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In this work we study static black holes in the regularized 4D Einstein-Gauss-Bonnet theory of
gravity; a shift-symmetric scalar-tensor theory that belongs to the Horndeski class. This theory fea-
tures a simple black hole solution that can be written in closed form, and which we show is the unique
static, spherically-symmetric and asymptotically-flat black hole vacuum solution of the theory. We
further show that no asymptotically-flat, time-dependent, spherically-symmetric perturbations to
this geometry are allowed, which suggests that it may be the only spherically-symmetric vacuum
solution that this theory admits (a result analogous to Birkhoff’s theorem). Finally, we consider the
thermodynamic properties of these black holes, and find that their final state after evaporation is a
remnant with a size determined by the coupling constant of the theory. We speculate that remnants
of this kind from primordial black holes could act as dark matter, and we constrain the parameter
space for their formation mass, as well as the coupling constant of the theory.

I. INTRODUCTION

Astonishingly, after more than a century from its inception, General Relativity (GR) remains the best known
description of how gravity behaves on macroscopic scales [1, 2], and together with quantum field theory it forms
one of the two pillars of modern physics. Despite this enormous success there are, however, strong theoretical
and observational reasons to believe that GR is not the final answer to our understanding of gravity, and that
it may be better understood as an effective theory of something more fundamental. Strong motivation for this
point of view comes from the well-known tension between Einstein’s theory and quantum field theory. From a more
phenomenological perspective, the apparent requirements for dark matter and dark energy also motivate consideration
of modifications to Einstein’s theory.

It is now well-known that GR is the only theory of gravity in four-dimensions that gives conserved, symmetric field
equations that are no more that second-order in derivatives of the metric tensor, as proven by Lovelock [3]. Thus, in
order to construct gravitational theories whose field equations differ from those of GR one must relax one or more of
the previous conditions [4]. This leaves us with one of the following options, if we want to consider alternative theories
of gravity: (i) Add extra fields that mediate the gravitational interaction, beyond just the metric tensor; (ii) Allow
field equations with more than two derivatives of the metric; (iii) Work in a spacetime with dimensionality different
from four; (iv) Give up on either rank-2 tensor field equations, symmetry of the field equations under exchange of
indices, or divergence-free field equations; or (v) Give up on locality.

In this regard, one of the most well-studied classes of alternative theories of gravity are the Lovelock theories [3]
(see Ref. [5] for a review), that fall into the third option in the previous list. The Lovelock theories of gravity are of
particular interest because they are the most general theories of gravity that give covariant, conserved, second-order
field equations in terms of only the metric in any arbitrary number of spacetime dimensions. In this sense, they are
the most natural possible generalizations of Einstein’s theory. The first few terms in the Lovelock Lagrangian are
specified by

L =
√
−g (−2Λ +R+ αG + . . . ) , (1)

where the ellipsis denotes terms of higher than second power in curvature tensors, and where

G ≡ R2 − 4RµνR
µν +RαβµνR

αβµν . (2)

It can be seen that the first two terms in this equation correspond precisely to Einstein’s theory with a cosmological
constant, while the third term contains the quadratic Gauss-Bonnet (GB) term G. While in five dimensions the GB
term is well-known to produce a rich generalization of Einstein’s theory, in four dimensions the GB term is known
to contribute precisely nothing to the field equations of the theory. This is by virtue of Chern’s theorem [6], which
shows that integrating the GB term over a four-dimensional manifold gives the constant-valued Euler characteristic.
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Besides being the unique quadratic curvature combination appearing in the Lovelock Lagrangian, GB terms are
of wide theoretical interest. String theory predicts next-to-leading order corrections at distances comparable with
the string length, that are typically described by higher-order curvature terms in the action [7–13]. It is therefore
of considerable interest to determine whether or not it is possible to arrive at four-dimensional theories of gravity
that contain a Gauss-Bonnet term in their action, but which have non-negligible consequences at the level of the field
equations. A novel proposal for just such a procedure was introduced by Glavan & Lin1 [15]. The idea in this approach
is to take the coupling parameter α to scale as 1/(D−4), and to take the limit D → 4 in order to introduce a divergence
that cancels the vanishing contribution of the GB term to the field equations in four dimensions (in a manner that is
conceptually similar to dimensional regularization in quantum field theories). This idea has been dubbed 4D Einstein-
Gauss-Bonnet (4DEGB) gravity, and was initially introduced in order to try and side-step Lovelock’s theorem. It
has attracted a great deal of attention over the past year [16–131], but has also been found to be deficient on various
grounds [132–140].

The approach of Glavan & Lin has motivated the development of a set of alternative approaches that produce more
satisfactory theories [141–146], but which retain some of the flavour of the original idea. In this work we focus on a
particular regularized 4DEGB theory that was previously obtained in Ref. [144, 145], which introduces a counter-term
to remove the divergent part of the theory (using a procedure introduced in 2 dimensions in Ref. [143]). This produces
a well defined theory at the cost of introducing an additional scalar degree of freedom. Remarkably, the same theory
can be obtained via a different procedure involving a regularized Kaluza-Klein reduction of the higher-dimensional
EGB theory [141, 142], by assuming a conformally invariant scalar field equation of motion [147], and intriguingly is
the same action that appears in the context of trace anomalies [148, 149]. It belongs to the Horndeski class of theories
[150], much like other scalar-Gauss-Bonnet theories that exist in the literature [151–175].

The regularized 4DEGB theory from Refs. [141, 142, 144, 145, 147–149] shares solutions with the original prescrip-
tion presented by Glavan & Lin [15], and one such solution of particular interest is that of a static and spherically-
symmetric black hole. In the original proposal this solution was derived from the black hole solutions of Ref. [176, 177],
which were derived in the context of higher-dimensional Einstein-Gauss-Bonnet gravity. These higher-dimensional
solutions have interesting properties close to the singularity, as well as an associated uniqueness theorem [178–180].
It is an interesting question to determine whether or not these properties persist for the black hole solutions to the
regularized 4DEGB theories. In this work we will establish results that indicate that these solutions are in fact unique
in the regularized 4DEGB theory, under reasonable conditions. Furthermore, we consider the evaporation properties
of these black holes, and speculate that the resultant relics might be a suitable form of dark matter.

