Modelling of Eulerian incompressible fluid flows by using peridynamic differential operator

Modelling of Eulerian incompressible fluid flows by using
peridynamic differential operator

Cong Tien Nguyen', Selda Oterkus'", Erkan Oterkus', Islam Amin'-2, Murat Ozdemir',
Abdel-Hameed El-Aassar’, Hosam Shawky?
'PeriDynamics Research Center (PDRC), Department of Naval Architecture, Ocean and
Marine Engineering, University of Strathclyde, Glasgow, United Kingdom

’Department of Naval Architecture and Marine Engineering, Port Said University, Port Said
42511, Egypt

3Egypt Desalination Research Centre of Excellence (EDRC) and Hydrogeochemistry
Department, Desert Research Centre, Cairo 11753, Egypt

Abstract

This study presents a novel method for modelling of Eulerian incompressible fluid flow by
using peridynamic differential operator. The peridynamic differential operator is used to
calculate partial derivatives in the Navier-Stokes equations. The pressure Poisson equation is
used to obtain the pressure field whereas the velocity field is obtained by solving momentum
equations. The numerical procedure to solve Navier-Stokes equations in peridynamics for the
incompressible fluid is also provided. The capability of the proposed peridynamic
incompressible fluid model is demonstrated by considering problems of two-dimensional
cavitation, a flow inside an open channel, and a flow over a cylinder. Moreover, to demonstrate
the capabilities of the proposed model, the problems of two-dimensional cavitation and a flow
over a cylinder are investigated for different Reynolds numbers. The vortex shedding is also
captured for the problem of a flow over a cylinder at Reynolds number of Re = 100. For
verification purposes, the peridynamic results are compared with the results obtained by
ANSYS Fluent, a commercial fluid dynamics software.
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1. Introduction

Computational fluid dynamics (CFD) is the analysis of systems involving fluid flow, heat
transfer and associated phenomena such as chemical reactions utilizing computer-based
simulation. With a long-term history of development, the technique has become a very
powerful tool with a wide range of industrial and non-industrial application areas. To perform
CFD simulations, either mesh-based or meshfree methods can be used. The traditional mesh-
based methods prefer the Eulerian approach which is widely used in many fluid dynamics
related areas. Meanwhile, the meshfree methods such as smoothed particle hydrodynamics
(SPH) or moving particle semi-implicit method (MPS) often use the Lagrangian approach in
which the locations of fluid particles need to be updated during simulations (Benz, 1990;
Meister et al., 2014; Monaghan, 1992; Morris, 1996; Shakibaeinia and Jin, 2011, 2012; Xie et
al., 2005). Recently, fluid flow problems have also been simulated by using peridynamic
differential operator (PDDO) (Gao and Oterkus, 2019b, 2020, 2021), which is a mathematical
technique to represent field variables and their spatial derivatives in nonlocal form (Madenci
et al., 2019a; Madenci et al., 2016; Madenci et al., 2017; Madenci et al., 2019b). PDDO can
represent the original peridynamic equations of motion by recasting Navier’s displacement
equilibrium equations into their nonlocal form.

The original peridynamic theory was first introduced by Silling (2000) and the theory has been
mainly used for problems in solid mechanics. To represent equations of motion of a node,
peridynamics uses integro-differential equations instead of partial differential equations
(Madenci and Oterkus, 2014; Silling, 2000; Silling and Askari, 2005; Silling et al., 2007;
Silling and Lehoucq, 2010). Therefore, peridynamics (PD) is highly suitable for predicting
progressive damages. Over 20 years of development, peridynamics has become applicable for
many fields such as elastic and plastic deformations (Foster et al., 2010; Huang et al., 2019;
Kruzik et al., 2018; Madenci and Oterkus, 2016; Mitchell, 2011; Nguyen and Oterkus, 2019a),
beam and shell structures (Chowdhury et al., 2016; Diyaroglu et al., 2019; Diyaroglu et al.,
2015; Nguyen and Oterkus, 2019b, ¢, 2020, 2021; O’Grady and Foster, 2014a, b; Tien Nguyen
and Oterkus, 2020; Yang et al., 2019), corrosion and fatigue (Chen and Bobaru, 2015; Chen et
al., 2021; De Meo et al., 2016a; De Meo and Oterkus, 2017; Nguyen et al., 2020; Rokkam et
al., 2019; Shojaei et al., 2020; Silling and Askari, 2014; Zhang et al., 2016), multiphysics and
multiscale modeling (Askari et al., 2008; Bobaru and Ha, 2011; Gao and Oterkus, 2019c;
Oterkus, 2015; Oterkus et al., 2017), composite and polycrystalline materials (De Meo et al.,
2016b; Gao and Oterkus, 2019a; Ghajari et al., 2014; Hu et al., 2012; Hu et al., 2015; Oterkus,
2010; Oterkus et al., 2012). Recently, peridynamic differential operators (PDDO) for the
approximation of field variables and their spatial derivatives were developed (Madenci et al.,
2019a; Madenci et al., 2016; Madenci et al., 2017; Madenci et al., 2019b). The development
of PDDO opened a wide range of applications in engineering (Haghighat et al., 2020; Madenci
et al., 2019a; Madenci et al., 2016; Madenci et al., 2017). Shojaei et al. (2019) developed a
generalized finite difference method based on the PDDO for the solution of problems in
bounded and unbounded domains. Moreover, PDDO can also be used to represent Navier-
Stokes equations in a nonlocal form Gao and Oterkus (2019b, 2020, 2021). Therefore, using
peridynamics and peridynamic differential operators to simulate both structural dynamics and
fluid dynamics problems will become highly possible. This will be a very important step that
can allow simulating complex fluid-structure interaction (FSI) problems including structural
damages that current local techniques are still facing significant difficulties to deal with.
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To date, the development of PDDO in the field of fluid dynamics is very limited. Bazazzadeh
et al. (2018) applied PDDO to incompressible inviscid fluid flow with moving boundaries for
the solution of sloshing problems in tanks. Recently, Gao and Oterkus (2019b, 2020, 2021)
represented Navier-Stokes equations in the nonlocal form by using peridynamic differential
operators. The fluid model developed by Gao and Oterkus (2019b); (Gao and Oterkus, 2020,
2021) is the weakly compressible fluid model which is similar to the weakly compressible
smoothed particle hydrodynamics (WSPH) (Benz, 1990; Monaghan, 1992; Morris, 1996). The
weakly compressible fluid model employs an artificial equation of state that specifies pressure
as an algebraic function of density. Therefore, a high speed of sound needs to be used to
maintain an acceptable density variation (Cummins and Rudman, 1999). As a result, small time
step sizes need to be used to ensure a stable solution in weakly compressible fluid models. In
addition, due to the use of the artificial equation of state, the pressure can have large and non-
physical fluctuations which can cause numerical instability (Hosseini and Feng, 2011).
Therefore, the weakly compressible fluid models often face difficulties when dealing with
problems where pressure is of physical interest such as FSI problems (Hosseini and Feng, 2011;
Lee et al., 2008).

In smoothed particle hydrodynamics, to overcome difficulties faced by the WSPH, Cummins
and Rudman (1999) introduced truly incompressible SPH (ISPH) algorithms based on the
projection scheme. The truly incompressible fluid model produces more accurate predictions
of velocity and forces on solids, and it is more efficient than weakly compressible fluid models
since larger time step sizes can be used (Cummins and Rudman, 1999; Hosseini and Feng,
2011; Lee et al., 2008; Yildiz et al., 2009). Therefore, in this study, a peridynamic model for
truly incompressible fluid based on the Eulerian approach is proposed. Specifically, the Navier-
Stokes equations for incompressible fluid based on the Eulerian approach are represented in a
nonlocal form by using the peridynamic differential operator. The pressure Poisson equation is
used to obtain the pressure field, meanwhile, the velocity field is obtained by solving
momentum equations. In this study, the proposed model is also called the Eulerian
incompressible PDDO model.

This paper is organized as follows. Section 2 presents Navier-Stokes equations and the pressure
Poisson equation for incompressible fluid based on the Eulerian approach. Section 3 presents
the proposed Eulerian incompressible fluid PDDO model. The numerical procedure for the
proposed Eulerian incompressible fluid PDDO model is also provided in this section. Section
4 presents various boundary conditions that are implemented in this study. Sections 5 and 6
presents numerical results and the conclusion.

2. Navier-Stokes equations for a two-dimensional incompressible fluid

According to Versteeg and Malalasekera (2007), the Navier-Stokes equations for an
incompressible fluid in the 2D domain can be written by using the Eulerian approach as

ou ov

ax Ty =0 1
ou LT W U e

p6t+p(uax+v6y)_ dx ax2 = 9y2 (1b)
LY LT . O

p8t+p(u6x+vay)_ ay+“ ax2+ay2 (1c)
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where x and y represent two components of the Cartesian coordinates, and t represents time.
The terms u and v represent the velocity components in x and y directions, respectively. The
parameter p represents the fluid pressure. The parameters p and u represent the constant density
and dynamic viscosity of the fluid. In the above equations, Eq. (1a) is known as the continuity
equation or mass conservation equation. Meanwhile, Eq. (1b) and Eq. (1c) are the momentum
equations in x and y directions, respectively.

The Navier-Stokes equations for incompressible fluid given in Eq. (1) can be written in a
compact form as

V-u=0 (2a)
du/dt = —u-Vu—%Vp+%V2u (2b)
with

u=[u v|’ (2¢)

where u is the 2D velocity vector.

