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ABSTRACT
We prove the existence of ballistic transport for a Schrédinger operator with a generic quasi-periodic potential in any dimension d > 1.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0046856

I. INTRODUCTION
A. Prior results on ballistic transport

It is well known that the spectral and dynamical properties of Schrédinger operators H = —A + V acting in H = L*(RY) are related. A
general correspondence of this kind is given by the RAGE theorem, e.g., Ref. 28. Stated briefly, it says that solutions ¥(-, t) = e ¥, of the
time-dependent Schrodinger equation are “bound states” if the spectral measure py, of the initial state ¥y is pure point, while (-, ¢) is a
“scattering state” if py, is (absolutely) continuous. However, knowing the spectral type is not sufficient to quantify transport properties more
precisely, for example, in terms of diffusion exponents 3. These exponents, if they exist, characterize how time-averaged m-moments,

m 2 oo 2t m
(X)) o= ?f exp(f—)HX Py Ed,  mso, (1.1)
0 T

of the position operator X grow as a power T of time T, where (Xu)(x) := |[x|u(x) (x € R? and m is a positive real number). The special
cases $ =1, 8 =1/2,and 8 = 0 are interpreted as ballistic transport, diffusive transport, and dynamical localization, respectively.

In general, due to the possibility of fast traveling small tails, § may depend on m. In this paper, we will restrict our attention to the most
frequently considered case of the second moment m = 2. The ballistic upper bound

|X¥( 1) |3 < CL(¥o) T + C2 (o), (1.2)

and thus also its averaged version ((X\%,0 N1 < C1(Wo) T* + C2(Wo), is known to hold for general potentials V with relative A-bound less than
1 (in particular, all bounded potentials) and initial states

Wy €Sy i= {f e LX(RY) : |x|f e L*(RY), |V f] € L*(RY)} (1.3)

(see Ref. 27). We will work with the Abel mean used in (1.1), but note that the existence of a ballistic upper bound can be used to show that
Abel means and Cesaro means T_lfOT -+ - dt lead to the same diffusion exponents (see, for example, Theorem 2.20 of Ref. 10).
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In the late 1980s and 1990s, methods were developed that led to more concrete bounds on diffusion exponents by also taking fractal
dimensions of the associated spectral measures into account and showing that this gives lower transport bounds. In particular, again for the
special case of the second moment, the Guarneri-Combes theorem™!>1%% says that

({X3,))1 > Cy, T* (1.4)

for initial states ¥y with a uniformly a-Holder continuous spectral measure (and satisfying an additional energy bound in the continuum
case”). In dimension d = 1, this says that states with an absolutely continuous spectral measure (« = 1) also will have ballistic transport [as by
(1.2), the transport cannot be faster than ballistic]. In particular, this means that in cases where the spectra of one-dimensional Schrodinger
operators with limit or quasi-periodic potentials were found to have an a.c. component, e.g., Refs. 2, 4, 11, 12, and 24-26, one also gets ballistic
transport.

The bound (1.4) does not suffice to conclude ballistic transport from the existence of the a.c. spectrum in dimension d > 2. In fact,
examples of Schrodinger operators with absolutely continuous spectra but slower than ballistic transport have been found: A two-dimensional
“jelly-roll” example with an a.c. spectrum and diffusive transport is discussed in Ref. 22, while Ref. 3 provides examples of separable potentials
in dimension d > 3 with an a.c. spectrum and sub-diffusive transport.

In general, the growth properties of generalized eigenfunctions should be used in addition to spectral information for a more com-
plete characterization of the dynamics. General relations between eigenfunction growth and spectral type as well as dynamics were found in
Ref. 22. A series of works studied one-dimensional models with « < 1 and related the dynamics to transfer matrix bounds, e.g., Refs. 6-9, 14,
18, and 29. In particular, these methods can establish lower transport bounds in models with sub-ballistic transport, such as the Fibonacci
Hamiltonian and the random dimer model.

Until recently, much less has been done for d > 2. Ballistic lower bounds and thus the existence of waves propagating at non-zero velocity
were known only for V = 0, where this is classical, e.g., Ref. 28, and for periodic potentials.' Scattering theoretic methods show that this extends
to potentials of sufficiently rapid decay or sufficiently rapidly decaying perturbations of periodic potentials. In Ref. 19, two results on ballistic
lower bounds in dimension d = 2 were obtained, one for limit-periodic and one for quasi-periodic potentials. Our goal here is to generalize
these results to any dimension d > 2 and a generic quasi-periodic potential.

