—00 m

provided the latter limit exists.
Proof Sketch. Observe that we can write:
(ZTAZ)? =Tr(A-zz" - A-22")
—Tr(A- (22T - 22+ 2% - A- (327 — 2%+ 27))
—Tr(A- (22T -2 A- (22" —Z*)+Tr(A- 2% A-22") + Tr(A- 227 - Z% . A)

—Tr(A-Z%- A-Z7)

—Tr(A- (2327 —2%) A (32" —Z*)+22"A-Z° A Z—Tr(A-Z% A Z%).
Next we note that:
ZTA-Z% A2 < |2 AR - (m[w? |’z2!2) < Op(m) - O(1) - Op(polylog(m)),
1€lm

Hence it can be shown that,

EZTA-Z2-A- 3|
3 —

0.

m

Similarly,

THA- 22 A- B3] < ] 4 22 A 2oy < il AL - (max )
€em

< O(m) - O(1) - Op(polylog(m)),
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and hence one expects that,

E[Tr(A- Z2- A- Z?)]

2 — 0.
We omit the detailed arguments. This concludes the proof of the lemma. 0
Note that, so far, we have shown that:
E(zTA(P, Z)z)? ET 237 — 72 22T — Z2)(E

g ECTAW.Z2)2° | BTHA- (B2 - 29 A- (B2 - Z9)1(E)

m—00 m m—00 m
provided the latter limit exists. We now focus on analyzing the RHS. We expand

Tr(A- (22" - 2°)- A- (22" - 27)) =
Zay-

Z (lIl)al,a2Ql (zaz) U (‘Il)ak,ak+lzak+lzak+2(‘I’)ak+27ak+3ql (zaHs) e (\P)a2k+1va2k+25‘12k+2

ay:op42€[(m|
a17£a2k+2
A 4170k+2

This can be written compactly in terms of matrix moments (Definition |8]) as follows: Let E,?il

G(2k +2) denote the graph formed by combining two disconnected copies of the simple line graph

on vertices [1 : k+ 1] and [k + 2 : 2k + 2

<£k+1) - .
0 : otherwise

Recall the notation for partitions introduced in Section[5.6.1} Observe that:

{(a1 ... agk+2) € [m]2k+2 Dy # Qopto, Qi1 F Qo) = |_| C(m),
TE€Po([2k+2])
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where,

Po([2k +2)) £ {r € P(2k +2) : n(1) # 7(2k + 2), w(k+1) # n(k+2)}.

Recalling Definition |8 we have,

(‘Il)ahaz T (q’)ak7ak+1(‘1’)ak+2,ak+3 o (‘I’)a2k+17a2k+2 = M(‘I’ E?ﬁl’ )

Hence,

ETr(A- (227 — Z22)- A- (327 — Z2))(€)

m2
1 - - - - -
ﬁ Z E M( E?—%—l? ) (Zm q1 (Ztl2) T Zak+1zak+2q1(zak+3) e Zazk+2) I (8) .
7EPo(2k+2)
aceC(m)

By the tower property,

E M(\IJ e%—?—l? T, a’) : (gal q1 (E@) o .gak+15ak+2q1 (gak+3) o ':Zva2k+2> I (8) =

E [M(\II e%—?—l’ ) E[Eal ql(z@) U Zlk+1gak+QQ1 (Eak+3) e 202k+2 |A]H (5)} :

We will now use Mehler’s formula (Proposition to evaluate E[- - - | A] upto leading order. Note
that some of the random variables z,, ,, ., are equal (as given by the partition 7). Hence we group
them together and recenter the resulting functions. The blocks corresponding to a1, ax+1, Gkt2, G2k+2

need to be treated specially due to the presence of 2,,, Za, ., Zay . in the above expectations.

Za2k+2

Hence, we introduce the following notations: We introduce the following notations:

Fi(m)=n(1), L) =nk+1), Far) =7(k+2), L(r) =72k +2)

L) ={ie[1:2k+2\{1,k+ 1,k +2,2k + 2} : |w(i)| = 1}.
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We label all the remaining blocks of  as Vi, Vs, ... Viz|_|#(x)—4. Hence the partition 7 is given by:

7| =] ()| -4
T=F(mUAMUFRmUL@U| || {}]u B2
€S (m) t=1
To simplify notation, we additionally define:
Qi1 (&) S qi(€), i=1,2.. k—1.
Note that:
2%
Ealgakﬂgamzza%n H qi(gawrl) =
it
|7 — |5 () | —4
Qfﬁ (Eal )Qfl (EakJrl )Q/% (gak+2 )Qiﬂz (ga2k+2) H di—1 (zai) H (QVZ (Zavi ) + )7
i€ () i=1
where,

Qn)=¢ I @109,

€T (1) il

Qu)=¢ [ a9,

i€ (), i#k+1

Qen©)=¢  JI a9,

1€ T () i£k+2
Qu@)=¢ [ a9
i€ %y (m) i 242
i, = Eevon | [ 4191

JEV;

Qv (9) = [ ¢j=1(&) = 1w,

JEV;
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With this notation in place we can apply Mehler’s formula. The result is summarized in the fol-

lowing lemma.

Lemma 51. For any m € Py([2k + 2]) and any a € C(m) we have,

I (8) E[Eal q1 (z@) U gak+1gak+QQ1 (Eak+3) Za2k+2 |A Z G w 7'(' (\II7 w, T, a’)
wEeG ()
3+ ()]

sc%)-(loig)) o

where, M(W, w, T, a) is the matrix moment as defined in Definition

1
rllwllqp!

G(w,ﬂ') = Qﬂ}(l)Q ( )Q? A H QZ H Hy;

i€ (r i€ =7 (x)|—4]

Go(m) £ {w € G2k +2) 1 di(w) =1Vi € {L,k+1,k+2,2k+ 2},

di(w) =2Vi € L(r),dj(w)=0Vi ¢ {1,k+1,k+22k+2}US ()},

The proof of the lemma involves instantiating Mehler’s formula for this situation and identi-
fying the leading order term. Since the proof is analogous to the proof of Lemma 28] provided in
Appendix [C.4.3] we omit it.

