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Summary of Progress from September 1978 to Date

and Its Relation to Proposed Work

In a recent paper ("The Limiting Lagrangean"), R. J. Duffin and the

writer studied the program

P inf £ (u)

subject to 0 € g(u)

where £ is a multi-valued function from a locally convex space U into (sub-
sets of) the reals R, and g is a multi-valued function from U into a locally
convex space W. The problem P is taken to be consistent with value
v{P) < 4w,

Under suitable assumptions, we proved this "limiting lagrangean"
statement:

(la) lim sup sup inf{f(u) + u*(u) + A*g(u)} = v(p)
M>0 u*em A *ew* ueu

In (la), the notation "M>0" indicates a net of neighborhoods with limit

* *
is the continuous dual of U; also W 1is the continuous

*
0 €U , where U
dual of W. 1In the case that thie domain space U = R" is finite-dimensional
real space Rp, (la) can be strengthened, for then there is one fixed
vector u € R" such that

*
(1b) lim sup  inf{f(x) + Bux + A g(x)} = v(p) .
6+0* ATew" xer"
Our exact hypotheses were: (1) f and g are closed convex (i.e. the

sets {(z,u)|z € £(u)} resp. {(w,u)|w € g(u)} are closed and convex in R x U
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*
resp. W x U); (2) U is locally convex and U is semi-reflexive with dual
* * % *
U (i.e. the continuous linear functionals u on U arise exactly from
*
point evaluations for a suitable point u € U : we have the identity
* %k * * * *
u {u) =1 (u) for allu €U ).

The program P is a very general formulation into which point-valued

programs can be put. For example:

(2) inf £(x)

subject to k(x) =0

h(x) =0
x €K
is formulated as P by setting
(3) gx) = {r € Rlr 2k(x)} x {h(x)} x i(x)

where i(x) is the set-valued function

(4) {0} , = €K ;
i{x) =

¢IXEK;

(thus g(x) = ¢ if x € K), and in P the zero vector abbreviates (0,0,0) € R3.

Our result (1b) applies to the convex program

(5) inf -y

subject to (x2 + y2) - X =<0

of value v(P) = 0, with feasible solutions (x,0) for all x > 0. Yet the

perturbation function of this program is given by
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1/2

inf{-y[(x2 + y2) - x < u}

(6) p (u)

+o (inconsistency) , if u < 0

~e

0 ’

=
[}
o
]
o
~

so that no lagrangean vector, or augmented lagrangean function with
finite values can close the duality gap. We also have shown ("A Limiting
Lagrangean for Infinitely-Constrained Convex Optimization in Rp", [G32])

how the vector u € Rn of (1b) can be found.

Our results extended R. J. Duffin's result [G20] and our earlier
result on the limiting lagrangean [G32] by consideration of the infinite-
dimensional setting, the set-valued map, plus the determination of the
limiting lagrangean value in all cases. Specifically, we defined a
closure of the program P, if f and g are convex, and we showed that (la)
and (1lb) always hold if v(P) is replaced by the value v(P”) of the closure
(as one exﬁects, if £ and g are closed, P is its own closure). Thus (la)
and (1b) hold exactly if v(P) = v(P”), and jointly with Blair and Borwein,
we proved'[Gl2] that the existence of a Slater point for a convex program
in point-valued functions in R implies v(P) = v(P") (yet from (5) and (6)
above, the converse is not true). Although (la), (1b) are statements
of very broad applicability, a simple example in [G1l2] shows they may
fail (i.e. one can have v(P”) < v(P) if no hypotheses are made on the
convex functions f and g in P). 1In addition, for U = RP we have estab-
lished a lower bound on the convergence to v(P) as a function of 8 > 0.

Our interest in (la) and (lb) is that they show how a small linear

perturbation, which is sent to zero, can close duality gaps in convex
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programming, when other complex methods cannot.

Jointly with C. E. Blair and R. J. Duffin, we extended this kind of
result to a general minimax problem, and proved the following, under suit-
able hypotheses:

» I3 *
(7a) lim sup sup inf{x (x) + F(x,y)} = inf sup F(x,y)
M0 x¥EM y€D x€C x€C y€D

The finite dimensional version (i.e. C < Rn) asserts the existence of a
vector u € R® such that
{(7b) lim sup inf{fux + F(x,y)} = inf sup F(x,y)

g0t y€D x€C XEC yep
From (7b) of course follows the usual result on minimax problems (as in
[G48]) when C is compact, for then there is a uniform bound on lux(, and
{7b) becomes:
(8) sup inf F(x,y) = inf sup F(x,y)

Y€D x€C X€EC y€ED

The exact hypotheses are given in our joint paper, "A Limiting
Infisup Theorem,” August 1979, and they are: (1) C is a non-empty,
closed convex set in a semi-reflexive locally convex space X;

(2) inf sup F(x,y) < +«; (3) For each fixed y € ¥, F(x,y) is a closed,
xX€C y€D
convex function of x € X; (4) F(x,y) is concavelike in y on C % D.

Our proof proceeds by a reduction of an arbitrary minimax problem
to a programming problem in infinitely many constraints. We showed that
the same device allowed us to generalize results of Sion [G50] from which

Sion derived the Kneser—-Fan minimax theorem directly.
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The writer's interest has turned to strongly nonconvex problems—-
i.e. problems not reducible by transformations to convex programs, quasi-
or pseudo-convex programs, etc. Among the simpler versions of such non-
convex programs are those with an underlying linear structure, in which
the non-convexity is introduced by integrality constraints and/or
logical conditions. This simpler problem could, nevertheless, provide
ideas and methods for further research. We studied this problem jointly

with C. E. Blair:

MIP inf cx + dy
subject to Ax + By = b
X,y =20

X integer

where x and y are finite-dimensional vectors, as are b, ¢ and 4, while
A and B are matrices, all conformally dimensioned.

In our paper, "An Exact Penalty Method for Mixed-integer Programs,”
we proved an exact penalty result, assuming that MIP has finite value
v{(MIP) and all data (¢, 4, b, A and B) are rational (without the ration-
ality hypothesis, the penalty result can fail). Specifically, there is
a finite value of the penalty parameter p = 0, depending on b, such that
(9) inf {ecx + dy + p”b - Ax - By”} = v{MIP)

X,y=20
X integer
and such that the infimum on the left-hand-side in (9) is attained pre-
cisely for the optima to MIP. We showed that a result completely analo-

gous to (9) still holds if complementarity constraints (e.gq. xlxzx3 = 0)
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are appended to MIP.

While the techniques of proof we used to establish (9) in our paper
are based on our earlier joint work on the value function for (MIP) (see
[G11]), actually there is an alternative proof which derives from our
work on the limiting lagrangean. It is this alternative proof which will
extend to more general nonconvex frameworks than (MIP).

Some of the ideas of the alternative proof will be sketched in the
Description of Proposed Research. The proposed research is simply a
continuation of our research to date under the current NSF grant ENG-

7900284.
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Description of Proposed Research

We propose to continue our research under the previous grant ENG-
7900284, in both the nonlinear programming and cutting-plane theory

aspects of that grant.

1. Proposed Research in Nonlinear Programming

We shall study the program P in our "Summary of Progress to Date,”
from the point of view of extending our earlier results to highly non-
convex situations. It is expected that the lagrangean function will
become a norm penalty in the nonconvex setting; the existence of an
optimal dual vector in the lagrangean will correspond to an exact noxm
penalty; and the basic "limiting lagrangean" phenomenon discovered by
R. J. Duffin in the convex case will go over to a "limiting double-
norm penalty” for the nonconvex case, in different senses, to be
described below.

The limiting double-norm penalty will allow reduction of con-
strained optimization to a sequence of unconstrained optimizations,
even in cases when this is not possible by norm penalties (as for
example in the case of the program (5} - (6} of the "Summary"). It is
likeiy to yield an exceptionally broad treatment of the cases when such
a reduction is possible.

To indicate some of the ideas involved, particularly the concept of
"sectioning," assume in P that f is linear (this involves no loss of

generality). Let a polyhedral norm be defined on Rm, the range space of
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g of P, as the maximum of finitely many linear forms:

(10) “w” = max fiw
i

where the vectors fl € Rm for i = 1,...,t are chosen solely to satisfy

(11) max fiw S0+ w=0.

i
{The other axioms for a norm always will be satisfied; only (11) is depen-
dent on the fi). The choice of the vectors fi are at one's convenience;
as few as (m + 1) can do, but the more convenient norm
|| = ]wll + lwzl + e F [wm[ requires t = 2. (The number t, however
large, does not enter in the final results.) All such norms are of
course equivalent, so that exact penalty results, etc., for one norm are
true for any other.

When a program P is nonconvex, it is natural to "section" it into
pieces which either are convex, or can be convexified without disturbing
the optimal value. We use the norm [jw|| to provide the sections (although
substantially more general constructions are also available), by defining

the polyhedral cones

(12), ¢, = {w|f% = f'w for all i = 1,...,t}

and in turn using these cones to define t optimization problems from P,

namely

P inf £(u)

~

subject to 0 € gk(u)
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In Pk' gk(u) is a set-valued function given by

(13)k gk(u) = gfu) N ck .

It is then possible to show that each program Pk has an optimal

lagrange multiplier Ak € Rm satisfying

(14)k flu) + Ak gk(u) >v(P) forallu €U ,

i.e. r + Akw =2v(P) for all r € f(u), w € g(u), and u € U, if and only
if there exists a global exact norm penalty, i.e. if and only if there

exists p = 0, satisfying
(15) f(u) + p“g(u)“ =2v(P) for all u €U .

In fact, the size of p in (15) can easily be related to the norms “Ak“ of
(l4)k. The existence of an inexact norm penalty (i.e. equivalence of
value as px+x) is likewise equivalent to the fact that the supremum of
the lagrangean dual in each program Pk is v(P). 1In the framework of set~
valued functions, local (rather than global) exact or inexact penalties
can be discussed by modifying the set function g(u) to be empty off some
neighborhood of interest (compare with the function i(x) of (4) in the .
"Summary"). The sectioning operation (13)k is natural precisely because
we work with set~valued functions.

Under suitable conditions on g, which are quite broad, our earlier

work on the limiting lagrangean can be applied to the programs Pk

, and

the kind of result one obtains is of the form

(16) lim sup inf{f(x) + ofx|| + pflgx)|]} = v(P)
00" 020 x€R
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for the case U = Rn. In (16), two norms appear (this is the "double-
norm penalty" we mentioned)--one for the domain space (“x“) and one for
the value space (“w“)——but they are asymmetrical, in that e-xo+ with no
necessary effect on p = 0, and it can occur that p continually increases
as 6 » 0+ (always increasing to a finite value, but one depending on
0 > 0) in order to attain the limit of (16). Actually, substantially
more information can be obtained than (16); but we are only attempting
to illustrate the general direction of these kinds of limiting results.
To cite one example of the kind of hypotheses which give (16), this
hypothesis is both necessary and sufficient if (16) is to hold for all

linear functions f(x) (the constraint function g(x) being held fixed):

(17) For each k = 1,...,t the closure of the convex span
of {(w,x)lw € gk(x)}, when intersected with w = 0,

is the closure of the convex span of {(O,X)IO € gk(x)}.

In particular, if the convex span of {(w,x)lw € gk(x)} is closed, (16)

holds. The condition (17) often (but not always) holds because the flat

w = (0 is always on the boundary of {(w,x)]w € gk(x)}, and each cone Ck
of (12)k is pointed. Moreover, if one fixed function f£(x) is considered,
(17) can be further weakened as a sufficient condition.

Generally the programs Pk are difficult to analyze by conventional
means, even if they are conv;;, because the type of operation (13)k
involved in the definition of gk is a "truncation" which a priori rules
out the existence of a Slater point. However, a joint unpublished result

we obtained earlier with R. J. Duffin is capable of dealing with many

cases of such truncation, and still allows one to conclude the existence
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of an optimal multiplier Xk in (14)k. Several results in the literature
can also be adapted to this end. Thus we do expect to obtain exact
penalty results (15) by this kind of "sectioning” analysis.