We have already proved, in Ref. 20, that generic quasi-periodic potentials have absolutely continuous spectra for high energies. Here,
we will combine the results obtained in Ref. 20 (in particular, the properties of the generalized eigenfunctions constructed there) with the
methods of Ref. 19 to prove the existence of ballistic transport.

B. The main result

We study the initial value problem

b4
iaa—t =HY, Y(x,0)="Y(x), (1.5)
for the multidimensional Schrédinger operator H acting on L?(R?), d > 2, defined in the following way. Let @i, ..., € R% [>d, be a

collection of vectors that we will call the basic frequencies. It will be convenient to form a “vector” out of the basic frequencies: @ := (wy, . . ., @;).
We consider the operator

H:i=-A+V, (1.6)
where
V= Z Vaeni. (1.7)
In|<Q

The last sum is finite and taken over all vectors n = (n1,...,n,) € Z with

|n| = maxl|nj| <Q QeN (1.8)
el
We have also denoted ‘
ep(x) := e'(e’x), 0,x ¢ ]Rd, (1.9)
and
!
n@ = njwj e RY, (1.10)
=1

with the vectors n@ being called the frequencies. For convenience and without loss of generality, we assume that the basic frequencies w;

€ [-1/2,1/2]% and thus @ € [~1/2,1/2]% (so that the Lebesgue measure of this set is one; obviously, we can always achieve this by rescaling).
We assume that the frequencies w;, . . . , w; are linearly independent over rationals. We also assume that V_,, = V,,. Clearly, V is real valued.
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Consider the evolution equation (1.5) for operators H described above. Clearly, the ballistic upper bound of Ref. 27 can be applied, and
we have (1.2) for initial conditions Wy satisfying (1.3). We prove that for these operators, there are corresponding ballistic lower bounds for a
large class of initial conditions. To formulate our main result, we use the infinite-dimensional spectral projection E« for H whose construction
is described in Sec. II.

Theorem I1.1. For any given set of Fourier coefficients {Va}, V_u=Va |n|<Q QeN, there exists a subset Qx = Qu({Vn})
c [-1/2,1/2]% of basic frequencies with meas(Q.) = 1 such that for any @ € Q., there is an infinite-dimensional projection Eeo = Eoo (V)
in L*(R%) (described in Sec. IT) with the following property: For any

Y € Cgo with  EeW¥p # 0, (1.11)

there are constants c; = ¢; (o) > 0 and Ty = To(Wo) such that the solution ¥ (x,t) of (1.5) satisfies the estimate
2 [ _wyr 2 2
?fo ¢TI () [ oy dt > 0 T (1.12)

forall T > T.

Remark 1.2. The set Q in the formulation of the theorem is implicit. More specifically, it is the very same set for which the results from
Ref. 20 are valid. In particular, the frequencies in this set satisfy strong Diophantine condition (see Ref. 20 for more details). In what follows,
we will assume that the potential V is fixed and corresponding frequencies belong to Q... We also remark that the notation in this paper, while
following in most symbols the notation of Refs. 19 and 20, sometimes differs slightly from it. For example, the projection Eo is denoted by
E® in Ref. 20.

In Sec. 11, we show that Ec is close in norm to F* x(Geo ) F, where Fis the Fourier transform and y(Go. ) is the characteristic function of
a set Goo, which has an asymptotically full measure in R? [see (2.5) and (2.34)].

As already remarked in Sec. I A, due to the validity of the ballistic upper bound (1.2) for all initial conditions ¥y € C5~ ¢ Si, Theorem 1.1
remains true if the Abel means are replaced by Cesaro means.

Theorem 1.1 will be proven in two steps. First, we will show the following proposition.

Proposition 1.3. If Wy € EcoCy°, with Wo # 0 and Eoo being defined as in Ref. 20, then the solution ¥ (x,t) of (1.5) satisfies the ballistic
lower bound (1.12).

