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CHAPITRE 1

CHAPITRE INTRODUCTIF

1.1 Economie évolutionniste

La rationalité et I'information parfaite sont les hypothéses fondamentales sur
le comportement individuel en théorie des jeux, et pour cette partie de I’économie
qui se base sur la théorie des jeux pour étudier le comportement des agents
économiques. L’agent dispose d’information sur les actions des autres agents, ou
du moins sur la distribution de probabilité de ces actions, et maximise son gain
en prenant en compte la conséquence de toutes ses actions étant donné ’action
des autres agents. De cette fagon, les agents peuvent collectivement se trouver en
équilibre. La théorie, telle qu’elle est, présente certains défauts: le probléme de la
sélection d’équilibre, la question des agents hyperrationnels et ’absence d’aspect
dynamique. Le recours a la théorie des jeux évolutionnistes pour traiter de ces
trois difficultés est naturel car (a) le concept de stabilité évolutionniste offre une
rafinement d’équilibre, (b) les critéres de la rationalité ne sont pas aussi forts et
(¢) la théorie de I’évolution est une théorie dynamique. La théorie des jeux évo-
lutionnistes consiste a l’origine en ’application de la théorie des jeux dans des

contextes biologiques. Les trois changements relatifs a la nature de l'intelligence
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des agents, a l'interaction entre agents et au concept d’équilibre sont destinés a

adapter I'aspect stratégique au contexte biologique.

La théorie évolutionniste fait I’étude d’une population d’agents. Un état de
la population est une répartition dans ’espace des stratégies pures. Les agents
ne sont plus supposés choisir leurs actions dans un espace stratégique et avoir
un effet sur les actions des autres agents. La population est composée d’agents,
chacun porteur d’une unique stratégie, et appariés au hasard d’une fagon répété
pour jouer le jeu. La fréquence des stratégies dans la population change suivant
I'investigation des stratégies alternatives par apprentissage, par mimétisme ou par

hasard. L’étude de la stabilité remplace le concept d’équilibre de Nash.

1.1.1 La stabilité évolutionniste

1.1.1.1 Le cas statique: le concept des stratégies évolutionnairement stables

(SSE)

Le concept de stratégie évolutionnairement stable est di & Maynard Smith
et Price (1973). Une telle stratégie est définie comme une stratégie robuste aux
pressions évolutionnistes. C’est une situation stationnaire du processus évolution-
niste. C’est une stratégie telle que si elle est adoptée par tous les membres d’une
population, aucune stratégie adoptée par une fraction suffisamment petite de la
population (une stratégie mutante) ne pourra venir envahir cette population par

les mécanismes de la sélection naturelle. Cette définition ne décrit pas la maniére
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dont toute la population arrive a jouer cette stratégie mais détermine la propriété
d’une telle situation. Néanmoins c’est un état stable potentiel de 1’évolution et

I’étude de ’evolution nécessite un tel concept d’équilibre.

1.1.1.2 Le cas dynamique: La dynamique du réplicateur

Le dynamique du réplicateur propose un contexte dynamique qui combine la
sélection et la mutation. Contrairement & la notion de stratégie évolutionnaire-
ment stable (SSE) qui met l'accent sur le role de la mutation, la dynamique du
réplicateur, formulée par Taylor and Jonker (1978), est un modele explicite de la
sélection. La mutation intervient au niveau des critéres de stabilité dynamique.
La dynamique du réplicateur est une formulation de la variation des parts de la
population associées & une stratégie déterminée. Le taux de croissance de la part
de la population qui joue une certaine stratégie dépend directement de la dif-
férence entre ’espérance de gain de cette stratégie et la moyenne des espérances
de gain des autres stratégies, c’est a dire le gain moyen général. Cette formulation
vérifie le principe de sélection: elle contribue & faire augmenter la proportion des

individus les mieux adaptés a leur environnement.
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1.1.2 Les dynamiques de sélection

1.1.2.1 Les dynamiques de sélection régulieres

Les dynamiques de sélection considérent le taux de croissance des parts de la
population en attribuant cette croissance a la favorisation de certaines stratégies.
Le taux de croissance satisfait certaines conditions de régularité: i. Continuité au
sens de Lipschitz, qui implique I'existence et 1'unicité de la solution du systéme
d’équations différentielles associé. ii. Monotonicité, qui assure que la part de la
population associée & une stratégie plus performante croit a un taux supérieur.
iii. Positivité des gains, qui nécessite que l'ordre des taux de croissance soit le
méme que celui des gains.

La dynamique de réplicateur est une dynamique de sélection réguliere. La
formulation de la dynamique du réplicateur est basée sur le “réplicateur” qui car-
actérise un géne, un organisme, une stratégie, une croyance, une technique, une
convention ou une forme institutionnelle et qui est capable de faire des copies
de lui-méme. A chaque période, la population de réplicateurs est renouvelée
de facon a favoriser la reproduction des réplicateurs qui s’adaptent le mieux &

Penvironnement.

1.1.2.2 L’apprentissage

[’apprentissage peut étre classé en trois catégories: la modélisation du com-

portement des autres joueurs et la révision des croyances a partir des informations
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acquises par observation (’apprentissage bayésien), la modification du comporte-
ment compte tenu des résultats observés de ses propres actions dans le passé
(Papprentissage par renforcement), et le choix d’un comportement basé sur le

gain obtenu lors de confrontations aléatoires (I’apprentissage évolutionniste).

Le mimétisme Les dynamiques de I'imitation supposent que, de temps en temps,
un agent est tiré au hasard dans la population, et que cet agent compare la
performance de son comportement avec le comportement d’un autre agent, lui
aussi tiréau hasard dans la population, puis change son comportement si c’est
nécessaire. Dans le modéle de Gale, Binmore et Samuelson (1995) I'imitation se
fait si la performance est en dessous du niveau d’aspiration de ’agent. Au lieu
de supposer un tirage au hasard on peut supposer que le besoin de réviser la

performance suit un certain processus stochastique.

1.1.3 La stabilité stochastique

La recherche dans le domaine de la stabilité des processus évolutionnistes
stochastiques est initiée par les travaux de Foster et Young (1990) et Fudenberg
et Harris (1992). L’aspect stochastique des jeux évolutionnistes provient de deux
sources: le processus de mutation est de toutes maniéres aléatoire, et le processus
de sélection peut aussi étre sujet a des chocs aléatoires. Le probleme de la stabilité
stochastique s’impose. Un état stable de la population est décrit comme un état

robuste aux petites perturbations isolées. Cette définition de la stabilité exclut le
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cas des chocs simultanés ou des chocs enchainés qui peuvent éloigner le systéme
du domaine d’attraction du processus de sélection. Quant aux mutations, leur
indépendance et leur rareté change le caractére du processus qui peut devenir

ergodique.

Dans la description de la sélection, Kandori, Mailath et Rob (1993) supposent
que le changement de stratégies se fait en calculant la meilleure réponse a la
distribution de stratégies de la période précédente, et analysent la répartition des
stratégies d’un jeu symmétrique & deux joueurs dans une population finie. Young
(1993) suppose que les agents collectent un échantillon fini des jeux passés et
calculent la meilleure réponse a cette échantillon de jeux passés. Le bruit est créé
par la diminution de la taille de ’échatillon. Dans ce contexte, le processus de
sélection converge dans certaines classes de jeux si 1’échatillon est suffisamment

petit comparé a ’histoire du jeu.

Kandori, Mailath et Rob (1993) et Young (1993) montrent que I'introduction
des probabilités d’erreur a un effet critique sur la convergence. Le processus de mu-
tation est modélisé par I'introduction d’un taux de mutation exogeéne (déterministe
ou alétoire) et ce processus doublé du processus de sélection devient une chaine
de Markov finie et irréductible, qui posséde distribution stationnaire unique, a
laquelle tous les états de la population convergent quelle que soit la situation
initiale.

Bergin et Lipman (1996) critiquent les modéles de Kandori, Mailath et Rob
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(1993) ou de Young (1993) pour I'absence d’une théorie des mutations. Rob-
son et Vega-Redondo (1996) montrent que, quand 'appariement est aléatoire et
I'imitation des joueurs performants est possible, I’équilibre Pareto efficace est at-
teint dans le long terme. Dans le contexte de I’apprentissage, Noldeke et Samuel-

son (1993) analysent des jeux en forme extensive.

Nous allons présenter maintenant les trois chapitres de la thése en détail. Trois
modeles en économie évolutionniste sont étudiés. Le premier modéle (chapitre 2)
se place dans le cadre de la théorie monétaire, ou plus exactement de I’émergence
de la monnaie, alors que le deuxiéme et le troisieme modeles (chapitres 3 et 4) se
placent dans le cadre de la théorie du choix social. Dans ces chapitres 3 et 4, nous
allons étudier deux modéles dans le cadre des modéles spatiaaux de la compétition

électorale. Les traits communs vont étre soulignés.

1.2 L’émergence de la monnaie

Les modeéles d’équilibre général néoclassique introduisent, explicitement ou
implicitement, un planificateur central pour résoudre les problémes de coordina-
tion et de détermination des prix d’échange quand il existe un grand nombre
d’agents. Néanmoins, une telle formalisation de ’échange entre les agents n’arrive
pas & modéliser la demande de monnaie. L’émergence de la monnaie, comme un
moyen d’échange n’est donc pas expliquée et la demande de monnaie est plutot

rationalisée par le fait que la monnaie est un actif de bas risque et de haute lig-
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uidité. Les modeéles de prospections monétaires résolvent ce probléme par une
modélisation explicite d’allocations des ressources et définissent un contexte ol
I'utilisation de la monnaie dépend du degré d’acceptation de celle-ci comme un
moyen d’échange. Le processus de prospection et de recrutement introduit des
frictions comme 1’échange bilatéral, le défaut d’engagement et de mémoire. Dans
Kiyotaki et Wright (1989)!, de telles frictions donnent & la monnaie un role essen-
tiel, sans introduire une contrainte particuliére pour qu’elle soit utilisée dans les

échanges.

Le modele de Kiyotaki et Wright (1989) ou la monnaie est considérée comme
un bien cherche a retrouver la structure du commerce en troc dans une économie
ayant les caractéristiques suivantes: Il existe trois biens indivisibles et durables.
Le cotit de stockage de chaque bien est différent et défini en terme de désutilité
instantanée. Comme tous les biens sont indivisibles, il y a un troc un pour un
des stocks quand il existe un accord mutuel pour faire un échange. Il existe un
continuum d’agents, dont la durée de vie est limitée mais incertaine. Il existe trois
types d’agent. Les agents sont spécialisés dans la production et la consommation
et donc ils existent autant de type d’agents que de biens. L’agent ¢ acquiert 1'utilité

seulement de la consommation du bien i et produit seulement le bien i+1 (L’agent

'Kiyotaki et Wright (1989) est la source d'une littérature importante. Quelques extensions
du modéle incluent la monnaie fiduciaire dans Kiyotaki et Wright (1991, 1993) et dans Aiyagari
et Wallace (1991,1992), la détermination endogéne des biens comme des moyens d’échange dans
Kehoe, Kiyotaki et Wright (1993), I'introduction de plusieurs monnaies différentes dans Mat-
suyama, Kiyotaki, et Matsui (1993), et de négociation bilatérale dans Trejos et Wright (1995)
ou Shi (1995). Une autre extension du modele est faite par Marimon, McGartten et Sargent
(1990), qui utilisent des populations artificielles de rationalité limitée pour tester les prédictions
d’équilibre de Kiyotaki et Wright (1989).



1.2. L’EMERGENCE DE LA MONNAIE 9

3 consomme le bien 3 et produit le bien 1). Comme les biens sont indivisibles et
le stockage est coliteux, les agents ne peuvent stocker qu’'un seul bien a la fois.
Si un agent de type ¢ obtient son bien de consommation par échange bilatéral,
il le consomme tout de suite, gagne une unité d’utilité et produit une unité de
bien i + 1 & nouveau. Ainsi, les agents ont toujours une unité de bien en stock
autre que leur bien de consommation. A la période 0, n agents de chaque type
possédant une unité de bien de production entrent dans le marché. Le nombre
d’agents reste constant. Pour chaque type d’agent, il existe deux stratégies: soit
accepter seulement leur bien de consommation en échange quand ils rencontrent
un autre agent, soit accepter les deux biens. Un agent du premier type a toujours
son bien de production ¢ + 1 en stock. En revanche, un agent du deuxiéme type
peut avoir les biens ¢ + 1 ou ¢ + 2. A chaque période, un agent est sélectionné de
maniére aléatoire. Ensuite, cet agent est supposé contacter un autre agent pour
faire ’échange. La paire d’agents échange leur stock si cela est mutuellement
acceptable. La paire se dissout ensuite, que le commerce aie été mutuellement
accepté ou rejeté. Les agents savent le type de la personne qu’ils rencontrent mais

n’ont pas d’information sur sa détention de stock, ni sur sa stratégie.

Dans ce contexte, certaines biens émergent comme un moyen d’échange, suiv-
ant a la fois les propriétés intrinséques et les croyances extrinseques. Ces deux cas
sont nommeés stratégie fondamentale et spéculative respectivement, par Kiyotaki

et Wright (1989). La stratégie fondamentale est une stratégie qui consiste a faire
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le commerce pour le bien de consommation ou pour un bien de cott de stockage
plus élevé contre un bien de cotit de stockage plus faible. La stratégie spéculative
nécessite de faire ’échange du bien de production contre un autre bien de cott
de stockage plus élevé. Kiyotaki et Wright (1989) déterminent deux équilibres
dans le contexte décrit, selon la différence des cotits de stockage des biens. Dans
I'un des équilibres, tous les agents utilisent des stratégies fondamentales et dans
I’autre, les agents du type 1 utilisent la stratégie spéculative et les autres agents
utilisent les stratégies fondamentales. Ces résultats sont obtenus sous ’hypothése
standard de rationalité des agents. Le modele de Kiyotaki et Wright (1989) et la
plupart de ses extensions supposent que les agents rationnels sont collectivement

capables de déterminer un équilibre du modéle.

1.2.1 Un modéle évolutionniste de ’émergence de la monnaie

Dans la these, I’approche évolutionniste est appliquée au modeéle de I’émergence
de monnaie. On suppose que la population initiale soit suffisamment hétérogene,
de facon a refléter tous les comportements possibles et leurs utilités matérielles.
La population évolue de facon que la part de la population qui a plus d’utilité
croit plus vite que la part ayant moins d’utilité. Alors on arrive & identifier le

point d’équilibre asymptotiquement stable de ce systéme dynamique de sélection.

Le point de départ est Sethi (1999) qui analyse le modeéle de prospection

monétaire de Kiyotaki et Wright (1989) dans un cadre évolutionniste. Dans cette
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version, ol il existe un appariement aléatoire, on montre que les états fondamen-
taux et spéculatifs, ainsi que les états polymorphiques, peuvent tous étre stables
suivant les valeurs des cotits de stockage, et qu’il peut exister plusieurs équilibres

stables.

Pour obtenir la stabilité évolutionniste de ces équilibres, Sethi (1999) utilise la
procédure suivante: Etant donné une composition de comportements de la pop-
ulation, la dynamique des stocks est définie et les valeurs d’équilibre des stocks
sont trouvées. Par la suite, les dynamiques de la sélection évolutionniste sont ap-
pliquées aux différents états de la population pour établir la stabilité par rapport
aux dynamiques évolutionnistes. L’hypothése sous-jacente est que la distribution
des stocks est toujours a sa valeur d’équilibre temporaire méme si la composition
des comportements évolue. L’approche évolutionniste analyse la distribution des
comportements dans la population (régles de décision, stratégies) qui sont soumis
a des dynamiques de sélection spécifiques. Par conséquent, tous les comporte-
ments possibles sont inclus et les comportements qui vont survivre au processus
de sélection dynamique sont déterminés. Etant donné les différentes distributions
initiales, les points de convergence des dynamiques des stocks sont déterminés.

Ainsi, la robustesse de ces distributions de stratégies est testée.

Dans le Chapitre 2 de la thése nous visons deux objectifs: L’objectif prin-
cipal est d’analyser les implications de l'introduction d’asymétries dans le pro-

cessus d’appariement et d’étudier la relation de I’hypothése d’appariement aléa-
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toire avec I’émergence d’un moyen d’échange. Cette introduction nous permet de
retrouver les conditions de stabilité pour les équilibres définis dans Kiyotaki et
Wright (1989). L’objectif secondaire est d’étudier les dynamiques du déséquili-
bre, dans lesquelles la distribution des stocks n’est plus supposée avoir toujours
sa valeur d’équilibre temporaire. Dans ce cadre, on détermine ’espace des valeurs
des parameétres ol les équilibres fondamentaux et spéculatifs sont stables, et la dy-
namique des parts de la population est analysée lorsque la distribution des stocks

n’est plus supposée étre a la valeur de I’équilibre temporaire.

1.2.1.1 La technologie de transaction

Les modeles de prospection standards formalisent la circulation monétaire
sous forme d’interaction stratégique et doivent alors spécifier une technologie de
transaction. L’approche commune proposée par Kiyotaki et Wright (1989, 1993)
est de supposer que les échanges ont lieu sur une place de marché unique avec
des rencontres bilatérales aléatoires entre un grand nombre de producteurs. Deux
probabilités, supposées indépendantes, sont essentielles pour ce mécanisme de
rencontre: la probabilité d’étre apparié et celle de rencontrer un agent d’un type
particulier. La probabilité d’étre apparié est proportionnelle au nombre d’agents
et les probabilités de rencontrer un agent d’un type particulier dépendent de la
proportion d’agents de chaque type dans le secteur de ’échange. Les extensions

évolutionnistes de ces modeles retiennent I’hypothese de 'appariement aléatoire.
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Cette hypothése est plutot irréaliste (Clower et Howitt (1995, 1996)) parce que
les agents ne choissent pas leurs actions en se basant sur les rencontres aléatoires.
Les travaux plus récents ayant recours a des mécanismes de rencontre plus com-
plexes (choix du partenaire d’échange, intermédiation marchande)® ont montré
que ’hypothése de rencontres aléatoires n’est pas essentielle pour 1'obtention de
I’équilibre monétaire, au contraire de I’hypothése de rencontres bilatérales. Dans
ce travail, le processus d’appariement est modifié de facon a introduire des prob-
abilités d’appariement dans le modele de Sethi (1999). Les agents d'un certain
type ne veulent pas renconter les autres types d’agents avec les mémes probabilités.
Ils préferent renconter un certain type d’agent plus qu'un autre. Les conditions
de stabilité des états fondamentaux, spéculatifs et polymorphiques sont définis
en fonction des probabilités d’appariement. L’appariement aléatoire étant un cas
particulier de ce processus d’appariement, les conditions de stabilité obtenues sont
une généralisation des conditions de stabilité dans Sethi (1999). Dans cette anal-
yse, I’hypothése que la distribution des stocks est toujours & la valeur d’équilibre
stationnaire implique que les effets des changements de la distribution des stocks

sont négligés.