We also are interested in algorithms for the sectioned problems
(14)k, which, under mild hypotheses, can be applied to suitable con-
vexifications of (14)k. However, consideration of algorithms will be

deferred until the basic phenomena have been explored.

2. Proposed Research on the Theory of Cutting-Planes

We shall be continuing our work on the theory of cutting planes, as
applied to discrete structures (see e.g. [G30], [G33], [G34], [G35]).
Cutting-planes are finding wider use in applications (see e.g. [G5], [G&6]).

Under the current grant ENG 7200284, which runs to June 30, 1980, we

are exploring a subadditive treatment of constraint sets of the type:

(18) AX = Vv
x =0 (x = (xl,...,xr))
xj € Tj for j = 1,...,r

x satisfies the logical constraints [/

where £ is of a generalized complementarity nature, e.qg.
L= (xlx5 =0 A X X X, = 0).

We had previously explored similar constraint sets [G33], from the
point of view of the disjunctive methods; the subadditive treatment is

of course an extension of the algebraic methods [G35]. The interrela-

tions between the two approaches is well-known for the mixed integer
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program (MIP) below (see [G35]), but has not been worked out for problems
of the form (18), as a subadditive treatment of (18) was not available.

Recently Wolsey gave an economic interpretation [G51] of the earlier
subadditive dual in [G30] for (MIP), as an analogue to Koopman's economic
interpretation of linear programming duality, and such an interpretation
may be possible in this case.

We also plan to do further research on a result of Balas [G2], on
"facial constraints,” which plays a central role in the disjunctive
approach to cutting-planes.

To state Balas' construction in a broader setting, let S be a (not

necessarily closed) convex set in RP, and let A ,...,At be sets which can

1

be written in the form

(18}, A, = u E.
* jeg(i)

for an index set J(i) # 4, where the sets ¢ # Ej € S are convex sets which

are extreme in S. Balas considers the iterated operation

(19a) S =5

(19b) S. = conv (s, Nna,) , 1 <i<t,
1 1- 1

1
where conv(l) is the convex span of the set T. Then it is true that

(20} St = conv (S ()Al n... ()At) .

It is also known that (20) can fail when the extremality property of the

Ej's in (18)i are not present.
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Balas' original statement of (20) is for S a polytope, and for each
Ej an exposed subset (i.e. a face) of § (and |I(i)|finite), but the result
{(20) is true in the generality above. For S compact, each set Si is com-
pact if each set Ej is compact and |I(i)| is finite; and in this case
the operation of convex closure is equivalent to (19%b). In other words,

if we set

(1%a)~ 5.7 =58

{19p) ~ S,” = clconv(s

i i-1 f]Ai) , 1 <i<n,

where cfconv(T) is the closure of the convex span of the set T, we have

Si‘ Si (1 =i < t) under the above compactness assumptions. In general

S,” = Si and # can hold; there are simple (unbounded) polyhedral examples

of S for which St’ ? cleconv(S N Al Nn... N At). Nevertheless, it also is

possible to give a description of S,7, which we omit.

t

One example of the construction (19), (20) occurs for complementarity

constraints, where an underlying linear structure with nonnegativities
{21) Cx=d4, x2=20

is subject to several complementarity conditions. For example, the com-—

plementarity constraints of £ = (xlx5 =0 ﬁ\x1x3x7 = 0) can be represented

1 = El u E3 U E7, t = 2, where

each E, = {x € 8|x, = 0}. Then S_ = conv(S N Ay NAa,) is the convex hull
] 3 t 2

with 8 = {x[Cx =d, x =20}, A, = El UE., A

2 2

of the points feasible for the complementarity problem. Also bivalent
mixed-integer programming problems are examples of (19), (20). We are

thus discussing a disjunctive programming approach to a problem for which
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we are now developing a subadditive treatment.

We have begun to discuss the issue of facial and nonfacial con-
straints with C. E. Blair, and plan collaboration with him on this topic.
The nonfacial case is more complex; Blair has shown that any finite
number of Balas' intersection operations (19b) may fail to produce the
convex hull of feasible points (as in (20)); although for S compact con-
vex, countably many intersection operations do "converge" to the hull.

We plan to continue work in this area.

These discoveries raise several issues with regard to finiteness
proofs for cutting-plane algorithms which do use the intersection opera-
tion (19b), even for nonfacial constraints, and which are nevertheless
finitely convergent. Examples of such algorithms are Gomory's mixed-
integer algorithm [G26] (without the cut~strengthening for integer var-
jables) and an algorithm we described in [G34]. Essentially, while
these algorithms do not necessarily reach the convex hull, they do
compute "lexicographically maximal points™ in a certain sense, and these
points are sufficient to solve the programming problem. In contrast,
our algorithm for facial constraints in [G37] can reach the hull.

We plan to study the issue of finite convergence, and the related
issue of efficient use of cuts, in greater detail. While there are now
many proofs of finiteness for various algorithms on different classes
of problems, there is not much understanding of what unifies them.

Currently there are several different ideas about the choice of cuts.
Blair has suggested that complexity measures be used, which are well-
ordered, and such that a cut never increases and (at least every so often)

strictly decreases complexity (see [Gl0]); the specific measure he suggests
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counts the intersection of faces of various dimensions with the extremal
subsets. One programme which has never successfully been carried out is
that of relating "deep cuts" (under some measure of "depth" or "strength")
to faster finite convergence, or even to better relative progress after
several cuts have been added. One rule frequently used now is to seek
easily-computed facets of the convex hull of feasible points; this is
often possible, at least in part, on problems with a very specific struc-
ture.

Further research is needed to develop an understanding of which of
the above approaches to the choice of a cut are most appropriate under

different circumstances.
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Expenditures to Date

Under Existing NSF Contract

ENG 7900284

Senior Personnel
P.I. Robert G. Jeroslow (2 summer mos.)

Other Personnel
Graduate Students

Total Salaries and Wages (A + B)

Fringe Benefits (9.83% of 6. + 12.)

Total Salaries, Wages, and Fringe Benefits
Domestic Travel

Publication Costs

Computer Services

Total Direct Costs (A through L)

Indirect Costs
{on campus: 76% of (A + B))

Total Direct and Indirect Costs,
Total Expenditures to Date (9/11/79)
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$ 7,777

7,777
764
8,541
0

0]

0

8,542

5,910

$14,452



Estimated Future Expenditures

Under Contract ENG 7900284, Ending June 30, 1980,

Including a Proposed Budget for Ensuing Period

Senior Personnel
Robert G. Jeroslow

Other Personnel
One Graduate Student

Total salaries and Wages (A + B)

Fringe Benefits

Total Salaries, Wages, and Fringe Benefits
Domestic Travel

Publication Costs

Computer Services

Total Direct Costs (A through L)

Indirect Costs
(on campus: 76% of (A + B))

Total Direct and Indirect Costs

{Total Estimated Future Expenditures to June 30, 1979)
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3,600

3,600

3,660
600
200
200

4,600
2,736

$7,336
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Description of Travel

and Its Relationship to Proposed Research

All travel is to professional conferences, where the Principal
Investigator will give talks to disseminate research, listen to pro-
fessional talks, and enter into discussions on developments and results

in Operations Research.
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Current and Pending Support Statement

The principal investigator does not have any other research support,

and no other application is pending or contemplated.
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b. Publication Citations for

Papers Written Under this Grant

(see also fl, for related information)

Published

1. "Lagrangean Functions and Affine Minorants,'" with R.J. Duffin,
Mathematical Programming Study no. 14, 1981, pp. 48-60.

Accepted for Publication

2. "An Exact Penalty Method for Mixed Integer Programs,'" with C.E. Blair,
to appear in Mathematics of Operations Research.

3. "The Value Functionof an Integer Program,"” with C.E. Blair, to appear in
Mathematical Programming.

Submitted for Publication

4. "The Limiting Lagrangean," with R.J. Duffin, June 1979.

5. "A Limiting Infisup Theorem," with C.E. Blair and R.J. Duffin, August 1979.
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e. Technical Description of Project and Results

In citations here, we use the numbering of our papers as given on page
three, for "b. Publication Citations for Papers Written Under this Grant."
The five reports cited are given as appendices here (item f£3. on page two,
Table of Contents). We also refer to our paper, '"Some Influences of
Generalized and Ordinary Convexity in Disjunctive and Integer Programming,"
under the citation "[f4]," since it is given as item f4. on page two, Table
of Contents, and is an Appendix here. (The latter paper was written after the
funded part of the grant period and will be reported under a later grant.)

A set-valued mapping h:X>Y froma linear spaceX to a linear space Y is
called convex, if {(x,y) | yeh(x)}is aconvex set in X x Y. This concept is
evidently due to Blashke, and is more general than cone-convex functions.

In [4] we study the optimization problem
) inf f(u)

subject to Otg(u)
where g:U»W and f:U»R are convex set functions, U and W are locally convex
linear topological spaces, and W is semi-reflexive. The usual convex program-
ming problem, with function constraints and a set constraint, can be cast
in the form (P), as we show in [4], and the case p=R" and W=R" is a special
instance.

Suppose that (P) is consistent, and denote its value by v(P). 1In [4] we
give necessary and sufficient conditions for this "limiting lagrangean equation"
to hold:

{LL) lim sup sup inf {f(u)+u* W)+ *g(u)} = v(P)
M0 u*cM A*eW* uel
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In (LL), U* respectively W¥ is the¢ dual of U resp. W, M is an open set in C*,
and '"M*0" denotes the filter consisting of a local base of open sets about
0eU*. When U=Rn, the case of particular interest to us, (LL) can be simplified
to this form, for some fixed vector ukeR™:

0

@) 1im  sup  inf {fHBug g (L)) = v(p)
640t AeW*  wel

From our results, it easily follows that (LL) and (LL)n hold in instances in
which the ordinary lagrangean has a duality gap, including manv instances in
which the convex functions involved are not closed. These results complement
the usual Lagrangean duality results, for we show that, by adding a "limiting
perturbation” (i.e., 8“6 (u) in (LL)n) to the criterion function, most duality
gaps are closed. While results of this type can be inferred from earlier
results in conjugate duality, we explicitly exhibit (LL) and (LL)n and have
obtained the broadest hypotheses for which these equations, and similar ones,
are valid.

We use the work in [4] to obtain conditions sufficient for this "limiting
infisup" equation, which we state in the particular case that X=R":

(LIS)n 1im+ sup inf {8x8-x+F(x,y)} = inf sup F(x,vy)
840 yeD xeC xeC yeD

In (LIS)n, xa £ R" is some fixed vector, C is a convex set in Rn,

D is a convex set in the linear space Y, F:CxD-+R satisfies

some convexity/concavity assumptions, and some additional hypotheses are

met, which are exactly specified in [5]. We provide the broadest hypotheses
known for (LIS)", and show how the "limiting perturbation" term "exg.x" allows
closure of duality gaps in situations where minimax or infisup results fail.

In [5], we also provide conditions under which the following "finite

infisup" result holds:



(FI1IS) sup inf F(x,vy) = sup inf max F(x,y)
veD xcC GeD xeC veG
G {finitc

In doing so, we generalize well-known results of Sion and Kneser and Fan
(cited in [5]).

The paper [1l] is a specialized account of our work in [4], which
illustrates our methods of proof and our approach to the equations (LL), (LL)n,
and (LIS)™.