Note that Proposition 1.3 differs from Theorem I.1 by the fact that the initial condition ¥y for which the ballistic lower bound is concluded
is in the image of C5~ under the projection Eoo (but that Wy itself is not in Cg°~ here). This proposition takes the role of our core technical result,
i.e., most of the technical work toward proving Theorem I.1 will go into the proof of the proposition. Theorem I.1 gives a more explicit
description of the initial conditions for which ballistic transport can be established. In fact, one easily combines Theorem I.1 with the ballistic
upper bound (1.2) to get ballistic transport in the form of a two-sided bound for many initial conditions.

Corollary 1.4. There is an L*(R")-dense and relatively open subset D of C5°(R?) such that for every Wy € D, there are constants 0 < ¢;
< C < oo such that the ballistic upper bound (1.2) and the ballistic lower bound (1.12) hold for T > To(¥).

This follows by an elementary argument using only that Eco is not the zero projection and Cg° (R?) is dense in L?(R?) [and that C5° (R?)
functions also satisfy (1.3)].

It is certainly desirable to go beyond this corollary and to more explicitly characterize classes of the initial conditions for which (1.11)
holds. This requires to much better describe and exploit the nature of the projection Eo.. While we believe that Ec ¥ # 0 for any non-
zero ¥y € C5° (Rd), we do not have a proof of this. We will return to this question later (see Remark III.1), where we will more explicitly
construct the initial conditions, which lead to both upper and lower ballistic transport bounds. These will have the form of suitably regularized
generalized eigenfunction expansions.

As mentioned above, the Proof of Theorem L1 is very similar to the two-dimensional proof.'” We just need to use the recent results from
Ref. 20 instead of those from Ref. 21. In what follows, we present the main steps in the proof and explain the changes we need to make in the
proof due to the increase in dimension.

Il. SPECTRAL PROPERTIES OF THE OPERATOR H

Our proofs of Proposition 1.3 and Theorem 1.1 are based on the results and properties of quasi-periodic Schrédinger operators derived
in Ref. 20. While that work has derived, in particular, the existence of an absolutely continuous component of the spectrum, we will show now
how the bounds obtained in Ref. 20 for the spectral projections can be used to prove the existence of ballistic transport. In this section, we
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give a thorough discussion of the results and some of the methods from Ref. 20. In particular, we give a detailed construction of the spectral
projection Eo used in our main results. Unless stated otherwise, all statements in this section have been proved in Ref. 20.

A. Prior results

For any given set of Fourier coefficients {Vy}, V_n = Vs, |n| < Q, Q € N, there exists a subset Q. = Q. ({V4}) c [-1/2,1/2]% of basic
frequencies with meas(Q. ) = 1 such that for any @ € Qx, the following statements hold, for sufficiently small positive number o, depending
on V, 1, and d only.

1. The spectrum of operator (1.6) contains a semi-axis.
There are generalized eigenfunctions U (k, x), corresponding to the semi-axis, which are close to the unperturbed exponentials. More
precisely, for every k in an extensive [in the sense of (2.5) below] subset Go, of R, there is a solution Uee (k,x) of the equation

HUoo = Aoo Uoo
that satisfies the following properties:
Uoo (k,x) = € (1 + 1100 (k, X)), @.1)
[thoo |12 (R =00 O(K[ '), y1=1-0>0, (2.2)
where 1 (k, x) is a quasi-periodic function,
Uoo (K, X) := Z cr(k)ez(x), (2.3)
reZ}

the series converging in Lo, (R?). The eigenvalue Ao (k) corresponding to Ue. (k,X) is close to [k|?,
oo (K) =jkj—co [k + O(K| ), y2=2-0>0. (2.4)

The “non-resonant” set G, of the vectors k, for which (2.1) to (2.4) hold, can be expressed as Go, = N;2,G,,, where {G, } 2, is a decreas-
ing sequence of sets in R?. Each G, has a finite number of holes in each bounded region. Typically, as n increases, more holes of smaller
sizes appear in the intersection. As a result, the overall intersection G, is, typically, a Cantor type set (i.e., it has empty interior). This
set satisfies the estimate

meas(Geo 0 Br) _ 4L (R,
meas(Bg) -
6>0, c=c(l,d ),

where Bg is the ball of radius R centered at the origin.
3. The set Do (1), defined as a level (isoenergetic) set for Aeo (k),

