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Abstract 

Atomic force microscopy (AFM) is a powerful technique for accurate, reliable and non-destructive imaging and 

characterization of materials at the nanoscale. Among the numerous AFM methods, amplitude modulation or 

tapping mode AFM (AM-AFM) is an established method for imaging and characterization for most commercial 

AFM systems. Despite its high spatial resolution and sensitivity, quantitative characterization by AM-AFM lag 

behind other advanced AFM methods as far as quantification of materials properties is concerned. In this paper a 

fully analytical multiparametric approach for AM-AFM is proposed which simultaneously quantifies the Hamaker 

constant and viscoelastic properties of materials. The main advantage of the proposed method lies in the inclusion 

of adhesion to calculate viscoelasticity, which makes it superior to the current equations used in the AFM 

community. The accuracy of the proposed method is validated by several simulations and experiments and 

comparison with nanoindentation results, which strongly support its candidacy as a method of choice for material 

properties quantification by dynamic AFM.  

 

 

 

 

 

 

 

 

 

 

 

 



Quantification and characterization of adhesive and viscoelastic properties of materials at atomic and nanoscale 

range is an important topic in the fields of chemistry, physics, biology, polymer, composite and materials science 

and engineering 1–7. To provide a framework for identification and quantification of materials properties at 

nanometer scale, development in the integration of nanoscale instrumentation with advances in data analysis and 

computational methodologies is needed. Atomic force microscopy (AFM), being a versatile technique for 

characterization and imaging with angstrom resolution, provides the possibility for quantification of materials 

properties from observable data. AFM is used to calculate the Hamaker constant of materials as a quantitative 

measure of attractive van der Waals (vdW) interaction between the cantilever-tip ensemble and samples 8–12.  For 

the calculation of the elastic and viscoelastic properties of materials, such as stiffness, viscosity and loss tangent, 

different methods based on the force-curves, dissipation and virial concepts and multifrequency approaches have 

been proposed 13–27 . By applying bimodal AFM in air environment the stiffness and Hamaker constant of materials 

could be simultaneously quantified 15. However, this method cannot provide information about the viscoelastic 

properties of the sample. Bengalia et al. 20 quantified the viscoelastic properties of polymers including stiffness, 

viscosity and loss tangent by applying bimodal AFM. Thoren et al. 18 proposed a dynamic AFM based on 

intermodulation technique to measure the elastic and viscous forces. The viscoelasticity of polymers and cells are 

measured using the force curves of tapping mode AFM 19,26. However, in all of these methods the Hamaker 

constant of the samples, cannot be calculated. Also, to calculate the stiffness of the materials, all of these methods 

neglect the effect of adhesion in viscoelastic calculation and mostly are based on Hertz contact mechanics model 

28–31 which can be a source of error especially when the adhesion of the sample surface is considerable. Besides, 

multifrequency techniques include bimodal and intermodulation methods require extra equipment such as 

additional controllers and lock-in amplifiers.        

AM-AFM AFM, one of the most common techniques of force microscopy, has widespread applications in 

nanoscale characterization, molecular and atomic scale imaging and spectroscopy 32–35. The energy dissipation 

process of the interaction between cantilever tip ensemble and sample surface can be measured and quantified 

from phase images of tapping mode AFM 34. However, in tapping mode force microscopy, the interaction force 

between tip and sample cannot directly be measured and needs to be reconstructed from the deflection signal in 

time domain 36–39 or measured amplitude/phase shift versus distance curves as the oscillating cantilever is brought 

closer to the sample surface called as minimum distance of approach methods 31,40–45. For time domain methods, 

presence of noise is the main challenge which makes their implementation complex. On the other hand, all the 

minimum distance of approach methods is based on numerical integration equations. Also, in all these methods, 

the chemical and mechanical parameters such as Hamaker constant and Young modulus cannot be calculated 

directly. In other words, until now, there is not any analytical equation for the direct extraction of the mechanical, 

chemical and viscoelastic parameters simultaneously from measured data for tapping mode AFM. In this paper, 

fully analytical expressions for direct calculation of effective Hamaker constant, Young modulus and 

viscoelasticity are proposed, based on DMT force model (for conservative regime) and Kelvin-Voigt model (for 

dissipative regime). The main advantages of the proposed method are direct access to the mechanical/chemical 

and viscoelastic parameters of interaction and analytical quantification of the interaction force from measured 

data plus its broad applicability for different cantilevers, free amplitudes and samples from rigid to compliant. 