The paper [2] concerns the mixed-integer program:

{MIP) inf cx+dy
subject to Ax+Bv=b
x,y>0
x integer
We always assume that A,B,b,c and d are rational, and that (MIP) is consistent
of finite value v(P). We establish in [2] that there is a finite value
£o>0 for the "penalty parameter', such that the following "norm penalty"
result holds:
(NP) min {cxHdy+io | |Ax+by-b] [ I=v(P)
X,¥>0
X integer
We also extend (NP) to more complex constraint sets, including complementarity
constraints. The value of po in (NP) varies (typically discontinuously) with
the right-hand-side b.

Our research in paperf[3]was done toward the end of the funded period of
the grant, and represents a development which is surprising to us.
Specifically, for the pure integer program
(IP) min cx

subject to Ax=b

x>0 and integer K=(X1y 00 e,Xp)s A=[aJ](cols.))
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in which no continuous variables occur, we were able to give, in principle,
a closed form expression F(b) for the optimal value to (IP) as a function
of its right-hand-side (rhs)b. These closed form expressions, called the
“"Gomory functions" in [3], are built up from the linear functions by
inductive application of nonnegative combinations, mazima, and integer
round-up operations.

The optimal value function F(b) is of obvious importance in applications
since it embodies all sensitivity analysis for the rhs. In [3] we also
obtain sensitivity analysis information as the criterion function c¢x varies,
and we obtain closed-form expressions for the optimal sclution vector x°

Moreover, a study of the optimal value function is essentially a study
of all the valid cutting-planes for (IP). It is well-known, for example,
that for any optimal value function F the inequality

(CP) .
F(aJ)Xj > F(b)

N t~Me

j=1

is a valid cutting-plane for (IP); and moreover, cutting-planes of the form
{CP) are all that dre needed to obtain all valid cutting-planes (asthe
nonnegativity conditions x>0 are enforced via the pivoting of the simplex
Algorithm). A converse is also true for a pair of Gomory functions F and G,
when G satisfies a condition specified in [3] (G(b)>0 for b non-integer is
one example of that condition): these exist an integer program (IP),
consistent exactly when G(b)<0, having optimal value (when consistent) of
F(b). In this manner, we have exactly identified the class of optimal value
functions for (IP), in terms of the inductively-defined class of Gomory
functions.

Those closed form expressions which are built up from the linear functions

by inductive application of nonnegative combinations and maxima alone (i.e.,
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no use of the integer round up) are the polyhedral convex functions. These
can be shown to provide the class of optimal value functions of linear
programs. Consequently, we cannot expect a characterization of (IP) value
functions which is much simpler than the one we have obtained, as the use
of integer round-up operations is a minimal concession to the occurence
of integer wvariables in (IP).

An alternative perspective on our results in [3] is provided in the
brief discussion in [f4, pages 6-10] on "integer analogues.'" Put briefly,

we have found discrete analogues of the linear concepts of "linear function,"

"polyhedral convex function, polyhedral cone," etc. which allow a nearly
automatic way of producing valid theorems in integer programming from known
theorems of linear programming. Basically, if one inserts in a linear
programming theorem the integer analogue names for the linear objects named
there, one obtains a statement which is true, perhaps with some additional
"regularity conditions'. However, the proof of the linear programming

theorem typically does not go over routinely to produce a proof of the integer
programming theorem. New methods of proof have been necessary up to the

"nearly automatic" procedure for producing

present time. A discussion of this
theorems, together with some remarks on its limitations, is in [f4].

In research previous to the grant that is the subject of this report,
we saw no chance of an inductive characterization of the value function for
(MIP). Indeed, the value functions for (MIP) are not closed under addition.
We were fortunate in reconsidering this issue in the context of the more
specialized problem (IP), and since the end of this grant we have obtained a

{noninductive) characterization of the value functions for (MIP), using the

results and concepts which occured in our study for (IP).
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Publication Activity,
July 1979 to March 1981

Papers Published

1. '"Representations of Unbounded Optimizations as Integer Programs',
Journal on Optimization Theory and Its Applications (30), 1980,
pp. 339-351.

2. "Lagrange Dual Problems with Linear Constraints on the Multipliers",

with C.E. Blair, Constructive Approaches to Mathematical Models,
C.V. Coffman and G. Fix (eds.), Academic Press, 1979, pp. 137-152.

3. "An Introduction to the Theory of Cutting-Planes", Annals of Discrete
Mathematics (5), 1979, pp. 71-95.

4. "A Cutting-Plane Game for Facial Disjunctive Programs', SIAM Journal
on Control and Optimization (18), 1980, pp. 264-281.

5. "Strengthening Cuts for Mixed-Integer Programs', with E. Balas,
European Journal of Operations Research (4), 1980, pp. 224-234.

6. '"Lagrangean Functions and Affine Minorants", with R.J. Duffin,
Mathematical Programming Studies no. 14, 1981, pp. 48-60.

Papers Accepted for Publication

1. "A Limiting Lagrangean for Infinitely-Constrained Conves Optimization
in RO, Journal of Optimization and Theory Applications.

2. "An Exact Penalty Method for Mixed-Integer Programs', with C.E. Blair,
Mathematics of Operations Research,

3. "The Value Function of an Integer Program', with C.E. Blair,
Mathematical Programming.

Other Papers Submitted for Publication

1. "The Limiting Lagrangean', with R.J. Duffin, June 1979.
2. "A Limiting Infisup Theorem'", with C.E. Blair and R.J. Duffin, August 1979.

3. '"Some Influences of Generalized and Ordinary Convexity in Disjunctive
and Integer Programming', August 1980.
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ABSTRACT

We give hypotheses, valid in reflexive Banach spaces (such as L? for
© > p > 1 or Hilbert spaces), for a certain modification of the ordinary
lagrangean to close the duality gap, in convex programs with (possibly)
infinitely many constraint functionms.

Qur modification of the ordinary lagrangean is to perturb the cri-
terion function by a linear term, and to take the limit of this perturbed
lagrangean, as the norm of this term goes to zero.

We also review the recent literature on this topic of the “limiting

lagrangean.'

Rey Words

1) Convexity

2) Lagrangean F:l L’\{ZL/@ Q-Qfo . E
» Nonlinear programming ) - .
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Revised

LAGRANGEAN FUNCTIONS AND AFFINE MINORANTS
by R. J. Duffin! and R. G. Jeroslow?

In an earlier paper [6], the first author proved this result, for

convex functions Fh defined on all of Rn:

1) lim sup sup inf {Fo(x) +ax + I AhFh(x)} = yv(P)
he€H
&0t aer® A xer®
ot
jaj<€

In 1), v(P) 1is the value of the convex program

(CP) inf Fo(x)
subject to Fh(x) < 0, heH

where H is a finite, non-empty index set.

A purpose of this paper is to extend 1) to proper lower-semi-
continuous (l.s.c.) convex functions defined on a convex subset of cer-
tain infinite-dimensional spaces, specifically reflexive Banach spaces,
and also to obtain information on "affine minorants" of the convex
functions. The LP spaces for = > p > 1 and Hilbert spaces are treated
by our results. A goal of the paper will be to establish the following
result in this setting, under suitable hypotheses:

(LL) lim sup sup inf{Fo(x) + g(x) + ZAhFh(x)} = v(P)

+ *
0 g€X X x€K h€H
llell < ¢
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where the index set H may be infinite, and K will be a convex subset of
the space in which the variable x is constrained to lie by an explicit
set constraint "xgK," in addition to functional comstraints such as
those in (CP) above (see (8) below).

We use the theory of infinite sets of linear inequalities to obtain
our results. Our approach has its source in the literature of "semi-
infinite programming" (see e.g. [1l] and [9]), and is the basic idea
for proofs of various strengthenings and refinements of our result in
infinite~dimensional spaces.

Professor R. T. Rockfellar has informed us (private communication)
that the result (LL) is implicit in his monograph [15], under suitable
hypotheses, and it is indeed the case that [15, equation (4.20)] can
be applied to [1l5, Example 4‘, page 26] to derive (LL) under the hypotheses
used in [15]. We strengthen the result due to the additional information
in Theorem 6, and, as we will point out in Section III, our mode of
analysis easily extends to set-valued maps.in locally convex spaces,
without the hypotheses of semi-continuity used in [15]. See [2] for a
counter—~example to (LL) when the semi-continuity hypothesis is dropped.

Our present paper contains an exposition of a part of the semi-
infinite approach to convex optimization. For related work which

utilizes the theory of conjugate functions see [13], [14], and [15].



SECTION I: PRELIMINARY RESULTS, CONVENTIONS, AND
GENERAL ASSUMPTIONS

Throughout the results, X will denote a reflexive Banach space.
*¥k *
Thus X = X, where Y denotes the space of all continuous linear func-
tionals on the linear topological space Y.

The following result is well-known; see e.g. [5].

THEOREM 1l: Let C be a closed cone in a locally convex linear topological

space Y.

Then the following two statements are equivalent:
(1) y, €C;

(ii) If £

%
€Y, and £(y) 2 0 for all y € C, then f(yo) = 0.
In what follows, we view functions as points, so that, e.g., £f = h
abbreviates f£(x) = h(x) for all x € X.

COROLLARY 2: Let {fili € I} be a family of continuous linear functionals

on the reflexive Banach space X, and suppose that, for any x € X,

2) fi(x) =20 forallicel
implies
3) f(x) 20

for the continuous linear functiomal f.
Then for any real scalar € > 0 there exists a finite subset J < I and
non-negative numbers Xj =0, j €J, and a continuous linear functional g,

satisfying both these conditions:




a) f=g+ I AL,
jeg 3

B) lefl <€ .

PROOF: Let C = cl(cone({fi|i € I})), where come ({fi[i € I1) is the come
(algebraically) generated by the set'{fi|i € I}, and cl1(S) denotes the

%
closure, here in the norm topology, of the set S g X .

The conclusion of this corollary can be restated as "f € C," for if
£ - z kjf.“ <€theng=f~- I A,f, satisfies @) and B).

jer 14 ieJ

Since C is a closed cone in the locally convex linear topological

%
space X , Theorem 1 applies. Thus if £ ¢ C, we reach a contradiction as
follows, where we take Y f in Theorem 1.

There exists a continuous linear functiomal F on X with F(h) =2 0
for all h € C and F(f) < 0. In particular, f(fi) =0 for all 1 € I, and
F(E) <0,

- ok - - %

Since ¥ € X , there exists x € X with ¥(h) = h(x) for all h ¢ X .
In particular, fi(E) =0 for all 1 € I and £(X) < 0, contradicting the

hypothesis. This shows that f € C.

Q.E.D.

In what follows, we view (Y,h), where h is a function on X, and
Y € R, as the functional on X X R such that (y,h) (p,x) = h(x) + yp, for
(p,x) € R X X.

For any linear tOpologicai space Y, the continuous dual (R X X)* of
RXY is (R X Y)* = R X Y%, with the evaluation (r,f)(s,y) = £(y) + rs,

where (r,f) € RX¥Y, f €. ¥Y*, and (s,y) € RXY, y € Y. 1In particular, as



) . K% k_kk *k
X is reflexive, (R X X) = (RXX ) =RXX =RZXZX, soRZXZX ig

reflexive. We need this latter observa;ion in the next result.

COROLLARY 3: Let {fili € I} be a family of continuous linear functionals
on the refiexive Banach space X and let {ai|i € 1} be a correspondingly-

indexed family of real scalars, such that there is a solution to
4) fi(x) = ai’ ier .

Suppose that every solution x to 4) also satisfies
5) f(x) =z o

for the continuous linear functional f and scalar ¢ € R.
Then for any real scalar € > 0 there exists a finite subset J < I,
non-negative numbers Aj’ j € J, a non-negative scalar 8 > 0, and a con-

tinuous linear functional g on X, and B € R, satisfying:

-

) (-0,£) = 8(1,0) + (-8,8) + I A (-a.£) .
jed

B)” | (-8,) <€

In particular,

6a) £=g+ jéJ ME

6b) | lell <€

6¢c) a<€E+ T A

0]
€7 373



PROQF: Th. particular conclusions 6a)-6¢) follow from a)” and B)” by
taking components in &)”, and noting that B)~ implies “g“ < ¢and |8] <€
We prove only a)” and B)~.