Deo(A) = {k€Goo : Ao (k) = A},
is a slightly distorted sphere, typically with infinite number of holes. It can be described by the formula
Doo(A) = {k: k = o (A, ¥)¥, V€ Boo(A)}, (2.6)

where Boo (1) is a subset of the unit sphere S9!, The set Boo () can be interpreted as the set of possible directions of propagation for
the almost plane waves (2.1). The set Boo (1) typically has a Cantor type structure and has an asymptotically full measure on $%! as
A — oo,

meas (Boo (1)) =100 meas (S7) + o(A™). 2.7)

The value xoo (A, ¥) in (2.6) is the “radius” of Do () in a direction ¥. The function xe (A, #) — A'/? describes the deviation of Deo (1)
from the perfect sphere of radius A% It is proven that the deviation is asymptotically small, uniformly in % € Boo (1),

Koo (L 7) =10 A2+ O(A), 33 = (3-0)/2 > 0. (2.8)
4. The part of the spectrum corresponding to { Uso (k, X) } is absolutely continuous.

Remark I1.1. While parameter ¢ can be chosen arbitrarily small, all constants in O(-) depend on ¢. For the purposes of this paper, we
will not need to impose any additional assumptions on ¢ on top of those assumed in Ref. 20 [in particular, o < (100d) '].
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B. Description of the method

To prove the results formulated in Sec. IT A, in Ref. 20, we have considered the sequence of operators H, = H,(k), each being restriction
of the operator H onto the linear subspace of Z' spanned by the exponentials ey uq, |n| < [K|™
sequence of numbers of the form ro = 01, ry = [k|", gj = 6;({Va}) > 0.

Each operator H,, n > 0, is considered as a perturbation of the previous operator H,—; (H-1 = —A). For every operator H,, there is one
eigenvalue located sufficiently far (at least ~ |k|™™ away) from the rest of the spectrum of H,. The corresponding eigenvector is close to the

. Here, r, is a super exponentially growing

unperturbed exponential. More precisely, for every k in a certain subset G, of RY, there is a solution U, (k,x) of the differential equation
H,U, = 1,U, that satisfies the following asymptotic formula:

Unlox) = (14 (X)), unllimqrey = OK), 29

where u,(k, -) is quasi-periodic, a finite combination of e,5(x),

un(kx) = > M (K)ea(x), M, — o0 as n — 0. (2.10)
reZk|r|l<M,

The corresponding eigenvalue A, (k) is close to [k|*,
A (K) = o0 [KI* + O(|KI 7). (2.11)
The non-resonant set G,,, for which (2.11) holds, is proven to be extensive in RY,

meas(G, N Br)

meas(Ba) 1+O0(R™). (2.12)

The estimates (2.9)-(2.12) are uniform in n. The set D, (1) is defined as the level (isoenergetic) set for the non-resonant eigenvalue A, (E),
Du(A) :={keG,: (k) =7}
This set is a slightly distorted sphere with a finite number of holes; it can also be described by the following formula:
Du(A) = {k:k=x,(A, V)V, Ve B,(1)}, (2.13)

where B, (1) is a subset of the unit sphere S*~'. The set B,(1) can be interpreted as the set of possible directions of propagation for almost
plane waves (2.9). The sequence of sets {B,(1) };2 is decreasing since on each step more and more directions are excluded. Each 5,(1) has

an asymptotically full measure on S as A — oo,
meas (B,(1)) =150 meas(Sd_l) + O(/l_a/z), (2.14)

with the estimate being uniform in n. The set B,(A) has only a finite number of holes; however, their number is growing with #n. The
value x, (1, ) — A1/ gives the deviation of D, (1) from the perfect sphere of radius A? in direction #. This deviation is asymptotically small
uniformly in #,

(A, V)

xa(M,7) = 12+ O(A77), 5

o(r™), (2.15)

with ¢ being an angle variable associated with natural spherical coordinates (see Ref. 20 for more details).