We return to our analysis of:

ETr(A- (227 — 22)- A- (227 — Z%))1(€)

5 —

m
1 - - - o~ ~ ~
W Z E M(\I”El[?zlv T, a’) ’ (qul(zaz) e Zak+1zak+2q1(zak+3) e zazk-s—z) I (8) .
7r€'Po(2k‘+2)
aceC(m)
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We define the following subsets of Py(2k + 2) as

P2k +2]) E{r e Py(2k+2): |n(i)| =1, Vi € {1,k+1,k+2,2k+ 2}, (C.4a)
Im(j) <2Vj € [k+1]},
Pa([2k + 2]) = Po([2k + 2)\P1([2k + 2]), (C.4b)

and the error term which was controlled in Lemma

(¥, a)=

L(E) | E[Za,q1(Zas)  * * Zagsr Zaren @i (Bagys) ** * Zas,s | Al — Z G(w,7) M(¥,w, T, a)

weGo ()

With these definitions we consider the decomposition:

ETr(A- (227 — 22)- A- (227 — Z%))1(€)

m2

% ) D Gw,w) E[M®,w+ £, 7 a)] — 1+ 11+ 11,

TEP1([2k+2]) acC(m) weGy ()

where,
1 &
=5 2 2 > Gl E[MWw 62 ma)l(E)],
TEPo([2k+2]) a€C(m) weGa ()
1
= S EM(® L3 7 a)e(P,a)l(£)],
wEPo(2k+2]) acC(m)
1
=— Y Y Glw ) E[M(T,w+ €72, 7, a)] .
me€P2([2k4+2]) acC () weGa ()
We will show that I, Il, IIl — 0. Showing this involves the following components:
1. Bounds on matrix moments £ [/\/l (P, w + Effl, )] which have been developed in Lemma
18l
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2. Controlling the size of the set |C(7)| (since we sum over @ € C(m) in the above terms).

Since,
C(m)| =m(m—1)--(m—|x[+1) < m/",

we need to develop bounds on |7|. This is done in the following lemma. In contrast, the sums
over m € Py([2k+2]) and w € G;(7) are not a cause of concern since | Py ([2k +2])|, |G1(7)|

depend only on £ (which is held fixed) and not on m.

Lemma 52. For any 7 € Pi([2k + 2]) we have,

_ 2k +6 + |y(ﬂ)| ()] < m2k+6+2\y(7f)\

i -

For any m € Po([2k + 2]), we have,

| < 2k +5+ | ()|
- 2

2k+5+].7 ()]
2

— |C(m)| <m

Proof. Consider any m € Py([2k + 2]). Recall that the disjoint blocks of |7| were given by:

|| =17 ()| -4
m=F(r)UAMUFRmULEU| || {}]u B
e () t=1
Hence,
|| =] ()| -4

2k + 2 = | F1(n)| + | Fo(m)| + A + | L@ + (@] + Y Vil

t=1
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Note that:

[Fi(m)] > 1
[ Fa(m)| > 1
()] > 1
L ()| 21

Vil > 2

Hence,

(Since 1 € .7 (7))
(Since k + 2 € F5(m))
(Since k + 1 € Z(m))

(Since 2k + 2 € £ (m))

(Since V; are not singletons).

% +2 >4+ 21| — | (n)| - 8,

which implies,

m| <

and hence,

IC(m)] <ml™ <m

Finally observe that:

S 2k+6+ |7 ()]

2 )

2k+6+| ()|
2

(C.5a)
(C.5b)
(C.50)
(C.5d)

(C.5¢)

(C.6)

1. For any m € Py([2k + 2|) each of the inequalities in (C.3) are exactly tight by the definition

of Py ([k + 1]) in (C.4), and hence,

o= 2k +6+ |7 ()]

2

2. For any 7 € Py([2k + 2]), one of the inequalities in (C.5) must be strict (see (C.4)). Hence,

315



when 7 € Py([k + 1]) we have the improved bound:

< 5417
— 2 .

This proves the claims of the lemma.
We will now show that [, II, [l — 0.

Lemma 53. We have,

| =0, =0, Il -0 asm — oo,

and hence,
E(zTA(T. Z)z)?
g EETA®2)2)"
m—oo m
. 1
Jm s D > D Glwm) E[M(Tw 67 ma),

TEP1([2k+2]) acC(m) weGa ()

provided the latter limit exists.

Proof. First note that for any w € G (), we have,

2%+2
1 1+1+1+1+2)
||w||:§Zdi(w)= i +2+ | <7T)’:2+|¢V(7r)| (See Lemma [ST)).
i=1
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Furthermore recalling the definition of E?fl, ||£§$1 || = 2k. Now we apply Lemma|18|to obtain:

|E [M(\I’7 w + E?jl? LB a’)H (86)} | < \/E [M(\Pa 2w + 26?%1’ 4B a’)} ]P)<gc)

m

|5’(7T)\2+2+2k
O log?
S kOg (m) IP(SC),
m
| ()| +242k
@ [ Cylog®(m) TG
- m m
Cilog?(m) "
E|M(®, €%, 7,a)| < &> 7

| ()| +2+2k
2

m

E[|[M(®,w + £y, 7 a)]] < (M)

In the step marked (a) we used Lemma 21] Further recall that by Lemma[28 we have,

3+ (m)]

(T, a)] < C(A) - (k’g (’”))

mrk2
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Using these estimates, we obtain,

, | ()| +2+2k
C(A)- Cilog”(m : C
I < T(n2) _ Z C(m)] - <kT()> Ek
m:Po([2k+2])
) | (m)|+242k
C(A) 2k+6+4|.S ()| (Ck log (m)) ? Ck
< . Z m 2 . - = 7 R
= 2
m m:Po([2k+2]) m m
_  ( polylog(m)
N m
& 3417 (x|
C(A Cr log?(m log®(m ’
I < 77(12)( 2 m( )> S |C(w)|-<#
7'('73()([2kj+2])

34|~ (m)]

k
C(A) [ Crlog?(m) Z sirorlzm| [ log®(m)
= m2 ( m . " : ' mrk?

7'('730([2kj+2])
_0 polylog(m)
= N

(e DS |c<7r>|-<—0‘“1°g2<m>)
)

m
7P ([2k+2]

| ()| +1+k
2

| & ()| +24+2k
2

< C(A)- Z L (C’k log2(m)>

m2 m
TPy ([2k+2))

_0 (poly\l/%(m)> '

This concludes the proof of this lemma.

Next, we consider the decomposition:

a2 2 X Gl EMT w7 ma) =

TEP1([2k+2]) a€C(m) weGy ()

% Z Z Z Glw,n)-E[M(¥,w+ €2 7 a)] +IV+V,

meP1([2k+2])  weGa(T)  aeLcp(wtep] )
w+e§flegm(n)
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where,

defl
ve L Y% S Glwm) E[M(T,w+ €2, 7,a)],

mE€P1([2k+2]) a€C(m) weGa ()
w+£§il¢gDA(7r)
|
v“:fﬁ > > G(w, ) E [M(T,w+ €72, 7,a)].

meP1([2k+2])  weGa(m)  aelC(m)\Ler(w+EE7,m)
w+L;7 €Gpa(r)

Lemma 54. We have, IV — 0,V — 0 as m — oo, and hence,

T A2
lim E(z'Az) _
m—00 m?2

i > > > Gwm) EM@wt 6, ma),

m—00
meP1(2k+2])  weGa(m)  aeLep(wHLyD )
w7 | €Gpa(m)

provided the latter limit exists.
Proof. We will prove this in two steps.
Step 1: IV — 0. We consider the two sensing models separately:

1. Subsampled Hadamard Sensing: In this case, Propositiontells us that if w + E?fl ¢
gD/_\ (71'), then,

B (M, w0+ 62, 7,0)] =0
and hence IV = 0.
2. Subsampled Haar Sensing: Observe that, since ||w|| + [[€.7 ]| = 2 + |.(7)| + 2k, we

have,

E [M(/m®, w4+ £37, 7, a)

2+ [ (m) [+ 2k
2

E [M(\Il, w + E%ﬁl, T, a)} =

319



By Proposition[16| we know that,

stw sy Kl
E [M(/m¥,w+ 62, ma)] - [] E[ W (w92, >] L()
stell "

V' m > Kj, where K1, K, K3 are universal constants depending only on k. Note that

since w + £57, ¢ Gpa(m), must have some s € [|7] such that:

Wis(w +£§—i2-17 m) > 1.

