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Quadratic optomechanical cooling of a cavity-levitated nanosphere
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We report on cooling of the center-of-mass motion of a nanoparticle via a coupling between its motion and
the optical field within a high finesse cavity. The resulting coupling is purely quadratic in displacement and gives
rise to a van der Pol nonlinear damping. These dynamics are analogous to conventional parametric feedback
where the cavity provides passive feedback without an additional measurement. We show experimentally that as
feedback cooling, the resulting energy distribution is strongly nonthermal and can be controlled by the nonlinear
damping induced by the cavity. Our work represents a demonstration of a cavity cooling dominated by this type
of coupling across all optomechanical platforms.
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The field of cavity optomechanics has made significant
progress over the last decade by controlling and tailoring the
interaction between an optical field and a mechanical oscil-
lator. Mechanical modes have been brought into the quantum
regime [1,2]. This includes quantum mechanical squeezing of
an oscillator below its zero point fluctuations [3] and entangle-
ment between two mechanical oscillators [4,5]. More recently,
the creation of oscillators levitated in vacuum using optical,
electrical, or magnetic fields has been realized. These systems
offer greater decoupling from the environment, and they typ-
ically only have a few low-frequency mechanical degrees of
freedom [6–8], but can also introduce new optomechanical
degrees of freedom via their rotational motion [9]. Levitated
systems offer also the opportunity for exploring thermody-
namics at the nanoscale in the underdamped regime [10,11].

There is a general interest in optomechanics to exploiting
nonlinearities of the interaction, in particular, those which
are quadratic in the oscillator motion. Apart from interesting
dynamics [12–16], this type of nonlinear coupling is sought
after for its potential applications in the quantum regime
[17–19]. However, it is often too small to be relevant and
easily overwhelmed by a residual linear coupling. This has led
the community to look for viable ways to enhance nonlinear
couplings, a few notable examples being avoided crossings
in membrane-in-the-middle systems [20,21] and purposefully
engineered photonic crystal cavities [22–24].

In this respect, levitated cavity optomechanical systems
offer significant advantages. There is great freedom to engi-
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neer the potential experienced by a levitated nanoparticle to
the point where the trapping fields can be switched off to
observe free evolution. As for the membrane-in-the-middle
setup, control over the oscillator mean position within the
cavity standing wave enables an optical coupling that is linear
or quadratic in the particle motion [25–27]. However, if the
trapping potential is solely given by the cavity field, the parti-
cle is naturally attracted by the optical gradient force toward
an intensity maximum where the coupling is purely quadratic.
This feature has remained largely unexplored in levitated cav-
ity optomechanics since experimental efforts mainly focused
on enhancing linear coupling which typically provides a better
cooling efficiency.

Here, we demonstrate a coupling quadratic in the particle
motion that is strong enough to cool a levitated nanosphere by
more than two orders of magnitude. Importantly, the resulting
oscillator dynamics is equivalent to that obtained with active
parametric feedback often used in optical tweezers [28,29].
However, unlike feedback damping, cavity cooling is passive
and does not rely on a position measurement. The cavity field-
particle interaction can be viewed as the field measuring the
particle position since its motion is encoded in the field. This
information, however, is not actionable until one measures the
field fluctuations. In this second measurement the information
on the particle motion is usually degraded for example by
quantum efficiency. Finally, we describe the resulting highly
nonthermal state of the mechanical motion which compares
well with our theoretical description of the experiment.

We create our optomechanical system by levitating a
highly charged silica nanosphere in a composite potential
obtained by overlapping an electrodynamic potential and an
optical standing wave. The former is provided by a linear
Paul trap, the latter resulting from a high finesse Fabry-Pérot
cavity. In our typical scenario, the nanoparticle is optically
trapped along the main axis by the gradient force in one of
the cavity antinodes while radial confinement is guaranteed
by the Paul trap potential. The presence of the dielectric
particle in the cavity field shifts its resonance frequency by
�(x) = −Uo cos2(kx), where x is the particle position along
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FIG. 1. Simplified layout of the experiment [30]. A weak probe
beam is used to lock the cavity by implementing a PDH scheme.
A second beam, generated by a different laser, is used to optically
trap the particle. By detecting the beat note of the lasers, the trap-
ping beam is offset phase locked to the PDH beam one FSR apart
∼10.3 GHz. The Paul trap is aligned in the cavity transverse direction
but kept far from the cavity center where the probe and trapping beam
are out of phase.

the cavity axis, with its origin at the antinode nearest the
cavity center, k = 2π/λ is the optical field wave number,
and Uo = 3

2
V
Vm

ε−1
ε+2 ωl is the maximum frequency shift obtained

at intensity antinodes. Here, V and Vm are the sphere and
cavity mode volume, respectively, ε denotes the nanosphere
permittivity, and ωl the laser frequency. It is clear that �(x)
can give rise to a highly nonlinear optomechanical coupling.