More and more points are excluded from the non-resonant sets G, on each step. Thus, {G, }2, is a decreasing sequence of sets. The
set oo is defined as the limit set Goo = N;2(G,. It has typically an infinite number of holes in each bounded region but nevertheless satisfies
relation (2.5). For every k € Go, and every n, there is a generalized eigenfunction of H, of the type (2.9). It is proven that the sequence of
U, (k,x) has a limit in L* (Rd) as n — oo when k € Go,. The function Uss (k, x) = limy— oo U (k, X) is a generalized eigenfunction of H. It can
be written in the form (2.1) and (2.2). Naturally, the corresponding eigenvalue Aoo (k) is the limit of A, (k) as n — oo. Expansion with respect
to the generalized eigenfunctions Weo (k, -), k € Goo, will give a reducing subspace for H, with the corresponding spectral resolution arising as
the limit of spectral resolutions for operators H,,.

To study them, one needs properties of the limit Boo (A) of B, (1),

Bo(d) = F:]OB”(A), Ba(1) < Buoi (M)
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This set has an asymptotically full measure, as (2.7) follows from (2.14). The sequence x,(A,¥), n=0,1,2,..., describing the isoenergetic

sets Dy (1), quickly converges as n — co. Hence, Doo (1) can be described as the limit of D,(A) in the sense of (2.6), where xoo(A,¥)
= limy— 00 2n (A, V) for every ¥ € Boo (A). The derivatives of the functions x, (A, V) (with respect to the angle variable ¢) have a limit as n — oo

for every ¥ € Boo (). We denote this limit by 6}“57((;"7). We also have

O0xoo (A, V)

—V3
o6 o(A™). (2.16)

Thus, the limit set Deo (1) takes the form of a slightly distorted sphere with, possibly, infinite number of holes.

Let G, be a bounded Lebesgue measurable subset of G,. We consider the spectral projection E,,(g;) of H,, corresponding to functions
Un(k,x),k € G,. By Ref. 13, E,(Gy) : L*(R?) — L*(R) can be represented by the following formula:

Eq(G))F = @fg(f‘ Un(K) ) Un(K) di 2.17)

for any F € C.(R?), the space of continuous, compactly supported functions on R?. Here and below, (-, -) is the integral corresponding to the
canonical scalar product in L*(R?), i.e.,

(F, Uy(K)) = fR F(x)Un (ko) dx.

The above formula can be rewritten in the form

En(g;) = Sn(g;)Tn(g;): (218)

To:C(RY) - L(G)),  Su:L™(Gh) —» L*(RY),

1 -
(T.F)(K) = W(F, Un(K) ) forany F € C.(R%), (2.19)
with T, F being in L™ (Q;), and
1 7 oo /
(Suf) (x) := ng,f(k) Uw(K,x) dk forany f € L(G,). (220)
By Ref. 13,
ITuF [ 2y < IF] 2Ry (2.21)
and
1Snfllizqray < 1 i ar)- (2.22)

Hence, T, and S, can be extended by continuity from CC(]Rd) and L™ (g;) to L2 (]Rd) and L? (g;), respectively. Obviously, T, = S,.. Thus, the
operator Ej, (g;) is described by (2.18) in the whole space L*(R?).
In what follows, we will use these operators for the case where Gy, is given by

G =Gup = {keGy: Au(k) <A} (2.23)

for finite sufficiently large A. This set is Lebesgue measurable since G, is open and 1, (k) is continuous on G,,.
Let

Goop = {k€ G 1 deo (k) <A} (2.24)

The function Ao (k) is a Lebesgue measurable function since it is a pointwise limit of a sequence of measurable functions. Hence, the set Goo 1
is measurable. The sets G, and G are also bounded. The measure of the symmetric difference of the two sets Goo ) and G, converges to
zero as n — oo, uniformly in A in every bounded interval,

lim meas(Goop AGpp) = 0.

Next, we consider the sequence of operators S,(Goo,1 ) given by (2.20) and with G = Goo s

$1(Goor) : L*(Goop) — L*(R%). (2.25)
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This sequence has a limit Seo (Goo,1 ) in the operator norm sense as n — oo, uniform in A. Moreover, the estimate
IS00(Goon) = S-1(Goo )| < AL (2.26)

holds for A > A+, ¢ not depending on A, 1. Here, we put U_; = ¢** and define S_, by (2.20). The operator Seo (Goo) satisfies |Seo| = 1 and
can be described by the following formula:
1
Soo X) = ——~ f
(5D = v |

oo

F(K) Yoo (k,x) dk (2.27)

forany f € L% (Goop).