 



1. Theory 

The proposed method consists in the application of physical principles to develop the analytical equations to 

retrieve the Hamaker constant and the viscoelastic properties of the sample. As illustrated in figure 1, the 

observable amplitude (A) and phase (ϕ) are acquired as a function of the average tip-surface distance zc (top-left) 

which is subsequently converted into the closest distance between tip and sample d (top-middle). By the resulting 

phase-distance curve, the intermolecular distance between tip and the atoms of the surface (𝑎0) defined as the 

distance of change from fully attractive to repulsive regime, coinciding with the local maximum is obtained (top-

center). By applying the proposed analytical equations, and having previous knowledge of the probe’s 

characteristics, the material’s properties are extracted from the data (top-right). Finally, the obtained parameters 

are utilized to reconstruct the force-distance curve according to DMT theory (bottom right). 

 

Figure 1. Schematic of proposed method. The probe interaction with the sample’s surface (bottom left) is acquired in the form of amplitude 

and phase vs average distance between tip and sample (top left). Calculating the closest distance from the amplitude of cantilever oscillation 

and the average separation distance (middle center), the curves are converted (top center). By applying the proposed equations on the 

observable data using the known cantilever parameters, the effective Hamaker constant and Young modulus are calculated (top right). Using 

the definition of energy dissipation and virial, the resonance frequency of cantilever and the obtained Young modulus, the coefficient of 

viscosity is calculated (up right). Finally, the calculated parameters are used to reconstruct the force based on DMT force model (bottom 

right).   

Based on the definition of energy conservation and virial theorem, over one period of oscillation the following 

analytical equations relating the observables to the tip-surface force parameters can be obtained 46 

𝑉𝑡𝑠 =
1
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Were 𝑧(𝑡) = 𝐴𝑐𝑜𝑠(𝜔𝑡 + 𝜙) is the instantaneous tip deflection, 𝐴 and 𝜙 are amplitude and phase of signal, 𝑘 and 

𝑄 are spring constant and quality factor of cantilever, respectively. 𝐹𝑡𝑠is the interaction force and 𝐴0is the free 

amplitude. 

On the other hand, the conservative and non-conservative interaction force can be described by the following, 

according to the DMT and Kelvin-Voigt models 20,47 
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𝐹𝑡𝑠𝑛𝑐 = {
0𝑑 ≥ 𝑎0

−𝜂√𝑅(𝑎0 − 𝑑)�̇�𝑑 < 𝑎0
                                                                                               (4)            

Where 𝑅 is the tip radius, 𝑎0 is the intermolecular distance, 𝐻 is Hamaker constant,𝜂 is the coefficient of viscosity, 

𝐸𝑒𝑓𝑓  is the effective tip/surface Young modulus defined as 𝐸𝑒𝑓𝑓 = [(1 − 𝑣𝑠
2)/𝐸𝑠 + (1 − 𝑣𝑡

2)/𝐸𝑡]
−1, where 𝐸𝑠, 

𝐸𝑡, 𝑣𝑠 and 𝑣𝑡 are Young modulus and poison ratio of sample and tip, respectively. Combining equations (1) and 

(3) for the case 𝑑 ≥ 𝑎0, the following equation results 34 
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Based on the equations (1) and (5), the analytical expression to calculate the Hamaker constant is obtained  
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𝐴
)2 − 1]

3/2

                                                                                                                     (6) 

On the other hand, for the case that 𝑑 < 𝑎0, combining equations (1) and (3) with the assumption that the 

oscillation amplitude is considerably larger than the indentation length of the tip into the sample (𝐴 ≫ 𝑎0 − 𝑑 =

𝛿) gives (details are given in supplementary information) 
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Where 𝐻 is calculated from (6). Hence the following equation can be obtained for the parameters of conservative 

interaction force in AM-AFM 
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Finally, by replacement of calculated effective Young modulus and Hamaker constant in equation (3), the 

conservative interaction force based on DMT model can be reconstructed.  

