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Abstract. Surface lattice modes, generated by the evanescent coupling between
localized modes of optical resonators arranged in a two-dimensional (2D) array,
generally exhibit remarkable optical response beyond the single photonic particle.
Here, by employing the lattice mode concept, we demonstrate that lattice
topological edge and corner modes can be achieved in properly designed photonic
crystal (PhC) slabs. Such slabs consist of an array of finite-sized second-
order topological insulators mimicking the 2D Su-Schrieffer-Heeger model. The
proposed lattice edge and corner modes emerge within the topological band
gap of the PhC slab, which dictates their topological nature. In particular,
the band diagram of the lattice corner modes shows that they possess non-
degenerate eigenfrequencies and dispersive bands. In addition, we show that
the eigenfrequency of the lattice topological modes can be shifted by tuning the
intercell and/or intracell optical coupling. Finally, by finely tuning the geometric
parameters of the slab, we realize a lattice corner mode possessing flatband
dispersion characteristics. Our study can find applications to topological lasing,
nonlinearity enhancement, and slow-light effects in topological photonic systems.

‡ Present address: Southeast University, State Key Laboratory of Millimeter Waves, No. 2 Southeast
University Road, Nanjing, 211189, China.
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1. Introduction

Originally discovered in condensed-matter systems [1,
2] and later on extended to photonics [3, 4] and other
disciplines, topological insulators (TIs) have recently
attracted much attention due to their intriguing bulk-
edge properties. For instance, topological photonic
systems can support topologically protected edge
modes, which are immune to perturbations and
backscattering [5, 6, 7, 8], thus providing a robust way
to manipulate the flow of light. By now, photonic
topological states have been realized in various
photonic platforms, such as, PhCs (PhCs) [9, 10],
metamaterials [11, 12], and mutually-coupled optical
waveguides [13, 14, 15]. In addition to a growing
fundamental scientific interest revolving around their
unique physical properties, we have recently witnessed
the emergence of a variety of promising applications
based on photonic topological states, including robust
slow light [16, 17, 18], nonlinear enhancement of optical
interactions [19, 20, 21, 22], lasing [23, 24, 25], and
sensing [26].

Recently, the concept of higher-order topological
insulators (HOTIs) has been proposed [27, 28].
Different from conventional TIs, HOTIs possess lower-
dimensional topological states, e.g., two-dimensional
(2D) second-order TIs (SOTIs) possess 0D corner
states. Generally, there are two ways to construct
SOTIs. One approach is to realize bulk quadrupole
polarization by introducing negative coupling between
photonic resonators [29, 30, 31]. This, however, is
challenging for compact photonic integration due to
compatibility issues. The alternative approach is to
use edge dipole polarization described by the 2D Zak
phase [28, 32]. So far, SOTIs based on PhCs have
been studied both theoretically and experimentally [33,
34, 35], offering appealing opportunities for practical
applications, such as high-Q optical cavities and
topological lasing with low threshold [36, 37].

Up to now, the studies of photonic SOTIs have
mainly focused on the properties of isolated corner
modes, meaning that the effect of the coupling among
corner modes has not been investigated. It has been
known that [38], some limitations of optical resonances
of particles, such as the rather small quality(Q)-
factor, can be overcome when the resonant particles
form periodic arrays, due to the considerable near-
field and far-field interactions among them. In the
context of photonics, such collective resonances are
often referred to as lattice resonances. They can play
an important role in photonic systems and lead to novel
optical effects, including large field enhancement and
resonance narrowing.