Pressure Poisson equation

In many particle-based methods, the pressure field can be obtained by solving the pressure
Poisson equation. This pressure field is then used to correct the velocity field to make it
divergence-free (Fourtakas et al., 2018; Hosseini and Feng, 2011; Lind and Stansby, 2016;
Nasar et al., 2020; Shadloo et al., 2012; Shao and Lo, 2003; Solenthaler and Pajarola, 2009).
The pressure Poisson equation is obtained by taking the divergence of momentum equation
given in Eq. (2b) as

V-(%)=—V-(u-Vu)—%V2p+%V-(V2u) (3a)

which can be rearranged as
VZp = —pV - (du/dt) — pV - (u-Vu) — +uV - (V?u) (3b)

Eq. (3b) is known as the pressure Poisson equation in the continuum level. In a discretized
model, to obtain the Eulerian form of the pressure Poisson equation, first, the continuity and
momentum equations given in Eq. (2) for incompressible fluid is written in the numerical form
as (Fourtakas et al., 2018; Lind and Stansby, 2016; Nasar et al., 2020)

V-u® =0 (4a)
™ _ q®@DY/At = (—q@D . a1 _ Lypm 4 Eyzyn-1) 4b
(u u )/ ( u u 5Vp + ,vu ) (4b)
The momentum equation in Eq. (4b) can be rewritten as
u® = u™-1D 4 At (_u(n—l) cyu®™-D — lvp(n) + Ev2u(n—1)) (5)
p p

where u™~ represents the known velocity field at the previous time step, and u™ represents
the unknown velocity field at the current time step. The term p™ represents the unknown
pressure field at the current time step and At represents time step size.
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Taking the divergence of momentum equation given in Eq. (5) results in
V- u(n) =V u(n_l) + At <_v . (u(n_l) . v“(n_l)) — lvzp(n) + EV . (Vzu(n_l))> (6)
P P

By enforcing V - u™ = 0 due to the continuity equation given in Eq. (4a), Eq. (6) reduces to
p _ _ _ _
V2p = EV a1 — pv . (u(” D . yu® 1)) + uv - (v2u(n 1)) (7)

Eq. (7) is known as the pressure Poisson equation which can be used to obtain the pressure
field (Matsuno et al., 2003; Shirokoff, 2011; Sohn and Heinrich, 1990). Note that compared to
the pressure Poisson equation for the Lagrangian approach as presented in (Hosseini and Feng,
2011; Shadloo et al., 2012; Shao and Lo, 2003; Solenthaler and Pajarola, 2009), Eq. (7) has
two additional terms, pV - (0™ . vu™®) and v - (V2u®™V), which arise from Eulerian
approach.

In this study, the Navier-Stokes equations are solved by two steps. First, the pressure field at
time ¢ is obtained by solving the pressure Poisson equation given in Eq. (7) (Fourtakas et al.,
2018; Hosseini and Feng, 2011; Lind and Stansby, 2016; Nasar et al., 2020; Shadloo et al.,
2012; Shao and Lo, 2003; Solenthaler and Pajarola, 2009). The pressure is subjected to
boundary conditions described in Section 4.

Next, by using the obtained pressure at current time t, the velocity field at the current time ¢t
can be calculated as

u® = u@mD 4 At (_u(n—l) . Yu@D — %vp(n) + %Vzu(n—l)) (8)

The velocity boundary conditions are described in Section 4. The above two steps are repeated
for every time step until the final solution is obtained.

3. Eulerian incompressible fluid model using peridynamic differential operators

In this section, first, the formulations of peridynamic differential operators introduced by
(Madenci et al., 2019a); Madenci et al. (2016) are summarized in Section 3.1. Second, the
peridynamic differential operators for momentum equations and pressure Poisson equation as
given in Egs. (6-7) are presented in Section 3.2. Next, an implicit solution for the pressure
Poisson equation in the Eulerian incompressible PDDO model is presented in Section 3.3.
Finally, the numerical procedure to solve Navier-Stokes equations using the proposed Eulerian
incompressible PDDO model is presented in Section 3.4.

3.1. Peridynamic differential operators in two-dimensional space

In this section, the peridynamic differential operators for the first and second-order derivatives
in a two-dimensional (2D) space are presented. First, let f be a function in a 2D space as

f=fxy ©)

According to (Madenci et al., 2019a); Madenci et al. (2016), the first and second order
derivatives of f at point k can be presented as
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fxoo = Zi=1(foy = fuo) 92000 A0 (10a)
Fyay = Zi=1(f) = fuo) 92600hAd) (10b)
and

faxtoy = Zj=1(foiy = fu) 300nAny (10c)
Fyvao = Zi=1(f) = fa0) 92600hAdi) (10d)
Favio = Ei=1(fiy = fuo) 92600040 (10e)

where fy ) and f, ) are first-order derivatives of f with respect to coordinates x and y,
respectively. In Eq. (10), j is a family member of particle (node) k. The term A represents
the area of node j. The terms f(;) and f,, represent the values of function f at the coordinates
of nodes k and j, respectively, as

foo = f (%@ Yaoy) (11a)

fiy = F(xgy ven) (11b)

In Egs. (10a, b), the terms g%gk)( j) and gg(lk)( j) represent the peridynamic orthogonal functions
for first-order derivatives. Meanwhile, the terms g%?k)( ) gg(zk)( j)» and g%(lk)( j) in Egs. (10c-¢)

represent the peridynamic orthogonal functions for second-order derivatives. These
peridynamic orthogonal functions can be expressed as (Madenci et al., 2019a; Madenci et al.,
2016)

9200 ®) = w8 (@11 + a8, + azéf + auéd + aséiéy) (12a)
9300 ®) = w8 (@eés + a7&; + agéf + agéd + a10é:1&;) (12b)
95005)(®) = 08 (@118, + a12&; + a1387 + a14é5 + a1581€5) (12¢)
9360 ®) = w8 (@1681 + a178; + 1587 + a1985 + a2061€) (12d)
9300()(®) = 08 (@2181 + aés + 2387 + Al + ap561&;) (12¢)
with

& =xX(j) — Xao = (%) = X0 Y — Yowo) (12f)
§1=X() ~ X (12g)
$2=Y0) ~ Y (12h)
8l = V& +&; (12i)
w(lg) = e C5) (12j)

where &, and &, are the relative coordinates between nodes k and j, and w(|&|) represents the
peridynamic weight function (Madenci et al., 2019a; Madenci et al., 2016).
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In Egs. (12a-e), the terms, a4, a,, **+, a,s, represent the components of matrix a that can be
defined as (Madenci et al., 2019a; Madenci et al., 2016)

[a1 ag Aq1 Qg6 a21]
a, a; Qi 07 dp
a=|as dg Qi3 a1 dz3 (13)

The matrix a in Eq. (13) can be obtained by solving the following equation as (Madenci et
al., 2019a; Madenci et al., 2016)

Aa=b (14a)
with

(& &E & L& &
§& & L 8 &é
A=YV 0(E)| & g6 & a8 864, (14b)

1
§& & 8 & LE
§76 &&, &6 & &8

and

1000 0

[01000}
b=lo 0 2 0 0 (14¢)
looozoJ

000 0 1

By using the first-order derivatives given in Egs. (10a, b), the peridynamic gradient operator
for function f can be represented as

10 10

vr = x| Jsw 4 [T92000) G2000)| [0

f(k)_ f — 4j M|_,01 01 fii
Y (k) 9200() Y200(H1 VD)

By using the second-order derivatives given in Egs. (10c, d), the peridynamic Laplace operator
for function f can be represented as

(15)

I (")l (16)

_ _ 20 02
V2faey = Faxey + Fyyao = L0=1(93000) + 95600y ) Ap -1 1] fi

Similarly, by using the first-order derivatives given in Egs. (10a-b), the peridynamic gradient
operator and peridynamic divergence operator for a vector f = [f; f>]7 can be represented
as

firvae foxmo 923000 I2000 ] [fico  Feao
Vg = [ " = Xjm140) ! ! (17)

fiya  fayao ~9000)  Iriompl o 2
fiao

_ _ VN _ 410 10 01 01 fl(j)

V£ = fieo + fayio = =1 A [~ 92000) 920000 —92000)  92000)) foco (18)

faiiy
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By using the second-order derivatives given in Eqgs. (10c-d), the PD Laplace operator for a
vector f = [f;  f,]" can be represented as

[figo]
flxx(k)+f1yy(k) -1 1 0 0 fl(')
V2 = | ' =201 (9300 0y + 9%00)AG s eE
®© = | fyexio + Fryytio 23-1(92800) + 92600)) (1)[0 0 -1 1] fooo| 1
fajy

As given in Eq. (14b) and (12j), the formulations of A and weight function w(|§]) include
length-scale, §, which is the horizon size in PDDO. Therefore, the terms, a,, a,, :**, a,s given
in Eq. (13) and Eq. (14a), and the PDDO orthogonal functions, g30ey» 9200()» 9300(j)»
9300 9200 () &iven in Eq. (12) include length-scale, §. Thus, the length-scale, &, still exists
in the PDDO for the first order and second order derivatives given in Eq. (10). A discussion

about the effects of horizon size § on the accuracy of PDDO estimations was also presented in
(Madenci et al., 2019a; Madenci et al., 2016).

