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Eigenstate Thermalisation on Average
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We consider conditions under which an isolated quantum system approaches a microcanonical
equilibrium state. A key component is the eigenstate thermalisation hypothesis, which proposes
that all energy eigenstates appear thermal. We introduce a weaker version of this requirement,
applying only to the average distinguishability of eigenstates from the thermal state, and investigate
its necessity and sufficiency for thermalisation.

I. INTRODUCTION

If a confined physical system of many interacting bod-
ies is displaced from equilibrium, it will typically relax to
a thermal state that’s well approximated by a statistical
ensemble [1]. This empirical fact is the basis for equi-
librium statistical mechanics, but quantum mechanical
explanations for thermalisation remain an active topic of
research [2–18].

A first-principles treatment should recover thermali-
sation behaviour for typical pure states of an isolated
quantum system, preferably under minimal assumptions.
Isolated systems can be modelled exactly, require no ad-
ditional assumptions about external interactions, and are
arguably a general case: open systems can be treated as
subsystems of a larger isolated system. An initial state
with well-defined energy is expected to become indistin-
guishable from the relevant microcanonical state. How
and why this should happen is not obvious: a pure state
remains pure throughout its unitary evolution, and is in
principle possible to discriminate from the mixed micro-
canonical state at all times.

However, the ideal measurement for distinguishing a
given state from a thermal mixture is often practically
unfeasible [2]. Known conditions on the initial state and
Hamiltonian guarantee equilibration with respect to lim-
ited sets of measurements [2–4]. We demonstrate that
a broad class of states which equilibrate - namely those
which overlap significantly with a large number of energy
levels - must also thermalise, provided that energy eigen-
states are on average difficult to distinguish from the mi-
crocanonical state. This is a significantly weaker require-
ment than the usual sense of eigenstate thermalisation
[5]. We also consider to what extent eigenstate thermal-
isation is necessary for all such states to thermalise. Al-
ternative weak versions of the eigenstate thermalisation
hypothesis, focusing on expectation values of observables,
have previously been considered [6–9], and their necessity
investigated using typicality arguments [7].

A system is said to equilibrate if it approaches a fixed
state (its long-term average), and stays close to it for
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almost all subsequent times. It thermalises if the time-
averaged state is close to a microcanonical state, the uni-
form statistical mixture of all possible states satisfying
the constraints of the system, particularly bounds on its
total energy [3]. Our notion of closeness is provided by
a distinguishability metric, expressing an ideal experi-
menter’s ability to tell states apart using a fixed set of
measurements.

Restricted measurement capability is a fairly natural
assumption, analogous to coarse-graining the phase space
of a classical system into macrostates [2, 4]. For example,
the allowed measurements might be those whose proce-
dures and outcomes can be specified in a certain number
of binary digits, most likely tiny in comparison to the
degrees of freedom of a macroscopic system. A case of
special interest is where measurements can be made only
on a subsystem, with the remainder of the system treated
as an unseen environment (heat bath). Under suitable
assumptions of weak subsystem-bath coupling, the mi-
crocanonical state traced onto the subsystem is expected
to take a Gibbs canonical form [1, 10–12].

II. MATHEMATICAL PRELIMINARIES

In general, we will consider measurements restricted
to a fixed set M of positive operator valued measures
(POVMs) M , each with a discrete set {Mr} of outcome
operators. The distinguishability of a pair of density op-
erators ρ and σ with respect to the measurement set M
is defined as the maximum distinguishability by any in-
dividual measurement M ∈M:

DM (ρ, σ) := max
M∈M

DM (ρ, σ) , (1)

where the distinguishability with respect M is given by:

DM (ρ, σ) :=
1

2

N(M)∑
r=1

|tr (Mr (ρ− σ))| , (2)

and takes a value from 0 to 1. An experimenter with ei-
ther state ρ or σ and able to make measurements fromM
can guess which state they were given with probability
at most 1

2 (1 + DM (ρ, σ)). Note that this definition deals
with quantum measurements in the most general sense,
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not necessarily local or projective. This distinguishabil-
ity framework has recently been extended to accommo-
date measurements on repeated preparations of the state
[19]. We expect similar results to hold in such cases, how-
ever for simplicity we leave such generalisations to future
work.

In the case that M corresponds to the set of all mea-
surements on a subsystem S - that is, every POVM whose
outcomes are of the product form MS

R⊗IB - distinguisha-
bility is equivalent to trace distance on the subsystem,

D
(
ρS , σS

)
:=

1

2
tr
(∣∣ρS − σS∣∣) , (3)

where ρS = trB (ρ) and σS = trB (σ) are reduced density
operators.