In this paper, we introduce the concept of lattice
topological edge and corner modes by arranging
photonic SOTIs in a periodic array. Each photonic

SOTI is designed based on the 2D Su-Schrieffer-Heeger
(SSH) model, and serves as a supercell of our PhC slab.
In such purposely designed PhC slab, the optically
coupled topological edge and corner modes display the
features of surface lattice modes, due to the substantial
interaction among the SOTI supercells. Here, we
focus on the Bloch band properties of these lattice
topological edge and corner modes, and reveal that
they not only possess non-degenerate eigenfrequencies,
but also exhibit dispersive features that can be readily
engineered. To gain deeper physical insights into such
exotic dispersive features, the influence of intercell and
intracell mode coupling on the optical properties lattice
corner modes is also investigated. Additionally, we
demonstrate that lattice corner modes characterized
by flat bands can be created by simply tuning the
geometric parameters of the PhC slab. This work
introduces the lattice mode concept into the realm of
topological photonics, where the resulting outstanding
features could be promising for practical applications in
areas such as topologically protected lasing, nonlinear
field enhancement, and slow light.

The paper is organized as follows. In Sec. 2,
the geometrical configuration and material parameters
of the proposed PhC slab are presented, whereas in
Sec. 3 we describe its band structure and topological
properties. Then, in Sec. 4, we introduce the lattice
topological edge and corner modes and investigate
their optical properties, including their band frequency
dispersion, the effect of optical coupling on their
physical properties, and the existence of flat-band
features. The main conclusions and future prospects
are summarized in Sec. 5.

2. Geometrical configuration and material
parameters

The geometrical configuration of the dielectric PhC
slab proposed as a platform for the implementation
of HOTIs that support lattice topological edge and
corner modes is presented in Fig. 1. It consists of a
periodic arrangement of PhC supercells, each of which
being composed of a finite number of square unit cells.
The lattice constant of the unit cell and supercell are
a and b, respectively. The thickness of the slab is
t = 0.74a, and the dielectric constant ε = 12. As
depicted in Fig. 1, each supercell contains a region
filled with nontrivial unit cells, which are surrounded
by trivial unit cells, where m denotes the number of
trivial unit cells between adjacent nontrivial regions
and n the number of nontrivial unit cells within one
supercell. Here, the nontrivial (trivial) unit cell refers
to the topological nontrivial (trivial) phase that the
unit cell possesses. This terminology will be defined
and discussed in detail in the next section.
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Figure 1. Schematic of a dielectric PhC slab supporting lattice
topological edge and corner modes. The PhC slab consists of
a periodic array of supercells, which include both trivial and
nontrivial unit cells, highlighted in blue and red, respectively.

The parameters n and m allow us to tune
the interaction between the optical modes of the
supercells. Thus, it can be seen that by varying m the
spacing between the nontrivial domains changes and
consequently the optical interaction between the edge
or corner modes located in adjacent supercells can be
modified. On the other hand, by changing n, one can
tune the optical interaction between edge and corner
modes located inside the same supercell. Therefore,
varying the parameters n and m provides a convenient
way to tune the intra- and inter-cell optical coupling of
edge and corner optical modes and therefore the optical
properties of lattice topological modes.

3. Band structure and topological properties

In this section, we present the band structure of the
underlying PhC configurations and their topological
properties. To begin with, we have employed the plane-
wave expansion method implemented in Synopsys’s
BandSOLVE [39] and computed the photonic band
structures of three PhCs with different unit cells. The
results of these calculations are summarized in Fig. 2.
Note, here we only consider the transverse electric (TE)
modes, as in this case one can achieve more readily
topological edge and corner modes. All three unit cells
contain four identical square air holes with side length
l = 0.34a, located at different positions inside the unit
cell. When the four air holes occupy symmetrically
the four quadrants of the unit cell, the corresponding
band structure, presented in Fig. 2(a) (only the first

_

+

l l

x

y

z

2l

_

+

-1 +1

(a) (b) (c)

(d) (e) (f)

Figure 2. (a)-(c) Schematics of three unit cells. The gray
and white areas represent dielectric and air regions, respectively.
The FBZ is indicated in (a). (d)-(f) The first two TE bands of
the PhC with unit cells in (a)-(c), respectively, where the light
line is in gray. In (e) and (f), the light red strips indicate the
band gap, and the insets are normalized field distributions of
Hz at the X symmetry point. The band colors indicate a band
inversion, and symbols + and − indicate even and odd parity of
Hz , respectively.

two bands below the light cone are included), shows
two bands that are degenerate along the X−M crystal
symmetry axis.