This paper is structured as follows: In Section II we introduce the regularized 4DEGB theory, along with the
respective field equations. In Section III we consider the uniqueness of the spherically-symmetric black hole solutions
of the theory, and in Section IV we speculate on the role of the resultant relics as dark matter, imposing constraints
in the parameter space for their formation mass, as well as the coupling constant of the theory. We close in Section
V with a discussion of our results. We work in units such that c = G = ~ = kB = 1 throughout, although in Section
IV re-introduce these constants explicitly for clarity.

II. REGULARIZED 4DEGB THEORY

In this section we will introduce the scalar-tensor formulation of the regularized 4DEGB theory of Refs. [141, 142,
144, 145]. The action from which this theory is derived is given by

S =
1

16π

∫
M
d4x
√
−g
[
R+ α

(
4Gµν∇µφ∇νφ− φG + 4�φ(∇φ)2 + 2(∇φ)4

)]
+ Sm , (3)

where G is the Gauss-Bonnet invariant defined in Eq. (2), α is a coupling constant with dimensions of length squared,
φ is a scalar field, and Sm is the action associated with matter fields. This action can be obtained from the truncated
Lovelock theory given in Eq. (1) by putting Λ into the matter action, and by the addition of a counter-term that
consists of the Gauss-Bonnet invariant of a conformally transformed geometry g̃µν = e2φgµν , which gives [144, 145]

lim
D→4

∫
M dDx

√
−gG −

∫
M dDx

√
−g̃G̃

D − 4
=

∫
M
d4x
√
−g
(
4Gµν∇µφ∇νφ− φG + 4�φ(∇φ)2 + 2(∇φ)4

)
, (4)

where the factor of D − 4 in the denominator of the right-hand side occurs due to the re-scaling of the coupling
parameter α→ α/(D − 4). This regularization procedure differs from the one introduced by Glavan & Lin precisely

1 See also Ref. [14] for an earlier but similar approach.
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because of the counter-term containing tildes, which removes divergences in the four-dimensional limit, and yields
a well-defined scalar-tensor theory of gravity, as given in Eq. (3). In what follows we consider a positive coupling,
α > 0, as supported by observational constraints [181].

The field equations that follow from Eq (3) are obtained by varying with respect to the metric, and can be written
as

Gµν + αHµν = 8π Tµν , (5)

where Tµν is the stress-energy tensor of matter, including Λ, and where we have defined

Hµν =2Gµν (∇φ)
2

+ 4Pµανβ
(
∇β∇αφ−∇αφ∇βφ

)
+ 4 (∇αφ∇µφ−∇α∇µφ) (∇αφ∇νφ−∇α∇νφ)

+ 4 (∇µφ∇νφ−∇ν∇µφ)�φ+ gµν

(
2 (�φ)

2 − (∇φ)
4

+ 2∇β∇αφ
(
2∇αφ∇βφ−∇β∇αφ

) )
,

(6)

where

Pαβµν ≡
1

4
εαβγδR

ρσγδερσµν = 2 gα[µGν]β + 2 gβ[νRµ]α −Rαβµν ,

is the double dual of the Riemann tensor and the square brackets denote anti-symmetrization.
The propagation equation for φ is obtained by varying the action with respect to this field, and results in

Rµν∇µφ∇νφ−Gµν∇µ∇νφ−�φ (∇φ)
2

+ (∇µ∇νφ)2 − (�φ)2 − 2∇µφ∇νφ∇µ∇νφ =
1

8
G . (7)

This equation displays some interesting features. Firstly, there is a manifest conformal invariance under the trans-
formation gµν → gµνe

2σ and φ → φ − σ [147]. Secondly, it can be shown that Eq. (7) is entirely equivalent to the

simple vanishing of the conformal Gauss-Bonnet invariant, G̃ = 0 [144]. Thirdly, using Eq. (7), with the trace of the
field equations (5), it becomes apparent that the scalar field φ completely decouples from metric in one of the field
equations, such that

R+
α

2
G = −8π T, (8)

where T = gµνTµν is the trace of the stress-energy tensor. In fact, this purely geometric relation can be shown to be
a direct consequence of the conformal invariance of the scalar field equation [147].

We note that the theory given in Eq. (3) belongs to the Horndeski class [150], with functionsG2 = 8αX2, G3 = 8αX,
G4 = 1 + 4αX and G5 = 4α lnX, which guarantees that the field equations (5) and (7) are at most second-order in
derivatives of gµν and φ. We further note that the action (3) is shift-symmetric in the scalar field, i.e., it is invariant
under the set of transformations φ → φ + C, for any constant C. By virtue of this symmetry we acquire a Noether
current with vanishing divergence [153]:

jµ =
1√
−g

δS

δ(∂µφ)
, such that ∇µjµ = 0 . (9)

In fact, the vanishing divergence ∇µjµ = 0 implies ∂µ (
√
−gjµ) = 0, which also recovers the equation of motion (7).

We will make use of this fact in what follows, where we will discuss the black hole solutions of this theory.

III. BLACK HOLE SOLUTIONS AND UNIQUENESS

It is known that a vacuum solution to the field equations (5) and (7) is given by the following geometry [15, 141]:

ds2 = −A(r)dt2 +B(r)dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, (10)

where

B(r)−1 = A(r) = 1 +
r2

2α

(
1−

√
1 +

8Mα

r3

)
, (11)

and M is a constant associated with mass. The corresponding scalar field profile for this solution is given up to a
quadrature by

φ′(r) =
1−

√
A(r)

r
√
A(r)

, (12)
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where the prime here denotes a derivative with respect to r. In what follows, we will show that this solution is one of
only two static asymptotically-flat spherically-symmetric solutions to the regularized 4DEGB theory, and is the unique
static and asymptotically flat black hole solution. We will follow this by demonstrating that the regularized 4DEGB
theory admits no spherically-symmetric asymptotically-flat time-dependent perturbations to this solution, which
indicates that there are no other spherically symmetric solutions (even time dependent ones) in the neighbourhood of
this solution. Together, these results suggest that (11) is the unique asymptotically-flat spherically-symmetric vacuum
black hole solution of this theory (without assuming staticity), a result analogous to Birkhoff’s theorem of GR.

