The Edge Contact Angle, Capillary Condensation and Meniscus Depinning
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We study the phase equilibria of a fluid confined in an open capillary slit formed when a wall
of finite length H is brought a distance L away from a second macroscopic surface. This system
shows rich phase equilibria arising from the competition between two different types of capillary
condensation, corner filling and meniscus depinning transitions depending on the value of the aspect
ratio a = L/H. For long capillaries, with a < 2/7, the condensation is of type I involving menisci
which are pinned at the top edges at the ends of the capillary characterized by an edge contact
angle. For intermediate capillaries, with 2/7 < a < 1, depending on the value of the contact angle
the condensation may be of type I or of type II, in which the menisci overspill into the reservoir
and there is no pinning. For short capillaries, with a > 1, condensation is always of type II. In all
regimes, capillary condensation is completely suppressed for sufficiently large contact angles. We
show that there is an additional continuous, third-order phase transition in the condensed liquid-
like phase, associated with the depinning of each meniscus as they round the upper open edges of
the slit. Finite-size scaling predictions are developed for these transitions and phase boundaries
which connect with the fluctuation theories of wetting and filling transitions. We test several of our
predictions using a fully microscopic Density Functional Theory which allows us to study the two

types of capillary condensation and its suppression at the molecular level.

The contact angle 6 is central to the study of fluid ad-
sorption and plays a crucial role in a number of surface
phase transitions where it specifies the phase boundary
[1-3]. For example, it vanishes at a wetting transition
[4, 5] and also determines that a right-angle corner is
filled by liquid when 6 < 7/4 [6, 7]. It also appears in
the macroscopic Kelvin equation for the pressure shift
from saturation, 0p.. = 27 cos /L, where v is the inter-
facial tension, at which a vapour confined between two
identical plates separated by a distance L, condenses to
liquid [8, 9]. If the walls are materially different, this
generalizes immediately to dp.. = y(cosf; + cosfs)/L,
with #; and 65 the corresponding contact angles. There
are well known cases where the equilibrium value of 0 is
modified by interfacial pinning, e.g., on rough surfaces
where the modification is described by Wenzel’s law [10]
and is believed to underline the phenomena of contact
angle hysteresis [11]. Interfacial pinning is also impor-
tant for condensation in open capillaries. In particular,
recent studies of fluid equilibria in a slit of finite length
have highlighted the role played by an edge contact angle
which characterizes the menisci pinned at the ends, and
which replaces 6 in the Kelvin equation [12-14].

In this paper, we study a fluid confined in a slit formed
when a wall of length H is brought near a second, infinite
surface. We show that due to a combination of interfa-
cial phenomena, the phase behaviour is extremely rich.
In particular, there are two types of capillary condensa-
tion as well as a continuous, third-order, interfacial tran-
sition which has not been identified previously. At all
these phase boundaries, an equilibrium edge contact an-

FIG. 1: Schematic illustration of two possible capillary liquid
(CL) configurations in which the menisci a) are pinned at the
top corners with edge contact angle 0., b) spill out of the slit
meeting the walls with Young’s contact angle 6.

gle plays a crucial role. The possible phase diagrams fall
into three universal classes depending on the aspect ratio
a = L/H. The rounding of these transitions, occurring
at the mesoscopic scale, is linked to the fluctuation the-
ories of wetting and filling transitions although several
aspects are observable at the truly microscopic level.
We begin with macroscopics and suppose that our sys-
tem is in contact with a reservoir of gas at pressure p
at a temperature T" below that of the bulk critical point
T.. Translational invariance is assumed along the slit
and gravity is neglected which is valid, for molecular flu-
ids, provided L is sub mwm [10]. We anticipate that as
p is increased, the fluid inside the capillary condenses
to liquid before bulk saturation, pgat, is reached. The
liquid-like phase is characterized by two circular menisci,
which must be located near the ends. Since the bottom
wall is infinite, the menisci meet it at Young’s contact
angle 6 but there are two possibilities for the upper part
of each menisci. For example, they may be pinned at
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FIG. 2: Macroscopic phase diagrams for long, intermediate and short capillaries showing the location of type I and type II
condensation (red line), the meniscus depinning transition (dashed line) and the suppression of capillary condensation for
different values of the aspect ratio. Here dp = Ldp/(27) is a dimensionless measure of the deviation from bulk saturation.