Similarly, we consider the sequence of operators Ty, (G ), which are given by (2.19), and act from L2 (Rd) to Lz(gm). Since T, = S},
the sequence Ty (Goo 1) has alimit Teo (Goon) = Sao (G0 ) in the operator norm sense. The operator Too (Goo ) satisfies | Too | < 1 and can be
described by the formula (To F) (k) = W (F,¥o(K)) for any F € C.(R?). The convergence is uniform in A and

[Too(Goop) = T-1(Goop)|| < AL (2.28)

Spectral projections E,(Geo) converge in norm to Eoo (Goo,t ) in L*(R?) as # tends to infinity since T,, = S;;. The operator Eoo (Goo,1) is
a spectral projection of H. It can be represented in the form Eeo (Goo) = Seo (Goot) Too (Goo,t ). For any F € C.(R), we have

Eeo(Goos)F = @ fg m(F,\ym(iz))\11(,‘,(12) d, (2.29)
HEwo (Goop)F = ﬁ fg (P, e (1)) ¥ ()l (2.30)

Since Eo is a projection, one has the Parseval formula

21 2
|Exe (G )FI* = (55 fg IR (P dic 2.31)
It is easy to see that
|Eso (Goop) = S=1T-1(Goop) || < AL, (2.32)
$-1T-1(Goop) = F x(Goop ) F. (2.33)

Projections Eco (Gooy) are increasing in A and have a strong limit Ee (Goo) as A goes to infinity. Hence, the operator Eoo(Goo) is a
projection. The projections Eco (Goo1)> A 2 Ax, and Eeo (Geo ) reduce the operator H. The family of projections Eco (Geo 1) is the resolution of
the identity of the operator HEeo (Goo ) acting in Eco (Goo )L*(RY). Let us denote Eco := Eco (Goo ) and use

[Eoo = F x(Goo ) F| < AL (2.34)

Obviously, the rhs can be made arbitrarily small by an appropriate choice of Go..

The restriction of H to the range of Ec, has purely absolutely continuous spectrum. In addition to the above mentioned convergence of
the spectral projections of Hy, to those of H, uniform in A > A, for sufficiently large A+ = 1, (V), this requires an analysis of the continuity
properties of the level sets Doo (1) with respect to A.

C. Extension of 1.. (k) from G.. to R?

Let M be a large natural number; for the purposes of this paper, taking M := [3d/2 + 6] would do. We want to extend the function Ao (k)
from G.. to R?, with the result being a C*(R?) function. Note that the extended function is not going to be a generalized eigenvalue outside

of Goo.
The first step is representing Ao (k) — k7, k := |k|, k € G, in the form

Ao (K) — K% = Ao(K) — K> + i (An(K) = Ar (K)).

Letm = (my, . ..,m,) be a multi-index and put D" := 9" - - - 8;"“. We have (see Ref. 20, Lemma 11.3)

D (o (k) - )| < Ck 7y, =2 g, (2.35)
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when k is in the k™7-neighborhood of Gy > Go, and
D (An(K) = Apoa (K))| < CEF e (2.36)

in the k™" -neighborhood of G, for all m. Here, the constants depend only on V and m.
Now, we introduce a function 7o (k) € C>°(R?) with support in the (real) k~*-neighborhood of Gy, satisfying 7o = 1 on G, and

ID" (k)| < CKM™. (237)

This is possible since we can take a convolution of the characteristic function of the Jk~’-neighborhood of Gy with w(2k°k), where w(k) is
a non-negative Cg° (RY)-function with a support in the unit ball centered at the origin and integral one. Similarly, let 7,(k), n > 1, be a C*°
function with support in the k¥ -neighborhood of G,,, satisfying 77, = 1 on G, and

Dy 1 ()| < CR" (2.38)
Next, we extend Aoo (k) — k from Go, to R using the formula
Roo (k) = K = (o (k) = K)0(K) + 3" (An(K) = Aae1 (1) )1 (K). (2.39)
n=1
It follows from (2.35)-(2.38) that the series converges in cM (]Rd). Taking into account that ¢ > 0 could be chosen arbitrarily small (note that