To do so, note that, in the space R X X,

4)” -, T+ £,(x) 20, 1€1

rz0

implies

rd

5) -ar + f(x) =20 .

Indeed, if r > 0, 4)” implies 5)” by the fact that 4) implies 5) and the
linearity of the functionals'{fili € 1} and £. If r = 0, again 4)~ implies
5)7, as we see by the following contradiction.

Let X be such that fi(i) =20 for 1 € I yet £(x) < 0. By hypothesis
there exists x* with fi(x*) z q for 1 € I. Then for any scalar p = 0,
fi(x* + px) = fi(x*) + pfi(i) > fi(x*) +0 =z a for all i € I. However
for large 0, f(x* + pX) = f(x*) + pf(x) <aas £(x) < 0. This contradicts
that 4) implies 5), and proves that 4)” implies 5)7,

rd

We apply Corollary 2 to the system 4)°, 5)° with 2) taken as 4)”7, and
the functionals'{fili € I} of 2) taken as'{(-ai,fi)li €1l u {1,001}
Likewise the functional £ of 3) is (-¢,f) in 5)°. The corollary applies
since R X X is a reflexive Banach space.

Upon application of Corollary 2, we at once obtain a)” and R)”, since
9 is simply the multiplier of the functional (1,0), where here "Q0" is

the identically zero linear functional on X.

Q.E.D.



In what follows, we shall consider convex functions F on subsets of
X, by which we mean a function F:D*R where D is a non-empty convex subset
of X. (We do not use the extended reals R = R {§ {~«} {J {+o} here.) A4s

usual, the epigraph epi(F) of F is defined as:
7) epi(F) = {(z,x) €R xD|z 2 F(x)} .

We say that F is closed if epi(F) is closed in R x X, i.e., if F is a
proper lower—semiLcontinuous convex functionm,

This paper is concerned with the following convex program, where
each function Fh for h EIH U {0} (H an index set of arbitrary cardinality)

is finite and lower-semi continuous on a domain Db’ X is a non—-empty and

closed convex set in X, and D, 2 X for h € {0} U H:

inf Fo(x)
(8) subject to Fh(x) <0, heH

and x €K

This program ( 8) is assumed to have a finite value v(P); thus (8) is
assumed consistent, but the infimum need not be attained.
We shall be concerned with this Lagrangean, which we call the
"limiting Lagrangean":
9) L(x,A,g) = Fo(x) + g(x) + I thh(x) .
heH
In 9), x €X, A = (lh[h € H) is a vector of non-negative components

Ah = 0 only finitely many of which are non-zero, and g is a continuous

linear functional on X. The summation in 9) is understood as:



10) I AF.(x)= I AF (x),
hel h™h her” h™ h

where H” 1is the finite set H” = {h € Hlkh > 0} (and summation over an
empty set is taken to be zero). All infinite sums of this paper have
finite support and are construed analogously. Thus the sum ’ZJ kjfj

on the r.h.s. of 6a).will also be written I A_.f, with the iiderstanding
that we have set li = 0 for 1 € T\J. e

With the notation (9), equation (LL) can be rewritten as:

(LL)’ lim sup sup inf L(x,A,g) = v(P)
*
oot gt M K
]| <€

It is the limiting operation in (LL) from which we derived the term
"limiting lagrangean."” TIf the limiting operation is deleted and omne
sets g = 0, one obtains an ordinary lagrangean.

It turns‘out that the limiting lagrangean result (LL) holds with
our present assumptions, which are far weaker than the assumptions
usually needed for a lagrangean result. For one thing, the index set
H is not constrained in cardinality, yet the sums X khFh(x) always
ha#e finite support. Alsc, even for IH| finite, tgiHﬁsual examples in R
of duality gaps involve closed functions (in fact, everywhere-defined
functions), and no duality gap is possible with the limiting lagrangean

in this case (or even for |H| infinite).

The next preliminary result is relevant to the "easy part" of (LL).



LEMMA 4:
11) . limsup sup sup inf L(x,A,g) =< v(P)
+ * A K
€0 ,56’21 x€
iali<€
. PROOF: For each integer n = 1, choose x(n) € K such that
12) P sve) +Lamar, ™) s ofornen.

Then for any g and A, as A = 0 we have

13) inf L(x,A,g) < L(x(n),K,g)
XK
< FO(X(n)) + g(x(n))

< v(P) + g(x(n)) +% .
From 13) it follows at once that

14) sup inf L(x,A,g) < v(P) + g(x(n)) + L
A xeK n

and hence

limsup sup sup inf L(x,A,g) < v(P) + %-.

15) + *
oot g™ A XK

llell <€
Since 15) is valid for any n, so is 11).

Q.E.D.

We remark that 11) can also be proven if v(P) = -«,
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SECTION II: THE MAIN RESULT

We shall use these notations, which exist by the fact that a closed,
convex set in a locally convex space X (or R X X) is the intersection of

closed half spaces where the fj written below are continuous linear

functions on X, and the aj are real scalars:
16a) K=1{x€ X[fj(x) =al, j € I(-1)}

i.e. x € K-@+fj(x) = aj, for all j € I(-1)

16b) epi(F,) = ((z,%) € R xlbiz + £, () = al, el

for h € {0} U H;

i.e. (z,x) € epi(Fh)-++ biz + fj(x) = aJ, for all j € I(h).

Since (z,x) € epi(Fh) and z° = z implies (z”,x) ¢ epi(Fh), we see that

all bJ > 0. In 16) all the index sets I(h) for h€ (-1} y {0} U H
are {(without loss of generality) disjoint.
We will use the fact that all bJ 2 0 in the proof of Theorem 6, and

we will also use the fact that if bY = 0 then fj(x) = aj for all x € K.

The latter is a consequence of our assumption that the domain of Fh

contains K. Hence if x € K and bJ = 0, and j € I(h), we have

al <0 - FL(x) + £,(x) < £,

With this notation, one preliminary result remains before we can

obtain our main result (Theorem 6).
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LEMMA 5: Every solution to the inequali_ies

17) bz + £, = al, 3§ €100

£ ) 2al, j €I(h) and h € {-1} U E

also satisfies

18) z = v(P) .

PROOF: It suffices to prove that if (z,x) € R x X satisfies 17), then
(z,x) € epi(Fo) and also x satisfies the constraints of (8). From the

definitions 16), this will be accomplished once we prove:

19) Fh (x) £ 0 if and only if fj(x) 2 al for all j € I(h) .
However, 19) is immediate:

20) B, () < 04 (0,x) € epi(Fy)

bl <0+ £, ) > al for all j € I(h)

<—+fj(x) >al forall j ¢ I(h)

Q.E.D.

Since Lemma 5 concerns an implication among linear functionals in the
reflexive Banach space R X X, and since the constraints 17) are consistent
(and in fact satisfied by any feasible solution x to (8 ), with z = Fo(x)),
it is natural to wish to apply Corollary 3 to the '"fully-infinite" system
(17). 1If one does so, our next, and main, result is obtained after some
purely algebraic manipulation. (Recall that an affine linear functional

is a linear fumctional plus a comstant.)
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THEOREM 6: Let X be a reflexive Bamach space, assume that all functions

F» b € {0} UH are finite on a set D

that K is a non-empty, closed convex set in X, and that 8) is consistent.

h 2 K, and are lower semi-continuocus,
For any € > 0, there exists a finitely non-zero vector A = (Ahlh € H)

of non-negative components, continuous affine linear functiomals & for

h € {-1} U {0} U H, a continuous linear functional p, and a scalar A, > 0

0
satisfying these five conditions:

CONDITION 1: g_l(x) <0 for x € K;

CONDITION 2: Fp(x) 2 g, (x) for h € {0} UH and x in the domain of
Fys

CONDITION 3: |[p|| < €

CONDITION 4: [Aj - 1] <

CONDITION 5: For all x € X,

21) . g_1(x) + kogo(x) + p(x) + & thh(x) 2v(P) - €.

heHn
PROOF: Note that z =2z * 1+ 0 *» xin18), and z «+ 1 + 0 * x = (1,0)(z,x),
where 1 € R and 0 is the zero functional on X. The left-hand-side of
the inequalities in 17) are bjz + fj(x) = (bj,fj)(z,x) for j € I(0), and
are 0 * z + fj(x) = (O,fj)(z,x) for j € I(h), h € H U {-1}. (We use the
notation introduced above Corollary 3.)

We apply Corollary 3 to the implication from 17) to 18), with

{fili € I} taken as {(bj,fj)lj € I} u U {(O,fj)lj € I(h)},

"""""" T T s _hg_{:QUH T
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f taken as (1,0), ﬂlili € I} taken as U {ajlj € I(h)}, and o
he{-1,0}UH

taken as v(P) . The conclusions 6a), 6b) and 6c) of Corollary 3 become:

6a) " (1,0) = (B,-p) + z Loy L(0,£)+ I %

L, £)
hel-1JUH jer¢h) M3 3 jer(o) .

2

~

6b) 1 (B,-p) < ¢

6c)” v(P) < €+ T N a3
he{-1,0}H j€I(h) 7

In 6a)”, 6b)°, and 6c)”, B is a real scalar, p is a continuous linear

functional, and the quantities ¢h,j 2 0 are non-negative real scalars,

only finitely many of which are actually different from zero (i.e., for

only finitely many h € {-1,0} U H there are only finitely many ¢h,j >0

for some j € I(h)).' Thus we have “p“ < € from 6b)”, i.e., Condition 3.
From the first components of the vectors of 6a)”, we obtain

22) 1=8+ I 4 .b
jer(oy 9

and from 6b)” we infer
23) 18] < €.
Therefore, upon setting, for h € {0} U H,

24) = £ 4 .
*n jer(m) ™3

b2>0

(and upon recalling our convention, that the empty summation is zero),

we obtain by 22) and 23) the result [KO - 1] <€, i.e. Condition 4.
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Without loss of generality, A_ > 0 also (by taking € > 0 smaller if

0
necessary).
From the second components of the vectors in 6a)”, recalling that

bl = 0 for all j € I(-1), and using an auspicious partitioning of the

(actually finite) summation, we obtain:

25) O=-p+ ( I ¢, £+ I Z ¢, £
jer-1) 33 nefolm jermy e
bI=0
+ LT @y (/)
The same partitioning of the sum in 6¢)” yields:
26) ( L ¢ . a+ 1 I o¢ . a)
J€1(-1) »J ne{OJUH jer(h) *’J
b7=0
+ I I ¢, vhE) 2ve) - .
he{OlH jer(n) “J
bJ>0

We next evaluate the functionals of 25) at an arbitrary point x € X,
and add the negative of the resulting real numbers to those of 26),

keeping the partitioning. We find:

21) g, +tp@ + I I (6 . b(E - )/ 2ve ) - €.
- he{olur j€L(h) : i
bl>0

In 27), we have used this notation:
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28) g (x) = I 6. (- (x) +ad)
-1 jer(-yy "33

+ I I 6 (£ ady
he{O}UH jeI ) 23 3

bI=0
Clearly, g_l(x) is linear affine and continuous. From l6a), if
h = -1, (-fj(x) + aj) <0 for x € K; and we recall from our previous
discussion that, for h € {0} UH and j € I(h) with bj = 0, we have
(-fj(x) + aj) < 0 whenever x € K. Using this information in 28), we
obtain g_l(x) <0 for x € X, i.e. Condition 1.