3.2. Peridynamic differential operators for Navier-Stokes equations

In this section, the PDDO for the calculations of the terms, Vu™~1, v2u®-1 y2p() ypv
in Egs. (6-7) are presented. First, by using the operators given in Eq. (17) and Eq. (19), the
gradient, Vu(»=1 and Laplace, V2u™~1, of the velocity u™~1 in Egs. (6-7) can be calculated
as

(n-1) (n-1) 10 10 (n-1) (n-1)
Ly [u v ~92000) 920000 | | v
7D _[ X Vi ]= " A(j)[ 2000) Z(k)(J)H W Vo ] 20)

(k) (n-1) _(n-1) _g01 o1 || (n-1) (1)
Uty Vo G200y 2001 Lugy 7 v
- (n—1)7
Uik
(n-1) ,  (n-1) (n-1)
u +u u,.
2. (n-1) _ | “xx(k) YyE) | _ N 20 02 -1 1 0 O01]1*W
Vaug, —[ (n-1) (n—l)]_ j=1(92(k>o’)+92<k)(j>)A(i>[0 0 -1 1] (n-1) 21
xx) T Vyya0) Y (k)
LD
V()

Second, by using Eq. (18), the divergence of the velocity vector, V - u™~1_ in Eq. (7) can be
represented as

- (n—1)7
Ui
LD
(n-1) _  (n-1) (n-1) _ N _ 10 10 __ 01 01 6)]

Vougy D = urey o’ = B Agp = %2000) 920000 —92000)  92000)] @D (22)
(k)
(n-1)

LY (j)

To calculate the divergence V - (™™D - Fu™=D) in Eq. (7), the term u™™ Y - vu™~b can be
represented as

u(n—l)ugi—l) + v(n—l)u,(;l—l)

dm-1D = yn-1 . yuyr-1 = (23)

u(n—1)v’§n—1) + v("‘l)q(yn_l)

Therefore, the divergence V - (u(n"l) . Vu(”_l)) in Eq. (7) can be represented as

10
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Vo (ur pu D) = v 40D = g 4 g (242)
with

A"V = Dy (e (7 (24b)
dg’z,;)l) = u<n—1>q§"‘1) + v("‘l)v,g,n_l) (24¢)

In the discretized model, by using Eq. (18), the divergence V - (u®™V - vu=D) in Eq. (7)
can be represented as

(n-1) (n-1)) _ (n-1) _ 4(n-1) (n-1) _

(k) (k) 2y(k) =
_ (Tl—l)‘
dl(k)
(n-1)
N g [—glo 10 __ 01 01 dl(j) 25
Y Apl=92000) G200y —92m0p)  I2000)] oSy (25a)
2(k)
(n-1)
[y ]
with
(n-1) _ . (n-1)_ (n—-1) (n-1). (n-1)
digy =%k %xw) TVm  Uyk (25b)
(n-1) _ . (n-1)__(n-1) (n-1)__(n-1)
bGay =%e Vxw TVm  Yym (25¢)
(n-1) _ . (n-1)_ (n-1) (n-1)_ (n-1)
digy” = UGy Uy TV Uy (25d)
(n-1) _ . (n-1)__(n-1) (n-1)__(n-1)
day” = UGy Vxid TVG Yy (25¢)

Similarly, to calculate the divergence V - (Vzu(”_l)) in Eq. (7), first, the Laplace operator of
the velocity field, V2u™=1 can be calculated by using Eq. (21) as

(n-1) (n-1)

LoD = gD = | T (26)
U(n—l) + v(”_l)

XX Yy
Therefore, the divergence V - (Vzu(”_l)) in Eq. (7) can be represented as
Ve (VZuD) = v L0 = (100 4 00 (27a)
with
L(ln—1) _ uglx—l) n ugly_l) (27b)
LD = o ol @79

In the discretized model, by using Eq. (18), the divergence V - (V2u™~V) in Eq. (7) can be
represented as

11
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-D) _ g (-1 _ (-1 , ;(n-1) _
V-(Vzu(k) )_v-L =L+ L

(k) 2,y(k) —
— (n_l)_
Ll(k)
(n-1)
N g [—glo 10 _ 01 01 Ll(j) 28
Y Apl=92000) 920000 ~92000) 92000)) 1) (28a)
2(k)
(n-1)
_LZ(]) |
with
(n-1) _ _ (n-1) (n-1)
Ligy” = Uaxa) T Uyyo (28b)
(n-1) _ . (n-1) (n-1)
Lytey” = Vaxa) T Vyy) (28¢)
(n-1) _ . (n-1) (n-1)
Ligy” = %) T Uyy() (284)
(n-1) _ . (n-1) (n—-1)
Lyy” =Vaxiy T Vo) (28¢)

Finally, by using Egs. (15-16), the gradient and Laplace of pressure, Vp™ and V>p™, in Egs.
(6-7) can be represented as

m) 10 10 m
7™ — P (i) _SN 4 —9200() 920000 | [Pk 29
Py = m | — 4i=120) _g01 , go1 _ n) (29)
V() 2000)  J200m01 [P
Plo
2. (M) _ _(n) M) _ N 20 02 k
VEDa = Paxr ¥ Py = 23=140 (92000 + 200() -1 1] L(n)] (30)
9)

3.3. Implicit solution for pressure Poisson equation

In this study, the pressure Poisson equation given in Eq. (7) is solved by using the implicit
solution. First, Eq. (7) can be rewritten in a matrix form for all the particles in the fluid domain
as

K,P™ = R™ (31a)
with
m 17
P — [p((;l)) pgg)) p(Np) (31b)
and
N.
K, =22, (%1 40y (9300 ) + 92000)) =1 11) (3lc)

where P represents the pressure vector for the fluid domain at the current time step, n. This
vector has a size of (N, X 1), where N, is the total number of particles (nodes) in the fluid

domain. In Egs. (31a, ¢), K is a matrix that can be used to represent the Laplace operator as

VZp™ = K, P™ (32)

12
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Matrix K, is a square matrix with a size of (N, X Nj,). The numerical procedure for the
calculation of K is presented in Fig. 4.

In Eq. (31a), the parameter R™ is a vector with a size of (N, X 1). This vector represents the
right-hand side terms in Eq. (7) as

m 1"
R™ — [rg;) r(%) rNZ] (33a)
with
M _ Py, D _ o ( (-1 g (n-1) (2, (n-1)
re =Lv-ule - pv (u(k) vul )+uv (v ul ) (33b)

(

n—1)
where U,

is the velocity vector of particle k at the previous time step (n — 1). The
calculation of R™ at each time step is presented in Fig. 5.
The pressure Poisson equation in Eq. (31a) is subjected to the boundary conditions presented

in Section 4. In this study, the numerical simulations are implemented in MATLAB version
R2018b and the pressure field, P, is obtained by using the backslash (\) operator as

PM™ = K,\R®™ (34)

3.4. Numerical procedure

First, the fluid domain is discretized into particles and the family member search for each
particle is conducted with a horizon size of §. Next, the orthogonal functions g%?k)( i) gg(lk)( i)
g%?k)( i) gg(zk)( j)» and g%(lk)( j) for each interaction are calculated using Eq. (12). Details of the

calculation for these orthogonal functions are presented in Fig. 2. Next, the matrix K; given in
Eq. (31c) is calculated as shown in Fig. 4.

At each time step, the right-hand side term, R(™, of the pressure Poisson equation given in Eq.
(31a) are calculated by using Eq. (33). Details of the calculation for these terms are presented
in Fig. 5. Next, the pressure Poisson equation given in Eq. (31a) is solved by using the implicit
method as presented in Eq. (34) to obtain the pressure field, P, Finally, the velocity field at
the current time step, u™ is calculated by using Eq. (8). Details of this step are presented in
Fig. 6.

The numerical procedure in numerical simulations includes the following steps:

Step 1: Create geometry for the fluid domain and provide the fluid parameters including fluid
density, p, and fluid viscosity, u.

Step 2: Discretize the fluid domain.
Step 3: Find family members for each particle within a horizon size of §.

Step 4: Calculate orthogonal functions g%?k)(j), gg(lk)(j), g%?k)(j), gg(zk)(j), g%(lk)(j) for each
interaction by using Eq. (12). Details of this step are presented in Fig. 2.

Step 5: Calculate matrix K; which represents the Laplace operator for the pressure field (see
Fig. 4).

13
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Step 6: Initialize velocity and pressure vectors.
Step 7: Loop over time steps: n = 1,2, ..., N¢, where N; is the total number of time steps.

Step 7.1: Apply boundary conditions for the inlet, outlet, and no-slip boundary
conditions for stationary walls.

Step 7.2: Using the known velocity field at the previous time step, u™~, to calculate
the terms on the right-hand side of the Pressure Poisson equation given in Eq. (7) and

CpgD p2y D (1) g(n-1) (n-1) gy (n-1)
Eq. (Glay valy®, vuly®, vou(?, alyh, v (ufy vy ). v

(Vzugz)_l)), R™ (see Fig. 5)

Step 7.3: Solving Eq. (31a) to obtain pressure field at current time step, P by using
Eq. (34): P = K;\R™
Step 7.4: Calculate velocity at current time step, u™, by using Eq. (8) (see Fig. 6):

() _ (n-1) @) g (-1 1o () | Ky (n-1)
Uy = Ugy At( Uik Vug, pr(k) + pV U ) (35)

Step 7.5: Go to next time step if n < N;.
Step 8: Output results for pressure and velocity field.