2Les différents modifications de la mécanique de I’appariement incluent: Corbae, Temzelides
et Wright (1999), qui autorisent les agents a choisir le type d’agents qu’ils souhaitent rencontrer,
Iwai (1988, 1996), qui propose un modele ou les rencontres sont aléatoires mais ou ’échange
se fait sur des places de marchés distinctes pour chaque bien ou les biens s’échangent deux a
deux, Matsui et Shimizu (2000), qui permettent aux agents de choisir a la fois le marché et leur
spécialisation (étre un acheteur ou un vendeur), Hellwig (2000) et Howitt (2000), qui proposent
un modeéle dans lequel les agents doivent a la fois choisir leur activité (producteur ou marchand)
et, pour les producteurs, leur mode d’échange (échange direct ou par l'intermeédiaire de magasins
spécialisés dans les biens offerts).
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1.2.1.2 Les dynamiques de déséquilibre

La dynamique de déséquilibre est analysée quand la distribution des stocks
n’est pas anticipée étre toujours a sa valeur d’équilibre. Pour tenir compte de ’effet
des changements des stocks, nous proposons un modéle d’appariement aléatoire
dans lequel la population est classifiée suivant la distribution des stocks et des
comportements. Cette classification nous permet d’analyser I’évolution des parts
de la population avec ’échange des stocks et la sélection évolutionniste, ces deux

processus se déroulant avec des vitesses différentes.

Pour pouvoir analyser ce modéle d’un point de vue évolutionniste, nous devons
caractériser la population totale des agents dans un groupe suivant deux critéres:
la stratégie qu’ils adoptent et le bien qu’ils ont en stock. Par conséquent, chaque
groupe est composé de quatre catégories. Ensuite la dynamique de la modification
des parts de la population est défini. Les parts de la population changent d’une
part avec I’échange et d’autre part avec la réplication par imitation. Les agents
sont supposés faire I’échange des stocks plus fréquemment qu’ils ne révisent leurs
stratégies. La vitesse de la dynamique d’échange est plus grande que celle de la
réplication par imitation. L’état fondamental et 1’état spéculatif sont les points
de convergence de cette dynamique. La stabilité de ces états est étudiée. Pour
déterminer les conditions sous lesquelles ils sont stables, le systeme est linéarisé,
les conditions pour la stabilité de I’état fondamental et de I’état spéculatif sont

déterminées, en terme des parameétres. Les résultats ne sont pas en accord avec
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les résultats antérieurs dans la littérature. Par exemple, pour une méme gamme
de parameétres que dans Sethi (1999), les dynamiques de déséquilibre définies dans

ce travail aboutissent & l'instabilité.

1.3 La compétition électorale

1.3.1 Position des problémes considérés

L’interprétation politique des modeéles spatiaux remonte & la fameuse discus-
sion des duopolistes par Hotelling (1929). Hotelling avait formulé la tendance des
concurrents a étre exactement semblables selon le principe de différenciation min-
imale, et il avait suggéré que ce principe pouvait étre appliqué & un large éventail
de phénomeénes sociaux, y compris la compétition électorale, en faisant référence
aux similarités idéologiques entre les politiques proposées par les républicains et
les démocrates dans les élections de 1928. Cette intuition a été formalisée par
la suite dans la théorie de I’électeur médian par Black (1948). Dans ce cas, les

électeurs sont caractérisés par des préférences unimodales.

Downs (1957) a élargi le modele spatial de concurrence dans le domaine de
la démocratie représentative ol deux candidats se font concurrence en proposant
des politiques d’un espace de politique unidimensionnel conceptualisé soit comme
un espace des niveaux d’effort soit, plus classiquement, comme une dimension
idéologique. Selon I’approche downsienne, les partis politiques sont organisés dans

le but de gagner les élections, de ce fait les responsables politiques sont censés
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formuler leurs propositions politiques de maniére a contenter la majorité. Dans
ce sens, les concurrents sont identiques a tous les égards et la proposition de la
politique d’équilibre commun est déterminée par la politique préférée de 1’électeur

médian.

A coté de cette vision trop simple des politiciens considérés comme des max-
imisateurs de vote, il y a eu une longue tradition, de Michels (1915) a Lipset (1959),
selon laquelle les partis sont “idéologiques” et ont des préférences propres, définies
sur l'espace de politiques. Cette idée a été formalisé par la suite par Wittman
(1983), Calvert (1985) et Hansson et Stuart (1984), qui ont identifié¢ les partis a
des institutions qui représentent les groupes d’intérét adversaires dans la société.
Ainsi les candidats adversaires deviennent différenciés car chacun représente un
groupe d’intérét différent et cherche la publicité pour une plateforme idéologique

différente, déterminée dans ces travaux d’une maniére exogene.

Ces deux approches ont été combinées par Roemer (1999) qui a conceptualisé
les partis comme composés d’une faction opportuniste, d’une faction militante et
d’une faction réformiste. Les politiciens opportunistes sont ceux qui veulent max-
imiser leur probabilité de victoire, et les militants sont ceux qui veulent maximiser
I'utilité du citoyen représenté par le parti. Quant aux réformistes, ils maximisent
I'utilité prévue des constituants du parti. Les opportunistes appartiennent a la
conception politique de Downs (1957), et les militants a celle de Wittman (1983).

Dans ce contexte, I’équilibre de Nash d’unanimité du parti (PUNE, “Party una-
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nimity Nash Equilibrium”) est défini. Il consiste en des propositions politiques
partisanes qui sont “Nash” dans le sens suivant: ni dans un parti ni dans ’autre,
étant donné la politique proposée par 'autre parti, les factions (internes) ne peu-

vent se mettre unanimement d’accord sur une déviation de la politique proposée.

Nous adoptons ’approche précédente des partis politiques dans une démocratie
représentative. Les citoyens choisissent le gouvernement qui, & son tour, choisit la
politique & appliquer. Les partis s’engagent, de maniére crédible, a respecter leur
propositions politiques au cas ot ils seraient élus. Les citoyens votent sincérement

pour les politiques proposées.

Le cycle électoral est le suivant: Etant donné les profils des partis, chaque
parti annonce la politique qui est obtenue par I'aggrégation des propositions des
factions. La régle de I'agrégation est la moyenne pondérée des propositions de
chaque faction. L’influence de chaque faction est proportionnelle & son poids
dans le parti. La proposition de la faction militante est donnée par sa préférence
idéologique. La proposition de la faction opportuniste est obtenue & travers la
maximisation de 1'utilité des opportunistes, étant donné la proposition de poli-
tique du parti adverse. Contrairement & Roemer (1999) qui adopte une regle de
décision selon laquelle chaque faction dans le parti a droit de veto sur les politiques
proposées, le mécanisme de décision interne utilisé ici est une moyenne pondérée
des propositions des différentes factions. Roemer (1999) montre que si chaque

parti élabore un méthode de négociation interne, la proposition qui en résulte en
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tant que conséquence de négotiation a l'intérieur du parti est un PUNE puisque
les factions d’aucun parti ne pourrait étre unanimes pour dévier vers une autre

politique.

Par rapport a ces travaux, nous adoptons I’approche évolutionniste pour en-
dogénéiser les décisions des candidats opportunistes. Ces derniers révisent leur
choix d’adhésion aux partis politiques dans la période de pré-élection selon les

dynamiques évolutionnistes.

Il y a deux types d’états d'une population opportuniste: les états purs, ou
tous les opportunistes sont dans un parti ou un autre, et les états mixtes, ou les
opportunistes sont distribués dans les deux partis. Toutefois, les opportunistes
sont censés étre sujet a une certaine contrainte dans leur processus de la prise de
décision. La faction opportuniste du parti gauche (droite) ne peut pas proposer un
proposition plus grande (petite) que celui du parti droite (gauche). Ceci semble
raisonable, par exemple, si la faction opportuniste du parti gauche propose une
politique plus grande que celle du parti droite, on peut imaginer qu’ils vont perdre
de leur crédibilité en tant que candidats, et subir une punition électorale (non

modélisée) dans le futur.

Le résultat politique est détérminé par les élections. Nous prenons en con-
sidération deux systéemes politiques qui se distinguent par la maniére dont les
votes sont traduits en siéges a ’assemblée: les systémes politiques majoritaire et

proportionnel. Ces deux systémes different par la récompense qui croit selon le
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partage des votes. Les utilités des candidats opportunistes sont définis suivant le

systéme politique considéré.

1.3.2 L’opportunisme et ’évolution de la compétition électorale

Dans le chapitre 3 de la these, nous étudions la compétition électorale entre
deux parties politiques. Les partis s’affrontent sur la base de propositions de poli-
tiques dont 1’espace est unidimensionnel. Suivant Roemer (1999) on suppose que
les partis sont composés de candidats hétérogeénes. Les candidats different quant
a leurs motivations politiques. Il y a deux types de candidats: Les candidats “op-
portunistes” ont pour seul objectif de remporter les élections ou de maximiser le
nombre de voix pour bénéficier du prestige et de la puissance, alors que les can-
didats “militants” ont des préférences idéologiques. L’analyse de Roemer (1999)
suppose qu’il y ait des candidats opportunistes dans chaque parti. Pourquoi un
candidat opportuniste, qui ne s’intéresse qu’aux perspectives de remporter les
élections, choisit-il un parti de préférence a un autre? On peut répondre & cette
question en permettant aux candidats opportunistes de changer de parti politique

et en endogénéisant cette décision.

Au début du cycle électoral, les candidats opportunistes réexaminent leurs
choix de partis politiques pour les prochaines élections. L’approche standard serait
de supposer que les candidats rationnels peuvent collectivement trouver I’équilibre

du modele et ensuite calculer ’équilibre d'un jeu a 2 périodes ot les opportunistes
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révisent leurs décisions dans une premiére période et les partis font leurs propo-
sitions dans une deuxiéme période. Cette approche ne fourniera pas une idée
sur I’évolution du comportement des candidats opportunistes & partir des état
initiaux différents. Comme nous essayons d’étudier les dynamiques de déséquili-
bre, nous allons supposer que initialement il y a des candidats opportunistes dans
chaque parti. La proportion des candidats dans chaque parti va alors se modi-
fier, suivant des rencontres aléatoires avec les autres candidats opportunistes, et
par adoption des comportements les plus performants dans I’environnement poli-
tique et économique. Les militants, par définition, ne sont pas censés réexaminer

dynamiquement leurs engagements et décisions.

Dans ce cadre, on compare les systémes politiques majoritaire et proportion-
nel. On étudie 'existence d’un équilibre de la compétition politique de court
terme, puis, dans un contexte évolutionniste, on étudie la décision des candidats
opportunistes dans le long terme. Un état pur est le cas ot tous les candidats op-
portunistes choisissent un méme parti de préférence a 'autre. Un état mixte est le
cas ol les candidats opportunistes sont répartis dans les deux partis. Les états purs
sont des solutions des dynamiques évolutionnistes dans les deux systémes. Dans
le systéme politique majoritaire, il n’y a qu'un seul état mixte solution des dy-
namiques. Dans le systéme politique proportionnel, il peut y avoir un ou plusieurs
états mixtes, suivant la distribution des électeurs et de la distribution des candi-

dats. Il se peut aussi qu’il n’y ait aucun. Dans le systeme politique majoritaire,
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seuls les états purs sont stables selon les dynamiques évolutionnistes, indépen-
damment de la distribution des électeurs. L’état mixte n’est pas stable. Dans le
systéme proportionnel, la stabilité des états purs et des états mixtes dépend de la
distribution des électeurs et de la distribution des candidats. Seulement dans ce

cas il peut y avoir des états mixtes stables.

1.3.3 Un modéle dynamique d’adhésion aux partis et aux idéologies

Les partis politiques sont caracterisés par leurs idéologies, mais celles-ci ne
sont que vaguement définies. L’aspect dynamique de I'idéologie d’un parti est du
a la variété des opinions et des motivations de ses candidats. Dans le chapitre 4
de la these, on essaye d’aborder cet aspect en s’intéressant au comportement des
candidats. Les candidats peuvent étre plus ou moins flexibles idéologiquement ou
bien seulement avoir un intérét pour le pouvoir. Nous analysons la compétition
électorale entre deux partis politiques dont les candidats différent par leur moti-
vations politiques: les opportunistes et les militants. Les opportunistes ne sont
loyaux a aucun parti. Leur décision d’adhésion aux partis est une fonction de la
probabilité que le parti remporte les élections. Les militants s’intéressent seule-
ment a représenter leur électorat en adoptant les préférences du citoyen moyen qui
les soutient. La préférence exprimée par la faction militante d’'un parti est donc
endogéne. Les idéologies des partis sont déterminés par les préférences de leur élec-

torat. Ce processus d’endogénéisation est repris de Roemer (2001) qui a utilisé
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la notion de citoyen-candidat de Osborne et Slivinski (1996) et Besley et Coate

(1997). Ces approches sont modifiées pour inclure les partis et 'engagement.

Au début du cycle électoral, les candidats opportunistes réexaminent leurs
choix d’adhésion aux partis politiques pour les prochaines élections en se bas-
ant sur des rencontres aléatoires avec les autres candidats opportunistes et en
adoptant la meilleure décision du point de vue de la probabilité de remporter les
élections. Les militants réexaminent leurs décisions en se basant sur les résultats
des élections passées. On étudie I'existence de 1’équilibre de compétition électorale
sous ’hypothése de I'information parfaite. Cet équilibre représente une situation
ol, étant donné le choix de politique d’un parti, 'autre parti ne peut pas dévier
en proposant une autre politique, les idéologies des partis sont données par les
préférences de 1’électeur moyen et les opportunistes proposent des politiques qui
maximisent la probabilité de remporter les élections étant donné la politique de
Iautre parti. On introduit ensuite une analyse dynamique pour étudier la stabilité

de ces équilibres.

Le premier processus dynamique est la dynamique de sélection qui endogénéise
les décisions des opportunistes. Le second processus est le processus d’ajustement
des militants. Dans ce double cadre, on étudie le systémes politique proportionnel.
On étudie l'existence d’un équilibre de compétition politique de court terme, puis,
dans un contexte évolutionniste, on étudie la décision des candidats opportunistes

dans le long terme. On détermine les conditions de stabilité des états pures et
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mixtes. Dans le systéme proportionnel, la stabilité des états purs dépend de la
distribution des électeurs et de la distribution des candidats et la stabilité des

états mixtes dépend de la vitesse relative des deux dynamiques.



CHAPITRE 2

UN MODELE EVOLUTIONNISTE DE I EMERGENCE

DE LA MONNAIE

Abstract

This paper uses an evolutionary version of the commodity money model (Kiy-
otaki and Wright (1989)). The main objective of this paper is to study the impli-
cations of endogenising the matching process. Under the endogenous set up we
find stability conditions for each kind of equilibrium (fundamental or speculative).
The second objective is to analyse the disequilibrium dynamics, when the inven-
tory distribution is not assumed to be continuously at its temporary equilibrium
value. We prove that under this setting, for some values of the parameters the

fundamental and speculative states are unstable.

2.1 Introduction

The neoclassical general equilibrium models get away with the difficulty of
coordination of trade in a many person economy by a fictional coordinating and
price setting central authority. The weakness of modelling trade among agents
by assuming a central authority results in a failure to model the demand for

24
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money. The emergence of money as a medium of exchange is not explained and
the demand for money is rather rationalised on the grounds that it is an asset of
low risk and high liquidity. Search theoretic models overcome this failure by an
explicit modelling of resource allocation process and provide a framework where
the use of money depends on the degree of acceptance of money as a medium of
exchange. The process of search and recruitment introduces trade frictions such
as bilateral exchange, lack of commitment and memory. Such frictions generate
in Kiyotaki and Wright (1989) an essential role for money with no particular

constraint that it must be used in exchange®.

This paper uses an evolutionary version of the commodity money model (Kiy-
otaki and Wright (1989)) which explores the structure of barter trades in an
economy with the following characteristics: A continuum of rational agents liv-
ing a finite but uncertain number of periods and specialised in consumption and
production meet pairwise and engage in bilateral exchange. The goods are indi-
visible and durable but costly to store. Since all goods are indivisible, there is
one to one swap of inventories in case of mutually agreed upon trade. In this

setting, a medium of exchange is a good that is accepted in trade but not desired

'Kiyotaki and Wright (1989) has been the source of a fruitfull literature. This literature is
by now large; a few extensions include the introduction of fiat money in Kiyotaki and Wright
(1991,1993), Aiyagari and Wallace (1991,1992), the endogenous determination of the commodi-
ties that serve as the media of exchange in Kehoe, Kiyotaki and Wright (1993), the introduction
of different currencies in Matsuyama, Kiyotaki, and Matsui (1993), the introduction of bilateral
bargaining in Trejos and Wright (1995), Shi (1995). Another extension is the use of populations
of artificial, boundedly rational agents in order to test the equilibrium predictions of Kiyotaki
and Wright (1989) by Marimon, McGartten and Sargent (1990), Baggt (1999) and Staudinger
(1998). The predictions of Kiyotaki and Wright (1989) model of commodity money have been
tested through laboratory experiments with human paid subjects (Brown (1996), Dufy and Ochs
(1999) and Dufy (2000)).
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for consumption purposes. The acceptance of a good as a medium of exchange
depends both on intrinsic properties and extrinsic beliefs. These two situations
are referred to as fundamental strategy and speculative strateqy by Kiyotaki and
Wright (1989). More specifically, Fundamental strategy is the acceptance of a non
consumption good to facilitate further trade if it has a lower storage cost than the
one currently held in inventory or the rejection of a non consumption good if it
has a higher storage cost than the one currently held in inventory. On the other
hand, speculative strategy requires agents to accept a good with a higher storage

cost.

These results are obtained based on the standard assumption of rationality.
Kiyotaki and Wright (1989) model and most of its extensions assume that the
rational and optimizing agents are collectively able to locate an equilibrium of the
model. However, the evolutionary approach suggests that the initial population
consists of a variety of heterogeneous types reflecting all permissible behaviours
with their related material rewards. The population evolves in such a manner
that the population share of more highly rewarded behaviours grows relative to
that of poorly rewarded behaviours. Then the asymptotically stable rest points

of this dynamic selection process are identified.

The point of departure of this paper is Sethi (1999) who analyses Kiyotaki and
Wright (1989) model of money within an evolutionary framework. In this version

of the model with exogenous random matching, it is shown that fundamental,
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speculative as well as ‘polymorphic’ states can all be stable and there may exist a
multiplicity of stable states. In order to show the evolutionary stability of these
states, Sethi (1999) uses the following procedure. Given a behavioural population
composition, the dynamics of inventory holdings are defined and the equilibrium
values of inventories are expressed. Then, evolutionary selection dynamics are ap-
plied to various population states in order to establish their stability with respect
to the evolutionary dynamics. The assumption behind this analysis is that the
inventory distribution is expected to be continuously at its temporary equilibrium

value even when the behavioural composition evolves.

The present paper deals with two issues. In Section 2, the relation of the ran-
dom matching assumption with the emergence of media of exchange is explored.
The standard search theoretic models assume that agents meet at random. This
assumption is rather unrealistic since agents do not choose their actions on the
basis of random encounters. Section 2 introduces matching probabilities to the
model of Sethi (1999) to study their effects on the stability. The conditions of
stability of fundamental, speculative and polymorphic states are defined as a func-
tion of the matching probabilities. The preferences of the agents for their trading
partners affect the stability of the states even if we hold the relative costs of the
goods constant. As a second issue, in Section 3, the dynamics of population shares
are analysed when the inventory distribution is not assumed to be continuously

at its temporary equilibrium value. The assumption that the inventory distribu-
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tion is continuously at its temporary equilibrium value implies that the effect of
changes in the inventory distribution in response to disequilibrium is neglected. In
order to take into account this effect, we propose a model with random matching
in which the population is classified according to the inventory distribution and
the behavioural distribution. This classification allows us to analyse the evolution
of population shares through trade and evolutionary selection affecting the pro-
cess at different rates. The conditions of stability of fundamental and speculative
states are defined as a function of the difference of the costs of the goods and the
relative speed of the two dynamics. The two previous sections differ with respect
to the evolutionary dynamics used to describe the changes in the share of the pop-
ulation adopting a particular strategy. In the first section the standard replicator
dynamics is used while in the second section the changes are due to the replication
by imitation. The reason is simply the convenience of the replication by imitation
for the model in the second section since we use a different classification for the
agents and rather than looking at the performance of the strategies relative to the
mean performance we make a pairwise comparison and better performing strate-
gies are imitated. When the relative frequency of trade is increased we observe

that the stability conditions looks similar to those of the first model.
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2.2 Endogenous matching

In this section the results in Sethi (1999) are reviewed with a different match-
ing setup. The notation of the original article is adopted. First, the environment
is described. Then, given behavioural population distribution, temporary equilib-
rium values of inventory holdings are calculated. The existence and the stability of
those values are discussed. Given the equilibrium values of inventories, the utilities
corresponding to different behavioural situations are given and the evolutionary

stability of these is analysed.