By the definition 16b), we have, for h € {0} UH, b’ F, (%) +

fj(x) = ag whenever x is in the domain of Fh; thus if bj >0 for j € I1(h),

29) F, () = (a3 - fj(x))/bj

Now if Ah = 0, we let gh(x).be (al - fj(x))/bJ for any j € 1(h)
with b3 # 0 (there is at least one such j € I(h), by our assumption that
Fh is defined and finite on all of K # ¢). We at once have Condition

2, and the part lhgh(x) of the sum in 24) is zero, as is the corresponding

part

z (¢
jerm) ©°

b3>0

Jyead k|
.1 b)) (a fj(x))/b )

of the sum in 27) (simce A = O implies ¢, . bl = 0 for all § € I(h),
b J

using ¢, . = 0 and b > 0).
23

In the case that Ah > 0, we use 29) to deduce this inequality (via

the definition 24)): 7
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30) AL F(x) = ( Z o
bR JEI(h)

bl>0

iy r
h,j b ) ‘-h(x)

b z o)
j€Ih)

b3>0

ead - j
WA MCEE N

Upon setting

31) g () =5 I ¢

we at once obtain Condition 2 from 30) and 31) when kh > 0. Mbreover,

27) becomes

. 1 i .
27)" g . (x) +p(x) + % G I ¢ .@ -£f£.&)) =2v@®) -c¢€
-1 nelolun " A ser(my Mo 3
Ap>0 bI>0

which is identical to Conditiom 5.
All five conditions have been verified, and the proof is complete.

Q.E.D.

COROLLARY 7: Assume the hypotheses of Theorem 6.
For any € > 0, there exists a finitely non-zero vector A~ = (Aﬁlh € H)
of non-negative components, a continuous linear affine functional a(x), and

a continuous linear functional q, satisfying these stipulations:

STIPULATION 1: [qf| < €

STIPULATION 2: a(x) = 0 for x € K;
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STIPULATION 3:

32) a(x) + Fo(x) +q(x) + ¢ Aﬂ Fh(x) 2v(®YA + /(1 + 2¢€
heH

for all x in the common domain of By h € {0} U H.

PROOF: Put € = ¢€/(1 + €, so that € = €/(1L - €), and note that §’ > 0.

We apply Theorem 6 for € > 0.

After dividing through in 21) by KO > 0, and using the facts that

33) e /Al = le@I/[Ay] < e/ - €) <€/ - € =€,

34) e‘/k0 <€/1l-€)=¢€, v( )/k0 2v@ )/ QA +€N)2v@ )AL+ /A + 29,

we obtain this corollary at once, with these settings:

35a) a(x) = g_;/(x)/A,
35b) q(x) = p(x)/?t0
35¢) Xﬁ = Kh/XO for h €H .

Q.E.D.

Note that, using Stipulation 2 of Corolléry 7, the inequality 32)

yields

h

36) inf{FO(x) +g(x) + T A; Fh(x)} 2v(®)(1l+ €/ + 26€) - €.
‘Eggw hel

Thus, for any € > 0, there is a linear continuous functiomal g with

4“4“ < € and
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37)  sup 1nf{F (x) +qx) + I A F ()} 2v@)(1L+ /(1 +26 - c.

A x€K hel bh
- It follows at once that
38) llmin£ sup 1nf{F () + g(x) + = Ay h(x)} = v(P)
igi0™ A xex heH
From 38), one has
39) liminf sup sup inf L(x,A,g) = v(P)
*
€+0+ aex A xeKk
lell<e

with L as defined in 9). We now combine 39) with Lemma 4, and obtain
the limiting lagrangean equatiom LL).

By use of the norm of the Banach space X, a result about the ordinary
lagrangean can also be obtained, in the case that K is norm-bounded (but
not necessarily compact) in X. In fact, let B = sup{|x||x € K} < +=;
then if [jq]| < €, 36) becomes

x) + T A F®Izv@E)IA+ /A + 28

36)° inf{Fo
h€H -€B - €

x€K
We at once obtain our next and final result, as € > 0 is arbitrary.

COROLLARY 8: Assume the hypotheses of Theorem 6 and also assume that K
is bounded.
Then

40) sup 1nf{F0(x) + I A

Fh(x)} = v(P) .
A x€K ' h€H

h
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SECTION III: RELATED LITERATURE, CONCLUDING REMARKS

The phenomenon of the "limiting lagrangean" LL) was discovered by
the first author [6]. The second author showed [11] that, for X = Rn,
LL) could be sharpened, in that the limit as g - 0 could be taken to be

one-dimensional. To be specific, for X = R" there exists one fixed

w € R" such that, with the hypotheses of Theorem 6,

41) lim sup inf{F (x)} = v(P)

6+-0 X xeX

(x) +8wx + I X
h€H

0 h Fn
An alternate proof of 41) has been provided by Borwein [3], using
Helly's theorem.
Extensions of the limiting lagrangean equation to infinite-dimensicnal
spaces, in the form LL), occur in [4] and [8]; the present paper presents
a simpler result than [7], since only lower semi-continuous (convex)
functions Fh are treated here.
In the paper [4], an infinite set of real-valued convex functions
and a single cone-convex constraining function are used; moreover,
only a general reflexivity property is used and the space X need not
be normed.
In {8] the limiting lagrangean result is generalized to set-
valued convex functions, and the need for a norm is dropped; and
these results are further extended, in that a treatment is given of the
case that the constraints are not lower semi-continuous. In addition, [8]

has an extension of the result in [11], for X = Rn, to set-valued convex

functions. It does not appear, at this writing, that the "most general"
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statement of limiting phenomena has been achieved; improvements will no
doubt continue.

It is significant that Borwein in [4] uses the elegant theory of
convex conjugate functions (as developed in [14], [15]), to shorten proofs
regarding the limiting lagfangean, by citation of results from that
theory. 1In contrast, we have preferred to cite separation principles in
order to get representations of the convex program 8) as an infinite
system of linear inequalities 17), and then to manipulate the resulting
linear system by elementary algebra. All the refinements and extensions
of the results of this paper, as mentioned above, are obtained by our
method also; in fact, proofs in the set-valued case actually simplify,
as one does not need to use an auspicious partitioning (as in 25)) when
affine minorant results are not of concern. For further results on

affine minorants, see [13].

R. J. Duffin and R. G. Jeroslow
November 20, 1978

Revised July, 1979, and April 1980
Carnegie~-Mellon University and
Georgia Institute of Technology
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ABSTRACT

It is shown that a norm penalty method is exact for mixed integer
programs in rational data, in the sense that the minimization of the
criterion plus penalty over the nonnegativities and integrality con-
straints has the same set of globally optimal solutions as does the
mixed integer program with the equality constraints present. This
result is then extended to mixed-integer programs with complementarity
constraints.

An example shows that no differentiable penalty can be exact for

mixed integer programs.
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AN EXACT PENALTY METHOD FOR
MIXED-INTEGER PROGRAMS

by C. E. Blair and R. G. Jeroslow!

In [3] the authors studied the relationship between the integer pro-

gram

(IP) min cx
subject to &x = b

x = 0 and integer

and the quadratic dual problem

CON min  (c - AR)x + p|ax - b|? + Ab
x20
X integer

We showed [3, Theorem 1.5] that, if (IP) is consistent and bounded in
value, and A, b, and ¢ are rational, then for any A, the optimum solutions
to (QD)A are the optimal solutions to (IP) when p becomes sufficiently
large. Hence, as p increases, the value of (QD)A becomes equal to the
value of (IP). (QD)A may be interpreted as an exact penalty method for (IP).

The program (QD)A does not work for (MIP), as shown by the following

one-dimensional example:

lThe work of the second author has been partially supported by grant
ENG~7900284 of the National Science Foundation.



(1) min v + z

subject to 2x + ¥y - 2z 1

X,y,2 2 0, X integer

which has an optimum solution x = 0, y 1, z = 0 of value one.

If F is any differentiable function with F(0) = 0 then the dual pro-
gram
{2) min vy+2+F(l=-2x-vy + 2)

x,¥,220
x integer

fails to be exact and have the solution noted above for (1); in fact, it

fails to have value one. 1If F”“(0) < 0, then for small € > 0, x 0,

y l1-6€6 2z=0gives (1 - € +F(€) < 1. IfF°(0) >0 thenx=1, y =0,

z 1 - €gives (1 - € + F(-€) < 1. 1In particular, the differentiable
function F(a) = Aa + paz fails to provide the same value as (1), regardless
of A and p. TFor related results on exact penalties in the convex case, see

Bertsekas [1].

For the general mixed-integer program

(MIP) min cx + dy
subject to Ax + By = b

X,y =2 0, x integer
with A, B, ¢, 4, and b rational, we propose a "norm-penalty” method

({NP) inf cx + dy + p”b - Ax - By“

X,y =2 0, x integer.



Theorem: Suppose that A, B, ¢, d, and b are rational, and that (MIP) is
consistent and has a finite value.

Then for p sufficiently large, the optimal solutions to (NP) are
exactly the optimal solutions to (MIP). In particular, the value of

(NP) is that of (MIP) for p large.

We begin by establishing a result from which our theorem follows

easily.

Lemma: Let G(z) denote the value of (MIP) with b replaced by z (+= if

the MIP is not feasiblé). There is a p“ > 0 (depending on b) such that
(3) G(z) 2 G(b) - p”|lz - b|| for all =z.
Proof: In [2, Theorem 2.1(2)] we showed there are E,F 2 0 such that
(4) |G(z) - G(b)| <Efz - b]| + F for all z.

Let p;, = E + F. Then if |z - bf| 21
(5) G(z) =Gb) - |6(z) - G| 2GM) - Eflz - bl - F 26®) - o,z - b|.

% %
Let (x ,y ) be an optimum solution to (MIP) with right-hand side b.

%* %*
(The existence of (x ,y ) is a result of Meyer [4]). In [2, Theorem 2.1(1)]

we showed there are C,D > 0 such that if G(b“) < +« then (MIP) with r.h.s.

b” has an optimal solution x“ with “x* - x°|| =c|b - b’|| + D. Let X ree Ky

*
be those finitely-many integer vectors x” such that |[x - x’|| < C + D.

Then, if “z -pf| =<1

(6) G(z) = inf ¢cx, + L(z - Ax,)
l<iN *



where L(w) is the linear programming value function

(7) inf dy
By = w
vy =20 .

(L(w) is +« if the LP is not feasible.) It is well known from the theory
of parémetric linear programming that there are polyhedral cones Ql,...,QM

M

such that L is a linear function on each Qi and L(w) = 4+« for w £ U Qi'
1l

For 1 < i < N define Ci = {zlL(z - Axi) < +»}, and let Ci,l""'ci,M

denote polyhedra, with union Ci' in which some linear affine form

equals cx. + Lz - Axi). The collection of all these sets Ci 3 for

14

1<i=<Nandl<]j <M, intersected with {z|[z - b|| < 1}, forms closed
m
sets Sl""'ST' Then there are oy € R, where m is the dimension of z (i.e.

the number of rows in A or B), and B, € R, such that, if lz - ] =1,

(8) G(z) = min a,z + B,
ier(z) *

where J(z) = {ilz € Si} <{1,2,...,7}.

Let p, = max “aiu. Then for i € J(b)
i€3 (b)
(9) a;z + B, =a,b+ B8, +a (z=-Db) 260 -o,lz-pf.

Since the S, are closed, there is a § > 0 such that lz - b|]| 2 8§ for al1

z€ Us . Ietp, = gmax{G( - G(x)| [z - b s1}. If i ¢ I(b) and
i€3 (b)

z € 8,, then
1

(10) a;2 + B; 2 G(z) = G - (G(b) - G(2)) =G) - p,|z - b| .



From (8), (9), and (10) we conclude that if ||z - b|| < 1, then
G(z) =2 G(b) - max{pz,p3}“z - b||. Therefore setting p” = max{pl,pz,p3},
we see that (3) holds.

Q.E.D.

We complete the proof of our theorem by noting that if p > p” and

Ax + By .# b then

(11) cx +dy + p[jax + By - b|| = G(ax + By) + pfjax + By - b| >

G(ax + By) + p”|[Ax + By - b 2 G(b) = cx +dy .

