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Georgios Antoniou,1 Antoine Lehébel,2 Giulia Ventagli,1 and Thomas P. Sotiriou1, 3

1School of Mathematical Sciences, University of Nottingham,
University Park, Nottingham NG7 2RD, United Kingdom

2Centro de Astrof́ısica e Gravitação - CENTRA,
Departamento de F́ısica, Instituto Superior Técnico - IST,
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Spontaneous scalarization is a gravitational phenomenon in which deviations from general rela-
tivity arise once a certain threshold in curvature is exceeded, while being entirely absent below that
threshold. For black holes, scalarization is known to be triggered by a coupling between a scalar
and the Gauss-Bonnet invariant. A coupling with the Ricci scalar, which can trigger scalarization
in neutron stars, is instead known to not contribute to the onset of black hole scalarization, and
has so far been largely ignored in the literature when studying scalarized black holes. In this paper,
we study the combined effect of both these couplings on black hole scalarization. We show that the
Ricci coupling plays a significant role in the properties of scalarized solutions and their domain of
existence. This work is an important step in the construction of scalarization models that evade
binary pulsar constraints and have general relativity as a cosmological late-time attractor, while
still predicting deviations from general relativity in black hole observations.

I. INTRODUCTION

Neutron stars and black holes constitute environments
where gravitational effects can be highly nonlinear and
curvatures are the strongest we currently have access to.
Since 2015, we have a direct observation channel to this
regime through the binary mergers observed by LIGO
and Virgo collaborations [1–3]. The exploration of the
deviations from general relativity (GR) or extensions of
the standard model with gravitational waves is incredibly
promising and still in its dawn (see e.g. [4–6]). Future
detectors will greatly improve the sensitivity and scope
of detection of putative new fundamental fields.

New fields that manage to avoid detection at lower cur-
vatures and yet can significantly affect the properties of
compact objects deserve particular attention in this con-
text. Scalarization provides a mechanism for that. Orig-
inally proposed by Damour and Esposito-Farèse (DEF)
[7] in the context of neutron stars, scalarization is a phase
transition phenomenon that unfreezes a scalar degree of
freedom above a critical curvature scale. From a pertur-
bative standpoint, DEF scalarization can be understood
as follows. The scalar-tensor theory admits as solutions
spacetimes that solve Einstein’s equation with a constant
scalar field. At low curvatures these solutions are stable.
However, cranking up the curvature endows the scalar
with a tachyonic mass, which destabilizes the spacetime.
The growth of the scalar is ultimately quenched by non-
linearities and the outcome is a spacetime with a non-
trivial scalar configuration that deviates from the GR so-
lution. Pulsar data severely constrains the original DEF
model [8–10] but the constraint can be evaded by the
addition of a bare mass [11].

In the DEF model, the scalar field couples to the Ricci
scalar, R, and it is this coupling that controls the effec-
tive mass of the scalar field in curved backgrounds. For

black hole spacetimes that solve Einstein’s equations in
vacuum, R = 0 and the scalar does not acquire an ef-
fective mass. Hence, black holes cannot scalarize (unless
scalarization is triggered by surrounding matter [12, 13]).
Indeed, the model is subject to no-hair theorems [14, 15].
More recently however, it has been pointed out that a
coupling between the scalar and the Gauss-Bonnet in-
variant

G = RµνρσR
µνρσ − 4RµνR

µν +R2 (1)

can lead to scalarization of black holes, as well as neu-
tron stars [16, 17]. Reference [18] later identified all pos-
sible couplings that can trigger the tachyonic instability
associated with scalarization (one can also consider dif-
ferent field contents or instabilities, e.g. [19–22]). The
scalarization thresholds for a neutron star background
were computed in Ref. [23] and they are indeed pre-
dominantly controlled by the couplings to the Ricci and
Gauss-Bonnet scalars (and potentially a bare mass). For
black holes, the analysis of Ref. [18] suffices to show that
the onset of scalarization is determined entirely by the
coupling with G. Interestingly, it has also been showed
that black hole scalarization can be triggered by rapid
rotation as well [24] and some corresponding scalarized
black hole solutions have been found in Refs. [25, 26]. In
this scenario the threshold is still controlled by G; how-
ever, the critical contribution does not come from the
mass of the black hole, but from the spin.