A. Uniqueness of Static Black Hole

The first step in demonstrating the uniqueness of (11) is to study the existence of solutions at spatial infinity under
the assumption of asymptotic flatness. To do this we take Eq. (10) as an ansatz for the most general static spherically
symmetric solution, and impose asymptotic flatness by assuming that in the limit r → ∞, A(r) → 1, B(r) → 1 and
φ(r)→ 0,2 and expand the functions of interest as a power series in 1/r:

A(r) = 1 +

∞∑
n=1

An
rn
, B(r) = 1 +

∞∑
n=1

Bn
rn
, φ(r) =

∞∑
n=1

qn
rn

. (13)

Substituting these expressions into the the field equations (5), the (r-r) equation immediately tells us that A1 = −B1

and the scalar field equation that q1 = ±B1/2. Selecting either the positive or negative branch, one finds that
constants at higher order can all be fixed in terms of B1 with no further choices, and therefore that there are two
series solutions each of which can be written in terms of a single constant. We identify this constant as a mass setting
B1 = 2M , and at leading order one then finds the scalar charge, q1, is given by q1 = ±M . Choosing q1 = −M
and proceeding using the field equations to fix coefficients order by order, one finds a series solution which matches
the Taylor expansion of the black hole solution (11) up to the order we have checked. On the other hand, choosing
q1 = +M leads to a second solution with expansion

A(r) = 1− 2M

r
− 4M2α

r4
+O

(
1

r5

)
,

B(r) = 1 +
2M

r
+

4M2

r2
+

8M3

r3
+

4M2(4M4 + 3M2α)

r4
+O

(
1

r5

)
,

φ(r) =
M

r
+
M2

r2
+

4M3

3r3
+

2M2(M2 + α)

r4
+O

(
1

r5

)
. (14)

We note that for this solution the expansion tells us that B−1 6= A, which we will comment on further below.
This analysis already indicates that there are only two static and spherically-symmetric asymptotically flat vacuum

solutions in regularized 4DEGB, but relies on the validity of a perturbative expansion. Making use of the Noether
current (9) we can go further: taking the ansatz (10) and utilising the expressions in Ref. [153] we find that jµ can
be written as jµ = (0, jr, 0, 0), where

jr =

(
A′ + 2Aφ′

)(
(rφ′ + 1)

2 −B
)

2r2AB2
. (15)

Moreover, assuming the ansatz (10), Eq. (9) can be integrated to give

√
ABr2jr = constant. (16)

Assuming asymptotic flatness, this constant can be seen to be zero by substituting the leading terms from either
of the series solutions considered above into Eq. (15). The same result can also be demonstrated independently of
perturbation theory by integrating Eq. (9) over a region of space-time that is external to the horizon, and which is
bounded by the event horizon and two space-like surfaces that are identical to each other up to a translation along
the Killing field ξµ, which is time-like in the black hole exterior.

2 Here we can make use of the scalar field shift symmetry to impose limr→∞ φ(r) = 0.
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To show this, we can begin by noting that Gauss’ theorem means that the volume integral of ∇µjµ can be converted

to an integral of the normal component of ~j over the boundary. We can then see that the contribution to this integral
from the integral over the event horizon will vanish. This is because the Killing vector ξµ is a generator of this
horizon, and because the event horizon itself is a null surface. These two facts mean that ξµ must also be the normal
to the horizon (as null vectors are normal to themselves), and therefore that the normal component of the current
~j must vanish on this surface (assuming that ~j displays the same symmetries as the spacetime, and therefore that
jµξµ = 0). Now, the identical nature of the two space-like surfaces means that the integral of the normal component

of ~j over them must sum to zero, and therefore they also contribute nothing to the integral over the boundary. We
then conclude that the normal component of ~j must vanish at the remaining part of the boundary. This segment of
the boundary is time-like, and as there is nothing special about its location, we must therefore conclude that jr = 0
at all points exterior to the event horizon, which demonstrates that the constant in Eq. (16) must be equal to zero.

Now, Eq. (15) allows us to calculate the two possible scalar field profiles non-perturbatively, in terms of the functions
A and B, as

φ = −1

2
log(A) or φ′ =

−1±
√
B

r
. (17)

The second profile with the plus sign corresponds to the case of q1 = −M . Substituting this into the field equations,
the (t-t) equation and a suitable combination of the (t-t) and (r-r) equations give us3

(B − 1)B
(
−α+B

(
α− r2

))
− r(−2α+B

(
2α+ r2

)
)B′ = 0 and (−2α+B

(
r2 + α

)
)(AB′ +A′B) = 0. (18)

The first equation admits a solution for B that coincides with B given by (11), while the second equation admits the
solution A = CB−1 where C is a constant that can be absorbed into a redefinition of t in the metric. This scalar field
profile therefore coincides with that of (11) and leads to the known black hole.

The first scalar field profile in Eq. (17) corresponds to the q1 = M case, and the Taylor expansion of this profile
matches the expansion in Eq. (14). Recall that in this case the series solution indicates that the functions A and B−1

are not equal. Studying the field equations has not allowed us to find a closed-form solution for the metric functions A
and B in this case, so in order to make progress in understanding this solution we instead integrate the field equations
numerically in r from large r using the series solution to provide initial conditions. As seen in Fig. 1 (left), we observe
that the functions A and B−1 coincide at large r, but differ drastically for small values of the radial coordinate, where
the function B develops a kink outside of any horizon (as indicated by the arrow in the figure). As this point is
approached the curvature scalar diverges, as shown in Fig. 1 (right). This behaviour indicates the presence of a naked
singularity. We also observe that the (t-t) component of the field’s stress-energy tensor is negative, which may lead
one to question whether this particular solution is of any direct physical significance at all.

α=0.1, M=1

Naked Singularity

B
-1

A

1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

0.0

0.1

0.2

0.3

0.4

0.5

0.6

r

Ricci Scalar

H
t
t=ρ

2.10 2.15 2.20 2.25 2.30

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

r

FIG. 1. Left: Profiles for the metric functions that solve the field equations for the scalar field profile φ = − 1
2

log(A), for the
fiducial choice α = 0.1 and M = 1. Right: Respective Ricci scalar and (t-t) component in the field’s stress energy tensor. A
similar behaviour is observed for other values of the coupling α.