Hence the only optimal solutions to (NP) are optimum solutions to (MIP).

Q.E.D.

Norm penalties may also be used for mixed—-integer programs with
complementarity constraints. In detail if Pl’Pz"°"PJ are J finite

sets of variables, the program

(MIPCa) min cx + dy
Ax + By =b
X,y = 0, x integer

{(MIPCb) at least one variable from each set Pi is zero
has the corresponding dual

(NPC) min cx + dy + p|jAx + By - b
X,y 20 x integer

at least one variable from each set Pi is zero

Theorem: Suppose that A, B, ¢, d, b are rational, and MIPC is consistent



with finite value. Also assume that the program (MIPCa) alone is bounded
below in value.
Then if p becomes sufficiently large the optimum solutions to (NPC)

are the optimal solutions to (MIPC).

Lemma: If (MIP) is inconsistent, but is bounded below in value for some
r.h.s. for which it is consistent, then as p+~ the wvalue of (NP) approaches

infinity.

Proof of Lemma: If (MIP) is inconsistent the program

(12) min z + z

Ax + By + 2I - z°I

b

x,¥,2,2° 2 0, X integer

has value >0, by theorem of Meyer [4]. Hence there is a § > 0 such that
if G(w) < +~ then |[w - b| = 8.

Iet z, be such that G(zo) < +», By (3) there is a p” such that

G(z) = G(zo) - p’“z - 20“ for all z, since a mixed integer program in
rationals which is bounded below in value for one r.h.s., is also bounded
below for all r.h.s.

lLet N be arbitrarily given. Also let “zo - b|| =6 =68 and let p
be sufficiently large so that (p - p”)¢8 + G(zo) - p“0 = N. Then if
x,¥ 2 0, x integer, and Ax + By = z, we have by the triangle inequality
lz - z,[ = [l= - b| + |lz, - b, that cx + ay + pilz - p[| = 6(z) + pllz = b| =
G(z,) + oz - bf| = ollz = zyll = 0 - pM)|lz - b + G(z,) - 070 = (o - pTIS +
G(zo) - p°6 = N.

As N is arbitrary, the Lemma is proven.

Q.E.D.



Proof of Theorem: An assignment for (MIPC) is defined to be a subset S

of the variables of (MIPC) such that S Pi # ¢ for all i, Corresponding
to each assignment S is an (MIPS) obtained by seﬁting all the S-variables
equal to zero. The optimum solution to (MIPC) is the optimum among the
solutions to the (MIPS) for all assignments S. Similarly the optimum
solution to (NPC) is the optimum solution to (NPS) for all assignments

S. For those S such that (MIPS) is consistent the theorem gives a Pg
such that the value of (MIPS) equals the value of (NPS). For those S
such that (MIPS) is inconsistent the lemma gives a p_ such that the

S

value of (NPS) exceeds the value of (MIPC). Letting o = max p we obtain
s s
the desired result.

Q.E.D.

It is worth noting that the penalty parameter p, which makes (NP)
an exact penalty for (MIP), can be unbounded in bounded regions of

r.h.s. space b. Consider, for example, the mixed integer program

(13) min y
subject tox + y = b

X,y = 0, x integer

which extracts the fractional part of the real number b 2 0. For b =1 - ¢,
€ > 0 small, exactness of (NP) requires that
(14) inf y+pllQl -6 -x-y[|=21-c¢€

x,y20
x integer



and so setting x =1, y = 0, we have p”E“ 21-€, i.e. p2 (1 -€)/€E.

Thus p#+e as 6n0+.

The University of Illinois

and
Georgia Institute of Technology
August 21, 1879
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Abstract

We consider integer programs in which the objective function and con-
straint matrix are fixed while the right-hand side varies. The value function
gives, for each feasible right-hand side, the criterion value of the optimal
solution. We provide a precise characterization of the closed-form expres-
sion for any value function.

The class of Gomory functions consists of those functions constructed
from linear functions by taking maximums, sums, non-negative multiples, and
ceiling (i.e. next highest integer) operations.

The class of Gomory functions is identified with the class of all possible
value functions by the following results: (1) For any Gomory function g,
there is an integer program which is feasible for all integer vectors v and
has g as value function; \(2) For any integer program, there is a Gomory
function g which is the value function for that program (for all feasible
right-hand sides); (3) For any integer program there is a Gomory function £
such that f(v) < 0 if and only if v is a feasible right-hand side.

Applications of (1) - (3) are also given,

Key Words:

1) Integer programming
2) Cutting-planes

3) Subadditive duals



THE VALUE FUNCTION OF AN INTEGER PROGRAM
by
C. E. Blair1 and R. G. Jeroslow2

1. Introduction

The value function of the pure integer program

min cx
(1.1) subject to Ax = b
x>0, X integer

provides the sensitivity analysis of (1.1) to changes in the right-hand-side b.
Specifically, it is the function G such that G(b) is the optimal value of (1.1).
When (1.1) is inconsistent (i.e. when there is no x > 0, x integer, with Ax = b)
we put G(b) = +. We also allow values G(b) = -« if no lower bound can be

put on cx over the set of solutions to the constraints. We shall assume through-
out the paper that

(1.2) A, b, and c are rational matrices and vectors,
and G(0) > - x

The hypothesis G(0) > - © digcards only the trivial case that G(b) = —-» for all b
such that (1.1) is feasible.

This paper provides an exact description of the class of value functions, by
showing how they are iteratively constructed by simple operations, and by showing
also that all functions thus constructed are value functions. In order to give
the intuitive content of our results, we provide this verbal sketch of the class

of functions involved: they are exactly the functions (which we call

lDepartment of Business Administration, University of Illinois, Urbana, Illinois,
USA 61801.

2College of Industrial Management, Georgia Institute of Technology, Atlanta,
Georgia, USA 30332. The second author's work has been partially supported

by NSF grant ENG7900284.



"Gomory functions'" in Section 2 below) which are obtained by starting with the
linear functions Ab, and finitely often repeating the operations of sums,
maxima; and nonnegative multiples of functions already obtained, and rounding
up to the nearest integer. Thus, for example the Gomory function G(bl, b.) =

2
r b }
max{ -3b1 + %bz , b.+ b2 + b2/3 } is the value function of some two-

1
constraint pure integer program, where Fe denotes the least integer which is
greater than or equal to the real number r.

Perhaps the main deficiency of our intuitive summary is that it ignores
the domain of definition of the value function, which, as it turns out, is
defined by the vectors for which a second Gomory function is not positive (see
Theorem 3.13 and Theorem 5.2 below). 1In Section 2 below we give precise
definitions for the terms to be used later on, further motivation and discussion
of related literature, and some preliminary results.

Our intuitive summary shows that, once the "technology matrix" A and "cri-
terion function" ¢ are fixed in the integer program (1.1), there is a simple
(although perhaps lengthy) closed form expression for the value of the solution
in terms of the right-hand-side (r.h.s.) b. This result is in exact analogy to
the similar result for a linear program: in fact, the value functions of linear
programs are built up precieely in the same way, except that the rounding-up
operation is not used. The characterization of linear programming wvalue func-
tions does not require the rationality hypotheses in (1.2).

This paper is a continuation of our earlier investigations [1], [11].

We extend work of Gomory [ 4], particularly from the perspective of [2], and
we have benefitted from Shrijver's note [13) and two papers of Wolsey [14],
[15]. These are the most immediate influences on our results here, and recent
related work has been done by Edmonds and Giles [3]. The literature on this

topic, which is part of the theory of cutting-planes, is extensive and partially



summarized in the references of the survey [9].

This completes our introductory remarks. The plan of the remainder of the

paper is as follows. Section 2 defines the Gomory functions and establishes
some of their important properties. In Section 3, we show that Gomory functions
provide value functions, by means of the monoid basis results of [10]. Section
4 1s devoted to the proof of some elementary principles which are used later,
and seem to have some interest im their own right. 1In Section 5 we prove that
value functions are Gomory functions. Section 6 is devoted to the proof of two
results (Theorem 6.2 and Theorem 6.3 ) which are closely related to our
study of the value function, the first of which (Theorem 6.2 ) is a result an-
nounced by Wolsey [15}. In Section 7 we work an example to illustrate our
characterization of the value function.

We conclude this section with some notational issues. In (1.1) A is an
m by n matrix with columns denoted by aj: A= [aj] [cols]. Also b is an

m by one vector, ¢ 1s one by n, and x is n by one; for components we write

c= (Cj) = (c1 cens cn), b = (bi) = (bl, vees bm), and x = (xj) = (x1 cens xn).
n
With this notation, Ax = b can also be written I a.x, = b, and we use the
3=1

second form generally when some specific column of A has to be identified (as
in Section 5 below).

All variables below, such as the xj, are understood as continuous
throughout, which here means rational; if a variable is to be restricted to be
integer this will be explicity stated. In many contexts below, it does not

actually matter whether our continuous variables are rationals or reals, but



we shall not treat the latter distinction. We let Q denote the rationals.
If v and w are vectors we will use vw for the inner product.
2. Chvatal Functions and Gomory Functions; General Background

s
The class & of Chvatal functions consists of essentially the Gomory func-

tions built up without taking maximums. The exact definition follows.

/
Definition 2.1: The class @m of m-dimensional Chvatal functions is the smallest

class & of functions with these properties:

i) f €5 if f(v) = v andK&Qm (here v = (vl,...,vm));

ii) f, g €6 and o, B > 0 withoa, B €Q

implies of + Bg € &

iii) f € ¢ dimplies Tl ¢ &, where rf—' is the function defined by the
condition
(2.1) " W) = )
Definition 2.2: The class t:l of Chvatal functions is defined by
(2.2) é = U{ém|mzl, m integer}

Note that, while non-negative multipliers a, B > 0 occur in clause (ii)
of Definition 2.1, the vector A € Q of clause (i) is unrestricted in sign.
We similarly obtain an exact definition of the class of Gomory functions.

Definition 2.3: The classgmof m-dimensional Gomory functions is the smallest

class & of functions with the properties (i) - (iii) of Definition 2.1, and
also this fourth property:
iv) f, g €U implies max{f,g} €&

Definition 2.4: The class'\y of Gomory functions is defined by

(2.3) Y = u{gm[mz 1, m integer}



In Definitions 2.1 and 2.3 the function notation is understood in the usual
way. For example, the function of + Bg of Definition 2.1 (ii) is defined by
Fhe condition:

(2.4) (af + Bg)(v) = of(v) + Bg(v) for all v € Q"

Similarly, the defining condition for max{f,g} in Definition 2.3 (iv) is
max{f,g} (v) = max{f(v), g(v)}. Note that functions f E:gm or f E:gm are de-
fined for all v € Qm, although in several instances below, we shall have
occasion to restrict their domains to smaller sets, as e.g. integer vectors
v €2,

Of course, the device of phrasing ém and 9m in terms of smallest classes
of functions, which contain the linear function, and have certain closure pro-
perties, is equivalent to saying that these clases are built up from the linear
functions by iterative finite application of the operations defined in the

“iterative

closure properties. Our next definition makes the concept of
application" exact.

Definition 2.5: A function f has pre-rank zero if it is a linear function. It

has pre-rank (r+l) exactly if there are functions g, h of pre-rank £ r which

satisfy at least one of these conditions:

(i) f = ag + Bh for some rational scalars a, B > 0;
or
(ii) £ = max{g,h}
or
(iii) £ = g

In general, a function has several pre-ranks.

Definition 2.6: If f has at least one pre-rank, its rank is its least pre-rank.

We now can state and prove the equivalence of e.g. Definition 2.3 with one

by iterative application.



Proposition 2.7: For an m-dimensional function £, f € .'jm if and only if f has

a pre-rank.