We will consider systems with a discrete Hamiltonian
H =

∑
nEnρn, where ρn = |n〉 〈n| denote the energy

eigenstates, and for simplicity assume that there are no
energy degeneracies1. Modified versions of our theorems
which apply to degenerate systems are presented in Ap-
pendix D. In quantum mechanics, the microcanonical en-
semble refers to a narrow band of energies. Given an en-
ergy band (E,E + ∆), we denote the energy eigenstates
with energies within the band by ρ1, ..., ρd. Note that the
band width ∆ may depend on the nature and size of the
system. The microcanonical state Ω is then given by the
uniform mixture:

Ω =
1

d

d∑
n=1

ρn. (4)

Given any initial state ρ(0) of the system (which may be
pure or mixed), its infinite time average is given by the
dephased diagonal operator

ω = 〈ρ(t)〉t

= lim
T→∞

1

T

∫ T

0

dt e−
i
~Htρ(0)e+ i

~Ht

=
∑
n

pnρn. (5)

where pn = 〈n|ρ(0)|n〉. We say that a system equilibrates
with respect to the measurement set M if

〈DM (ρ(t), ω)〉t � 1. (6)

This implies that for most times the true state is very
hard to distinguish from the time-averaged state.

The central objective of this paper is to investigate con-
ditions on the initial state, Hamiltonian and measuring
capability under which the time-averaged state is prac-
tically indistinguishable from the band’s microcanonical
state:

DM (ω,Ω)� 1. (7)

1 In physical contexts, exact energy degeneracies may not pose
a significant problem because they will typically be lifted by a
slight random perturbation of the Hamiltonian.

We will say that a system thermalises if it equilibrates
and also satisfies 7. In such cases, it follows that for most
times the true state is almost indistinguishable from the
microcanonical state.

Alternative definitions of thermalisation have been
considered in [17, 20], involving a low probability of oc-
cupation of a non-equilibrium subspace.

III. EQUILIBRATION AND THE EIGENSTATE
THERMALISATION HYPOTHESIS

It’s known that under relatively weak assumptions,
states with high effective dimension equilibrate [3, 4].
Effective dimension provides a weighted measure of the
number of energy levels a state overlaps with. An invari-
ant under unitary time evolution, the effective dimension
of a state ρ(t) with time-average ω =

∑
pnρn is given by

deff (ω) =
1∑
n p

2
n

, (8)

provided the energy spectrum is nondegenerate.
For many relevant Hamiltonians, the density of energy

levels in the bulk of the spectrum scales exponentially
with the size of the system, meaning that the dimension
d of even a narrow energy band becomes extremely large

(∼ 101023

) for macroscopic systems [12]. In a band with
high dimension, the vast majority of pure states have
deff ≥ d

4 , so any behaviour that holds for states whose
effective dimension is an order-1 fraction of the band di-
mension can be said to hold for typical pure states [3].
Moreover, it is argued in [12] that states which populate
relatively few energy levels cannot be prepared under re-
alistic experimental conditions. We will refer to states
with deff ≥ d

4 as having “high effective dimension”2.
Initial states entirely confined to a narrow energy band

are clearly an idealisation: this can be accounted for by
choosing a band such that for some suitably small δ, the
state’s total overlap

∑
band pn ≥ 1 − δ, thus excluding

the energy distribution’s tails. Our results still hold to
a good approximation after such an adjustment is made,
as demonstrated in Appendix D.

If the Hamiltonian has nondegenerate energy gaps, the
time-averaged distinguishability of a state ρ(t) from its
long-term average ω is bounded by

〈DM (ρ(t), ω)〉t ≤
NM

4
√
deff (ω)

, (9)

where NM is the total number of possible outcomes3

across all measurements in M [4]. As a result, any state

2 Note that here and later, the particular choice of d
4

rather than
another fraction of d is chosen for simplicity, and similar results
could be obtained with other fractions of d

3 If M represents measurements on a subsystem, NM can be sub-
stituted for the subsystem dimension dS in the above result [3].
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with effective dimension much larger than (NM)2 equili-
brates with respect toM. Provided the number of resolv-
able measurement outcomes does not scale with system
size as fast as the density of energy levels, equilibration
is more or less assured for realistic initial states of a large
system.

There is no such clear cut reason that the equilibrium
state ω should appear microcanonical, but a possible ex-
planation lies in the eigenstate thermalisation hypothesis
(ETH) [5, 13]. Stated in terms of distinguishability, the
standard ETH postulates that in complex interacting sys-
tems, all of the energy eigenstates in a given energy band
are near-indistinguishable from the band’s microcanoni-
cal state Ω:

∀ρn : E ≤ En ≤ E + ∆, DM (ρn,Ω)� 1. (10)

A pure superposition state in the band might initially
be easily distinguished from Ω due to special phase re-
lationships, but the time-averaged state will be no more
distinguishable from the microcanonical state than the
least-thermalised energy eigenstate:

DM (ω,Ω) = DM

(∑
n

pnρn,Ω

)
≤
∑
n

pnDM (ρn,Ω)

≤ max
n

DM (ρn,Ω)

� 1,

(11)

where we have used the assumption (10) in the final step.
Conversely, if we demand that every equilibrating state
thermalises, eigenstate thermalisation must hold because
energy eigenstates are trivially equilibrated (since they
are time-independent). Thermalisation of all energy
eigenstates is necessary and sufficient condition for all
time-averaged states in an energy band to appear ther-
mal [14].

