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The extraction of the relative abundances of short-range correlated (SRC) nucleon pairs from inclusive electron
scattering is studied using the generalized contact formalism (GCF) with several nuclear interaction models.
GCF calculations can reproduce the observed scaling of the cross-section ratios for nuclei relative to deuterium
at high xB and large Q2, a2 = (σA/A)/(σd/2). In the nonrelativistic instant-form formulation, the calculation is
very sensitive to the model parameters and only reproduces the data using parameters that are inconsistent with
ab initio many-body calculations. Using a light-cone GCF formulation significantly decreases this sensitivity
and improves the agreement with ab initio calculations. The ratio of similar mass isotopes, such as 40Ca and
48Ca, should be sensitive to the nuclear asymmetry dependence of SRCs, but is found to also be sensitive to
low-energy nuclear structure. Thus the empirical association of SRC pair abundances with the measured a2

values is only accurate to about 20%. Improving this will require cross-section calculations that reproduce the
data while properly accounting for both nuclear structure and relativistic effects.

DOI: 10.1103/PhysRevC.103.L031301

To a good approximation, neutrons and protons with
momentum below the Fermi sea can be considered as in-
dependently moving in well-defined quantum orbits of the
average, mean-field, nuclear interaction. Above the Fermi sea,
short-range correlated (SRC) pairs dominate [1–10]. There-
fore, quantifying the number of correlated pairs is important
for obtaining a complete picture of the atomic nucleus.

A description of correlations in complex nuclear systems
can be done in the spirit of the successful atomic theory, in
which various properties of a unitary gas are connected to a
single parameter, the contact [11–14]. In essence, the contact
counts the number of SRC pairs in the system. The importance
of this quantity to nuclear systems was demonstrated by the
success of the generalized contact formalism (GCF), which
takes into account the complicated nature of the nuclear force
[8,15–20]. SRC pair abundances are also used in modeling
the effective impact of SRCs on the nuclear symmetry en-
ergy and neutron-star properties [21–24], and in studies of
the modification of quark distributions in nuclei [1,25–29],
the flavor dependence of the European Muon Collaboration
(EMC) effect [30–32], and low-energy QCD symmetry break-
ing mechanisms [33,34].

Inclusive electron scattering (e, e′) measurements are com-
monly used to estimate SRC pair abundances in nuclei.
In kinematics sensitive to SRCs, the cross-section ratio

*Corresponding author: nir@phys.huji.ac.il

σA/A/σd/2, between nucleus A and the deuterium, “scales,”
reaching a constant value independent of the momentum
and energy transfer [30,35–39]. The value of this constant,
a2(A/d ) or simply a2, is traditionally interpreted as the num-
ber of neutron-proton (np) deuteron-like SRC pairs in nucleus
A relative to deuterium [1,30,35–39].

This scaling is seen at a kinematic of Q2 � 1.4 GeV2 and
1.5 � xB � 1.9, where xB = Q2/2mω; Q2 = q2 − ω2; q and
ω are the three-momentum and energy transfer, respectively;
and m is the nucleon mass. The value of xB � 1.5 determines
that the minimum allowed initial momentum kmin of the struck
nucleon is very close to the typical nuclear Fermi momen-
tum for medium to heavy nuclei, kF ≈ 250 MeV/c [36].
Nucleons with higher momenta are predominantly part of
deuteronlike SRC pairs [3–10]. The scaling then naturally
arises in a simplistic SRC picture where the struck nucleon
belongs to a stationary deuteronlike pair. In this picture the
recoil momentum is carried by a single nucleon and the A − 2
residual nucleus does not recoil. Therefore, kmin of the struck
nucleon and its ground-state momentum distribution are sim-
ilar in deuterium and heavier nuclei, resulting in cross-section
ratio scaling that should be proportional to the number of SRC
pairs [35,36].

However, this intuitive interpretation of a2 in terms of
SRC abundances neglects important effects: (1) the presence
of non-deuteron-like SRCs [proton-proton (pp), neutron-
neutron (nn), and pn pairs with s �= 1]; (2) pair center-of-mass
(c.m.) motion [40]; and (3) possible excitation of the resid-
ual A−2 system. C.m. motion and A−2 excitation can
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FIG. 1. The minimum possible momentum of the nucleon ab-
sorbing the virtual photon, kmin, in inclusive scattering as a function
of xB, for Q2 = 2 GeV2. The black line shows kmin for the deuteron,
while the colored lines show kmin for SRC pairs in 12C, for
different A − 2 excitation energies, E∗

A−2, and for different pair
center-of-mass momenta, denoted by | �pc.m.|. The gray region shows
the initial momentum range, k � kmin, for d (e, e′). The horizontal
dashed line corresponds to the Fermi momentum for heavy nuclei,
kF ≈ 0.25 GeV/c.

dramatically affect kmin (see Fig. 1) which can significantly
affect the simplistic interpretation of a2.