The detailed numerical procedure in numerical simulations for 2D incompressible fluid is
shown in Fig. 1.

14
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| Initialize geometry and fluid parameters: p, i |

!

| Discretize the fluid domain |

!

| Find family member for each particle |
I

Calculate orthogonal functions

10 01 20 02 11
(9260 () 92000 (i) 20 G T2 ()2 Iz (iy) For
each interaction using Eq. (12). (See Fig. 2-3)
v
Calculate matrix K; which represents the
Laplace operator of pressure field
(see Fig. 4)
¥

Initialize velocity and pressure vectors

Loop: over time steps
n=12,..,N;

b

Apply boundary conditions: velocity inlet,
pressure outlet, no-slip boundary conditions, etc.

!

Using velocity at previous time step u®™~1 to calculate the terms on the right hand side of the
pressure Poisson equation given in Eq. (7) and Eq. (31a) (See Fig. 5):

ru® L p2y® D gy g gy @y g (20 ™) and R®

}

n=n+1

Solving Eq. (31a) to obtain pressure field at current time step by
using Eq. (34): P™ = K;\R(™

!

Calculate the velocity at current time step u®™ by using pressure p™ and u®~b for Eq. (8) (See Fig. 6):
u® = u®D 4 At <—u("‘1) -puD — % vp™ + g Vzu(”‘l))

False

n < N.?

True

| Output results |

Fig. 1. Numerical procedure
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Calculate orthogonal functions g;(()k)(j), gg(lk)(j), gg&) G gg(zk) () for each interaction using Eq. (12)

Initialize g3°, g9*, g5°, g9%, g2 matrices to store values for orthogonal functions

10 01 20 02 11 . ;
920Gy 92(k) i) 920 () 92 (10 () 2k iy ©F each interaction. The
g:°,8%", 82° 85%, g;3" matrices have size of (N, rows X Npq, columns).
Nrmax 18 the maximum number of family members of a material point.

!

Calculate matrix a to store 25 components of matrix a for each material point.
Matrix & has a size of (N, rows X 25 columns) (see Fig. 3).

Loop: over particles
k=12,., k<N,

Loop: over family members of particle
j = member ™, member®, ..., member™

Calculate distance between material points k and j:

2 2
1§ = J(x(j) —xw) + o —yw)

]
Calculate weigth function: w(|§|) = e~ (@I%/&)”
. . ‘
J = next family a; 5 = A(row = k,columns =1+ 5) K=k+1
member ag19 = a(row = k, columns = 6 + 10) B

y

a1115 = A(row = k, columns = 11 + 15)
a1620 = a(row = k, columns = 16 + 20)
ay125 = A(row = k, columns = 21 + 25)

Xop =& & & & &&l

i

Calculate orthogonal functions by using Eq. (12):
g3°(row = k, column = nj) = 9218()(]-) = w([&Days - X))
83" (row = k, column = nj) = g%, = @(&Dag 10 - X )
g3°(row = k, column = nj) = g3y = @(1&Dar1,15 - X))
ggz(row = k, column = nj) = gg(zk)(j) = w(|8§Dase20 - X
g%l(row =k, column = nj) = gzl(lk)(j) = w(|§Pazy 25 - Xoom

False

j = member®)?

False

10 01 20 .02 11
Output 8,°,8, .82 , 82", 82

Fig. 2. Calculate orthogonal functions g%?k)( i) gg(lk)(j), g%?k)( i) gg(zk)(j), g%(lk)( j) for each
interaction.
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Calculate matrix a to store 25 components of matrix a for each material point.

Initialize matrix & with a size of (N, rows X 25 columns) to store 25
components of matrix a for each material point.

|

1
0
b=]0
0
0

[N ool ]
Qo NO O
oONO OO
_ O o oo

Loop: over particles
k=12,., k<N,

Loop: over family members of particle
j = member ™, member®, ..., member®™

v
Calculate distance between material points k and j:
2 2
18] = \/(X(n —xa0) "+ (o) — yw)
¥

Calculate weigth function: w(|§|) = e~ @8/

!

Calculate matrix A by using Eq. (14b):

j = next family 512 51 52 513 51 522 512 fz
member & & &, & §& k=k+1

F A=Y 0B & &6 & &8 S&|Ap
aé & HE & ad
§6 68 &6 48 &6

False

j = member®™)?

a=A\b
v

Store components of a into matrix a for current material point:
a(row = k,columns = 1 +5) = a(row = 1,columns = 1 + 5)
a(row = k, columns = 6 + 10) = a(row = 2, columns =1 + 5)
a(row = k,columns = 11 = 15) = a(row = 3,columns = 1 + 5)
a(row = k,columns = 16 + 20) = a(row = 4,columns = 1 + 5)
a(row = k,columns = 21 + 25) = a(row = 5,columns =1 + 5)

False

k< Ny?

True

Output

Fig. 3. Calculate matrix 4 to store 25 components of matrix a for each node.
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Calculate matrix K; which represents the Laplace operator of pressure field

Initialize matrix K, with the size of (N, X Ny)

Loop: over particles
k=12,.., k<N,

Loop: over family members of particle
j = member ™, member®, ..., member™

Calculate Laplace operator for current interaction between materials k and j:
— (20 02
Koo = (92000 + 920000 Apl=1 1]

k=k+1
Jj = next family 1
member

Add K ;) to matrix K :
K, (row = k,columns =k, j) = K (row = k, columns = k,j) + K. ()

False

j = member®)?

False

| Output K, |

Fig. 4. Calculate matrix K; to represent Laplace operator of the pressure field.
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Using velocity at previous time step u™~1 to calculate the terms on the right hand side of the
pressure Poisson equation given in Eq. (7) and Eq. (31a):
Tu® D p2g® D gy @D g @@ D gy @y g (20 ® D) and R®

Initialize matrices:

gradU with a size of (N, X 4) to store values for 4 components (u'(,:kl), u’("il),vlinil), 11;,"71)) of Pu™™?
lapU with a size of (N, X 2) to store values for 2 components (uv(:xfl) + u’(y"yfl), vi:;’l) + 11,(),";1)) of P2u™ Y
divU with a size of (N, X 1) to store values for 7 - u™ ™"
D with a size of (N, X 2) to store values for 2 components for dg:;l) = ug:)_l) . VuE:)_l)
divD with a size of (N,, X 1) to store values for 7 - (u®=1 . pu®=1) = . -1
div_lapU with a size of (N, X 1) to store values for V - (Vzu("_l))

R with a size of (N, X 1) to store values for R™

Loop: over family members of particle
j = member®, member®, ..., member™

1
(n-1) (n-1) 10 10 (n-1) (n-1)
u v — . - u, %
(n-1) O E ) m-1) _ |%x0 Vx| _on 20000 J2(00 | | Mo (k)
Calculate Vu(k) by using Eq. (20): Vu(k) ll n-1) _ijlA(j) [—g"l ) gm ) (n-1) n-1)
o Yy 200 200l | MG VG
n-1)
Uy
(n-1) (n-1) (n-1)
u +u u,
~, p 2,(-1) G . 2, (n-1) _ | Txx(k) Yy | _ N 20 02 -1 1 0 o01*»
Calculate V*u,) by using Eq. 21): Viug,y = -0, - _Z]:l(gz(k)(l)+g2(k)(]))A(f)[0 0 -1 1] n-1)
Voo TPy KO)
@D
)
(n-1)
Uy
(n-1)
~aleula - o . n-1) _  (n-1) (n-1) _ N 10 10 _ 01 01 J)
Caleulate V- (V) by using Bq. 22): Vg =l + vl =¥ 4G [=0000) %00 92000 Bwn]| m
)
(n-1)
Vi)
j = next family Calculate d{j; ™ by using Eq. (23) and Eq. (24b, c): k
member (n-1) _  (n-1)_ (n-1) (n-1)_ (n-1), (n-1) _  (n-1)_ (n-1) n-1) (n-1), H@m-1) _ [ (-1 0-1)
gy =Y Ui TVl Yyw s %20 =M Vxo PV Yyt ba ‘[dl(k) a0

l

Calculate 7 - (u® D . pu®-1) = 7. d®-D by using Eq. (25):
(n-1)
dl(k)
N d(n—l)
(n-1) (n-1) (n-1) _ 10 10 01 01 1()
V‘(“(k> Vug, ) V-dg, —ZA(/)[*HM)U) Dlo; ~I200() 92000 o
= 200
(n-1)
dZ(J)

Lo
i
Lo’
L5,

S 2, (n-1) : (n-1) (n-1) 10 10 01 01
Caleulate V- (P?u(is ™) by using Bq. 28): 7+ (v2uly ™) = v 18" =5, 45 [=03000) 9000 —Ftom Seom)

(n-1)

o (n-1) _ (-1, ;(n-1) _ _(n-1)
with: Ll(k) = Uy T Uyy oy’ L, ) = Vaxo TV

(n-1), L(n—l), (n-1) (n-1) L(n—l) (n-1) (n-1)

vt Loy T ) Y y0) 20y T Ve T Vvl

False

j = member®™?