A+ increases and G, is getting smaller when o decreases) gives the following lemma:

Lemma IL.2. For every natural number M, there exists A« (V, M) > 0 such that the function des (k) — k* can be extended, as a C function,
from Go to R, and it satisfies

DI (Ao (K) = k)| < Cagk™ 721 (2.40)
for any m € N with |m| < M < o™

D. Extension of U.. (k,x) from G.. to R?

We now define U (k, x) for arbitrary k € RY by a formula analogous to (2.39),

Uso (K, x) — &%) = (‘I’o(k,x) - ei(k’x>)710(k)

- (2.41)
+ Z (Un(k,x) = Up—1(k,x) )77 (k).
n=1
Here, U, are described by (2.9), (2.10), and (see Ref. 20, Lemma 11.3)
1D (4 ~ ) lo.. ey < CK7, =1 -0, (242)
1D (" = D) [ gy < O (2.43)
Thus, series (2.41) is convergent in Loo (Rd). Using the last formula and (2.27), we define Soo (am) for any Goo 9 Goo,
~ 1
(Soo (Goo) ) (x) := o fa (1)U (I x) dic (2.44)
It is easy to see that
Seo (aoe) = S—l(aw) + Z (Sn(aoe) _Sn—l(aoe))?]n) (245)
n=0
where S_; (:C';oo) is defined by
S1(Goo)f = = [ r09e ai
21 SGo
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#n is multiplication by #,(k), and S, (:C';oo) is given by (2.20), with G, being the intersection of Goo with the K -neighborhood of G, for
n > 1 and the k‘”—neighborhood of Gy for n = 0.
Similar to (2.26), we show that

[Soo (Goo) = S-1(Goo )| < (V)AL (2.46)

In what follows, we assume that A, is chosen so that, in particular, c(V)A,” < 1/2 (in fact, this is already the case under conditions from
Ref. 20). Clearly, |S-1(Goo )|| = 1. Thus, we have
[Soo(Goo )| < 2. (2.47)

Similarly, with T_; being the Fourier transform,
1
(T F) (k) := W(P(-), U (k,-))

~ (ToF) (k) + i (T = Toe)F) (K) 1 (K). (2.48)

Lemma IL3. For any given L € N, there exists A (V, L) such that for any F € C3° (R?), the function TooF as defined above is in C*(RY).
Moreover, if 0 < j < Land m € N, |m| < L, then
kD™ (TeoF) (k)| < C(L, F) (2.49)
forallk € R,
We prove the lemma using (2.48) and then (2.19) for each T,. Integrating by parts j times and considering (2.38), (2.42), and (2.43), we
arrive at (2.49).

Remark I11.4. For our needs L = M = [3d/2 + 6] is sufficient, so we may assume that such L and M are fixed.

I1l. PROOFS OF PROPOSITION 1.3 AND THEOREM 1.1
Let S:= TooCy® (Rd) [see (2.48)]. Let ¥y € S. As shown in Lemma IL.3, then

I/ D" (o) (k)| < C(jm, Fo) (3.1)
for any k € RY.
Now, we define
1 it (0
¥(00) = o fg Us(lx)e ¥y (k) dk, (.2)

then this function solves initial value problem (1.5), where
1 —~
Yo = (v fg Ul ) Pl di (3.3)

and Wy (x) € SooS = EcoCg°. Obviously, SeoS is dense in Eoo L? (R?).

The next step of the proof is to replace Goo by a small neighborhood Geo and to estimate the resulting errors in the integrals. This is an
important step since Go, is a closed Cantor type set, while Geo is an open set. Then, we would like to integrate by parts in the integral over Goo
with the purpose of obtaining (1.12); the fact that Geo is open being used for handling the boundary terms.