To calculate the viscoelastic properties of materials, the virial and energy dissipation can be written as20: 
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Where, 𝛿 = (𝑎0 − 𝑑) is the indentation, 𝛿𝑚𝑎𝑥 is the maximum indentation and  𝑘𝑡𝑠 = 𝑑𝐹𝑐𝑡𝑠/𝑑𝛿.  

Based on the mathematical approach presented in 20, the solution of equations (9) and (10) are given as: 

𝑉𝑡𝑠 = −0.25𝐸𝑒𝑓𝑓√2𝐴𝑅𝛿𝑚𝑎𝑥
2                                                                                                                              (11) 
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From equations (11) and (12), the viscosity coefficient of equation (4) is obtained: 

𝜂 =
2𝐸𝑒𝑓𝑓𝐸𝑑𝑖𝑠𝑠

(2𝜋𝜔0)𝑉𝑡𝑠
                                                                                                                                                     (13) 

From the definition of loss tangent 16,17, the retardation time of Kelvin-Voigt model is described as: 

𝜏 =
𝑡𝑎𝑛𝜌

𝜔0
=

𝜂

2𝐸𝑒𝑓𝑓
                                                                                                                                                (14) 

As it can be seen from (13) and (14), viscosity and retardation time in our model depend on the frequency of the 

cantilever, meaning that working with experimental data, the obtained values will vary with the excitation 

frequency. The argument will be discussed in more detail in the results and discussion section. 

2. Materials and Methods 

2.1. Simulation 

The numerical solution of AFM equations was calculated using a fourth order Runge-Kutta algorithm. The 

simulation has been performed for the cantilevers and samples with the following parameters: 

𝑘 = 30
𝑁

𝑚
,𝑄 = 300, 𝑓0 = 300𝑘𝐻𝑧, 𝑅 = 5𝑛𝑚, 𝐴0 = 10𝑛𝑚. 

Being the tip-sample interface characterized by Young modulus, Hamaker constant and viscosity, in order to 

evaluate the accuracy of equations over different materials from rigid to compliant, three different cases are 

considered: 

Case1: 𝐸𝑒𝑓𝑓 = 10𝐺𝑃𝑎, 𝐻 = 10−19𝐽, 𝜂 = 100𝑃𝑎. 𝑠. 

Case2: 𝐸𝑒𝑓𝑓 = 1𝐺𝑃𝑎, 𝐻 = 10−20𝐽, 𝜂 = 50𝑃𝑎. 𝑠.   

Case3: 𝐸𝑒𝑓𝑓 = 100𝑀𝑃𝑎,𝐻 = 10−20𝐽, 𝜂 = 10𝑃𝑎. 𝑠. 

 

 



2.2. Experiments 

For the experimental verification of the present model two samples of material with markedly different Young 

modulus were employed: polystyrene (PS – Agar Scientific) and low-density polyethylene (LDPE – Goodfellow). 

The experiments were performed in air using a commercial AFM system (D3100 Nasoscope III Digital 

Instruments, now Bruker) in AM-AFM, with a silicon probe for tapping mode (RTESPA Bruker), having spring 

constant 28.8 Nm-1 (calculated by Sader method 48), first resonance frequency 297.6 kHz and quality factor of 

about 470. Prior to each set of experiments, the cantilever was tuned at the desired amplitude at a lift height of 

100nm, recording resonance frequency and quality factor to be used for the calculations. The experiments were 

performed for each sample tuning the amplitude of resonance at 1V and 0.5V (driven at the first resonance 

frequency), and acquiring arrays of 5x5 curves of amplitude, phase and deflection while ramping the Z piezo of 

the AFM. After termination of experiments on each sample, the tip radius of curvature was estimated by 

acquisition of a 1x1µm2 image on a qualification sample (TipCheck sample, BudgetSensors.com) and processing 

by tip characterization procedure with SPIP software, with estimations of 10.5nm (PS) and 17.5nm (LDPE). On 

completion of a full set of experiments on both samples, the amplitude sensitivity has been measured by amplitude 

curve calibration on qualification sample, resulting in a conversion factor of 36.1 nm/V. 

Nanoindentation measurements were also carried out using a Nanoidenter XP with a diamond Berkovitch tip using 

the continuous stiffness measurement (CSM) option. The indenter tip was calibrated using the Oliver and Pharr 

method. The indentations were carried out with a residual drift criterion of 0.1 nm/s at a constant strain rate of 0.1 

s-1 up to 2000 nm depth. 