As has been stressed in Ref. [27], although the onset
of scalarization is determined by terms that are linear
(in the equations) in the scalar, the properties of the
scalarized object depend crucially on nonlinear interac-
tions, as these are the ones that quench the linear in-
stability and determine its endpoint. Non-linearities can
originate from scalar self-interactions [28], from the cou-
pling function to G [17], and from the backreaction of the
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scalar onto the metric. The potential coupling between
the scalar field and the Ricci scalar, R, has mostly been
disregarded in the case of black holes.

As mentioned earlier, this is entirely justified when
studying the onset of scalarization, as GR black holes
have a vanishing R. However, it is bound to have an
effect on the properties of scalarized objects, as it will
contribute to the nonlinear quenching of the tachyonic
instability that leads to scalarization. Indeed, as soon
as the scalar becomes nontrivial, R will cease to be zero
and it will contribute directly to the effective mass of the
scalar. From an effective field theory (EFT) perspective
there seems to be no justification to exclude such a cou-
pling. Moreover, it has been shown in Ref. [29] that this
coupling makes GR a cosmological attractor and hence
reconciles Gauss-Bonnet scalarization with late-time cos-
mological observations. It has also been pointed out in
Ref. [23] that this coupling can help suppress scalariza-
tion of neutron stars and hence evade the relevant con-
staints.

Motivated by the above, we examine in this paper the
role a coupling with the Ricci scalar can have on scalar-
ized black holes. We consider the simplest model that
contains a coupling with both the Ricci scalar and Gauss-
Bonnet invariant, and we study static, spherically sym-
metric black holes. We explore the region of existence of
scalarized solutions when varying both couplings and the
black hole mass. We examine the influence of the Ricci
coupling on the scalar charge of the black holes, which
is the quantity that controls the deviations from GR in
the observation of binaries. We also discuss the role this
coupling can play in stability considerations and in ren-
dering black hole scalarization compatible with cosmo-
logical observations and strong gravity constraints from
neutron stars.

The structure of the paper is as follows: in Sec. II
we introduce the model that we study. We discuss the
scalarization thresholds and present the equations that
one needs to solve to obtain solutions that describe static,
spherically symmetric black holes. We then solve the
equations perturbatively near the horizon and asymp-
totically far, and present the numerical implementation
for solving the equations non-perturbatively. In Sec. III,
we present the solutions that we obtain numerically and
fully explore their properties. Section IV contains further
discussion on our results and future prospects.

II. SETUP

We will consider the following action

S =
1

2κ

∫
d4x
√
−g
[
R− 1

2
(∂φ)2 −

(
β

2
R− αG

)
φ2

2

]
,

(2)

where κ = 8πG/c4, β is a dimensionless parameter, while
α has dimensions of length squared. The normalization

of β is chosen to match the standard DEF literature.
One can consider the above action as part of an EFT

in which the scalar enjoys φ → −φ symmetry while
shift symmetry is broken only by the coupling to grav-
ity. For linear perturbations around solutions that solve
the vacuum Einstein equations, the φ2G coupling will be
the leading correction to GR [18]. However, more gen-
erally, the φ2R term comes with a lower mass dimen-
sion and provides a direct contribution to the effective
mass. Hence it is expected to play a crucial role in
the non-linear quenching of the tachyonic instability that
one associates with scalarization, and in determining the
properties of scalarized black holes. The complete EFT
would include more terms that can contribute to the ef-
fective mass (nonlinearly), such as the operators Rφ4 and
Gµν∂µφ∂νφ. These operators would enlarge the parame-
ter space, while they are characterized by a higher mass
dimension than φ2R. We will neglect them in our analy-
sis and we do not expect them to change the final results
qualitatively. The modified Einstein equation is

