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1 I n t r o d uc t io nG

N<- -4"%.'("* "J @",,-%&'("* K-'9--* &//-' ,-'.,*/ (/ & 9-%% -/'&K%(/<-+ /')%#

(W-+ J&@' &*+ "J @,.@(&% (8I",'&*@- J", -!@(-*' !*&*@(&% +-@(/("*/C S' (/ 9-%%

:*"9* '<&' "I'(8&% !*&*@(&% 4&,(&K%-/ /.@< &/ &//-' 9-(0<'/ (* I",'J"%(" /-%-@#
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@",,-%&'("* K-'9--* &//-' ,-'.,*/ (* & 8.%'(4&,(&'- /-''(*0C >"%%-,/%-4 OGXXFP

I,"I"/-+ & J.%% 8.%'(4&,(&'- 8"+-% (* 9<(@< @"*+('("*&% @",,-%&'("* K-'9--*
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')I- I,"@-//-/C 2/ & ,-/.%'A @"*+('("*&% @"4&,(&*@- 4&,(-/ "4-, '(8- &/ & @"*#

/'&*' @",,-%&'("*#&+[./'-+ I,"+.@' "J @"*+('("*&% 4&,(&*@-/C !<,(/'"+".%&:(/

&*+ ?&'@<-%% OEFFGP K.(%+ "* >"%%-,/%-4\/ 8"+-% &*+ -/'&K%(/< (* & K(4&,(#

&'- /-''(*0 (* 9<(@< '<- @",,-%&'("*\/ !"#$%&'( ',&*/J",8&'("* -4"%4-/ &/ &

@"*+('("*&%%) &.'",-0,-//(4- I,"@-//C

S* '<(/ I&I-, 9- I,-/-*' & J.%% 8.%'(4&,(&'-!!! 0-*-,&%(W&'("* J", 8"+#
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8&',(M 9<(@<A 9<-* ',&*/J",8-+ ./(*0 & ?I<-,(@&% +-@"8I"/('("* &%%"9/ J",

'<- 8"+-%%(*0 "J @"*+('("*&% 4&,(&*@-/ &*+ @",,-%&'("*/ ./(*0 @"*+('("*&%%)

&.'",-0,-//(4- I,"@-//-/C
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%&'("*/A 9<(@< 0.&,&*'--/ & 0-*-,&% ! !! @"4&,(&*@- 8&',(M '" K- I"/('(4-

+-!*('- &' -&@< I"(*' (* '(8-C 2/ (* !<,(/'"+".%&:(/ ] ?&'@<-%% OEFFGPA 9-
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8"8-*'/C 2%/"A "., &II,"&@< &%%"9/ J", -MI%(@(' ".'#"J#/&8I%- J",-@&/'(*0

"J @"*+('("*&% @",,-%&'("*/C N<- &//.8I'("* "J *"*#W-," @"4&,(&*@-/ K-'9--*

'<- ,-'.,* (**"4&'("* I,"@-//-/ &%%"9/ J", '<- 0-*-,&'("* "J & *.8K-, "J "K#

/-,4-+ /')%(/-+ J&@'/1 '(8-#4&,)(*0 @",,-%&'("*/A I-,/(/'-*@- &*+ @",,-%&'("*

@%./'-,(*0A @"#8"4-8-*' K-'9--* @",,-%&'("* @"-!@(-*'/A K-'9--* @",,-%&'("*

&*+ 4"%&'(%(') &/ 9-%% &/ K-'9--* 4"%&'(%(') I,"@-//-/ O@"#4"%&'(%(')PA J-&'.,-/
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N<(/ /-@'("* I,-/-*'/ & *.8K-, "J /')%(W-+ J&@'/ &*+ 8"+-%%(*0 &II,"&@<-/

J", @",,-%&'("* &*+ @"*@%.+-/ 9('< 8"'(4&'(*0 &,0.8-*'/C S* /-@'("* '9" 9-

I,-/-*' "., 8"+-% &*+ (* /-@'("* '<,-- 9- /'.+) /"8- "J ('/ I,"I-,'(-/C ?-@#
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1.1 S t y l i z e d Fac ts
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(*'-,'-8I",&% /'&K(%(') &*+ I,"I-,'(-/ "J '<- @",,-%&'("* /',.@'.,- K-'9--*

&//-' ,-'.,*/C _&I%&*(/OGXYYP ./-/ '<- R-*,(@<OGXZFP /'&'(/'(@ '" '-/' '<-

-U.&%(') "J '9" /&8I%- @",,-%&'("* 8&',(@-/ "J '-* 8&[", /'"@: 8&,:-'/C N<-

*.%% <)I"'<-/(/ '<&' '<- @",,-%&'("* 8&',(M 9&/ /'&K%- "4-, &*) '9" &+[&@-*'

/.KI-,("+/ @".%+ *"' K- ,-[-@'-+ &' '<- !J'--* I-,@-*' %-4-% "J /(0*(!@&*@-C

6"9-4-,A '<-,- 9&/ /',"*0 -4(+-*@- &' '<(/ /(0*(!@&*@- %-4-% /.00-/'(*0 (*/'&#

K(%(') "J '<- @"4&,(&*@- 8&',(MC 7./'-*K-,0 &*+ R-"*OGXYXP ./-+ +&(%) +&'&

J,"8 '<- J"., 8&[", 9",%+ /'"@: 8&,:-'/ '" @"8I&,- @,"// @",,-%&'("*/ K-J",-

&*+ &J'-, '<- @,&/< "J L@'"K-, GXYZC N<-) J".*+ '<&' @",,-%&'("*/ &8"*0
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'<- 9",%+\/ /'"@: 8&,:-'/ (*@,-&/-+ /.K/'&*'(&%%) &J'-, '<- @,&/<C N<-) ,-#

I",' '<- ,"K./' !*+(*0 '<&' '<- I,-#@,&/< -/'(8&'- "J '<- &4-,&0- @",,-%&'("*

9&/ FCE 9<(@< ,"/- '" FC` &J'-, '<- @,&/<C ?.@< I-,("+/ "J ,&I(+ @",,-%&'("*

@<&*0-/ &,- :*"9* &/ +,&&%21/",- =&%14:,<-A /-- &%/" >")-, -' &% OGXXZPC N<-

>,&+) 5-I",'OGXYYP /.II",'/ '<- 4(-9 '<&' O,"%%(*0P @",,-%&'("*/ K-'9--*

/'"@: 8&,:-'/ @<&*0- /.K/'&*'(&%%) "4-, '(8-A K.' +" *"' -M<(K(' &*) /I-#

@(!@ ',-*+C _"@< &*+ _"@<OGXXGP ./- /(8I%- !<"9 '-/'/ J", -(0<' *&'("*&%

/'"@: 8&,:-'/ &*+ .*@"4-, & a0,"9(*0 8&,:-' (*'-,+-I-*+-*@-\C 7(*&%%)A ^,K

-' &% OGXX`P I,-/-*' -4(+-*@- J", '<- ;Z /'"@: 8&,:-'/ %(*:(*0 @",,-%&'("*

(*/'&K(%(') '" -@"*"8(@ J.*+&8-*'&%/C

>%&#"#/%-+% 1-: 3%.,&?@ B.++(*A Q&@","0*& -' &% OGXXXP -M&8(*- '<-

&.'"@",,-%&'("* /',.@'.,- "J @,"// @",,-%&'("*/ "J & 9(+- ,&*0- "J !*&*@(&%

'(8- /-,(-/A 9('< /&8I%(*0 J,-U.-*@(-/ 4&,)(*0 J,"8 +&(%) '" '(@:#'"#'(@:C

N<-) I,-/-*' -4(+-*@- J", &II,"M(8&'-%) -MI"*-*'(&%%) +-@%(*(*0 &.'"@",#

,-%&'("* /',.@'.,- K.' 9('< 4-,) +("-,-*' &''-*.&'("* ,&'-/ J", -&@< @&/-C

?(8(%&, -4(+-*@- (/ &%/" I,-/-*'-+ K) 2*+-,/-* -' &% OGXXXP J", J",-(0* -M#

@<&*0- +&'&C _(*0A ?-*'&*& &*+ H&+<9&*(OGXX`P -/'(8&'- & 8.%'(4&,(&'-

7&@'",#;25!6 8"+-% '" &@@".*' J", '(8- 4&,)(*0 @"4&,(&*@-/ K-'9--* /(M#

'--* *&'("*&% /'"@: 8&,:-'/C N<-(, -4(+-*@- (8I%(-/ /',"*0 4&,(&'("* "J '<-

@",,-%&'("* @"-!@(-*'/ +,(4-* I,(8&,(%) K) 8"4-8-*'/ (* %&'-*' J&@'",/C

9,21/"2"/? 1-: A,&&%21/",- A,'.,B%.%-/C >-,'-," &*+ 3&)-,OGXXFP @"*#

!,8-+ '<- ,-/.%'/ "J 7./'-*K-,0 &*+ R-"* K.' (* &++('("* '<-) J".*+ '<&'