2.2.1 The model

Goods: There exist three indivisible goods indexed by ¢. They are durable.
Storing the good i entails the cost ¢; (in terms of instantaneous disutility).
We suppose that ¢; < ¢, < c32. A one for one swap of inventories occurs in

case of mutually agreed upon trade.

Time: Time is discrete and indexed by ¢t € N.

Economic agents: There exists three types of agents again indexed by 1.
Agents specialize in consumption and production. Agent ¢ derives utility
only from consuming good i and produces only good i+ 1 modulo 33. Agents

can store only one good at a time since goods are indivisible and stored at

2This particular specification for storage costs is referred to as Model A in Kiyotaki and
Wright (1989).
3 Agent 3 consumes good 3 and produces good 1.
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a cost. If an agent of type ¢ gets through trade his consumption good i he
consumes it immediately, gets one unit of utility and produces a new unit
of good 7 4+ 1. Thus agents always have in stock one unit of one good other

than their consumption good.

In period 0, n agents of each type, each endowed with one unit of their pro-

duction good enter the market. The number of agents stays fixed thereafter.

For each type of agent there exist two strategies: Agents of type ¢ can accept
only their consumption good ¢ when they meet another agent. These agents
are denoted by . On the other hand agents denoted by 57 can accept both
goods ¢ and 7 + 2 if they trade. An agent of type i has always in stock his
production good ¢ 4+ 1. In return agents of type (¢ can have either the good

i+ 1ori+2.

Matching: Each period one agent is selected randomly (with probability :,%n)
Then this agent is supposed to contact an agent to trade from the other two
populations. Agents of type ¢ are assumed to contact agents of type 7 + 1
with probability 7; and with agents of type ¢ + 2 with probability 1 — ;. If
we denote by I; the set of agents of type ¢ and by (z,y) the pair trading at

period t then the following probabilities apply:

—Przel) =13

—PryeLjzel;))=0
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- Pr(y € [i-l-l’x € [z) =T;
- Pr(y S [H_Q’.CE € [2) =1- 5

Therefore, the probability that agent ¢ and agent i + 1 are matched is

TtTil Tn order to simplify the notation, we will denote

(1 —m;+ mito)
3 )

a; =

The pair exchanges their inventories if it is mutually agreeable. The pair

dissolves in case of both mutually agreed trade or rejection.

Information: The agents know the types of people they meet but have no

information on the inventory holdings and the strategies of these agents.

Definition 1 In this setting, a medium of exchange is a good that is accepted in

trade but not desired for consumption purposes.

In order to analyse this model from an evolutionary point of view we need to
allow all behaviours from the part of agents and study the ones that are robust
to a dynamic selection mechanism. Thus, the total population of agents can be
characterised according to two criteria: the share of agents adopting a certain be-
haviour and the share of agents holding a certain good. We denote the proportion
of agents of type 8 among agents of type ¢ by s;. Therefore the share of o agents

is 1 — s;. The proportion of agents of type ¢ having in stock their production good
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t + 1 is denoted by p;. Hence the share of agents of type 57 holding i + 2 is 1 — p;
and the share of agents of type (i holding i + 1 is p; + s; — 1. The player types,

their inventory holdings and population shares are represented in Table 1.

Table 1 Agent types, inventory holdings and population shares

Type | Inventory holding | Population shares among 7 types

al 141 1—s;
i+2 I —pi

2.2.2 Temporary equilibrium

2.2.2.1 Inventory dynamics

Suppose the composition of behaviours s € [0, 1]3 is given. We denote the set
containing the values of inventory holdings by A(s) which is defined as follows:

A(s) =1 —s1,1] x [1 —s9,1] X [1 — s3,1]

Agents of type ai have always in stock their production good i + 1 as they
accept only their consumption good. Therefore, agents of type o do not have an
effect on the inventory distribution when they trade.

Agents of type (i holding their production good ¢ 4+ 1 can decrease the share
p; in their population if they exchange i 4+ 1 for ¢ + 2. This happens if an agent of
type (i holding i + 1 is selected and he in return selects an agent (i + 1) holding
i + 2 (with probability #(s; + p; — 1)m;p;1) or an agent of type 5(i + 1) holding

i+2 is selected and he in return selects an agent i holding i+ 1 (with probability
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D1 (1 — mig1)(si +pi — 1)).

On the other hand, agents of type (3¢ holding the good ¢ + 2 can increase
the share p; in their population if they exchange ¢+ + 2 for ¢+ + 1. This happens
if an agent of type (i holding i + 2 is selected and he in return selects an agent
B(i + 2) holding i (with probability (1 — p;)(1 — m;)pi42) or an agent of type
B(1 4+ 2) holding i is selected and he in return selects an agent i holding i + 2
(with probability $p;2miya(1 — p;)).

The resulting inventory dynamics is given by the following equation:

pi = (1= pi)piy2a;i — (si + pi — )piy10i (2.1)

The inventory dynamics do not cross the boundary of A(s). In other words if
p(0) € A(s), then p(t) € A(s) for all t. To see this, notice the following limits:
limp; = —spip1a41 <0

piTl

limp; = s;pi2a; = 0
pill—s;

2.2.2.2 Temporary equilibria and their stability

For any given vector of population shares s € [0, 1]3, the rest points of equation

(2.1) are defined as:

O(s) ={peA(s) | p=0}

A state s is monomorphic if individuals belonging to the same population are
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of the same behavioural type. States which are not monomorphic are polymorphic.
The rest points of equation (2.1) are calculated for monomorphic populations and

the values are provided at Table 2.

Table 2 Equilibrium inventories for monomorphic populations

s p(s)

Case 1 | (0,0,0) (1,1,1)

Case 2 | (0,1,0) | (1,—=2-1)

’ aztaz’

Case 3 | (1,1,0) | (7,03, 1)

Case 4 | (1,1,1) | (o1, p3,p3)

Case 1 refers to a situation where all agents accept only their consumption
good in trade. In Case 2, agents of type 1 refuse to trade their lower cost produc-
tion good 2 for the more costly to store good 3, agents of type 2 always offer to
trade their high storage cost good 3 for the less-costly-to store good 1 and agents
of type 3 always refuse to offer to trade their low storage cost good 1 for the more
costly-to-store good 2. Case 2 is referred to as the fundamental state since funda-
mental factors i.e. storage cost are taken into account in the decision process and
either agents trade high storage cost goods for lower storage cost goods or refuse
to trade low storage cost goods for higher storage cost goods. In Case 3, agents of
type 1 trade good 2 for the more costly to store good 3, agents of type 2 always
offer to trade their high storage cost good 3 for the less costly to store good 1 and

agents of type 3 always refuse to offer to trade their low storage cost good 1 for
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the more costly-to-store good 2. In case 3 agents of type 1 use speculative trading
strategies since they accept in trade a more costly to store good to increase the
likelihood of trading for their desired consumption good. We will refer to the Case
3 as the speculative state. Case 4 refers to a situation where all agents accept a

good that is not desired for consumption purposes.

Remark 2 In case 2 Good 1 is a medium of exchange since agents of type 2 trade
for good 1 but consume good 2. In case 3, there are two media of exchange Good 1
and Good 3. Again, Good 1 is a medium of exchange since agents of type 2 trade
for good 1 but consume good 2. Good 3 fulfills this role as agents of type 1 trade
for good 3 but consume good 1. As good 3 is the most costly-to-store good, it is

dominated in rate of return.

Notice that for s = (1,1,0) the equilibrium inventories is given by (p3, p3. 1)

where
3 a; 4a3as )
= —— | ay — a3z + + (as +a 2.2
pl 2(1,2((1,1 + CLQ) 2 3 \/ aq ( 2 3) ( )
and
3 a(1 — P?)

= My 2.3
P2 agpi{’ ( )

For s = (1,1, 1) the equilibrium inventories is (p}, p3, p3) where

T [(p5 — D)az + (p3)*ai] (2.4)

P 1
p3a1G2
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and

4
=1- 2.5
20 s (29
and pj is given by the following fourth degree equation:
0 = pslaiasas — 2a3as) + (p3)*(—4ajazas + aay + asas) (2.6)

+(p3)* (3araza3 — aaz — ajas) + 2(p3) atas + a3as

The set ®(s) of rest points calculated given a behavioural population compo-
sition has at least one element for each admissible composition. The analogous of
the following propositions have been proved in Sethi (1999) for the case of random

matching. The proof of these are provided in the Appendix (Annexe A).

Proposition 3 The set of rest points ®(s) is non-empty for all values of s; for

alli=1,2,3.

Proposition 4 Suppose s # (1,1,1), the set of rest points ®(s) contains a single

element.

Proposition 5 Suppose s = (1,1,1), m; # 0 and 7m; # 1. The set of rest points
O (s) contains exactly two elements, exactly one of which is stable with respect to

the dynamics of equation (2.1).

Finally, we will provide a technical proposition that will be useful in the sequel.



2.2. ENDOGENOUS MATCHING 37

Proposition 6 Suppose m; # 0 and m; # 1. The function p(s) is continuous
at all monomorphic states and at all polymorphic states of the type s = (x,1,0)

where x € (0,1).

2.2.3 Evolutionary stability

Given that inventories are continuously at their equilibrium values, we proceed
with the evolution of the behavioural composition s. The evolutionary approach
analyses the population distribution of behaviours (decision rules, strategies) sub-
ject to specific selection dynamics. Consequently, we will allow for all permissible
behaviours on the part of agents and analyse the behaviours which will survive

the dynamic selection process.

2.2.3.1 Expected payoffs

We denote the utility of agent ¢ by u;. According to the strategies the agents
adopt, the utility of an agent of type ai is denoted by u,; and the utility of an
agent of type (3¢ is denoted by wug;. The expected payoffs to each type of player
are functions of the population composition s and the corresponding equilibrium

inventories p(s). The expected payoff of an agent of type «i is:

Uai(s) = (1 = pi1(8))aivs + (Siv2 + piga(s) — Dai — cip (2.7)
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where the first two terms indicate the expected payoff from consumption and the
last term is the cost of storing good ¢ + 1. Agents of type a:¢ will have in stock
the good i + 1 whether they trade or not.

Agents of type 7 have in stock either their production good i + 1 or the good
it + 2. Since the good held by these agents changes over time through trade, we
need to define the probability of holding the good 7+ 1 and the good i+ 2 in order
to compute the expected payoff of agent of type (i. The probability of having
i+ 1 in inventory is denoted by 7;(s). The probability of having i + 2 in inventory
is consequently equal to 1 — 7;(s). The probability of having i + 1 in stock, 7;(s)

is given by:

’7_7;(8) _ pi+2(8)a”i
Pira(8)a; + piy1(8)aiv

The expected payoff of an agent of type i holding ¢ + 1 is:

uit(s) = (1= pipa (8) (1 + iy — €is1)) i1 + (Siv2 + pipa(s) — )a; — cipr (2.8)
The expected payoff of an agent of type i holding i + 2 is:
w32 (s) = piya(s)ai(l — cipr) — (1 — pyo(8)ai)civa (2.9)

Then the expected payoff of an agent of type (7 will be:
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ugi(s) = Ti(s)u; (s) + (1 — 7i(s))uj;*(s) (2.10)

Given the payoffs to each strategy in each population, define the mean payoff

in population 7 as:

ui(s) = (1 — 8;)uai(s) + siupi(s) (2.11)

2.2.3.2 Definition of the replicator dynamics

In the evolutionary setting, there are interactions among boundedly rational
agents from each of the three populations. These agents have little or no in-
formation about the environment. In each population, we allow for all types of
behaviours on the part of agents. Evolutionary pressures select better perform-
ing behaviours in the long run. The selection dynamics governing change are in
continuous time and are regular selection dynamics. Given the payofts to each of
the two behavioral types in each of the three sub-populations, the evolution of
the behavioural composition of the population is given by the following system of
continuous-time differential equations: s; = £,(s). The function ¢ is said to yield
a monotonic selection dynamic if the following conditions are satisfied:

i. € is Lipschitz continuous

. s;,=0=¢&(s) >0and s;, =1=¢,(s) <0

&i(s)

iii. lim 8—5 exists and is finite.

5;—0 1
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iv. ugi(s) > (=) wials) = &2 > (=) 0

These conditions ensure that s; remains in [0, 1], its growth rates are defined
and continuous at all points s € [0, 1]3 and the growth of the share of 5 types
in population i is proportional to its relative payoff. Taylor and Jonker (1978)

defined a special case of the class of monotonic selection dynamics as the replicator

dynamics.

= = Blugi(s) — wi(s)) (2.12)

2.2.3.3 Asymptotic stability for the replicator dynamics

Note that all monomorphic population states are rest points of monotonic
dynamics. Asymptotically stable monomorphic rest points will now be described.
Notice that results analogous to the following two propositions have been proved
in Sethi (1999) for the case of random matching. The proof of these propositions

are provided in the Appendix (Annexe A).
Proposition 7 Suppose c¢; < co < c3.

1. If (c3 — c2) > a; — ag(1 — p3) there is an asymptotically stable rest point at

s =(0,1,0).

2. If (c3 — ) < ay — ax(1 — p3) there is an asymptotically stable rest point at

s = (1,1,0).
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The left hand side is the difference in costs from storing good 3 rather than
good 2. The right hand side is the difference in expected utility of storing good
3 rather than good 2 (with probability a;p? agents of type 1 trade meet agents
of type 3 and trade good 3 for good 1 and with probability as(1 — p3) agents of
type 1 meet agents of type 2 and trade good 2 for good 1). The first part of the
proposition requires that all players play fundamental strategies. In the second
part of the proposition agents of types 2 and 3 play fundamental strategies while
agents of type 1 speculate. For the Economy A, Kiyotaki and Wright (1989) show
that there is at most one equilibrium in pure strategies depending on the values of
storage costs and the discount rate. Either the unique equilibrium requires that
all players play fundamental strategies or that agents of types 2 and 3 play fun-
damental strategies while agents of type 1 speculate*. The proposition resembles
the results in Kiyotaki and Wright (1989) with the difference that s represents
the population composition of behaviours and the results are obtained through

the study of the evolutionary dynamics.

In Sethi (1999), the simulations are done based on the cost vector

¢ = (0.01,0.04,0.09)

4The equilibrium is s = (0,1,0) if (c3 —c2) > 38 and s = (1,1,0) if (c3 — c2) < 3%5 where
B is the discount factor and s; is the strategy of an agent of type i. For (¢35 —¢3) € [3% B, %8,
there is no equilibrium in pure strategies. Kehoe et al. (1993) show that there exists a symmetric

equilibrium in mixed strategies for this set of parameters where agents of type 1 randomize over
their two possible strategies while those of other types play fundamental strategies.
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and the replicator dynamics. At this cost vector, the population of agents con-
verge to a speculative state. Through holding ¢; and ¢, constant and raising cs,
Sethi (1999) shows that the speculative state loses stability at c¢3 = 0.18 and the
population converges to a polymorphic state where some agents of type 1 use
fundamental strategies while others speculate. At c3 = 0.21, there is a stable

fundamental state.

In this paper, the conditions of stability are expressed in terms of matching
probabilities. In order to simplify the analysis, we will suppose that agents of
type 1 and 2 will randomly choose their trading partners. Then the conditions of

stability for the first part of the proposition becomes:

2mg3 — 1 2
_l’_
2 S — 2m3

3(03 — 02) >

and the conditions of stability for the second part of the proposition becomes the

following complicated equation:

— (273 — 1) (63 — 5) + /(73 — 273 — 3673 + 873) (1 + 273)

-1
4(3 - 277'3)

3(63 — 02) <

Figure (2.1) illustrates the stability conditions for the fundamental and spec-

ulative states. On the x-axis we represent 73 and on the y-axis we represent
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1.57

Figure 2.1: The first and second condition of stability in terms of 73

(c3 — ¢3). The dashed curve illustrates the points for which we have the equality
of the right hand side and the left hand side of the above first inequality. Above
the dashed curve the fundamental state is stable. The graphical analysis shows
that based on the same cost vector, up to m3 = 0.21, the fundamental state is
stable (the intersection of the dashed curve and the solid horizontal line repre-
senting 3(c3 — ¢2) in Figure (2.1)). The solid curve represents the points for which
the right hand side and the left hand side are equal in the above second inequal-
ity. Below the solid line the speculative state is stable. The graphical analysis
shows that beyond 73 = 0.38, the speculative equilibrium is stable based on the
same cost vector (the intersection of the solid curve and the solid horizontal line

representing 3(c3 — c2) in Figure (2.1)).
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Proposition 8 Suppose ¢; < ¢y < c3.
If ay —ag(1—p3) < (c3—c) < ay —ag(1— p2) there is an asymptotically stable

rest point at s = (x,1,0) where z € (0,1).

When we suppose that the agents of type 1 and 2 will randomly choose their

trading partners, the previous condition of stability becomes:

— (273 — 1) (673 — 5) + /(73 — 273 — 3672 + 873) (1 + 273)
4(3 — 2ms3)
oy — 1 2
2 + D — T3

< 3(63 — CQ) <

In order to visualise this function, we can use the same graph we used for the
stability of the fundamental and speculative states (Figure 2.1) since the right
and left hand sides turn out to be the same equations as the previous equations
for the stability of the fundamental and speculative states. In the area between
the dashed curve and the solid curve the polymorphic state is stable. We can
also conclude that when 73 varies between 0.21 and 0.38, the polymorphic state

is stable for the cost vector in consideration.

2.3 Disequilibrium dynamics

In the previous section, given various initial distributions of strategies, the

rest points of inventory dynamics are determined. Then the robustness of these
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distributions of strategies is checked. The assumption that the inventory distri-
bution is continuously at its temporary equilibrium value implies that the effect
of changes in the inventory distribution in response to disequilibrium is neglected.
In this section, the population shares change according to trade and evolutionary
selection affecting the process at different rates. Thus the inventories are allowed

to be in disequilibrium. The dynamics are studied with 7; = 0.5 for all 7+ = 1, 2, 3.

2.3.1 The model

The description of the previous section will be used. In order to analyse this
model from an evolutionary point of view, we consider that the agents may change
their strategies. The total population of agents in a group can be characterised
according to two criteria: the strategy they adopt (either o or () and the good
they have in stock (either i + 1 or i 4+ 2). Consequently, each group is composed
of four categories. We denote the proportion of agents of type ai having in stock
their production good i+ 1 by e; and the proportion of agents of type ai having in
stock the good 7+ 2 by f;. The share of agents of type ¢ holding ¢ + 1 is denoted
by g; and the share of agents of type (57 holding ¢ + 2 by h;. The player types,

their inventory holdings and population shares are represented in Table 3.

Table 3 Agent types, inventory holdings and population shares
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Type | Inventory holding | Population shares among 7 types
i 1+ 1 e;
at 142 Ji
I54) 1+1 9i
Bi i+ 2 hi

Remark 9 The fact that there are agents of type ai having in stock the good
1+ 2 is technically necessary since as we allow agents of type agents of type (1
holding i + 2 changing their strategy and if it is better performing adopting the

other strategy.