3 Substitution of the second profile with the minus sign leads to the same exact field equations and solutions. In this case, however, the
scalar field profile is not asymptotically flat (albeit φ′ → 0, nonetheless).
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Further evidence that demonstrates that these solutions do not represent a black hole can be obtained by expanding
the metric functions in a power series around the position at which they would tend to zero, denoted r+, if the solution
was to describe a black hole. This gives

A =

∞∑
n=1

an(r − r+)n, B−1 =

∞∑
n=1

bn(r − r+)n . (19)

On substitution into the field equations, this immediately implies that b1 = 0. A non-zero value of b1 is required
for this position to be the horizon of a non-extremal black hole, and hence this automatically indicates that if the
solution describes a black hole, it has to be extremal. This can be seen by computing the black hole temperature T+,
which for the line-element of Eq. (10), assuming the near-horizon expansion of Eq. (19), reads [182, 183]

T+ =
κ

2π
=

1

4π

[
1√
−gttgrr

dgtt
dr

]
r=r+

=

√
a1b1
4π

, (20)

where κ is the surface gravity of the black hole, and T+ can be seen to vanish if b1 = 0. Moreover, a more careful
analysis reveals that the aforementioned power series is incompatible with the field equations, yielding no perturbative
solutions.

To summarise, we have shown that (11) is the unique static spherically-symmetric and asymptotically-flat vacuum
black hole solution to the regularized 4DEGB theory, and that there exists one other (likely unphysical) spherically-
symmetric and asymptotically-flat solution which corresponds to a naked singularity.

B. Time-Dependent Perturbations

Let us now generalize our considerations to allow for time dependence. To do so we will return to the ansatz
(10), but now allow A and B to be functions of t as well as r. We begin by considering spherically-symmetric
time-dependent perturbations about (11). In GR such perturbations must of course be zero, by virtue of Birkhoff’s
theorem. We will now show that a similar result holds in regularized 4DEGB, provided we restrict our attention to
spherically-symmetric, asymptotically-flat perturbations.

We denote quantities associated with the exact solution (11) using a subscript 0, and expand the metric functions
as

A(t, r) = A0(r) +

∞∑
n=1

εnAn(t, r) , B(t, r) = B0(r) +

∞∑
n=1

εnBn(t, r) , φ(t, r) = φ0(r) +

∞∑
n=1

εnφn(t, r) , (21)

where ε is a small parameter. Substituting (21) into the field equations, and expanding to first order in ε, we find
that the (t-r) field equation gives

Ḃ1 = 0 , (22)

where the dot indicates differentiation with respect to t. This implies that B1 must be a function of r only, and by
virtue of the results for the static case above we know any such function must be zero4. Therefore, setting B1 = 0,
we find that the (t-t) field equation is automatically satisfied to first order in ε. On the other hand, the (r-r) equation
and trace equation (8) give

φ′1 =

(
2α− 2αA0 + r2

)
(A0A

′
1 −A1A

′
0)

4αA0

(
−rA′0 + 2A0 − 2

√
A0

) , (23)

and

0 =A1

(
A′0
((

2α+ 2αA0 + r2
)
A′0 − 4rA0

)
− 2A0

(
2α− 2αA0 + r2

)
A′′0
)

+A0A
′
1

(
4rA0 −

(
2α+ 2αA0 + r2

)
A′0
)

+ 2A0
2
(
2α− 2αA0 + r2

)
A′′1 ,

(24)

4 This is because B1(r) can be re-absorbed into B0(r). It can be explicitly verified that this is equivalent to considering a background
solution with a slightly perturbed mass M + ε δM . New terms resultant from considering this new background solution are of O(ε), and
can then in turn be reabsorbed into the perturbations A1.
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respectively, where the dash again indicates a derivative with respect to r. Equation (24) has the general solution

A1 = A0

(
c1(t) + c2(t)

∫ r 1

A
3/2
0 (2α− 2αA0 + r2)

dr

)
, (25)

where c1(t) and c2(t) are free functions of time. Substituting Eq. (25) into Eq. (23), the term proportional to c1(t)
drops out, and one finds

φ1 = c3(t) +

∫ r c2(t)

4α
√
A0

(
2A0 − 2

√
A0 − rA′0

)dr ∼ c3(t)− c2(t)r2

32Mα
+O(r) , (26)

where in the last step we have made an expansion in r near spatial infinity. If we now assume asymptotic flatness
of the perturbations, we can set both c2 and c3 to zero. This implies φ1 = 0 and A1 = c1(t)A0. Moreover, since c1
is a function only of t, this can be absorbed into a re-definition of t in the line-element, such that we can effectively
set A1 = 0. With all linear perturbations set to zero, this further implies there are no source terms for higher-order
perturbations.

We therefore conclude from this analysis that there exist no spherically-symmetric, asymptotically-flat perturbations
to the solution (11), and therefore that the black hole solutions of Eq. (11) are perturbatively stable.

IV. EVAPORATION REMNANTS

In this section we reintroduce the constants c, G, ~ and kB for clarity. Having argued for the uniqueness of the black
hole solution (11), we now turn to its further consequences. First we observe that such a black hole has a minimum
size, and that the evaporation process leads to a remnant5.

A. 4DEGB Black Hole Thermodynamics

To see that black holes leave a remnant, we first note that the black hole solution (11) contains horizons located at

r± =
GM

c2
±

√(
GM

c2

)2

− α , (27)

and that r+ has a minimum value of rmin ≡
√
α. The Hawking temperature of the black hole can be computed

straightforwardly, giving

T+ =
~c

4πkB
A′(r+) =

~c
4πkB

r2+ − α
r+
(
r2+ + 2α

) , (28)

where we observe that for r+ = rmin the Hawking temperature vanishes, as also seen in Fig. 2. A similar black
hole temperature profile is found in other contexts commonly related to quantum gravity, such as non-commutative
models [185–189] and asymptotically safe gravity [189–191].