When the four air holes are shifted inwardly or
outwardly along the Γ − M crystal symmetry axis,
the band degeneracy is lifted and the photonic system
emulates the 2D SSH model [32]. In this model, there
are four atoms in each unit cell, and by tuning the
intracell (atoms in the same unit cell) and intercell
(atoms in different unit cells) hopping amplitudes
ta and tb, by varying the distance between the
atoms, one can induce topological phase transitions.
The corresponding topological properties are described
by the tight-binding model, whose Hamiltonian is
expressed as follows [32]:

H(k) =


0 h12 h13 0
h∗12 0 0 h24
h∗13 0 0 h34
0 h∗24 h∗34 0

 , (1)

where h12 = h34 = ta+tbe
ikx , h13 = h24 = ta+tbe

−iky ,
and k = (kx, ky) is the normalized wave vector. In our
PhC slab, the four air holes play the role of the four
atoms in the unit cell of the SSH model, and moving
the centers of the four air holes changes the intracell
and intercell optical coupling, which is the analogue of
tuning the hopping amplitudes in the SSH model.

As illustrated in Fig. 2(b), if the four air holes
move inwards along the diagonal of the unit cell and
merge into a single air hole with side length 2l, a
complete band gap is created as indicated by the red
strip in Fig. 2(e). Likewise, an identical band gap is
created when the four air holes move outwards along
the diagonal of the unit cell to the edges of the unit
cell, as depicted in Fig. 2(c).

A band inversion between the bands shown in
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Figs. 2(e) and 2(f) can be identified from the parities
of the bands. To be more specific, we present the
normalized field profile of Hz at the X symmetry point
in the insets of Figs. 2(e) and 2(f), determined in the
x-y plane crossing through the middle of the PhC slab
and perpendicular onto the z-axis. Note, Hz field
distributions in the same x-y cross-section are shown
in the following section unless stated otherwise. As
can be seen from Fig. 2(e), at the X symmetry point
the field distribution of Hz corresponding to the first
band has even parity, whereas the second band has
odd parity. By contrast, the parity of Hz in Fig. 2(f)
displays the opposite behavior. Such parity inversion
indicates that the two bands have been inverted, a
process accompanied by a topological phase transition.

To demonstrate that a topological phase transition
occurs when the air holes are displaced along the
diagonal of the unit cell, we calculate the 2D Zak phase
for the unit cells shown in Figs. 2(b) and 2(c). Here,
the unit cell of the PhC slab is simulated in COMSOL
[40], where finite-element method (FEM) is utilized to
calculate the frequencies and field distributions of the
modes. The 2D Zak phase is defined as follows [28]:

θα = 2πPα =
1

2π

∫
FBZ

Tr[Aα(k)]dk, α = x, y, (2)

where P = (Px, Py) is the 2D polarization, and
Aα(k) = i〈ψk|∂kα |ψk〉 is the Berry connection with
|ψk〉 being the eigenmodes of all the bands below the
band gap.

Utilizing the 3D eigenmode functions obtained
via FEM in COMSOL, we have confirmed that the
unit cell in Fig. 2(b) possesses 2D Zak phases θx =
θy = 0, indicating that it is characterized by a trivial
topological phase. By contrast, the Zak phase is θx =
θy = π for the unit cell in Fig. 2(c), meaning that the
corresponding PhC has a nontrivial topological phase.
The details about the calculation of the 2D Zak phase
are presented in the Appendix.

4. Lattice topological edge and corner modes

So far, most studies of SOTIs have focused on isolated
corner modes of a finite photonic structure containing
nontrivial unit cells and surrounded by trivial unit cells
[28]. Here, we arrange SOTIs so as the system is
periodic along x- and y-axis, which means that each
SOTI represents a supercell in the PhC slab shown in
Fig. 1.