Given the previous definition of population shares, the population of agents
can be represented by the matrix r = (01, 09,03) where o1, 05 and o3 are the
row vectors o1 = (e1, f1,91), 02 = (€2, f2,92) and o3 = (es, f3,93). We define the
utility of agent i according to the group they belong (for example the utility of
an agent of type «ai holding in stock the good i + 1 will be denoted by u,,(r)).

Consequently there will be four utility functions for each group.

The expected payoff to an agent of type ai holding the good i + 1 is:

1 1
Ue, (1) = g(fiﬂ +hip1) + ggi+2 — Cit1 (2.13)

The expected payoff to an agent of type ai holding the good i + 2 is:
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1 1
ug,(r) = §(€i+2 + giv2) (1 —cip1) — (1 — §(€i+2 + itr2))Cit2 (2.14)

The expected payoff to an agent of type (i holding the good 7 + 1 is:

1 1 1 1
g, (1) = g(fm +hit1)+ §(€i+2 +giv2) — 5 (€ix1+Giv1)cira—(1— 3 (€it14git1))Cit

3
(2.15)
The expected payoff of an agent of type i holding the good i + 2 is:
1 1
up, (1) = §(€i+2 + giv2)(1 = cip1) — (1 — §(€i+2 + gi+2))Civa (2.16)

2.3.2 FEvolution and trade

The change in population composition results from the change in stocks due
to trade and from the change in strategies which is due to the evolutionary mech-
anism. We denote the change due to trade by A and the change due to the
evolutionary mechanism by A", These changes do not occur at the same rate.
In this paper, it is supposed that agents have a chance to trade more often than
they have a chance to revise their strategies. Accordingly, the rate at which the

agents trade, vy is greater than the rate at which the agents revise their strategies,
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vy (v1 > vy). Without loss of generality, let vo = 1 and v; = v > 1.

The change in ¢; is given by the following equation:

€; = vAe 4+ AT (2.17)

Agents of type ai having in stock their production good 7 + 1 do not affect
the inventory distribution when they trade as they accept only their consumption
good whenever they trade. On the other hand, agents of type o having in stock
the good i+2 matched with agents of type a(i+2) and £(i+2) having in stock the
good ¢ will increase the share e; and consequently decrease the share f;. Notice

that Afrade — —_ Atrade,

3A'Z“de = fi(€ita + git2) (2.18)

The evolutionary dynamics modelled in this section is replication by imita-
tion. In the previous section the replicator dynamics allowed replication by way
of biological reproduction where each agent reproduces according to his relative
fitness measured in terms of the payoff for his strategy and each offspring inherits
his single parent’s strategy. In case of replication by imitation, agents live forever
but review their pure strategies. Each reviewing agent samples another agent at

random from his player population.

In this model, the distribution of agents in each population does not exactly
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represent the distribution of strategies since the differences of stocks are taken into
account. Each reviewing agent is supposed to meet at random an agent from his
population and imitate the strategy of the agent he meets if it is better performing.
The contribution of our model rises from the fact that the performance of the
strategies depends also on the inventory holdings of the agents. If an agent of
type ai having in stock 7 + 1 meets an agent of type ¢ having in stock ¢ + 2 and
finds out that the strategy [ performs better, he will imitate this agent and adopt
the strategy [ but in return he will not become part of agents Ji having in stock
1 + 2. The imitation will not affect the share h;.

As a result we have to define four categories and write the dynamics due to

imitation in these categories.

A | ug(r) > ug,(r) and up, (1) > u, (1)

B | uy, (1) > ug,(r) and up, (1) < e, (1)

C | ug(r) < ug,(r) and up, (1) > ue,(r)

D | uy,(r) < ug,(r) and up, (r) < e, ()

Note two following points.

L. up, () > e, (r) whenever uy, (r) > ug, (7).

— L(fiv1thiv1—eir2)
1—3(eit2+gi+2)

up, (1) > e, (1) < —(Cit2 — Cit1)

2 (fiy1t+hiv1)
1—%(ei2+giteteir1+git1)

ug, (1) > ug,(r) = —(ciy2 — ciy1) >

wp, (1) > e, (1) whenever uy, () > ugy,(r) since we have
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L (fix1thivi—eiy2) L(fixrthiz1)
1—3(eiv2+gita) 1—3(eiv2tgitateiri+git1)

Consequently it is impossible to be in the B region.

2. up(r) < ug(r) and up,(r) > e, ().

L (fix1+hiv1)
1- % (eir2+gito2teir1+git1)

ufi(r) < ugi(r> — _(Ci+2 - Ci+1) <

L(fir1thiv1—€is2)
1—%(eir2+git2)

Up, (7”) > U, (7") < < _(Ci+2 — Ci—i—l)

1 1

5 (fir1t+hit1) 3 (fix1thiti—eit2) .

Denote by £* il and by £, 2 . We can rewrite
y 13 (eit2tgitateiri+git1) Y P 1—3(eiv2tgita)

the categories as functions of the costs.

C | ke < —ki <k

Remark 10 Notice that the conditions differ from the previous results since an
agent of type ai compare the performance of his strategy with the performance of
the strategy of an agent of type (i either having in stock the good i+ 1 or the good
1+ 2 and he does not compare the performance of his strategy with the mean of

the performance of the strategy of an agent of type [i.

The dynamics of replication by imitation for e; is given by the following equa-

tion:
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p

figi(us(r) = ug (r)) = eihi(un, (1) — ue,(r)) A

SO = 2eigi(ue, (1) —ug, (r))+ —e;hi(un, (1) — e, (1)) C
0 D
\ (2.19)

The change in f; is given by the following equation:

fi = A 4 A (2.20)

Notice again that A7 = —Afade,

3A?;ade = —fi(€iy2 + giv2) (2.21)

The dynamics of replication by imitation for f; is given by the following equa-

tion:
( 0 A
SO = 2 fihi(ug, (r) —up, (1)) +14 — figi(ug, (r) — g, (1)) C
eihi(ue, (r) — un, (1)) — figi(ug, (r) — us,(r)) D

\

(2.22)

The change in g; is given by the following equation:
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gi = vAIde 4 A (2.23)

Agents of type i holding their production good i + 1 can decrease the share
gi, consequently increase the share h; in their population if they exchange i + 1
for ¢ + 2. This happens if an agent of type §i holding i + 1 and an agent (i + 1)
holding i + 2 are selected (with probability $g;(e;1 + gi1)). If agents of type Bi
holding their production good ¢ + 1 exchange i + 1 for ¢ + 2, they decrease the

share g; and consequently increase the share h;.

On the other hand, agents of type (¢ holding the good ¢ + 2 can increase
the share g; and consequently decrease the share h; in their population if they
exchange 7 + 2 for ¢ + 1. This happens if an agent of type i holding ¢ + 2 and an
agent ((i + 2) holding i are selected (with probability $h;(e;2 + git2)). Notice

trade _ __ Atrade
that Alrade — _ Atrode,

The resulting dynamics is given by the following equation:

BAG Y = hi(eiva + giva) — gileir1 + gitn) (2.24)

The dynamics of replication by imitation for g; is given by the following equa-

tion:



2.3. DISEQUILIBRIUM DYNAMICS 93

BAI = 9e,g, (g, (r) e, (1) + eifi(un, (1) = e, (1)) ¢
0 D
x (2.25)

The change in h; is given by the following equation:

hi — UAz;ade + Azrzmt (226)
Notice again that Alrede — —Afrade,
3A’I:z7;ade = —hi(eiy2 + gir2) + gi(€ir1 + giv1) (2.27)

The dynamics of replication by imitation for h; is given by the following equa-

tion:
' 0 A
BAM = 2 fihi(up, (r)—uy,(r))+ Figi(ug, (r) — g (r)) C
| eihi(un,(r) = ue (r)) + figi(ug (r) — ug,(r)) D

(2.28)
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2.3.3 The stability conditions

The fundamental and speculative states are rest points of the dynamics given
by equations 2.17-2.28. At this point, we will study the stability of these states. In
order to determine the conditions under which they are stable, the dynamic system
is linearised around these states and the Jacobian is computed, the eigenvalues of
the Jacobian are defined as explicit functions of the parameters. The stability of
the system requires all the eigenvalues of the Jacobian to have negative real parts.
According to this criteria the stability conditions are expressed as a function of

the difference of the costs of the goods and the velocity parameter.

2.3.3.1 The fundamental state

First, we will analyse the conditions under which the fundamental state is sta-
ble. The fundamental state is represented by the population state o1 = (1,0, 0) for
the agents of type 1, o5 = (0,0,0.5) for the agents of type 2 and o3 = (1,0,0) for
the agents of type 3. The conditions for the evolutionary dynamics are computed

for this population state.

A —k‘1>% —ky >0 —k3 >0
Cl—1<-ki<z|-3<-k<0]|0<—k3<0
—]{71<—i —k2<—% —k3 <0

Note that only A is satisfied for the agents of type 2, and only D is satisfied
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for the agents of type 3. For the agents of type 1, C' and D are satisfied.

As a result, there are two cases to analyse:

1. k’1<

=

2. k>

> =

We obtain the following proposition. The proof is provided in the Appendix

(Annexe A).

—8k2+18k1—

Proposition 11 Suppose ¢; < co < c3. If v > 3 (31 9) 2 the fundamental state

1s asymptotically stable.

Figure (2.2) illustrates the stability conditions for the fundamental state. The
x-axis is used for the difference of the costs of the good 3 and good 2 k; and the
y-axis is used for the speed parameter v. The dashed curve illustrates the points
for which we have the equality of the right hand side and the left hand side of the
above first inequality. To the right of the dashed curve the fundamental state is
stable. The fundamental state is stable when the difference between the costs of
the two goods is higher for lower values of the velocity parameter i.e. when people

interact in order to review their strategies as much as they trade.

2.3.3.2 The speculative state

Second, we will analyse the conditions under which the speculative state is sta-

ble. The speculative state is represented by the population state o1 = (0,0, /2/2)
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for the agents of type 1, o = (0,0, v/2—1) for the agents of type 2 and o5 = (1,0,0)
for the agents of type 3. The conditions for the evolutionary dynamics are com-

puted for this population state.

A —ky > 12 —ky > 0 —ky > 512
Cl -2l k<52 |0< —ky<0| 352 <y <252
D -k < —\/52_1 —ky <0 —kg < 37121/5

Note that only A is satisfied for the agents of type 2, and only D is satisfied
for the agents of type 3. For the agents of type 1, C' and D are satisfied.

As a result, there are two cases to analyse:

1. k‘1<%

V2-1

2. k> L2

We obtain the following proposition. The proof is provided in the Appendix

(Annexe A).

2(=5+4v2) (k1 —1-v2) (k1 +4—V2)
21(5v/2—4—4k1 (2—V/2))

Proposition 12 Suppose ¢c; < co < c3. If v < the

speculative state is asymptotically stable.

Figure (2.2) illustrates the stability conditions for the speculative state. The
x-axis is used for k; and the y-axis is used for v. The solid curve depicts the points

for which we have the equality of the right hand side and the left hand side of
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Figure 2.2: The stability of the fundamental and speculative states

the above inequality. To the left of the solid curve the speculative state is stable.
The speculative state is stable when the difference between the costs of the two
goods is lower for higher values of the velocity parameter i.e. when people interact
in order to review their strategies more frequently than they trade or when the
difference between the costs of the two goods is higher for lower values of the
velocity parameter i.e. when people interact in order to review their strategies as

frequently as they trade.

Remark 13 In the Figure (2.2) as the velocity increases, the curves become
steeper and for high values of the velocity, the stability of both states will be de-
termined by the difference of the costs of the goods. Notice that there is a region

where the parameter combinations allow for both states to be stable.
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2.4  Conclusion

The standard search theoretic models of the emergence of money assumes
random bilateral encounters between a large number of agents. The evolutionary
extensions of these models retain the random matching assumption. The first
objective of this paper was to explore a version of the commodity money model
in Kiyotaki and Wright (1989) with the addition of matching probabilities and
to study the implications of endogenising the matching process. The addition of
the matching probabilities adds asymetries to the model. The fundamental state
in Kiyotaki and Wright (1989) in which every exchange involves either agents
trading for their consumption goods or trading a higher storage cost good for a
lower storage cost good, the speculative state requiring some individuals to trade
their production good for one with a higher storage cost can be stable under this
set up. Their stability is a function of the difference of the costs of the goods and

the matching probabilities.

The second objective was to analyse the disequilibrium dynamics, when the
inventory distribution is not expected to be continuously at its temporary equi-
librium value. We found the conditions for the stability of the fundamental and
speculative states. We used different evolutionary dynamics and defined the range
of the parameters where the fundamental and speculative states are stable. The
findings are not in accordance with the earlier results in the literature. For in-

stance, for the same range of parameter values as in Sethi (1999), the disequilib-
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rium dynamics defined in this paper, result in instability.
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CHAPITRE 3

L’OPPORTUNISME ET L’EVOLUTION DE LA

COMPETITION ELECTORALE

Abstract

This paper is an attempt to endogenise the party membership decisions of
opportunist politicians in different political systems. We study a two-party, uni-
dimensional model of political competition with two types of politicians: The office
oriented politicians, referred to as “opportunists”, care only about the spoils of
the office. The policy oriented politicians, referred to as “militants” have ideolog-
ical preferences on the policy space. We consider that opportunist politicians are,
as time goes, more likely to register in a winning party. We compare a winner-
take-all system, where all the spoils go to the winner, to a proportional system,
where the spoils of office are split among the two parties proportionally to their
share of the vote. We study the existence of short term political equilibria and
then within an evolutionary setup the stability of policies and party membership
decisions of opportunist candidates.
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3.1 Introduction

In this paper we present a model of representative democracy with endogenous
membership decisions of opportunist politicians. The citizens choose the govern-
ment in the elections which in turn chooses the policy to be implemented. The
parties compete by offering policies and make credible commitments to implement
these policies in case they are elected. The preferences of voters and the political
competition together determine the collective outcome and the membership de-
cisions of opportunist politicians are driven by the prospects of being elected. A
main feature of political parties is that they are composed of factions who differ in
their political motivations: one faction is an office seeker while the other faction
cares about the ideological platform of the party. The former will be referred to
as the opportunist faction and the latter will be referred to as the militant faction
following Roemer (1999). The previous formal analysis about political competi-
tion suppose that there are opportunist politicians in each party competing in the
elections but we need to answer why the opportunist politicians who care only
about the prospects of winning the elections and holding an office choose to be in
one party rather than the other or whether there should be opportunist politicians
in each party. This paper attempts to answer these questions by introducing an
evolutionary setup. While the membership decisions of opportunist politicians is
analysed within an evolutionary setup, the political outcome is identically to pre-

vious formal analysis given by the equilibrium of the simultaneous move electoral
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competition.

3.1.1 Related literature

The political interpretation of spatial models of competition dates back to
the famous discussion of duopolists by Hotelling (1929). Hotelling formulated
the tendency of competitors to be exactly alike under the principle of minimum
differentiation and suggested that this principle can be applied to a wide range of
social phenomena including the political competition referring to the ideological
similarities between the Republican and the Democratic platforms in the elections
of 1928. This intuition was later formulated under the median voter theorem by

Black (1948) in the case voters were characterised by single peaked preferences.

Downs (1957) extended the spatial model of competition to representative
democracy where two candidates competed by offering policies from a unidimen-
sional policy space conceptualised either as a space of effort levels or as an ideolog-
ical dimension. Under the Downsian approach the political parties are considered
to be organised for the purpose of winning the elections, therefore the policy mak-
ers are supposed to shape their policy proposals in order to please the majority. In
this sense the competitors are identical in all respects and the common equilibrium

policy proposal is found at the preferred policy of the median citizen.

Along with this oversimplified view of the politicians as vote maximisers, there

has been a long tradition from Michels (1915) to Lipset (1959) in which parties
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are ideological and they have policy preferences. This idea has later been for-
malised by Wittman (1983), Calvert (1985) and Hansson and Stuart (1984) who
characterised parties as institutions that represent contesting interest groups in
the society. Thus the competing candidates become differentiated as each repre-
sents an interest group in the society and seeks publicity for a different ideological
platform. The politicians are supposed to have preferences over the policy space
and to propose policies accordingly with the essential feature that parties and

their ideologies are exogenously given.

These two approaches have been combined by Roemer (1999) who concep-
tualised parties as consisting of an opportunist faction, a militant faction and a
reformist faction. Opportunists are those who wish to maximise the probability of
victory, and militants are those who want to maximise the utility of the citizen the
party is representing. On the other hand, the reformists maximise the expected
utility of its constituents. The opportunists belong to Downs’s (1957) conception

of politics and the militants to Wittman’s (1983) conception of politics.

3.1.2  Results of the present paper

This paper adopts the previous approach in order to endogenise the member-
ship decisions of opportunist politicians. The opportunist politicians are allowed
to review their membership decisions in the pre-election period according to evo-

lutionary dynamics. Unlike Roemer (1999) which adopted the decision rule, the
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party-unanimity Nash equilibrium (PUNE) which consists of policies which are
Nash in the following sense: in neither party can the (internal) factions agree
on a deviation from the proposed policy, given the other party’s policy proposal
and where each faction in the party has veto power over the policy proposals,
the internal decision mechanism is taken to be a weighted average of proposals of
different factions!. There are two kinds of states of the opportunist population:
the pure states where all the opportunists are in one party or the other and the

mixed states where the opportunists are distributed in both parties.

We analyse the behaviour of the opportunist politicians according to two po-
litical systems: the proportional system and the winner-take-all system. The pure
states are rest points of evolutionary dynamics in both systems. In the winner-
take-all system, there is only one mixed state as a rest point of the dynamics. In
the proportional system, there may be one or more mixed states as rest points
of the dynamics depending on the distribution of voters and the distribution of
politicians, there may also be none. In the winner-take-all system, only the pure
states are stable according to the evolutionary dynamics regardless of the distri-
bution of the voters. The mixed state is not stable. In the proportional system,
the stability of the pure and mixed states depend on the distribution of voters
and the distribution of politicians. Only in this case can there be mixed stable

states.

'In Roemer (1999), it has been also shown that when each party works out a method of inner-
party bargaining, the policy proposal that they reach as a consequence of inner-party bargaining
is a PUNE since at that proposal, no parties’ factions would agree to deviate to another policy.
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3.1.3  An outline of the model

We consider the following electoral cycle:

1. At the beginning of the cycle, the opportunist candidates review their mem-
bership decisions to the political parties, party L and party R, for the fol-
lowing elections. The standard approach is to assume that the rational and
optimising politicians can collectively locate the equilibrium of the model
and then to compute the equilibria of the two stage game where the oppor-
tunists review their membership decisions at the first stage and the parties
make their policy proposals at the second stage?. This approach will not
provide any insight about the evolution of the behaviour of opportunist can-
didates from any initial state. As we attempt to study the disequilibrium
dynamics, we will suppose that initially there are opportunist politicians
in each party. The proportion of candidates in each party will then evolve
based upon random encounters with the other opportunists candidates and
the adoption of better performing behaviours in the political economic envi-
ronment considered. The militants by definition are not supposed to review

their membership decisions.

2. Given the party membership profiles each party announces the party plat-
form which is obtained by the aggregation of the policy proposals of the

factions. The aggregation rule is the weighted average of the policy propos-

2The formal results are provided in the Appendix (Annexe B).
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als of each faction. The influence of each faction is proportional to its weight
in the party. The proposal of the militant faction is given exogenously. The
proposal of the opportunist faction is obtained through the maximisation of
their utilities given the policy proposal of the competing party. However,
the opportunists are supposed to be subject to a certain constraint in their
decision making processes. The opportunist faction of the party L (R) can
not propose a platform greater (less) than the platform of the party R (L).
For instance, if the opportunist faction of the party L propose a platform
greater than the platform of the party R, they will lose their credibility
as politicians and there would be some (unmodelled) electoral punishments

inflicted in the future.