In addition, final-state interaction (FSI) can contribute to
the measured (e, e′) cross sections and disrupt this simplistic
interpretation of a2. While such contributions grow with xB

and can reach up to 50%, it was argued by several calculations
[35,41–46] (but not all [45]) that they are confined to within
SRC pairs and cancel to first approximation in the A/d ratio.
The main inputs for the FSI calculations are measured NN
scattering cross sections and these calculations are done in a
high-resolution reaction model using one-body reaction oper-
ators, similar to the reaction scheme employed by our GCF
calculations.

As more and better a2 data are becoming available [47],
and as studies utilizing a2 values as SRC abundances demand
higher precision [39], it is timely to examine the quantitative
impact of realistic SRC modeling on the classical interpreta-
tion of a2. Such modeling is also important for establishing
a direct connection between inclusive electron scattering and
ab initio many-body structure calculations [5,18,48–53].

Here we study the interpretation of a2 scaling using the
GCF to calculate high-xB high-Q2 inclusive scattering cross
sections. By comparing measured and GCF-calculated cross
sections using different model parameters we provide a new,
quantitative, understanding of the model dependence of SRC
pair abundance extraction.

The GCF is a realistic effective model of SRCs, used
to connect experimental data and ab initio nuclear structure
calculations [8,16,18]. Building on the scale separation of
nucleons in SRC pairs from the surrounding nuclear envi-
ronment, it models nucleons in SRC pairs using universal

(i.e., nucleus independent) two-particle functions, and system-
and state-dependent contact terms that describe the abundance
of SRC pairs. This scale-separated approach successfully re-
produced ab initio calculated nucleon distributions at short
distance and high momentum, enabling a meaningful extrac-
tion of nuclear contact terms [8,16,18]. More recently, it was
extended to model nuclear spectral and correlation functions
[17,19], enabling a successful reproduction of a wide range of
(e, e′N ) and (e, e′NN ) measurements [8,9,15,19,20,54]. The
GCF thus provides an established and robust formalism to de-
scribe experimental data using effective parameters obtained
from many-body calculations.

To quantify the impact of these effects we perform GCF
calculations of inclusive cross-section ratios using various pa-
rameters and compare them to each other and to experimental
data. We used both nonrelativistic instant-form (IF) and light-
cone (LC) GCF formulations, to see the effect of relativistic
corrections for these high-momentum nucleons. We integrated
the previously derived GCF (e, e′N ) and (e, e′NN ) cross sec-
tions over the knocked-out nucleons, to obtain the inclusive
(e, e′) cross section.

Within the plane-wave impulse approximation (PWIA), the
IF GCF (e, e′NN ) cross section for the breakup of an SRC pair
is given by [54]

d8σA

dEed�ed3 �pc.m.d�rel

= κIF

∑
N1N2,β

sσeN1C
A,β
N1N2

∣∣ϕ̃β
N1N2

( �prel )
∣∣2

nA,β
N1N2

( �pc.m.)

≡
∑

N1N2,β

CA,β
N1N2

× σ
β
N1N2,IF

, (1)

where Ee and �e are the energy and solid angle of the scat-
tered electron, and �pc.m. and �prel are the c.m. and relative
momenta of the initial-state SRC pair, respectively. σeN1 is the
off-shell electron-nucleon cross section, s is a symmetry factor
(s = 1 for np and pn and s = 2 for nn and pp), and κIF ≡

1
32π4

p3
relE

′
1E2

|(E2 �p′
1+E ′

1 �p2 )· �prel| is a phase-space factor, where ( �p′
1, E ′

1)
and ( �p2, E2) are the knocked-out and spectator nucleon four-
momenta, respectively. |prel| is fixed by energy-momentum
conservation.