Gµν = Tφµν , (3)

where

Tφµν =− 1

4
gµν(∇φ)2 +

1

2
∇µφ∇νφ

+
βφ2

4
Gµν +

β

4

(
gµν∇2 −∇µ∇ν

)
φ2

− α

4g
gµ(ρgσ)νε

κραβεσγλτRλταβ∇γ∇κφ2

(4)

is the energy momentum tensor contribution that comes
from the variation of the φ-dependent part of the action
with respect to the metric. The scalar field equation
reads

�φ = m2
effφ, (5)

where the effective scalar mass is given by

m2
eff =

β

2
R− αG. (6)

A. Scalarization threshold

As mentioned above, in linearized theory, scalariza-
tion manifests itself as a tachyonic instability around a
GR solution. Linearizing around a Schwarzschild back-
ground and neglecting backreaction, we can recast the
scalar equation (5) into the following form:

− ∂2σ

∂t2
+
∂2σ

∂r2
∗

= Veff σ, (7)

where the scalar field is decomposed into spherical har-
monics, δφ = ε σ(r, t)Y ml (θ, ϕ)/r, dr = dr∗e

(Γ−Λ)/2, and

Veff = eΓ

[
e−Λ

2r
(Γ′ − Λ′)− αG

]
. (8)
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FIG. 1. Numerical solution of the decoupled scalar equa-
tion on a GR background. The points where the line touches
the horizontal axis correspond to the scalarization thresholds

M̂
(n)
th : for M̂ < M̂

(n)
th , GR black holes are unstable under

scalar perturbations with n nodes. Note that the horizontal
axis is inverted.

The coupling between the scalar and R does not con-
tribute at all, as R = 0 on a Schwarzschild background.
The effective potential (and hence the onset of scalariza-

tion) is controlled only by the rescaled mass M̂ = M/
√
α,

where M is the mass of the black hole. GR solutions
will become unstable for small values of M̂ , which corre-
spond to larger curvatures or larger α couplings. Unsta-
ble modes for φ will correspond to bound states for Veff

with δφ∞ = 0. We search for such bound states while
varying M̂ and identify the threshold rescaled masses,

M̂
(n)
th , (n = 0, 1, 2, etc). This is shown in Fig. 1. The

mode associated with a threshold mass M̂
(n)
th has n nodes.

Hence, whenever M̂ < M̂
(n)
th , GR black holes become un-

stable to a perturbation with n nodes. Numerically, these

thresholds are (n, M̂
(n)
th ) ≈ (0, 1.18), (1, 0.45), (2, 0.28),

etc. They are in agreement with the results of [16] under
an appropriate rescaling.

B. Static, spherically symmetric black holes

We consider a static and spherically symmetric back-
ground:

ds2 = −eΓ(r)dt2 + eΛ(r)dr2 + r2dΩ2. (9)

The field equations can be cast as three coupled ordinary
differential equations. The (rr) component of the metric
equations can be solved algebraically with respect to eΛ:

eΛ =
−B + δ

√
B2 − 4AC

2A
, δ = ±1, (10)

where

A = 4− βφ2, (11)

B = βφ2 + Γ′(βr2φφ′ − 8αφφ′ + βrφ2 − 4r)

+ r2φ′2 + 4βrφφ′ − 4,
(12)

C = 24αΓ′φφ′. (13)

and a prime denotes differentiation with respect to the
radial coordinate. By substituting (10) in the remaining
field equations, we end up with a system of two coupled
second order differential equations:

Γ′′ = Γ̃(r,Γ′, φ, φ′, α, β), (14)

φ′′ = φ̃(r,Γ′, φ, φ′, α, β). (15)

In order to search for black hole solutions, we assume
the existence of a horizon, where eΓ → 0, eΛ → ∞. In
line with previous results for different models fashioning
a coupling with G (e.g. [30, 31]), only δ = +1 leads to
black hole solutions.