True
gradU(row = k,columns = 1+ 4) = [“(:(;;) uf;(;;) vi"(;;) 1{(;‘(;)1)
lapU(row = k,columns =1 +2) = [u(x";(;; + u(;y_(i)) vi';i; + 173;,_“1())
divU (row = k, column = 1) = u’(x"(;)l) + vv(y"(;)l)
D(row = k,columns =1+ 2) = [d:?‘;)l) d;?;)l)
divD (row = k,column=1) =V - dﬁz;l)
div_lapU(row = k,column=1) =V - L((',:;l)
R(row = k,column = 1) = A%divU(mw =k, column = 1) — pdivD (row = k, column = 1)
+ pdiv_lapU(row = k, column = 1)

False

k< Ny?

True

Output: gradU, lapU, divU, D, divD, div_lapU, R to store information ofVu("_l),Vzu("_l),
V- u("_l),dgz)_l), V- (u("’l) . Vu("’l)), V- (Vzu("_l)),k("), respectively

Fig. 5. Calculate the terms on the right-hand side of the pressure Poisson equation.
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Calculate the velocity at current time step u™ by using pressure p™ and u®~2 for Eq. (8):

u® = u®D 4 Ar <—u("_1) - 7u@ b — %Vp(") + % Vzu("_1)>

Loop: over particles
k=12,., k<N,

Loop: over family members of particle
j = member®, member®, ..., member®™

I
!

p(n) —glo. - glo. p(ﬂ)
j = next family | | Calculate Vp{) by using Eq. (29): rp™ = | :ZyzlA(,-)[ 2000) 2(")0)] )

) ) _ 01 01
member 00 92600y 92000 [P

False

j = member®™? k=k+1

True
(n),
(k)

M _ (-1 e S o B N LSRN ¢ )
Uy = U, +At< LI Vu(k) pr +pl7 L

Calculate the velocity at current time step u

(n=1) | py (=1 pz (-1

where: L a0 (k) ~ are calculated from previous step (see Fig. 5)

False

k < Ny?

True

Output “83 for all material points, k = 1 + N,

Fig. 6. Calculate the velocity at current time step u(™

4. Boundary conditions

In this study, for solid boundaries, no-slip boundary conditions are used. Details of the no-slip
boundary conditions are described in Section 4.1. The inlet and outlet boundary conditions are
described in Section 4.2 and Section 4.3, respectively.

4.1. No-slip boundary conditions

To apply no-slip boundary conditions for solid walls, three layers of fictitious particles are used
as shown in Fig. 7. In Fig. 7, the fictitious solid particles are shown in blue. Particles located
on the boundary are shown in red. Meanwhile, the fluid particles inside the fluid domain are
shown in pink.

To apply no-slip boundary conditions for a stationary wall, the velocities of particles on the
boundary and the velocities of solid particles are set equal to zero as

uM(x,t)|r =0 (36)
where I' represents the solid boundary as shown in Fig. 7.

For the pressure Poisson equation given in Eq. (7), the homogeneous Neumann boundary
condition is applied for the solid walls as (Hosseini and Feng, 2011)

n- Vp<n>|F =0 (37)
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where n represents the normal vector of the solid boundary I" as shown in Fig. 7.

Boundary: I’ u=v=_0

/“A’_\

@ (@) @)
O @) @] o
@] @ [ @
o O o [
@] o [ @
\_/_\/—/
u=v=20

Fig. 7. No-slip boundary condition for a solid boundary.

Details of implementing no-slip boundary conditions for solid boundaries as well as the
obstacle cylinder used in this study are described in Sections 4.1.1 and 4.1.2, respectively.

4.1.1. Implementation of no-slip boundary conditions for vertical and horizontal boundaries
in the discretized model

In this study, the considered solid boundaries used in Section 5 are either vertical or horizontal
walls as shown in Fig. 8. In Fig. 8, blue points represent fictitious particles in solid regions, red
points represent the fluid particle along the solid walls, and pink points represent fluid particles
inside the fluid domain. For the vertical walls, the normal vector can be eithern = [1  0]7 or
n =[—1 0] asshown in Fig. 8(a). Therefore, the no-slip velocity boundary conditions given
in Eq. (36) can be written for these vertical walls as

M| = g@® _
u |L u |ﬁctitious particles on the left 0 (383')
and

M| = g™ _

u |R u |ﬁctitious particles on the right 0 (3 Sb)

where L and R represent solid boundaries on the left and right edges of the fluid domain as
shown in Fig. 8(a).

For the horizontal walls, the normal vector can be either n=[0 1]T orn=[0 —-1]7 as
shown in Fig. 8(b). Therefore, the no-slip velocity boundary conditions given in Eq. (36) can
be written for these horizontal walls as

21
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M| = g™ _
u |T u |ﬁctitious particles on the top 0 (3 93.)
and

M| = g™ _

u |B u |ﬁctitious particles on the bottom 0 (3 9b)

where T and B represent solid boundaries on the top and bottom edges of the fluid domain as
shown in Fig. 8(b).

In this study, the pressure boundary conditions in Eq. (37) for the vertical walls are applied by
setting pressures of the solid particles equal to the pressures of their image particles inside the
fluid domain with the same y coordinates. Specifically, the pressure boundary conditions in
Eq. (37) for the left vertical boundary can be implemented as

p(x;, —Ax,y,t) = p(x, + Ax,y,t) (40a)
p(x, — 20x,y,t) = p(x, + 2Ax,y,t) (40b)
p(x; —3Ax,y,t) = p(x, + 3Ax,y,t) (40c¢)

where x; is the location in x direction of the left vertical boundary and Ax represents the mesh
size in x direction.

Similarly, the pressure boundary conditions in Eq. (37) for the right vertical boundary can be
implemented as

p(xg + Ax,y,t) = p(xg — Ax, y,t) (41a)
p(xg + 2Ax,y,t) = p(xg — 2Ax,y,t) (41b)
p(xg + 3Ax,y,t) = p(xg — 3Ax,y,t) (41c)

where x5 is the location in x direction of the right vertical boundary.

On the other hand, the pressure boundary conditions in Eq. (37) for the horizontal walls are
applied by setting pressures of the solid particles equal to the pressures of their image particles
inside the fluid domain with the same x coordinates. Specifically, the pressure boundary
conditions in Eq. (37) for the top horizontal boundary can be implemented as

p(x,yr +Ay,t) = p(x,yr — Ay, t) (42a)
p(x,yr + 24y,t) = p(x,yr — 24y,t) (42b)
p(x,yr + 34y,t) = p(x,yr — 34y,t) (42c)

where y; is the location in y direction of the top horizontal boundary and Ay represents the
mesh size in y direction. Similarly, the pressure boundary conditions in Eq. (37) for the bottom
horizontal boundary can be implemented as

p(x,yg — Ay, t) = p(x,yp + Ay, t) (43a)
p(x,yp — 24y,t) = p(x,yp + 24y, t) (43b)
p(x,yg — 34y,t) = p(x,yp + 34y,t) (43c)

where yj is the location in y direction of the bottom horizontal boundary.
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Boundary: L Boundary: R

u=v=_0

(b)

Fig. 8. No-slip boundary conditions for (a): vertical walls, (b): horizontal walls.

4.1.2. Implementation of no-slip boundary conditions for circular stationary walls in the
discretized model

To investigate the problem of flow over the obstacle circular cylinder as presented in Section
5.3, the nodes surrounding the cylinder are arranged in the cylindrical coordinates as shown in
Fig. 9. In this figure, blue points represent fictitious particles in solid regions, red points
represent the fluid particle along the solid walls, and pink points represent fluid particles inside
the fluid domain. To apply no-slip boundary conditions and pressure boundary conditions for
the cylinder wall, Egs. (36-37) can be rewritten with respect to the cylindrical coordinate
system attached with the cylinder as
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23



Modelling of Eulerian incompressible fluid flows by using peridynamic differential operator

(m) =
u |cylinder wall (44)
ap™ 319("))
n +n =0 5
( T or T ot Jlcylinder wall )

where r represents the radius coordinate. Meanwhile, T represents the tangential coordinate.

Since the tangential component of the normal vector is zero, n, = 0, Eq. (45) can be simplified

as
m

i =0 (46)

or lcylinder wall
In the discretized model, the zero-velocity condition given in Eq. (44) can be implemented as

m _. . _ m _ () _
Uisy) = Uiy = Wiy = Uiy = O (47)
where s;, S5, s3 are fictitious particles in the solid domain and f; is a node located on the
cylinder wall as shown in Fig. 9.

Meanwhile, the pressure boundary condition given in Eq. (46) can be applied by setting
pressures of the solid particles equal to the pressures of their image particles inside the fluid
domain as

™ _

P(sy) = Piy) (482)
™ _

P(sy) = Pt) (48b)
M _ ()

P(sy) = Pt (48c)

where f;, f,, f5 are the fluid particles that are respectively images of s;, s,, 3, as shown in Fig.
9.
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Fig. 9. No-slip boundary conditions for obstacle circular cylinder.

4.2. Boundary conditions at the inlet

In Sections 5.2 and 5.3, the constant velocity is applied for the inlet boundary at the location
of x = 0 as

u(x =0,y,t) =u, (49a)
v(x=0,y,t) =1, (49b)

In the discretized model, three fictitious layers of nodes are added for the inlet. The velocities
in x direction of these fictitious particles and the particles located at x = 0 are set equal to u,.
Meanwhile, the velocities in y direction of these fictitious particles and the particles located at
x = 0 are set equal to v,. In addition, the pressures of these fictitious particles are set equal to
the pressure of the particles at x = 0 with the same y coordinates (Hosseini and Feng, 2011;
Lee et al., 2008; Shao and Lo, 2003).