The eigenstate thermalisation hypothesis emerged
from the study of chaotic semiclassical systems [21, 22],
and is usually framed as a condition on the diago-
nal energy-basis matrix elements of ‘realistic’ observ-
ables. A number of numerical and analytical studies have
demonstrated eigenstate thermalisation, particularly for
few-body observables on locally interacting lattices, and
quantum many-body systems which are chaotic in the
semiclassical limit [13, 15]. A general result showing
asymptotic thermalisation of subsystems for quantum
lattice systems given high entropy initial states, without
requiring eigenstate thermalisation, is given in [11].

An interesting aspect related to eigenstate thermalisa-
tion is canonical typicality : the vast majority of randomly
selected pure states appear thermal with respect to mea-
surements on a subsystem of a sufficiently large quantum
system [16, 17, 23]. As such the ETH can be expected
to hold to some degree if energy eigenstates are repre-
sentative of typical pure states. However, particularly

for local Hamiltonians, there are also good reasons why
energy eigenstates may not be typical. There has been
limited consideration of eigenstate thermalisation in the
context of distinguishability metrics, which provides the
framework to account for more general measurement ca-
pabilities [14].

There has recently been some discussion of weaker con-
ditions which still lead to thermalisation of a majority of
equilibrating states [6–9, 24], and questions of whether
the ETH is needed to explain observed thermalisation
behaviour [7, 18, 20]. This has in part been motivated
by the identification of quantum many-body scars in con-
densed matter systems, referring to collections of ETH-
violating energy eigenstates (normally a small fraction
of the system dimension) [25, 26]. The presence of a
scar can lead to large scale revivals for pure states which
have significant support in the non-thermal eigenstates,
although most equilibrating states will still thermalise
[27]. A weaker version of the ETH, in which all but an
exponentially small fraction of the eigenstates thermalise
[24] has been shown to lead to thermalisation of states
with high effective dimension. We introduce a weaken-
ing of the ETH based on the intuitive notion of average
distinguishability between the individual eigenstates and
the microcanonical state, which we call eigenstate ther-
malisation on average. We then explore quantitatively
the extent to which this is necessary and sufficient for the
thermalisation of all states with high effective dimension.

IV. EIGENSTATE THERMALISATION ON
AVERAGE

Given the version of the Eigenstate Thermalisation Hy-
pothesis presented above (10), time-averaged states need
only be as close to the microcanonical state as the least-
thermal energy eigenstate. However, for macroscopic sys-
tems, the density of energy eigenstates is enormous. In
such situations, it’s desirable to base results on properties

of the bulk of eigenstates, rather than of a one-in-21023

outlier.
A state cannot meaningfully thermalise if it does not

also equilibrate: it doesn’t matter whether the time-
averaged state is close to the relevant thermal state if
the instantaneous state doesn’t approach its time aver-
age. Because of this, it makes most sense to examine
conditions for thermalisation in systems which are known
to equilibrate.

The most important factor in equilibration of closed
systems is the state’s effective dimension. High effective
dimension expresses that a state has overlap with a large
number of energy levels, and conversely that the overlap
with any single energy eigenstate is relatively small. If
only a few eigenstates are easy to distinguish from the
band mixture, these will have little effect on the super-
position [6, 7]. This is the essence of our first result,
which demonstrates that all states with high enough ef-
fective dimension must thermalise if the average distin-
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guishability of energy eigenstates from the band mixture
is suitably small. We denote the mean and root mean
square distinguishabilities by

Dmean
M =

1

d

d∑
n=1

DM (ρn,Ω) (12)

and

DRMS
M =

√√√√1

d

d∑
n=1

(DM (ρn,Ω))2 (13)

respectively.

Theorem 1 Let ρ1, ..., ρd be energy eigenstates spanning
a narrow energy band, and let Ω = 1

d

∑
n ρn denote the

band’s microcanonical state. The distinguishability of any
time-averaged state ω ∈ span{ρ1, ..., ρd} from the micro-
canonical state is bounded by

DM (ω,Ω) ≤ DRMS
M

√
d

deff (ω)
− 1

≤

√
Dmean
M

(
d

deff (ω)
− 1

)
,

(14)

where Dmean
M and DRMS

M are respectively the mean and
root mean square distinguishability of energy eigenstates
from the microcanonical state with respect to the mea-
surement set M (see definitions 10 and 11).

