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Abstract: This study investigates the mechanism of detonation propagation in a 

stoichiometric hydrogen-oxygen mixture with non-uniform flow velocity entering an 

expanding combustor. For simulation of the detonation propagation, the Navier–

Stokes equations with a one-step two-species chemistry model are solved by 

employing the hybrid sixth-order weighted essentially non-oscillatory centre 

difference scheme. The self-sustaining mechanism of detonation propagation in an 

expanding combustor under the action of non-uniform supersonic flow with a velocity 

shear layer is revealed. The results show that under the influence of velocity shear 

layer, two different unburned jets are produced behind the detonation front. These jets 

are induced by the velocity shear layers and the Prandtl–Meyer expansion fan. The 

two jets interact and mix gradually. The interaction between the mixed unburned jets 

and highly unstable shear layers creates large-scale vortices that intensify the 
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turbulent mixing of the unburned jets. Meanwhile, the baroclinic mechanism 

generates numerous vortices on the boundary of the unburned jet. These vortices 

promote the mixing of the burned and unburned gases, which eventually leads to the 

rapid consumption of the unburned pockets. The heat released due to the burning of 

the unreacted pockets behind the detonation wave, supports a self-sustaining 

propagation of the detonation wave. When the velocity difference among the shear 

layers increases, the surface fluctuation of the detonation wave increases. 

Keywords: Supersonic expanding channel; Self-sustaining detonation propagation; 

Velocity shear layer; Unburned jet 

1 Introduction 

The scramjet is an important part of future hypersonic air-breathing propulsion 

systems because of its excellent thrust performance.1 However, the existing scramjet 

technologies are based on the isobaric combustion cycle, which hinders the significant 

improvement in the engine thrust performance.2,3 In recent years, a major 

breakthrough in the near-isochoric combustion cycle of the detonation engine has 

been achieved. Theoretically, the thrust performance of the detonation engine exceeds 

that of the scramjet by more than 30%,4,5 highlighting the prime significant 

development in the future hypersonic propulsion systems using detonation engine.6,7 

Among previous studies, a series of experimental and numerical investigations 

have been conducted on detonation combustion in supersonic flow. These have 

primarily focused on the detonation initiation and its propagation in fully straight 

channels,8,9 straight channels with cavity10 and obstacle11, and expanding channels12. 
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In reality, to obtain higher thrust performance and improve the outlet velocity, the 

supersonic thrust chamber is usually configured with an expanding channel.13,14 

Subbotin15 experimentally observed that the detonation transition can be triggered by 

the interaction between the deflagration flame front and expansion wave generated at 

the entrance of the expanding channel. The expansion wave, which has a high-

pressure gradient, accelerates combustion process by promoting the mixing of 

unburned and burned gases. Tunik et al.16,17 investigated the detonation combustion of 

kerosene vapours in an expanding nozzle. They16,17 observed that with an increase in 

the Mach number of the incoming flow, the combustion efficiency of kerosene 

detonation decreases due to the formation of a flow separation zone near the 

expansion wall. Wang et al.18 reported that the interaction between the oblique 

detonation wave and expansion fan induces a new wave structure in the expanding 

channel. Cai et al.12,19 conducted a numerical simulation of detonation in an 

expanding channel. They12,19 demonstrated that the heat release from the combustion 

of the unburned jet behind the detonation front, promotes dynamic and stable 

propagation of the detonation wave. The rapid jet consumption resulted in appearance 

of fluctuations and pressure oscillations in the flow field, eventually attenuating the 

detonation wave. 

Most of the above studies considered detonation structures in ideal homogeneous 

combustible mixtures. In a real hypersonic flight condition, the flow properties into 

the combustor is usually variable and non-uniform.20-22 This occurs because of various 

factors, including non-uniform mixing, imperfect fuel evaporation,23 pressure 
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fluctuations at the inlet,24 and the influence of boundary layers on combustor 

walls.25,26 To date, numerous valuable conclusions have been derived from the study 

of detonation with non-uniform combustible mixtures in a straight channel. The 

uneven distribution of flow parameters has been found to considerably influence the 

detonation wave propagation.27–29 Song et al.30 numerically studied self-sustaining 

modes of detonations in inhomogeneous mixtures of hydrogen and oxygen. They30 

found that there are different self-sustaining detonation modes at low, medium, and 

high concentration gradients. Kuznetsov et al.31 indicated that the detonation 

behaviours influenced by the concentration gradient mainly depends on the gradient 

sharpness. Relatively sharp gradients consistently result in the detonation attenuation 

and even its failure. By contrast, detonation can achieve self-sustaining propagation 

influenced by a relatively smooth gradient.31 Kim et al.32 demonstrated that increasing 

the temperature gradient in non-uniform temperature regions reduces the temperature 

of the unburned mixture, thereby decreasing the combustion wave speed. Cai et al.33,34 

reported that the inhomogeneity of velocity and the chemical reactivity of the mixture 

can significantly affect the formation and development of detonation waves. 