the edges, making an angle . w.r.t. the horizontal (see
Fig. 1la). This edge contact angle is pressure dependent
for any capillary-liquid phase (CL) but takes a specific
value 6¢¢ at the first-order transition where it coexists
with the capillary-gas phase (CG); we refer to this as
type I capillary condensation. Alternatively, the menisci
may be unpinned, sitting outside the open ends touching
the walls with the contact angle 8 (see Fig. 1b); we refer
to this as type II capillary condensation.

The edge contact angle of any CL is determined geo-
metrically by L/R = cos 6+ cos 6, where R = +/dp is the
Laplace radius and dp is the pressure difference across
the meniscus which is approximately the deviation from
DPsat- The maximum value of the edge contact angle is
rax = @ 4+ 7 /2, which is when the upper part of the
menisci meet the vertical walls at Young’s contact angle
and are therefore unpinned. Balancing the grand poten-
tials of the CG and CL phases taking into account only
the volume and surface contributions shows that type I
capillary condensation occurs when

g

6p£c = Z(COSQ + cos 65°) (1)

where 0S¢ is determined implicitly from
T — 60— 05° + sin(6 + 65°)

cos? 0 = cos? 6°° +a T
1—|—atan( R )

(2)

The modified Kelvin equation (1) is therefore of the same
form as that for an infinite slit with two materially dis-
tinct walls. When the slit is infinitely long we recover the
standard Kelvin equation, since 65¢ = 6. As we shorten
the capillary, the value of 0S¢ increases and the conden-
sation occurs closer to psat. The loci of type I condensa-
tion terminates in one of two ways. It ends if ¢ = 6.2
when it becomes of type II and no longer involves pinned
menisci. Again, balancing the macroscopic contributions
to the grand potentials of the CG and CL phases de-
termines that this type of condensation occurs at the

pressure shift

5p” B 2l a [cos@ —sinf + (9 — %) secﬂ] 3)

L a—1—|—\/1+a2—2a(§se029—tan9)

The numerator is positive only for 6 < 7 /4 implying that
type II condensation can only occur in the complete cor-
ner filling regime. Alternatively, type I condensation ends
when 6¢¢ = 7 — 6, for which dpl, = 0. From Eq. (2) it fol-
lows that this occurs when the aspect ratio is ag = cot 6.
We find it remarkable that the capillary condensation at
this terminus of type I condensation mimics the phase
separation in an infinite slit where the walls are ma-
terially different with opposing wetting properties, i.e.,
0 = m — 0y [15]. Capillary condensation is suppressed
for shorter capillaries.

We can summarize these results using simple phase di-
agrams. We begin by classifying the capillaries according
to their aspect ratio:

Long capillaries (Fig. 2a). For a < 2/7, only type I
condensation occurs up to a maximum value of the con-
tact angle 8y = cot ! a. For 6 > 6, the gas inside the slit
and the surrounding reservoir both condense to liquid at
Psat- In addition, there is a line of meniscus depinning
transitions when

5P = ~(cos 9L sin ) 7 @)
extending to the corner filling phase boundary 6 = /4.
On increasing the pressure from &pZ. the edge contact
angle increases until it reaches 8, = 02***, at which point
the meniscus depins. This is shown as the dashed line
in Fig. 2a and separates the regimes where the upper
parts of the menisci are pinned or unpinned. Meniscus
depinning corresponds to a line of third-order phase tran-
sitions. For example, for complete wetting, the third
derivative of the grand potential, 93Q/OR?, has a dis-
continuity v/L? associated with a singularity in the ad-
sorption Igng o (6pma — 0p)?, which arises from the
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FIG. 3: Macroscopic phase diagrams for complete and partial corner filling. For 6 < 7/4 (a) both type I and type II condensation
(red line) occur in addition to meniscus depinning (dashed line) and complete corner filling (blue line). The type I/II crossover
occurs at ap, = cos(20)/(mw/2 — 20). As 0 increases to 7/4 the lines of meniscus depinning and type II condensation merge into
the saturation curve and disappear. For 8 > 7 /4 (b) only type I condensation exists and is suppressed when the aspect ratio

is larger than ao = cot 6.