0-*-,&%%) '<- @",,-%&'("*/ K-'9--* /'"@: 8&,:-'/ '-*+ '" (*@,-&/- +.,(*0 I-#

,("+/ "J <(0<-, +(/'.,K&*@-/C _(*0 &*+ H&+<9&*( OGXXFP @"*/',.@' & 8"+-%

(* 9<(@< @"*'&0("* K-'9--* 8&,:-'/ (/ 0-*-,&'-+ &/ & ,-/.%' "J &''-8I'/

K) ,&'("*&% &0-*'/ '" (*J-, (*J",8&'("* J,"8 I,(@- @<&*0-/ (* "'<-, 8&,:-'/C

N<-) J".*+ /(0*(!@&*' -4(+-*@- (* J&4", "J '<- <)I"'<-/(/ '<&' @",,-%&'("*

K-'9--* 8&,:-'/ ,(/-/ J"%%"9(*0 &* (*@,-&/- (* 4"%&'(%(')C 7.,'<-, -4(+-*@- J",

4"%&'(%(') &*+ @",,-%&'("* @"#8"4-8-*' (/ I,-/-*'-+ K) ?"%*(: -' &% OGXXbP &/

9-%% &/ 2*+-,/-* -' &% OGXXXPC

A,'.,B%.%-/ 1+&,## 9,21/"2"/"%# CA,B,21/"2"/?DC 7%-8(*0 -' &% OGXXYP @"*#

/',.@' & 8"+-% "J /I-@.%&'(4- ',&+(*0 '<&' I,-+(@'/ /',"*0 4"%&'(%(') %(*:&0-/ (*

`



'<- /'"@:A K"*+ &*+ 8"*-) 8&,:-'/ +.- '" @"88"* (*J",8&'("* '<&' /(8.%#

'&*-"./%) &"-@'/ -MI-@'&'("*/ (* '<-/- 8&,:-'/ &*+ (*J",8&'("* /I(%%"4-,/

@&./-+ K) @,"// 8&,:-' <-+0(*0C N<-(, -8I(,(@&% ,-/.%'/ /',"*0%) /.II",'

'<-(, 8"+-% I,-+(@'("*/C 2%/" 2*+-,/-* -' &% OGXXXP ./(*0 & 8"+-%#J,-- J,&8-#

9",: J", <(0<#J,-U.-*@) +&'& !*+ <(0< @"*'-8I",&*-"./ @",,-%&'("* &@,"//

4"%&'(%('(-/ "J 7c ,-'.,*/C

)$% *77# *!%+/C N<- ,"%- "J /&8I%(*0 J,-U.-*@) (* @",,-%&'("* -/'(8&'("*

<&/ !,/' K--* &++,-//-+ K) ^II/ OGXZXPC =/(*0 /'"@: ,-'.,* +&'&A <- I,-/-*'/

-4(+-*@- '<&' (*+(@&'-/ & /.K/'&*'(&% +-@,-&/- (* @",,-%&'("* -/'(8&'-/ &/

/&8I%(*0 J,-U.-*@) (*@,-&/-/ K-)"*+ '<- <".,%) %-4-%C ^4(+-*@- J", J",-(0*

-M@<&*0- ,-'.,*/ <&/ &%/" K--* I,-/-*'-+ K) ;.(%%&.8- -' &% OGXX`PA B"9 -'

&% OGXXbP &*+ J.,'<-, &*&%)W-+ K) B.++(*A Q&@","0*& -' &% OGXXXPC

1.2 M o d el l i n g A p p r o ach es

N<- (*'-,-/' "J '<- %('-,&'.,- "* '<- +)*&8(@ I,"I-,'(-/ "J @",,-%&'("* <&/

K--* /',-*0'<-*-+ (* ,-@-*' )-&,/C N<- &4&(%&K(%(') "J <(0<-, J,-U.-*@) +&'&

'"0-'<-, 9('< '<- +-4-%"I8-*' "J 8.%'(4&,(&'- 4"%&'(%(') 8"+-%/ <&/ ,-4-&%-+

& ,&*0- "J I<-*"8-*& ,-0&,+(*0 @",,-%&'("* &*+ 8"'(4&'-+ J.,'<-, ,-/-&,@<C

S' (/ I"//(K%- '" 0,".I '<- -M(/'(*0 @",,-%&'("* 8"+-%%(*0 &II,"&@<-/ (* !4-

8&[", @&'-0",(-/C

*1&2? 877&,1+$%#C >-,0/',"8 &*+ 6-*,(://"* OGXYGP -M&8(*- 8"+-%/

/.@< &/ <(/'",(@&% &*+ 8-&* &*+ @"*@%.+- '<&' & @"88"* J&@'", 8"+-% 9('<

>&)-/(&* &+[./'-+ -/'(8&'-/ I-,J",8/ K-/'C ^.* &*+ 5-/*(@: OGXY`P -M&8#

(*-+ <(/'",(@&%A 8-&* &*+ (*+-M 8"+-%/ J", '<- J",-@&/'(*0 "J '<- @",,-%&'("*

/',.@'.,-C N<-(, !*+(*0/ &,- (* J&4", "J '<- *&'("*&% 8-&* 8"+-%C _&I%&#

*(/ OGXYYP &%/" -M&8(*-+ /"8- <(/'",(@&% &*+ *&(4- 8-&* 8"+-%/ &/ 9-%% &/

>&)-/(&* &*+ ,-0,-//("* 8"+-%/C 6-, ,-/.%'/ .*@"4-, '<&' '<- >&)-/(&* 8"+-%

I-,J",8/ K-''-,C

E%5&%##",-C ^,K -' &% OGXX`P -M&8(*-+ '<- /'"@: @",,-%&'("* +)*&8(@/ (*

'<- ;Z (* ,-%&'("* '" '<- >./(*-// !)@%-C S* & ,-0,-//("* J,&8-9",: '<-) '-/'

'<- <)I"'<-/(/ '<&' @",,-%&'("* @&* +-I-*+ "* /.@< (*/',.8-*'/ &/ 8-&/.,-/

d



"J /'"@: ,-'.,* &*+ 4"%&'(%(') I-,/(/'-*@-A '<- -MI-@'-+ K./(*-// @)@%- (* '9"

@".*',(-/ &*+ '<- +("-,-*'(&% (* -MI-@'-+ ,-'.,*/ (* '<"/- '9" @".*',(-/A /--

&%/" 7./'-*K-,0 &*+ R-"*OGXYXPC N<-) I,-/-*' -4(+-*@- '<&' /"8- "J '<-

4&,(&K(%(') (* '<- @",,-%&'("*/ @".%+ K- -MI%&(*-+C

F8EAG'=1#%: 877&,1+$%#C B"*0(* &*+ ?"%*(:OGXXdP &*+ !.8K) -' &%

OGXX`P ./- & K(4&,(&'- @"*/'&*' @",,-%&'("* ;25!6 "J >"%%-,/%-4 OGXXFP &*+

8&:- @",,-%&'("* '(8- +-I-*+-*'C !"*4-*'("*&% 8.%'(4&,(&'- ;25!6 &*+

?'"@<&/'(@ $"%&'(%(') 8"+-%/ <&4- &%/" K--* ./-+ '" @&%@.%&'- @",,-%&'("* &/

'<- ,&'(" "J @"*+('("*&% @"4&,(&*@- "4-, '<- I,"+.@' "J '<- (*+(4(+.&% /'&*#

+&,+ +-4(&'("*/C N<(/ &II,"&@< <&/ K--* -8I%")-+ K) N<-"+"//(". &*+ B--

OGXXVPA N<-"+"//(". -' &% OGXXZP &/ 9-%% &/ K) _&<)& OGXXZP &*+ >.,*/A

^*0%- &*+ 3-W,(@< OGXXYP ./(*0 *"*#/)*@<,"*-(') ,-'.,* &+[./'8-*'/C 2*

(8I",'&*' I,"K%-8 "J '<(/ &II,"&@< (/ '<&' @",,-%&'("* (/ *"' 0.&,&*'--+ '"