C. Near-horizon expansion

Near the horizon, one can perform the following ex-
pansion:

eΓ(r ≈ rh) = γ1(r − rh) + γ2(r − rh)2 + ... (16)

e−Λ(r ≈ rh) =λ1(r − rh) + λ2(r − rh)2 + ... (17)

φ(r ≈ rh) =φh + φ1(r − rh) + φ2(r − rh)2 + ... (18)

One can substitute these expressions in Eqs. (10), (14)
and (15), and obtain a near-horizon solution. In partic-
ular, φ′′h remains finite only provided that

φ′(rh) = φ1 =
(
a+
√

∆
)
/b, (19)

where the expressions for a, b and ∆ are as follows:

a = 24αβrhφ
2
h + r3

h

(
−3β2φ2

h + βφ2
h − 4

)
, (20)

∆ = 9216α3βφ4
h + r6

h

(
3β2φ2

h − βφ2
h + 4

)2
− 192α2r2

hφ
2
h

(
9β2φ2

h − 2βφ2
h + 8

)
,

(21)

b = 2φh
(
8α− βr2

h

) [
24αβφ2

h

+ r2
h

(
−3β2φ2

h + βφ2
h − 4

) ]
/(βφ2

h − 4).
(22)

Requiring that ∆ ≥ 0 defines a region on the (rh, φh)
space where regular black hole solutions with scalar hair
can be found.

D. Asymptotic expansion

In order to analyze the asymptotic behaviour of the so-
lutions, one can perform a suitable expansion, and solve
the equations near spatial infinity imposing that φ van-
ishes there. This yields
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gtt(r � rh) = 1− 2M
/
r + β Q2

/
4 r2 +

(
MQ2 − 3βMQ2

)/
12 r3

+
(
8M2Q2 − 28βM2Q2 − 3β3Q4 + 5β2Q4 − βQ4

)/
48 r4 +

(
288M3Q2 − 1040βM3Q2

+ 3072αMQ2 − 60β3MQ4 + 115β2MQ4 + 10βMQ4 − 9MQ4
)/

960r5 +O
(
1/r6

)
,

(23)

grr(r � rh) = 1 + 2M
/
r +

(
16M2 + 2β Q2 −Q2

)/
4 r2 +

(
32M3 − 5MQ2 + 11βMQ2

)/
4 r3

+
(
488βM2Q2 − 208M2Q2 + 768M4 − 12β3Q4 + 17β2Q4 − 13βQ4 + 3Q4

)/
48 r4

+
(
6064βM3Q2 − 2464M3Q2 + 6144M5 − 1536αMQ2 − 348β3MQ4 + 589β2MQ4

− 442βMQ4 + 97MQ4
)/

192 r5 +O
(
1/r6

)
,

(24)

φ(r � rh) = Q
/
r +MQ

/
r2 +

(
32M2Q− 3β2Q3 + 2βQ3 −Q3

)/
24 r3

+
(
48M3Q− 9β2MQ3 + 9βMQ3 − 4MQ3)

/
24 r4 +

(
2240βM2Q3 − 1680β2M2Q3

− 928M2Q3 − 4608αM2Q+ 6144M4Q+ 117β4Q5 − 144β3Q5

+ 86β2Q5 − 40βQ5 + 9Q5
)/

1920 r5 +O
(
1/r6

)
,

(25)

where M is the ADM mass and Q is the scalar charge (al-
though Q is not associated to a conservation law, it does
determine the decay of the scalar field at large distance).
Equations (23)-(25) suggest, as one would expect, that
the Ricci coupling dominates over the Gauss-Bonnet cou-
pling at large radii. Specifically, the Ricci coupling ap-
pears at order r−2, whereas the Gauss-Bonnet coupling
appears initially at order r−5.

E. Numerical implementation

The system of ordinary differential equations (ODEs)
(14) and (15) can, in principle, be solved by starting from
the horizon and integrating towards larger radii. α and β
are theoretical parameters that are considered fixed. The
values of Γ′, Γ, φ′, and φ at r = rh appear to be “initial
data”. However, they are not all free to choose. Γ(rh)
is fixed by the condition eΓ(rh) = 0, i.e. the fact that
r = rh is a horizon. Γ′ has to diverge at r = rh, else eΓ

will have a vanishing derivative on the horizon. Finally,
φ′(rh), and φ(rh) are related by the regularity condition
(19). One also needs to fix rh. The field equations are
invariant under the global scaling symmetry r → µr,
α→ µ2α, where µ is a free parameter. We can make use
of this symmetry to reduce the space of parameters that
we have to explore. Practically, we can decide that the
horizon is located at rh = 1; solutions with rh 6= 1 can
later be obtained by a global scaling.