A proof is provided in appendix A. The result holds for
degenerate systems if the definitions of effective dimen-
sion and average distinguishability are suitably adapted
to account for non-unique energy bases (in particular, we
consider the maximal average distinguishability over ba-
sis choices, see appendix D). As a consequence of theorem
1, in any energy band where eigenstate thermalisation
holds on average, in that DRMS

M � 1 or
√

Dmean
M � 1,

any initial state with high effective dimension must be
such that its time average is near indistinguishable from
the microcanonical state Ω. If the state’s effective dimen-
sion is at least d

4 , the distinguishability of its long-term

average from Ω is no greater than
√

3 Dmean
M .

V. HOW FAR IS EIGENSTATE
THERMALISATION NECESSARY?

We have seen that eigenstate thermalisation on aver-
age ensures that all states with high effective dimension
become indistinguishable from the microcanonical state.
It is natural to ask whether the same condition is nec-
essary for those states to thermalise. Our second result
bounds the mean eigenstate thermalisation in terms of
the minimum degree of thermalisation for high effective
dimension states:

Theorem 2 Suppose that, in an energy band with di-
mension d, every time-averaged state ω with deff (ω) ≥ d

4
is such that DM (ω,Ω) ≤ ε for some ε > 0.

i If the number of outcomes across all available mea-
surements, NM =

∑
M∈MN(M) is finite, then the

mean distinguishability of energy eigenstates from
the band’s microcanonical state,

1

d

d∑
n=1

DM (ρn,Ω) ≤ NM ε. (15)

ii Furthermore, ifM represents the set of all POVMs
on a subsystem of dimension dS, the mean distin-
guishability is bounded by

1

d

d∑
n=1

DM (ρn,Ω) ≤ dS
5
2 ε. (16)

See appendix B for proof, and appendix D for a general-
isation to degenerate systems: a similar result holds if ε
instead represents the maximum distinguishability from
the microcanonical state for states with effective dimen-
sion at least d

4g , where g is the degeneracy of the most

degenerate energy level. In effect, eigenstate thermal-
isation necessarily holds on average in an energy band
if every state with high effective dimension thermalises
strongly or if relatively few measurement outcomes are
possible. The result is particularly powerful when applied
to a very small subsystem, for example a qubit coupled
to an unseen environment: in such cases, eigenstate ther-
malisation on average is necessary for the subsystem to
approach a thermal state for all high effective dimension
states of the full isolated system.

Because of the bounds’ dependence on measuring
power (as expressed through number of outcomes or sub-
system dimension), it’s not possible to say with gener-
ality that eigenstate thermalisation is strictly necessary
for all high effective dimension states to thermalise. The
following example demonstrates that when a very large
number of measurements are available, a system might
be such that all high effective dimension states thermalise
even when every energy eigenstate is easily distinguished
from the microcanonical state. The intuition is that if
the number of outcomes is comparable to the dimen-
sion of the energy band, then measurements might be
‘fine-tuned’ to identifying individual energy eigenstates,
but still fail to distinguish mixtures of a large number of
eigenstates from the microcanonical state.

Example Consider an energy band spanned by eigen-
states ρ1, ..., ρd and suppose that an observer is able to
make measurements from the set M = {M1, ...,Md},
where each Mn has binary outcomes M+

n = ρn and



5

M−n = I− ρn. For each energy eigenstate,

DM (ρn,Ω) =
1

2
max
m

[∣∣tr (ρm(ρn − Ω))
∣∣

+
∣∣tr ((I− ρm)(ρn − Ω))

∣∣]
= max

m

∣∣tr (ρm(ρn − Ω))
∣∣

= 1− 1

d
,

(17)

and as a result, the mean distinguishability of energy
eigenstates from the microcanonical state is

1

d

d∑
n=1

DM (ρn,Ω) = 1− 1

d
. (18)

In the limit of large d, each ρn is almost perfectly identi-
fiable by the appropriate measurement; there is no eigen-
state thermalisation with respect to M. Now, consider
the generic time-averaged state ω =

∑
n pnρn. Its distin-

guishability from the microcanonical state is given by:

DM (ω,Ω) =
1

2
max
m

[∣∣tr (ρm(ω − Ω))
∣∣

+
∣∣tr ((I− ρm)(ω − Ω))

∣∣]
= max

m

∣∣tr (ρm(ω − Ω))
∣∣

= max
m

∣∣∣∣∣tr
(
ρm

(∑
n

(
pn −

1

d

)
ρn

))∣∣∣∣∣
= max

m

∣∣∣∣pm − 1

d

∣∣∣∣
≤

√√√√ d∑
n=1

(
pn −

1

d

)2

=

√√√√ d∑
n=1

(
p2
n − 2

pn
d

+
1

d2

)

=

√
1

deff (ω)
− 1

d

≤ 1√
deff (ω)

.