25

25



Modelling of Eulerian incompressible fluid flows by using peridynamic differential operator

4.3. Boundary condition at the outlet

In Sections 5.2 and 5.3, the zero-pressure condition is applied for the outlet boundary at the
location of x = L, as

p(x =Ly,y,t) =0 (50)

In the discretized model, the pressure of the exit layer, shown in black in Fig. 10, is set equal
to zero. Meanwhile, the pressures of the fictitious particles, shown in blue in Fig. 10, are
defined as

Py =0 (51a)
Py = P (51b)
Plo = P (51c)
Py = Py (51d)

where i in Eq. (51a) is a particle located on the exit layer as shown in Fig. 10. In Egs. (51b-d),
Jj, k, | are three fictitious particles that have the same y coordinate with particle i. Meanwhile,
r,q,p are three fluid particles that are images of fictitious particles j, k, [, respectively, as
shown in Fig. 10.

Moreover, the velocities of the fictitious (dummy) particles downstream are set equal to the
velocity of the particle with the same y coordinate located on the exit layer as shown in Fig. 10

as
) _
)

) _
(k)

W =ul) (52)

Uy =4 ®

u

Exit layer

Fluid domain Dummy particles
Fig. 10. The zero-pressure boundary condition for the outlet

5. Numerical results

In this section, first, a 2D cavitation problem for Reynolds numbers, Re = 1 and Re = 200, is
investigated in Section 5.1. Next, in Section 5.2, a 2D fluid flow inside an open channel is
investigated for Re = 56.02. Finally, a problem of a fluid flow over an obstacle cylinder for
Reynolds numbers, Re = 10 and Re = 100, is investigated in Section 5.3. In these examples,
the horizon size of § = 3Ax is used. To verify the accuracy of the Eulerian incompressible
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PDDO model, the results predicted by the Eulerian incompressible PDDO model are compared
with those obtained by ANSYS Fluent.

5.1. 2D cavitation

In this section, a 2D square fluid domain with a size of L = 0.001 m is investigated as shown
in Fig. 11(a). The fluid has a density of p = 1000 kg/m3 and viscosity of ¢ = 0.001 Pa.s. On
the top boundary at y = L, the fluid is subjected to velocity and pressure boundary conditions
as

u(x,y =1L,t) =u, (53a)
v(x,y=Lt)=0 (53b)
dp _ _

by =L0=0 (33¢)

The fluid is subjected to no-slip boundary conditions on the three boundaries as shown in red
in Fig. 11(a) as

ux=0,y,t) =v(x=0,y,t) =0 (54a)
u(x=Lyt)=v(x=Lyt)=0 (54b)
ul(x,y=0,t) =v(x,y=0,t) =0 (54¢)

The fluid domain is uniformly discretized with a mesh size of Ax = 1075 m. To implement
boundary conditions, three layers of fictitious particles are used as shown in red and black in
Fig. 11(b). The implementation of no-slip boundary conditions for the left and right walls, as
shown in red in Fig. 11(b), is presented in Section 4.1.1 for a vertical wall. The implementation
of no-slip boundary conditions for the bottom wall, as shown in red in Fig. 11(b), is presented
in Section 4.1.1 for the horizontal wall. Meanwhile, the velocity conditions on the top
boundary, shown in black in Fig. 11(b), are represented as

u(x,y = L,t) =ug (55a)
vix,y=>Lt)=0 (55b)

Moreover, as shown in Fig. 11(c), the pressures of the fictitious particles on the top boundary
are set equal to the pressures of their image particles inside the fluid domain as

Py) = P (56a)
Py = P (56b)
Pwy = Pw) (56¢)

where j, k, [ are three particles located on three fictitious boundary layers on top as shown in
black in Fig. 11(c). Meanwhile, 7, q,p are three image particles inside the fluid domain of
particles J, k, [, respectively, as shown in Fig. 11(c).

The problem is investigated in two cases of different Reynolds numbers as

e Case l:uy =0.001 (m/s), Re = puyL/u =1

e Case2:uy=0.2(m/s), Re = puyL/u =200
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For verification purposes, the results predicted by the Eulerian incompressible PDDO model
are compared with the results obtained by using ANSYS Fluent. In ANSYS Fluent, the mesh
size of Ax = 107> is used. The problem is solved using a steady solution with the SIMPLE
(Semi-Implicit Method for Pressure Linked Equations) scheme. In the Eulerian incompressible
PDDO model, the transient analysis using the numerical procedure presented in Section 3.3 is
used. The time step size of At = 10~* is used for Case 1 and At = 107> is used for Case 2.

%107
10|
u=1uyv=20 8t
6-
u=20 u=20 .l
v=>0 v=20
Ay N
X
u=v=_0 0
%107
(a) (b)
%107
] . ° ° o/ o o _ o . . .
Py~ P
10.2 . e o o o -po:;) ° °
) (k) (q)
e o o o o p-o:;7 . °
10 e o o o el o (’% (r). .

® o o o o o o o o o o
08 e o o o e e o o o o o
¢ o o o ) e o o o o o
9.6 e o o o o o o o o o o

L] L] ] [ ] [ ] L] L] [ ] L] L] ]

5.6 5.8 6 6.2 6.4 6.6
X 10'4

(c)
Fig. 11. Two-dimensional cavitation (a): geometry, (b): the discretized model, (c): pressure
boundary conditions for the fictitious layers on the top boundary

Case I: uy = 0.001 (m/s), Re=1

Fig. 12-Fig. 15 show the converged solution results of velocity and pressure fields for case 1
with Re = 1. It can be observed from Fig. 12 and Fig. 13 that the distributions of velocities
u and v captured by the Eulerian incompressible PDDO model agree very well with those
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captured by ANSYS Fluent. Fig. 14(a) shows the variation of the relative velocity u/u, versus
the relative coordinate y/L along the central line x = L/2. Fig. 14(b) shows the variation of
the relative velocity v/u, versus the relative coordinate x/L along the central line y = L/2.
As can be observed from these figures, the results obtained by the Eulerian incompressible
PDDO model and ANSYS Fluent agree very well. Moreover, as shown in Fig. 15, the pressure
fields predicted by the Eulerian incompressible PDDO model and ANSY'S Fluent have also a

good agreement.
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Fig. 12. Variations of velocity u (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent for Case 1 with Re = 1
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Fig. 13. Variations of velocity v (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent for Case 1 with Re = 1
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Fig. 14. Variations of relative velocities along central lines captured by the Eulerian
incompressible PDDO model and ANSYS Fluent (a): u/u, versus y/L atx = L/2, (b): v/u,
versus x/L aty = L/2 for Case 1 with Re = 1
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Fig. 15. Variations of pressure p (Pa) captured by (a): Eulerian incompressible PDDO model,
(b): ANSYS Fluent for Case 1 with Re = 1

Case 2: uy = 0.2 (m/s), Re = 200

Fig. 16-Fig. 18 show the converged results of velocity and pressure fields for Case 2 with Re =
200. As can be seen from Fig. 16-Fig. 18, the velocities predicted by the Eulerian
incompressible PDDO model agree well with those in ANSYS Fluent. Similarly, as shown in
Fig. 19, the pressure fields captured by the Eulerian incompressible PDDO model and ANSY'S
Fluent have a very good agreement. Both results show two critical regions on the top-left and
top-right corners of the fluid domain.
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Fig. 16. Variations of velocity u (m/s) captured by (a): Eulerian incompressible PDDO

model, (b): ANSYS Fluent for Case 2 with Re = 200
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Fig. 17. Variations of velocity v (m/s) captured by (a): Eulerian incompressible PDDO

model, (b): ANSYS Fluent for Case 2 with Re = 200
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Fig. 18. Variations of relative velocities along central lines captured by the Eulerian
incompressible PDDO model and ANSYS Fluent (a): u/ug versus y/L at x = L/2, (b): v/u,
versus x/L aty = L/2 for Case 2 with Re = 200
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Fig. 19. Variations of pressure p (Pa) captured by (a): Eulerian incompressible PDDO model,
(b): ANSYS Fluent for Case 2 with Re = 200

x 10

5.2. Flow inside an open channel

In this section, the proposed Eulerian incompressible PDDO model is used to investigate a 2D
fluid flow inside an open channel as shown in Fig. 20(a). The open channel has a length of
Ly = 0.005 m and a width of L, = D = 0.001 m. The fluid has density of p = 997.1 kg/m3

and viscosity of u = 0.00089 Pa.s.

The fluid is subjected to velocity inlet boundary condition on the left side as

u(x=0,y,t) =u, (57a)
v(x=0,y,t)=0 (57b)
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where u, = 0.05 m/s.

Thus, the Reynolds number for this problem can be estimated as
Re = # = 56.02 (58)

On the top and bottom boundaries, the fluid is subjected to no-slip boundary conditions as
u(x,y =Ly, t) =v(x,y =Ly, t) =0 (59a)
u(x,y=0,t) =v(x,y=0,t) =0 (59b)

Meanwhile, on the right edge, the fluid is subjected to the zero-pressure boundary condition as

p(x =Ly,y,t)=0 (60)

The domain is uniformly discretized with a mesh size of Ax = L,./200 and the time step size
of At = 107> is used. To apply boundary conditions, three layers of fictitious particles are
added on four edges of the fluid domain as shown in red and black in Fig. 20(b). The
implementation of the zero-pressure boundary condition for the outlet is presented in Section
4.2. The implementation of no-slip boundary conditions for the top and bottom boundaries is
presented in Section 4.1.1 for the horizontal walls.