Recall that, d;(w) = 0 forany ¢ ¢ {1,k + 1,k + 2,2k + 2} U ./(7) (since w €

Go(m)) and furthermore, |7(i)| = 1V ¢ € {1,k + 1,k + 2,2k + 2} U ¥ (7) (since

m € P1(2k 4 2)). Hence, we have w € Gpa(7) and in particular, W, (w,T) = 0.
Consequently, we must have W, (£77,,7) > 1. Recall the definition of £7,, since
Wes (L1, m) > 1 we must have that for some i € [2k 4 2], we have, (i) = m(i +1) =

V. However, since m € Py (2k + 2), |Vs| < 2, and hence V; = {i,7 + 1}. This means

that WSS(E,?JED m)=1=Ws(w+ EkH, 7). Consequently since EZ,; = 0, we have,

[T = [pteno] o

s,t€]|m]]

s<t

or,
polylog(m)
‘E [M(\If w+£k+1, )H T sk 1
2 4

Recalling Lemma[52]

2k+6+|7 (n)]

IC(m)| < ml™ < m 2 ,
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we obtain,

W< O S gy B (el

24| F (M +2k , 1
2 +4
reP1([2k+2])

m4

Step 2: V — 0. Using Lemma[20] we know that
C(mN\Ler(w + €7, m)] < O(m!™™)

In Lemma[52] we showed that for any w € P;([k + 1]),

| = 2k +6+ |7 ()]
- 5 :

Hence,

2k44+|.7(m)|
2

C(m)\Ler(w + £, )| < O(m )-

We already know from Lemma @ that,

llwll 1127 I | () |+ 242k
Cj.log” ’ Cy,log” ’
E M, w + £, 7.0)] | < (ﬂ < (Culog’(m)
m m
This gives us:
| (7)|+2+42k
C 9 Cr log?(m) ’
V| < 3 > Cm\Ler(w + £, 7)] R —
meP1([2k+2]) weGy(m)

w7 | EGpa(r)

_0 (polylog(m))

m

which goes to zero as claimed.
This concludes the proof of the lemma.
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So far we have shown that:

E T 2
lim (z" Az) _
m—s00 m?2
. 1
L Y YT G M)
meP1([2k+2])  weGa(7)  aeLcr(wHeD |, m)
w+£§fIEQDA( )

provided the latter limit exists. In the following lemma we explicitly calculate the limit on the
RHS and hence show that it exists and is same for the subsampled Haar and subsampled Hadamard

sensing models.

Lemma 55. For both the subsampled Haar sensing and Hadamard sensing model, we have,

lim E(z Az)° = Z Z G(w,7) - plw + €77, ),

m—o0 m?
meP1([2k+2])  weGa(m)
wHLY? | EGpa ()

where,

pw+ €22 J[ E [ZW“(“’“?&J)} L 7~ N(0,5(1 = k).

s,t€(|rl]
s<t

Proof. By Propositions|I7|(for the subsampled Hadamard model) and[I6|(for the subsampled Haar

model) we know that, if w + €7, € Gpa(7), @ € Lcp(w + £57,, ), we have,

(\/_\II w +£§-&2-17 ) - IU’( e?—?—l’ ) + e(w,w, a’)?

where

K, log"*(m)

’6(’(11,7‘{',0/)’ S ) vV'm Z K37

s

322



for some constants K, K5, K3 depending only on k. Hence, we can consider the decomposition:

L Z Z Z G(w,n)E [M(¥,w+ €2, 7, a)

2
mEP1([2k+2]) wego () aeLcF(w—i-Z,;@jl,n)
w+€§f1€gDA(7r)

= VI + VI,

where,

w 1 p(w + €22, )
V= m2 Z Z Z G(w, ) - R COEET I
m 2

TEP1([2k+2])  weG(m)  aeLep(wtey?7)
w+£§flegDA(w)

é(w, T, a)

o 1
V”gﬁ Z Z Z G(wﬂr)'W

mE€P1([2k+2])  wEG(T)  aeLep(w+eP? ) m)
w+£§iIEgDA(W)

We can upper bound |VII| as follows:

2k+6+].% (r)]
2

|Ler(w + €37, 7)| < |C(m)| <m :

C(A) 1 Ky log"*(m)
VIl < o - C - | Lcp(w —|—£§f1,7r)| " T s (mlr2k
m- 2

_0 (polylolg(m)> o

ma

=

m
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We can compute:

1 w+ 022
=g LYY Y G T
TePL([2k+2))  wEG(T)  aeLer(w D2, m) mee
w37, €Gpa(r)
1 p(w + €72, )
= Jm 3 > >, Glwm): @ NLer(w + €7, 7)|
m€Pi(2k+2])  weG(r) me2
WAL 7 €Gpa(r)
|| |Lcr(w + €22, )|
m CF k41>
= Z Z G(’w77T) ' M( e?ﬁp ) ' 6+ (1) +2k m|7T| =
rePi(2k+2])  weG(r) me2
wHLE7, €Gpa ()
@ |Ler(w + £.7,7)]
- Z Z G(w7 77) (w + £k+1’ ) ' miml
rePL(2k42)  weba(n)
wHLE7, €Gpa ()

by Y G w62 )

reP([2k+2])  weGs ()
wHLE7, €Gpa ()

In the step marked (a) we used the fact that |7| = (6 + |- (7)| + 2k)/2 for any © € Py ([2k + 2])
(Lemma and in step (b) we used Lemma (|Lcr(w + €72, )| /ml™ — 1). This proves the

claim of the lemma and Proposition [

We can actually significantly simply the combinatorial sum obtained in Lemma [S5| which we

do so in the following lemma.

Lemma 56. For both the subsampled Haar sensing and Hadamard sensing models, we have,

.
lim Bz A2)” = (1— k). H

m—00 m

In particular, Proposition[I9 holds.

Proof. We claim that the only partition with a non-zero contribution is:

2k+2

T = |_|{z}
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In order to see this suppose 7 is not entirely composed of singleton blocks. Define:
i, = min{i € [2k 4+ 2] : |7 (i)| > 1}.

Note i, > 1 since we know that |7(1)| = |Z(7)| = 1 for any 7 € P1(2k + 2). Since 7 €

P1([2k + 2]) we must have |7 (i,)| = 2, hence denote:

m(ix) = {ix Ju}-

for some 7, > i, + 1 (2, < j, since it is the first index which is not in a singleton block, and
Jx 7 1, + 1 since otherwise w + Kf_fl will not be disassortative. Similarly we know that i,, 7, #
k+1,k+ 2,2k + 2 because |w(k + 1)| = |r(k + 2)| = |7 (2k + 2)| = 1 since © € P1([2k + 2]).