%(- 9('<(* !!"" "#A 9('< '<- -M@-I'("* "J _,"*-, &*+ T0 OGXXYP 9<" I,"4(+- &

8.%'(4&,(&'- ;25!6 /I-@(!@&'("* 9<(@< *-/'/ 8&*) "J '<- -M(/'(*0 "*-/ &*+

(8I%(-/ @",,-%&'("*/ 4&,)(*0 9('<(* '<- @",,-@' K".*+/C 2%/"A ^*0%- OEFFFP

I,"4(+-/ & 8.%'(4&,(&'- ;25!6 &II,"&@< '" 8"+-%%(*0 '<- @",,-%&'("* +)#

*&8(@/ 9<(@< "4-,@"8-/ /"8- "J '<-/- +(!@.%'(-/C 7(*&%%)A 5&8@<&*+ &*+

?./8-% OGXXYP I,-/-*' & K(4&,(&'- /9('@<(*0 25!6 9<(@< &%%"9/ J", /'&'-

4&,)(*0 @"4&,(&*@-/ &*+ @",,-%&'("*/C

E"#43%/&"+#C 2 I"I.%&, &II,"&@< &8"*0 I,&@'('("*-,/ (/ '<- R e 3",0&*

OGXXbP 5(/:3-',(@/ 4"%&'(%(') &*+ @",,-%&'("* -/'(8&'("* /)/'-8C S*+(4(+#

.&% 4&,(&*@-/ &*+ @"4&,(&*@-/ &,- &//.8-+ '" J"%%"9 -MI"*-*'(&%%) 9-(0<'-+

8"4(*0 &4-,&0- I,"@-//-/A (8I%)(*0 &* S;25!6OGAGP /',.@'.,- &' '<- %(8('C

!",,-%&'("*/ &,- '<-* @"*4-*'("*&%%) J",8-+ &/ ,&'("/ "J '<- ,-%-4&*' @"4&,(#

&*@- &*+ /'&*+&,+ +-4(&'("* @"8I"*-*'/C 2* &++('("*&% '" '<- ;25!6

@,('(@(/8 "* 5(/:3-',(@/ @"*@-,*/ ('/ (*"-M(K%- &*+ "J'-* .*,-&%(/'(@ 8"+-%

/',.@'.,-C

H.72"%: A,&&%21/",-#C 2 ,-@-*' &II,"&@< '" @",,-%&'("* J",-@&/'(*0 -M#

I%"('/ '<- &4&(%&K(%(') "J "I'("* I,(@-/ J", K"'< (*+(4(+.&% .*+-,%)(*0 &//-'/

&*+ I",'J"%("/ J",8-+ K) '<-/-/ &//-'/C S*4-,'(*0 '<- "I'("* I,(@(*0 J",8.%&/

"*- "K'&(*/ '<- (8I%(-+ 4"%&'(%(') J", -&@< .*+-,%)(*0 &//-' &/ 9-%% &/ '<-(,

b



@"8K(*&'("*/C N<-*A @",,-%&'("* (/ (88-+(&'-%) &4&(%&K%- K) /"%4(*0 '<- J",#

8.%&- +-/@,(K(*0 '<- I",'J"%(" 4&,(&*@- 9('< ,-/I-@' '" @",,-%&'("*C N<(/

&II,"&@< <&/ K--* ./-+ K) !&8I& &*+ !<&*0 OGXXZP &/ 9-%% &/ 3&,'-*/ &*+

e""* OGXXXP J", /)*@<,"*"./ +&'&C 2* -4&%.&'("* "J +("-,-*' I,"@-+.,-/ (/

0(4-* K) H&%'-, &*+ B"I-W OGXXZP &*+ ;(K/"* &*+ >")-, OGXXZPC

3,:%2'0&%% 9,21/"2"/? I"#/&"=6/",-@ S* & ,-@-*' /'.+) 2*+-,/-* -' &% OGXXXP

-/'(8&'- '<- +&(%) -M@<&*0- ,&'- 4"%&'(%(') &*+ @",,-%&'("* J,"8 9('<(*#'<-#

+&)A .%',& <(0< J,-U.-*@) +&'&C =*+-, 0-*-,&% @"*+('("*/A 4"%&'(%(') &*+

@",,-%&'("* &,- ',-&'-+ &/ "K/-,4-+ ,&'<-, '<&* %&'-*'A &%%"9(*0 '" @<&,&@'-,(W-

'<-(, ["(*' +(/',(K.'("*&% I,"I-,'(-/C

1.3 M o t i va t io n fo r a N e w M o d el

2%% '<- &K"4- 8"+-%/ @"*',(K.'- '" "., -M(/'(*0 :*"9%-+0- &K".' '<- /'&#

K(%(') &*+ '<- -/'(8&'("* "J @",,-%&'("*/ (* !*&*@(&% &//-' ,-'.,*/ K.' &%/"

@&,,) 4&,("./ +(/&+4&*'&0-/ &*+ ,-/',(@'("*/C >&)-/(&* &II,"&@<-/ ,-U.(,- '<-

-@"*"8-',(@(&* '" <&4- I,(", K-%(-J/ &K".' '<- ',.- I&,&8-'-,/ "J '<- 8"+-%

&*+ '<- /&8I%- (*J",8&'("*C N<- ,-0,-//("* 8-'<"+/ &II-&, '" K- @&I'.,(*0

/"8- /)/'-8&'(@ 4&,(&K(%(') K.' '<-(, -MI%&*&'",) I"9-, (/ %"9C ;25!6#

K&/-+ 8"+-%/ &*+ 5(/:3-',(@/ I,"4(+- ,(@<-, +)*&8(@/ K.' 4("%&'- & *.8K-,

"J ,-/',(@'("*/ 9('< '<- *"'&K%- -M@-I'("* "J _,"*-, &*+ T0 OGXXYPC S8I%(-+

@",,-%&'("* 8-'<"+/ &,- /.K[-@' '" &%% '<- (8I-,J-@'("*/ "J "I'("* I,(@(*0

8"+-%/ &/ 9-%% &/ '<-(, ./- (/ ,-/',(@'-+ K) '<- &4&(%&K(%(') &*+ ,-%(&K(%(')

"J "I'("* I,(@-/C 7(*&%%)A '<- 8-'<"+ "J 2*+-,/-* -' &% OGXXXP I,"4(+-/ &*

&*&%)/(/ "J '<- +(/',(K.'("*&% @<&,&@'-,(/'(@/ "J @",,-%&'("* K.' ('\/ /.K[-@' '"