To apply the velocity conditions for the inlet as given in Eq. (57), three layers of fictitious
particles are used as shown in black in Fig. 20(b). The velocities of these fictitious particles
and the particles located at x = 0 are set as

ux<0,0<sy<L,t)=1u (61a)
v(x<0,0<y<L),t)=0 (61b)

Meanwhile, the pressures of these fictitious inlet particles are set equal to the pressure of the
particles at x = 0 with the same y coordinates as (Hosseini and Feng, 2011; Lee et al., 2008;
Shao and Lo, 2003)

p(x = =3Ax,y,t) = p(x = =2Ax,y,t) = p(x = —Ax,y,t) =p(x =0,y,t) (62)
Noslp:u=v=0

=
U= D = 0.001m =0
v=0=1Y | P

:>4 . i L, =0.005m —

X Noslip: u = v =
(a)
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(b)

Fig. 20. Flow inside an open channel (a): geometry, (b) discretized model

Similar to the previous example, the results predicted by the Eulerian incompressible PDDO
model are compared with the results obtained by using ANSYS Fluent. In ANSYS Fluent, the
mesh size of Ax = 1075 and the steady solution with the SIMPLE scheme is used.

Fig. 21-Fig. 24 show the converged results of velocity and pressure fields obtained by using
the Eulerian incompressible PDDO model and ANSYS Fluent. As can be seen from Fig. 21
and Fig. 22, the velocities predicted by the Eulerian incompressible PDDO model agree very
well with those in ANSYS Fluent. For further comparison, the relative velocity u/u, versus
the relative coordinate y /L, for different cross sections of the channel are shown in Fig. 23.
As can be observed from Fig. 23, the results obtained from the Eulerian incompressible PDDO
model and ANSYS Fluent have a good agreement.

Fig. 24 shows the variation of the pressure field obtained by using the Eulerian incompressible
PDDO model and ANSYS Fluent. As can be seen from the figure, the pressure fields in the
Eulerian incompressible PDDO model and ANSY'S Fluent have a good agreement. Both results
show peak values of pressure at two corners on the left side of the channel. In the Eulerian
incompressible PDDO model, the highest value of pressure at two corners on the left side of
the channel is 7.19 Pa. Meanwhile, the highest value of pressure at two corners on the left side
of the channel in ANSY'S Fluent is 7.58. Pa.
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Fig. 21. Variations of velocity u (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent
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Fig. 22. Variations of velocity v (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent
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Fig. 24. Variations of pressure p (Pa) captured by (a): Eulerian incompressible PDDO model,
(b): ANSYS Fluent

5.3. Flow over a circular cylinder

In this section, a 2D fluid domain with L, = 15m, L, = 6 m passing over a cylinder is
investigated as shown in Fig. 25. The diameter of the obstacle cylinder is D = 1 m. The
cylinder is located at x, = 5 m,y. = 3 m as shown in Fig. 25. The fluid density and viscosity
are chosen as p = 1 kg/m3 and u = 1 Pa.s.

Similar to the previous example, the fluid is subjected to velocity inlet boundary conditions at
the left edge as

u(x =0,y,t) =u, (63a)
v(x=0,y,t)=0 (63b)
where 1, is a constant velocity. In this example, two different values of u,, are investigated as

10 for Case 1

Yo = {100 for Case 2 (64)
Thus, the Reynolds number for this problem can be estimated as

_puop _ (10m/s for Case 1
Re=="= {100 m/s for Case 2 (65)

where D = 1 m is the diameter of the cylinder.

On the right side, the fluid is subjected to the zero pressure boundary condition as

p(x =Lyyt)=0 (66)
On the top and bottom boundaries, the fluid is subjected to no-slip boundary conditions as
u(x,y=1L,,t)=0, v(x,y =Ly, t) =0 (67a)
u(x,y=0,t) =0, v(x,y=0,t) =0 (67b)
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On the cylinder boundary, the fluid is also subjected to no-slip boundary conditions as

(m) =
u |cy1inder wall (68)
(m)
™ =0 (69)
or lcylinder wall

Noslippu=v=0

44y

v= 3m

a

X, =5m Noslipru=v=20

L,=15m ——
Fig. 25. Flow over a cylinder

In the Eulerian incompressible PDDO model, the fluid domain is discretized using two
different mesh sizes for two regions as shown in Fig. 26(a). Specifically, the fluid domain far
from the obstacle cylinder is uniformly discretized in Cartesian coordinates with a mesh size
of Ax = L,,/500. Meanwhile, the fluid domain surrounding the obstacle cylinder is discretized
in cylindrical coordinates, (7, 8), with the mesh size of A8 = 0.0149 rad and Ar = 0.69Ax.

To apply boundary conditions, three layers of fictitious particles are added on four sides of the
fluid domain as well as inside the circular cylinder as shown in red and black in Fig. 26(a).
Therefore, there are 137156 particles in the PD discretized model including fictitious particles.

In ANSYS Fluent, the fluid domain is also discretized using different mesh sizes for two
regions as shown in Fig. 26(b). Specifically, the fluid domain far from the cylinder is
discretized with an average mesh size of 0.1 m. Meanwhile, the fluid domain surrounding the
cylinder is discretized in cylindrical coordinates, (r,6), with the mesh size of A8 =
0.0321 rad and Ar = 1.6 X 10~2? m. Therefore, there are 16233 nodes in the discretized model
in the Fluent model.

In the Eulerian incompressible PDDO model, the implementation of the no-slip boundary
conditions in Eq. (67) for the top and bottom walls is presented in Section 4.1.1. Meanwhile,
the zero-pressure condition in Eq. (66) for the right side is presented in Section 4.3.

To apply velocity conditions given in Eq. (63) for the inlet boundary, three layers of fictitious
particles are used as shown in black in Fig. 26(a). The velocities of these fictitious particles are
defined as

u(x<0,0<sy<L,t)=1u (70a)
v(x<00<y<Ly,t)=0 (70Db)

Meanwhile, the pressures of these fictitious particles are set equal to the pressure of the particles
at x = 0 with the same y coordinates as
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p(x = =3Ax,y,t) = p(x = =24x,y,t) = p(x = —Ax,y,t) =p(x =0,y,

22

X (m)

(b)

(71)

Fig. 26. Model discretization (a): particles in the Eulerian incompressible PDDO model, (b):

nodes in ANSYS Fluent
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Case 1: uy = 10m/s,Re = 10

For case 1 with Re = 10, the time step size used in the Eulerian incompressible PDDO model
is At = 10~*s. In FLUENT, the transient analysis with the same time step is used. The
transient analyses in both the Eulerian incompressible PDDO model and ANSY'S Fluent are
run for 40000 time steps, and both simulations in the Eulerian incompressible PDDO model
and ANSYS Fluent are converged.

Fig. 27-Fig. 28 show the variation of velocity components, u and v, for the converged solution
results in the Eulerian incompressible PDDO model and ANSYS Fluent at time of t = 4 s. As
can be seen from the figures, the results obtained by the Eulerian incompressible PDDO model
and ANSYS Fluent match very well. Fig. 29 shows the variation of pressure in the fluid domain
for the converged solution results at time of t = 4 s. As can be seen from Fig. 29, the pressure
values obtained by the Eulerian incompressible PDDO model and ANSYS Fluent agree very
well. Both results show the critical locations of the pressure field are at two corners on the left
side as well as the location in front of the cylinder.
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Fig. 27. Variations of velocity u (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent for Case 1 with Re = 10
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Fig. 28. Variations of velocity v (m/s) captured by (a): Eulerian incompressible PDDO
model, (b): ANSYS Fluent for Case 1 with Re = 10
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Fig. 29. Variations of pressure p (Pa) captured by (a): Eulerian incompressible PDDO model,
(b): ANSYS Fluent for Case 1 with Re = 10

For further comparison, the variations of velocity magnitude and pressure along the lines at
y = 0 and x = 5 m are presented as shown in Fig. 30 and Fig. 31. As shown in Fig. 30(a),
because no-slip boundary condition is applied at the circular cylinder, the velocity magnitude
reduces to zero at the locations right before and right after the cylinder. At the right end of the
fluid domain, the velocity magnitude reaches the fully developed value at around 13.81 m/s.
Similarly, as shown in Fig. 30(b), because of no-slip boundary conditions, the velocity
magnitude reduces to zero at the locations adjacent to the circular cylinder, the top and bottom
boundaries. Meanwhile, at the locations of (x = 5 m,y = +1.2 m), the velocity magnitude is
around 16.9 m/s. As can be seen from Fig. 30, the variations of velocity magnitude along the
lines at y = 0 and x = 5 m captured by the Eulerian incompressible PDDO model and ANSY'S
Fluent agree very well.