3. Results and Discussion 

Figure 2 shows the simulation results of calculated Hamaker constant, Young modulus and coefficient of viscosity 

for three different materials ranges from rigid (case 1) to semi-rigid (case 2) and compliant material (case 3). 

Furthermore, the comparison between obtained viscoelasticity parameters from our method and Hertz model are 

given in figures 2 (b), (c), (e), (f), (h) and (i). More details of simulations are given in Supplementary Information. 



 

Fig.2. Simulation results and calculations for Cases 1-3 (rigid to compliant materials).  The dashed lines are simulated material’s set values 

for Hamaker constant, Young modulus and coefficient of viscosity. Case 1: a) calculated Hamaker constant, b) Young modulus calculated 

by present method and by derivation from Hertz model, c) calculated viscosity coefficient by present method and by using the Young 

modulus calculated by Hertz model – named in the graph as ‘Based on Hertz model’. Case 2:  d) calculated Hamaker constant, e) Young 

modulus calculated by present method and by derivation from Hertz model, f) calculated viscosity coefficient by present method and by 

derivation Young modulus from Hertz model. Case 3: g) calculated Hamaker constant, h) Young modulus calculated by present method and 

by derivation from Hertz model, i) calculated viscosity coefficient by present method and by derivation Young modulus from Hertz model. 

The parameters of simulations for case 1 are 𝐸𝑒𝑓𝑓 = 10𝐺𝑃𝑎, 𝐻 = 10−19𝐽, 𝜂 = 100𝑃𝑎. 𝑠.  For case 2 are 𝐸𝑒𝑓𝑓 = 1𝐺𝑃𝑎,𝐻 = 10−20𝐽, 𝜂 =

50𝑃𝑎. 𝑠. For case 3 are 𝐸𝑒𝑓𝑓 = 100𝑀𝑃𝑎,𝐻 = 10−20𝐽, 𝜂 = 10𝑃𝑎. 

For rigid material (case 1), Hamaker constant, Young modulus and viscosity coefficient are calculated using 

equations 8 and 13 (figure 2 (a), (b) and (c) respectively). The results show very high accuracy for Hamaker 

constant with less than 3% error. To calculate the Young modulus, based on the assumption that (𝐴 ≫ 𝛿), the 

most appropriate region of amplitude lies in the range of A/A0 between 0.3 and 0.9. Also, it is worthy to mention 

that, being Young modulus and viscosity calculated over the repulsive regime only, the range of A/A0 in figures 

2 (b) and (c) is limited to the value corresponding to the transition from attractive to repulsive regime and the 

values in repulsive regime. The very fact that Hertz model derivation (e.g. from equation 31 of 31) yields an 

expression with only first term of equation 7, reveals the superiority of the proposed equation. In fact, Hertz model 

neglects the effect of adhesion (which on the contrary is considered in the proposed method by including the 

Hamaker constant), which affects the accuracy of the resulting Young modulus values and subsequently - due to 

the dependence of viscosity coefficient on the value of Young modulus (equation 13) - affects the precision of the 

calculated values of the viscoelastic parameters of materials.  



  The simulation results for semi-rigid material (case 2) are given in figure 2 (d)-(f). To calculate the effective 

Young modulus and viscosity the most accurate region of A/A0 lies between 0.4 and 0.9. Also, the accuracy of 

the proposed analytical method to calculate the Hamaker constant is depicted in figure 2 (d). A comparison 

between Young modulus calculated from the presented method and Hertz model (figure 2 (e)) evidences the higher 

accuracy of the analytical equation 7, which consequently yields higher accuracy in the calculation of viscosity 

from equation 13.  

Simulation on compliant material (Case 3) have been performed with Hamaker constant value as for Case 2, and 

with Young modulus of 100 MPa. Again, as for the previous cases, the calculated Hamaker constant, viscosity 

and Young modulus have high accuracy, witnessing the superiority of the proposed method with respect to the 

methods based on Hertz model.  

Generally, comparison of the calculated Young modulus of figures 2 (b), (e) and (h), shows that by decreasing 

Young modulus and increasing the indentation length, there is a small dependence between amplitude ratio and 

calculated Young modulus. For a small amplitude ratio, the calculated Young modulus decreases, which is 

related to the increasing indentation at small amplitude values. Therefore, based on the assumption used to 

derive equation 7, when the value of indentation length is comparable to the amplitude, the accuracy of 

calculated Young modulus is reduced, which directly affects the accuracy of calculated viscosity (equation 13). 