Let us label the first few blocks of 7 as:
Vi ={1}, Vo ={2},... V1 = {ix — 1}, Vi, = {is, Ju}
Next we compute:

Wi v, (w+ €77, 7) = Wi, 15, (€22, 7) + Wi, 1, (w, 7)

L Wi, 14, (€27, )
=1, 1ev,, ; + Liviev, . + 1j,21ev, o + 1,100,
=1, =1t i1+ 1m0 1 =i

21

In the step marked (a), we used the fact that since w € G,(7) and |7 (i,)| = |7(j,)| = 2, we must
have d;, (w) = d;, (w) = 0and W;,_; ;, (w, 7) = 0. In the step marked (b) we used the definition
of E%ﬁl. In the step marked (c) we used the fact that V;, ., = {i,_1}. In the step marked (d) we

used the fact that j, > i, + 1.

325



Hence we have shown that for any 7 # LI?*72{i}, we have

p(w, 7) = 0V w such that w € Go(m), w + €7, € Gpa(m).

Next, let 7 = U?*7%{i}. We observe for any w such that w € G(7), w + £, € Gpa(r), we

have,

p(w+ €57, 7) = H E [ZW“(“’“%flﬂr)] , Z~N(0,k(1 = k))

s tel|ml]
s<t

= H E |:Zwij+(€k+1)ijv”)i| L Z~N (0’ k(1 — /{))

i,j€[2k+2]
i<j

Note that since EZ = 0, for pu(w + €52, ) # 0 we must have:
wij > (£52))i5, Vi, j € [2k+2].
However since w € G,(m) we have,

di(w) = dir1(w) = diso(w) = dopr2(w) =1,

di(w)=2Vi € 2k +2\{1,k+1,k+2,2k + 2},

hence w = Efﬁl. Hence, recalling the formula for g(w, 7) from Lemma we obtain:

k-1

i A2 (1—r)* T[]

m—o0 m2
i=1

This proves the statement of the lemma and also Proposition[I8](see Remark [I5|regarding how the

analysis extends to other types). [
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C.3 Proofs from Section|[5.6.4

C.3.1 Proof of Lemma

Proof of Lemma Recall that,

EM(¥, w,ma)=E J] ¥, |

ai,aj
i,j€[K]
1<J
(a) W
< 3 CLEwl
= 2 Tl o]
JE[K]
1<j

< max E|\I/Z]|HwH,

i,j€[m]

where step (a) follows from the AM-GM inequality. We now consider the subsampled Haar and

Hadamard cases separately.

Hadamard Case: By Lemma U, is subgaussian with with variance proxy bounded by C'/m

for some universal constant C. Hence,

Nlwll
EIM(¥, w, 7,a)]| < (M) .

m

Haar Case: By Lemma conditional on O, W¥,; is sub-Gaussian. The variance proxy is

bounded by Cml||o;||%,||0;]|%,- Hence,

EIM(¥, w,T,a)] < max B[P,

i,5€[m]

— max E[E[|W;;|!!|0]
i,j€[m]

Jwl w w
max (Clw]m) % E [[lo; 121 oy 121
i,j€[m]

IN

< max (C’Hme)“T“ (EHOiHi\)\wH _,_EHOJ,HZ(\J\wH) .

i,j€[m]
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Note that 0; = 0; = u ~ Unif (S,, ;). Applying Fact gives us,

f[wl]

Cllw| log®(m)
m

EIM(¥, w, 7, a)| < \/

C.3.2 Proofs of Propositions|16|and

This section is dedicated to the proof of Propositions [16] and We consider the following

general setup. Let vy, v, - - - , v,, be fixed vectors in R? for a fixed d € N. Define the statistic:
m
T=+vm Z Bjv;,
i=1

where B denotes a diagonal matrix whose n diagonal entries are set to 1 — x uniformly at random
and the remaining m — n are set to —x.

Analogously, we define the statistic:

T = \/Ei Bz’ivia

1=

—_

where,

.., |1—r: withprob. x
B '~

—K with prob. 1 — K

As in the proof of Lemma we B and B in the same probability space as follows:
1. We first sample B. Let S = {i € [m] : By = 1 — k}
2. Next sample N ~ Binom(m, k).

3. Sample a subset S C [m] with |S| = N as follows:
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e If N < n, then set Stobea uniformly random subset of S of size V.

e If N > n first sample a uniformly random subset A of S of size N — n and set

A

S=SUA

4. Set B as follows:

We stack the vectors vy.,, along the rows of a matrix V' € R™*4 and refer to the columns of V as

Vi, Voo Vi

V=WV V=

Lastly we introduce the matrix 3 € R%*¢:
S ERTTT|V] =me(l —s)VTV.

These definitions are intended to capture the matrix moments M (W, w, 7, a) as follows: Consider

any k € N,m € P([k]),w € G(k) and any a € C(m). Let the disjoint blocks of = be given by
’/T:V1|_|V2"'|_|V|ﬂ—‘.

In order to capture M (¥, w, , a) in the subsampled Hadamard case ¥ = H BHT and the

subsampled Haar case ¥ = OBO" we will set V.4 as follows:
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1. In the subsampled Haar case, we set:
V1, Vo, - Vit = {(04y, ® 04,,) — (s, )€ 25,1 € [|7]], s <t, Wy(w,7) > 0},

where,

1: s=t
eT:<l,l...l>’5(8’t): .
0: s#t

If for some i € [d] and some s, € [|7]] we have V; = 0, © 04,, — (s, t)é, we will abuse
notation and often refer to V; as V;. Likewise the corresponding entries of T, T, T;, ﬂ will

be referred to as T, Tst.

2. In the subsampled Hadamard case, we set:
Vi, Vo, - Vaf = {ha,, © by, —0(s,t)e st €|r|], s <t, Wy(w,m) > 0},

If for some i € [d] and some s,t € [|7|] we have V; = h,,, © h,, —d(s,t)é, we will abuse
notation and often refer to V; as V;. Likewise the corresponding entries of 7', T: T, T, will

be referred to as T, Tst.

With the above conventions and the observation that Z:’il B;; = 0 we have:

M(\/E‘I’,UJ,W,G,) = H T;;V“(w’ﬁ).
s, te(|ml]
s<t
Wt (w,m)>0

The remainder of this section is organized as follows:

1. First, in Lemma |57 we show that 32 converges to a fixed deterministic matrix ¥ and bound

the rate of convergence in terms of E||3 — 3||2,.
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2. In Lemma |58 we upper bound ]EHT' — T'||3. Consequently a Gaussian approximation result

for T implies a Gaussian approximation result for 7.

3. In Lemma[59] we use a standard Berry Eseen bound of Bhattacharya [83] to derive a Gaus-

sian approximation result for T" since it is a weighted sum of i.i.d. centered random variables.