(*',&+&) &00,-0&'("* K(&/ &*+ ('/ ./- (/ ,-/',(@'-+ '" J",-(0* -M@<&*0- +&'&

"*%) &*+ (*#/&8I%- &II%(@&'("*/C

N<- -M(/'(*0 %('-,&'.,- I,"4(+-/ (8I%(@(' ,&'<-, '<&* -MI%(@(' 8-'<"+/ J",

'<- -4"%.'("* "J @",,-%&'("*A 9('< '<- -M@-I'("* "J !.8K) -' &% OGXX`P 9<(@<

@&* K- /--* &/ & /I-@(&% @&/- "J "., &II,"&@<C ?.@< 8-'<"+/A &%'<".0<

4-,) ./-J.% &*+ (%%.8(*&'(*0 J", (*#/&8I%- &*&%)/-/A /."-, J,"8 &' %-&/' '<,--

I"(*'/ "J 4(-91 !,/'A '<-) &,- /.K[-@' '" +(/&+4&*'&0-/ &*+ ,-/',(@'("*/ "J

Z



(*'-,8-+(&'- 8"+-%/A /-@"*+ '<-) J&(% '" &@<(-4- /.!@(-*' 0-*-,&%(')C 7(*&%%)A

*"*- "J '<- -M(/'(*0 &II,"&@<-/ I,-/-*'/ &* -MI%(@(' ".'#"J#/&8I%- @",,-%&'("*

J",-@&/'(*0 J,&8-9",:C

S* '<(/ I&I-,A 9- /<&%% &''-8I' '" I,-/-*' & J,&8-9",: 9<(@< "4-,@"8-/

'<- -M(/'(*0 +(!@.%'(-/C H- K.(%+ & J,&8-9",: J", '<- J,"-/ 5%-%&1/"-5 7&,+%##

"J '<- -4"%.'("* "J @"*+('("*&% @",,-%&'("*/ &*+ 4&,(&*@-/ "4-, '(8-C L.,

8-'<"+ &@<(-4-/ /.!@(-*' 0-*-,&%(') (* '<- /-*/- '<&' '<- J.%% @"*+('("*&% @"#

4&,(&*@- 8&',(M (/ 0.&,&*'--+ I"/('(4- +-!*('-A @",,-%&'("*/ &%9&)/ %(- 9('<(*

!!"" "#A &*+ (/ @"*/(/'-*' 9('< &%% '<- ,-I",'-+ -8I(,(@&% /')%(W-+ J&@'/C N<-

I,"I"/-+ 8"+-% &%/" I,-/-*'/ &* -MI%(@(' &II,"&@< '" ".'#"J#/&8I%- J",-@&/'#

(*0C N<-,- (/ & *.8K-, "J :-) (//.-/ 9<(@< 8"'(4&'- "., 8"+-% K.(%+(*0

/',&'-0)C 7(,/'A _(*0A ?-*'&*& &*+ H&+<9&*( OGXX`P &'',(K.'- '<- +,&8&'(@

@<&*0-/ (* @",,-%&'("*/ "J <(0< J,-U.-*@) ,-'.,*/ '" %&'-*' ,&'<-, '<&* "K#

/-,4-+ J&@'",/C N<(/ (8I%(-/ '<- -M(/'-*@- "J .*"K/-,4-+ @"8I"*-*'/ +,(4(*0

'<- -4"%.'("* "J '<- @"*+('("*&% @",,-%&'("*/C ?-@"*+A B.*+(* -' &% OGXXXP &/

9-%% &/ 2*+-,/-* -' &% OGXXXP +-'-@' I-,/(/'-*@- &*+ %"*0 8-8",) (* @",,-%&#

'("* 4&,(&'("*/C 7(*&%%) &*+ I-,<&I/ 8"/' (8I",'&*'%)A '<- 9",: "J 7%-8(*0A

_(,K) &*+ L/'+(-: OGXXYP 9<(@< K&/-+ "* &* -@"*"8(@ 8"+-%A I,"4(+-/ [./'(#

!@&'("* &*+ /',"*0 -4(+-*@- J", '<- -M(/'-*@- "J @"88"* (*J",8&'("* /<"@:/

&@,"// 8&,:-'/C

2 M u l t i va r i a t e C o r r el a t e d A R C H

B-' y! K- & ! ! " 4-@'", "J &//-' ,-'.,*/ 9('< @"*+('("*&% 8-&* -U.&'("*

y ! $ !! % !! OGP

9<-,- !! (/ & ! ! " 4-@'", 9('< 0-*-,&% /',.@'.,- ,-I,-/-*'(*0 @"*+('("*&%%)

:*"9* (*J",8&'("* &*+ !! (/ & 4-@'", "J -,,", '-,8/ /.@< '<&'

!! $ "!"v! OEP

9<-,- " (/ '<- 6&+&8&,+ -%-8-*'#K)#-%-8-*' I,"+.@'A "! & ! ! " 4-@'",

"J @"*+('("*&%%) :*"9* &*+ '(8- +-I-*+-*' /'&*+&,+ +-4(&'("*/ &*+A v! (/ &

Y



! ! " 4-@'", "J /-,(&%%) (*+-I-*+-*' <-'-,"0-*-"./%) +(/',(K.'-+ (**"4&'("*

I,"@-//-/A (*+-I-*+-*' "J "!A /.@< '<&'

v! # #!!! " $ !0" %!# OVP

N<- ! !! (**"4&'("* @"4&,(&*@- 8&',(MA %!A<&/ .*('/ "* '<- 8&(* +(&0"*&%

&*+ '<- ""#+(&0"*&% @"4&,(&*@- -%-8-*'/ '&:- 4&%.-/ 9('<(* '<- !!"" "# ,-0("*A

I%./ "'<-, ,-/',(@'("*/ @"*/(/'-*' 9('< 6&9:(*/#?(8"* @"*+('("*/EC N<- &//-'

,-'.,*/ 9(%% /<&,- (**"4&'("* /<"@:/ &' '<- -M'-*' '" 9<(@< '<- @"4&,(&*@-

'-,8/ (*%! &%%"9C >) (*+-I-*+-*@-A 9- (88-+(&'-%) /-- '<&'&!!! # #!!!# $ 0
&*+ '<- @"*+('("*&% @"4&,(&*@- 8&',(M "J &//-' ,-'.,*/

'! $ &!!!!
!

! # #!!!# $ "!"
!

!"%! O`P

N<- -%-8-*'/ "J "! &,- &//.8-+ '" K- @"*+('("*&%%) :*"9* &*+ @&* J"%%"9

&*) I,"@-// J,"8 '<- 25!6 @%&// "J 8"+-%/C L., I.,I"/- (* '<(/ I&I-, (/

'" 8"+-% '<- -%-8-*'/ "J '<- @",,-%&'("* 8&',(MA %!A &/ & J.*@'("* "J @"*#

+('("*&%%) :*"9* (*J",8&'("* &*+ -*/.,- '<&' '<- J.%% @"4&,(&*@- 8&',(M "J

&//-' ,-'.,*/ ,-8&(*/ I"/('(4- +-!*('- &' -&@< I"(*' (* '(8-C 7", ! $ & (' (/

9-%% :*"9* '<&' I"/('(4- +-!*('-*-// (/ -*/.,-+ (J &*+ "*%) (J -&@< -%-8-*'

"J "! (/ *"*#*-0&'(4- &*+ '<- @",,-%&'("* @"-!@(-*' ! (/ ,-/',(@'-+ 9('<(* '<-

!!"" "# (*'-,4&%C !<,(/'"+".%&:(/ &*+ ?&'@<-%% OEFFGPA <-*@-J",'< !? OEFFGPA

@"*/',.@' & K(4&,(&'- J,&8-9",: &*+ -*/.,- '<- I"/('(4- +(!*('-*-/ ./(*0 &*

&II,"I,(&'-%) ,-/',(@'-+ J",8 "J '<- <)I-,0-"8-',(@ J.*@'("*VA :*"9* &/ '<-

ESJ ! = 3A "t =

!

"
1 !12, t !13 , t

1 !23 , t
1

#

$A (* &++('("* '"
!!! i j , t

!! # 1A 6&9:(*/#?(8"* @"*#

+('("*/ (8I%) '<&' &%% I,(*@(I&% 8(*",/ &,- I"/('(4-A *&8-%) 1 $ 0A 1 ! !12, t $ 0A &*+
det ("t ) $ 0C

V2* -*'(,- @%&// "J &%'-,*&'(4-/A (*+.@(*0 +("-,-*' *"*#%(*-&,('(-/ &*+ /I--+/ "J ',&*J",#
8&'("*A @&* K- "K'&(*-+ J,"8 I,"I-,%) ,-/',(@'-+ J",8/ "J '<- 6)I-,0-"8-',(@ J.*@'("*C
7", -M&8I%-A ./(*0 2K,&8"9('W &*+ ?'-0.* OGXZEA GdCGC`A I ddbP '<- !"#$%&K#'( ',&*/J",#
8&'("* "J ! @&* K- /--* &/

% = ! &
"

1
2
' 1'

3
2
' !2
#

=
1
2

ln
"

1 + !
1! !

#

9<-,- & ((' )' *' !) (/ '<- 6)I-,0-"8-',(@ J.*@'("* "J ! 9('< I&,&8-'-,/ (A )A *C 7.,'<-,A

X



7(/<-,\/#W ',&*/J",8&'("* "J '<- @",,-%&'("* @"-!@(-*'C 6"9-4-,A '<(/ ,-/.%'

+"-/ *"' 0-*-,&%(W- -&/(%) '" '<- J.%% 8.%'(4&,(&'- @&/-A &/ @,"// @",,-%&'("*

,-/',(@'("*/ /<".%+ &%/" <"%+A @"*/(/'-*' 9('< '<- 6&9:(*/#?(8"* @"*+('("*/

8-*'("*-+ &K"4-C S* '<(/ I&I-, 9- /<&%% 8"+-% '<- '(8- -4"%.'("* "J '<- J.%%

@",,-%&'("* 8&',(M ./(*0 & !<"%-/:) +-@"8I"/('("* "J'!C

7,"8 B.':-I"<% OGXXbP 9- @"*/(+-, '<- !<"%-/:) +-@"8I"/('("* "J '<-

! !! I"/('(4- +-!*('- @"4&,(&*@- 8&',(M

' $ !
!

! OdP

9<-,- ! (/ & .*(U.- %"9-, O.II-,P ',(&*0.%&, ! ! ! 8&',(M "J J.%% ,&*:

&*+ <&4- +,"II-+ '<- /.K/@,(I'/ J", @"*4-*(-*@-C e(*<-(," &*+ >&'-/ OGXXbP

I,"I"/- & /I<-,(@&% I&,&8-',(W&'("* "J ' (* 9<(@<A '<- -%-8-*'/ "J ! &,-

-MI,-//-+ (* '-,8/ "J /(*-/ &*+ @"/(*-/ "J '<-(, /I<-,(@&% @"",+(*&'-/C N<(/

&II,"&@< &%%"9/ '" -MI,-// '<- 4&,(&*@-/ &*+ @",,-%&'("*/ "J ' (* '-,8/ "J

'<- I&,&8-',(W-+ -%-8-*'/ "J !C B-' #" K- & 4-@'", @"*'&(*(*0 '<- /I<-,(@&%

@"",+(*&'-/ "J '<- -%-8-*'/ "J '<- (#'< @"%.8* "J !A '<- %&''-, +-*"'-+ &/

!"C 2%/" %-' '!("#A '!"(# &*+ '#"(# K- '<- ()#'< -%-8-*' "J 8&',(M !A '<- )#'<

-%-8-*' "J 4-@'", !" &*+ '<- )#'< -%-8-*' "J 4-@'", #" ,-/I-@'(4-%)C N<-*

J,"8 e(*<-(," &*+ >&'-/ OIC EXGP 9- <&4-

'!"(! $ '#"(! )*+ '#"("