Hence, one can treat φ(rh) = φh as the only free pa-
rameter. Integrating outwards, one will generically find
a solution for arbitrary φh. However, for given α and β,
only one value of φh has the desired asymptotics, namely
φ(r → ∞) = φ∞ = 0. Imposing this condition (by
a shooting method and to a desired precision) yields a
unique solution. The global rescaling mentioned above

turns this solution into a one-parameter family, that we
can interpret as a family of black holes parametrized by
their ADM mass M , for fixed couplings α and β. The
scalar charge Q is then determined as a function of M ,
α and β.

A practical complication is that the regularity con-
dition of Eq. (19) cannot be imposed numerically with
any reasonable accuracy. To circumvent this problem we
start the numerical integration at r ≈ rh[1 + O(10−4)]
and use the perturbative expansion in Eqs. (16)–(18) to
impose the regularity and propagate the data from the
horizon to the starting point of the numerical integra-
tion. We typically integrate up to distances r/rh ≈ 104

and impose that φ vanishes there to a part in 104.

In the next section, we will be using scale-invariant
masses and charges, defined as

M̂ = M/
√
α , Q̂ = Q/

√
α. (26)

Equation (26) assumes that α > 0. Indeed, we will re-
strict our analysis to positive values of α. Evading the
no-hair theorem of Ref. [16] requires α > 0 when β = 0
and G is positive, which is the case for a Schwarzschild
black hole. Moreover, the Ricci coupling, controlled by β,
does not contribute to linear perturbation theory around
GR black holes. It is hence unlikely that scalarized spher-
ically symmetric black hole solutions will exist for α < 0.
It should be stressed, however, that the α < 0 case is par-
ticularly interesting when studying rotating black holes
[24].
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FIG. 2. (Left) Scalar field profile versus the normalized distance from the horizon for a sample mass M̂ < M̂
(0)
th , and zero

nodes for the scalar field radial profile. (Centre) Normalized scalar charge versus the normalized ADM mass for n = 0 nodes
solutions. The black lines correspond to values of β for which all scalarized black holes have masses below the GR instability
mass threshold, while the red lines mark values of β that lead to scalarized black hole masses that are larger than the GR mass
threshold. The blue dots mark the existence of a turning point, past which solutions are expected to be unstable. (Right)

Scalar field profile versus the normalized distance from the horizon for a sample mass M̂ > M̂
(0)
th .

III. NUMERICAL RESULTS

A. n = 0 nodes for the scalar profile

The first scenario we examine is the one where β > 0.
This scenario is motivated by the results of Ref. [29],
where it was shown that positive values of β make GR
a cosmological attractor. We start by exploring the so-
lutions characterized by n = 0. The results are summa-
rized in Fig. 2 and Fig. 3. The central plot of Fig. 2
shows the dependence of the scalar charge on the black
hole ADM mass for different choices of β. When β is
smaller than some critical value βcrit ≈ 1.22, the charge-
mass curve tilts to the right and all scalarized black holes
have larger ADM masses than the GR mass instability
threshold. Such scalarized black holes are unlikely to be
produced dynamically. ADM mass is a measure of energy
for the system. The fact that all scalarized black holes for
β < βcrit have larger mass than all GR black holes that
are unstable implies that, if any scalarized black hole is
considered the end point of the tachyonic instability for
a GR black hole, then this end state would have more
energy than the initial state.