(19)

In the penultimate line, we used the formula for effective

dimension (8) and the fact that
∑d
n=1 pn = 1.

Any time-averaged state with deff � 1 will be effec-
tively indistinguishable from the microcanonical state by
any of the measurements in M. Moreover, any state of
the system appears perfectly equilibrated at all times,
since the outcome probabilities for all available measure-
ments depend solely on the absolute values of the state’s
energy basis coefficients, which are time-invariant.

While the measurement set considered here represents
a logical extreme with little bearing on what’s possible in
the laboratory, it nonetheless provides a clear counterex-
ample to any sweeping claim that eigenstate thermalisa-
tion, on average or otherwise, is always strictly necessary
if all high effective dimension states are to thermalise.

VI. CONCLUSION

It is broadly recognised that eigenstate thermalisation
is a key condition for the thermalisation of isolated quan-
tum systems, but it remains unclear to what degree the
hypothesis holds in physical contexts. Much of the recent
discussion favours a strong ETH, placing conditions on
every energy eigenstate in order to justify thermalisation
of all equilibrating states.

We find that eigenstate thermalisation on average is
still sufficient for the great majority of pure initial states
to thermalise, while being tolerant of a small number of
exceptional, ‘far-from-thermal’ eigenstates in a system’s
spectrum, as is characteristic of many-body scars. The
shared property of the initial states known to thermalise,
high effective dimension, is already known to guarantee
equilibration.

In addition, when all states with high effective dimen-
sion thermalise strongly in comparison to the number of
possible measurement outcomes, eigenstate thermalisa-
tion necessarily holds on average.

However, when a very large number of outcomes are
possible, there are cases where all high effective dimen-
sion states thermalise even when eigenstate thermalisa-
tion does not hold at all. It is unclear whether such a
situation can be expected to arise in practice.

An interesting aspect of our results is their reliance on
the ratio of the initial state’s effective dimension to the
dimension of an arbitrarily chosen energy band, reflecting
that the definition of a microcanonical state is ultimately
an operational one. One direction for future investigation
might be to choose an appropriate band depending on the
initial state.
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Appendix A: Proof of Theorem 1

Let ω be a time-averaged state
∑d
n=1 pnρn. With re-

spect to any measurement M ∈M, the distinguishability
of ω from the microcanonical state Ω is given by

DM (ω,Ω) =
1

2

N(M)∑
r=1

|tr (Mr (ω − Ω))|

=
1

2

∑
r

∣∣∣∣∣tr
(
Mr

(∑
n

(
pn −

1

d

)
(ρn − Ω)

))∣∣∣∣∣
=

1

2

∑
r

∣∣∣∣∣∑
n

(
pn −

1

d

)
tr (Mr (ρn − Ω))

∣∣∣∣∣
≤ 1

2

∑
r

∑
n

∣∣∣∣pn − 1

d

∣∣∣∣ |tr (Mr (ρn − Ω))|

=
∑
n

∣∣∣∣pn − 1

d

∣∣∣∣
(

1

2

∑
r

|tr (Mr (ρn − Ω))|

)

=
∑
n

∣∣∣∣pn − 1

d

∣∣∣∣ DM (ρn,Ω)

≤
∑
n

∣∣∣∣pn − 1

d

∣∣∣∣ DM (ρn,Ω)

≤

√√√√∑
n

(
pn −

1

d

)2√∑
n

(DM (ρn,Ω))
2

=

√√√√ d∑
n=1

(
p2
n − 2

pn
d

+
1

d2

)√∑
n

(DM (ρn,Ω))
2

=

√
1

deff (ω)
− 1

d

√∑
n

(DM (ρn,Ω))
2
.

(A1)

Since the above holds for any and every measurement
M ∈M, it follows that

DM (ω,Ω) ≤
√

1

d

∑
n

(DM (ρn,Ω))
2

√
d

deff (ω)
− 1,

(A2)
which is tighter of the claimed bounds. Furthermore,
since 0 ≤ DM (ρn,Ω) ≤ 1 for each n, it holds that

DM (ω,Ω) ≤
√

1

d

∑
n

DM (ρn,Ω)

√
d

deff (ω)
− 1, (A3)

which is the looser bound.