For the case characterized by m = 1 and n = 5, we
give in Fig. 3(a) the eigenmode frequencies of the PhC
slab determined at the Γ symmetry point. There are
four topological edge modes and four topological corner
modes inside the band gap, and the corresponding field
distributions of the Hz component, determined in the
x− y plane of the supercell at z = 0, are presented in

Figs. 3(b) and 3(c). These plots show that the field
of the edge modes is distributed at the two edges of
the supercell, whereas the field of the corner modes is
primarily localized at the four corners of the supercell.

It is worth to note that the four corner modes
plotted here, namely quadrupole (q), dipole 1 (d1),
dipole 2 (d2), and monopole (m) modes [37],
have non-degenerate eigenfrequencies, a feature that
differentiates them from the conventional corner modes
of an isolated SOTI. This difference is mainly due to
the interaction among the optical fields in different
supercells, namely, due to the intercell and intracell
optical coupling of the corner modes.

In order to study the influence of intercell optical
coupling on the physical properties of the lattice
topological edge and corner modes, we fix n = 5 and
increase m from m = 1 to m = 2. The frequencies
and field profiles of the new set of optical modes are
presented in Fig. 4(a). These results suggest that both

(a)

(b)

(c)
x

y

o

x

y

o

1 2 3 4

2

4
3

1

q
��

m

q m

��

�� ��

Figure 3. (a) The eigenmodes of the PhC slab with supercell
shown in Fig. 1, determined at the Γ symmetry point for m = 1,
n = 5, where bulk, edge, and corner modes are represented
in blue, green, and red, respectively and the light-red regions
indicate the band gap. Edge modes are numbered and corner
modes are labeled as explained in the text. (b), (c) Normalized
field distributions Hz for the edge and corner modes in (a),
respectively, determined in the x− y plane at z = 0.
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Figure 4. (a) The eigenmodes of the PhC slab with supercell
shown in Fig. 1, determined at the Γ symmetry point for m = 2,
n = 5. (b), (c) Normalized field distributions Hz for the edge
and corner modes in (a), respectively, determined in the x − y
plane at z = 0.

the eigenmode frequencies and the corresponding field
profiles, determined at the Γ symmetry point, vary
markedly when adding just one row of unit cells to
the SOTI supercell, cf. Fig. 3(a). Specifically, as each
supercell becomes larger, the number of bulk modes
increases. In addition, as a result of the evanescent
nature of the optical coupling, the mode interaction in
this case is weaker and two of the four edge modes
are pulled into the bulk region. Furthermore, the
frequencies of the four corner modes are shifted and,
interestingly enough, their order changes, too. These
findings indicate that the frequency dispersion of the
topological edge and corner modes can be controlled by
properly engineering their intercell optical interaction.
Since this is a feature similar to that of surface lattice
modes of plasmonic metasurfaces [38], we call these
extended modes located within the band gap of the
PhC slab lattice topological edge and corner modes.

4.1. Band dispersion of lattice topological edge and
corner modes

In an isolated SOTI, the edge modes are generally
dispersive, but the corner modes are non-dispersive
and usually degenerate [28]. Different from the edge
and corner modes of an isolated SOTI, the lattice
topological edge and corner modes introduced in this
work can display strong frequency dispersion, which
is an important physical property especially from a
practical point of view. To further illustrate this idea,
the band structures of the lattice edge and corner
modes of the PhC slab depicted in Fig. 1 with m = 1
and n = 5, obtained when varying kx, are presented in
Figs. 5(a) and 5(b), respectively.