'!"(" $ '#"(! +,- '#"(" )*+ '#"(#
CCC ObP

'!"("!! $ '#"(! +,- '#"(" *** +,- '#"("!! )*+ '#"("

'!"(" $ '#"(! +,- '#"(" *** +,- '#"("!! +,- '#"("

./(*0 & ((' )' *' !) &/ & K&/(/A &*) @.8.%&'(4- I,"K&K(%(') +-*/(') J.*@'("*+ (!) +-!*-+ "*
'<- ,-&% %(*-A @&* &%/" /-,4- &/ &* &II,"I,(&'- ',&*/J",8&'("* /(*@- 1! 2+ (!) '&:-/ 4&%.-/
"* '<- +-/(,-+ (*'-,4&%C 2++('("*&% I"//(K(%('(-/ 9".%+ K- '<- %"0(/'(@ ',&*/J",8&'("* ./-+
K) 6&*/-* OGXX`P &*+ '<- ?I<-,(@&% ',&*/J",8&'("* 9<(@< 9- ./- (* & %&'-, /-@'("* "J '<-
@<&I'-,C

GF



7", -M&8I%- %-' ! $ .A '<-*

! $

%

&
'#!(! '#"(! )*+ '#"(" '##(! )*+ '##("
/ '#"(! +,- '#"(" '##(! +,- '##(" )*+ '##(#
/ / '##(! +,- '##(" +,- '##(#

'

(

9<(@< (8I%(-/

"""" $ '#"(
"
! A ( $ "" &" .

""!# $ '#!(! '## (! )*+ '##(" A ) $ &" .

"""# $ '#"(! '##(! !)*+ '#"(" )*+ '##(" % +,- '#"(" +,- '##(" )*+ '##(##

&*+ '<./

!!$# $ )*+
$
'## ("

%
" ) $ &" .

!"$# $ !!$"!!$# % +,- '#"(" +,- '##(" )*+ '##(#

S* 0-*-,&%A """" $ '#"(
"
!A ( $ "" ***" ! A !!$# $ )*+

$
'## ("

%
A ) $ &" ***"! A &*+

'<- @",,-%&'("*/ K-'9--* '<- ,-/' "J '<- 4&,(&K%-/ 9(%% K- J",8-+ &/ %(*-&,

@"8K(*&'("*/ "J I,"+.@'/ "J /(*-/ &*+ @"/(*-/ "J '<- -%-8-*'/ "J ##A ) $

&" ***"! C

H- &,- (*'-,-/'-+ (* 8&:(*0 '<- -%-8-*'/ "J '<- /I<-,(@&% I&,&8-',(W&'("*

8-&/.,&K%- 9('< ,-/I-@' '" '<- &4&(%&K%- (*J",8&'("* /-'A 9<(%- 8&(*'&(*(*0

('/ .*(U.-*-//C 7(,/'A 9- *--+ '" -*/.,- '<&' """" $ '#"(
"
! + / J", &%% (C H-

@&* I&,&8-',(W- '#"(
"
! $ """"A ( $ "" ***! A &/ & .*(4&,(&'- I,"@-//-/ J,"8 '<-

25!6 J&8(%) K) 8&:(*0 '<- !,/' -%-8-*' "J #" 8-&/.,&K%- 9('< ,-/I-@' '"

I&/' 4&%.-/ "J
&
% i , t!k
! i . t!k

'"
A /.K[-@' '" '<- I&,&8-'-, ,-/',(@'("*/ "J '<- @<"/-*

25!6 I,"@-//C ?-@"*+A 9- *--+ '" -*/.,- '<&' '#"(# # !/" ## J", ( $ &" ***" !

&*+ ) $ &" ***" ( /" '<&' )*+
$
'## ("

%
$ !!$# # !!"" "#C L*- I"//(K(%(') (/ '"

+-!*- & I&,&8-'-, !,#!!$" $ !,
&
'#"(#

'
/.@< '<&'

!,#!!$" $ 0-

(
'$"(#

# ! '$"(#

)

9<(@< (8I%(-/

'#"(# $ #
- !& j!1 , i

- !& j!1 , i % "
OZP

GG



N<- @<"(@- "J '<- /.K/@,(I' "J !, 9(%% K- [./'(!-+ %&'-, (* '<- '-M'C 2/ !,#!!"

4&,(-/ "* '<- ,-&% %(*-A '#"(# 9(%% K- '&:(*0 4&%.-/ "* !/" ## &*+ )*+
$
'##("

%
$

!!$# # !!"" "#C N" 8"+-% '<- -4"%.'("* "J @",,-%&'("*/ 9- J"%%"9 '<- &II,"&@<

"J !? OEFFGP 9<(@< 8&:- !, & %(*-&, J.*@'("* "J '<- &4&(%&K%- (*J",8&'("* /-'C

L., &//.8I'("*/ (* -U.&'("*/ OGP '" O`P (8I%) '<&'

&!.#!!$!."$! # #!!!# $ &

"
%#!!$!%"$!

"#!!$!""$!
# #!!!

#
$ !#!!"$!

'<./ '<- /-U.-*@- "J @"*+('("*&%%) :*"9* -,,",/

%#!!$!!!%"$!!!

"#!!$!!!""$!!!
"
%#!!$!!!%"$!!!

"#!!$!!!""$!!!
" $ $ $

I,"4(+- & *&'.,&% 8(*(8&% (*J",8&'("* /-' J", '<- -4"%.'("* "J !,"#$!C B-' "!/#

K- & %&0 "I-,&'", I"%)*"8(&% "J ",+-, 0A 9- +-!*-

!,#!!$"$! $ 1$ % "!/#

*
%#!!$!%"$!

"#!!$!""$!
! !#!!$"

+

&/ & !",,-%&'-+ 25!6 O!",,25!6P I,"@-// "J ",+-, 0C N<- /'&K(%(') &*+

&.'"@",,-%&'("* I,"I-,'(-/ "J '<- I,"@-// &,- +(/@.//-+ (* !? OEFFGPC =*+-,

/'&*+&,+ ,-/.%'/ (* '(8- /-,(-/ &*&%)/(/ & <(0< %&0 ",+-, !",,25!6 @&* K-

0-*-,&%(W-+` '" & !",,-%&'-+ ;25!6 O!",,;25!6P I,"@-// "J ",+-, O0" 2P

"J '<- J",8

!"! 3!/## !,#!!$"$! $ !"! 3!"## 1$ % "!/#

*
%#!!$!%"$!

"#!!$!""$!
! !#!!$"

+

9<-,- 3!/# (/ & I"%)*"8(&% "J ",+-, 2C

N" [./'(J) '<- @<"(@- "J '<- /.K/@,(I' "J !,A J", '#" ! !,!"$!#("A ( $ &" ***! A

9<(@< +-'-,8(*-/ '<- (*+(4(+.&% @",,-%&'("*/ K-'9--* '<- !,/' &//-' &*+ '<-

,-8&(*(*0 ! ! "A '<- I&,&8-'-, !,!"$! 9(%% J"%%"9 & !",;25!6 I,"@-//A &/ &

%(*-&, J.*@'("* "J &II,"I,(&'- I&/' @,"// I,"+.@'/ "J /'&*+&,+(W-+ ,-/(+.&%/
%1 , t!k% i , t!k
!1 , t!k! i , t!k

A 4 $ "C S* 0-*-,&%A 9- +-!*- '<- -%-8-*'/ "J '#"(# &/ J.*@'("*/

`N<- 8"+-% "J !<,(/'"+".%&:(/ &*+ ?&'@<-%% OEFFGP (*@%.+-/ &/ & /I-@(&% @&/- '<- 8"+-%
I,"I"/-+ K) !.8K) -' &% OGXX`PC

GE



$ !$# "J '<- I&/' <(/'",) "J '<- (#'< (**"4&'("* (J ) $ " &*+ '<- @,"// I,"+.@'

K-'9--* '<- ) ! " &*+ (#'< (**"4&'("*/ (J ) $ &A '<&' (/

'#"(! $ $

("
%"$!!'

""(!!'

#"
A 4 $ "

)
A ( $ "" ***" !

'#"(" $ $

"
%!$!!'%"$!!'

"!(!!'""(!!'
A 4 $ "

#
A ( $ &" ***"!

'#"(# $ $

"
%"$!!'%"$!!'

""(!!'""(!!'
A 4 $ "

#
A ( $ ." ***"!

$ $ $

'#"() $ $

"
%)!!$!!'%)$!!'