�
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Appendix B: Proof of Theorem 2

Proof of Theorem 2(i) Consider a time-averaged
state ω in the energy band span{ρ1, ..., ρd}, with the form

ω = 1
k

∑k
j=1 ρnj

for some integer 1 ≤ k ≤ d
3 . Note

that for this state deff (ω) = k. The distinguishability of
this state from the band’s uniform mixture Ω by a single
measurement M is given by:

DM (ω,Ω) =
1

2

N(M)∑
r=1

∣∣∣∣∣∣tr
Mr

1

k

k∑
j=1

ρnj

− Ω

∣∣∣∣∣∣
=

1

2

N(M)∑
r=1

∣∣∣∣∣∣tr
Mr

1

k

k∑
j=1

(
ρnj
− Ω

)∣∣∣∣∣∣
=

1

2k

N(M)∑
r=1

∣∣∣∣∣∣
k∑
j=1

tr
(
Mr

(
ρnj
− Ω

))∣∣∣∣∣∣
≥ 1

2k

∣∣∣∣∣∣
k∑
j=1

tr
(
M1

(
ρnj
− Ω

))∣∣∣∣∣∣ ,
(B1)

Where we assume without loss of generality that

d∑
n=1

∣∣tr (M1 (ρn − Ω))
∣∣ ≥ 1

N(M)

N(M)∑
r=1

d∑
n=1

|tr (Mr (ρn − Ω))| .

(B2)

By the lemma (appendix C), it is possible to choose the
subset of eigenstates {ρn1

, ..., ρnk
} such that∣∣∣∣∣∣

k∑
j=1

tr
(
M1

(
ρnj − Ω

))∣∣∣∣∣∣ ≥ k

d

d∑
n=1

|tr (M1 (ρn − Ω))| ,

(B3)
and doing so,

DM (ω,Ω) ≥ 1

2k
· k
d

d∑
n=1

|tr (M1 (ρn − Ω))|

≥ 1

N(M)
· 1

d

d∑
n=1

1

2

N(M)∑
r=1

|tr (Mr (ρn − Ω))|

=
1

N(M)
· 1

d

d∑
n=1

DM (ρn,Ω) .

(B4)

To reiterate, given a measurement M and an integer
k ≤ d

3 , it is possible to construct a state with effective di-
mension exactly k such that the distinguishability of that
state’s time-average from the maximally mixed state,

DM (ω,Ω) ≥ 1
N(M) ·

1
d

∑d
n=1 DM (ρn,Ω) . We choose k

such that k ≥ d
4 .

By extension, given a set of measurements M, it is
possible to choose such a state with

DM (ω,Ω) = max
M∈M

DM (ω,Ω)

≥ max
M∈M

1

N(M)
· 1

d

d∑
n=1

DM (ρn,Ω) .
(B5)

Noting that any weighted average of a set is no greater
than the maximal value,

DM (ω,Ω) ≥
∑
M∈M

N(M)

NM
· 1

N(M)
· 1

d

d∑
n=1

DM (ρn,Ω)

=
1

NM
· 1

d

d∑
n=1

∑
M∈M

DM (ρn,Ω)

≥ 1

NM
· 1

d

d∑
n=1

DM (ρn,Ω) ,

(B6)

which proves the contrapositive of the claim: if
1
d

∑d
n=1 DM (ρn,Ω) > NM ε, then it would be possible

to construct a state with effective dimension at least d
4

such that DM (ω,Ω) > ε.

�

Proof of Theorem 2(ii) This proof follows a similar
structure to that of Theorem 2(i): we show that there

must exist a time-averaged state of the form 1
k

∑k
j=1 ρnj ,

with effective dimension d
4 ≤ k ≤ d

3 , such that the

trace distance D
(
ωS ,ΩS

)
≥ (dS)−

5
2

∑d
n=1 D

(
ρSn ,Ω

S
)

on
the subsystem. We introduce a Hermitian orthonor-
mal operator basis {e1, ..., ed2S} on the subsystem such

that tr (eiej) = δij , and for Hermitian operators A,
tr (Aei) ∈ R. In the seventh line below, we use the lemma
(Appendix C) to lower bound the Hilbert-Schmidt pro-
jection of (ωS − ΩS) onto the e1 basis operator, where
we assume without loss of generality that for i > 1,∑d
n=1

∣∣tr ((ρSn − ΩS
)
e1

)∣∣ ≥ ∑d
n=1

∣∣tr ((ρSn − ΩS
)
ei
)∣∣.

The distinguishability on the subsystem of time-averaged
state from microcanonical state can be bounded as fol-
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lows:

D
(
ωS ,ΩS

)
=

1

2
tr
∣∣ωS − ΩS

∣∣
=

1

2
tr

(√
(ωS − ΩS)

2

)
≥ 1

2

√
tr
(

(ωS − ΩS)
2
)

=
1

2

√√√√ d2S∑
i=1

[tr ((ωS − ΩS) ei)]
2

≥ 1

2

∣∣tr ((ωS − ΩS) e1

)∣∣
=

1

2k

∣∣∣∣∣∣
k∑
j=1

tr
((
ρSnj
− ΩS

)
e1

)∣∣∣∣∣∣
≥ 1

2k

k

d

d∑
n=1

∣∣tr ((ρSn − ΩS
)
e1

)∣∣
≥ 1

2d

1

d2
S

d2S∑
i=1

d∑
n=1

∣∣tr ((ρSn − ΩS
)
ei
)∣∣

≥ 1

2d d2
S

d∑
n=1

√√√√ d2S∑
i=1

[tr ((ρSn − ΩS) ei)]
2

≥ 1

2d d2
S

d∑
n=1

√
tr
(

(ρSn − ΩS)
2
)

≥ 1

2d d2
S

d∑
n=1

1√
dS

tr

(√
(ρSn − ΩS)

2

)

= (dS)−
5
2

1

d

d∑
n=1

1

2
tr
∣∣ρSn − ωS∣∣

= (dS)−
5
2

1

d

d∑
n=1

D
(
ρSn ,Ω

S
)
.