Assuming a Stefan-Boltzmann law to estimate the mass and energy output as functions of time gives

− dE

dt
= 4πr2+σT

4
+, and σ =

π2k4B
60~3c2

(29)

which allows us to write the following dimensionless differential equation for our black holes:

dm

dτ
= − 1

240π

[
β2 −m2

(
1 +

√
1− β2

m2

)]4
(

1 +
√

1− β2

m2

)2

m2

[
β2 + 2m2

(
1 +

√
1− β2

m2

)]4 , (30)

5 This is in contrast with other scalar-Gauss-Bonnet theories typically studied in the literature, where the evaporation never halts (see
e.g. [184]).
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+

α

FIG. 2. Temperature of the 4DEGB black hole as a function of the horizon radius. One observes that as r+/
√
α →√

1
2

(
5 +
√

33
)
≈ 2.31782, the temperature hits a maximum, and rapidly falls as the horizon radius decreases. The temperature

approaches zero as r+/
√
α→ 1.

where we have defined the dimensionless quantities

m :=
M

Mpl
, τ :=

t

tpl
, β :=

√
α

`pl
, (31)

normalised with the Planck units

M2
pl :=

~c
G
, `2pl :=

~G
c3
, t2pl :=

~G
c5
. (32)

We see that the solutions to this equation will have a mass m → β as τ → ∞, as demonstrated by the numerical
solutions displayed in Fig. 3. Observe that as m → β, dm/dτ → 0 as indicated by Eq. (30). Furthermore, we note
that the time-scale over which a black hole with dimensionless mass m = m0 evaporates to its final value m = mf ,
tev, is given by

tev =20πtpl

[
128

(
m3

0 −m3
f +m2

0

√
m2

0 − β2

)
+ 960β2 (m0 −mf ) + 486β4

(
mf

m2
f − β2

− m0

m2
0 − β2

)

+ 1024β2
√
m2

0 − β2 − 648β2√
m2

0 − β2
+ 729β3 log

(
(m0 − β)(mf + β)

(m0 + β)(mf − β)

)
−

8
(

16m4
f + 112m2

fβ
2 − 209β4

)
√
m2
f − β2

]
.

(33)
This means that evaporation of these black holes in regularized 4DEGB leads to a relic, which no longer radiates, and
which has a size of

√
α. This is a favorable feature from the point of view of cosmic censorship hypothesis.

B. Relic Primordial Black Holes and Dark Matter

An immediate consequence of the end state of evaporation identified above is that the relics of black holes formed in
the early universe must survive until today. Such relics may therefore contribute to the dark matter that is observed
in the late Universe. The idea of primordial black holes (PBHs) contributing to the dark matter is not a new one
[192, 193], and the possibility of Planck-size black hole relics playing the role of dark matter was first pointed out
by MacGibbon [194] and has been explored by many authors [188, 189, 195–207] (also see Ref. [208] for a review on
black hole relics and their implications for the information loss paradox). In most of these studies the possible black
hole relics are taken to be of Planck mass.
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FIG. 3. Time evolution of the dimensionless mass m = M/Mpl (left) and its time derivative (right) due to Hawking evaporation,
for black holes with initial mass m0 = 10 for a sample of values of the dimensionless coupling β. If β = 0, black holes are
described by the Schwarzschild solution of GR and evaporate completely, with dm/dτ → ∞ near the end of evaporation.
4DEGB black holes, on the other hand, approach a minimum size as m→ β and evaporation comes to a halt.

In the current setting there are several complications. First, the mass of the relic is now equal to βMpl ∝
√
α.

Secondly, the evaporation time scale is altered, being given by Eq. (33). And finally, the Friedmann equation for a
flat universe in regularized 4DEGB gravity is given by6 [147]

H2 +
α

c2
H4 =

8πG

3
ρ . (34)

The term proportional to α on the left-hand side of this equation may play a role in the early universe, as it scales
like H4.

In what follows, we will assume that a population of black holes can form when large perturbations re-enter the
horizon during the period of radiation domination after inflation ends (in a qualitatively similar way to the process
that occurs in standard general relativistic cosmology). We will further assume that all dark matter today consists of
black hole remnants, and that the black holes initially form with a single (dimensionless) mass, mPBH. On this basis,
we will estimate the allowed parameter range of mPBH and β. Of course, it would be interesting to study further
the precise details of how structure collapse and black hole formation occurs within 4DEGB, though we note that it
does not appear possible to construct Oppenheimer-Snyder collapse models in regularized 4DEGB, as the scalar field
from the Friedmann interior cannot be made to match that of the black hole exterior7. Such considerations are left
to future work.

When PBHs form, their mass is given by some sizable fraction, γ, of the mass of a horizon-sized region of the
universe at the time of formation. Working in units such that ~ = c = 1, this leads to the formula

mPBH = γ
4π

3H3
∗Mpl

ρ∗ (35)

where H∗ is the Hubble rate at the time of re-entry, and

ρ∗ =
3M2

pl

8π

(
H2
∗ + β2 H

4
∗

M2
pl

)
(36)

is the density. Typically a value of γ ∼ 0.2 is taken in the literature. The number of horizon-sized patches of the
universe in which a black hole forms is determined by the amplitude and statistical properties of the large-density
perturbations, and hence the fraction of the universe’s energy density that turns into PBHs can be taken as a free
parameter.

6 For simplicity, here we ignored a dark-radiation-like term of the form K/a4, where K is a free parameter. These type of terms are
common in scalar-tensor theories.

7 This is true despite the fact that the first and second fundamental forms on either side of the boundary can be made to match.
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FIG. 4. Bounds on the mass of the PBHs (left) and Hubble rate at formation (right) as a function of β in order that remnants
make up all dark matter today. The scenario is allowed in the shaded region and colour represents the evaporation redshift,
zev.

There are then two main restrictions on the PBH remnant dark matter scenario. The first is that the mass of the
black hole at the time of formation must be greater than β. The relations (35) and (36) given above imply

mPBH =
γ

2

(
Mpl

H∗β
+
H∗β

Mpl

)
β ∼ 0.1

(
Mpl

H∗β
+
H∗β

Mpl

)
β . (37)

For H∗ � Mpl/β this formula implies mPBH ∝ 1/H∗, while for H∗ � Mpl/β it gives mPBH ∝ H∗. For a given β
there is therefore a minimum mass of mPBH ∼ 0.2β that can form, which corresponds to H∗ = Mpl/β. Since the
minimum mass allowed by Eq. (37) is just below the remnant mass, values of H∗ close to Mpl/β are inconsistent with
the outlined scenario. In fact, the consistency condition mPBH ≥ β imposes H∗ . 0.1Mpl/β or H∗ & 10Mpl/β. The
second main constraint is that by the time the Hubble rate reaches its value today, the density of dark matter and
radiation must be in their correct ratio. For a given value of β, this places an upper bound on mPBH, for reasons we
will explain in detail below. In turn this places an upper and lower bound on H∗ due to the non-linear relationship
between mPBH and H∗ given above. The region of parameter space that satisfies both constraints is illustrated in
Fig. 4, where the further constraint that H∗ . 5× 10−6Mpl required by gravitational wave constraints [209] has also
been imposed. The colour of each point shows the time of decay of PBHs into relics in the form of the redshift zev. We
also apply the constraint zev > zeq ≈ 3400 [210] to avoid relic production occurring after matter-radiation equality.