CA,β
N1N2

are nucleus-dependent nuclear contacts, measuring
the probability to find an N1N2 SRC pair (pp, nn, np, or pn)
in nucleus A with quantum numbers β. β = 1 denotes spin-
1 deuteronlike pairs, and β = 0 is for the spin-zero s-wave
pairs. nA,β

N1N2
( �pc.m.) is the SRC pairs c.m. momentum distri-

bution, approximated by a three-dimensional Gaussian with
an A-dependent width σc.m. [40,44,55]. ϕ̃

β
N1N2

are the universal
two-body functions of the relative momentum distribution of
nucleons in SRC pairs, obtained by solving the zero-energy
two-body Schrödinger equation with a given NN interaction
model (e.g., AV18, N2LO, etc.).

We stress that the contact values are fixed by comparison
with ab initio calculations [18] and σc.m. was measured in
Ref. [40]. The unmeasured average excitation energy of the
residual system E∗

A−2 is limited by the typical excitation en-
ergy of the system (0 � E∗

A−2 � 30 MeV). The uncertainties
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of these parameters are used to evaluate the uncertainties of
the GCF calculations.

Light-cone four-momentum vectors are expressed in terms
of longitudinal (along the q direction) plus- and minus-
momentum p± ≡ p0 ± p3 and transverse momentum �p⊥ ≡
(p1, p2). The light-cone momentum fraction is α ≡ p−/m̄,
where m̄ = mA/A. The advantages of studying inclusive re-
actions using LC are discussed in Ref. [35].

The PWIA LC GCF (e, e′NN ) cross section is given by
[54]

d8σA

dEed�ed3 �pc.m.d�rel
=

∑
β

CA,β
N1N2

× σ
β

N1N2,LC, (2)

where

σ
β

N1N2,LC = sκLCσeN1ψ
β
N1N2

(αrel, �p⊥
rel )ρ

A,β
N1N2

(αc.m., �p⊥
c.m.). (3)

Here αc.m., �p⊥
c.m., αrel, and �p⊥

rel are the LC longitudinal,
LC transverse, c.m., and relative momenta of the SRC
pair, respectively. κLC = κIF

8π3αA−2

α1αc.m.EA−2
is a phase-space fac-

tor. ρ
A,β
N1N2

(αc.m., �pc.m.) is a three-dimensional Gaussian of

width σc.m. and ψ
β
N1N2

(αrel, �p⊥
rel ) =

√
m2

N +k2

2−αrel

|ϕ̃β
N1N2

(k)|2
(2π )3 is the

LC equivalent of the IF universal function [3] where

k = m2+k2
⊥

αrel (2−αrel )
− m2.

By integrating Eq. (1) or (2) we obtain the IF or LC GCF
inclusive cross section:

d3σA

dEk′d�k′
=

∑
N1N2,β

CA,β
N1N2

∫
σ

β
N1N2

d3 �pc.m.d�rel, (4)

where the sum spans s = 1 np-SRC and s = 0 np-, pp-, and
nn-SRC pairs and includes the electron coupling to either
nucleon of the pair. The integration is limited by energy-
momentum conservation and depends on σc.m. and E∗

A−2.
For the simple case of interacting with standing (i.e., no

pair c.m. motion) on-shell (i.e., no E∗
A−2 effects) SRC pairs,

the cross-section ratio for nucleus A relative to deuterium is
given by

σA

σd
= CA,s=1

pn

Cd,s=1
pn

×
[

1 + CA,s=0
pn

CA,s=1
pn

�s=0
pn

�s=1
pn

+ 2
CA,s=0

pp

CA,s=1
pn

�s=0
pp

�s=1
pn

]
, (5)

where the factor of 2 before the pp term accounts for nn pairs
assuming isospin symmetry and �

β
N1N2

represent the phase-

space integral over the universal functions ϕ̃
β
N1N2

(instant form)

or ψ̃
β
N1N2

(light cone). As
CA,s=0

N1N2

CA,s=1
pn


 1 for any NN interactions

with a tensor force (for all N1N2 pairs), the cross-section ratio

in this simplistic case will approximately equal
CA,s=1

pn

Cd,s=1
pn

. The

latter was previously shown [18] to be insensitive to the NN
interaction model. It is thus expected for the A/d cross-section
ratio to be dominated by mean-field properties of the nucleus
and thus be largely insensitive to the NN interaction model
[18,28,53,57].