A schematic overview of our experimental setup is shown
in Fig. 1. Two Nd:YAG lasers with a wavelength of λ �
1064 nm drive a Lcav = 14.58 ± 0.02 mm long cavity with a
finesse of F = 36 000 (half linewidth κ/2π = 143 ± 1 kHz,
input rate κin/2π = 69 ± 4 kHz). The cavity has a nearly
confocal configuration with a waist of wst = 62 μm (i.e.,
Vm = πw2

stLcav/4). One laser is used as a weak probe field
and is locked to the cavity by implementing a Pound-Drever-
Hall (PDH) scheme. The second is used to optically trap
the nanoparticle. Its frequency is offset locked to the weak
beam by one free spectral range (FSR = c/2Lcav = 10.27 ±
0.02 GHz) away and its detuning from the cavity resonance
can be precisely controlled. Both beams are injected in the
cavity with a mode matching >91%.

The particle is charged during the loading process by
means of electrospray ionization and captured directly in a
medium vacuum within the Paul trap (see Refs. [30–36]).
We use commercial silica nanospheres of mass m = 4.88 ±
0.03×10−17 kg [37] and radius 185 ± 2 nm. The trap is
mounted on a three-axis translation stage. This allows us to
enhance the linear coupling of the probe field by trapping
optically away from the cavity center [38]. Second, it allows
us to strongly suppress excess micromotion. Indeed, contrary
to previous implementations [25,39], the dynamics along the
cavity axis is ideally micromotion free. We can measure and
control the position of the optical trapping site referred to the
cavity center with a resolution of ∼10 μm, mainly limited by
the particle thermal variance before optical confinement.

In the following we focus on the center-of-mass (c.m.) mo-
tion along the cavity axis. The nonlinear dynamical equation

of motion for the oscillator and the optical fields are [40]

ẍ = −ω2
o(x − xpt )

− h̄kUo

m

∑
j

a†
j a j sin[2(kx + φ j )] − γgẋ + ζ

m
,

ȧ j = −(κ − i� j
o)a j + iUo a j cos2(kx + φ j )

+
√

2κinαin, j + v j, (1)

where j = p, t indicate the probe and trap fields, respec-
tively. In Eq. (1), ωo is the Paul trap secular frequency,
xpt its origin, γg the gas damping, �

j
o is the empty cavity

detuning, κ = κin + κloss is the total cavity half linewidth,
αin, j are the driving amplitudes, k is the trapping field wave
number, and vi = √

2κin ain, j + √
2κloss aloss, j is a weighted

sum of all vacuum operators. Field fluctuations are uncorre-
lated with the only nonvanishing correlation function given
by 〈ai(t )a†

j (t
′)〉 = δ(t − t ′)δi j and ζ is a Brownian stochastic

force that arises from background gas collisions and with a
correlation function given by〈ζ (t )ζ (t ′)〉 = 2 kBTbathm γgδ(t −
t ′) = Sthδ(t − t ′), where Tbath is the temperature of the back-
ground gas.