Let us now attempt to understand the origin of the upper bound on mPBH. To do so we will assume that the
evaporation of the black holes can be taken to occur instantly at some time tev after their formation. This time
can be estimated using Eq. (33) taking m0 = mPBH and mf = 1.1β. As mPBH becomes larger the decay time of
the black holes is pushed later into the universe’s evolution. When PBHs evaporate, they produce radiation and
this contribution to the total radiation, given by ∆ρ = (mPBH/β − 1)ρdecDM, must be smaller than the total radiation
density, which includes it. Since we are assuming relics to form all of the dark matter and the total radiation density
is also well known, for sufficiently large masses, this consistency condition cannot be obeyed, otherwise the relative
abundances of matter and radiation would not be correct at late time.

We can estimate the value of mPBH at which this occurs by considering the universe today, and extrapolating
into the past to see if a consistent evolution is possible. Doing so, the black hole remnants initially redshift like
dust, and the ratio of remnant dark matter to radiation decreases towards the past. This behavior continues until
the decay time is reached. At this time the dark matter density should jump by an amount given by ∆ρ, and the
radiation density, ρdecrad must drop by the same amount. This must occur at energy scales at least above those of
matter-radiation equality for consistency with structure formation, and hence the universe is radiation dominated at
this time. Consistency then demands that ∆ρ < ρdecrad. The radiation density at the time of decay can be estimated
by using the expression H2 ≈ t−2ev /4, valid during radiation domination once standard cosmology is recovered. This
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gives a good approximation of the density, except in the fine-tuned cases where ∆ρ ∼ ρrad. If this inequality on ∆ρ
cannot be satisfied it indicates there was no consistent evolution that lead to today’s energy densities, and employing
it gives the upper bound on the mass seen in Fig. 4. An analytic estimate for the upper limit on the mass can be
obtained by considering the GR limit of Eq. (33) for the evaporation time, resulting in

τev ≈ 5120πm3
PBH . (38)

In addition, for mPBH � β, we can use the approximation ∆ρ ≈ ρdecDMmPBH/β. The ratio between the densities can
be calculated by relating it to matter-radiation equality (labelled by eq):

ρdecDM

ρdecrad

=
adec
aeq
≈
√

Heq

Hdec
=
√

2Heqtev . (39)

This results in the consistency condition ∆ρ < ρdecrad becoming

mPBH < (10240πHeq/Mpl)
−1/5β2/5 . (40)

This approximate limit is shown in the left plot of Fig. 4, in which it is clear that it works very well, with the exception
of the largest values of β allowed in this scenario for which our approximation begins to fail, as all allowed masses are
very similar to β.

In order to verify the bounds we also run more sophisticated simulations. These begin by fixing a value for β and
for the Hubble rate, H∗, at which the primordial black holes form (and hence fixing the initial energy density and
black hole mass at the time of formation). The simulation then picks a value for the fraction of energy density in
black holes at this time, taking the rest of the energy density to be radiation. Finally, the code solves the ordinary
differential equations given by Eqs. (30) and (34), assuming the comoving number density of radiation and black holes
to be conserved. A cosmological constant of the value observed today is also included. The simulation ends when the
Hubble rate reaches its observed value today, at which time the ratio between dark matter and radiation is recorded.
By trying different fractions for the initial energy density of black holes for the same β and H∗ the simulation can
then establish if any initial fraction gives the the correct abundances today for this combination of β and H∗. The
simulation then picks a new β and H∗ and tries again. Our simulations also allow us to check other consistency
requirements, such as the universe being radiation dominated at the time of nucleosynthesis. We find results that
agree remarkably well with the simpler analytic estimate described above.

We conclude therefore that dark matter can be generated via the mechanism of PBH evaporation in 4DEGB. We
also find that remnants with a mass larger than the Planck mass (which follow when β > 1) allow for the formation
of PBHs at lower energy scales than in the standard scenario of Planck mass remnants. For a given energy scale,
however, there is maximum value of β above which the scenario is no longer viable, and that β ∼Mpl/H∗ is also not
permitted. The situation considered here assumed all the dark matter to be composed of relics. Should their fraction
be smaller, the upper limit on PBH mass would increase in proportion with that fraction, with the corresponding
limits on H∗ broadening too.

V. DISCUSSION AND CONCLUSIONS

Modified theories of gravity with additional degrees of freedom typically present field equations with increased
complexity, and which are consequently often extremely difficult to solve in even the most symmetric situations. The
regularized 4DEGB theory presented in Refs. [141, 142, 144, 145, 147–149], and studied here, is an exception to this
rule: it admits spherically-symmetric vacuum black hole solutions that can be written in closed form, and that can
be shown to have interesting uniqueness properties. In particular we have shown that the Noether current associated
with the scalar field’s shift-symmetry can be used to show that the black hole solution in Eq. (11) is the unique static,
spherically-symmetric and asymptotically-flat vacuum solution to this theory. By further relaxing the assumption of
staticity, we found that no asymptotically-vanishing time-dependent perturbations to these black hole solutions are
allowed. This establishes a result only slightly less stringent than Birkhoff’s theorem from GR, and suggests that the
non-rotating black hole solutions of 4DEGB are perturbatively stable.