However, as it can be appreciated by figures 2 (b), (e) and (h), calculation of Young modulus as by present 

method yields values more reliable than the ones obtained by Hertz model. This fact shows the importance of 

including Hamaker constant value in the calculation of Young modulus (second term of equation 7), especially 

in cases where the sample is highly adhesive. Consequently, an increase in value of the Hamaker constant (Case 

2 and 3 with respect to Case 1), leads to a larger difference between results from Hertz model and presented 

method. 

The accuracy of the derived expressions to calculate Young modulus, Hamaker constant and viscosity can be 

directly evaluated by comparing the calculated values with those set in the simulation for model force, resulting 

in a remarkable agreement between them (figure (S4) and table S1). As well, we have evaluated the error arising 

from the calculation of different values of one parameter while keeping the other two fixed (figure (S4) and 

table S1). Finally, we evaluate the accuracy of the proposed method for different free amplitude and resonance 

frequency values (table S2). It resulted that the maximum errors in the calculations occur with compliant 

material for Young modulus, with less viscous sample for viscosity and with highest van der Waals force for 

Hamaker constant. As well, it is noteworthy that the error in Young modulus decreases with increasing 

material’s stiffness, which is explained by the fact that the stiffer the material, the smaller the indentation length 

with respect to the amplitude. From the results of figure (S4) and Table S1, it can be summarized that 

calculations for rigid material with low adhesion yield less error in comparison with compliant materials with 

high adhesion. More details of error analysis are given in Supplementary Information. 

To further validate the accuracy of the proposed method, amplitude and phase curves have been experimentally 

acquired on LDPE and PS as test samples, from which the values Young modulus, Hamaker constant, viscosity 

and loss tangent of the materials at the nanoscale were extracted. We have performed spectroscopy 

measurements using AM-AFM on different points of a Polystyrene sample. The amplitude and phase versus 



minimum distance of three sets of measurements are shown in figure 3(a) and (b). The values of Hamaker 

constant, Young modulus and viscosity coefficient extracted from one of the measurements are given in figure 

3(e), (f) and (g). To check the accuracy of extracted parameters of interaction force from our analytical 

equations, we have used the parameters to reconstruct the force according to the DMT force model and compare 

the recovered force with the measured one from numerical integral method 44 (figure 3(c)). As it can be seen 

there is a good agreement between both analytical and numerical methods in the reconstruction the force. Since 

the developed equations to extract the parameters is based on the DMT model, the reconstructed force from 

analytical method only consider vdW force in the attractive regime. It means the effect of capillary force is 

neglected in our analytical force reconstruction approach which makes a slightly difference with the measured 

force from numerical method at the initial steps of attractive regime. As it is obvious, the calculated values of 

Young modulus, Hamaker constant and coefficient of viscosity, shown for one measurement in figure 3(d) to (f) 

and in their totality in figure 5, supports the validity of our equations, as will be discussed in the following.  

 

Figure 3. Extrapolation of Polystyrene properties by use of the analytical method. a) amplitude versus minimum distance for three sets of 

measurements, b) phase versus minimum distance, c) force curves reconstructed from numerical and analytical methods. Resulting 

properties versus amplitude ratio: d) Young modulus, e) Hamaker constant, f) coefficient of viscosity. 

The calculated values of Hamaker constant, Young modulus, viscosity and tangent loss from measurements on 

PS are presented as histograms in figure 4. The Young modulus ranges between 1 GPa to 4.5 GPa, with mean 

value of 2.8 GPa. Nanoindentation measurements gave a Young modulus value of 4.6 ± 0.2 GPa. The difference 



in 𝐸𝑒𝑓𝑓  value could be because of surface forces, significant for the shallow depth AFM measurements, as 

opposed to the nanoindentation measurements carried out at 2000 nm depth. The mean value obtained for 