In this work, the aim is to gain deep insight into the turbulent characteristics of the 

flow behind the detonation wave in a combustor with the inclusion of the incoming non-

uniform flow velocity. The existing studies in the literature were dedicate primarily to the 

systems where the inflow properties to the combustor is uniform, which does not replicate 

the condition occur in realistic detonation engines. Especially, when an aircraft 

accelerates or decelerates, the flow properties entering the engine combustor changes, 
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leading to an uneven distribution of the flow velocity field.35,36 The shear layers arising 

from velocity difference will act on detonation wave and affect the rapid combustion of 

the mixture behind such wave.34 Hence, in this work for the first time, we aim to explore 

the role of fine turbulent flow features such as hydrodynamic instability (Richtmyer–

Meshkov) and their interaction with the unstable shear layers and unburned jets in 

expanding channels with non-uniform incoming flow, which will directly or indirectly 

affect the structure and propagation mode of detonation wave. By monitoring the 

development of unburned jet behind detonation wave, the internal relationship between 

its generation and consumption mechanism and self-sustaining propagation of blast wave 

is explored. Additionally, the present work for the first time aims at analysing the 

detonations stabilization in a supersonic channel by controlling the inlet flow conditions 

compared to the CJ condition, and further, gain deep insight to the consumption 

mechanism of unburned gases through turbulent mixing initiated by the Richtmeyer 

Meshkov instability. An in-depth understanding of these mechanisms can help to 

effectively control the detonation wave in supersonic combustor, which is vital for 

developing efficient combustion organization technology. Hence, it is indeed of great 

guiding significance for the practical application of detonation engines to explore 

fundamentally the mechanisms of detonation propagation, stabilisation in expanding 

combustors with non-uniform supersonic flow. In the present work, the mechanism of 

self-sustaining detonation propagation with layered velocity in expanding channels is 

investigated using the dynamic adaptive mesh refinement program AMROC 

(Adaptive Mesh Refinement in Object-Oriented C++),37-40 which has been 
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demonstrated in multiple dimensional detonation simulations41,42. 

2 Numerical method 

In this section, the details of the numerical method, including computational 

model, mesh generation, and governing equations deployed to analyse the detonation 

propagation in an expanding channel are presented. 

2.1 Model configuration 

The computational model of the expanding combustor is shown in Fig. 1. A 

stoichiometric mixture of hydrogen-oxygen (H2-O2) with a molar ratio of 2:1 is 

selected as the supersonic inflow to the combustor model and the properties 

summarised in Table 1. The supersonic flow in Fig. 1 travels from right to left at the 

corresponding Chapman–Jouguet (CJ) velocity. Hence, the right side of the domain is 

prescribed inflow condition with the parameters of the supersonic combustible 

mixture. The ideal outflow condition (implemented by extrapolating ghost cells from 

the internal flow) is specified on the left boundary.19 The upper and lower walls adopt 

reflecting boundaries with slip adiabatic wall conditions. The level-set technique with 

the ghost fluid method is employed on the upper expanding wall. The hot jet injection 

method43 is used for detonation initiation as shown in Fig. 1. The parameters of the 

hot jet are associated with the H2-O2 detonation properties in the CJ equilibrium state 

(see Table 2). After a successful detonation initiation, the hot jet inflow condition 

immediately transforms into the reflecting boundary condition. 
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Fig. 1 Calculation model (X1 = 75 mm; X2 = 25 mm; X3 = 4 mm; Y = 25 mm; θ = 3°). 

Table 1 Basic inflow parameters. 

Parameters Values Unit 

𝑃∞  6.67 kPa 

𝑇∞  300 K 

𝜌∞  0.077 552 kg/m3 

𝛾  1.294 99 – 

𝑉∞  1 587.84 (CJ detonation velocity) m/s 

𝑊 (Molecular quantity) 0.029 kg/mol 

𝑞 (Heat release per unit mass) 54 000 J/mol 

𝐸𝑎 (Activation energy) 30 000 J/mol 

𝐴 (Frequency factor) 6×105 s-1 

Table 2 Parameters of the hot jet in the equilibrium CJ state (at 𝑃∞= 6.67 kPa and 𝑇∞= 300 K). 

Parameters Values Unit 

𝑃𝐶𝐽  86 376 Pa 

𝑇𝐶𝐽  1 943.8 K 

𝜌𝐶𝐽  0.155 kg/m3 

𝑉𝑗  850 (speed of sound) m/s 

𝑒 (Total energy per unit mass) 349 280 J/mol 

𝑌1 (Mass fraction of reactant) 0.008 8 – 

𝑌2 (Mass fraction of product) 0.991 2 – 

 

After a stable detonation is formed in the channel, the supersonic flow in Fig. 1 

is divided into two different velocity layers at the inlet of the model to emphasize the 

effects of significant velocity differences on the detonation propagation. The mixture 

in the lower half part of the channel flows at velocity V1 and that in the upper half 

θ
X1

Y

X2 X3

Hot jet

V2

V1

InflowOutflow
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flows at velocity V2 with various cases listed in Table 3. Case 1 is the basic example 

of the clarifying mechanism of the self-sustaining detonation propagation. Due to the 

asymmetry of the channel used in the analysis, the distribution of the velocity shear 

layers needs to be considered. The other cases are set with V1 < V2, V1 > V2, and V < 

VCJ, V = VCJ, V > VCJ, where V is the average velocity of inlet, i.e., V = (V1 + V2) / 2. 

Table 3 Parameter setting of velocity shear layers. 