Figure 2 (top panels) shows the measured [38] and GCF-
calculated σ4He/4/σD/2 cross-section ratio, using nuclear con-
tacts and c.m. width from Refs. [7,18,40], E∗

A−2 = 0−30 MeV,

FIG. 2. Top: Measured per-nucleon (e, e′) cross-section ratios
σ4He/4/σd/2 as a function of xB. The data [38] are compared with
GCF calculations using both instant form (left) and light cone (right)
GCF formulations with different NN interaction models and using
σc.m. = 100 ± 20 MeV/c [7,40], E∗

A−2 = 0−30 MeV, and contact
parameters from Ref. [18]. The widths of the bands show their 68%
confidence interval due to the uncertainties in the model parame-
ters. Bottom: Ratio of the GCF calculated 4He cross section with
different excitation energies (E∗

A−2) and c.m. momentum distribution
widths (σc.m.) to the cross section calculated for E∗

A−2 = 15 MeV and
σc.m. = 100 MeV/c. Calculations were done using both instant form
(left) and light cone (right) GCF formulations with the AV18 [56]
NN interaction model.

and universal functions calculated with several NN interac-
tion models, including the phenomenological AV18 [56] and
AV4’ [58], and the chiral NV2 + 3-Ia* (Norfolk) [59–61] and
N2LO [62–64] interaction with 1.0- and 1.2-fm cutoffs. Both
IF and LC ratios show scaling plateaus (i.e., are constant
for 1.4 � xB � 1.9), but the IF ratio is almost a factor of 2
too low. Calculations for additional nuclei are shown in the
Supplemental Material [65].

The calculations are largely insensitive to the NN interac-
tion model, except for the special case of AV4’ which does
not include a tensor force and is therefore not dominated by
deuteronlike pairs. This sensitivity of the GCF calculation to
the tensor force stands in contrast with the effective field the-
ory (EFT) analysis of Ref. [53] where the calculation does not
directly employ high-resolution one-body reaction operators
and the nature of the two-body interaction completely cancels
in the cross-section ratio.

The marginal performance of the IF calculations is very
surprising as they reproduce (e, e′N ) and (e, e′NN ) data at
similar kinematics remarkably well [20,54]. The LC ratios are
better, but are still ≈25% lower than the data. This might point
to an issue with the contact extraction from ab initio calcula-
tions, because the results of Refs. [20,54] are not sensitive to
the A/d contact ratio. In the LC case, a 10–20% relativistic
correction to the contact extraction could explain the data.

To better understand this discrepancy we examined the
impact of varying σc.m. by ±50 MeV/c and E∗

A−2 from 0
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FIG. 3. GCF parameter confidence intervals for fitting
4He(e, e′)/d (e, e′) data of Ref. [38] using instant form (top)
and light cone (bottom) GCF formulations with the AV18 NN
interaction [56]. The color scale represents the likelihood of the fit
parameters given the data, with the white solid (dashed) contours
indicating the 68.3% (95.5%) confidence regions. Red lines show
the expected parameter values from previous measurements and/or
ab initio calculations [18]. The contact value Cs=1

np is shown as a
ratio to its value extracted from many-body variational Monte Carlo
(VMC) calculations. See text for details.

to 30 MeV using the AV18 interaction [see Fig. 2 (bot-
tom)]. The IF calculation is very sensitive to both parameters.
A 15-MeV change in E∗

A−2 changes the cross section by
≈20%. A 50-MeV/c change in σc.m. changes the cross sec-
tion dramatically starting at xB = 1.7. Reference [66] also
predicted large effects (up to 70%) due to pair c.m. motion,
which is very different than the 19 ± 6% xB-independent
correction used by Ref. [38], motivated by a simplistic one-
dimensional Gaussian smearing of the deuteron momentum
distribution [67].

This sensitivity indicates that different effects, such as A-
dependent FSIs [45], or contributions from 3N-SRCs that are
missing in the current GCF calculations and are estimated to
be a ≈10% correction to the leading 2N-SRC contribution
[8,10,37,68], might explain the disagreement seen in Fig. 2.
The study of such corrections is ongoing and extends beyond
the scope of the present paper. It also raises concerns about
the ability to study the mass and asymmetry dependence of
SRC pair abundances using pairs abundances extracted from
(e, e′) measurements of light nuclei where σc.m. and E∗

A−2 vary
significantly.

Lastly we studied what parameter values are needed to
describe the data. We varied σc.m., E∗

A−2, and the spin-1 contact
ratio CA,s=1

np /Cd,s=1
np , to fit the 4He /d [38] and 12C /d data [30].

We kept the Cs=1
np /Cs=0

NN ratio fixed. The IF and LC results both
described the data well [65].