Hamaker constant is 13 × 10−20(𝐽), while values reported in literature 10 for effective Hamaker constant 

between Silicon and PS lie in the range 13 − 16 × 10−20(J) which validate the high accuracy of proposed 

equation. We should note that in AFM measurement the effective Hamaker constant should be considered, 

which is calculated by the combination of interactions between silicon (the cantilever material), air (the 

medium) and PS. The variation in the measured values is not surprising due to the broad data range of the 

experimental data as can be seen in figures 3(a) and (b) and different features and topography changes of the 

sample surface as seen in figure 4(a). The mean value for loss tangent of PS is 0.1 (figure 4(d)), which is in 

remarkable agreement with the measured values from 16,17. The viscosity coefficient (figure 4(e)) is obtained as 

300 Pa.s, and the only reference calculating the viscosity coefficient for PS using Kelvin-Voigt model for AFM 

measurements 20 considers compressive viscosity coefficient in the modeling of non-conservative force, while 

the one used for the proposed model is twice the value. Nonetheless, taking in account the differences, the 

values show good agreement (the details of comparison are given in Supplementary Information). 

 

Fig. 4. Experimental results of AM-AFM for PS. a) topography of the area on which the spectroscopy measurements have been performed. 

Histogram of calculated b) Young modulus, c) Hamaker constant, d) loss tangent and e) coefficient of viscosity. 

Figure 5(a) shows the image of the topography of LDPE obtained by tapping mode AFM. The results of 

quantitative analysis of measured values of Hamaker constant and viscoelastic properties of LDPE are given in 

figure 5(b)-(e). The measured values for Young modulus lie between 100 MPa and 500 MPa, with mean value 

of 220 MPa. Nanoindentation measurements on the same sample gave a Young modulus value of 0.3 ± 0.1 GPa, 

broadly in agreement with the AFM measurement. The effective Hamaker constant – resulting from the 



integration of silicon (the cantilever material), air (the medium) and LDPE – has a mean value of 

11.5 × 10−20(𝐽). Reported values of effective Hamaker constant between Silicon and LDPE 41,49,50, 10 are 

around 16 × 10−20(J). As it is clear, there is a good agreement between the measured and reported values 

considering the fact that the smaller value of measurement can be attributed to the effect of oxidization of 

Silicon tip which slightly reduces its effective Hamaker constant. Therefore, by considering the mentioned 

factors and the spread of the obtained values, the differences with literature are acceptable and using the 

proposed equations the Hamaker constant can be calculated with high accuracy. The mean value for loss tangent 

of LDPE is 0.6, in agreement with the ones from 20. The measured viscosity coefficient for LDPE is obtained as 

150 Pa.s. comparable to reported values obtained by AFM 20.  As for PS, considering the fact that in our model 

the coefficient of viscosity is twice the value of 20, the value measured in 20 should be compared using the same 

conditions used for the present work as explain with details in Supplementary Information. The fact that the 

obtained value for Young modulus and coefficient of viscosity based on our method are higher than the reported 

values in 20 can be explained by the mechanism of calculation of Young modulus. The measured Young 

modulus in our method is 220 MPa while in  20 is reported around 110 MPa, since in 20 Hertz model is used, 

which neglect the effect of adhesion. As already shown, this assumption leads to underestimate the Young 

modulus, especially in the case that the Hamaker constant is significant. Hence it can be concluded that the 

value for viscosity and Young modulus calculated by the proposed method have high accuracy, which is 

supported by the agreement between the Young modulus given by the analytical method and by nanoindentation 

measurements.  

 

Fig. 5. Experimental results of AM-AFM for LDPE. a) topography of the area on which the spectroscopy measurements have been 

performed. Histogram of calculated b) Young modulus, c) Hamaker constant, d) loss tangent and e) coefficient of viscosity. 



 

Finally, to verify the accuracy of our method to determine viscoelastic properties of materials in relation to tip 

radius  of curvature uncertainty, in figure 6 we compare dissipation and virial obtained from the numerical 

simulation based on the parameters of experiments with the ones directly obtained by the  experimental data of 

LDPE. For the LDPE, we choose the range measured values from our proposed method (ELDPE=220 MPa, 

HLDPE=6 × 10−20 J and viscosity=100 Pa.s). To evaluate the effect of tip radius on the results, we consider 

different uncertainty values in the tip radius and simulation. As it is depicted, for the energy dissipation, the 

effect of higher tip radius is more significant than the lower tip radius especially for the amplitude ratio between 

1 to 0.6. After A/A0=0.6, the tip radius does not affect the simulation and the simulated results are fitted very 

well with experiments. For the case of virial, both decrease and increase of tip radius affect the accuracy of 

simulation. However, especially for nominal tip radius, the trend of viral for both simulation and experiments 

fitted very well.  