Based on the argument above, we conjecture that
scalarized black holes are unstable for β < βcrit. Con-
versely, for β > βcrit the ADM mass for scalarized black
holes can be smaller than the GR counterparts and hence
it is reasonable to expect that scalarized black hole are
endpoints of the tachyonic instability. These arguments
are consistent with earlier results. In particular, it is al-
ready known that for β = 0 scalarized black holes are ra-
dially unstable [32]. Moreover, the general picture shown
in the centre plot of Fig. 2 is very similar to the one pre-
sented in Ref. [28]. In that work, β was vanishing and
the φ2R term was absent, but a φ4 self-interaction had
a similar effect. Analysis of radial stability did show in
that case that stability was associated with whether the

curves on the Q̂− M̂ plane tilt to the right or the left.
These considerations suggest strongly that the cou-

pling between φ and the Ricci scalar, can have a very
interesting stabilizing effect for scalarized black holes,
without having to resort to scalar self-interactions.

Note that in some cases, when β > βcrit and hence the
Q̂ − M̂ curve initially leans to the left, this same curve
later turns towards the right. The points at which the
curves turn right are marked by blue dots in Fig. 2. The
right-leaning part of these curves is hardly noticeable in
Fig. 2 because it is very short. One expects configurations
past the turning point to be unstable, as configurations
of the same ADM mass and smaller scalar charge exist.

As is clear from Fig. 2, for β > βcrit, the normalized
scalar charge Q̂ increases as the normalized ADM mass
M̂ decreases, at least in the part of the curves up to
the turning point (blue dot), whereas for β < βcrit, the

normalized scalar charge Q̂ increases as the normalized
ADM mass M̂ increases. Interestingly, the dependence of
the curvature near the horizon on the ADM mass turns
out to be different in the two cases. For β > βcrit scalar-
ized black holes tend to have larger curvatures at the
horizon when the ADM mass decreases, as is the case
in GR, whereas for β < βcrit the curvature on the hori-
zon tends to increase as the mass (and scalar charge)
increases. Hence, in both cases, the scalar charge seems
to be controlled by the curvature.

In Fig. 3, we show the domain of existence of scalar-
ized black holes on the α − M and α − Q planes. As
discussed in Sec. II, linear analysis showed distinct scalar-
ization thresholds, the first (zero nodes) of which we de-

note with M̂
(0)
th ≈ 1.175. This threshold is represented by

the dashed, red line in Fig. 3. Note that M̂ = constant
(respectively Q̂ = constant) translates to a parabola in
the α −M (α − Q) plane. The rest of the curves corre-
spond to the existence boundaries for various values of
β. They are related to the horizon condition presented
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FIG. 3. (Left) Domain of existence of n = 0 scalarized black holes on the α−M plane. For a given β, solutions exist between
the corresponding black line, and the dashed, red line. The latter coincides with the line where GR solutions of equal mass
would become unstable. (Right) Same but on the α−Q plane. Both panels can be obtained from an “unfolding” of Fig. 2.

in Eq. (19). Solutions then exist everywhere between the
red, dashed GR instability line and the plain, black exis-
tence line. Examining the plots reveals something rather
interesting: the value of the Ricci coupling β can affect
the relative position of the existence line with respect to
the instability parabola. This should not come as a sur-
prise, based on the results presented in Fig. 2, where β
has a similar effect on the relative position of the curve

with respect to the threshold mass M̂
(0)
th .

As mentioned earlier, we do not plan to consider the
β < 0 case in any detail as positive values appear to be
better motivated. However, we can report the following
based on a preliminary exploration. There is still a crit-
ical value of β, and for β smaller than this value, scalar-
ized black holes have smaller ADM masses than the GR
instability threshold, together with scalar charges that
tend to increase with decreasing mass. For β larger than
the critical value, the behaviour is reversed. Hence, the
equivalent to Fig. 2 would be qualitatively similar for
β < 0.