(B7)

If every time-averaged state ω with effective dimension
at least d

4 is such that D
(
ωS ,ΩS

)
≥ ε, it follows that

1

d

d∑
n=1

D
(
ρSn ,Ω

S
)
≤ (dS)

5
2 ε. (B8)

�

Appendix C: Lemma for choosing eigenstates

In the proof of Theorem 2, we use a result to lower-
bound the contribution from a single measurement out-
come, M1, to the distinguishability of the maximum mix-
ture of an optimal subset of energy eigenstates in the

band from the microcanonical state:

∣∣∣∣∣∣
k∑
j=1

tr
(
M1

(
ρnj
− Ω

))∣∣∣∣∣∣ ≥ k

d

d∑
n=1

|tr (M1 (ρn − Ω))| ,

(C1)
where k ≤ d

3 . This is in fact a straightforward property
of the finite collection {tr (M1 (ρn − Ω)) : 1 ≤ n ≤ d} of
real numbers, which satisfy the property that

d∑
n=1

tr (M1 (ρn − Ω)) = 0. (C2)

As such, we frame the result in general terms, without
reference to the specific relevance of those numbers.

Lemma Let a1, ..., ad ∈ R be such that
∑d
n=1 an = 0,

and let k ≤ d
3 be an integer. Then there exists a subset

{an1
, ..., ank

} such that
∣∣∣∑k

j=1 anj

∣∣∣ ≥ k
d

∑d
n=1 |an|.

Proof Without loss of generality, the an may be or-
dered by value:

a1 ≥ a2 ≥ ... ≥ aN ≥ 0 ≥ aN+1 ≥ ... ≥ ad, (C3)

and, furthermore, we may assume that N ≤ d
2 , since

swapping each an → −an does not affect sums over |an|.
From this it follows that

N∑
n=1

an = −
d∑

n=N+1

an =
1

2

d∑
n=1

|an| (C4)

and

1

N

N∑
n=1

an =
1

2N

d∑
n=1

|an|

≥ 1

d

d∑
n=1

|an| ,

(C5)

that is, the average absolute value across a1, ..., aN is at
least equal than that of a1, ..., ad.

Case 1. k ≤ N

k∑
n=1

an ≥
k

N

N∑
n=1

an ≥
k

d

d∑
n=1

|an| (C6)
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Case 2. N ≤ k ≤ d
3

k∑
n=1

an =

N∑
n=1

an +

k∑
n=N+1

an

≥
N∑
n=1

an +
k −N
d−N

d∑
n=N+1

an

≥
(

1− k −N
d−N

)
1

2

d∑
n=1

|an|

≥
(

1− k

d

)
1

2

d∑
n=1

|an|

≥
(

2k

d

)
1

2

d∑
n=1

|an|

=
k

d

d∑
n=1

|an|

(C7)

So, provided k ≤ d
3 and with appropriate ordering of the

indices,
∣∣∣∑k

n=1 an

∣∣∣ ≥ k
d

∑d
n=1 |an|, and the claim holds.

�

Appendix D: Idealisations

We now present extensions of our results for situations
where some of the mathematical idealisations are relaxed.
Namely, we consider states whose energy distributions
have tails outside the band defining the microcanonical
state, and systems with degenerate energy spectra.

Energy distributions with tails.
Consider a state with time average ω satisfying that

tr (Π∆ ωΠ∆) = 1− δ, (D1)

where Π∆ is the projector onto an energy band of dimen-
sion d. Denote by Dmean

M and DRMS
M the mean and root

mean square distinguishability of energy eigenstates from
the microcanonical state in that band, as in equations
(12) and (13). Furthermore, denote the time-averaged
state’s renormalised projection onto the energy band by

ω∆ =
Π∆ ωΠ∆

1− δ
(D2)

and the projection onto the band’s complement by

ωC =
(I−Π∆)ω(I−Π∆)

δ
, (D3)

so that the time-averaged state can be decomposed as

ω = δ ωC + (1− δ)ω∆. (D4)

The distinguishability of the time-averaged state ω from
the band’s microcanonical state Ω∆ can be bounded us-
ing Theorem 1:

DM
(
ω,Ω∆

)
= DM

(
δ ωC + (1− δ)ω∆, Ω∆

)
≤ δDM

(
ωC ,Ω∆

)
+ (1− δ) DM

(
ω∆,Ω∆

)
≤ δ + DM

(
ω∆,Ω∆

)
≤ δ + DRMS

M

√
d

deff (ω∆)
− 1

≤ δ +

√
Dmean
M

(
d

deff (ω∆)
− 1

)
.