4. Finally we conclude by using the above lemmas to provide a proof for Propositions |17 and

16

Lemma 57. 1. For the Hadamard case suppose w is disassortative with respect to m and a is

a conflict free labelling of (w, 7). Then,

~

Y =k(l—kr)I,.

2. For the Haar case there exists a universal constant C' < oo such that for any partition
7 € P([k]), any weight matrix w € G(k) and any labelling a € C(m) we have,

C-k*(k¥(1 - &)2)'

E[S - = < =

where the matrix 3. is a diagonal matrix whose diagonal entries are given by:

kK(1—kK): s#t

2k(l—k): s=t

Est,st =

Proof. Recall that,

~

X =mr(l-k)VTV.

We consider the Hadamard and the Haar case separately.
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Hadamard Case: Consider two pairs (s, t) and (s, ¢’) such that:
s <t, Wy(w,n) >0, s,t € [|r]].

and the analogous assumptions on the pair (s',¢’). Then the entry 25t78/t/ is given by:

~

Zst,s’t’ = m/{(l - /f)<V;t, Vs’t'>

= (1 = ) (hay, © hay, — 0(5,8)€, ha,, @ hq,, — 3(s',1')é)
2 k(1 — ) (Pay, @ay, — Vmi(s,t)e, ha, @a, — Vmd(s' t')eé)
= K/(]‘ - /{><h’avs@ayt ) h’avg@avé>

2 k(1 —K)d(s,s)o(t, 1)

In the step marked (a) we appealed to Lemma [I9] In the step marked (b), we noted that
€ = hy/\/m and &€ L h,, 5, unless s = t which is ruled out by the fact that w is
disassortative with respect to 7 i.e. Wss(w, ) = 0. In the step marked (c) we used the fact

that a is a conflict free labelling. Consequently, we have shown that 3= k(1 — k)1,

Haar case: By the bias-variance decomposition:
E|S - S|, = E|S - ES|?, + |[ES - 2|3,

We will first compute E3. Consider the (st, s't') entry of 3

A

Est,s’t/ = m/ﬁ(l - H)(Vet; Vs't')

= mk(1l = £){0ay, © Oay, — (s, 1)€,04,, © Ou,, — 5(s',t)é)

— mr(1 — k) Zm: ((Oavs)i(oavt)i - 5(87t)> ((Oavg)i(O“V’)i N 5(8,’75/))

- m t m
=1

Note that O; is a uniformly random unit vector. Hence we can compute ES using Fact @
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‘We obtain:

(

6 . o,
2—m—+2- s=§=t=t
A 2 . o o

Ezstslt/ o (m—1)(m+2) S = t, s = t/, S 7£ s

k(l—kK) ) / / '
L+ Gty - s=9t=ts#1
0: otherwise

\

Hence, the bias term can be bounded by:

36 - k1 k2(1 — k)2
(m +2)?

IES — | <

On the other hand, applying the Poincare Inequality (Fact[9) and a tedious calculation in-
volving 6th moments of a random unit vector (see for example Proposition 2.5 of Meckes

[93]]) shows that,

. C L2 1— 2
Var(zst,s’t’) S i ( K,) 5
m

for some universal constant C'. Hence,

. . Ok k2(1 — k)2
E|S — ES|2, < Gl
m

for some universal constant C', and consequently the claim of the lemma holds.

Lemma 58. We have,

IE[ T-T 2} < 2
H HZ —\/ma

for a universal constant C.
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Proof. Letb, b € R™ be the vectors formed by the diagonals of B, B, respectively. Define:
b1 = IP’(51 +* 81)7 b2 = ]P)(Z_h 7é 51, 1_72 7’5 BQ)
We have,

E||T -T2 | V} — mE [(5 —TVVT(B- 13)]
— mTr (VVTE [(5 —b)(b— B)TD
=mTr (VVT(l —2xK)? <p211T + (p1 — pQ)Im)>

=m(1 — 2x)* (p2

VTle 4 (pr—po)Tr <VVT>> .

Now, since VT has centered coordinate-wise product of columns of an orthogonal matrix we have

V11 = 0. Hence,
E(IT-T3| V| = (1~ p2)Te (VVT),
Next we compute p; = P(b; # 31). Observe that conditional on N, the symmetric difference S AS

is a uniformly random set of size | N — n|. Hence,

- . ~N
P(b, # b |N) = P(1 € SAS|N) = ‘”m—‘

Therefore

Hence, we obtain
1 — 2k)?

-Tr(3). (C.7
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By Lemma[57 we have,

ETr(S) < ETr(S) + /d- B[S - D2,

< Or(1 — K)k>.

where constant C, ; depends only on ~, d. And hence,

cw

E[T—T 2} <“
|| ||2 —m

for a universal constant C. O]

Lemma 59. Under the assumptions and notations of Lemma 57| for both the subsampled Haar

sensing and the subsampled Hadamard sensing models, we have, for any bounded Lipschitz func-

tion f : R? — R:

Cr - (I fllso + 11 f1ILip)
Jm

E E[f(T)|V] - Ef(2'?2)| < . (C.8)

where Z ~ N (0, 1), Cy, is a constant depending only on k.

Proof. Note that T = \/mV Tb and \/m3 = Vb has the identity covariance matrix. Hence, by

the Berry Eseen bound of Bhattacharya [[83]] for any bounded and Lipschitz function g we have

. [g (E?T)] E [Z]‘ _Cudh (||i||%o +||g||up), o
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where Cj is a constant only dependent on d and

dh=m? Y E b ST v}V ]
=1

=m? (k(1 — k)’ + (1 — K)k ZHEZ"%”z

N1
<m?-Vd- S35 (5(1 - K)) ZH’vzHg

Define g(X) £ f(22X)hence , g(X=2VTh) = f(T). Moreover, ||gllec < ||f]lc and

1 .
lglliip < 1%]l5p[| flLip- Hence we obtain:

E[f(T)|V] - Ef(2'?Z)| <

3 _1
Ca(k(1 = k) -m2 - (| f[l, +HEHoprHL.p) 1==z=]2, - ZH%HJ (C.10)
We define the event:

) R 2 _ 2
Sg{V:Hz—EH%,g—” (14 ") }

By Markov Inequality and Lemma we know that, P(£¢) < Ck*/m for some universal constant

C'. Hence,

E[EL@)V] - B2 2)| < LM K gl —mrsz)| ).

m
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On the event £ we have,

k(1 — k) < 5k(1 — K)
2 - 2 ’
1

A1 1 A1 1 (a) 1
X2 lop < 12726 Y2 32| < —— —
155 op < IE % op + | oo 2 = * 3

1Zlop < 1I3]lop +

d
® C'd
3 3
Ellvi|* =Y Elvy[* < s
j=1
In the step marked (a) we used the continuity estimate for matrix square root in Fact[I0] In the
step marked (b), we recalled the definition of v; and used the moment bounds for a coordinate of a

random unit vector from Fact[6] Substituting these estimates in (C.10) we obtain:

¢ 1 lloo - &% G- (1 flloe + 1/ lluio)