As shown in Fig. 31(a), both results show that at the location right before the cylinder, the
pressure is around 220 Pa. Meanwhile, at the location right after the cylinder, the pressure is
zero. As shown in Fig. 31(b), both results give nearly the same value of pressure at around
—37 Pa at the locations next to the cylinder. As can be observed from the figures, both results
show a good agreement for the variation of pressure.
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Fig. 30. Variation of velocity magnitude along the lines at (a): y = 0, (b): x = 5m
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Fig. 31. Variation of pressure along the lines at (a): y = 0, (b): x = 5m

Case 2: uy = 100 m/s, Re = 100

For case 2 with Re = 100, the time step size used in the Eulerian incompressible PDDO model
is At =5 X 107> s. In ANSYS Fluent, the transient analysis with the same time step is used.
The transient analyses in both the Eulerian incompressible PDDO model and ANSYS Fluent
are run for 40000 time steps to capture vortex shedding phenomena.

Fig. 32-Fig. 33 show the vortex shedding contours of velocity magnitude and pressure for the
case of vortex tail up in the Eulerian incompressible PDDO model and ANSY'S Fluent. As can
be seen from the figures, the velocity magnitude and pressure fields obtained by the Eulerian
incompressible PDDO model and ANSY'S Fluent match very well. For further comparison, the
variations of velocity magnitude and pressure along the lines at y =0 and x = 5m are
investigated as shown in Fig. 34 and Fig. 35. As shown in Fig. 34(a) and Fig. 35(a), because
of the vortex, the values of the velocity magnitude and pressure fluctuate along the region
behind the cylinder. As shown in Fig. 34(b), in the case of vortex tail up, the values of the
velocity magnitude on the positive y direction are slightly higher than those on the negative y
direction. On the other hand, as shown in Fig. 35(b), the values of pressure on the positive y
direction are slightly lower than those on the negative y direction. Moreover, as can be seen
from Fig. 34 and Fig. 35, the results obtained by the Eulerian incompressible PDDO model and
ANSYS Fluent agree very well.
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Fig. 32. The comparison of velocity magnitude for the case of vortex tail up obtained by (a):
Eulerian incompressible PDDO model, (b): ANSYS Fluent
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Fig. 33. The comparison of pressure values for the case of vortex tail up obtained by (a):
Eulerian incompressible PDDO model, (b): ANSYS Fluent
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Fig. 34. Variations of velocity magnitudes at (a): y = 0, (b): x = 5 m for the case of vortex
tail up captured by the Eulerian incompressible PDDO model and ANSYS Fluent
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Fig. 35. Variations of pressure at (a): y = 0, (b): x = 5 m for the case of vortex tail up
captured by the Eulerian incompressible PDDO model and ANSY'S Fluent
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Fig. 36 and Fig. 37 show the vortex shedding contours of velocity magnitude and pressure for
the case of vortex tail down in the Eulerian incompressible PDDO model and ANSY'S Fluent.
As can be seen from the figures, the velocity magnitude and pressure fields obtained by the
Eulerian incompressible PDDO model and ANSY'S Fluent match very well. Similar to the case
of vortex tail up, the variations of velocity magnitude and pressure along the lines at y = 0 and
x = 5 m are investigated as shown in Fig. 38 and Fig. 39. Similar to the case of vortex tail up,
the values of the velocity magnitude and pressure fluctuate along the region behind the cylinder
as shown in Fig. 38(a) and Fig. 39(a). As shown in Fig. 38(b), in the case of vortex tail down,
the values of the velocity magnitude on the positive y direction are slightly lower than those
on the negative y direction. Meanwhile, as shown in Fig. 35(b), the values of pressure on the
positive y direction are slightly higher than those on the negative y direction. As can be seen
from these figures, the results obtained by the Eulerian incompressible PDDO model and
ANSYS Fluent also agree very well.
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Fig. 36. The comparison of velocity magnitude for the case of vortex tail down obtained by
(a): Eulerian incompressible PDDO model, (b): ANSYS Fluent
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Fig. 37. The comparison of pressure values for the case of vortex tail down obtained by (a):
Eulerian incompressible PDDO model, (b): ANSYS Fluent
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Fig. 38. Variations of velocity magnitudes at (a): y = 0, (b): x = 5 m for the case of vortex
tail down captured by the Eulerian incompressible PDDO model and ANSYS Fluent
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Fig. 39. Variations of pressure at (a): y = 0, (b): x = 5 m for the case of vortex tail down
captured by the Eulerian incompressible PDDO model and ANSY'S Fluent

For further validation, the drag and lift forces acting on the circular cylinder are calculated
and compared with the results obtained in ANSYS Fluent. In 2D space, the drag and lift
forces acting on the circular cylinder can be calculated as (Hosseini and Feng, 2011)

=[] = I onds (722)
with
O-xx X,
o= o oyz | = uiveu + (veuwT] - (72b)
n= [Z;] (72¢)

where Fj, and F;, represent the drag force and lift force, respectively. The parameter S represents
the circle which is the cylinder boundary, n represents the normal vector on S, ¢ represents the
stress tensor acting on S. The stress tensor ¢ given in Eq. (72b) can be rewritten as

Gxx ny] [ z.uu,x -p ﬂ(u,y + v,x) (73)

"xy Oyy u(uy +vy) 2uv, —p

Therefore, by substituting Eq. (73) and Eq. (72¢) into Eq. (72a), the drag and lift forces acting
on the circular cylinder can be calculated as

Fp = [ [(2uuy —p)ne + u(uy + vy)ny)ds (74a)

F, = [u(uy + v, )n, + (2uv, — p)n,|ds (74b)

In the Eulerian incompressible PDDO model, to calculate the drag and lift forces using Eq.
(74), all the particles located along the boundary of the circular cylinder are determined. The
normal vector n = [x  My]7T associated with each particle is determined based on its relative
position with the center of the cylinder. Therefore, the drag and lift forces acting on the circular
cylinder given in Eq. (74) can be rewritten in the discretized form as
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Fp = 32 [(2uuxy — pay)nay + 1ty + V) My JASe (75a)
F = X2 [u(uyo + vaew) e + (0vya — pa)nyom)dse (75b)

where i represents a particle located on the circle S and m represents the total number of
particles located on circle S. The parameter p;) represents the pressure at particle i. The

parameter As(; represents the length of the circular segment associated with particle i which
can be calculated as

Asqy = (D/2)A6 (76)

The terms w (;y, Uy (i), V(i) Vy(i) are the derivatives of velocity components of node i with

respect to x and y coordinates. These derivatives are attracted from the calculation of VuEZ)_ 2

given in Eq. (20).

Fig. 40 shows the variations of drag force and lift force captured by the Eulerian incompressible
PDDO model and ANSYS Fluent. As shown in Fig. 40(a), the mean value of drag force
captured by ANSYS Fluent is 9448.4 N. Meanwhile, the mean value of drag force captured by
the Eulerian incompressible PDDO model is 9501 N, which is 0.56% different than the result
obtained by ANSYS Fluent. However, due to the use of different numerical algorithms, it is
observed that the simulation in ANSYS Fluent captures the fully periodic vortex shedding
sooner than the simulation in the Eulerian incompressible PDDO model. In ANSYS Fluent,
the SIMPLE scheme with the under-relaxation factors of 0.7 for momentum and 0.3 for
pressure are chosen based on the recommendation of the software. Meanwhile, in the Eulerian
incompressible PDDO model, the numerical procedure presented in Section 3.4 is used without
the under-relaxation factor. As a result, the time points that the lift forces reach the maximum
values and minimum values captured by ANSYS Fluent and the Eulerian incompressible
PDDO model are slightly different. Therefore, to have a better comparison, the time points that
the lift forces reach the peak values captured by ANSYS Fluent and the Eulerian
incompressible PDDO model are shifted to the same time point £, as shown in Fig. 40(b).

As can be observed from Fig. 40(b), the magnitude of lift force captured by ANSY'S Fluent is
2224 N. Meanwhile, the magnitude of lift force captured by the Eulerian incompressible
PDDO model is 2153 N, which is 3.2% different than the value obtained by ANSYS Fluent.
Moreover, as shown in Fig. 40(b), both the Eulerian incompressible PDDO model and ANSYS
Fluent results give nearly the same value of 0.0447 s for the period of the vortex shedding,
which is also the frequency of the lift force.
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Fig. 40. Variations of (a): drag force, Fj, (N), (b): lift force F;, (N) captured by the Eulerian
incompressible PDDO model and ANSY'S Fluent

6. Conclusion

In this study, a novel PDDO model for incompressible fluid based on the Eulerian approach is
developed. The peridynamic differential operators are used to represent Navier-Stokes
equations in the nonlocal forms. The numerical procedure for solving Navier-Stokes equations
using the Eulerian incompressible PDDO model is presented. The pressure is obtained by
solving the Poisson equation and is then used to update the velocity field to ensure that it is
divergence-free. Details of implementing the pressure boundary conditions, no-slip and zero-
pressure boundary conditions are also presented.

The accuracy of the developed Eulerian incompressible PDDO model is verified by
considering various 2D fluid flow problems with different Reynolds numbers. The results
predicted by the Eulerian incompressible PDDO model are compared with the results obtained
by ANSYS Fluent with very good agreement. The capability of the developed Eulerian
incompressible PDDO model is further demonstrated by capturing vortex shedding phenomena

50

50



Modelling of Eulerian incompressible fluid flows by using peridynamic differential operator

for a flow over a cylinder with a Reynolds number of Re = 100. The results in terms of velocity
and pressure fields, drag and lift forces predicted by the Eulerian incompressible PDDO model
and ANSYS Fluent show a good agreement. The developed Eulerian incompressible PDDO
model can be further extended for 3D formulations to consider 3D fluid flows.
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