The mode dispersion curves presented in Fig. 5(a)
show that the bands are symmetric with respect to
kx = 0, in contrast with the case of topological
photonic systems that do not possess time-reversal
symmetry. In addition, one can see that the sign of
the group-velocity, vg, of the edge bands 1 and 2 is
opposite as compared to that of the edge bands 3 and
4. This same property is true for the vg of the q and
m corner bands on the one hand and the dipole corner
bands on the other hand. This is explained by the fact
that the corresponding bands have opposite convexity.
More notably, different from the degenerate and non-
dispersive nature of the corner modes of an isolated
SOTI, the four bands of the lattice topological corner
modes show non-degenerate and dispersive behavior
upon the variation of kx, as illustrated in Fig. 5(b).

(a)

(b)

Figure 5. Mode dispersion of (a) lattice topological edge modes
and (b) lattice topological corner modes of the PhC slab shown
in Fig. 1 and characterized by m = 1 and n = 5.
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4.2. Intercell and intracell coupling effect on lattice
corner modes

To gain deeper physical insights into the dispersion
properties of the lattice corner modes, the influence of
intercell and intracell optical coupling effects on their
properties is further investigated in this subsection.
As we just demonstrated, the strength of the intercell
coupling can be readily tuned by changing the number
of rows of trivial PhC material surrounding the
topological nontrivial region, m. As shown in Fig. 6(a),
the frequencies of the four lattice corner modes
converge asymptotically to a common value when one
increases the value of m while keeping n fixed (n = 5 in
this case). This phenomenon indicates that the lattice
corner bands would become degenerate, as it is the
case with the corner modes of an isolated SOTI, if
the optical interaction among the supercells vanishes.
Conversely, the degeneracy of the corner modes is lifted
when one decreases m, because smaller m leads to
larger intercell optical coupling among the supercells.

In addition to the intercell optical coupling effects
just discussed, the intracell coupling, namely the
mutual interaction of the four corner modes located
within the same supercell, can also play an important
role in determining the dispersion properties of the
lattice corner modes. To study the influence of the
intracell optical coupling on the lattice corner modes,
we vary the value of n but fix the parameter m to m =
5. As presented in Fig. 6(b), the spread between the
frequencies of the four lattice corner modes increases
as n decreases, which again illustrates the evanescent

(a)

(b)

Figure 6. Dependence of the frequencies of lattice corner
modes, determined at the Γ symmetry point, on (a) m when
n = 5 and (b) n when m = 5.

nature of the optical coupling among the corner modes.

4.3. Flatbands originating from lattice corner modes

Recently, chiefly due to their intriguing physical
properties and applications, photonic flatbands are
drawing increasing attention in both theory and
experiments [41]. As an analogue of states observed in
condensed matter systems, such dispersionless bands
possess not only fundamental research significance
but also potential applications to quantum simulation
systems [42] and platforms for implementation of
slow-light based applications [43]. To date, photonic
flatbands have been realized in various photonic
systems, such as waveguide arrays [44, 45], exciton-
polariton systems [46, 47], and metasurfaces [48, 49].

Here, since the band dispersion of dipole 1 mode
is relatively weak, as per Fig. 5(b), we aim to flatten
this band by finely tuning the geometric parameters
l and t of the PhC slab, namely the side length of
the square air hole and the thickness of the PhC slab,
respectively. As shown in Fig. 7, where the band
dispersion corresponding to the four corner lattice
modes is depicted, a flatband associated to the dipole 1
mode can be achieved, when the geometry parameters
are chosen as l = 0.39a and t = 0.65a. We emphasize
that as the other three bands remain dispersive, the
emergence of this flat band is not due to some trivial
phenomena, such as lack of intercell mode interaction,
as that would result in the creation of four flat bands.
In addition, flatbands designed by such fine-tuning can
be classified as accidental flatbands [41].

Figure 7. Band structure of the lattice corner modes,
determined for l = 0.39a and t = 0.65a. In this case, the band
of dipole 1 is flat while the other three bands are dispersive.
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5. Conclusion

In conclusion, we have proposed a specially designed
PhC slab composed of periodically arranged SOTIs
based on the 2D SSH model, which supports lattice
topological edge and corner modes. We have found
that the lattice corner modes possess non-degenerate
eigenfrequencies and form dispersive bands, a feature
distinct from the widely studied degenerate corner
modes in individual SOTIs. We have further
investigated the influence of intercell and intracell
optical coupling on the lattice edge and corner modes,
and demonstrated that a flatband corresponding to a
lattice corner mode can be readily realized by tuning
the configuration of the topological PhC slab.