")!!(!!'")(!!'
A 4 $ "

#
A ( $ !

N<./A '<- ,-8&(*(*0!
$
)!#
"

%
%" @",,-%&'("*/ 9(%% K- J",8-+ &/ @"8K(*&'("*/

"J '<- !,/' !!" @",,-%&'("*/ &*+ /(*-/ &*+ @"/(*-/ "J '<- ,-8&(*(*0 I&,&8-#

',(W-+ '$" ! !,#!!$"$!#(#A ( $ ." ***" ! A ) $ ." ***! C L., *"'&'("*&% @"*4-*'("* J",

!,#!!$"$! /(0*(!-/ '<&' !, (/ I&,&8-',(W-+ &/ & J.*@'("* "J @,"// I,"+.@'/ K-'9--*

'<- ) ! " &*+ (#'< (**"4&'("*/C S* "., -M&8I%-A J", ! $ . 9- <&4-

!!"$! $ )*+ '#" ! !,!"$!#("

!!#$! $ )*+ '## ! !,!#$!#("

!"#$! $ !!"$!!!#$! % +,- '#" ! !,!"$!#(" +,- '## ! !,!#$!#(" )*+ '## ! !,"#$!#(#

9<-,- !,#!!$"$! A (A ) $ &A . J"%%"9 !",;25!6 I,"@-//-/C ?(*@- 9- (8I%") &

!<"%-/:) +-@"8I"/('("*A &* (8I",'&*' U.-/'("* @"*@-,*/ '<- -"-@'/ "J '<-

&//-' ,-'.,* ",+-,(*0 (* y! "* '<- -4"%.'("* "J '<- (*+(4(+.&% @",,-%&'("*
@"-!@(-*'/C S* '<- &K"4- -M&8I%- J", ! $ .A ,"'&'("* "J y! K) "*- I"/('("*
,-/.%'/ (* ,"'&'("* "J '<- @",,-%&'("* ',(&*0%- K) "*- I"/('("* &/ 9-%%C N<./A

@",,-%&'("*/ 9".%+ *"9 K- 0(4-* K)

!"#$! $ )*+ '#" ! !,"#$!#("

!!"$! $ )*+ '## ! !,!"$!#("

!!#$! $ !"#$!!!"$! % +,- '#" ! !,"#$!#(" +,- '## ! !,!"$!#(" )*+ '## ! !,!#$!#(#
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H- /<&%% /-- (* /-@'("* d '<&' '<- (8I&@' "J ,"'&'("* "* @",,-%&'("* @"-!@(-*'/

(/ 4-,) /8&%%C

H- /.88&,(W- '<- /'&'("*&,(') I,"I-,'(-/ "J '<- !",;25!6 I,"@-// (*

'<- J"%%"9(*0 '<-",-8C H- ./- & 3&,:"4(&* ,-I,-/-*'&'("* J", '<- !",#

;25!6OIAUP I,"@-// (* 9<(@< 3!A #A 15 &,- I,"I-,%) +-!*-+ 4-@'",/ &*+ 6

(/ '<- I&,&8-'-, 8&',(MA /-- I,""J (* '<- &II-*+(MC

T h eo r e m 1 8 A,&F8EAGC7LMD 7&,+%## "# #/1=2% "0 1-: ,-2? "0 /$% 1##,+"1/%:

+$1&1+/%&"#/"+ 7,2?-,."12 $1# 122 "/# &,,/# <"/$"- /$% 6-"/ +"&+2%@ )$% #/%1:?'

#/1/% ,0 !,! "# 5"B%- =? /$% !&#/ %2%.%-/ ,0

& !3!# $ !# !6#
!!
#

1-: "/# #/%1:?'#/1/% B1&"1-+% "# 5"B%- =? /$% !&#/ %2%.%-/ ,0

91& !3!# $ !# ! !6%6##!!
&
B%+
&
##

!

'
% 15

'

%!# ! !6% 6##!! '!6% ## % !#% 6#( !# !6#!! #

! '!# ! 6#% !# !6#(!! B%+
&
##

!

'

P roo f : #%% 877%-:"N

2/ &* -M&8I%-A %-' ,! J"%%"9 & 0&.//(&* !",;25!6OGAGP I,"@-// "J '<-

J",8

,! $ &% '!,!!! % (!2.!!!

&*+ 2.! $
" j!1 , t" i , t
! j!1 , t! i , t

C N<-* K) N<-",-8 G 9- <&4- & !,!# $
#

!!$ 1
&*+ $&,!,!# $

%2
1!!%"&2#
!!$ 2

1
9<-,- & $ !"! 3!"## 1$ &*+ !" % &!

"# (/ '<- /-@"*+ ["(*' 8"8-*'

"J '9" /'&*+&,+ 0&.//(&* (**"4&'("*/A /-- R"<*/"* &*+ _"'W OGXZEP OXCGP &*+

OXCEPC

2/ 9- /<&%% /-- -MI%(@('-%) %&'-, (* '<- I&I-,A "., &//.8I'("* "* @",,-%&'-+

,-'.,* (**"4&'("* I,"@-//-/ &%%"9/ J", '<- "-M(K(%(') "J @",,-%&'-+ 4"%&'(%('(-/C

N<(/ (/ (* %(*- 9('< ,-@-*'%) ,-I",'-+ -8I(,(@&% J&@'/A &%'<".0< &* -&,%(-, %('-,#

&'.,-d <&/ &++,-//-+ & /(88(%&, (//.- (* '<- J",8 "J 4"%&'(%(') /I(%%"4-, -"-@'/C

d/-- J", -M&8I%- 6&8&" -' &% OGXXFPC

G`



N<- %&''-, ,-J-, '" '<- I<-*"8-*"* '<&' '<- %&00-+ 4"%&'(%(') ", /U.&,-+ -,#

,", "J "*- &//-' 8&) <&4- & /(0*(!@&*' (8I&@' "* '<- @.,,-*' 4"%&'(%(') "J &*

"'<-,C ?I(%%"4-, -"-@'/ @&* K- &@@"88"+&'-+ (* "., J,&8-9",: K) &%%"9(*0

'<- &//-' 4"%&'(%(') K- 0-*-,&'-+ K) &*) ;25!6#c ')I- "J I,"@-//-/C

3 M o d el P r o p e r t ies a n d S t y l i z e d Fac ts

N<- @",*-, /'"*- "J "., I,"I"/-+ 8"+-% (/ '<- &//.8I'("* '<&' '<- (**"4&'("*

I,"@-//-/ "J &//-' ,-'.,*/ -M<(K(' @"4&,(&*@-/C N<(/ &//.8I'("* +(/'(*0.(/<-/

"., &II,"&@< J,"8 '<- -M(/'(*0 8.%'(4&,(&'- ;25!6 8"+-%/ 9<(@< -('<-, &/#

/.8- (*+-I-*+-*' (**"4&'("* I,"@-//-/ O/-- Q(-K"%+ &*+ T-,%"4- OGXYXP &*+

^*0%- -' &% OGXXFPP ", (0*",- '<(/ &/I-@' O/-- ^*0%- &*+ _,"*-, OGXXdPPC N<(/

(/ &* (8I",'&*' "-M(K(%(') "J "., 8"+-% 9<(@< !,/' "J &%% &%%"9/ '" 8"+-% @"*#

+('("*&% @",,-%&'("* K-'9--* &//-'/ &/ & @"*+('("*&%%) &.'",-0,-//(4- I,"@-//A

-M<(K('(*0 '(8- 4&,(&'("* &*+ I-,/(/'-*@-C 7.,'<-,A (' -*&K%-/ '<- 8"+-% '"

0-*-,&'- & *.8K-, "J ,-I",'-+ /')%(W-+ J&@'/ /.@< &/ '<- @"#8"4-8-*' K-#

'9--* 4"%&'(%('(-/ (/-- J", -M&8I%- 6&8&"A 3&/.%(/ &*+ T0 OGXXFP) &/ 9-%% &/
K-'9--* 4"%&'(%('(-/ &*+ @",,-%&'("* (/-- _(*0 &*+ H&+<9&*(OGXXFPA >-,'-,"
&*+ 3&)-,OGXXFPA ?"%*(: -' &% OGXXbPA 5&8@<&*+ &*+ ?./8-% OGXXYP)C N<-
I.,I"/- "J '<(/ /-@'("* (/ '" @<&,&@'-,(W- '<- -M(/'-*@- &*+ '<- /'-&+)#/'&'-

"J '<- @"4&,(&*@-/ !"4O"""$!A"
"
#$!P &*+ !"4O,!A"

"
#$!PC 2/ 9- /<&%% /--A '<-/- @&*

K- /'&'-+ &/ J.*@'("*/ "J '<- @",,-/I"*+(*0 I,"@-//-/ I&,&8-'-,/ &*+ ["(*'

8"8-*'/ "J '<- (**"4&'("* I,"@-//-/C H- /.88&,(W- '<- ,-%-4&*' ,-/.%'/ (*

'<- J"%%"9(*0 I,"I"/('("*/C H- +-*"'- $!$!A $"$! &*+ 3! '<- /'&'-#/I&@- J",8

"J '9" @",,-%&'-+ ;25!6 4"%&'(%(') I,"@-//-/ &*+ '<- !",;25!6 I,"@-//

,-/I-@'(4-%)A %"# &,- I&,&8-'-, 8&',(@-/ 9<(@< &,- I,"I-,%) +-!*-+ (* '<-

I,""JA /-- &II-*+(MC

P r o p osi t i o n 2 O%/ $!$! 1-: $"$! 0,22,< #/1/",-1&? F8EAG 7&,+%##%# ,0 ,&'

:%& !0#L 2##L ) $ "" & &%#7%+/"B%2?L "- #/1/%'#71+% 0,&.L <"/$ +,&&%21/%: "-'

-,B1/",- 7&,+%##%#@ H0 &
&
!%!!# %

!%!!#

'
$1# 122 "/# %"5%- B126%# <"/$"- /$%

6-"/ +"&+2%L &
$
""!$!"