The particle dynamics given by Eq. (1) can be radically
different depending on the chosen parameters. This occurs be-
cause there are three competing contributions to the trapping
potential and a strong nonlinearity introduced by the cavity
standing waves. For example, if the particle mean position
xo is significantly different from the Paul trap center xpt, one
obtains a time-dependent optomechanical coupling [25,41].
If the intracavity field amplitudes of the trapping and probe
beams are comparable, the particle mean position is pulled
from the trapping beam antinode. In this way one obtains
a dominant linear coupling for both beams [38], recovering
the most common optomechanical interaction, which can be
exploited for standard cavity cooling. Here, we consider a sce-
nario where the probe power is significantly weaker than the
trap beam, i.e., αin,p � αin,t , so that the particle mean position
remains in an antinode of the trapping beam which leads to a
vanishingly small linear coupling. Additionally, we consider
xo � xpt, so that the Paul trap potential can be neglected, and
that xo is not at the cavity center. Under these conditions the
particle dynamics are dominated by the trapping field. The
probe field will have a linear coupling which can be exploited
to detect the particle motion. Indeed, since the two fields
have different frequencies there will be a phase difference
φp = π/2 + πxo/Lcav [38], where the origin has been chosen
at the cavity center. To gain a clearer understanding of the
oscillator dynamics it is convenient to approximate Eq. (1)
and eliminate the cavity dynamics [42], which leads to an ap-
proximate equation of motion for the particle in the following
form,

ẍ = −2
mx (1 + εDx2) − (

γg − 2
mγnlx

2
)
ẋ + ζ

m
, (2)

where x now represents the fluctuations around the steady
state position xo, m is the optical trap frequency, and where
we have introduced two additional terms: an elastic Duffing
nonlinearity εD and a van der Pol nonlinear damping γnl.
The latter, for γnl < 0, corresponds to a dissipation process
that becomes more efficient for large amplitude oscillations.
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In Eq. (2), we neglect the effect of vacuum fluctuations
which must be included to model the dynamics in the quan-
tum regime [30]. Equation (2) can be derived from Eq. (1)
by neglecting the effect of the probe beam, assuming that
m/κ � 1, and by following the method described in
Ref. [42], we obtain

εD = 2G2

κ

δ

(1 + δ2)
, γnl = 8G2

κ2

δ

(1 + δ2)2
, (3)

where δ = �/κ is the normalized cavity detuning of the trap-
ping beam which is referred to as the particle shifted cavity
resonance, i.e., � = �t

o − �(xo); G2 = k2Uo is the quadratic
coupling, 2

m = 2h̄G2
m |αt,s|2, where αt,s is the steady state in-

tracavity field amplitude. Equations (3) are valid under the
additional condition G2〈x2〉 � κ which is always satisfied in
our experiment. As for the linear coupling, for a red detuned
(δ < 0) trapping beam the optical potential is softened and
dissipation is increased while the opposite happens for a blue
detuned beam, which can result in a dynamical instability. In-
terestingly, both nonlinear coefficients are power independent,
which is a characteristic of levitation since there is no intrinsic
elastic potential as in other optomechanical platforms.

It is quite convenient, at this point, to move to a reference
frame rotating at m and to write the equation of motion for
the amplitude R(t ) and phase ϕ(t ) of the oscillator. By per-
forming deterministic and stochastic averaging [43–45], valid
in the high Q limit, one obtains two first-order differential
equations for the amplitude R and phase ϕ given by

Ṙ = −γg

2
R + 2

mγnl

8
R3 + Sth

4m22
mR

+ ξ = −dV (R)

dR
+ ξ,

ϕ̇ = 3m

8
εDR2 + 1

R
χ. (4)

Here, ξ and χ are two uncorrelated stochastic vari-
ables with a correlation function 〈ξ (t )ξ (t ′)〉 = 〈χ (t )χ (t ′)〉 =
(Sth/2m22

m)δ(t − t ′) and where we introduced the potential
V (R). Equations (4) allow us to highlight two key aspects.
The Duffing term only affects the evolution of the phase and
has no effect on the energy of the oscillator. The evolution
of the amplitude is phase independent, which allows us to
write a simple one-dimensional Fokker-Planck (FP) equation
for the evolution of the probability density function (PDF)
of R whose steady state solution is well known and given
by P∞(R) = N exp[−4m22

mV (R)/Sth] [46]. This reduces to
the familiar Rayleigh distribution in the limit of vanishing
nonlinear damping. Expressing the steady state solution of
the FP equation in terms of energy E = m2

mR2/2 rather than
amplitude gives

P∞(E ) = N
m2

m

exp

[
− E

kBTbath

(
1 + γnl

4mγg
E

)]
, (5)

where N is a normalization constant such that∫ ∞
0 P∞(E )dE = 1. Since the energy distribution is known,

all the relevant dynamical parameters can be obtained. For
a vanishing nonlinear damping Eq. (5) becomes the usual
Boltzmann-Gibbs distribution.