Case 
1 2 3 4 5 6 7 8 

V < VCJ V = VCJ V > VCJ 

V2/VCJ 0.9 1.0 0.9 1.1 1.0 1.1 1.1 1.15 

V1/VCJ 1.0 0.9 1.1 0.9 1.1 1.0 1.15 1.1 

2.2 Governing equations and numerical scheme 

In the expanding channel, unburned jets are usually generated behind the 

detonation wave. The consumption of an unburned jet is closely related to turbulent 

mixing and diffusion, which directly affect the self-sustaining propagation of 

detonation. Hence, to account for these physics, the Navier–Stokes (NS) equations are 

adopted as the governing equations as follows: 

 
𝜕𝑼

𝜕𝑡
+

𝜕𝑭𝑐𝑜𝑛𝑣

𝜕𝑥
+

𝜕𝑯𝑐𝑜𝑛𝑣

𝜕𝑦
=

𝜕𝑭𝑑𝑖𝑓𝑓

𝜕𝑥
+

𝜕𝑯𝑑𝑖𝑓𝑓

𝜕𝑦
+ 𝑺𝑐ℎ𝑒𝑚, (1) 

where the state vector 𝑼, the convective flux vectors 𝑭𝑐𝑜𝑛𝑣 and 𝑯𝑐𝑜𝑛𝑣, the diffusive 

flux vectors 𝑭𝑑𝑖𝑓𝑓 and 𝑯𝑑𝑖𝑓𝑓, and the reactive source vector are, respectively given as 

 𝑼 =

[
 
 
 
 

𝜌
𝜌𝑢
𝜌𝑣
𝜌𝑒
𝜌𝑌1]

 
 
 
 

, 𝑭𝑐𝑜𝑛𝑣 =

[
 
 
 
 

𝜌𝑢

𝜌𝑢2 + 𝑝
𝜌𝑢𝑣

(𝜌𝑒 + 𝑝)𝑢
𝜌𝑢𝑌1 ]

 
 
 
 

, 𝑯𝑐𝑜𝑛𝑣 =

[
 
 
 
 

𝜌𝑣
𝜌𝑢𝑣

𝜌𝑣2 + 𝑝
(𝜌𝑒 + 𝑝)𝑣

𝜌𝑣𝑌1 ]
 
 
 
 

, (2) 

 𝑭𝑑𝑖𝑓𝑓 =

[
 
 
 
 
 

0
𝜏𝑥𝑥
𝜏𝑥𝑦

𝑢𝜏𝑥𝑥 + 𝑣𝜏𝑥𝑦 + 𝑘
𝜕𝑻

𝜕𝑥
+ 𝜌ℎ1𝐷1

𝜕𝒀𝟏

𝜕𝑥
+ 𝜌ℎ2𝐷2

𝜕𝒀𝟐

𝜕𝑥

𝜌𝐷1
𝜕𝒀𝟏

𝜕𝑥 ]
 
 
 
 
 

, (3) 
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 𝑯𝑑𝑖𝑓𝑓 =

[
 
 
 
 
 
 

0
𝜏𝑦𝑥

𝜏𝑦𝑦

𝑢𝜏𝑦𝑥 + 𝑣𝜏𝑦𝑦 + 𝑘
𝜕𝑻

𝜕𝑦
+ 𝜌ℎ1𝐷1

𝜕𝒀𝟏

𝜕𝑦
+ 𝜌ℎ2𝐷2

𝜕𝒀𝟐

𝜕𝑦

𝜌𝐷1
𝜕𝒀𝟏

𝜕𝑦 ]
 
 
 
 
 
 

, (4) 

 𝑺𝑐ℎ𝑒𝑚 = (0, 0, 0, 0, �̇�1)
𝑇. (5) 

In the above equations, 𝜌  is the total density. 𝑢  and 𝑣  are the velocity in the x-

direction and y-direction, respectively. 𝑝  and 𝑇  are the pressure and temperature, 

respectively. Furthermore, ℎ1 and ℎ2 are the enthalpies of the reactant and product, 

respectively. 𝑘, 𝐷1 and 𝐷2 are the thermal conductivity, the mass diffusivities of the 

reactant and the product, respectively. �̇�1 is the mass production rate of the reactant, 

and 𝑒 is the total energy per unit mass, defined as 

 𝑒 =
𝑝

𝜌(𝛾−1)
+

(𝑢2+𝑣2)

2
+ 𝑌1𝑞. (6) 

𝜏 is the stress tensor, whose components are 

 𝜏𝑥𝑥 = 𝜇 (
4

3

𝜕𝑢

𝜕𝑥
−

2

3

𝜕𝑣

𝜕𝑦
), 𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇 (

𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
) and 𝜏𝑦𝑦 = 𝜇 (

4

3

𝜕𝑣

𝜕𝑦
−

2

3

𝜕𝑢

𝜕𝑥
), (7) 

where 𝜇 is the mixture viscosity coefficient. 

Considering simplified chemical kinetics, the one-step two-species reaction 

model44 was utilized in the simulation. For the two species, the calorically perfect 

model is 

 𝛾 = 𝛾1 = 𝛾2, 𝑝 = 𝜌𝑅𝑇, 𝑅 = 𝑅1 = 𝑅2. (8) 

The mass fraction production rates are given as follows: 

 �̇�1 = −�̇�2 = 𝜌𝑌1𝐴 exp (
𝐸𝑎

𝑅𝑇
). (9) 

At the end of the Zel’dovich–von Neumann-Döring (ZND) reaction zone, the 

temperature and pressure are about 2500 K and 101.325 kPa, respectively. The 

transport parameters for the one-step model are given by: 𝑇ref = 2500 K , 𝜇ref =

1.07×10-4 Pa∙s , 𝑘ref = 0.148 W/(m∙K) , 𝐷1ref = 5.5×10-4 m2/s, D2ref=6.4×10-4 
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m2/s. The viscosity (𝜇) and conductivity (𝑘) are given by the Sutherland model. The 

mass diffusion coefficient (𝐷) is given by a simplified formula inversely proportional 

to pressure as: 