"
"$!

%
$1# 1 #/&"+/2? #/1/",-1&? #,26/",- 1-: 3*4!""!$!" "

"
"$!#
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"# 5"B%- =? /$% !&#/ %2%.%-/ ,0 3*4 !$!$!L$"$!# $ B%+!3*4 !$!$!L$"$!##

3*4!$!$!L$"$!#

$ B%+!%!$%
!

"$#%%"!1 0 !# ! %"#
!!
%"$%%"$!1!# ! %!#

!!
%!$

%!!# ! %"!1#
!!
%"!1#B%+C%!$%

!

"$#

%!!# ! %"!1#
!!
%"!1#!%"!1 0 !# ! %"#

!!
%"$%%"$!1 !# ! %!#

!!
%!$#

! !!# ! %"#% !# ! %!##
!! B%+!%!$%

!

"$#

P roo f : #%% 177%-:"N

2/ &* -M&8I%-A J", '9" @",,-%&'-+ 0&.//(&* ;25!6OGAGP I,"@-//-/A 9<-,-

'<- 4-@'", (**"4&'("* I,"@-// (/ +,&9* J,"8 & /'&*+&,+ K(4&,(&'- 0&.//(&*

+(/',(K.'("* 9('< @",,-%&'("* !A '<- &K"4- I,"I"/('("* /'&'-/ '<&'

3*4 !""!$!" "
"

"$!
#$

&)"$)!$)!)"!
"

!"! )!)"!" % &!
"#!$")!!)"$!!$"$!#!"! )!!$!#!"! )"!$"#

9<-,- ! # !!"" "# &*+ !" % &!"# (/ '<- /-@"*+ ["(*' 8"8-*' "J '9" /'&*+&,+

0&.//(&* (**"4&'("* I,"@-//-/ O/-- R"<*/"* &*+ _"'W OGXZEP OXCGP &*+ OXCEPP

&*+ )#A $# &,- 25!6 &*+ ;25!6 I&,&8-'-,/ ,-/I-@'(4-%)C e,"4(+-+ '<&'

/'&K(%(') @"*+('("*/ <"%+A @"4&,(&*@- K-'9--* 4"%&'(%('(-/ 9(%% K- I"/('(4- (,,-#

/I-@'(4- "J '<- /(0* "J @",,-%&'("* K-'9--* (**"4&'("*/C N<(/ (/ & ;25!6#

/I-@(!@ ,-/.%' +.- '" '<- J&@' '<&' '<- J.*+&8-*'&% 4"%&'(%(') /<"@: (/ '<-

/U.&,-+ ,-'.,* (**"4&'("* I,"@-// &*+ 8&) @<&*0- J", &%'-,*&'(4- 4"%&'(%(')

I,"@-//-/C H- /-' )!$ $ )"$ $ " &*+ )! $ )" $ /*/" &*+ I%"' '<- &K"4- ,-%&#

'("*/<(I &/ & J.*@'("* "J '<- ;25!6 I-,/(/'-*@- I&,&8-'-,/A $! &*+ $" A&*+

J", 4&,("./ 4&%.-/ "J !A /-- &II-*+(M ;,&I< SC S' (/ @%-&, '<&' '<- @"4&,(&*@-

"J 4"%&'(%('(-/ (/ & I"/('(4- J.*@'("* "J !A &/ 9-%% &/ "J @"88"* I-,/(/'-*@- (*

4"%&'(%(')C

L., ,-/.%'/ "* '<- ,-%&'("*/<(I K-'9--* 4"%&'(%(') &*+ @",,-%&'("* &,- /.8#

8&,(W-+ (* '<- J"%%"9(*0 I,"I"/('("*C

P r o p osi t i o n 3 O%/ $! 1-: 3! 0,22,< #/1/",-1&? F8EAG 1-: A,&F8EAG

7&,+%##%# "- #/1/%'#71+% 0,&.L ,0 ,&:%& !0#L 2##L ) $ "" & &%#7%+/"B%2?L <"/$

Gb



+,&&%21/%: "--,B1/",- 7&,+%##%#@ H0 !%% 6# $1# 122 "/# %"5%- B126%# <"/$"- /$%

6-"/ +"&+2% 1-: &
&
5

!

!5 !

'
7 &L &

$
5

!

! 5!
%
7 &L /$%- & !""! ,!# $1# 1 #/&"+/2?

#/1/",-1&? #,26/",- 1-: 3*4!""! " ,!# "# 5"B%- =? /$% !&#/ %2%.%-/ ,0

3*4 !3!L$!# $ *% #! !# ! %#
!!
%$ % #" !# ! 6#

!!
6$

% '# ! !%% 6#(!! !%%6# *

% '# ! !%% 6#(!! !%%6# #! !# ! %#
!!
%$

% '# ! !%% 6#(!! !%%6# #" !# !6#
!!
6$

! '!# ! %#% !# ! 6#(!! B%+
&
6$%

!

$

'

P roo f : #%% 177%-:"N@

7", '<- /I-@(&% @&/- "J & 0&.//(&* ;25!6OGAGP &*+ & !",;25!6OGAGPA

./(*0 e,"I"/('("* V &*+ '<- ["(*' 8"8-*'/ "J '9" /'&*+&,+ 0&.//(&* I,"@-//-/

8"*%!$"+%! J", 9 $ /A : $ " ", 9 $ "A : $ /A /-- R"<*/"* &*+ _"'W OGXZEP OXCGP

&*+ OXCEPA 9- "K'&(*

3*4
$
!,!A%

"
!

%
$

&!)$)!(!
!"! )! ! $!# !"! )!'! ! $!'!#

9<-,- )$A )!A $! &,- '<- ;25!6 I&,&8-'-,/ &*+ (!A '! !",;25!6 I&,&#

8-'-,/C N<./A @"4&,(&*@- 8&) '&:- K"'< I"/('(4- &*+ *-0&'(4- 4&%.-/ (J 9-

@"*/(+-, '<&' (! &*+ '! +" *"' @&,,) &*) /(0* ,-/',(@'("*/C H- /-' )$ $ " &*+

)! $ (! $ /*/" &*+ I%"' '<- &K"4- ,-%&'("*/<(I &/ & J.*@'("* "J '<- ;25!6

!$!# &*+ !",;25!6 !'!# I-,/(/'-*@- I&,&8-'-,/A J", 4&,("./ 4&%.-/ "J !A /--

&II-*+(M ;,&I< SSC S' (/ @%-&, '<&' '<- @"4&,(&*@- K-'9--* @"*+('("*&% 4"%&'(%#

(') &*+ '<- +,(4(*0 J",@- "J @"*+('("*&% @",,-%&'("* !,! (/ & I"/('(4- J.*@'("* "J

@"88"* 4"%&'(%(') &/ 9-%% &/ !A &*+ ('/ /(0* +-I-*+/ "* '<- /(0* "J !C

H- /<&%% +(/@.// (* 8",- +-'&(% '<- -8I(,(@&% ,-%-4&*@- "J '<- &K"4- I,"I"#

/('("*/ (* & %&'-, /-@'("*A 9<-,- 9- (%%./',&'- '<- -/'(8&'("* "J '<- 8.%'(4&,(&'-

@",,-%&'-+ 25!6 8"+-% ./(*0 +&'&C

GZ



4 L i kel i ho o d F u nc t io n a n d E st i m a t io n

N<- 3&M(8.8 B(:-%(<""+ -/'(8&'("* "J '<- 8.%'(4&,(&'- !",,-%&'-+ 25!6

8"+-% J"%%"9/ '<- /'&*+&,+ I,&@'(@- J", 8.%'(4&,(&'- 25!6 8"+-%/C ?(*@-

4"%&'(%('(-/ &*+ @",,-%&'("*/ &,- +,(4-* K) @"*+('("*&%%) &.'",-0,-//(4- I,"@-//-/A

'<./ """$!A "
"
#!!"$!A !!,"#!!$!# # #!!!A '<- .*:*"9* I&,&8-'-,/ @&* K- -/'(8&'-+

./(*0 & Of.&/(P 3&M(8.8 B(:-%(<""+ O3BP &II,"&@<C ^U.&'("*/ OGP '" O`P

/'&'- '<&'

y ! $ !! % !!