It is important to notice that the coupled dynamics de-
scribed here are formally equivalent to active parametric

FIG. 2. Calibrated power spectral density (PSD) of the frequency
fluctuations induced by the particle motion in the PDH error signal at
different pressures. The blue, orange, and red PSDs show the particle
displacement at pressures 1.2×10−2, 8.6×10−4 and 5.4×10−6 mbar,
respectively

feedback [29]. Indeed, Eq. (5) describes the steady state en-
ergy distribution of both processes. This occurs as in both
cases the oscillator dynamic is modified by an optical force
proportional to x2ẋ, i.e., a van der Pol nonlinear damping. As
such, quadratic coupling can also be viewed as a passive para-
metric feedback. Furthermore, Eq. (5) represents the classical
limit of two-phonon cooling in the quantum regime [47].

Here, we present data obtained with a probe and trap beam
input power of 2.9 and 830 μW, respectively. The probe is
locked near resonance while the trap beam has a nominal red
detuning of �/2π � −100 kHz, chosen to maximize γnl in
Eq. (3). The particle motion is monitored through the PDH
error signal since its linear coupling enables a direct measure-
ment of the mechanical motion. Spectra at different pressures
are shown in Fig. 2. It is clear that the oscillator resonance
at m/2π � 51 kHz does not converge to a Lorentzian-like
peak, as it should when the pressure is reduced, but converges
to a Gaussian peak. This broadening is due to low-frequency
intensity fluctuations and by cross coupling with the motion
in the transverse directions. These effects limit the amount of
information that can be extracted from the PDH spectra shown
in this figure. However, both are eliminated from the evolution
of the amplitude R when moving to the rotating frame as
is the case for the Duffing nonlinearity which highlights the
usefulness of the method.

We obtain a time series for the amplitude quadrature R(t )
from the PDH signal in postprocessing (see Refs. [30,48] for
details). Its analysis in the time domain gives us the oscillator
energy distribution which we compare with the model predic-
tions, while its spectral analysis allows us a direct estimation
of the effective damping.

The experimental energy distribution is shown in Figs. 3(a)
and 3(b) at two different pressures where the distributions
are expressed in units of kB, i.e., temperature, for a more
intuitive reading. At the higher pressure of Pg = 8.6×10−2

mbar [Fig. 3(a)], the deviation from a thermal exponen-
tial distribution is immediately recognizable, and indeed
the nonlinear damping is much more efficient in suppress-
ing large amplitude fluctuations. At the lower pressure of
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FIG. 3. (a) and (b) Energy distribution (blue), expressed in units of kB, for the motion along the x axis (cavity axis) along with a fit (orange)
following Eq. (5) for different pressures Pg = 8.6×10−2 and 1.6×10−4 mbar, respectively. In (b) the contribution of the detection noise is
included; the corresponding marginal distributions for the motion (red dashed) and noise (green dashed) are also shown. (c) and (d) show the
PSD of R2 corresponding to the distributions in (a) and (b), respectively; fits (orange) of the R2 spectra allow a direct estimation of the energy
autocorrelation time constant (see main text). (e) Effective temperature as a function of fitted parametric gain η = γnl/γg along with a priori
analytical estimation [30] (orange line). The shaded region indicates the uncertainty of the theoretical curves due to experimental uncertainty;
blue and green data points correspond to localization on slightly different optical wells. The red square marks the data point corresponding to
(a) and (c), the black square to (b) and (d).

Pg = 1.6×10−4 mbar [Fig. 3(b)] this behavior is initially less
evident. As the motion becomes colder, the impact of the
detection noise becomes more relevant and needs to be taken
into account. Assuming the noise floor is white and uncorre-
lated with the motion, its distribution is again exponential. We
fit the experimental data taking into account both processes.
The oscillator energy PDF is then recovered by taking the
marginal distribution. As the intrinsic gas damping cannot
be measured independently, and our pressure gauges have a
rather low accuracy (∼30%), we use as a fitting parameter
the ratio η = γnl/γg, which can be interpreted as a parametric
gain.