To get the lower bound (1.12), we first note that

2 2 1 2 2
IX¥ ey 2 1X¥ L2y 2 5 [ XwllEaay) = [XCY = w) |15,

where Bg is the open disc with radius 1} centered at the origin, R = ¢y T, ¢y to be chosen later, and w(x, t) is an approximation of ¥ when G,
is replaced by its small neighborhood Goo. Namely,

w(x,t) = @Tl)d/z fa U (e =T 05 (k) (3.4)
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with 75 being a smooth cutoff function with support in a §-neighborhood Goo of Goo and 775 = 1 on Go,. The parameter §(0 < 8 < 1) will be
chosen later to be sufficiently small and depend only on ¥,. We take 75 to be a convolution of a function w(k/28) with the characteristic
function of the §/2-neighborhood of G.., where w is a smooth cutoff function defined in Sec. II C. Then, 75 € Cg° (Rd),

0<7s<1, fs(k) =1 whenk € Goy, 715(K) = 0 whenk ¢ Geo,

- i (3.5)
ID" 76| < Cmd™™.
To prove (1.12), we will show that there exist a positive constant ¢; and constants ¢, and ¢3 such that
2 o _
?fo T Xw (- 1) 2 gy dt > 661 T2 - 2T - 3 (3.6)

as long as ¢p in the definition of R exceeds a cg{tain value depencﬁng only on ¥, IE formula (3.6), the constant ¢; = ¢; (@0) depends on 9,
but not on 8 or co, while the constants ¢; = ¢2(Wo, d) and ¢3 = ¢3(Wo, 8) depend on ¥y and 6, but not on .
We also prove that

2 o _ —
= fo 2 TIX(Y = w) ()2 gyt < (8, F0) BT, (3.7)

(8, %) = 0(1) as 8 — 0 uniformly in co.
The proofs of (3.6) and (3.7) are completely analogous to those from Ref. 19. The only difference is in the estimate of the integral of the

form
1

¢1(Zt,1) = @nin

1A= 0D g (1) (1 - (k) dk, 7= = 3.8
/Emﬂ{k:|k—k0|<2}e g1 -ill) dk, 2 t’ (38)

where g3 (k) := VAo (k) %o (k)75(k), 7 is a smooth cutoff function satisfying

. 0, |k-ko|<1
k) =
k) {1, |k -ko| > 2,

and
. 1. -
ko =ko(2) = 52+ O(|4] "), ya>0,

is the unique solution (see (2.39) and Lemma I1.2) of the equation for a stationary point
Z- Vo (k) =0, |2]° > L.

As in Ref. 19, we apply Theorem 7.7.5 of Ref. 17 but for arbitrary d > 1. The number of derivatives required depends on the dimension
(M :=[3d/2 + 6] is enough). We have

T (= 1 i Z)— 21— Va - —d/f2—
$i(zt,t) = We’““of) A aD (14 O(J2 7)) gs ko)t + e(gs) ! (3.9)

for |z]* > A« and 0 otherwise. Here,

le(g)l<c >, sup |D"g(K)|
|m|<d+3k—ko|<2
< 6H|k|d/2+2\’i‘lo(k) 7d73|2|7d/271.

43 (R9)

Now, the end of the Proof of Proposition 1.3 follows as in Sec. III of Ref. 19. The Proof of Theorem I.1 is identical to the proofin Sec. IV
of Ref. 19.

Remark II.1. (a) The above proofs show that Theorem 1.1 remains true if we replace Cg° in (1.11) with
Sai={f : f'D™f (x) € L*(R),0 < 5,|m| < C(d)},

i.e., for initial conditions that are sufficiently smooth and of sufficiently rapid power decay.
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(b) Using the constructions mentioned in the above proofs, we can now also describe more explicitly how to choose the initial conditions
Wy for the solution of (1.5), which give simultaneous ballistic upper and lower bounds. Essentially, one has to regularize elements in
the range of Eo in two different ways, first at the boundary of G, using the cutoff function #; as in (3.5) and then at high momentum
k. For the latter, let ¢ € S; on R such that ¢ does not vanish identically on Go..

Choose
1
o(x) = (i fg (k) 715(k) Uso (k. x) dk. (3.10)

As 8 — 0, this converges to Fo(x) = ngw ¢(x) Uso (k,x) dk in the range of Eo, with |[Fg|* = fo |lg? dk/(27)* # 0. Thus, for & > 0 being
sufficiently small, Eoo o # 0.

Furthermore, our methods show that the choice of ¢ € S; gives ¥ € S;. Thus, the initial condition ¥y leads to a ballistic lower bound on
transport. At the same time, the condition of Ref. 27 for the ballistic upper bound (1.2) is satisfied.
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