3. The political outcome is determined by the elections. We consider two
political systems differing in the way that votes are translated into seats in
an assembly: the proportional system and the winner-take-all system. These
two systems differ by the rewards that accrue to vote shares. In the winner-
take-all system, all the spoils of office go to the winner. In the proportional
system, the spoils of office are split among the candidates proportionally
to their share of the vote. The spoils of office represent the benefits for a
party of being able to implement its policy, and the rents from power. The
utilities of the opportunist candidates are defined following the political

system considered.
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3.1.4  An outline of the paper

The paper is organised as follows. In the next section the political economic
environment is formulated. Section 3 describes the aggregation of policy proposals
of different factions within each party. Section 4 introduces the evolutionary
process used to analyse the behaviour of opportunist politicians and gives the
stability results concerning the evolutionary dynamics. Section 5 concludes with

a discussion of the results.

3.2 The model

3.2.1 The voters

A society has to decide collectively on a policy t such as a redistributive
income tax levied by the government in order to finance a public good that is
equally valued by all citizens. The policy space is the unit interval. Each citizen
evaluates the policies according to their utility and uses the only one vote he has
for the policy he likes best. Each voter has well-defined single-peaked political
preferences given by an ideological position. The voters are distributed according
to their ideal policies on the unit interval by a cumulative distribution function
F, so that F'(t) = Pr(T <t) where T is a random variable describing the voters’

ideal policies. The average ideal policy is

7= / tdF(t) (3.1)
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and the median voter is given by

1
t* — F_l(_

5) (3-2)

The utility for a voter of a given policy t is given by minus the square of his
actual distance with the policy. Then, the utility of a voter whose ideal policy is

t; is given by the following equation:

u(t) = —(t —t:)’ (3.3)

This utility definition implies that all voters will prefer the policy which is

closer to their ideal policy.

3.2.2 The parties

We consider a representative democracy where the citizens choose the govern-
ment which in turn chooses the policy to be implemented. There are two political
parties: party L and party R. These parties compete by offering the policies ¢y,
and tz. They make a credible commitment to implement these policies when they
are elected. The citizens vote for the candidates according to these proposals.
Thus they indirectly choose the policy. In other words, the voters’ preferences

and the parties’ proposals together determine the policy to be implemented.

A majority (or Condorcet) winning tax policy is the policy t° that is preferred
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by some majority of individuals to any other policy ¢ € [0, 1]. In this setting, we
define by 7(ty,tr) the probability that the party L wins when party L propose t,
and party R propose tg. Consequently, the probability that party R wins will be
1 —m(tr,tr). If the majority of the population prefers t;, to tg then 7(tr,tg) = 1.
If the majority of the population prefers ¢t to t; then m(ty,tr) = 0. If the same
number of people vote for t;, and tg, we have 7(t,tg) = %; in this case each party

is elected with probability %

Since the preferences of the voters are single-peaked, the majority of the votes
will depend on the preferences of the median voter. Thus, the probability that
the party L wins when party L proposes t;, and party R proposes tg is given by

the following equation:

1oif bdte > g

W(tL,tR) = if tpttr t* (34)

N =

0 if Ltir ~ ¢*

FEach party consists of two competing factions, the ‘militants’ and the ‘oppor-
tunists’. The opportunists care only about wining the elections and coming to
office. Consequently, they are only willing to maximise the probability of their
party’s victory. On the other hand, the militants have no interest in winning
the elections. They care about the party’s ideal policy. They always propose the

party’s ideal point. Since the members of the factions have divergent interests, the
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policy proposals of each party is based on the weighted average of the proposals
of the factions. The electoral platforms are determined according to the aggre-
gation rule of the parties and the strategic behaviour of the opportunist faction.
More specifically, the opportunist faction maximises its expected utility and gives
a policy proposal accordingly. The party platform is chosen by the aggregation of

the preferences of the members.

3.3 The policy proposals with given party membership

Political parties can choose among the same set of feasible policies. The
electoral competition can be represented in a game theoretical way. The decision
within the parties for a policy proposal is based on a weighted average of the policy
proposals. The weight is determined by the proportion of the members of each
faction in the party. The proportion of militants in party ¢ is «; where i = L, R.
We denote by tf the policy proposals of the militants and the opportunists in
party ¢ where j will stand for O, M. We suppose that the policy of the party 7 is
as follows:

The militants derive utility from belonging to their preferred party and ex-
pressing its ideology. They do not derive utility from the party platform or the
final outcome. Consequently, the militant members propose always the party

ideology. The ideology of the party L and the party R are 0 and 1 respectively.
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When we define the utility of the opportunist politicians we have to consider
the political systems since the opportunist politicians are seeking for the benefits
from implementing their policies and the rents from power. We consider two
political systems: the proportional system and the winner-take-all system. In the
former, the rewards that accrue to votes are split proportionally to the share of
votes of each party and the utility of an opportunist candidate is the share of the
votes per candidate. In the latter the winning party has all the benefits and the
utility of an opportunist candidate is the probability of winning divided by the
number of candidates. This captures the idea that the benefits from the elections
have to be equally shared by all the politicians or the politicians have and equal

opportunity to get the benefits.

The party L opportunists maximise (7, tg) or F(*£2) per candidate de-
pending on the political system subject to the constraint Y < tz. As the op-
portunists want to win the elections in order to hold office, they have after elec-
tion considerations as it has been mentioned earlier. In case they violate this
constraint, they will lose their credibility as politicians and lose the elections.

Consequently, they will propose the highest possible value, namely

19 = tp. (3.6)

The party R opportunists maximise 1 — 7 (ty,tg) or 1 — F (H%tﬂ) per candidate

depending on the political system subject to the constraint t9 > ¢, by the same
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reason as before. Consequently, they will propose the smallest possible value,

namely

t9 =tr. (3.7)

Solving for t¢ = tz and t9 = t; in equations (3.5) will result in a Nash

equilibrium of the game which is a pair of policies (¢}, %) such that:

N (1 —OéL)OéR
R e s T (38)
N R (3.9)

tR:1—u—agu—a@

In order to analyse the probability of victory, we calculate the midpoint of the

tV eV

pair of the policies ¢V = 5

N ar(2—ag)
S0 an( —an) (3.10

Notice 0 < tV < 1.

3.3.1 The membership decisions

The electoral cycle is as follows. At the beginning of the electoral cycle, the
politicians review their membership decisions for the following elections. The
political parties choose their policies given the new membership profiles. The

parties announce their policy proposals simultaneously. The citizens vote for
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the proposals according to their preferences. Then one of the policy proposals,
receiving the most votes is chosen in the election. The winning party comes to
power and implements the policy. In the event of ties, a fair coin decides which

party wins the election.

By definition, the militants do not update their membership decisions since
they are supposed to derive satisfaction only by being a member of their party and
struggling for the ideology of the party. On the other hand, the opportunists are
supposed to update their membership decisions between the elections. We allow
the opportunist candidates to have two alternatives. They can either choose party

L or party R between the elections.

Consequently, the set of politicians has three subsets: the militants of party
L, the militants of party R and the opportunists. We denote by [ the number of
militants in party L and by r the number of militants in party R. The number
of the opportunists in the total politician population is n. The proportion of
opportunists in party L is denoted by s. Thus, the proportion of opportunists in
party R is denoted by 1 — s. The number of opportunists in party L is ns. The
number of opportunists in party R is n(1 — s). Without loss of generality, we
normalise the number of politicians to unity (I 4+ r +n = 1). We can express the

previous values and results in terms of the new parameters as follows.

The proportion of militants in party L as a function of the share of the op-
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portunists in party L is:

ap(s) = l—i—lns (3.11)

The proportion of militants in party R as a function of the share of the op-

portunists in party L is:

r

ag(s) =

Consequently, the average of the equilibrium pair of policies is given by the

following equation:

2nsr + Ir

t(s) = 2(lr + n(l(1 — s) + sr))

(3.13)

Remark 14 Notice that t" (0) = Tand 3 <tN(1) = 2L < 1. The first

(r—|—n) — 2 2(l+n)
. . . ot (s nri(r+2n+l
and second derivatives of tV (s) with respect to s are ta S( ) — 20" +n((z(ﬁs)trlr))2 >0
PtV (s) _ nPr(l=r)l(r+2n+l) PtV (s) _ n?r(l—r)l(r+2n+l)
and 5= = Grmaesren)? = 0 W1 27 and 5= = aona gy =0

if | < r so that we have the graph (3.1) for t"(s) when | > r and s € [0,1].

Notice also that t™(s) has its minimal value ) when s = 0 i.e. when all the

r+n

2n+1

507 when s =1 i.e.

opportunists are in party R and t" (s) has its mazimal value

when all the opportunists are in party L.

Remark 15 In the winner-take-all system, there will be always one winner and

one loser in the elections.
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(2n+1)/(2n+21)

172

r/(2r+2n)

S*

Figure 3.1: The average of the equilibrium pair of policies

3.4 The evolutionary stability

3.4.1 The replicator dynamics

The rationalistic approach to game theory assumes that players are perfectly
rational, the game is played once and the game and the equilibrium are common
knowledge. On the other hand, the evolutionary approach assumes that boundedly
rational players who are randomly drawn from large populations and who have
little or no information about the game, play the game repeatedly. Thus, the
evolutionary approach allows us to analyse a game theoretic situation when we
relax the perfect information and unbounded rationality assumptions. The main
difference between these approaches is that the rationalistic approach analyses
the individual behaviour while the evolutionary approach analyses the population

distribution of behaviours (strategies). The analysis of population dynamics is
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done by two processes: the selection process favoring better performing strategies

and the mutation process introducing varieties.

In this article, we analyse the distribution of behaviours of opportunist politi-
cians. They have two alternatives: being a candidate of party L or being a candi-
date of party R. The utility of being a candidate of the party L is ur(tL(s), tr(s)).
The utility of being a candidate of the party R is given by ug(tr(s),tr(s)). The

average utility of the opportunist candidates is u(tz(s),tr($)).

u(tr(s),tr(s)) = sur(tr(s),tr(s)) + (1 — s)ugr(tL(s), tr(s)) (3.14)

The selection process determines how population shares corresponding to dif-
ferent pure strategies evolve over time. This process is based on the survival of
the fittest. In other words, the share of the population playing relatively better
performing strategies increases. The selection dynamics governing change are in
continuous time and are regular selection dynamics®. Taylor and Jonker (1978)

defined a special case of the class of monotonic selection dynamics as the replicator

3The evolution of the composition of the population is given by a system of continuous-time
differential equations: s = £(s). The function £ is said to yield a monotonic selection dynamic
if the following conditions are satisfied:

i. & is Lipschitz continuous

ii.s=0=¢&(s)=20and s=1=¢&(s) <0

iii. lim%il exists and is finite.

s—

iv. un(tr(s),tr(s)) > (=) ur(tL(s),tr(s)) = %ﬁl > (=)0

These conditions ensure that s remains in [0, 1], its growth rates are defined and continuous
at all points s € [0,1] and the growth of the share of the opportunists is proportional to its
relative payoff.
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dynamics which provides an explicit model of a selection process.

5= (ur(to(s),tr(s)) —ulte(s) tr(s)))s (3.15)

It is clear that better performing strategies have a higher growth rate which
does not necessarily imply that the average payoff grows. The reason is that even
if a player is replaced by a player playing a better performing strategy, this new

distribution of players may reduce the payoffs of some other players.

3.4.2 The evolutionary stability

The replicator dynamics describes how the population shares of candidates
playing different strategies change over time. The next step will be to determine
the rest points of the replicator dynamics and analyse their stability under the
assumption that the parties continuously play their instantaneous equilibrium
strategies. The utilities of the opportunist candidates are defined following the
political system considered. There are two political systems differing in the way
that votes are translated into seats in an assembly: the proportional system and

the winner-take-all system.

3.4.2.1 The proportional system

In the proportional system, the rents from power are split among the can-

didates proportionally to their share of the vote. Each party gets seats in the
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parliament equal to its vote share. The utility of an opportunist candidate is the
share of the votes per candidate of his party.
Formally, the utility of an opportunist candidate of the party L is uz(t1(s),tr(s))

_ 1 F(tL(s) + tr(s)
[+ ns 2

ur(tr(s), tr(s)) ) (3.16)

and the utility of an opportunist candidate of the party R is given by ug(t.(s), tr(s)).

tr(s) +tr(s)

ur(tr(s), tr(s)) 1= F——5—7) (3.17)

:T+n(1—s)

As we study the rest points of the replicator dynamics when the parties play
their equilibrium strategies, the replicator dynamics will be given by the following

equation:

F(tY(s)) 1-F(t"(s))
[+ ns r+n(l—s)

i=(

)s(1—s) (3.18)

The replicator dynamics has the trivial rest points at s = 0 and s = 1. The

other rest points of the replicator dynamics are given by the following equation:

F(tN(s)) =1+ ns (3.19)

which is the case where the number of votes of the party L is equal to the share

of left party candidates in total candidate population.

Proposition 16 In the proportional system the state where all opportunists are
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in party L (s = 1) is stable if F(tV (1)) > 1+ n. The state where all opportunists

are in party R (s = 0) is stable if F(tV(0)) <.

The proof is provided in the Appendix (Annexe B).

Example 17 The distribution of voters is given by F(x) = x. This is the case

where the population is distributed uniformly along the unit line.

The nontrivial rest points of the replicator dynamics are given by the following

condition:

N B 2nsr 4 Ir B
FOG) = smraaa—s sy T (3:20)

When the number of militants of party L and R are equal (I = ), this equation
has the solution s = % with no additional assumptions about the weight of the
opportunists in the candidate population. The right hand side and the left hand
side of the equation (3.20) have been depicted by the graph (3.2) for the case
n = 0.3. The right hand side is depicted by the dashed line and the left hand side
is depicted by the solid line. We have F(t¥(0)) < I. In this case, since all the
opportunist candidates are in party R and the utility of being a candidate of party
L is less than the utility of being a candidate of party R, s = 0 is stable. Notice
that F(tV(1)) > | +n. As all the opportunists are in party L and the utility of

being a candidate of party L is greater than the utility of being a candidate of

1

party R, s = 1 is stable. From the previous results, we conclude that s = 5 is not

stable.
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When the number of militants of the party L and R are different (I # r), the
equation (3.20) has at most two solutions. We have also the constraint s € [0, 1]
and the condition 7+ < 1 to be satisfied. F'(tV(0)) < [ ifand only if r < 21 (1 — I).
In this case, since all the opportunist candidates are in party R and the utility
of being a candidate of party L is less than the utility of being a candidate of
party R, s = 0 is stable. We have F'(t"(1)) > [ +n under [ < 2r(1 —r). As all
the opportunists are in party L and the utility of being a candidate of party L is
greater than the utility of being a candidate of party R, s = 1 is stable. Notice
that if we satisfy both conditions there will be only one solution to the equation
(3.20) since the distribution function is always increasing in the interval [0, 1] and
this solution will not be stable. The case where s = 0 is the only stable stable
ie. F(tN(0)) <land F(tV(1)) <l+n (orr <20(1—=1) and [ > 2r(1 —r)) there
will be no solution to the equation (3.20). The only stable outcome is the case
where all the opportunists are in party . The case where only s = 1 is stable i.e.
F(N(0)) >l and F(tV(1)) >l+n (orr > 21(1 —1) and | < 2r(1 —r)) there will
be no solution to the equation (3.20). The only stable outcome is the case where

all the opportunists are in party L.

Example 18 The distribution of voters is given by F(x) = x(2 — ). This is the

case where the population is distributed nonuniformly along the unit line.

Then the nontrivial rest points of the replicator dynamics are given by the
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Figure 3.2: Uniform distribution of voters

following condition:

2nsr + Ir (2- 2nsr +Ir
(Ir +n(l(1 = s) + sr)) 2(lr +n(l(1—s)+sr))

F(tY) = 5 )=1+ns (3.21)

There are at most three solutions to this equation. When the number of mil-
itants of party L and R are equal (I = r), this equation has no solutions with
no additional assumptions about the weight of the opportunists in the candidate
population. We have F(t(0)) > [. In this case, since all the opportunist can-
didates are in party R and the utility of being a candidate of party L is greater
than the utility of being a candidate of party R, s = 0 is not stable. Notice that
F(tN(1)) > I+ n. As all the opportunists are in party L and the utility of being
a candidate of party L is greater than the utility of being a candidate of party R,

s = 1 is stable. In case there are equal numbers of militants in each party, only



3.4. THE EVOLUTIONARY STABILITY 82

the situation where the opportunists are all in party L is stable. This result is due
to the fact that the median is closer to the left party ideology. A symmetric result
will apply when we have a nonuniform distribution with the median closer to the
right party ideology. The right hand side and the left hand side of the equation
(3.21) have been depicted by the graph (3.3) for the case n = 0.3. The right hand
side is depicted by the dashed line and the left hand side is depicted by the solid
line.

When the number of militants of the party L and R are different (I # r),
F(tN(0)) < [ if and only if r(4(1 — 1) — r) < 41(1 — 1)? and in this case since all
the opportunist candidates are in party R and the utility of being a candidate of
party L is less than the utility of being a candidate of party R, this point is stable.
F(tN(1)) > I + n if and only if 4r(1 — r)? > [? the opportunists are in party L
and the utility of being a candidate of party L is greater than the utility of being
a candidate of party R, this point is stable. The existence and the stability of the
other rest points are determined accordingly.

The previous examples are provided to illustrate the relationship between the
distribution of voters, the distribution of politicians and the stability of the pure
states. In politics, the mized states seem to be more common than the pure states.
Next we provide an example where the mized state as a rest point of the replicator

dynamics is the only stable outcome.

Example 19 The distribution of voters is given by a beta distribution F' (z;v, w) =
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Figure 3.3: Non-uniform distribution of voters

m fom w1 (1 - u)w_1 du. The beta function with parameters v, w is defined by

the integral B(v,w) = fl

o W1 — w) " du.

The nontrivial rest points of the replicator dynamics are given by the following

condition:

2nsr+ir

1 ST ) _
F (t"(s);0,w) = — : T (1= 0" du = s
Jo vt (1 —w)""duJo

(3.22)

We will study the case where v = w = When the number of militants

N[

of party L and R are equal (I = r), this equation has the solution s = § with
no additional assumptions about the weight of the opportunists in the candidate
population. We have F(t¥(0)) > [ when r < 0.32. In this case, since all the

opportunist candidates are in party R and the utility of being a candidate of

party L is greater than the utility of being a candidate of party R, s = 0 is not
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stable. Notice that F(tV(1)) <1+ n when r < 0.32. As all the opportunists are
in party L and the utility of being a candidate of party L is less than the utility
of being a candidate of party R, s = 1 is not stable. From the previous results,

we conclude that s = % is stable.

3.4.2.2 The winner-take-all system

In the winner-take-all system, all the rents from power go to the winner. As
the winning party has all the benefits, the utility of an opportunist candidate is
the probability of winning divided by the number of candidates having in mind
that the benefits from the elections have to be equally shared by all the politicians

or the politicians have and equal opportunity to get the benefits.

The utility of being a candidate of the party L is ur(t1(s),tr(s))-

1
~l+4ns

ur(tp(s),tr(s)) 7(tL(s),tr(s)) (3.23)

The utility of being a candidate of the party R is given by ug(tL(s),tr(s)).