We show in Fig. 3(e) the experimental effective tempera-
ture Teff as a function of η, along with an a priori analytical
estimation [30] which considers the nonlinear damping to be
γnl = −2.5×107 s/m2, in good agreement with experimental
results. The final temperature can be estimated in two ways:
from the area of the peak in the probe PSD (Fig. 2), as is typ-
ical, and from the expectation value of the fitted distribution.
The consistency of these two estimates which are well within
the experimental uncertainty, as well as the agreement with
the analytical expectation, demonstrate that even at the lowest
pressure the quadratic coupling is dominating the dynamics.

When comparing theory and experimental results in
Fig. 3(e) and later in Fig. 4, we also consider how the analyt-
ical calculations vary according to experimental uncertainty
on the relevant parameters. This is shown as a shaded region
which is calculated by performing a global maximization
(minimization) to find the upper (lower) bound when all possi-
ble combinations of experimental uncertainties are considered
at the 1σ level. The parameters included are pressure, de-

tuning, calibration, and cavity decay rate. Pressure gives the
largest contribution, the decay rate the smallest.

Another clear signature of the nonlinear damping is the
dependence on pressure of the effective temperature. An ap-
proximate expression can be obtained from Eq. (5); in the
low-pressure limit, we have Teff = (4mTbath/πkBη)1/2. Since
η grows inversely proportionally to the pressure, the effective
temperature decreases proportionally to the square root of
the pressure. This is shown in Fig. 4 where the experimental
observation is compared with an analytical estimation. A di-
rect consequence is that the effective total damping γeff must
have a similar behavior; here, γeff is to be interpreted as the
equivalent viscous friction that would lead to the effective
temperature Teff, i.e., Teff = Tbathγg/γeff. In the low-pressure
limit we have γeff = γg (πkBTbathη/4m)1/2. This implies a per-
fect correlation between Teff and γeff as the pressure is reduced
since both depend on the square root of the pressure.

A direct estimation of the effective damping can be ob-
tained even in the presence of the Duffing term and of the
broadening of the spectral peak, evident in Fig. 2. By looking
at the PSD of R2(t ) it is possible to obtain information on the
energy autocorrelation time constant. PSDs at two different
pressures are shown in Fig. 3. Although possible for a thermal
oscillator [48,49], calculating an analytical expression for the
R2 PSD, when the dynamic is dominated by a nonlinear damp-
ing, is not trivial. However, it can be shown that modeling the
PSD as SR2R2 (ω) = 16γRa2

o/(ω2 + γ 2
R ) then γR allows us to

calculate the effective damping as γeff = γR σ 2
E/〈E〉2, where

〈E〉2 and σ 2
E are the energy mean and variance, respectively,

both of which can be calculated from the fit to the experimen-
tal distribution. The effective damping calculated with this
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FIG. 4. (a) The effective temperature as a function of pressure.
(b) The measured effective damping as a function of Teff. In both
panels blue and green data points correspond to localization on
slightly different optical wells; also shown is an analytical estimation
(orange line) with the shaded region indicating the uncertainty of the
theoretical curves.

method, plotted as a function of Teff, is shown in Fig. 4(b),
demonstrating the expected good correlation.

In conclusion, we have demonstrated strong quadratic
cooling of the c.m. motion of a nanoparticle optically trapped

in a cavity field. A comparison of the experimental results
shows good agreement with an analytical a priori model.
This type of passive parametric feedback cooling is analogous
to the active feedback cooling in levitated optical tweezers
and indeed comparable temperatures are obtained here. The
major difference between the two methods is that the cavity
automatically applies feedback whereas conventionally detec-
tion and electronic feedback are required. In both cases, the
cooling rate decreases as the particle is cooled to the bottom
of the optical potential. We have also shown that a highly
nonthermal state is produced. The quadratic cooling power
demonstrated here can be improved by more than two orders
of magnitude by increasing the cavity finesse within realistic
values. However, reaching the quantum regime with just this
protocol remains challenging and more complex ones are
likely to be necessary. As we can dynamically manipulate the
coupling between quadratic and linear by simply controlling
the power ratio between the probe and trapping field, the
particle could be initialized close to the quantum ground state
[2] through a linear coupling and then adiabatically changed
to a quadratic coupling where nonclassical states [47] and
nonequilibrium states could be created. This dynamically tun-
able cavity system may also be useful for exploring nanoscale
thermodynamics, allowing the measurement of the relative
entropy change for testing nonequilbrium thermodynamics
and fluctuation theorems [29,50–52].
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