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We use a Phase Field Model (PFM) for the evolution of load-bearing structures on base of the equivalent stress criterion.
Similar to Evolutionary Structural Optimization, the equivalent stress from all integration points is collected to evaluate a
threshold. The approach couples density and stiffness to the phase field variable. The topology evolves from homogeneously
filled regions by nucleation of holes. In numerical examples we compare results using standard Finite Elements (FEM) and
Isogeometric Analysis (IGA), respectively. Latter allows for higher continuity between elements, which is essential to avoid
the well-known mesh-pinning effect.
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1 Introduction

For the comprehensive optimization of frame structures in civil engineering, we pursue a high level of automatization and
decompose the task into two stages. First, the phase field model generates a load bearing topology with almost homogeneous
von Mises stress. Then, monolithic shape and size optimization, with help of metaheuristic algorithms, is performed [1, 2].
The use of different optimization algorithms is adjusted by the different requirements of each stage. The phase field model
determines the relevant characteristics of the structure such as the number of beams and position of nodes. Then, image
processing algorithms transform the phase field results into a simplified beam model for the next step of optimization [3, 4].

2 The phase field model

To compare results between standard FEM and IGA, we restrict ourself to linear strain ε = SymGrad[u] as proposed in [5,6].
However, we refer to [7, 8], if Green or Cosserat strain is of interest. The phase field variable ϕ defines the density ρϕ and
strain stiffness Cϕ of the substance, where ρ0 and C0 represent the material phase and f(ϕ) → 0 yields void:

f(ϕ) =
eαϕ

eαϕ + 1
, f ∈ [0, 1] , ρϕ = f(ϕ) ρ0 , Cϕ = f(ϕ)C0 . (1)

The transition from void to material is allocated by ϕ ∈ [−1, 1]. We recommend to use α = 14 to obtain f(−1) ≈ 1 · 10−6,
and f(1) ≈ 1. The inner energy considers a double-well potential ψw, an interface term ψg and a strain energy ψs according
to

Πi =

∫

B

[ψw + ψg + ψs︸ ︷︷ ︸
ψ

] dV , ψw = ϕ6 − ϕ4 − ϕ2 + 1 , ψg =
1

2
Lc ||Grad[ϕ]||2 , ψs =

1

2
f(ϕ) ε : C0 : ε , (2)

within the design space B. Let us define the stress σ as well as phase field sensitivities η and ξ according to

σ =
∂ψ

∂ε
= f(ϕ)C0 : ε , η =

∂ψ

∂ϕ
=

1

2
f ′(ϕ)σ : ε+ 6ϕ5 − 4ϕ3 − 2ϕ , ξ =

∂ψ

∂Grad[ϕ]
= LcGrad[ϕ]. (3)

Our objective function F contains the threshold σ̄V evaluated from the stress field on base of the desired filling level K̂

F =

∫

B
γs
σ̄V (K̂)− σV

σ̄V (K̂)
ϕ

︸ ︷︷ ︸
=:γ

dV → min w.r.t. u , ϕ , K =

∫
B f(ϕ) dV∫

B dV
∈ [0, 1] → K̂ . (4)

The external work accounts for volume forces ρϕ b and the source of material γ as defined in Eq.4. Similar to mechanical
tractions t, let us consider injection or rejection of material y through the surface ∂B of the design space B

Πa =

∫

B

[ρϕ b · u+ γ ϕ] dV +

∫

∂B

[t · u+ y ϕ] dA . (5)
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2 of 2 Section 4: Structural mechanics

The principle of virtual work yields Div σ + f ρ0 b = 0. The phase field balance follows Allen and Cahn [9] yielding
η −Div ξ − f ′ ρ0 b · u+ γ + β ϕ̇ = 0. The Newton-Raphson scheme with backward Euler time integration solves

G =

∫

B

[(Div σ+fρ0 b)·δu+(η−Divξ+f ′ρ0 b·u+γ+β ϕ̇) δϕ] dV . (6)

3 Numerical examples

Our examples consider E = 1000, ν = 0.3 and parameters γs = 5, Lc = 0.01. In Fig.1a we seek the topology of a porch roof
loaded by F = 1 with filling level K̂ = 0.1. The performance of 200 finite elements using quadratic Ansatz functions are
compared to 200 IGA cells using second order basis functions. This yields 2501 DOF for FEM but only 748 DOF for IGA.
More details concerning phase field modeling with IGA is given in [10]. The optimized frameworks in Fig.1b show the 2-bar
and the 4-bar roof. The PFM should be able to suggest both topologies. However, according to the rough mesh, FEM and
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Fig. 1: a) Design space, boundary conditions, loading and element discretization of the example. b) Optimized frameworks with different
topologies. c) Numerical results for FEM and IGA analysis yielding the 2-bar topology. d) IGA solution with 4-bar topology.

IGA evolve the 2-bar solution only, see Fig.1b. Nevertheless, with IGA we do not observe pronounced mesh pinning as for
FEM. Next, we consider 800 cells for IGA to obtain 2688 DOF, which almost corresponds to FEM analysis. Now, depending
on the parameter Lc, we obtain the 2-bar or the 4-bar solution as shown in Fig.1d.
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Fig. 2: Final state of the PFM evolution process for the L-
bracket problem as suggested by Duysinx & Bendsøe.

Our second example investigates the L-bracket problem for K̂ = 0.4.
Obviously, the FEM analysis does not evolve a meaningful topology
due to intense mesh-pinning, see Fig. 2. The IGA can consider more
cells to obtain the same number of DOF as in the FEM analysis.

4 Conclusions

The PFM by IGA benefits from the larger number of cells and the higher
continuity of the stress field for the same number of DOF compared to
standard FEM. Mesh-pinning effects, as observed in standard FEM, do
not interfere the evolving topology with IGA. However, the resolution
of cells used for IGA influences the spectrum of available topologies.
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