1

ur(tL(s), tr(s)) = m(l = (tL(s), tr(s))) (3.24)

As we study the rest points of the replicator dynamics when the parties play

their equilibrium strategies, the replicator dynamics will be given by the following
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equation:

m(ty (s),ti(s) _ m(tp(s). ti(s))
[+ ns r+n(l—s)

s=( )s(1 —s) (3.25)

The replicator dynamics has the trivial rest points at s = 0 and s = 1. The

other rest points of the replicator dynamics are given by the following equation:
T(tN(s),t5(s)) =1 +ns (3.26)

where the left hand side is the probability of victory and the right hand side is the
weight of the politicians of the party L in the total population of politicians. When

the parties play their equilibrium strategies the probability of victory becomes:

—_

if tN(s) >t

(1} (s), t(s)) = if tN(s) =1t (3.27)

NI=

)

if tN(s) <t

The graph of the probability of victory as we have defined is not continuous.
From the definition of the probability of victory we can conclude that there may

be at most one solution to the equation (3.26). There are three cases to analyse:

1. If 2(1T_l) <t < 21(_17;?), the case where all the opportunists are in the party L
(s = 0) and the case where all the opportunists are in the party R (s = 1)
will both be stable. Let s be the solution to the equation (3.26) then s™

must satisfy the following conditions: ¢V (s) = ¢* and [ + ns" = 3. From
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the previous results, s™ will not be stable.

2. If t* < 55, t* is always less than ¢"(s) and 7 (¢} (s), i (s)) = 1. The case

where all the opportunists are in the party L (s = 0) is the only stable state.

3. If t* >

21(’1’";[), t* is always greater than ¢V (s) and w(t¥(s),tN(s)) = 0. The
case where all the opportunists are in the party R (s = 1) is the only stable

state.

3.5 Conclusion

This paper is an attempt to endogenise the party membership decisions of
opportunist politicians in different political systems. When all the benefits of
office are shared proportionally to the share of the votes, a situation where the
opportunist politicians are in both parties can be a stable outcome. When all the
benefits go to the winner of the elections, there two possible outcomes: all the
opportunists are in the party L or in the party R.

The model may be extended in two ways. The behaviour of policy oriented
politicians is based on exogenously given ideologies. The model as such is not
complete. The ideologies of the parties may be endogenised. Another extension
of the model is about the behavioural assumption about the opportunist candi-
dates. The opportunist politicians are supposed to decide about their membership
to the party based on random encounters with the other opportunist in the politi-

cian population. However we also suppose that they can perfectly calculate the
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optimal level of policy to maximise the probability of winning the elections. This
assumption may be relaxed and an adjustment process may be coupled with the

membership decision.



CHAPITRE 4

UN MODELE DYNAMIQUE D’ADHESION AUX

PARTIS ET IDEOLOGIES

Abstract

We analyse the spatial electoral competition between two parties when the
ideology of each party is endogenously determined. The parties are composed of
two factions: the "opportunist" faction and the "militant" faction. The ideology
of the parties are endogenously determined by the preferences of the average
supporters of the parties. Under the proportional system, where the spoils of
office are split among the two parties proportionally to their share of the vote,
we study the existence of short term political equilibria and then we introduce a

dynamic setup to analyse the stability of these equilibria.

4.1 Introduction

Political parties are supposed to be characterised by their ideologies. However
deviations from the "true path" are common. Parties are loosely formed around
broad political ideologies. Within parties, there are people who hold a variety
of opinions and have a variety of motivations. Behaviourally we can consider

88
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that politicians are either inflexible ideologically or selfishly interested in winning
office. We attempt to model these aspects of the political process through an elec-
toral game, in which two parties simultaneously and independently announce their
policies. There are different types of candidates in both parties and the policy pro-
posals are determined through the aggregation of different political motivations.
The paper attempts to explain the dynamic patterns of the policy proposals of
the parties through the behaviours of the candidates. The candidates motivated
by winning an office do not have any loyalty to the party since the party is a
means to achieve the goal. They can change their parties if they see that another
party can offer a better chance to achieve their goals. The candidates motivated
by representing their electors can not accurately calculate the preferences of their
electors before the elections results. They have only past elections results to de-
cide about their proposals. Given the previous results, they adjust their ideology
to better represent their electorate. The decision rules of these candidates create

a coupled dynamics.

Spatial models of electoral competition have employed a variety of assumptions
concerning the objectives of the party elites. The first is due to Downs (1957)
where the candidates are office or vote oriented and the second is given by Wittman
(1973) where the candidates are policy oriented with the ideological preferences
of the parties taken to be exogenously determined. The two approaches about the

political motivations are combined by Roemer (1999) who argues that parties are
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composed of three factions: the opportunist faction (inherited from Downs), the
reformist faction (inherited from Wittman) and the militant faction focused upon
the publicity of the ideal policy of the party. We use the latter view of the political
parties but we limit the analysis to two factions, the opportunist faction and the
militant faction. The militant faction instead of promoting an exogenously defined
ideology determines the ideology of the party endogenously by the preferences of
the average citizen supporting the party. The endogeneisation procedure is due
to Roemer (2001) who adapted the notion of the citizen-candidate introduced by
Osborne and Slivinski (1996) and Besley and Coate (1997). These approaches are

modified to include parties and commitment.

The paper is organised as follows: In Section 2, we look for a policy equilibrium
during a single election period i.e. a set of party platforms such that no party
can improve its position by changing its policies, given the policies of its rivals.
The computation of the policy equilibrium involves the inner-party determination
of policy proposals and the intra-party electoral competition. In the party the
opportunist faction decide strategically and maximise the probability of winning
an office and the militant faction computes the preferences of the average citizen
voting for the party. We have two important hypothesis about the behaviour of
both types of candidates: First the opportunist faction of the party L (R) can
not propose a platform greater (less) than the platform of the party R (L). For

instance, if the opportunist faction of the party L propose a platform greater
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than the platform of the party R they lose their credibility as politicians and
there would be some (unmodelled) electoral punishments inflicted in the future.
Second, the militant faction have the information about the policy preferences of
the average voter that supports the parties. Thus the ideology of the party is
endogenised and the ideology of the parties come into being from the preferences
of the voters. The inner-party proposal is determined by the simple weighted
average rule where each candidate has an equal weight. The electoral outcome is

given by the Nash equilibrium of the electoral game.

In Section 3, we introduce a dynamic analysis of the previous political en-
vironment in order to study the stability of the electoral equilibrium. The first
dynamics concerns the membership decisions of the opportunist candidates. The
opportunist candidates are allowed to change the party they belong if the other
party will give a better chance to achieve their goal. The opportunist review their
membership decisions by comparing their probability of success with the average
probability of success. The second dynamics are the adjustment dynamics for the
militant faction since the previous assumption about the decisions of the militant
faction is not very realistic. In reality the politicians are not able to have a perfect
information about the average voter supporting the party. The militant factions
have the previous election results and based on this results they adjusts their pro-
posals. The stability analysis show that the stability of the states where all the

opportunists have chosen to be only in one party is conditional not only on the
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success of the party but also on the adjustment dynamics.

4.2 The model

The political competition model presented here have three aspects: the de-
cision of individual voters, the decision of individual candidates and a model of
party behaviour.

We consider a society consisting of a continuum of heterogeneous individuals.
They have to decide collectively on a policy x such as a price for a regulated mo-
nopolist’s services or a redistributive income tax. The voters have preferences over
policies z € [0, 1], a single dimensional policy space. A voter ¢ has a utility function
u;(z) over the relevant policy space. We suppose that the preferences of the voters
are single-peaked around their well-defined ideal policies i.e. x; = argmax u;(x)
where z; is an ideological position. The voters are distributed continuously ac-
cording to their ideal policies along the relevant policy dimension by a cumulative
distribution function F, so that F(x) = P(X < z) where X is a random variable

describing the voters’ ideal policies. The average ideal policy is

7= /1 2dF(z) (4.1)

and the median voter is given by

) (4.2)
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There are two political parties: party L and party R. These parties compete by
offering the policies x;, and xr. They make a credible commitment to implement
these policies when they are elected. The citizens vote for the candidates according

to these proposals and they use their only one vote for the policy they like best.

4.2.1 Inter-party competition

We consider the proportional system where the rewards that accrue to votes
are split proportionally to the share of votes of each party. In this setting, we
define by F (“—;’”‘1) the share of the votes of the party L when party L proposes
xr, and party R proposes zr. Consequently, the share of the votes of the party R

will be 1 — F(2E22),

4.2.2 Intra-party preference formation

Each party consists of two competing factions, the ‘militants’ and the ‘oppor-
tunists’. The opportunists are purely office motivated. Consequently, they are
only willing to maximise the probability of their party’s victory or the share of
votes of the party. These politicians do not act in any sense as a representative of
a coalition of citizens. On the other hand, the militants have any direct interest in
winning the elections. They care about the preferences of the coalition of citizens
supporting the party. The utility of these politicians is the average of the utility

of the citizens supporting the party.
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Since the members of the factions have divergent interests, the electoral plat-
forms are determined according to the strategic behaviour of the opportunist
faction, the preference formation of the militant faction and the aggregation rule
of the parties. More specifically, the opportunist faction maximises its expected
utility taking the proposal of the other party as given and gives a policy proposal
accordingly and the militant faction determines his policy given by the average of
the utilities of the supporting coalition of citizens. The party platform is chosen
by the aggregation of the preferences of the members. In this paper the aggrega-
tion rule is taken to be a weighted average of the proposals of two factions and

the weight is given by the proportion of each faction in the party.

4.2.3 Policy proposals with given party membership

The electoral cycle is as follows. At the beginning of the electoral cycle, the
politicians review their membership decisions for the following elections. The
political parties choose their policies given the new membership profiles. The
policy proposals of the parties and the vote for the proposals are simultaneous.
Then given the political system (the proportional system or the winner-take-all

system) the political outcome is determined.

The decision within each party for a policy proposal is based on a weighted
average of the policy proposals of the factions. The weight of each faction is the

proportion of the members of the faction in the party. The proportion of militants
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in party ¢ is denoted by «; where ¢« = L, R. We denote by IL’i the policy proposals
of the militants and the opportunists in party ¢ where j will stand for O, M. We
suppose that the policy of the party ¢ is as follows:
r; = o) 4+ (1 — )2 (4.3)
The militants derive utility from expressing the ideology of the average citizen
who votes for the party. To do so, we have to suppose that parties represent
a coalition of citizens who will vote for the party in equilibrium. This is the

endogenous party ideology. If we denote by (x¥,2%), the pair of policies which

constitutes the equilibrium outcome of the inter-party competition, the midpoint

of the equilibrium policy proposals is %V = M The proposal of the left
militants is
xN
[ zdF(x)
M_ 0
S — 4.4
Ty F($N) ( )
and the proposal of the right militants is:
1
[ zdF(x)
M xN
= 4.
TR TR (45)

When we define the utility of the opportunist politicians we have to consider
the political systems since the opportunist politicians are seeking for the benefits

from implementing their policies and the rents from power. We consider the
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proportional system where the rewards that accrue to votes are split proportionally
to the share of votes of each party and the utility of an opportunist candidate is
the share of the votes per candidate.

The party L opportunists maximise F' (%) per candidate subject to the

constraint :Ug < zp. This constraint is due to the unmodelled after-election

considerations of the opportunists as the opportunists want to win the elections
and hold office. In case they violate this constraint, they will lose their credibility
as politicians and lose the elections. Consequently, they will propose the highest
possible value, proposing ¢ = zr. The party R opportunists maximise 1 —
F(#£28) per candidate subject to the constraint z§ > z;, by the same reason as

before. They will propose the smallest possible value, proposing 9 = 7.

Definition 20 An Endogenous Party Nash Equilibrium of the political competi-

tion is a pair of policies (z%,xN) satisfying the following conditions:

1. 2¢ = 2 and 29 = 21,
2. ¥ satisfies equation (4.4) and z¥ satisfies equation (4.5)

3. ¥ and 2 satisfy the equations (4.3)

The equilibrium results may be written more explicitly as follows:

afo xdF(x) (1—ap)ar } xdF(x)
xy = ¢ + al (4.6)

(ar+ar(l —ag))F(aV) = (ar +ar(l —ag))(1 — F(z))
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ar(1— ag) mf zdF (z) aR ixdF(x)
(an +or(l—an)FE™) | (an+ar(—am)(d - F@V))

(4.7)

N _
Tp =

In order to analyse the probability of victory, we calculate the middle point

of the pair of the policies z":

ar(2 - an) | dF(@) (- avan | 2dF(@)
aN = - + 2 (4.8)

2(ar+ap(l —ag))F(xN)  2(ag+ ar(l —agr))(1 — F(zN))

4.2.4 The membership decisions and ideology of the parties

The militants derive utility only by representing the average citizen voting for
the party and being a member of the party. They will not update their membership
decisions. On the other hand, the opportunists have career interests and they are
supposed to update their membership decisions between the elections. They can
either choose party L or party R. Consequently, the set of politicians has three
subsets: the militants of party L, the militants of party R and the opportunists.
We denote by [ the number of militants in party L and by r the number of militants
in party R. The number of the opportunists in the total politician population is n.
The proportion of opportunists in party L is denoted by s. Thus, the proportion
of opportunists in party R is denoted by 1 — s. The number of opportunists in
party L is ns. The number of opportunists in party R is n(1—s). Without loss of
generality, we normalise the number of politicians to unity (I+r+n = 1). We can

express the previous values and results in terms of the new parameters as follows.
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The proportion of militants in party L as a function of the share of the op-

portunists in party L is:

ar(s) = l+lns (4.9)

The proportion of militants in party R as a function of the share of the op-

portunists in party L is:

r

= e (4.10)

ar(s)

Consequently, the ideology of party L as a function of the share of opportunists

1S

41— ) IJ}S) dF(z) nsr Nf( ):UdF(m)
rLls) = (rl +rns + In — Ins)F(zN(s)) i (rl +rns +in — Ins)(1 — F(z"(s)))

(4.11)

and the ideology of party R as a function of the share of opportunists is:

al(l—s) mf}(s) wdF (o) r(l + ns) Nf( )wdF(:c)
Tie(s) = (rl + rns + In — Ins)F (2N (s)) i (rl +rns +In — Ins)(1 — F(27(s)))

(4.12)

The midpoint of the equilibrium pair of policies is given by the following

expression:
o o1 o) zNJ@ sdF(2) r(l + 2ns) &[( )xdF(:r)
v (s) = 2(rl + rns + In — Ins)F(xN(s)) i 2(rl +rns +In — Ins)(1 — F(2N(s)))

(4.13)
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This result may be reformulated as a weighted average of the equilibrium

ideologies of the parties 27V (s) and ¥ (s) by the following equation:

2¥(s) = (1= o) 4 2oy (4.14)

r(2s(1—l—r)+1)
(I1=)(1=s)+rs(l—r)) "

where a(s) =

Remark 21 zV(s) = O‘TS) when the ideology of the parties is taken to be exogenous

and symmetric with respect to the midpoint of the unit interval. This is a special
case of the result above (equation (4.14)) where xMN(s) takes the value 0 and
oMV (s) takes the value 1. The current setup allows us to endogenise the ideologies

of the parties.

In order to illustrate the results of the inter-party competition and the ideology

of the parties we will provide some examples.

Example 22 The distribution of voters is given by the cumulative distribution
F (z,m) = ma? + (1 — m)z where the parameter m satisfies the condition —1 <
m < 1. Asymmetries can be captured by this distribution. When —1 < m < 0 the
median is on the left of the midpoint of the unit interval and more than half of the
population will prefer policies on the left. When O < m < 1 the median is on the
right of the midpoint of the unit interval and more than half of the population will
prefer policies on the right of the midpoint. m = 0 is the case where the population

is distributed uniformly along the unit interval. We can study the changes in the
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Figure 4.1: The distribution function F (z,m) = mz? + (1 — m)x

equilibrium strategies as a function of m characterising these asymmetries. This
distribution function can be visualised by the graph (4.1) where the cumulative
distribution functions for m = —1 and for m = 1 are depicted. All the other

functions are between those two curves.

In this case, by solving the equation (4.14), we end up at the following third

degree equation:

Am2(z™ ()3 4+2m(5—3m) (2™ (5))24+2(3(1—m)—2am)z"™ (s)+a (m + 3) (m—1) = 0

Remark 23 That this polynomial has at least one root in the unit interval fol-
lows from the intermediate value theorem. Let f(x™(s)) = 4m?(x™(s))3 +2m(5 —
3m) (2N (s))* 4+ 2(3(1 —m) — 2am)a (s) + a(m + 3) (m — 1). Since at 2V (s) =0
this function has the value o (m + 3) (m — 1) which is negative and at 2V (s) = 1

this function has the value (m + 1) (m — 3) (=2 4 «) which is positive. We know
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Figure 4.2: Equilibrium of political competition

that at least one time, this function intersects the x-axis. There exists at least one
equiltbrium for the electoral competition game. We represent the equilibrium re-
sults in Figure (4.2). Notice that the midpoint of the equilibrium policies increases

with s.

4.3 The dynamic analysis of party membership decisions and ide-
ologies

The previous section has described the political competition model and given

the equilibrium results based on two assumptions. First, we suppose that the

militants in each party compute their policy proposals according to the results

of the electoral game. In a sense they are supposed to know their supporters

before they give their policy proposals and before the parties give their policy
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proposals. The determination of the ideology of the party does not depend on
any intra-party process. Second, the distribution of opportunists in the parties is
given. The equilibrium results are provided as a function of the parameter s i.e.

the share of opportunists in party L.

In this section, we introduce an adjustment process to the membership decision
of opportunist candidates and to the preference formation of the militants. The
opportunists are allowed to review their membership decisions before the elections
by randomly drawing another opportunist candidate and imitating his decision
if this decision performs better than his own previous decision. The militants
are supposed to compute their policy proposals before the intra-party preference
formation by adjusting their policy proposals based on the results of the previous
elections. In this manner, the model of the previous section is improved since
the ad hoc determination of the preferences of the party by the preferences of
the average citizen supporting the party is replaced by a dynamic adjustment
process and the distribution of opportunists politicians is endogenised. These two
dynamic adjustment processes vary at different rates. The militants will review
their proposals at the rate v; and the opportunists will review their membership

decisions at the rate v,.



4.3. THE DYNAMIC ANALYSIS OF PARTY MEMBERSHIP DECISIONS AND IDEOLOGIES10

4.3.1 The membership decisions of the opportunists

Before the elections the opportunists review their membership decisions. They
have two alternatives: being a candidate of party L or being a candidate of party
R. Since before each election they review their membership decisions and change
their parties if necessary, the share of the opportunist politicians in each party
will vary through time. As we denote by s the share of the opportunist politicians
in the party L we will define an adjustment process for the membership decisions

by defining the change in s.

While they review their membership decisions the opportunist candidates ig-
nore the dynamic consequences of their actions and adjust their behaviours by
imitating other opportunist politicians. The imitation is based purely on the
payoff of the alternatives. Consequently, we have to define the payoffs of both
alternatives in order to define the adjustment process. The utility of being a
candidate of the party L is ur(zr(s),xg(s)) (ur(s)). The utility of being a can-
didate of the party R is given by ug(zr(s), zr(s)) (ur(s)). We suppose that not
all the opportunist politicians review their membership decisions and before each
election an opportunist politician is randomly drawn from the population and
matched with an opportunist politician from the other party. If an opportunist
candidate of the party L is drawn from the population and is matched with an
opportunist candidate of the party R, then he will weight the payoff of his strategy

by comparing the payoffs of the two alternatives.
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We obtain the change in s as follows:

s = v (up(s) — sur(s) — (1 — s)ug(s)) (4.15)

= u1s (ur(s) —u(s))

where u(s) is the average payoff in the total opportunist population.