E|E[f(T)|V] - Ef(3%'Z) - N

Using the above lemmas, we can now provide a proof of Propositions [17and

Proof of Propositions[I7 and Define the polynomial p(z) as:

)= [ =T,

s, te(|ml]
s<t
Wst(wmr)>0
and the indicator function:
o |1 ZE€ &
[(€)(=z)= :
0: z¢¢&

where:
_ 1
o {matux|zst\ < (204810g3(m))2}.
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Recall that we had,

Mm® w,ma) =[] T4 =pT),
s7t6<[|t7rl]

Wt (w,m)>0

and in Lemma [21] we showed that,

P(T¢5)§m£

def

We additionally define the function p(z) = p(z)I(€) (z). observe that:

[l ]l [l2w]]

15l < (204810g*(m)) *  [17llup < llw]| (204810g%(m))
Let Z ~ N (0, I;). Then, we can write:

En(T) - Ep(212)| < [BRT) - EF(S2)| + [EP(T)L(E) (T) + [EpTIL(E) (£42)

~

BR(T) — BF(T) |+ [BA(T) - B5(S3 2)| + [ER(242) - BR(2:2)

~~ —~ N J/

0 (1 an

=

<

We control each of these terms separately.

Analysis of (1): In order to control | observe that:

() < |IPIpEIT — T2

~ EN!
< |Ipllip - (B|T = T[)3)>

<O |lw| - (2048 10g3(m))

In the last step, we appealed to Lemma 58]
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Analysis of (11): In order to control |, recall that:

llw]]
7l < (204810g"(m)) ™, [Pl < ]| (204810g(m))

2

Hence, by Lemma [59 we have,

[l
2

Ci - (204810g*(m)) = (1 + [[w]))

(I <

3

Analysis of (111): Again using the Lipchitz bound on p we have,

~

() <E|p(22Z) - (2 Z

< Jlw| (2048 108" (m)

)
< o]l (2018 1og(m)) * - \JEN(S - £4) 23
)

< J[w| (2048 10g"(m)

L
Amasx(2)

[lw]]

v O S - ||w||(20481og®(m)) =

< Jlwl] (204810g*(m) ) IS - =3,

m

In the step marked (a) we used the fact that the continuity estimate for matrix square roots
given in Fact In the step marked (b) we recalled the definition of 3 and observed that
Amax(2) > k(1 — k) for the subsampled Haar and the Hadamard sensing model. We also

used the bound on E||3 — 3|2, obtained in Lemma
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Analysis of (IV): We can control (1) as follows:

(IV) < VEp(T) - /P(T ¢ €)
9 Cv/EM(y/m¥, 2w, T, a)

) (Cllwl[log?(m)) %"

AE

m

In the step marked (c) we recalled that P(T" ¢ £) < C'//m? and expressed p*(T') as a matrix

moment. In the step marked (d) we used the bounds on matrix moments obtained in Lemma

18l

Analysis of (IV): We recall that 3 was a diagonal matrix with |X;;| < 2k(1 — k) < 1. Hence,

V) < VER(SH) - \B(S1Z ¢ €)

o Hlw| %
< —.

m

In the step marked (e) we used standard moment and tail bounds on Gaussian random vari-

ables.

Combining the bounds on | — V immediately yields the claims of Proposition[I7 and [I6 [

C.4 Missing Proofs from Section

C.4.1 Proof of Lemma

Proof of Lemma[25] We will assume that A is of Type 1 (the proof of the other types is analogous):

AW, Z) = p1(9)q1(2)p2(¥) - - - qr—1(Z)pe(P).
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Define for any i € [k]:

Ao = pi(¥)qi (Diag (2))p2(®) - - g1 (Diag (2))px (L),

A; £ p1(¥)qi (Diag (%)) - - - ¢i(Diag (2))pis1(¥) i1 (Diag (2)) - - - qu—1(Diag (2))pi ().
where ¥ = UBU . Observe that we can write:

2" AUBUT ,Diag (2))z — 2" AWUBU",Diag (2))z = 2" Az — 2" Aj_12

= ZT.AUZ - zTAk_lz + zTAk_lz + 2TAk_1g

k—2
= | ) 2T (A - Az | + (A, 22" — 227).
i=0
We bound each of these terms separately. First observe that:

|27 (Ai — Aip)z] < [l2]13 - [ — Aisalop

<C(A) - 1zl3 - 12 = 2o
Next we note that,

(At 227 = 227 < 2 Ak llop - 1227 — 22 o
=C(A) -z = 22 - (Izll2 + [IZ]l2)-
This gives is the estimate:

2" AUBUT,Diag (2))z 2" A(UBUT,Diag (2))z

m m

C(A)

— = (2l Iz = Zlle + [l = Z[l> - (1212 + [1Z]]2)) ,
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where C'(.A) denotes a finite constant depending only on the |||/, norms and Lipchitz constants of

the functions appearing in A. O

C.4.2 Proof of Lemma

Proof of Lemma[26] Using the continuity estimate from Lemma 25 we know that on the event &,

TAW,Z)z ZTA(Y,Z)Z _ - -
2 AR 2z ZARLECN (1213 e - Flet Uz~ Fl - 2l + 21)
m m
C(A ~ 1
< S8 (ol - e + Nzl - 1zl + 21) <m[m] ~- 1\)
C(A - log?
< A (21 Nl + Nzl - 2l + 1211)) - ) 221
Hence,
T =T 7\ T
£? AW, Z)z 5 .A(\I’,Z)z]l(g) < [g? A(‘I’7Z)ZH(EC)
m m m

, G4 logh (m)

DL (BN e+ Elzlle- (Il + 2]-)

Observe that 2T Az < || A|lop2]|* < C(A)|| 2|3 < C(A)||z||3. Hence,

-
E? A(‘I’,Z)z]I

< C(A) VE[z. 3 - P(&°) < C(A)/P(E°)

(&9 - e — 0,

m

- - - 2m
Elz| + Ellzll2lZ]2 < 2E| 2[5 + E[ 2] < 2E||=. |5 + E||2]|5 = ——+m,

L 4
Ellz[3 - |zl < mE[z]3, <m (E|z]5)® < Cms.

This gives us,

TAY,Z)z
m m

I(&)] — 0,
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and hence we have shown,

EzTA(W,. Z ZTAY, Z

im 22 A2z g2 ATZ)E o

m—00 m m—r00 m
provided the latter limit exists. 0
C.4.3 Proof of Lemma
Proof of Lemma[28] Recall that:

|| =] ()| =2
zal Zak+1 H qi Zal Qéz zal) Qi”(zak_,_l) H qi—1 Za, H (QVL (Zavi) + MVZ)
€S (w =1

Hence,

E[gal q1 (gaQ)QQ(g%) T Qkfl(zak)gakﬂ ‘A] =

Z E Q? (EM)QD?(ZM@_..J H qi—1 (zai) H(QW (zavi )) ‘A H Nz

V[lm|=|7(m)|-2] i€ (m) i€V gV

(C.11)

We now apply Mehler’s formula to estimate the above conditional expectations. We first check the

conditions for Mehler’s formula:

1. The random variables z are marginally N (0, 1). Define ¥ = E[22T| A]. 2 and are weakly

correlated on the event £ since:

AAT);
max |5, — [AAu/k
i#£j O'Z‘O'j
_|(®)ij/s
0;0;
1 3
<C 08 (m)’ for m large enough,

mr?
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where C' denotes a universal constant.
2. Let S C [m] with |S| < k + 2. Let X5 ¢ denote the principal submatrix of 3 formed by
picking rows and columns in S. Then by Gershgorin’s Circle theorem, on the event £,
i#]

log®(m)

>1-C(k+1)

mrK2

1
> 3> for m large enough.