Motivated by these results, we studied the evaporation properties of black holes in regularized 4DEGB, finding
that evaporation halts at a length scale associated with the coupling constant of the theory α, leaving relics of size
r+ =

√
α that no longer radiate. Assuming that a population of black holes can form, when large perturbations

re-enter the horizon during the period of radiation domination after inflation ends, we have estimated the parameter
range of the masses of the PBHs at formation that can constitute relic dark matter, as well as constraints on α that
allow this. These constraints are given in Fig. 4, where the PBH mass at formation can range from M ≈ 0.4 g to
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M ≈ 4× 105 g when
√
α = `pl, and can reach M ≈ 2× 1012 g when

√
α = 10−18m, which is the maximum value of

this coupling for which this scenario is valid.
We note that the black hole geometry of Eq. (11) is also present in other theoretical frameworks besides the ones

mentioned before [15, 141, 142, 144–147] (consisting of the original 4DEGB procedure and well-defined regularizations
thereof). Namely, this geometry also appears as a solution to the semi-classical Einstein equations when quantum
corrections are considered [211, 212]. Our results on the evaporation remnants remain valid in any case.

In conclusion, the regularized 4DEGB theory studied here has shown itself to exhibit some remarkable properties,
admitting simple closed-form black hole solutions that can be shown to be unique and stable under reasonable
conditions, and that leaves non-thermal relics that could contribute to the dark matter component of the Universe.
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[145] R. A. Hennigar, D. Kubizňák, R. B. Mann, and C. Pollack, JHEP 07, 027 (2020), arXiv:2004.09472 [gr-qc].
[146] K. Aoki, M. A. Gorji, and S. Mukohyama, Phys. Lett. B 810, 135843 (2020), arXiv:2005.03859 [gr-qc].
[147] P. G. S. Fernandes, Phys. Rev. D 103, 104065 (2021), arXiv:2105.04687 [gr-qc].
[148] R. J. Riegert, Phys. Lett. B 134, 56 (1984).
[149] Z. Komargodski and A. Schwimmer, JHEP 12, 099 (2011), arXiv:1107.3987 [hep-th].
[150] G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974).
[151] T. P. Sotiriou and S.-Y. Zhou, Phys. Rev. Lett. 112, 251102 (2014), arXiv:1312.3622 [gr-qc].
[152] T. P. Sotiriou and S.-Y. Zhou, Phys. Rev. D 90, 124063 (2014), arXiv:1408.1698 [gr-qc].
[153] M. Saravani and T. P. Sotiriou, Phys. Rev. D 99, 124004 (2019), arXiv:1903.02055 [gr-qc].
[154] J. F. M. Delgado, C. A. R. Herdeiro, and E. Radu, JHEP 04, 180 (2020), arXiv:2002.05012 [gr-qc].
[155] D. D. Doneva and S. S. Yazadjiev, Phys. Rev. Lett. 120, 131103 (2018), arXiv:1711.01187 [gr-qc].
[156] H. O. Silva, J. Sakstein, L. Gualtieri, T. P. Sotiriou, and E. Berti, Phys. Rev. Lett. 120, 131104 (2018), arXiv:1711.02080

[gr-qc].
[157] G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev. Lett. 120, 131102 (2018), arXiv:1711.03390 [hep-th].
[158] P. V. P. Cunha, C. A. R. Herdeiro, and E. Radu, Phys. Rev. Lett. 123, 011101 (2019), arXiv:1904.09997 [gr-qc].
[159] L. G. Collodel, B. Kleihaus, J. Kunz, and E. Berti, Class. Quant. Grav. 37, 075018 (2020), arXiv:1912.05382 [gr-qc].
[160] A. Dima, E. Barausse, N. Franchini, and T. P. Sotiriou, Phys. Rev. Lett. 125, 231101 (2020), arXiv:2006.03095 [gr-qc].
[161] C. A. R. Herdeiro, E. Radu, H. O. Silva, T. P. Sotiriou, and N. Yunes, Phys. Rev. Lett. 126, 011103 (2021),

arXiv:2009.03904 [gr-qc].
[162] E. Berti, L. G. Collodel, B. Kleihaus, and J. Kunz, Phys. Rev. Lett. 126, 011104 (2021), arXiv:2009.03905 [gr-qc].
[163] P. Kanti, N. E. Mavromatos, J. Rizos, K. Tamvakis, and E. Winstanley, Phys. Rev. D 54, 5049 (1996), arXiv:hep-

th/9511071.