4.3.2 The preference adjustment process

The militants compute the average policy preference of their supporters to
adjust their policy preferences for the following elections. We denote by z¥/, ¥
the policy proposals of the militants. Given these proposals, we can compute the
equilibrium outcome of the electoral competition. Solving for 29(s) = xr(s) and
29(s) = x1(s) in equations (4.3) will result in a Nash equilibrium of the game

which is a pair of policies (z¥(s), z%(s)) such that:

lr+n(l—-s)) rns M

7(s) = rl+rns+in—Ins*  rl+rns+In — Ins R (4.16)
TR (5) = rl+ 7“nnlil+_l;)— Ins v rl+ :752172)— lnsx% (4.17)

The middle point of the equilibrium policy proposals is ¥ = zf;xﬁ
2P(s) = (1— @)xﬁ” + @x% (4.18)
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The militants do not act strategically. When they review their policy propos-
als, they try to represent more efficiently their supporters in the elections, The
proposal of the left militants is determined according to the following dynamic

process:

. J
oM = vz(%i ) (4.19)

Notice that in this process the militants adjust by considering the distance of
their proposals and the policy of the average citizen supporting the party. By the
same manner, the proposal of the right militants is determined according to the

following dynamic process:

[ zdF(x)

rp = 02(% — (4.20)

These two dynamic processes determine how population shares corresponding
to different pure strategies evolve over time and the ideologies of the parties are
adjusted. The dynamics are functions of the utilities of the opportunist politicians
and the distribution of the voters. The stability of the rest points of these dynamic

processes will be studied in the following section.
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4.3.3 The stability of the rest points

First, we have to define the utilities of the opportunist candidates since the
dynamics governing the changes in the proportion of the opportunists in each
party, are defined based on the utility of opportunist politicians. The utility of an
opportunist candidate is a function of the benefits of power. These benefits are
determined according to the political system which in our case is proportional.
In the proportional system, the rents from power are split among the candidates
proportionally to their share of the vote. Each party gets seats in the parliament
equal to its vote share. The utility of an opportunist candidate is the share of the

votes per candidate of his party.

Formally, the utility of an opportunist candidate of the party L is uy(xp, zg)

1 F<$L+$R
[ +ns 2

uL(JfL,$R) = ) (421)

and the utility of an opportunist candidate of the party R is given by ug(zr,xg).

T+ TR

(1- P

) (4.22)

el ) = )

The next step will be to determine the rest points of the dynamic processes
(4.15, 4.19 and 4.20) and analyse their stability. The dynamics (4.15) has the

trivial rest points at s = 0 and s = 1. The other rest points of the evolutionary



4.3. THE DYNAMIC ANALYSIS OF PARTY MEMBERSHIP DECISIONS AND IDEOLOGIES10

dynamics are given by the following equation:

F(z"(s)) =1+ ns

which is the case where the number of votes of the party L is equal to the share of
left party candidates in total candidate population. For each of these values, the
rest points of the dynamic processes (4.19 and 4.20) are given by the equations
(4.3 and 4.4), the equilibrium ideologies of the political competition, satisfying

the following condition:

zE(s) = 2N (s)

Proposition 24 In the proportional system

e the state where all opportunists are in party L (s = 1) is stable if F(z™ (1)) >

l+n and K(S)% + H(S)Q_Ta}szl,z’ﬂ(l):x’v(l) <1

e the state where all opportunists are in party R (s = 0) is stable if F(2™(0)) <

l and K(s)§ + H(s)%52 5=0,05(0)=aN (0) < L

e the state where the opportunists are in party L and party R (0 < s* < 1)

where s* satisfies the equation F(z¥(s*)) =1+ ns* is stable if

v1 (K(s)% + H(s)%52 - 1)
<0

—uy (aF(x%))M _

0xE (s) Os > s=s*,xF(s*) =z (s%)
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and
2—a OF (2P (s)) 82" (s)
(H(s)(352)* — 1) orF(s)  Os
<0
«@ 2—«
—n(K()g+Hs) 5 =1) |
s=s* 2B (s* )=z (s*)
E, . E
st 1 tieren)
where K(s) = 8;%@3)) with K(z"(s)) = [ @dF(z) and H(s) = a:f:'T;E(S)))
zB(s)
z(s)

with H(xF(s)) = { zdF (z).

The proof of the proposition is provided in the Appendix (Annexe C).

Notice that the stability of the states where all the opportunist politicians
are in party L or party R does not depend on the relative velocity of the two
dynamics. When the opportunists are spread in party L and party R the stability
will depend on the relative speed of the two adjustment processes i.e. on how often
the militants review their proposals compared with how often the opportunists
review their membership decisions.

As the equations do not make very much sense like this we will provide and

example.

Example 25 We consider an economy where the following parameters apply for
the politictans: r = 0.40, [ = 0.15 and n = 0.45. The population distribution is
given by the distribution function F (z,m) = ma?+ (1 —m)z and we consider two

different population represented by m = 0.5 and m = —0.5.

When m = 0.5, the median is 0.62 and the midpoint of the equilibrium policies

is given by the equation: 4(x™(s))?+14(z"(s))?+4(3 —2a)z" (s) —7a = 0. When
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s =0, zV(0) = 0.34. When s = 1, 2(1) = 0.89. We check for the stability of
these states using the previous conditions. The first state is not stable. The
second state is stable. When m = —0.5, the median is 0.38 and the midpoint of
the equilibrium policies is given by the equation: 4(aV(s))? + 14(zV (s))? + 4(3 —
20)x™N(s) — Ta = 0. When s = 0, zV(0) = 0.20. When s = 1, V(1) = 0.86. We
check for the stability of these states using the previous conditions. The first state
is not stable. The second state is stable. The population distribution changes from
an orientation to left to an orientation to right. The change does not affect the
stability results. The state where all the opportunists are in party L is stable.
this is due to the fact that the opportunists must also share the victory with the
other politicians in the party and all the opportunists invading the less populated

party is a stable outcome.

4.4 Conclusion

The results of the paper may be classified in two parts. First we studied a one
shot electoral competition game and we defined the endogenous party equilibrium.
The equilibrium results are analysed given the party composition and the popu-
lation distribution. Second we defined a dynamic setup where the agents adjust
their actions based on random encounters or information from previous period.
Through this dynamic setup we studied the stability of the equilibrium we defined

in the first section and we have given the conditions of stability of three popula-
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tion states of the opportunist politicians i.e. when all the opportunist politicians
prefer party L, when they prefer party R and when they are in both parties. The
stability depends not only on the dynamics governing the change in the share of
the population of opportunist politicians but also the adjustment dynamics we
defined for the militant politicians. The relative speed of both dynamics affect

the stability of the state where the opportunist are distributed in both parties.



ANNEXES

A. Annexe du Chapitre 2

For the convenience, the propositions are restated before their proofs.

Proof of (Proposition 3)

(Proposition 3) The set of rest points ®(s) is non-empty for all values of
s; forall 1=1,2,3.

Proof. Given s € [0,1]*, define a continuous function F(p) as follows:

Fi(p) = pi + (1 — pi)piraa; — (si + pi — )piy1ais1

Since p;12 = 1 — s;10 and p;11 < 1 we have the following inequality:

Fi(p) =2 pi+ (1 —pi)(1 = siy2)ai — (si + pi — 1)ain

=pi(1 = air1) + (1 = pi)(1 = sir2)a; + (1 = ) ain

To check whether F;(p) > 1 — s;:

?
pill —ai) + (1= p)(1 = sip2)a; + (1 = si)aips > 1 — s
?
pi(1—a;) + (1 = pi)(1 = siy2)a; = (1 — a1 )(1 — s5)
Dividing both sides by (1 — a;41) we get the following inequality.

111
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?
pi+ (1 —pi)(1 —si40)7=%— > (1 —s;)

1-a;41

As pi 2 (1 — ;) and (1 — p;)(1 — sip2)75 > 0 from the fact that p; and

1—a;

Sivo lie both in the unit interval and m; < 1 for all ¢+ = 1,2,3 we conclude that

Fi(p) 21— s;.
Since p;11 = 1 — s;11 and p;yo < 1 we have the following inequality:
Fi(p) <pi+ (1 —pi)ai — (si +pi — 1)(1 = Siy1)ait
=pi(1 —a;) +a; — (si + pi — 1)(1 — 8i41)ai

To check whether F;(p) < 1:

2

pi(l = a;) +a; — (i +pi — 1)(1 = si41)ai < 1
?
pi(1—a;) = (si +pi — 1)(1 = si11)ai1 < 1 —ay
Diving both sides by (1 — a;) we get the following inequality:

?

pi— (si4+pi —1)(1 —s41) 72 < 1

1—a;

As p; < Land (s;+p; —1)(1 — si41) 7= > 0 from the fact that s; +p; — 1 and

a

S;+1 lie both in the unit interval and m; < 1 for all ¢+ = 1,2, 3 we conclude that

Hence F' : A®* — A®. Since A® is a compact set and F is continuous, we have
by Brouwer’s Fixed Point Theorem the existence of a p* satisfying F'(p*) = p*. At
any such point we have (1 —p;)pir2a; — (s; +pi — 1)pir1ai11 = 0 by the definition

of F' so p* is a fixed point of the inventory dynamics defined by equation (2.1). m
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Proof of (Proposition 4)

(Proposition 4) Suppose s # (1,1, 1), the set of rest points ®(s) contains a

single element.

The proof of three preliminary results will lead to the proof of the proposition.

Lemma 1 Suppose s # (1,1,1), m; # 0 and m; # 1 for oll i = 1,2,3. If
p € ®(s) then p; >0 for all i =1,2,3.

Proof. If p € ®(s) then from equation (2) we have

(1 = pi)pirea; — (si + pi — 1)piy1ai41 =0

Suppose p; = 0. This requires that s; = 1. Then the above equation results
in p3 = 0 implying s3 = 1. If p3 = 0 from the above equation we have p; = 0
implying s, = 1. This contradicts the assumption s # (1,1,1). m

Lemma 2 Suppose s # (1,1,1), m; # 0 and ©; # 1. If p € ®(s) and
p € ®(s) then either p =1p' or p; # p, for all i =1,2,3.

Proof. Asp and p’ € ®(s) they satisfy equation (2.1). Rearranging the terms
we have the following equation that is well defined under the assumptions and
p; > 0 from Lemma 1.

si=(1—p) ll + &] (A.23)
Qir1Pi+1

Suppose that p and p’ have at least one common element. Without loss of gen-

erality, suppose p; = p}. Then either (i) p = p) or (ii) p2 < pj or (iii) py > ps.
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In case (i) it must also be true that ps = p} otherwise equation (A.23) could not
be satisfied for both p and p’. In case (ii), equation (A.23) implies that p3 < pj.
But py < p), and p3 < pj are inconsistent if p = p/, so case (ii) is impossible. In
case (iii), equation (A.23) implies that ps > p5. But py > p) and p3 > pj are
inconsistent with equation (A.23) if p = p/, so case (iii) is impossible. Hence if p

and p’ have a common element, they are identical. m

Lemma 3 Suppose s # (1,1,1), m; # 0 and ©; # 1. If p € ®(s) and

p € ®(s) then either p>p' or p<p or p=7yp.

Proof. Suppose s # (1,1,1) and p € ®(s) and p’ € (s). Suppose p # p'.
Then from the previous lemma, we know that all their elements differ. Conse-
quently, at least two elements of one vector must be strictly greater than the
corresponding two elements of the other. Suppose, without loss of generality, that
p1 > py and py > pf, . This implies that ps > ps and p > p’. Reversing the inequal-
ities yields the remainder of the lemma. Suppose p € ®(s) and p’ € ®(s), with
p # p'. Following the previous lemma, we have either p > p’ or p < p’. Without
loss of generality, assume that p < p’ with p; < p} . This implies g—z < %. By

equation (4.2) we have 22 > %. Ifp e ®(s) and p’ € ®(s), p # p' is impossible. ®

Proof of (Proposition 5)

(Proposition 5) Suppose s = (1,1,1), m; # 0 and m; # 1. The set of

rest points ®(s) contains exactly two elements, exactly one of which is stable with
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respect to the dynamics of equation (4.1).

Proof. If s = (1,1,1) then p, = (1 — p;)pirea; — Pipir1air1. Setting p;, = 0
we get two rest points: p = (0,0,0) and (p}, p3, p3). In order to check if these
rest points are asymptotically stable we calculate the eigenvalues of the following

Jacobian:

—a1p3 — azp2 —aspy a1 (1 —p1)
oF B
8—p - az(1 — p2) —Q2pP1 — a3P3 —asp2
—a1P3 a3(1 - ps) —aspz2 — a1P1

At p = (0,0,0) the eigenvalues of the Jacobian are w, w(—1/2 4 i1/3/2) where

w = (a1aza3)'’® > 0 as 7; lie in the unit interval for all 4 = 1,2,3. p is unstable

wl/

at p = (0,0,0). At p = (p1, p3, p3) the eigenvalues of the Jacobian are w' — %-,

— L — 2 4B where w” = (a) + ag)pt + (ag + ag)ph + (ay +az)ph > 0 and as
7; and p; lie in the unit interval for all i = 1,2,3. So p is stable at p = (p}, p3, p3)-

Proof of (Proposition 6)

(Proposition 6) Suppose m; # 0 and 7; # 1. The function p(s) is continuous
at all monomorphic states and at all polymorphic states of the type s = (x,1,0)

where x € (0,1).

Proof. Define the function F (s, p) : R? x R® — R? as follows:



A.. ANNEXE DU CHAPITRE 2 116

Fi(s,p) = (1 — pi)pitaai — (i + pi — 1)piv1a,4q for all i =1,2,3.

Since F'(s,p) is continuously differentiable at any (s, p), we have the following

matrix.
—aips — Q22 —az(s1+p1 — 1) ar(1—p1)
oF
8—p = az(1 — p2) —ag2pP1 — a3P3 —ag(se+p2— 1)
—ai(s3+p3 — 1) az(1 —ps3) —agpy — a1P1

If this matrix is invertible at (s, p), then by the implicit function theorem, there are
opensets U € R¥and V € R3 with (s,p) € U xV and a unique continuously differ-
entiable function, p: U — V such that F(s',p(s’)) = 0 for all s’ € U. p(s) is con-
tinuous at all monomorphic population states if %—5 is invertible at all such states.
By symmetry, it is sufficient to check this for states s = (0,0,0), s = (0, 1,0),
s = (1,1,0), s = (1,1,1). At the values of inventories corresponding to these
states (Table 2), the determinant of %—5 is equal to — (a1 + ag) (a1 + a3) (a2 + a3),
(1 — a2)(a2(l — a2) + a3)(a1 + a3)(a3 — araz — az), —(arp3 + azp3)(araz +
aasps + asazps + a3p3), ayasas — ajasazp} — ayasazpy — ajasazps — ajai(p})? —
a2a3(p3)” + ara2aspipy + ara2a5p1p3 + a1a2a3p305 — a3a3p1P3 — a1a3P3P5 — aTazp

pa — adas(p3)? — dayaqgazpipsps respectively. In each case the determinant is non

Z€ero, so %—5 is invertible.

We now prove continuity at all points s = (z,1,0). If s = (z,1,0), then
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p= (GQ?ffw) ,w, 1) where w is the root of the following second degree equation:

wQ(ag(z —1) — asasz) + w(—ay(as + as) — a%(z —1)) 4+ ara

At these values, the determinant of the Jacobian is:

wagaz (ag(1 —w) 4+ ay) (a3 (1 — 2) — araz — agw (az(l — 2) + az) (2 — w))
(1—w)?

Since the determinant can not be zero for all values of 0 < w < 1, the Jacobian is

invertible. m

Proof of (Proposition 7)

(Proposition 7) Suppose ¢; < ¢y < c3.

1. If (c3 — ¢2) > a; — az(1 — p3) there is an asymptotically stable rest point at

s =(0,1,0).

2. If (e3 — c3) < ay — as(1 — p3) there is an asymptotically stable rest point at

s=(1,1,0).

To prove the proposition, we need to prove the following lemma.
Lemma 4 Given a monomorphic population state s and a monotonic selection

dynamic &;, s is asymptotically stable if (2s; — 1)(upi(s) — uni(s)) > 0 for all i.
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Proof. Suppose J = {i:sf =1} and K = {i:s; =0}. If for all 4, (2s; —
1)(uig(s)—uin(s)) > 0, then u;g(s*) > wio(s*) wheni € J and u;p(s) < uia(s) when
1 € K. By continuity of payoffs in population shares, there exists a neighborhood
N of s* such that, for all s € N — s*, u;(s*) > u;n(s*) when i € J and us(s) <
Uio(s) when ¢ € K. If the dynamics f;(s) are monotonic, then f;(s) > 0 when

i€ Jand fi(s) <Owhenic K. =

The Lemma states simply that a monomorphic population state s is asymp-
totically stable if ug;(s*) > w;q(s*) in those sub-populations ¢ which consist exclu-
sively of B-types, and ug;(s*) < w;q(s*) in those sub-populations ¢ which consist
exclusively of a-types. The proposition now may be proved.

Proof. For s = (0,1,0) to be asymptotically stable we need the following
conditions: u1,(s) > u1(s), Uaa(s) < u2s(s), usa(s) > usp(s). For s = (0,1,0),

the equilibrium inventory holdings are p(s) = (1, p3,1) where p3 is equal to 22—

(as—a1—cotca—azp3)azp}

U1a(S) — Ulﬁ(s) = a1 tazpl
ta(5) = zp(s) = —Lerteszess

Usa(s) — uzs(s) = 7R

For s = (1,1,0) to be asymptotically stable we need the following conditions:
Ura(s) < u1p(8), u2a(8) < uas(s), uga(s) > usp(s). For s = (1,1,0), the equilib-
rium inventory holdings are p(s) = (p3, p3,1) where p} is given by the equation

(2.2) and p3 is by the equation (2.3).

—a1—c2+c3— 3 3
um(s) — um(s) — <a2 a1 Z21+232p§2,02>a2p2
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Una (5) — Up(s) = —%

_ (ma—atcr—aip;)aip -

uza(s) — uss(s) a1p3+p3as

Proof of (Proposition 8)

(Proposition 8) Suppose ¢; < ¢z < c3.

If ay —as(1—p3) < (c3— o) < a; —as(1 — p3) then there is an asymptotically
stable rest point at s = (x,1,0) where x € (0,1).

Proof. The resulting equilibrium inventories for s = (z,1,0) is p = (p3, p3, 1)

where

5
5 pP2a3
1

L0 B)as

and pj is given by the following equation:
as(az + as(1 — 2))(p3)* + (a1 (as + az) — a3(1 — x))p3 — ara2 = 0

From this equation we get:

—ap = - ay(1 —x) + \/(al%i —az(1 — )2 + 4ay(ag + az(1 — x))
2(@3 + CLQ(l — ZL‘))

ph =

Rest points of the evolutionary dynamics require all surviving strategies to have
equal payoffs. Then for an interior point such as s = (z,1,0) where z € (0,1), we
must have u1,(s) = us(s). At s = (z,1,0) and p = (p3, p3,1):

ura(s) = (1 — p3)as — ¢
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. —a162+a1a2—a2c3pg
uw(s) - a1+azp3

Solving u14(s) — u15(s) = 0 we get:

_(s—ota)((l-a)(s—cta—a)-— a?)
as (3 — ¢y — ay) (3 — ca + as — ay)

We must ensure that z > 0 and z < 1. As z € (0,1), we have p} > p3. =

As only the solutions of linear systems may be found explicitly in order to
study the stability of this nonlinear system, we approximate it by a linear one
(around the equilibrium point). For an equilibrium solution, the eigenvalues of
the Jacobian matrix determine stability, as long as they all have non-zero real part.
If all eigenvalues have negative real part the equilibrium point is asymptotically
stable. If even one eigenvalue has positive real part, the solution is not stable. If
there are eigenvalues with both signs of real parts present we have a saddle point.