Proof: Let 4 be the class of all m-dimensional functions f which have a pre-
rank. If f ¢ %, one proves f € gm by induction on the rank of f. Thus
4 f-gm. Conversely it is easy to prove that A satisfies (i) to (iv) of

Definition 2.3. Thereforefm < %, hence gm =k Q.E.D.

Many results about Chvatal and Gomory functions are most easily proven by
induction on rank. We will sometimes use the phrase "induction on the forma-
tion of f" to mean induction on the rank of f.

We next define a class of functions which we shall need in Section 5, to -
discuss the components of an optimal solution to (1.1).

, , + \ s .
Definition 2.8: The c1a559m of unrestricted m-dimensional Gomory functioms

is the smallest class j with properties (i) and (iii) of Definition 2.1, and (iv)
of Definition 2.3 and also this property:
(ii)' f, ge} and o, B € Q implies of + Bg € 4
The class G:h is defined by

(2.5) S’Ji = U {f,i | m> 1, m integer}
m

We remark that the composition of unrestricted Gomory functions is an un-
restricted Gomory function.

The rounding-up operation reo (actually, truncation yIj, butrr1=
- Ty ) occurs in Gomory's Method of Integer Forms. It also occurs in the
following "rule of deduction" which is due to Chvatal [2 ], which we here
adapt to non-negative (rather than unconstrained) integer variables:

(2.6) 1If the inequality

X+ X, + ...+ ax > a
a11 a22 nn- o



is valid, and if the x, are non-negative integers, then the

h|
inequality

Fa + Tad x +...+ Tal x > T’
al xl 32 x2 an xn_ ao

is also valid.
1

For example, if 1 > 1/6 (i.e. X, > %) is valid, and if %y is a non-

negative integer, then Xy > 1 is valid.

Chvatal's rule can be justified in two steps. For if its hypothesis is
valid, then by adding suitable multiples of the non-negativities xj 2 0, we see

that the weaker statement

.7) ra-'x+ra‘1x+...+ra1xza

1 1 2 2 n n o

is valid. Since the left-hand-side of (2.7) is an integer for integral xj, and
is not less than a s it also is not less than Ta°7 . This justifies Chvatal's
rule.

Chvatal and Hoffman observed [ 2 ] that Gomory's algorithm proceeds by cer-
tain instances of the rule (2.6). The precise mode of its implementation of
(2.6) is affected by the way it introduces variables for cuts, and in its given
form Gomory's algorithm is not convenient for analysis. If the Chvatal opera-
tion is repeatedly applied, and is viewed as parametric in the right-hand-side,
it constructs a Chvatal function [14].

The Chvatal functions are essentially the discrete analogue of linear
functions. We will see below that their carrier is linear and that they are
rointwise close to it (Definition 2.9 and Proposition 2.10). Now if this analogy
holds true, just as the value functions of linear programs are the finite maxi-
mum of linear functions, the value function of an integer program should be a

finite maximum of Chvatal functions. That is why one might conjecture that



value functions are Gomory functions, at least on their domain of definition.

The technical difficulties toward establishing the equivalence of Gomory
functions and integer value functions should be clear enough. ¥For one thing
further operations, beyond maxima, might be necessary. For another,
it is conceivable that infinitely many different Chvatal functions occur for
the infinitely many possible right-hand-sides b. In fact, our result, that
the value function G is a Gomory function, can be construed as a “hyper-
finiteness" result concerning Gomory-type algorithms based on the Chvatal
operation (2.6).

We establish as a consequence of our work, that not only can such algo-
rithms be designed to be finitely convergent, but one uniform finite upper
bound on the number of cuts needed is valid for all r.h.s. (once A and c are
fixed in (1.1)).

g

We associate with each Gomory function f € J a set of homogeneous poly-

|

hedral functions called "'carriers," in our next definition. The carrier will

turn out to be unique.

Definition 2.9: To every ffzfﬁ we assign a set S(f) of functions inductively

as follows:

(i) 1f f € ﬁﬁ is linear (i.e. £(v) = Av for some A& Q") then £ € S(£f).

(i1) If f € ?; can be written as f = ag + Bh with
o, B € Q non-negative and g, h € 5;, and if

g € S(g) and h” € S(h), then ag” + Bh” € S(f).
r

(1ii) If £ ¢ gm can be written as £ é1 with g € 5;, and if

g’€ S(g), then g7 € S(f).

(iv) If £ € gm can be written as £ max {g,h} with
g, h € 9; and if g~ € S(g) and h"€ S(h), then

max{g”, h”} € S(f).



(v) The sets S(f), £ € g;, are formed by inductive application of rules
(i) - (iv) preceeding.

Because of clause (iii) in Definition 2.9 a carrier,i.e. an element of
S(f), of £ € J# is trivially obtained by simply deleting the integer round-up
onerations. For example, if f(v) = max { -b1 + %bz, 2b1 +'r—bi1}, then one
carrier of £ is max {—bl + %bz, bl}.

Proposition 2.10: If £7°¢ S(f), f € g, then f° is a homogeneous function

iteratively constructed from linear functions by taking sums and maximums, and
f° satisfies, for some constant k > 0 (depending on the formation of f7):
(2.8) 0<f(v) - £7(v) <k for all v € Q"

Moreover, if f € % then £° is linear.

Proof: The nature of f° is evident as the clauses (i) - (iv) of Definition 2.9
do not involve the round-up operation, and such functions f° are easily proven
to be homogenous by induction on their iterative formation.

Similarly, the inequality f(v) > £°(v) is easily seen to be preserved in
clauses (i) - (iv)., For example, if f = ag + Bh, then since g > g” and h > h”,
and a, B > 0, we have f 2 ag” + Bh” = f7. We now examine the bound f(v) -
£7(v) < k of (2.8)

If £ is a carrier of f due to clause (1), k=0 since f=f~,

If £° is a carrier of f due to clause (ii), let k1 and k2 be such that
(2.9) g(v) - g"(v) < k1 for all v € R"

h(v) - h”"(¥) < k2 for all v € R"

kl and k2 exist by induction on the number of steps in the inductive formation
of g° and h” under the clauses of Definition 2.9. Then we have,

as £ = ag” + Bh”,

a(g(v) = g"(W))+ B(h(v) - h™ (V)

+
akl Bk2

(2.10) f(v) - £°(v)

IN

A

8o we make take k = akl + Bkz.
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If £° is a carrier of f due to clause (iii), let k” be such that
(2.11) gv) = g"(v) < k7 for all v € R
Then as £° = g~, we have

ré(v;‘ -g'(w) <k +1

fl

(2.12) f(v) - £7(v)
and we may take k = k© + 1.
Clause (iv) formation is handled in a manner similar to clause (ii). For
f e é, f° is linear, since no application of maximums (clause (iv)) occurs.
Q.E.D.

Corollary 2.11: For f € o, S(f) contains exactly one function.

Proof: Clearly S(f) #* @ by induction on the rank of f. Let fi, fé € S(f).
1f f1 + f2, let v, be such that fl(vo) + fz(vo). Let kl, k2 be such that,

for all v,

(2.13) 0 < f(v) - f£ (V) < k-
0<f(v) - fé (v) < k2.
For all X > O, (2.13) applied to v = kvo gives
(2.14) A[fl(vo) - fz(vo)] = Ifl(kvo) - £50w )]
< £50w) = £0v )] + [£0w ) - fz()\vo)|
<k; +k

1 2
But (2.14) is impossible for A > (kl + kz)/(lfi(vo) - f;(vo)|), and this contradicts

£7 + £ Q.E.D.

Definition 2.12: A monoid is a set M of vectors of Qm which forms a semi-group

under addition in Qm. To be precise: (i) 0 € M; and (ii) If v, w € M then
v + w € M. The monoid M is integral if it contains only integer vectors.

Any monoid M % {0} contains infinitely many elements. Any set of vectors
generates a monoid, by taking all non—-negative integer combinations of vectors

in the set.
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A function f: M + R, with M a monoid, is called subadditive if:
(2.15) f(v + w) < f(v) + £(w) for all v, w €.M,
The interest in subadditive functions is that they generate valid cutting-planes,
as summarized in our next result,

Proposition 2.13: [57], [11]

If f is a subadditive function on the monoid generated by the columns of

A = [aj], then the inequality
n

(2.16) I f(a,))x, > £(b)
j=l J J

is satisfied by all solutiomns to (1.1).

A converse to Proposition 2.13 is also true.

Proposition 2.14: [11]

Assume that (1.1) is consistent. If the inequality

n
(2.17) Z OI.x.>1
3=1 Jjl=- o

is satisfied by all solutions to {1.1), then there is a subadditive function f,

defined on the monoid generated by the columns of A = [aj], which satisfies

(2.18) £(0) = 0, £(a,) £ T, for j=1 ..., n and £(b) > T .

We remark that it is easy to derive (2.17) as a consequence of (2.18) and
(2.16), if one simply notes that x > 0 for all solutions to (1.1).

An alternate form of Propositions 2.13 and 2.14 is the "subadditive dual"
we referred to earlier.

Theorem 2.15: [11]

If (1.1) is consistent and has a finite value, then this program has the
same finite value:

(2.19) max f(b)
subject to f(aj) < cj j=1, ..., n

f subadditive on the monoid generated
by the columns of A = [aj]
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Moreover, the value function G is always an optimal solution to (2.19).
We next relate subadditivity to Gomory functions (Proposition 2.17).
Lemma 2.16: Suppose that f and g are subadditive on M, and a, B > 0. Then the
following functions are subadditive on M:
(i) of + Bg
@) Tg!
(1i1) max{f,gl.

Proof: Llet v, w € M be given. Then we have

(2.20) (af + Bg)(v + w) af (v + w) + Bg(v + w)

< oaf(v) + af(w) + Bg(v) + Bg(w)

< (af(v) + Bg(W)) + (o £(w) + Bg(w)
= (af + Bg)(v) + (of + Bg)(w)

which establishes (i). Also

I'-f.-' (v + w) rf (v + w)—l

(2.21) Te(w) + £(w)

IA

< Tty Ty =T w+ el
which establishes (ii). The first inequality in (2.21) is due to the subadditiv-
ity of £ (see (2.15)) and the fact that r 1is a non-decreasing function of r.
The second inequality in (2.21) is due to the easily verified subadditivity of
the function 'r! .
Moreover, for £ and g subadditive,

f(v+w

IA

fFw) + £(w)

I'A

max{f (v), g(v)} + max{f(w), g(w)}

(2.22) g(v +w )

A

g(v) + g(w)

I'A

max{f(v), g(¥)} + max{f(w), g(w)}

By taking the maximum over both sides in (2.22), we prove (iii).

Q.E.D.



13

Proposition 2.17: All Gomory functions f € g; are subadditive on Qm.

Proof: By induction on the rank of f € S;. Q.E.D.

Thus, Gomory functions can be used to obtain valid cutting-planes (in
Proposition 2.13).

The fact that Chvatal functions are subadditive, and usually somewhere
strictly subadditive (i.e. in (2.15) there is strict inequality for at least
some choice of v, w), shows that the negative of a Chvatal function is not
usually subadditive. For example, - rv:‘ is not subadditive (although it is a
typical element of‘gi:, because -1 = - rij = - s+ .5">-2-=
¢ 5" +(£.5) , which contradicts (2.15).

The following simple result is a "normal form" for Gomory functioms.

Proposition 2.18: Every Gomory function f € Jm is a maximum of finitely many

Chvatal functions:

(2.23) £ = max{gl, cees gt], all g, €5

Proof: By induction on the rank of f. If f is a linear function the result is
immed iate.
Suppose that f = ag + Bh where a, B > 0 are rational and g and h are of

lower rank than f. We write

g = max {g.}
ier *

(2.24) h = max{h,}
jer

for finite non-empty index sets I and J, where g and hj are Chvatal functionms.