In general, the corner modes of individual SOTI
possess a large quality factor, thus the lattice corner
modes proposed in this work may as well inherit
this property. Consequently, the transmittance and
reflectance spectra of the PhC slab structures proposed
in this work could become a promising platform
for implementation of topologically protected lasing,
nonlinear enhancement of optical interactions, sensing,
and other nanophotonic applications. Moreover, the
feasibility to design photonic flatbands using lattice
corner modes could make the proposed PhC slab
suitable for flatband related applications, such as
quantum simulation and active devices based on slow-
light effects.

Appendix

The 2D Zak phase is introduced by analogy with its
definition in the 1D case [50]:

θ =

∫ π

−π
An(k)dk. (3)

Here, An(k) = i 〈un(k)|∂k|un(k)〉 is the Berry
connection, where |un(k)〉 is the periodic Bloch
function and n runs over all the bands below the band
gap. Since in our case there is only one band below the
band gap, n will be omitted in the following discussion.
Note, the integration in the equation above is over the
1D FBZ, and the lattice constant a is set to unity to
simplify the presentation [51].

In our calculations, the 1D FBZ is divided into
N segments, and the discrete Zak phase in a small
segment connecting kα and kα+1 is θα = A(kα)∆k =
i 〈u(kα)|u(kα+1)〉 − i. Therefore one can infer that,

〈u(kα)|u(kα+1)〉 = 1− iθα ≈ e−iθα , α = 1, . . . , N.(4)

Based on the Wilson-loop approach, the total Zak
phase can be calculated by compounding the discrete
Zak phase from each small segment as follows:

e−iθ =
N∏
α=1

e−iθα =
N∏
α=1

〈u(kα)|u(kα+1)〉 . (5)

Therefore, the total Zak phase can be expressed as:

θ = −Im

[
ln

(
N∏
α=1

〈u(kα)|u(kα+1)〉

)]
. (6)

When the Zak phase is extended to 2D, namely,
(kx, ky) in the 2D FBZ, the x-component of the 2D Zak
phase, for example, can be written as follows:

θx(ky) = −Im

[
ln

(
N∏
α=1

〈u(kα, ky)|u(kα+1, ky)〉

)]
. (7)

Here, along each axis the 2D FBZ is partitioned in the
same way as described above in the case of 1D FBZ.
Therefore, the total 2D Zak phase associated to the
kx-axis is given by:

θx =
1

2π

∫ π

−π
θx(ky)dky, (8)

whereas the corresponding ky-component is calculated
in the same manner.

In this paper, all the calculations are based on
the 3D PhC slab. Therefore, the scalar product
〈u(k)|u(k′)〉 is calculated as follows:

〈u(k)|u(k′)〉 =

∫
ε(r)u∗(r; k)u(r; k′)dr. (9)

We have calculated the 2D Zak phase for both the
unit cells in Figs. 2(b) and 2(c). For example, for the
unit cell in Fig. 2(b), the corresponding θx (θy) is zero
for all values of ky (kx). Moreover, following Eq. (8),
we can determine that the total 2D Zak phase is (0, 0),
indicating that such unit cell corresponds to a trivial
topological phase. Similarly, we can also confirm that
the unit cell in Fig. 2(c) possesses 2D Zak phase equal
to (π, π), meaning that the unit cell in this case has a
nontrivial topological phase.
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Öhberg P, Andersson E, and Thomson R R 2015
Observation of a localized flat-band state in a photonic
Lieb lattice Phys. Rev. Lett. 114 245504.

[46] Baboux F, Ge L, Jacqmin T, Biondi M, Galopin E, Lemâıtre
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