B. n = 1, 2 nodes for the scalar profile

We now turn to solutions characterized by n = 1 and
n = 2. For β > 0, the plot of the normalized charge ver-
sus the normalized mass is given in Fig. 4. A noticeable
pattern is that, for n = 0, the scalar charge is positive,
while it is negative for n = 1, positive for n = 2, and so
on. This is simply due to the fact that the scalar field
has to approach 0 at spatial infinity from a different side,
depending on the number of nodes. There is no deep sig-
nificance in the sign of the charge, since the action (2)
possesses parity symmetry φ→ −φ, and the signs would
have been flipped, had we chosen negative values of φh

as initial conditions. Compared to the n = 0 case, we see
that the order of magnitude of the charge for all differ-
ent values of β is significantly smaller, and the range of
masses for which we find scalarized solutions is strongly
reduced. Once again there is a critical value of β that

separates right-leaning curves (likely unstable) from left
leaning ones (likely stable).

IV. DISCUSSION

We have considered the contribution of a coupling be-
tween the scalar, φ, and the Ricci scalar, R, can have in
black hole scalarization. We focused on static, spherically
symmetric black holes. The βφ2R coupling is known not
to affect the threshold of scalarization. However, our re-
sults show that it can alter the domain of existence of
scalarized black holes, significantly modify their proper-
ties, and control their scalar charge. Our results also
strongly suggest that the strength of this coupling can
have an impact on the stability of scalarized black holes.
In particular, having β be larger than some critical value,
βcrit, is expected to resolve the stability problems for
models that do not include the βφ2R coupling. We will
investigate this issue in more detail in future work.

We have mostly focused on positive values for β. We
did so for two reasons. First, it has recently been shown
that including the βφ2R term in black hole scalarization
models and selecting a positive β makes GR a cosmolog-
ical attractor and allows one to have a consistent cosmo-
logical history, at least from the end of the inflationary
era [29]. The numerical values that we considered here
for the couplings are similar to those used in [29]. Sec-
ond, for positive values of the Ricci coupling (and reason-
ably small values of the Gauss-Bonnet coupling), neutron
stars do not scalarize [23]. This allows one to evade the
very tight binary pulsar constraints (e.g. [8–10]), related
to energy losses due to dipolar emission of gravitational
waves, without the need to add a bare mass to the scalar
(and tune it appropriately).

It is clear that inclusion of the βφ2R coupling has mul-
tiple benefits in scalarization models. It is worth re-
iterating that this coupling has lower mass dimensions
than the αφ2G coupling, which triggers scalarization at
linear level. Moreover, unlike a bare mass term or scalar
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FIG. 4. Normalized scalar charge versus normalized ADM mass for the solutions with n = 1 (left panel) and 2 (right panel)
nodes.

self-interactions, it allows the scalar to remain massless
and free in flat space. Hence, the βφ2R coupling can be
part of an interesting EFT that respects φ→ −φ symme-
try and in which shift symmetry can be broken only via
the coupling to gravity (the complete EFT would poten-
tially include more terms, such as Rφ4 and Gµν∂µφ∂νφ).

Gravitational wave observation of binaries that contain
black holes would still be able to measure or constrain β
and α. A detailed post-Newtonian analysis of the inspi-
ral phase would be sufficient to provide some first con-
straints. Scalarization models in which the scalar charge
is non-zero only below a mass threshold are also expected
to be severely constrained by extreme mass ratio inspirals
(EMRIs) observations by LISA: the supermassive black
hole would be described by the Kerr metric, whereas the
small black hole can carry a scalar charge. This is the
ideal scenario to apply the considerations of Ref. [33].

It should be stressed that we only considered the case
α > 0 throughout this paper, as this is a requirement for
having scalarized black holes under the assumptions of
staticity and spherical symmetry. However, it has been
shown in Ref. [24] that, for α < 0 (and β = 0), scalar-
ization can be triggered by rapid rotation. Indeed, some
scalarized black hole have been found in this scenario in
Refs. [25, 26]. It would thus be very interesting to con-
sider the effect of the βφ2R coupling for α < 0, i.e. in

models where scalarization is induced by rotation.
It is likely that theoretical constraints on the value of

couplings in scalarization models will be imposed by the
requirement that the initial value problem be well-posed
in dynamical evolution scenarios where one expects the
models to be good EFTs. Results in this direction have
been obtained in Ref. [34] for β = 0. The inclusion of the
coupling with the Ricci scalar is likely to affect the results
quantitatively, and hence is an interesting prospect.
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