3. Note that for & ~ N (0, 1), we have,

EQ#(£) =0, EQ«(£) =0 (Since they are odd functions, see (5.24)), (5.26))),

Eqi—1(§) =E&qi—1(§) =0V i € .#(m) (They are centered, even functions, see Def. [7)),

EQy,(§) = EEQy,(§) =0V i € [[x| — | (m)| — 2] (See (5.28))

Hence applying the first non-zero term in Mehler’s Expansion (Proposition [I5)) of the condi-

tional expectation:

E Qéz(’zval) ’ ch(zakﬂ) ’ H Qi_1<zai) ) H(Qvi(zavi)) A
ie.s () %

has total weight ||w|| given by:

1+ 14 21.7(m)| +2|V]
2

[l = =1+ (@) + V],
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Hence, by Proposition (15| we have,

1E) - E Q) QuGn) - | TT ae(Go) -H(@w(z%))]A

€S () eV

4L ()| +|V]

2 2
< C(A)(mjxIEi,jDH‘y(“)‘*‘V' < C(A) - <1°g (m)> , (C.12)
7]

mrK2

where C(.A) denotes a finite constant depending only on the functions ¢;.,. When V' = () we will

also need to estimate the leading order term more accurately. Define,

Gi(m) E{w e Gk +1) 1 di(w) =1, dppa(w) =1, dij(w) =2Vi € S(r),

di(w)=0Yi ¢ {Lk+1}U.7(n)}.

By Mehler’s formula, on the event £, we have:

E |Qz(z0)  Qz(Zapy,) - H ¢i-1(Za;) ‘A — Z g(w, V) - M(¥,w,T,a)

ies () weGy ()
3 M
log”(m
gc<A>~< g<2)> >
mk
where,
1 i S . . 1
g(w,\Il):a- HW | Qr(1)Qe2(1) H Gi-1(2) wl’
i=1 Ya; €7 (m)

and M(¥,w, 7, a) are matrix moments as defined in Definition Note that the coefficients

G(w, ¥) depend on W since,
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but we can remove this dependence. On the event £, note that,

1 3
max|0 -1 <C o8 (T)
i€[m] mek
Hence defining:
. 1 1
gw.m) == Q D I 6@ )
€S (m)
we have, for m large enough and on the event &,
log*(m)

’g(waﬂ—) - g(UJ, \Il)| S Ck m/'i2

Furthermore, we have the estimate,

‘M<\Ila w, T, CL)’ < (max “PZ]DHle
Z7]

1+ ()|

3 2
2 <log (727%)) ’
mek

where in the step (a), we used the definition of the event £ in (5.23) and the fact that |w| =

1+ |7 ()| for any w € G; (7). Hence we obtain, on the event &,

E Qﬁ(zm)'Qf(gak-;_l)' H qi—1 Za ‘ - Z Q(w,ﬁ)-/\/l(lIl,'w,ﬂ,a)
€S () weG ()

2+4[F ()|

gC(A)-(lOi/iT)> o
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Combining this estimate with (C.11)) and (C.12)) gives us:

I (8) ’ ]E[galql(za2)Q2(za3) e qk*1<gak)zak+l ’A] - Z g(w? 7T> ’ M(\Ilv w,m, CL)
weg ()
247 (n)]

where,

owm) = o (@000 ] an@ || T

i€ () i€[|m|—|7 ()] -2]

Gi(m) E{weGk+1) :di(w) =1, dpa(w) =1, di(w) =2Vi € S(m),

di(w)=0VYi ¢ {L,k+1}U.7(7)},

and C(.A) denotes a constant depending only on the functions appearing in A and k. This was

precisely the claim of Lemma 28] O

C.5 Proof of Proposition

Proof of Proposition[I5] Let 1(z; X) denote the density of a k dimensional zero mean Gaussian
vector with positive definite covariance matrix X i.e. z ~ N (0,X). Suppose that 3; = 1V i €
[k]. In this situation Slepian [62] has found an explicit expression for the Taylor series expansion

of ¢(z; ) around X = I} given by:

vz = Y BUEL (e

wegG(k) i<j
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where DY 1 (z; I);) denotes the derivative:

llwl
Dw z I def W z’ E
b)) 10( k) 3210212 82110313 . 82121)323 azw% . 82kffkk ¢( ) s_1,

k
HHduw)(Zi) “ap(z; ).
=1

We intend to integrate the Taylor series for 1)(z; 3) to obtain the expansion for the expectation in
Proposition [I5] In order to do so we need to understand the truncation error in the Taylor Series.

By Taylor’s Theorem, we know that:

w(z;E) B Z E ¢ zZ; Ik szz; _ Z Dg 7{2’7’27) 'Ew,

weG(k):||lw|| <t 1<j weg(k):||w|=t+1

(C.14)

where ¥, = vX + (1 — v)I}, for some v € (0,1). Slepian has further showed the following

remarkable identity:

H2llwl

Dg ¢(2: %) =
> szl(w) 02’;2(“’) e 822““’

An inductive calculation shows that the ratio:

] g2l (e E)
= )
w(z; 2) 8zf1(w) azgz(w) . azgk(w)

is a polynomial of degree 4||w|| in the variables z1, 25 . . . 2, {(£71);; }i<;. Hence:

| o2l -
z; <
P(z;E) 9 grgelw) .. -azz’“(w)
Claf + (14 > 1(Z 11 + Z i),
1<j
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where Cj,, denotes a constant depending only on ||w||. Observing that:

2—1 y < E_l on = < '
(37)i; < 127 o ) <
This gives us:
1 H2lwll 4
; [[wll
(2 E) 9 ) o)L g dee) V(2 E)| < Ol | 1+ )\ﬂ“;’” +Z|z|

Substituting this estimate in (C.14]) gives us:
Dy (2 1k)
sz -y DEUEL
weG(k):[|w] <t '

t+1
<Cup | 1+ e A4t+4( JrZIZZI‘“+4 : <rggx\2ij!) (2 5,).