different qualitative structure of the meniscus in the
pinned and the unpinned regimes. Finally the (blue)
line, 0 < 6 < w/4, at bulk saturation represents the
line of complete corner filling. On approaching this line
the adsorption diverges as I' o« R? due to the continuous
growth of two menisci which have spilled out into the
right-angle corners at each end of the slit.

Intermediate capillaries (Fig. 2b). If 2/7 < a < 1,
then condensation is of type II for 0 < 6 < 6, and
type I for 6, < 6 < 60p. The crossover occurs when
a = cos(260,)/(m/2 — 26,), at which 65° = 7%, ie.,
where meniscus depinning meets capillary condensation.
Meniscus depinning only occurs in the range 6, < 6 <
7 /4 since for smaller contact angles the CL is metastable.
As the aspect ratio approaches unity both 6, and 6y ap-
proach 7 /4 (from different sides) and the lines of type I
condensation and meniscus depinning vanish.

Short capillaries (Fig. 2¢). If the aspect ratio a > 1
only type II capillary condensation occurs up to the cor-
ner filling phase boundary with 6y = /4 beyond which
capillary condensation is suppressed.

An alternative way of representing these macroscopic
predictions is in terms of phase diagrams which are qual-
itatively different for the regimes corresponding to com-
plete corner filling (¢ < m/4) and partial corner filling
(0 > w/4), see Fig. 3 and the caption for details.

Some of these macroscopic predictions are slightly
modified when we allow for thermal fluctuations. Since
the capillary is pseudo one-dimensional all capillary con-
densation transitions are rounded occurring over a pres-
sure range Ap.. « exp(—pvyLH) where the factor yLH
is the approximate free-energy cost of phase separating
the CG and CL along the capillary [16]. Such round-
ing is only of significance in the near vicinity of the
(pseudo) capillary critical temperature which itself oc-
curs when the smallest of the dimensions L or H is of
order the bulk correlation length. The meniscus depin-

ning transition is also rounded. We consider the case
of complete wetting first where the rounding is largest.
At a macroscopic level meniscus depinning occurs when
R = L, i.e., when a quarter circular meniscus just fits
into the open ends of the capillary. However, this ig-
nores the presence of the complete wetting layers along
the bottom and vertical walls which are characterized by
a thickness £, and also a parallel correlation length ¢
arising from thermal interfacial fluctuations [2]. These
length-scales soften the effective slit width, with depin-
ning occurring when R ~ L — ¢, £ §. Allowing for the
pressure dependence of the parallel correlation length,
§| ~ 5p_”ﬁo, implies that for complete wetting the menis-
cus depinning transition is rounded over the pressure
range Apma o LVI' "2 and the type I/II crossover over
the aspect ratio range Aa, LYY For systems
with dispersion forces, yﬁo = 2/3 [17], implying that
Aprg < L~5 and Aap x L~5. Similar considerations
apply for partial wetting, however, in this case §| remains
finite leading to the universal finite-size scaling predic-
tions Apmg o< L72 and Aa, o< L™'. The macroscopic
predictions are also modified slightly if the corner filling
transition at § = /4 is continuous. Macroscopically, the
loci of the meniscus depinning transitions (for a < 1)
and line of type II condensation (for a > 1) end exactly
at = w/4. If the right-angle corners show continu-
ous corner filling, however, these transitions end when
0 —m/4 x L=1/Bv_ Here, B, is the critical exponent
describing the thickness, £, o« (6 — F)7P=, of the ad-
sorbed layer of liquid at a right-angle corner at p = pgas
[18], i.e., a meniscus must be present whenever the meso-
scopic thickness of the adsorbed liquid is greater than the
slit width. For systems with dispersion forces this implies
that meniscus depinning slightly extends into the partial
filling regime until 6 — 7 o L2