 
𝜇

𝜇ref
= (

𝑇

𝑇ref
)5/2, 

𝑘

𝑘ref
= (

𝑇

𝑇ref
)5/2, (10) 

 
𝐷1

𝐷1ref
=

𝑝atm

𝑝
(

𝑇

𝑇ref
)5/2, 

𝐷2

𝐷2ref
=

𝑝atm

𝑝
(

𝑇

𝑇ref
)5/2. (11) 

Although there are certain differences in the detonation structures between two-

dimensional and three-dimensional simulations,45 the two-dimensional simulation can 

also well represent the initiation and propagation process of the detonation wave.46 

The typical methods for shock-capturing introduce considerable numerical 

dissipation, which disturbs the physical diffusion part of the NS equations. To analyse 

the complex structure of flow field with the inclusion of various shock waves more 

accurately, the hybrid sixth-order weighted essentially non-oscillatory centered 

difference (WENO-CD) scheme47,48 is utilised to solve the NS equations with 

chemical reaction. The hybrid WENO-CD scheme consists of two parts: the finite 

difference sixth-order WENO scheme, which is applied to the shock discontinuity, 

and the conservative central difference sixth-order CD scheme, which is applied to the 

smooth region.49 This numerical scheme can well represent the robustness of WENO 

at the shock discontinuity. Moreover, it can maintain the CD characteristics without 

numerical dissipation in the smooth region and thus reduce the numerical dissipation 

to the extent feasible. 

2.3 Mesh refinement verification 

To evaluate the independence of the grids, it is necessary to compare the 
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obtained results with different mesh refinement levels. The initial mesh size adopted 

in this study is 600 × 200, with the initial mesh refinement of 1.25×10-4
 m. Adaptive 

mesh technology improves the mesh accuracy by refining the mesh level by level. 

Each colour in Fig. 2 represents a refinement level. Under the present flow conditions, 

the half reaction length of the one-dimensional ZND model is Lhr = 2.145 mm. With 

three-level, four-level and five-level refinements, grid resolutions of 68.64, 137.28, 

and 274.56 points per half reaction length (Pts/Lhr), respectively, were achieved. The 

specific mesh refinement parameters are shown in Table 4. It was previously 

demonstrated that the resolution of 40 Pts/Lhr is needed to clearly resolved the two-

dimensional detonation simulations.45 According to the above analyses, the mesh 

resolution of these three mesh refinement types is higher than 40 Pts/Lhr. In Fig. 2, the 

field characteristics, including bow shock, Mach reflection, shock-induced 

combustion, transverse wave, and the secondary reflected shock, are clearly resolved 

properly using the three-level, four-level, and five-level refinements. For more 

detailed comparison, the pressure profile of the flow field was intercepted at Y = 20 

mm. Fig. 3 shows the pressure distribution along this line in three flow fields. We can 

directly see that the local detonation wave position of 4-level refinement is basically 

consistent with that of 5-level refinement. However, in contrast, the local detonation 

wave position under the 3-level refinement has obvious deviation, which is about 0.6 

mm earlier than that under the other two levels. It is then concluded that both level 4 

and level 5 refinement measures can reasonably achieve reliable results. To balance 

the calculation time and grid accuracy, the second highest resolution, four-level 
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refinement, is selected for the following calculations. 

 

Fig. 2 Three types of adaptive mesh refinement distribution. (a) Three-level refinement, (b) four-level 

refinement, (c) five-level refinement. 

Table 4 Mesh refinement parameters. 

 Three-level Four-level Five-level 

Refinement factors r1 = 2, r2 = 2 r1 = 2, r2 = 2, r3 = 2 r1 = 2, r2 = 2, r3 = 2, r4 = 2 

Nodes 749 519 1 862 986 4 105 175 

Zones 705 743 1 764 661 3 896 287 

Δmin 3.12 × 10-5 m 1.56 × 10-5 m 7.8 × 10-6 m 

Resolution 68.64 Pts/Lhr 137.28 Pts/Lhr 274.56 Pts/Lhr 

 

 

Fig. 3 Flow field pressure profiles with three grid scales 

Fig. 4 shows the effects of adaptive mesh refinement on detonation initiation 
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process. The top row shows the pressure contours, and the bottom row shows the 

refinement effects of four-level. As illustrated in Fig. 4, after the hot jet is injected 

into the supersonic combustible mixture, a bow shock wave is induced rapidly. Soon 

the bow shock is reflected on the upper wall and gradually forms a Mach reflection, 

which is actually a local detonation wave. As the triple-point moves downward along 

the bow shock, the detonation combustion of the whole channel forms eventually. It is 

seen in Fig. 4 that with the development and change of the flow, the program 

adaptively refines and thins the corresponding grids, efficiently realizing the adaptive 

refining calculation of the dynamic flow field. Previously, Chen et al.12 performed some 

experimental analysis to analyze detonation front features in an expanding channel 

deploying hot jet detonation initiation. Comparing the numerical schlieren obtained in the 

present work against their experimental data12, the overall structure of the numerical 

result is qualitatively similar to the experiment result, especially in resolving the bow 

shock, transverse wave, and Mach stem. 
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Fig. 4 Pressure contours (top row) and corresponding refinement level distributions (bottom row) 

showing adaptive mesh refinement effects in detonation initiation process, (a) t = 135 µs, (b) t = 225µs, 

(c) t = 260 µs. 