min

Note that A,in(X,) = 7+ (1 — ) Amin(X) > min(1, A\yin(X)). Hence,

w(z;z)_ Z Dg w(Z,Ik) LW

I
weG(k):|wl|<t '

t+1
<G | 14— /\4t+4 + Z |ZZ‘4t+4 : (rg%x ’Eij‘) “Y(z; %)

mln( min

Using this expansion to compute the expectation of Hle fi(z;) we obtain:

k k w t+1
E Hfi(zi) - Z Hﬁ(dz<w>> % §C(1 Xu%@) (I%%?(’Zij‘) ;

i=1 weG(k) min
l[wll<t

where C' = Cy ., denotes a constant depending only on ¢, k£ and the functions fi.;. In obtain-

ing the above estimate we use the fact that since the functions f; have polynomial growth and
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marginally z; ~ A (0, 1) under the measure A/ (O, Ew) (since (X,);; = 1) we have,

k k
EzNN(O,ZW) |Zi|4t+4H 115zl = ZEzrvN(o,zw) [|Zi|4t+4|fj(zj)|k = Ci frp < 00
j=1 j=1

C.6 Some Miscellaneous Facts

Fact 4 (Hanson-Wright Inequality [94]). Let x = (x1, 25 ..., x,) € R" be a random vector with
independent 1-subgaussian, zero mean components. Let A be an n X n matrix. Then, for every

t >0,

t? t
P <|:cTAas —Ex"Az| > t> <2exp | —cmin | —5, ———
IA[E " 1[Allop

Fact 5 (Gaussian Poincare Inequality). Let @ ~ N (0, 1,). Then, for any L-Lipchitz function
f :R™ = R we have,

Var(f(x)) < L.

Fact 6 (Moments of a Random Unit vector, Lemma 2.22 & Proposition 2.5 of [93]]). Let & ~

Unif (S,—1). Let i, j, k, ¢ be distinct indices. Then:

9 n+1
Yon(n+2) J

e n(n—1)(n+2) Exjx; = 0 Bxjzjxy, = 0, Bazjz,w = 0.

Furthermore, there exists a universal constant C' such that, for any t € N:

£\ 2
m
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Fact 7 (Concentration on the Sphere, Ball [95]]). Let « ~ Unif (S,_1). Then
P (|a:1| > e) < 2e ¢ /2,

Fact 8 (/., norm of a random unit vector). & ~ Unif(S,_1). Then

E|ll, < (
n

for a universal constant C.

Proof. For a random unit vector we can control E||z||%, as follows. Let ¢ € N be a parameter to

be set suitably. Then,
Elz|i < (El=]%)°

n
>_Elail"
i=1

g(nE|$1‘qt)
n
© C

< et (2log(n)} - (5) .

IN

Q=

® 1
:’]’L‘I-q

VIS

In the step marked (a) we used the fact that the coordinates of a random unit vector are ex-

changeable, in (b) we used the fact that u; is C'/m-subgaussian (see Fact [7) and in (c) we set

2log(n
q = 2. a

Fact 9 (Poincare Inequality for Haar Measure, Gromov and Milman [96]). Consider the following

setups:
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1. Let O ~ Umf(@(m)) and [ : R™™ — R be a function such that:
f(O) = f(OD), D = Diag (1,1,1,...,1,sign(det(0))) , (C.15)
then,

Var(f(0)) < —-E[[Vf(O)[.

8
m
for any m > 4.

2. Let O ~ Unif(U(m)) and [ : C™*™ — R. Then,

Var(f(0)) < — -E[|Vf(O)|?

8
m
Proof. This result is due to Gromov and Milman [96]. Our reference for these inequalities was the
book of Meckes [93]]. Theorem 5.16 of Meckes shows that Haar measures on SO(m), U(m) satisfy
Log-sobolev inequality with constant 8/m. It is well known that Log-Sobolev Inequality implies
the Poincare Inequality (see for e.g. Lemma 8.12 in Handel [97]). Note that, in the real case we

only obtain the Poincare inequality for the Haar measure on SO(m), condition (C.13)) ensures the

result still holds for O ~ Unif (O(m)). O

Fact 10 (Continuity of Matrix Square Root [98, Lemma 2.2]). For any two symmetric positive

semi-definite matrices My, M, we have,

| M, — MzHop'
)\min(Ml)

1 1
[My? — My [lop <

352



	Acknowledgments
	Introduction
	The Phase Retrieval Problem
	A Statistical Perspective on Phase Retrieval
	Overview of Contributions
	Notations

	Related Work
	Order-of-Magnitude Analyses
	High-dimensional Asymptotic Analyses
	Universality Results

	Analysis of Spectral Estimators
	Problem Formulation
	Measurement Model and Spectral Estimator
	Assumptions & Asymptotic Framework

	Main Result
	Optimal Trimming Functions
	Some Additional Notation
	Proof of Theorem 1
	Roadmap
	Free Probability Background
	Analysis of the Spectrum of E()
	Analysis of the Support of LT
	Proof of Lemmas 3 and 4

	Conclusion

	Information Theoretic Limits
	Problem Formulation
	Main Result
	Some Additional Notation
	Organization of the Proof
	Mutual Information and Bayes Risk
	Asymptotic Analysis of L and U
	Analysis of L
	Analysis of U

	The Stochastic Laplace Method
	Low Noise Asymptotics
	Conclusion

	Universality in Dynamics of Linearized Message Passing
	Problem Formulation
	Sensing Models

	Main Result
	Additional Notation
	Proof Overview
	Proof of Theorem 6
	Key Ideas for the Proof of Propositions 13 and 14
	Partitions
	Concentration
	Mehler's Formula
	Central Limit Theorem

	Proof of Proposition 13
	Proof of Lemmas 23 and 24 

	Proof of Proposition 14
	Proof of Proposition 18

	Conclusion

	Conclusion and Future Directions
	Beyond Spectral Estimators for Phase Retrieval
	Understanding Bayes risk above the Weak Recovery Threshold
	Further exploration of Universality Phenomenon

	References
	Omitted Proofs from Chapter 3
	Proof of Lemma 7
	Proof of Proposition 2
	Miscellaneous results

	Omitted Proofs from Chapter 4
	Proofs from Section 4.5
	Proof of Proposition 6
	Proof of Lemma 12

	Proofs of Local Central Limit Theorems
	Proof of Proposition 7
	Proof of Proposition 8

	Concentration Analysis
	A General Uniform Weak Law of Large Numbers
	Proof of Proposition 9

	Proof of Proposition 10
	Proofs from Section 4.8
	Analysis in the Low Noise Limit
	Convergence to the Low Noise Limit
	Proof of Proposition 11

	Properties of the Tilted Exponential and Wishart Distributions
	Properties of the Tilted Exponential Distribution
	Properties of the Tilted Wishart Distribution

	Analysis of the Variational Problems
	Analysis of Variational Problem P1
	Analysis of Variational Problem P2

	Background on Characteristic Functions
	Some Miscellaneous Results

	Omitted Proofs from Chapter 5
	Proof of Lemmas 21 and 22
	Proof of Lemma 21
	Proof of Lemma 22

	Proof of Proposition 19
	Proofs from Section 5.6.4
	Proof of Lemma 18
	Proofs of Propositions 16 and 17

	Missing Proofs from Section 5.8
	Proof of Lemma 25
	Proof of Lemma 26
	Proof of Lemma 28

	Proof of Proposition 15
	Some Miscellaneous Facts