(D5)

It follows that the above bound also holds for any state
ρ satisfying that tr (Π∆ ρΠ∆) ≥ 1− δ.

A similar adaptation of Theorem 2 is straightforward.
Let S be the set of time-averaged states ω satisfying the
following properties:

i tr (Π∆ ωΠ∆) ≥ 1− δ

ii deff
(
ω∆
)
≥ d

4 .

If every ω ∈ S is such that DM
(
ω,Ω∆

)
≤ ε then the

mean distinguishability of energy eigenstates in the band

from the microcanonical state, Dmean
M ≤ NM ε (or d

5
2

Sε,
as appropriate).

These bounds follow as a direct consequence of Theo-
rem 2, since the set S includes all those states contained
entirely within the energy band which have effective di-
mension at least d

4 .

Degenerate spectra.
If the Hamiltonian has degeneracies, then the situa-

tion becomes more complicated, as the energy basis is
not unique (we can choose arbitrary bases inside each de-
generate subspace). Consider a Hamiltonian of the form
H =

∑
mEmΠm, where Πm is the projector onto the en-

ergy eigenspace with energy Em. In this case, for initial
mixed states, the effective dimension of a time-averaged
state is given by [4]

deff (ω) =
1∑

m(tr (Πmω))2
. (D6)

Given an eigenedecomposition ω =
∑
n pnρn of ω, we will

first show that

1∑
n p

2
n

≥ deff (ω) ≥ 1

g
∑
n p

2
n

, (D7)

where g is the degeneracy of the most degenerate en-
ergy subspace. This is because mixing inside degenerate
subspaces does not change deff (ω). To prove the first
inequality, note that∑

n

p2
n ≤

∑
m

(
∑

n:Hρn=Emρn

pn)2 =
1

deff (ω)
. (D8)
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To prove the second inequality, note that

∑
m

(tr (Πmω))2 =
∑
m

(tr (ΠmΠmω))2

≤
∑
m

tr
(
Π2
m

)
tr
(
Πmω

2Πm

)
=
∑
m

tr (Πm) tr
(
Πmω

2
)

≤ g
∑
m

tr
(
Πmω

2
)

= g tr
(
ω2
)

= g
∑
n

p2
n (D9)

where in the second line we have used the Cauchy-
Schwartz inequality for the Hilbert Schmidt inner prod-
uct ( (tr

(
A†B

)
)2 ≤ tr

(
A†A

)
tr
(
B†B

)
).

The proofs for theorems 1 and 2 are very similar to be-
fore. For theorem 1, we expand ω in its eigenbasis, and
use the result of (D8) to include an additional inequality
in the final line of (A1). This bounds the distinguisha-
bility of ω from the microcanonical state, provided that
the average distinguishability Dmean

M is computed in the
the eigenbasis of ω.

To obtain a basis-independent result, we replace the
mean distinguishability by its maximum over choices of
energy basis:

Dmean,max
M = max

B

1

d

d∑
n=1

DM (ρn,Ω) . (D10)

It then holds for any time-averaged state in the band that

DM (ω,Ω) ≤

√
Dmean,max
M

(
d

deff (ω)
− 1

)
. (D11)

For theorem 2, we construct the state ω, which is an
equal mixture of k ≥ d

4 different energy eigenstates, in
the energy eigenbasis B which achieves the maximum in
(12). The proofs then proceed as before with the only
change being that the effective dimension of the state ω
is no longer equal to k. Instead, it follows from (D7) that

deff (ω) ≥ k

g
≥ d

4g
(D12)

We can therefore modify Theorem 2 to the following:

Theorem 3 Suppose that, in an energy band with di-
mension d and maximum energy degeneracy g, every
time-averaged state ω with deff (ω) ≥ d

4g is such that

DM (ω,Ω) ≤ ε for some ε > 0.

i If the number of outcomes across all available mea-
surements, NM =

∑
M∈MN(M) is finite, then the

mean distinguishability of energy eigenstates from
the band’s microcanonical state,

Dmean,max
M ≤ NM ε. (D13)

ii Furthermore, ifM represents the set of all POVMs
on a subsystem of dimension dS, the mean distin-
guishability is bounded by

Dmean,max
M ≤ dS

5
2 ε. (D14)

Note that some change to Theorem 2 is inevitable in the
presence of degeneracies, because if all energy subspaces
have degeneracy g, then the maximum value that deff (ω)
could take is d

g . If g > 4 there would be no states satis-

fying deff (ω) ≥ d
4 .