3 Results and discussions 

In the following sections, Case 1 in Table 3 is considered as the default example 

in section 3.1 and 3.2, demonstrating the analysis of the detonation phenomenon and 

the mechanism in the expanding combustor with a layered inlet velocity. The example 

of uniform inlet velocity (i.e., V1 = V2 = VCJ) in Ref. [19] is used to assist the analyses. 

3.1 Propagation process of detonation wave 

The contours of product mass fractions of the detonation propagation for Case 1 

in Table 3 are shown in Fig. 5. As illustrated in Fig. 5(a), because of the influence of 

the Prandtl–Meyer expansion fan50 and velocity shear layer, two different unburned 
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jets are generated behind the detonation wave, and the stability of the detonation wave 

is weakened. This characteristic does not exist if the velocity is uniform19. Fig. 5(a) 

shows two triple points on the detonation front with the upper triple point moving 

upward along the shock front towards the vicinity of the unburned jets. Concurrently, 

the lower triple point reflects on the straight wall. It is seen in Fig. 5(a) that a typical 

‘mushroom cloud’ vortex structure is generated by the interaction of the separated 

shear layers behind the triple points, because of the Richtmyer–Meshkov (RM) 

instability. As the detonation wave propagates forward, the two unburned jets 

gradually mix and extend downstream simultaneously. They are continuously lifted up 

to the expanding wall by the alternating actions of the shear layers. Near the 

expanding wall, a separated shock wave is observed in Fig. 5(b). Subsequently, when 

the last triple point reaches the upper wall, a part of the unburned jets forms unburned 

pockets near the expanding wall. The remaining unburned jets gradually separate 

from the triple point and extend downstream in Fig. 5(c). It is seen that the shear 

layers interact with the unburned jets and induce numerous large-scale vortices, 

resulting in the appearance of turbulence feature in the flow field, which occurs at 

local Reynolds number higher than 104.51 The local Reynolds number (𝑅𝑒 =
𝜌𝑣𝛿

𝜇
) of 

the flow is estimated using the average density (𝜌 ), velocity (𝑣 ), and the local 

transverse extent of the turbulent region (𝛿) at the top and bottom of the unsteady 

shear layer on the interface of the unburned jet. Dimotakis51 indicated that the 

transition Reynolds 𝑅𝑒𝑡𝑟 = 1-2 × 104  is a sign of development of turbulence. The 

Reynolds numbers in Fig. 5(a), (b), (c), and (d) are 9.0×104, 1.7×105, 8.6×104, and 
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2.4×104, respectively. Among them, the Reynolds number in Fig. 5(b) is an order of 

magnitude larger than the transition value. It is demonstrated that the interface of 

unburned jet is turbulent with the action of unstable shear layer, which promotes its 

mixing and consumption. As shown in Fig. 5(d), new unburned jets are generated with 

the continuous consumption of residual unburned pockets. Moreover, the propagation 

of the whole detonation wave presents an asynchronous dynamic mode, i.e., first, the 

detonation front in the upper half of the flow field tilts forward, then the lower half 

catches up with that in the upper half of the flow field, and the upper half tilts forward 

again, form a cycle. The highly unstable shear layer along the unburned jet can be 

considered as a free boundary,52 and the motion of this free boundary indirectly 

affects the propagation of the detonation wave. 

 

Fig. 5 Contours of product mass fractions showing detonation propagation in expanding channel with 

velocity shear layer for Case 1 in Table 3, (a) t = 430 µs, (b) t = 445 µs, (c) t = 465 µs, (d) t = 480 µs. 
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As depicted in Fig. 6, the trajectory of the detonation front in the case of layered 

velocity is compared with that of the case with uniform inlet velocity. The trajectory 

of the detonation front is determined by capturing the x-coordinate of the maximum 

pressure gradient of y = 12.5 mm in each frame. The detonation front under the 

uniform flow condition gradually attenuates, whereas that under the layered flow 

condition, the detonation wave continues to propagate forward. The foregoing occurs 

because the total pressure in the upper half of the flow field is modified by the 

introduction of the velocity shear layer. At t = 380 μs, the velocity of the upper half of 

the flow field suddenly decreases, resulting in the reduction of dynamic pressure; 

however, the static pressure remains constant. Thus, the relative Mach number of the 

detonation wave increases and the detonation wave propagates forward. The 

detonation front trajectory of the layered velocity approximates a straight line. This 

demonstrates the formation of dynamic self-sustaining detonation in the expanding 

channel with a fitting slope of 0.03035 corresponding to a relative velocity of 30.35 

m/s. At the same time, the detonation wave for layered velocity is accompanied by a 

periodic oscillation and the period is estimated to be Toscillation period = 65 μs. It is 

speculated that the periodic oscillation of the front is closely related to the periodic 

generation and consumption of unburned jets behind the detonation wave. 
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Fig. 6 Detonation front trajectories with layered velocity of Case 1 and the uniform example in Ref. 

[19]. 