The resulting 4He AV18 parameters and their correlations
are shown in Fig. 3. Results for the other NN interaction
models and different nuclei are shown in Table I of Ref. [65].
The fitted contacts have much larger uncertainties (up to 30%
for IF and just under 10% for LC) than the typical 2% ex-

perimental uncertainties in a2. For the LC case this comes
primarily from σc.m., but IF is also sensitive to E∗

A−2.
The fitted IF contact ratios for deuteronlike np pairs are

higher than the VMC calculation results by 50–150% for both
NN interactions and both nuclei, as expected from the results
of Fig. 2. The fitted LC contacts are only 20–30% higher
than the VMC calculations for both NN interactions, which
is not much more than the ≈10% uncertainties on both the
calculated and fitted contacts. For 12C the same holds true for
AV18 but a larger 80% disagreement is observed for N2LO.

Comparing with a2, that is traditionally interpreted as a
measure of deuteronlike np pairs, the fitted values are within
10–15% of the data for both 4He and 12C, except for IF
N2LO, which is within ≈30%. However, this is an accidental
result of the cancellation between the effects of σc.m. and the
contribution of non-deuteron-like pairs, which increase the
ratio, and the effect of E∗

A−2, which decreases the ratio. This
cancellation should be quite different in light and asymmetric
nuclei where σc.m., E∗

A−2, and the np/pp-pair ratio can change
rapidly with A.

To examine the effect of the nuclear asymmetry, we
analyzed recent measurements of a2(48Ca/40Ca) [39]. The
calculation used 40Ca contacts from Ref. [18] and assumed
the same spin-zero contact for 48Ca. We varied the spin-1 48Ca
contact and the values of E∗

A−2 and σc.m. for each nucleus.
The calculation was relatively insensitive to E∗

A−2 and σc.m..
However, it could not place a stringent constraint on the
important 48Ca / 40Ca spin-1 contact ratio, because that is
extremely sensitive to the parameter differences between 48Ca
and 40Ca, 
σc.m. = σ 48Ca

c.m. − σ 40Ca
c.m. , and 
E∗ = E∗

46K − E∗
38K

(see Fig. 4). A 10-MeV change in either parameter difference
induces a large change in the extracted contact ratio. This few-
MeV nuclear structure difference could plausibly be caused by
the neutron skin of 48Ca and the very different energy levels
of 38K and 46K.

This again emphasizes the large model dependence of in-
terpretations of the measured nuclear asymmetry dependence
of a2, even in similar mass nuclei. This has direct implications
for studies that use the asymmetry dependence of a2, e.g., for
understanding the flavor dependence of the EMC effect [31]
and the properties of nucleons in dense neutron-rich matter
[21,23,24,69,70].

For completeness we note that the inclusive cross sec-
tions can also be analyzed in a complementary low-resolution
picture with many-body operators and no SRCs [71]. This
has not been implemented in the GCF and goes beyond the
scope of the current paper. In addition, calculations in EFT
approximate a2 using the ratio of two-nucleon densities at
short distance for nucleus A and the deuteron [28,53]. This
approach reproduces a2 values, but cannot model the xB or Q2

dependences of the ratio or provide insight into specific pair
characteristics such as σc.m. and the relation between a2 values
and low-energy nuclear structure (i.e., impact of E∗

A−2).
To conclude, a2 measurements are widely used to ex-

tract SRC abundances, with wide ranging implications. Our
calculations suggest that the traditional interpretation of a2

as an empirical measure of the abundance of deuteronlike
np-SRC pairs in nucleus A relative to the deuteron is accurate
to about 20%. This has significant implications for planned
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FIG. 4. Likelihood map for the correlation between the extracted ratio of spin-1 pn contacts in 48Ca over 40Ca, C48Ca
pn,s=1/C40Ca

pn,s=1, and 
E∗ =
E∗

46K − E∗
38K (left) and 
σc.m. = σ 48Ca

c.m. − σ 40Ca
c.m. (right). The parameters likelihoods are determined by fitting the 40Ca(e, e′)/ 48Ca(e, e′) cross-

section ratio data of Ref. [39] with GCF calculations in the xB range of 1.5 � xB � 1.9. The calculation used the GCF light-cone formulations
with the AV18 NN interaction [56]. The color scale represents the likelihood of the fit parameters given the data, with the white solid (dashed)
contours indicating the 68.3% (95.5%) confidence regions. See text for details.

precision measurements [47] of the nuclear mass and asym-
metry dependence of a2, especially for light nuclei. While the
cross-section ratio a2 can be measured precisely, supplemental
(e, e′N ) and (e, e′NN ) measurements and detailed cross-
section calculations are needed for its accurate interpretation.
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