To consider the uncertainty in the values of some parameters of our measurement such as free amplitude, spring 

constant and quality factor of cantilevers, results from several experiments are displayed. Looking at the 

dissipated energy, which is really a signature of the repulsive region were contact does occur, the agreement 

between the model and the data is for low A/A0 ratio, where indeed the predominance of repulsive interactions 

is significant. At high A/ A0 ratio, the tip is increasingly in the attractive regime where other interactions, such 

as capillary and electrostatic interactions may play a role, not taken into account by the model. The same 

comment can be made about the virial energy which incorporate all interactions. 

 

Figure 6. Comparison between numerical simulation and experimental extrapolation from data on LDPE. a) energy dissipation and b) the 

virial calculated for three different values of tip radius.    

In order to properly evaluate the accuracy and ability of the proposed analytical equations to extract materials 

properties, two main issues should be addressed.  

The first issue is related to the calculation of loss tangent and coefficient of viscosity. As we mentioned in the 

equations 13 and 14 the viscoelastic parameters that characterize the response of a material might be frequency 

dependent. Therefore, in an AFM measurement, the coefficient viscosity might depend on the frequency of the 

oscillating tip and by changing the frequency of cantilever this value can be changed. Also, it should be noted, 



our non-conservative force model based on Kelvin-Voigt model is an approximate model considering fixed 

strain, hence it fails to describe stress relaxation. However, this fact does not affect the accuracy of our model 

and extrapolation method. Given the dynamic origin of the AFM measurements, which apply a time-dependent 

force on the sample, the indentation length is a function of cantilever frequency and, due to the sinusoidal 

motion of cantilever it has no fixed value. Therefore, as mentioned in 20, for dynamic AFM experiments the 

assumption of linear viscoelastic regime is valid. As well, considering the proposed method the effect of 

adhesion in calculating the Young modulus - in contrast with the Hertz model, for which increasing indentation 

leads to larger error - this source of error is reduced.  

The second issue is related to the importance of the tip radius in the parameters’ quantification. To quantify the 

nanomechanical and chemical properties of samples, the value of tip radius must be known. As discussed above, 

a change of tip radius could affect the accuracy of quantification especially for the calculation of Hamaker 

constant. The procedure used to calculate the tip radius is based on tip shape deconvolution by blind 

reconstruction method 51 which lacks a rigorous uncertainty estimation for the obtained value of radius of 

curvature. However, in first place the radius of curvature (RoC) value obtained by this procedure represents an 

upper boundary of the actual physical radius. Secondly, by using a range of results depending on expected size 

and sampled area parameters to obtain an averaged tip radius, the resulting standard deviation lies well below 

10%, which is in line with the uncertainty used for the calculations from experimental data. 

4. Conclusion 

In the present work we introduce a fully analytical method able to extrapolate Hamaker constant and viscoelastic 

properties of materials at the nanoscale using tapping mode AFM. The only measured data are amplitude and 

phase versus average distance between probe and surface which are easily accessible by using any standard 

commercial AFM systems in AM-AFM mode. The accuracy of the derived expressions to calculate Young 

modulus, Hamaker constant and viscosity has been evaluated against the values set in the simulation for model 

force, resulting in a remarkable agreement, and performing better than Hertz model. Validation on AM-AFM 

experimental data from LDPE and PS test samples confirmed the accuracy of the proposed method, with obtained 

values matching the reported ones and the ones obtained by nanoindentation experiments. Furthermore, data from 

simulation and experiments proved the robustness of the method towards variation in cantilever’s amplitude and 

frequency and uncertainty in tip radius of curvature. The superiority of the proposed method to the ones currently 

used in the AFM community lies in the inclusion of adhesion to calculate Young modulus and viscoelasticity, and 

it is applicable for materials with properties ranging from rigid to soft, adhesive to non-adhesive and viscous to 

non-viscous. The proposed equation to calculate Young modulus can be used for determination of stiffness of any 

material and can be extended for other advanced AFM methods. 
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