3.2 Mechanism of self-sustaining propagation 

The Rankine–Hugoniot equation given by Eq.(12)53 reveals the generation of 

unburned jets:  

 𝑝 = 𝑝∞ × (
2𝛾∞

𝛾∞+1
M𝑎∞

2 sin2 𝛽 −
𝛾∞−1

𝛾∞+1
). (12) 

Note that for an oblique or bow shock wave, the shock strength is related to three 

parameters: incoming supersonic pressure (𝑝∞), Mach number (M𝑎∞), and tangent 

angle (𝛽) of the local shock. Due to effect of the expansion channel, the flow direction 

through the Prandtl–Meyer expansion fan is deflected thereby decreasing the tangent 

angle of the local shock wave and incoming pressure.50 This directly weakens the 

strength of the detonation wave. Moreover, its adiabatic compression leads to an 

incomplete consumption of the combustible mixture, resulting in the formation of an 

unburned jet behind the detonation front.54 Similarly, after the velocity stratification, 
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the velocity of the upper half of the flow field is reduced to a value less than the initial 

velocity, resulting in reduced detonation strength, thus forming unburned jets. 

Fig. 7 shows the density distributions of the flow fields with uniform and layered 

inlet velocities. To prove the weakening effects of the expansion fan and velocity 

shear layer on the detonation wave, the density peaks at the upper, middle and lower 

parts of the channel are compared in Fig. 7. It is seen in Fig. 7(c) that the peak density 

along line “A–A” is 0.345 kg/m3, which is smaller than the peak density along line 

“C–C” (0.468 kg/m3). The peak density decreases by 26.28% due to the expansion fan. 

This indicates that compared with the position “A–A”, along the position “C–C”, the 

reactant is compressed more strongly by the shock front, demonstrating the expansion 

fan weakens the strength of detonation wave. Without the influence of the expansion 

fan and velocity shear layer, the peak density along line “C–C” is equal to that along 

line “F–F”. The density peak value of 0.444 kg/m3 along “B–B” is 11.84% higher 

than the density peak value of 0.397 kg/m3 along “E–E”, meaning that the decrease of 

velocity in the upper half of the flow field also weakens the strength of detonation 

wave. However, affected by both the expansion fan and the velocity shear layer, the 

peak density along the position “D–D” is 0.337 kg/m3, which is 27.99% lower than 

that along the position “F–F”. Hence, the generation of the unburned jets are closely 

related to the effects of the expansion fan and the velocity shear layer. 
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(a) 

 
(b) 

 
(c) 

Fig. 7 Density distributions of the flow fields at t = 435 μs, (a) the density contour of the uniform 

example, (b) the density contour of Case 1, (c) Density curves at six positions shown in (a) and (b). 

 

The velocity vectors of the flow field and contours of the product mass fractions 

are superimposed in Fig. 8(a), showing the relationship between the flow direction 

and the free boundary of the unburned jets in the flow field. The velocity vectors 

shown in Fig. 8(a) indicate that the flow field behind the detonation front flows 

downward while passing through the free boundary of the unburned jet. This suggests 

that this free boundary compresses the space in the lower half of the flow field behind 

the detonation front, forming a micro-compression channel, in which the expansion of 

the detonation product is suppressed. This increases the pressure behind the 

detonation front in the lower half of the flow field, pushing forward the detonation 
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wave in the lower half of the domain from line ① to line ② and ③ (see Fig. 8(b)). 

Finally, the detonation wave in the lower half of the flow field catches up with that in 

the upper half of the flow field, again completely forming a whole detonation wave 

(line ④), as seen in Fig. 8(b). 

 

Fig. 8 The motion of detonation front of Case 1, (a) contours of product mass fractions and velocity 

vectors at t = 675 μs, (b) dynamic trajectories of detonation propagation. 

 

To further demonstrate the mechanism of the free-boundary compression flow 

field, the pressure curves in the Y direction at 2.0 mm behind the detonation front are 

obtained (Fig. 9) and normalised by the CJ pressure. As shown by the blue solid line 

in Fig. 9 at t = 675 μs, a high pressure region (with a peak pressure of 2.36 PCJ) is 

formed in the lower half of the flow field behind the detonation front before the 

detonation wave moves forward. Moreover, the detonation front trajectory 

corresponds to the position of line ①  in Fig. 8(b). After the detonation front 

completes a fluctuation, at t = 715 μs, the pressure in the lower half of the flow field 

given by the blue dotted line in Fig. 9 returns to a relatively low state of 

approximately 1.74 PCJ, and its detonation front trajectory corresponds to the position 

of line ④ in Fig. 8(b). Similarly, the pressure values at the beginning (740 μs) and at 
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the end (740 μs) of the next fluctuation also present the same trend as the previous 

one. Their detonation front trajectories correspond to the position of line ⑤ and ⑥ in 

Fig. 8(b), which are similar in shape to line ① and line ④. In addition, the wave 

fluctuation period between the blue solid line and the red one in Fig. 9 is 

approximately 65 μs, which is equal to the estimated oscillation period (Fig. 6). 

 

Fig. 9 Pressure curves in Y direction approximately 2.5 mm behind detonation front of Case 1. 

 

The consumption of unburned jet is closely related to the turbulent mixing and 

diffusion effect. To intuitively analyse the consumption rate of unburned jets, the 

mixing rate is employed, i.e., the reactant mass diffusion flux, representing the 

intensity of two species mixing caused by diffusion.55 In Ref. [56] and Ref. [57], it is 

stated that for binary mixtures, diffusion velocities are well approximated by Fick's law, 

thus the diffusive mass flux for reactant is given by −𝜌𝐷∇ ∙ 𝑌1. Taking its magnitude, 

the mixing rate formula is given by Eq.(13)56: 
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 𝑀𝑖𝑥𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 = |𝜌𝐷∇ ∙ 𝑌1|, (13) 

where ρ is the mixture density, D is the diffusion coefficient, and Y1 is the mass 

fraction of the reaction. It has been reported that a high mixing rate lowers the 

concentration of unburned pockets until mixing is completed.58 As indicated by the 

mixing rate (Fig. 10(a)) and contour of mass fractions of reactants (Fig. 10(b)) at t = 

435 μs, it is evident that the higher the vortex concentration, the higher the mixing 

rate of unburned pockets. However, the vortices on the boundary of the unburned jet 

induced by the velocity shear layer are numerous, whereas those on the unburned jet 

generated by the Prandtl–Meyer expansion fan are relatively few. 