We have compared our predictions with a microscopic
DFT model which allows us to study these phenomena
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FIG. 4: Type I and type II condensation in a microscopic slit with repulsive walls and width L = 100. The plots a) and b)
show the coexisting CL and CG phases for aspect ratio a = 1/2, while ¢) and d) are the coexisting CL and CG phases for

a=1.
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FIG. 5: Phase diagram for partial corner filling, with § ~
53° showing a line of type I capillary condensation ending at
bulk saturation when the aspect ratio ag ~ 0.78, close to the
macroscopic prediction ag & 0.75. Here du/e is a measure of
the chemical potential deviation from saturation measured in
units of fluid-fluid potential. Coexisting density profiles for
a = 2/3 are shown.

at the molecular scale [19]. We begin by showing that
for complete wetting, the capillary condensation is type
I and type II for small and large aspect ratios, respec-
tively. We employ the same DFT model that we have
used recently [13] which combines Rosenfeld’s fundamen-
tal measure theory [20] describing accurately any packing
effects, with a mean-field treatment of the attractive part
of the inter-atomic interaction modelled by a truncated
Lennard-Jones (LJ) potential. See the Supplementary
Material for details [21]. Actually, we flip the scenario
and consider walls which have a purely long-ranged repul-

sive component, which ensures that they are completely
dry with contact angle § = m, focussing on the character
of the capillary evaporation as the pressure is reduced to
Psat (that is the roles played by the CG and CL phases
are simply reversed). We have determined the line of
capillary condensation over a wide range of the aspect
ratio for a microscopic slit separation L = 100, with o
the molecular diameter [21]. Figs. 4 a) and b) show the
coexisting CL and CG phases for aspect ratio a = 1/2,
illustrating type I condensation, while Figs. 4 ¢) and d)
show the coexisting phases for a = 1, illustrating type II
condensation.

Finally, we show that for # > 7/4 condensation is only
of type I and is suppressed for aspect ratios a > ay,
which we compare with the theoretical prediction ay =
cotf. We add an attractive part to the substrate-fluid
potential in order to decrease the contact angle assuming
the walls are made of atoms interacting with the fluid
via a full LJ potential. We set the temperature T =
0.85T, for which the contact angle 8 ~ 53° [23]. As
predicted, the phase diagram shows only a line of type
I capillary condensation which terminates at ag ~ 0.78,
which is extremely close to the macroscopic prediction
ap ~ 0.75 (Fig. 5). Representative density profiles of
the coexisting states (for H = 150), for which a = 2/3,
are also shown and illustrate how the meniscus pinning
is mimicking the properties of condensation between two
walls with opposing wetting properties, i.e, 85¢ ~ 7 — 6.

In summary, we have shown that in an open slit geome-
try the capillary condensation may occur in two different
ways involving pinned or unpinned menisci separated by
a continuous meniscus depinning transition. The phase
boundaries are determined by the values of an edge con-
tact angle somewhat analogous to how the Young contact
angle determines the phase boundary for wetting and fill-



ing transitions. The resulting phase diagrams fall into
one of three possible universal classes depending on the
slit aspect ratio. The richness of the possible phase be-
haviour emerges from the interplay between different in-
terfacial phenomena and are connected to the fluctuation
theory of fundamental surface phase transitions. The dis-
tinction between type I and type II condensation and the
presence of meniscus depinning transitions will occur in
other geometries which are certainly experimentally ac-
cessible; for example, when a vertical cylinder is brought
into close contact with a flat surface. The rounding of
the meniscus transition considered here arises due to the
thermal fluctuations of the adsorbed wetting layers and
occurs for even perfectly sharp geometries. It would also
be interesting to understand how surface roughness af-
fects the edge contact angle and the meniscus depinning
transition, which may well connect with the phenomena
of contact angle hysteresis. Including gravity may also in-
troduce interesting new effects associated with capillary
emptying transitions [24, 25]. Finally, the equilibrium
phase transitions considered here are also a pre-requisite
for understanding the dynamics of meniscus depinning
which may be studied, for example, using dynamical
DFT or simulation methods similar to those described
in [26].
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