Define the function T (r) as follows: T(r) = ¢;, ['2(r) = f,, T'3(r) = g, for
all i = 1,2, 3. The fundamental state and the speculative state satisfy '/ (r*) = 0.
Recall that for the agents of type 1 depending on the values of the difference of the
costs of the good 3 and the good 2 we have two different dynamics. The Jacobian

matrix will be the same for both systems except for three first rows.

Proof of (Proposition 11)

—8k2+18ky —

(Proposition 11) Suppose ¢; < ¢3 < ¢3. v > 386 =9) 1 the fundamental

state is asymptotically stable.
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Proof. We evaluate the Jacobian matrix at the fundamental state and we

aTki ()

remark that: Z—-
O k+#i

= 0 for k = 1,2,3. Thus the eigenvalues may be obtained
by the computation of the eigenvalues of the three submatrices that we will refer

to as Ji, Jo, J3.

Case 1 k; <i

R U
J1 = U+%—§l€1 —v —U—%—F%k‘l
—05—3k 0 —L50+05+k/3

The ei_genvalues are given by the following eql_lation: (—v — 2)(—27v + 24k,
v — 24z + 12k + 54zv + 3622) = 0. One of the eigenvalues is —v. We check
the sum and the product of the roots for the other roots. For the eigenvalues
to be negative the sum should be negative and the product should be positive.
The product of the eigenvalues is —27v 4 24k;v. The sum of the eigenvalues is

30 — 36k; — Hb4v. We have —27v + 24k1v < 0. One of the eigenvalues is positive.

k3/3-1/2 0 2ks/3—v+1/2
Jy = v+ k3/6 —v —v — k3/6
0 0 —2v

The eigenvalues of the Jacobian are —wv, —%kg — %, —2v. The eigenvalues are

negative.
0 5ko/6 —0.5v
Js=1 050 —0.50+ 5ky/6 —0.5v
—2, 5ky/6 —1.50 + 2ky

The ei-genvalues are given by

the following equation: (—0.5v — x)(bdav —
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54xky + 3622 — 42vky +20k2) = 0. One of the eigenvalues is —0.5v. The product of
the other eigenvalues is —42vkq +20k3. Their sum is —54(v —ky). The eigenvalues
are negative.

We conclude that when k; < i the fundamental state is not stable.

Case 2_]{:1 > i
0 ~2% +1/6 —v

Ji = v 1/6 — 2k — v —v

—24+k/3 1/6—2k  —15v+2—Fk/3 |

The ei_genvalues are given by the following equation: (—v — z)(—27v + 4 —
18k; — 30x + 24kyv + 8k? + 36kyz + 54av + 3622). One of the eigenvalues is
—v. The product of the other eigenvalues is —27v + 4 — 18k; + 24k v + 8k3.
Their sum is 30 — 36k; — 54v. The sum is negative and the product is positive if
—27v + 4 — 18k; + 24kyv + 8k2 > 0.

Since the eigenvalues of J, and J; are the same for both cases, the eigenvalues
are negative.

We conclude that for & > i the fundamental state is stable when the param-

eters in consideration satisfy the previous condition. m

Proof of (Proposition 12)

(—5+4v2) (k1 -1-Vv2) (Th1+4—/2)
21(5v/2—4—4k1(2—/2))

(Proposition 12) Suppose c; < ca < c3. If v < 2
the speculative state is asymptotically stable.

Proof. We evaluate the Jacobian matrix at the speculative state and we
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remark that: Z() = 0 for &k = 3. Thus the eigenvalues may be obtained by

O0kti |y

the computation of the eigenvalues of the three submatrices that we will refer to
as Jl, JQ, J3.
For ]{71 < %

According to the nonzero values of the Jacobian we obtain again three sub-

matrices.
_(—2+v2) (~ 144k —3V2) 0
6
J =
! (3v2-2) (6v+7kr\/§+4+9ﬁv)
v - D)
(2=v2)(—1+4k1-3v2)  (3v2-2)(=Thk1+v2-4-(9V2+6)v)

The eigenvalues, are negative.

6 ) 7o
—V2v 0 0 —v (—=2+V2)
—V2 ks (=5 +2v/2) 0  —3iV2(—5ksV2+ 4k + 3v)

0 +V2(3v+5ks —3ksv2) —2v20 —3v2(3v+ 5ks — 3ks3v2)
~1aw 0 0 30 (2+V?2)

The cigenvalues, (-3v2 -1+ 1V22=20V) v, (-3vE - § - 122 - 20V2)

v, —%\/51), —gkg + %kg\/i are negative.

0 (-4+v2) (:141@_\/5) i (\/§ g -
Jy=| o (va—1) -k 6hya) (VB 1)
—%kgﬂ (—4+\/§)(i;14k27\/§) _(3\/572)(211;;%2\/5761@)

The eigenvalues are given by the following equation: (— \/§U+ - — x)(—6v+4ky —

4k /2 +60V/2 — 120ky — 8k2 4 16k3+/2 — 12v/2vky + 54v/ 200+ 122 — 3620 + 3622 —

48xke — 6\/§az) = 0. One of the eigenvalues is — \/5” e The product of the other

eigenvalues is —6v + 4ko(1 — \/§) + 602 — 120ky — 8k3 + 16k§\/§ — 12V 20ks.
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Their sum is —54v/2v — 12 + 36v + 48k, + 61/2. The eigenvalues are negative.

We conclude that when &y < % the speculative state is stable.

For ]{31 > 3%
(—2+v2)(—V2+k1—1) (—2+v2) (14261 —V2)

3 6

J =
! (—2+3v2) (6v—v2+4+7k1+9V2v)
42

v J—

The eigenvalues are given by the following equation: —4+/2 + 28k, — 24v —
16k1v/2 + 3020 — 122 + 3072k @ + 24v/2k1v — 48kyv + 20k? — 36k + 3670 +
3622 + 24/ 21 — 16\/§k% +8 = 0. The product of the eigenvalues is —4\/24 28k, —
240 — 16k1V/2 + 30120 + 24v/2k1v — 48kyv + 20k? — 16+/2k? + 8. Their sum is
—54v/20 — 12 + 36v — 48k1s + 61/2. The eigenvalues are negative. The sum is
negative and the product is positive if —4+/2 + 28Ky — 24v — 16k1/2 + 30v/20 +
24/2k1v — 48kyv + 20k? — 16+/2k2 + 8 > 0.

Since the eigenvalues of J, and J;3 are the same for both cases, the eigenvalues

are negative.

We conclude that for k; > ‘/54_1 the speculative state is stable according to

the previous condition. m

B. Annexe du Chapitre 3

The two-stage game for the electoral competition

In this section we analyse the model as a two stage game.We consider now

that at the first stage the opportunists review their membership decisions and at
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the second stage the party platforms are determined. We can analyse the case
where all the opportunists are in the party L or in the party R. Note that the

following utilities apply at the second stage:

ur(tr(s),tr(s)) F(tY(s))

:l+ns

(1= F(t"(s))

unte(s):ta(s) = ==

2nsr+ir
where t¥(s) = 2(lr+n(l(1ts)+sr))'

The opportunists will either choose the party L or the party R. As we would
like to see whether the opportunists prefer the party L to party R, we have to
analyse the difference of the utility of being in party L when they all choaose
party L and the utility of being in party R when they all choose the party R. Let

A =ur(tr(1),tr(1)) — ur(tL(0),tg(0)). Then we have the following results.

1 1
A=—F@tN (1)) —
l+n (#7(1) r+n

(1 F(t(0))

1 2n+1 1 r r 1

o (1—r) (2(1—T))+(T+n) 2(7”+”))_ (r+n)

When we draw the previous function for different definitions of the distribution
of voters we obtain the following graph which describe the region where the utility

of being in party L when they all choose party L is greater than the utility of
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being in party R when all choose the party R. The region is defined according to
the values of the number of opportunist politicians and the militants in party R.
In the region below the solid line in the graph (4.3), the opportunists will prefer
party R when the citizens are uniformly distributed along the unit line. In the
region between the dashed lines in the graph (4.3), the opportunists will prefer

party L when the citizens are nonuniformly distributed along the unit line.

When the distribution of voters is uniform and there are equal number of
militants in each party then A = u(t1(1),tr(1)) — ur(t£(0),tg(0)) = 0. In that
case the opportunist politicians will be indifferent between two parties but as we
have analysed in the chapter 3 the case where they are distributed equally is not

a stable outcome.

Proof of (Proposition 16)

(Proposition 16) In the proportional system the state where all opportunists
are in party L (s = 1) is stable if F(t¥(1)) > I4+n. The state where all opportunists
are in party R (s = 0) is stable if F(tV(0)) < I.

To prove the proposition, we need to prove the following lemma.

Lemma Given a population state s and a monotonic selection dynamic &, s
is asymptotically stable if (2s — 1)(ur(tL(s),tr(s)) —ur(tL(s),tr(s))) > 0.

Proof. Let s* = 0. If (2s* — 1)(ur(tr(s*), tr(s*)) — ur(tr(s*),tr(s*))) > 0,

then ur(tL(s*),tr(s*)) > ur(tL(s*),tr(s*)). By continuity of payoffs in popula-
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tion share, there exists a neighborhood N of s* such that, for all s € N — s*,
ur(tr(s),tr(s)) < ur(tr(s),tr(s)). If the dynamics £(s) are monotonic, then
s < 0. Let L(s) =1 —s. L(s) attains its maximum value of 1 when s = s*, and
is positive and increasing in N — s*. This is a strict Liapunov function for s and
s is asymptotically stable by Liapunov’s Stability Theorem.

Let s* = 1. If (2s* — 1)(upn(tn(s*),tr(s*)) — ug(tr(s*),tr(s*))) > 0, then
ur(tr(s),tr(s*)) > ug(tL(s*),tr(s*)). By continuity of payoffs in population
share, there exists a neighborhood N of s* such that, for all s € N—s*, up(t.(s),tr(s)) >
ugr(tr(s),tr(s)). If the dynamics £(s) are monotonic, then s > 0. Let L(s) = s.
L(s) attains its maximum value of 1 when s = s*, and is positive and increasing
in N — s*. This is a strict Liapunov function for s and s is asymptotically stable
by Liapunov’s Stability Theorem. m

The lemma simply says that s = 1 isstable if up (t1,(s),tr(s)) > ugr(tr(s), tr(s))
and s = 0 is stable if ur(t.(s),tr(s)) < ur(tL(s),tr(s)). The proposition now may
be proved.

Proof. For s = 1 to be asymptotically stable we need the following condition:
ur(tr(1),tr(1)) > ur(to(1),tr(1))

ug (t2(1), R (1) = un(te(1), ta(1) = 2 F(EY (1) = 21 = F(EV (1))
un(tr (1), tr(1)) = ur(ts (1), ta(1)) = Kg-tr

F@tN(1))—l—n
At 5 0 = P(EV(1) > 1+n
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Figure 4.3: The values of A

For s = 0 to be asymptotically stable we need the following condition:
ur(t£(0),tr(0)) < ur(tL(0),tr(0))

ur(t£(0),tr(0)) — ur(tL(0),tr(0)) = 1 F(tY(0)) — == (1 — F(t"(0)))
ur(t5(0), tR(0)) — up(tL(0),ta(0)) = LELHL

F(N —1
B > 0= F(EN(0) > 1 m

C. Annexe du Chapitre 4

Proof of (Proposition 24)

(Proposition 24)

In the proportional system

e the state where all opportunists are in party L (s = 1) is stable if F'(z™ (1)) >

[ +nand K(s)% + H(s)%2| < 1.

s=1,2E (1)=2N (1)
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e the state where all opportunists are in party R (s = 0) is stable if F(zV(0)) <

land K(s)% + H(s)%2|

=0,z (0)=2™ (0)

< 1.

e the state where the opportunists are in party L and party R (0 < s* < 1)

where s* satisfies the equation F'(z¥(s*))

v1 (K(s)% + H(s)52 —1)
— s (aF(xE<s>> dP(s) _ n)

AzE (s) Os

and
2 o OF (27 (s)) 0zF(s)
(H<5)(T)2 - 1) 0rE(s)  Os <0
(K (s)3 + H(s)%52 1
( 2 2 ) s=s* 2B (s*) =z (s*)
a(EEE () 1 o(H2(s)
where K(s) = g;rT(S)) with K (2¥(s)) = [ xdF(z)and H(s) = 4g;%(;3))
x(s)
a¥(s)
with H(z5(s)) = [ xdF(z).
0

= [+ ns* is stable if

<0

s=s*,E (s*)=aN (s*)

)

Proof. Setting (4.15) yields two trivial rest points s = 0 and s = 1. These

processes (4.15, 4.19 and 4.20) are non-linear. We study their stability by locally

linearising the equations. The Jacobian of the system is:

IE S
vg(H(s)Q*TO‘ —1) v H (5)5 UQH(S)—B 85( )
E
J = v K (5) 252 va(K(5)2 —1) v K (5) 25512
oy 00 ORGEGe) 098 orePl AU
| L Hns)(rn(1=9))  92F(s) L+ns)r+n(1—s))  0zE(s) 1 ds

We evaluate the eigenvalues of this Jacobian at the rest points. A rest point is
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asymptotically stable if all eigenvalues of the Jacobian matrix have negative real

parts and unstable if any eigenvalue has positive real part. After simplification,

the Jacobian looks like:

—vy vy H(s)% vaH (5) 25
_ — ozF (s
T=1 0 u(K(s)2+H(s)%52 —1) va(K(s)+ H(s)52)2 ()
S —S8 ’13E S —l—ns
0 s(1-8)5  9F(zP(s)) v o)
i (l+ns)(r+n(1 s)) OzE(s) 1 ds ]

One of the eigenvalues is always —wvs. Notice that for s = 0 and s = 1 this matrix

is a triangular matrix and the eigenvalues are given by the diagonal elements of

the matrix.
For s = 1, the eigenvalues are K(s)§ + H (s ) - 1‘3 LaB (1)=zN (1) and
s(—s)(F(aP(s))~1-ms)
o( (i+ns)(r+n(1—s)) )
Js
s=1,2E(1)=zN (1)
E
H(2A—s ) F (@ (s)~lons) y
(ZJHLS)((';;"(l s)) < 0
s=1,2E (1)=2N (1)
= FV1) > +n
For s = 0, the eigenvalues are K(s)§ + H(s ) - 1|s =0,2F (0)=2N (0)
s(1—s)(F (@ (s))~1—ns)
and o (I4ns)(r+n(1—s)) )
ds
=0,z (0)=zN (0)

s(1—s)(F(aB(s))~1-ns)
8( (lins)(ﬂfr+rf(lfs))n )
Os

= F(2N(0)) <
s=0,zE (0)=z™ (0)
For 0 < s < 1, we have to consider the eigenvalues of the following matrix:

E
o va(K(5)2 + H(s)5% — 1) vp(K(s) + H(s) 52) %)
s(1-9)2  9F(F(s)) (S(lui)if)(ﬁif()f )

UL T ms) (rin(1=9))  0zE(s) v s
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The eigenvalues will be the roots of a second degree equation. Rather than finding
explicitly the roots of the characteristic polynomial, the product of these roots will
be checked. If both of the eigenvalues are negative the product of these should
be positive and their sum is negative. The first condition is obtained through the
sum of the eigenvalues and we get the second condition by computing the product

of the eigenvalues:
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Résumé. Dans cette thése trois modeéles en économie évolutionniste sont
étudiés. Dans le chapitre 2 on présente une version évolutionniste du modeéle de
I’émergence de la monnaie de Kiyotaki et Wright (1989). Ce chapitre a deux objec-
tives: Le premier objectif est de faire I’analyse des implications de I'introduction
des asymétries au processus d’appariement et d’étudier la relation de I’hypothése
d’appariement aléatoire avec I’émergence d’'un moyen d’échange. Cette intro-
duction nous permet de retrouver les conditions de stabilité pour les équilibres
définis dans Kiyotaki et Wright (1989). Le deuxiéme objectif est d’étudier les
dynamiques du déséquilibre ou la distribution des stocks n’est plus supposée avoir
toujours sa valeur d’équilibre temporaire et déterminer 'effet de la vitesse relative
des dynamiques de I’échange et des dynamiques évolutionnistes sur la stabilité
des équilibres du modele de Kiyotaki et Wright (1989). Le chapitre 3 et 4 trait-
ent la compétition électorale entre deux partis politiques composés d’une faction
opportuniste et d’une faction militante suivant Roemer (1999). Les candidats
"opportunistes" ont pour seul objectif de remporter les élections ou de maximiser
le nombre de voix pour bénéficier du prestige et de la puissance, alors que les
candidats "militants" ont des préférences idéologiques. Dans le chapitre 3 on sup-
pose que les militants sont inflexible et représentent une idéologie donnée et les
opportunistes déterminent leurs positions en maximisant leurs probabilités d’étre
¢lu. Suivant Roemer (1999) I'équilibre de Nash d’unanimité du parti est défini.

On étudie la question du choix des partis des candidats opportunistes en les per-
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mettant de changer de parti politique et en endogénéisant cette décision. Le
chapitre 4 traite 'aspect dynamique de I'idéologie du parti. On suppose que les
militants adoptent les préférences du citoyen moyen qui supporte le parti et les
opportunistes déterminent leurs positions en maximisant leur probabilité d’étre
¢lu. Suivant Roemer (2004) ’équilibre de Nash d’unanimité du parti endogene
est défini. Ensuite on introduit une analyse dynamique pour étudier la stabilité.
Le premier processus dynamique est la dynamique de sélection pour endogénéiser
les décisions des opportunistes. Le second processus est le processus d’ajustement

des militants. Le choix des partis des opportunistes est étudié.

Summary. This thesis studies three models in evolutionary economics.
Chapter 2 uses an evolutionary version of the commodity money model (Kiy-
otaki and Wright (1989)). The main objective of this chapter is to study the
implications of introducing asymetries to the matching process. Under this set
up we find new stability conditions for each kind of equilibrium (fundamental or
speculative) defined in Kiyotaki et Wright (1989). The second objective is to anal-
yse the disequilibrium dynamics, when the inventory distribution is not assumed
to be continuously at its temporary equilibrium value. The inventory dynamics
and the behavioural dynamics vary at different rates and we study the effect of
the relative rate of these dynamics on the stability of the equilibria. Chapters 3
and 4 study electoral competition between two political parties composed of an

opportunist faction and a militant faction following Roemer (1999). The office
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oriented politicians, referred to as “opportunist” politicians, care only about the
spoils of the office. The policy oriented politicians, referred to as “militant” politi-
cians have ideological preferences on the policy space. In chapter 3, we study a
unidimensional model of spatial competition between two parties with endoge-
neous party membership decisions of opportunist candidates. In this framework,
we compare a winner-take-all system, where all the spoils go to the winner, to
a proportional system, where the spoils of office are split among the two parties
proportionally to their share of the vote. We study the existence of short term po-
litical equilibria and then within an evolutionary setup the stability of policies and
party membership decisions of opportunist candidates. In Chapter 4, we analyse
the spatial electoral competition between two parties when the ideology of each
party is endogenously determined by the preferences of the average supporters of
the parties. We study the existence of short term political equilibria and then we

introduce a dynamic setup to analyse the stability of these equilibria.
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