9<-,-

!! # #!!! " !0" "!"!!"%!#

"""$!A "
"
#!!"$!A !!,"#!!$!# &,- &//.8-+ '" J"%%"9 .*(4&,(&'- ;25!6#')I- &*+

!",;25!6 I,"@-//-/C

2 /'&*+&,+ &II,"&@< (/ '" -/'(8&'- '<- .*:*"9* I&,&8-'-,/ K) 8&M(#

8(W(*0 & @"*+('("*&% 8.%'(4&,(&'- *",8&%A 9<(@< J", & /&8I%- /(W- ; A )(-%+/

& %"0#%(:-%(<""+ J.*@'("* "J '<- J",8

0-/ $ !
;!

&
0-!&##!

"

&

,,

!&!

0- #'!#!
"

&

,,

!&!

!
!

!'
!!
! !!

$ !
;!

&
0-!&##!

,,

!&!

0- #<!#!
"

&

,,

!&!

0- #%!#!
"

&

,,

!&!

!
!

!'
!!
! !!

9<-,- <! (/ & +(&0"*&% 8&',(M "J @"*+('("*&% /'&*+&,+ +-4(&'("*/ /.@< '<&'

'! $ <!%!<!C N<- I"/('(4- +-!*('-*-// "J '<- J.%% @"4&,(&*@- 8&',(MA '!A (/

-*/.,-+ K) (8I"/(*0 '<- ',&*/J",8&'("*/ OdP '" OZPC T"9 "., %"0#%(:-%(<""+

J.*@'("* (/ -MI,-//-+ (* '-,8/ "J !!\/ 9<(@< &,- J.*@'("*/ "J '<- 8-&* I&#

,&8-'-,/ @"*'&(*-+ (* 8!A "J "
"
"$!\/ 9<(@< -4"%4- &/ .*(4&,(&'- ;25!6#')I-

I,"@-//-/ &*+ "J ,"#!!$!\/ 9<(@< -4"%4- &/ !",,25!6 ", !",;25!6 I,"@-//

"J &*) ",+-, &/ I,-/-*'-+ (* /-@'("* EC L., I.,I"/- (/ '" -/'(8&'- '<- 4&%#

.-/ "J '<- .*:*"9* I&,&8-'-,/ (*4"%4-+ (* '<- @"*+('("*&% 8-&*A @"*+(#

'("*&% 4&,(&*@- &*+ '<- @"*+('("*&% @",,-%&'("* -U.&'("*/ '<&' 9(%% 0(4- '<-

0%"K&%%) 8&M(8.8 4&%.- "J '<- %(:-%(<""+ J.*@'("*C 7", -M&8I%-A (* '<-

GY



4-,) /(8I%- @&/- "J & ',(4&,(&'- /)/'-8 9('< *" I,-+-'-,8(*-+ 4&,(&K%-/ ",

2532 '-,8/ (* '<- @"*+('("*&% 8-&*/ &*+ 9<-,- '<- @"*+('("*&% 4&,(&*@-/

&,- &//.8-+ '" J"%%"9 ;25!6OGAGP I,"@-//-/ &*+ '<- @"*+('("*&% @",,-%&#

'("*/ !",;25!6OGAGP I,"@-//A 9- /<&%% *--+ '" -/'(8&'- & '"'&% "J '9-*')

"*- I&,&8-'-,/A '<,-- @"8(*0 J,"8 '<- @"*+('("*&% 8-&*/A *(*- J,"8 '<- .*(#

4&,(&'- @"*+('("*&% 4"%&'(%(') I,"@-//-/ &*+ *(*- J,"8 '<- '<,-- @"*+('("*&%

@",,-%&'("* I,"@-//-/C

N" 8&M(8(W- '<- %(:-%(<""+ J.*@'("*A 9- *--+ '" -4&%.&'- ('/ !,/' &*+

/-@"*+ ",+-, +-,(4&'(4-/ 9('< ,-/I-@' '" '<- 4-@'", "J '<- .*:*"9* I&,&#

8-'-,/C S' (/ @%-&, '<&' '<- %"0#%(:-%(<""+ J.*@'("* (/ <(0<%) *"*#%(*-&, &*+

'<-,-J",- 9- *--+ &* &%0",('<8 J", *"* %(*-&,A ('-,&'(4- 8&M(8(W&'("* /(*@-

9- @&**"' <&4- & @%"/-+ J",8 -MI,-//("* J", '<- 8&M(8(W(*0 4-@'",C S* &+#

+('("*A '<- @"8I%-M(') "J &*&%)'(@&% +-,(4&'(4-/ /.00-/'/ '<&' .'(%(W&'("* "J

*.8-,(@&% +-,(4&'(4-/ 9".%+ J&@(%('&'- '<- -/'(8&'("* I,"@-+.,-C N<-,- (/ &

',&+('("* (* '<- ;25!6 %('-,&'.,- '" -8I%") '<- >-,*+'A 6&%%A 6&%%A 6&./#

8&*OGXZ`P O>666P &%0",('<8A K.' "'<-,/ %(:- '<- T-9'"*#5&I</"* &*+

f.&/(#T-9'"* &%0",('<8/ 8&) K- &/ &II,"I,(&'-C L., -MI-,(-*@- (* -/'(#

8&'(*0 !",;25!6#')I- 8"+-%/ 9('< +&(%) /'"@: 8&,:-' ,-'.,*/A /.00-/'/

'<&' T-9'"*#5&I</"* 9(%% K- 8",- /'&K%-A '<".0< %-// J&/'C 7(*&%%)A K&/-+ "*

'<- &,0.8-*'/ "J T-%/"* &*+ !&"OGXXEP '<- -/'(8&'("* (/ I-,J",8-+ 9('<".'

(8I"/(*0 *"*#*-0&'(4(') @"*/',&(*'/ "* '<- ;25!6 I,"@-//-/C

^M@-// :.,'"/(/ &*+ @"*+('("*&% *"*#*",8&'(%(') "J '<- +&'& +" *"' &"-@'

'<- &/)8I'"'(@ I,"I-,'(-/ "J '<- U.&/( 3B -/'(8&'(",C S* I&,'(@.%&,A >"%%-,#

/%-4 &*+ H""%+,(+0-OGXXEPA O<-*@-J",'< >HPA -/'&K%(/< '<- @"*/(/'-*@) &*+

&/)8I'"'(@ *",8&%(') "J '<- f.&/( 3B^ J", 0-*-,&% +)*&8(@ 8.%'(4&,(&'-

8"+-%/ '<&' ["(*'%) I&,&8-',(W- '<- @"*+('("*&% 8-&* &*+ '<- @"*+('("*&%

@"4&,(&*@- 8&',(MC 2//.8(*0 '<&' /"8- ,-0.%&,(') @"*+('("*/ <"%+ &*+ '<&'
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2%% '<,-- /-,(-/ 9-,- J".*+ '" -M<(K(' -M@-// :.,'"/(/ &*+ & /%(0<' *-0&'(4-
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@(-*' -/'(8&'-/ '"0-'<-, 9('< <-'-,"/@-+&/'(@(') ,"K./' /'&*+&,+ -,,",/A &*+

&%/" @&%@.%&'- B(:-%(<""+ 5&'(" OB5P '-/'/ &*+ 8"+-% /-%-@'("* @,('-,(& /.@<

&/ 2S! &*+ ?S!C N" /&4- /I&@- 9- ,-I",' '<- J.%% ["(*' -/'(8&'("* ,-/.%'/ J",
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6 C o n cl usio ns

N<(/ I&I-, I,-/-*'/ & *-9A J.%% 8.%'(4&,(&'- J,&8-9",: J", 8"+-%%(*0 '<-

-4"%.'("* "J @"*+('("*&% @",,-%&'("* K-'9--* !*&*@(&% &//-' ,-'.,*/C L., &I#

I,"&@< &//.8-/ '<&' & 4-@'", "J &//-' ,-'.,*/ (/ /<"@:-+ K) & 4-@'", (**"#

4&'("* I,"@-// '<- @"4&,(&*@- 8&',(M "J 9<(@< (/ '(8-#+-I-*+-*'C H- 0.&,#

&*'-- '<- I"/('(4- +-!*('-*-// "J '<- @"4&,(&*@- 8&',(M ./(*0 &* &II,"I,(&'-

!<"%-/:) +-@"8I"/('("* 9<(@<A 9<-* -MI,-//-+ (* '-,8/ "J ('/ /I<-,(@&% @"#

",+(*&'-/ &%%"9/ J", '<- 8"+-%%(*0 "J @"*+('("*&% 4&,(&*@-/ &*+ @",,-%&'("*/
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