 

Fig. 10 Mixing rate of reactants (a) and contour of reactant mass fractions (b) at t = 435 μs of Case 1. 

 

Fig. 10(a) shows that RM instability vortices exists between the unburned jet and 

the burned gas. The inconsistency in the directions of density gradient and pressure 

gradient produces baroclinic vorticity, causing the RM instability at the interface of 

the unburned jet.59 Furthermore, the disturbance on the jet interface continues to 

induce numerous vortices, thereby promoting the turbulent mixing and diffusion 
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effect of these jets. The mechanism of baroclinic effect that induces vorticity can be 

described by the vortex dynamic equation in fluid mechanics.59 In two-dimensional 

problems, the vorticity caused by stretching and twisting as well as the influence of 

the initial viscosity terms can be ignored.60 The initial vorticity of the interface is not 

considered.61 Thus, the baroclinic vorticity equation is expressed as Eq.(14)59: 

 
𝑑�⃗⃗⃗� 

𝑑𝑡 baroclinic
=

1

𝜌2 ∇𝜌 × ∇𝑝, (14) 

where ∇ρ is the density gradient; ∇p is the pressure gradient, and �⃗⃗�  is the vorticity 

generated at the interface of the unburned jet by the misalignment between the density 

gradient and pressure gradient. The magnitude of the term in the right hand side of 

Eq.(14) is |∇𝜌| ∙ |∇𝑝| ∙ sin𝛼/𝜌2, where α is the angle between the density gradient and 

pressure gradient. 

Fig. 11 shows the magnitude and factors of the baroclinic vorticity, and the 

dashed lines in Fig. 11(a) and (b) denote the interface of unburned jets in Fig. 10(b). It 

is seen from Fig. 11(a) that the baroclinic vorticity exists at the boundaries of both 

unburned jets. The baroclinic vorticity on the lower boundary of the unburned jet 

induced by the velocity shear layer is much larger than that on the upper boundary of 

the unburned jet induced by the expansion fan, as the data shown in Table 5 (data are 

collected from Fig. 11). Table 5 shows that the baroclinic vorticities at points “I” and 

“J” are much larger than those at points “G” and “H”. The comparison illustrates that 

the magnitude of the baroclinic vorticity at the interface of the unburned jet is mainly 

affected by the density gradient and pressure gradient. In fact, the effect of the angle is 

not decisive as shown in Fig. 11(b) and Table 5. However, it is noted that it can 
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directly determine whether the baroclinic vorticity is generated or not, e.g., point “L”. 

These gradients on the lower boundary of the unburned jet are mainly caused by 

highly unstable shear layers, which are generated by triple points, as depicted in Fig. 

11(a) (c) and (d). With the extension of the unburned jet, the effect of the unstable 

shear layer on the unburned jet is weakened, but the baroclinic vorticity of the point 

“K” is still greater than that of point “G” and point “H”. Therefore, the unstable shear 

layers contribute significantly to the produce of vortices. It can be concluded that the 

baroclinic mechanism plays a key role in the generation of vortices to accelerate the 

turbulent mixing of unburned jets. These accelerate the consumption of the unburned 

pockets and increase the heat release rate behind the detonation front to support the 

forward propagation of the detonation wave. 

  

  

9.351e+5
(c)/| ∇ρ | ρ2
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Fig. 11 Contours of magnitude and factors of the baroclinic vorticity at t = 435 μs of Case 1, (a) 

magnitude of the baroclinic vorticity, (b) the angle between density gradient and pressure gradient, (c) 

the ratio of the magnitude of density gradient to density square, (d) magnitude of pressure gradient. 

 

Table 5 Details of the data points collected from Fig. 11. 

Points 
Coordinates 

(mm) 

Baroclinic vorticity 

(s-1) 
α (rad) |∇ρ| / ρ2 |∇p| 

G (45.1, 12.4) 6.09×109 0.70 1.77×103 5.35×106 

H (43.3, 12.4) 7.79×109 1.19 2.37×103 3.54×106 

I (46.1, 7.1) 1.93×1011 1.66 1.07×104 1.81×107 

J (43.8, 6.7) 8.14×1010 2.23 9.21×103 1.12×107 

K (39.1, 8.0) 1.38×1010 1.15 3.83×103 3.95×106 

L (43.6, 7.4) 0 0 6.70×102 8.61×106 

 

Based on the foregoing analyses, the addition of a velocity shear layer can cause 

the gradually attenuated detonation wave to self-sustain its forward propagation, 

which cannot be separated from the generation and consumption of the unburned jets. 