http://dx.doi.org/10.1016/j.dark.2020.100745
http://arxiv.org/abs/2101.07673
http://dx.doi.org/10.3390/sym13020204
http://dx.doi.org/10.1088/1674-1137/abcd2d
http://dx.doi.org/10.1088/1674-1137/abd01d
http://arxiv.org/abs/2102.04308
http://arxiv.org/abs/2102.05112
http://arxiv.org/abs/2102.13335
http://dx.doi.org/10.1016/j.dark.2021.100798
http://arxiv.org/abs/2103.00316
http://arxiv.org/abs/2103.00257
http://arxiv.org/abs/2103.03160
http://arxiv.org/abs/2103.03624
http://dx.doi.org/10.1103/PhysRevD.103.064002
http://arxiv.org/abs/2006.16751
http://dx.doi.org/ 10.1016/j.dark.2021.100799
http://arxiv.org/abs/2007.06730
http://arxiv.org/abs/2103.12358
http://arxiv.org/abs/2104.04642
http://arxiv.org/abs/2104.04642
http://dx.doi.org/10.1016/j.aop.2021.168449
http://arxiv.org/abs/2105.01267
http://arxiv.org/abs/2105.02214
http://arxiv.org/abs/2105.09192
http://dx.doi.org/10.1209/0295-5075/133/69001
http://arxiv.org/abs/2105.09423
http://arxiv.org/abs/2105.12729
http://arxiv.org/abs/2106.00183
http://arxiv.org/abs/2106.04369
http://dx.doi.org/10.1016/j.physletb.2021.136383
http://arxiv.org/abs/2106.14697
http://dx.doi.org/10.1140/epjc/s10052-020-8200-7
http://arxiv.org/abs/2004.03390
http://dx.doi.org/10.1103/PhysRevLett.125.149001
http://arxiv.org/abs/2009.13508
http://dx.doi.org/10.1088/1674-1137/abc1d4
http://arxiv.org/abs/2004.12998
http://dx.doi.org/10.1103/PhysRevLett.125.149002
http://arxiv.org/abs/2009.10715
http://dx.doi.org/10.1103/PhysRevD.102.024029
http://arxiv.org/abs/2004.10716
http://dx.doi.org/10.1088/1572-9494/aba242
http://arxiv.org/abs/2004.02858
http://dx.doi.org/10.1140/epjc/s10052-020-08568-6
http://arxiv.org/abs/2004.09214
http://dx.doi.org/10.1140/epjp/s13360-021-01153-0
http://arxiv.org/abs/2009.05459
http://arxiv.org/abs/2103.09612
http://dx.doi.org/10.1016/j.physletb.2020.135717
http://arxiv.org/abs/2003.11552
http://dx.doi.org/10.1088/1475-7516/2020/07/013
http://arxiv.org/abs/2003.12771
http://dx.doi.org/10.1088/0264-9381/10/7/015
http://arxiv.org/abs/gr-qc/9208004
http://dx.doi.org/10.1103/PhysRevD.102.024025
http://arxiv.org/abs/2004.08362
http://arxiv.org/abs/2004.08362
http://dx.doi.org/10.1007/JHEP07(2020)027
http://arxiv.org/abs/2004.09472
http://dx.doi.org/10.1016/j.physletb.2020.135843
http://arxiv.org/abs/2005.03859
http://dx.doi.org/10.1103/PhysRevD.103.104065
http://arxiv.org/abs/2105.04687
http://dx.doi.org/10.1016/0370-2693(84)90983-3
http://dx.doi.org/10.1007/JHEP12(2011)099
http://arxiv.org/abs/1107.3987
http://dx.doi.org/10.1007/BF01807638
http://dx.doi.org/10.1103/PhysRevLett.112.251102
http://arxiv.org/abs/1312.3622
http://dx.doi.org/10.1103/PhysRevD.90.124063
http://arxiv.org/abs/1408.1698
http://dx.doi.org/10.1103/PhysRevD.99.124004
http://arxiv.org/abs/1903.02055
http://dx.doi.org/10.1007/JHEP04(2020)180
http://arxiv.org/abs/2002.05012
http://dx.doi.org/10.1103/PhysRevLett.120.131103
http://arxiv.org/abs/1711.01187
http://dx.doi.org/ 10.1103/PhysRevLett.120.131104
http://arxiv.org/abs/1711.02080
http://arxiv.org/abs/1711.02080
http://dx.doi.org/10.1103/PhysRevLett.120.131102
http://arxiv.org/abs/1711.03390
http://dx.doi.org/10.1103/PhysRevLett.123.011101
http://arxiv.org/abs/1904.09997
http://dx.doi.org/ 10.1088/1361-6382/ab74f9
http://arxiv.org/abs/1912.05382
http://dx.doi.org/10.1103/PhysRevLett.125.231101
http://arxiv.org/abs/2006.03095
http://dx.doi.org/10.1103/PhysRevLett.126.011103
http://arxiv.org/abs/2009.03904
http://dx.doi.org/ 10.1103/PhysRevLett.126.011104
http://arxiv.org/abs/2009.03905
http://dx.doi.org/10.1103/PhysRevD.54.5049
http://arxiv.org/abs/hep-th/9511071
http://arxiv.org/abs/hep-th/9511071


15

[164] B. Kleihaus, J. Kunz, and E. Radu, Phys. Rev. Lett. 106, 151104 (2011), arXiv:1101.2868 [gr-qc].
[165] B. Kleihaus, J. Kunz, S. Mojica, and E. Radu, Phys. Rev. D 93, 044047 (2016), arXiv:1511.05513 [gr-qc].
[166] P. V. P. Cunha, C. A. R. Herdeiro, B. Kleihaus, J. Kunz, and E. Radu, Phys. Lett. B 768, 373 (2017), arXiv:1701.00079

[gr-qc].
[167] J. L. Blázquez-Salcedo, F. S. Khoo, and J. Kunz, Phys. Rev. D 96, 064008 (2017), arXiv:1706.03262 [gr-qc].
[168] S. Nojiri, S. D. Odintsov, and M. Sasaki, Phys. Rev. D 71, 123509 (2005), arXiv:hep-th/0504052.
[169] P.-X. Jiang, J.-W. Hu, and Z.-K. Guo, Phys. Rev. D 88, 123508 (2013), arXiv:1310.5579 [hep-th].
[170] P. Kanti, R. Gannouji, and N. Dadhich, Phys. Rev. D 92, 041302 (2015), arXiv:1503.01579 [hep-th].
[171] S. Chakraborty, T. Paul, and S. SenGupta, Phys. Rev. D 98, 083539 (2018), arXiv:1804.03004 [gr-qc].
[172] S. D. Odintsov and V. K. Oikonomou, Phys. Rev. D 98, 044039 (2018), arXiv:1808.05045 [gr-qc].
[173] S. D. Odintsov and V. K. Oikonomou, Phys. Lett. B 797, 134874 (2019), arXiv:1908.07555 [gr-qc].
[174] S. D. Odintsov and V. K. Oikonomou, Phys. Lett. B 805, 135437 (2020), arXiv:2004.00479 [gr-qc].
[175] P. Kanti, J. Rizos, and K. Tamvakis, Phys. Rev. D 59, 083512 (1999), arXiv:gr-qc/9806085.
[176] D. G. Boulware and S. Deser, Phys. Rev. Lett. 55, 2656 (1985).
[177] J. T. Wheeler, Nucl. Phys. B 273, 732 (1986).
[178] R.-G. Cai, Phys. Rev. D 65, 084014 (2002), arXiv:hep-th/0109133.
[179] D. L. Wiltshire, Phys. Lett. B 169, 36 (1986).
[180] D. L. Wiltshire, Phys. Rev. D 38, 2445 (1988).
[181] T. Clifton, P. Carrilho, P. G. S. Fernandes, and D. J. Mulryne, Phys. Rev. D 102, 084005 (2020), arXiv:2006.15017

[gr-qc].
[182] G. W. Gibbons and R. E. Kallosh, Phys. Rev. D 51, 2839 (1995), arXiv:hep-th/9407118.
[183] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1977).
[184] P. Kanti and K. Tamvakis, Phys. Lett. B 392, 30 (1997), arXiv:hep-th/9609003.
[185] P. Nicolini, A. Smailagic, and E. Spallucci, Phys. Lett. B 632, 547 (2006), arXiv:gr-qc/0510112.
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