The compression effect of the unburned jet on the flow field, suppresses the 

expansion of the product behind the detonation front, resulting in increasing the 

pressure of the flow field. This increased pressure further pushes the detonation wave 

forward. Furthermore, the misalignment of the interfacial density gradient and 

pressure gradient induces the baroclinic vorticity, leading to the RM instability on the 

boundary of unburned jets. Consequently, numerous vortices are induced, thereby 

enhancing the continuous turbulent mixing effects. The combined effects eventually 

lead to the self-sustaining propagation in supersonic expanding channels. 
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3.3 Effects of velocity shear layer 

To study the influence of different velocity shear layers on the detonation 

propagation characteristics, a comparison in which other working conditions (Case 1-

8 in Table 3) are considered is performed. As shown in Fig. 12, the propagation 

characteristics of the detonation wave in Case 2 exhibit a dynamic process opposite 

that of Case 1 (Fig. 5). Because of the velocity exchange between the upper and lower 

halves of the flow field, an asynchronous dynamic propagation process in which the 

detonation front in the lower half of the flow field first tilts forward and the upper half 

catches up with that in the lower half of the flow field is observed. 

 

Fig. 12 Numerical species schlieren in Case 2, (a) t = 635 µs, (b) t = 645 µs, (c) t = 660 µs, (d) t = 

675 µs. 

The trajectories of the detonation front influenced by different velocity shear 
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layers are illustrated in Fig. 13. The comparison suggests that the propagation of the 

detonation front is affected by the average flow field velocity (V) and the spatial 

distribution of velocity. When the average velocity (V) of the flow field is less than 

the CJ velocity (i.e., Case 1 and Case 2), the self-sustained detonation wave 

propagates forward at a relatively constant speed, where the relative velocity of Case 

2 is 59.25 m/s. Under the condition of V = VCJ, the detonation waves in Case 3 and 

Case 4 are relatively stable at approximately X = 46.0 mm and X = 50.6 mm, 

respectively. This suggests the formation of a dynamically stationary detonation in the 

expanding channel. This dynamically stationary detonation lasts longer than the 

uniform case shown in Fig. 6. When V exceeds the CJ velocity (i.e., Case 5–Case 8), 

the detonation wave tends to attenuate with an attenuation rate which is proportional 

to the average velocity. Among these cases, the detonation waves in Case 7 and Case 

8 attenuate at approximately X = 4.5 mm; thereafter, the backward propagation is 

converted to forward propagation. If the simulation time of Case 5 and Case 6 is 

extended, a self-sustained forward propagation can also be observed. However, the 

reliability of the results is questionable, which may be caused by the one-step reaction 

model. Because of the continuous reaction profile of the one-step model, the 

detonation cannot be quenched if the growth time is long enough.30 In the next step, a 

detailed chemical reaction kinetic model will be adopted to simulate the detonation in 

non-uniform supersonic flow. The fluctuation of the detonation front caused by 

velocity layers may be reasonably assumed as reducing the pressure oscillations 

caused by the rapid combustion of unburned pockets to promote the propagation of 
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the detonation wave. 

 

Fig. 13 Trajectories of detonation front under different velocity shear layers (the ratio in the legend is 

V2 / V1). 

 

Fig. 14 Density isolines of typical detonation wave structures in Case 1–Case 8. 

The typical detonation wave structures of Case 1–Case 8 shown in Fig. 14 
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clearly indicate that the different velocity shear layers result in the variable structures 

of the detonation front. Consider the case V2 < V1 as an example. The phenomenon 

illustrated in Fig. 14 is caused by the lower total pressure in the upper half of the flow 

field than that in the lower half. According to Eq.(12), to achieve a pressure matching 

behind the shock front, the detonation wave propagates forward in the upper half of 

the flow field to increase the relative Mach number. This improves the strength of the 

detonation wave, and finally achieves the pressure matching of the wave in the upper 

and lower flow fields. The opposite is true when V2 > V1. Eventually, the detonation 

wave dynamically propagates in a whole. Moreover, the larger the difference between 

V1 and V2, the more unstable the detonation front, and the greater the fluctuation. 

4 Conclusion 

In the present work, the dynamic adaptive mesh refinement method along with 

the two-dimensional Navier–Stokes equations are solved to investigate the detonation 

propagation in supersonic flow with velocity shear layer in an expanding combustor. 

The mechanism of self-sustaining propagation is examined and the influence of 

different velocity shear layers is analysed. The main conclusions derived are as 

follows: 

1) There are two different unburned jets behind the detonation front in a 

supersonic expanding combustor with velocity shear layer. These jet structures are 

induced by the velocity shear layer and Prandtl–Meyer expansion fan. The two jets 

interact and mix gradually. The detonation presents an asynchronous dynamic 

propagation mode, which reduces the attenuation effect caused by the rapid 
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consumption of unburned jets, further promoting the self-sustaining propagation of 

the detonation wave. 

2) Because of the further reduction of the space behind the detonation front that 

is compressed by the free boundary of the unburned jet, a micro-compression channel 

is formed between the free boundary and channel wall. This increases the pressure 

behind the detonation front by suppressing the expansion of products, thereby 

promoting the forward propagation of detonation. 

3) The RM instability induced by the baroclinic mechanism on the boundary of 

the unburned jets generates numerous vortices, which cause considerable turbulent 

mixing between burned and unburned gases. This contributes to the consumption of 

unburned jets, which intensifies heat release, thereby supports the self-sustaining 

propagation of the detonation wave. 

4) The detonation front exhibits different propagation characteristics under the 

influence of various velocity shear layers. To achieve the pressure matching behind 

the detonation front, the detonation front in the upper half of the flow field tilts 

forward when V2 < V1; the opposite is true when V2 > V1. In addition, the larger the 

difference among the velocity shear layers, the greater the fluctuation of the 

detonation front. 
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