Then one easily verifies that

(2.25) f = maxfag, + Bh.}
ier * J
jeJ
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Suppose f = TéW , where g has lower rank than f. We may again assume

(2.24) holds for g, and we can conclude
13

(2.26) f = max{ rgi

i€l

Suppose that f = max{g, h}, where g and h have lower rank than f. We

again may assume (2.24), and we have

(2.27) f = max{max{g.}, max{h }}
jer * je3
so that again the inductive hypothesis is preserved. Q.E.D.

3. Gomory Functions are Value Functions

Just as we have been using small letters £, g, h, ... for Chvatal and
Gomory functions we shall reserve capital letters F, G, H, ... for value func-
tioms.

In this section, we derive sufficient closure properties for value func-
tions, to insure that Gomory functions are value functions, at least when their
domains are suitably restricted. The issue regarding the domain of definition
is, of course, that value functions are defined, i.e. are not + =,only for
certain r.h.s. b in (1.1), while Gomory functions are defined in all Qm.

In this section, we will confine ourselves to showing how Gomory functions
arise in the setting of programs (1.1) with A, b, and ¢ integral. The value
functions associated with such programs we shall call integral value functions.
The extension of our work to the rational case (i.e. hypothesis (1.2)) is
straightforward; see e.g. Corollary 3.14 below.

We proceed by use of certain results in [10]), particularly Theorem 3.2 below.
Aset S cQ is a slice [10) precisely if S has the form

(3.1) S=T+ M

where T % § is a finite set of integer vectors in Qm, and M is an integer

monoid in Qm which has a finite set of generators.
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A monoid is the discrete analogue of a convex cone with vertex at the origin;
a slice is the discrete analogue of a polyhedron. It is trivial for polyhedra,
that their intersection is a polyhedron. The analogous result is true for slices
(but see also [1], [10] for a continuous result which has a false integer
analogue).
Theorem 3.1: [10]

1f T, and T2 are slices and Tl fsz % ¢, then

Tl fsz is a slice.

Corollary 3.2:

1f Ml and M2 are integer monoids which are finitely generated, then

Ml fle is also a finitely generated monoid.
Proof: It is trivial that Mﬂ\Mz is a monoid.
Since leﬂ M2 + {0}, Ml r}Mz is a slice:
. =T+
(3.2) My r}Mz T+ M
where T is a non-empty finite set of integer vectors, and M is a finitely

generated integer monoid. As Ml F]MZ is a monoid, so is T + M, hence

(3.3) T+ T+M=(T+M) + (T+M =T+ M.

1700 sb. We claim

that T + M is generated by U = {tl, ceey ta’ Sy3 e sb}.

Let T = {tl, cees ta} and let M be generated by s

It is clear that any element t + m € T+ M (t € T, m € M) is generated

by U. Conversely, let v be generated by U:

a b
(3.4) v = z niti + I m,s..
i=1 =1 93
. a
One may easily prove, by induction on p = I ni, that any vector of the
i=1
a
form Z n’iti is an element of T + M, using (3.3) for the inductive step,
i=1

and the fact that 0 € T + M for p=0 (the latter by (3.2) and the fact that

0 €MlﬂM2).
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a
Thus in (3.4) I n ti €T+ M, and

4=1 1
b
as L m,s, €M, we have v € T+ M+ M =T + M.
- J3
j=1
This completes the proof of our claim. Q.E.D.

We recall our assumption at the start of the section that A is integer.
G(b) will be defined (i.e. G(b) < + =) only for certain integer vectors b. 1In
what follows, we may interchangeably write row vectors as column vectors, or
vice-versa, simply to improve readability.
Lemma 3. 3: I1f Ml 3o eas Mr are finitely generated integral monoids, so is

their Cartesian product M. X ... X Mr'

1
Proof: Without loss of generality, r = 2. Let Mj be generated by le, cees
th for j=1,2 (we may take t to be the same as 0 € Mj). Then Mll MZ is
generated by
11 1t |

v v | 0 0
(3.5) 21 2t

0 s eees , v s eeey v

A Q.E.D.

Lemma 3.4: I1f M is a finitely generated integral monoid, them so is the projec-

tion
( 3.6) M, = {vl |for some v2, (vl, v2) e M)
Proof: If M is generated by (vlj, v2j) for j=1, ..., t, then
1 for j=1, ..., t. Q.E.D.

Mj is generated by v

Proposition 3.5: Let G be a function G: Q- +Ru{+®}y{-=J.

Then G is the integral value function of some integer program (1.1) if

and only if the set M defined by
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(3.7) M= {(z, b) | £ is an integer and £ > G(b))}

is a finitely generated integer monoid.
Proof: Suppose that M is a finitely generated integer monoid, and let its
» a,). Then

b .
M = z l there is an integer vector x wit%}
b z = cX, Ax = b, x > 0

generators be (c

(3.8)

where A = [aj] (cols) and ¢ = (cj). Then the value function of the integer
program (1.1) for this A and c is

minf{cx | Ax = b, x > 0 and x integer}
(3.9) = min{z | (2, b)€ M} = G(b)

Conversely, if G(b) is the integral value function of (1.1),

we have
z z is :Lntegral}
@3.10) {(b) and z > G(b) N
f
for some non-negative integers xo, x]} s xnf ?
z
=< | [z 1y, 3 5
ﬁ b)=xOO/+Zx'a
=1 7 V% )
. Q.E.D

Via the same ideas as in the proof of Proposition 3.5, one easily
establishes the following result.

Corollary 3.6: M is the domain of some integral value function G (i.e. M =

{b | G(b) < + =}) if and only if M is a finitely generated integer monoid.
Throughout this paper, the infimum over an empty set is + «,

Theorem 3.7: Let H and His oees Hr be integral value functions and let Q and

Ql, eeey Qr be matrices of rationals.

Then the function defined by
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/-
Wl, ooy wr and b are integral, and
(3.11) G(b) = inf < H(wl, o ey wr) there are integer vectors bl, ey br
such that
r .
b+ I Qb >0
j=1 .
and moreover all wj > Hj(bJ), i=1, ..., T

N

is an integral value function
: , 1 T
(In (3.11), wl, ey wr are integers, the vectors b, b, ..., b may be
. , . . 1 r . .
of different dimensions, and the matrices Q, Q°, ..., Q@ are dimensioned to make

all expressions displayed compatible).

Proof: The monoid
( 2 2 is Integer and
(3.12) M= [w;
1§ |
v 2> HWwi, ..., w) i
~
and the monoids ~
,/ \ \
(3.13) Mj = \' Wj J Wj is integer ¥
% bJ and v > Hj(bJ)‘J, §=1, v.., T
~

are all integer monoids with a finite set of generators, by Proposition 3.5.
By Lemma 3.3 so is Mlex eee X Mr.

It is well known that (the result goes back to Hilbert [8]; for one proof,
see [10]) any monoid, defined by imposing integrality conditions on the
solutions to homogeneous linear inequalities in rationals, has a finite set

of generators. In particular, this monoid is finitely generated:
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- - 1 Y
( ’21 z, wl, ey wi, WI’ b™, ce.s Vs b", and
wl
1
b are integral, and
w wg = wj for j=1, ..., r
o
(3.14) P = i
b and
. h
W b+ I Qlp? >0
s j=1
b |
b |

By Corollary 3.2, the monoid
(3.15) M7 = (Mx M X .o XM )P
has a finite set of generators. Let M* denote the projection of M~ onto its
co-ordinates (z, b). By Lemma 3.4, M* has a finite set of generators. One also
checks from (3.11) that
(3.16) (z, b) &€ M* if and only if 2 is integral and £ > G(b).

By Propositon 3.5, G is an integral value function. Q.E.D.

In what follows, when we write a composition of functions such as
(3.17) G(b) = H(Hl(b), cens Hr(b))

we shall understand that G(b) is defined (i.e. G(b) < + ®) exactly if each

quantity wj 1

Hj(b) < 4+ o and also H(w,, ..., wr) < 4+ o, in which

]

case G(b) H(wl, cees W ).
T

Corollary 3.8: If H is a monotone non-decreasing integral value function,

and Hl’ cees Hr are integral value functions which are nowhere - ®,then the

function G in (3.17) is an integral value function.

Proof: Note that, by the monotonicity of H,
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Wi e v are integral and, there are

(3.18) G(b) = inf H(wl’ o wr) integral bl = b with wj > Hj(bj) for 3=1,

Theorem 3.7 applies.

Q.E.D.

Corollary 3.9: 1If Hl and H2 are integral value functions, ng and n, are non-

negative integers, and D is an integer, then these three functions are integral

value functions:

i) G=n, H, + n_ H

171 2 2
ii) ¢ = '=m /D!
1
iii) max{Hl, Hz}

Proof: In cases i) and iii), it suffices to show that G(b) = H(Hl(b), Hz(b)),
where H is a monotone non-decreasing value function. In case ii), we show
that G(b) = H(Hl(b)), where H is a monotone non-decreasing integral value
function. Corollary 3.8 then yields the desired result.

For i), the value function H is that of this two row integer program:

inf n.x, + n.x

11 22
(3.19) subject to x) = b,
x, = b2
Xys %, integral

where we can obtain a formulation in non-negative variables by setting xj =
X,
J

is non-decreasing because n

- x.”7 where xg and xg' are integral and nonnegative. The value function
1’ n2 > 0.

For ii), the value function is that of the integer program

inf xl
subject to Dxl - x, =b
{(3.20) x, >0
X., X, integral,
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and again a formulation in nonnegative variables easily follows. The function
H(b) = rﬁ/ﬁ1 is clearly non-decreasing.

For iii), H is the value function of the integer program

inf xg
subject to S ] = bl
*1_ - %3 T b
Xos Xg >0
Xys Xy Xg integer
and the desired properties are easily verified. Q.E.D.

Proposition 3.10: If p is an integer vector, then the function F(v) = pv is an

integral value function,

Proof: F is the value function of this integer program:

min px
(3.22) subject to Ix =b
x integer

Pl

and by the usual device of setting x = x° - x°~ with x7, x~

-

> 0 we can put

(3.22) in the form (1.1) Q.E.D.

The statement that "Gomory functions are value functions'" has to be proper-
ly construed. The domain of a Gomory function g is all of Qm, while that of a
value function G is some subset of the integer vectors zm; hence a Gomory func-
tion g must first be restricted to &' for any such statement to hold. A
second issue derives from the fact that a Gomory function g need not have an
integer value g(v) even for an integer vector v € Zm, yet the value G(v) for
a value function is always integral, since c¢ is assumed integral in this section.

A precise statement follows next.
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Theorem 3.11: If g is a Gomory function, there is an integral value function

and non-negative integer D > 1 such that

(3.23) g(v) = G(v)/D for all v € g°

Proof: By induction on the rank of g. If g(v) = Av for some A € Qm, writ
A = p/D for p integer and D > 1 integer. Then g(v) = pv/D and the result
follows by Proposition 3.10.

If g = aoh, + th where o =

1 /D1 and 8 = n2/D2 are non-negative

it

rationals, D, and D > 1, and h, and h, are Gomory functions, let D, and D

1 2 1 2

be non-negative integers such that

3

(3.24) A (v) = H (V)/D, for all v € 2"
m
hz(v) = H2(v)/D4 for all v € &
for value functions Hl and H2. Then for v € Zm,
_ anl(v) n2H2(v) _ (D2D4n1)H1(v) + (D1D3n2) H2(v)
(3.25)  8(v) = 3~ *pp D.D.D.D
173 274 1'37° 274

. ’= ’= - 2 . e +)
Since n, D2D4n1 and n, D1D3n2 are non-negative integers, anl n2H2

value function by Corollary 3.9 (i).

e

4

is a

-
If g = ,‘_hlql let (3.24) hold. Then for v integer, g(v) = r-Hl(v)/DB

and rﬁl/D;1 is a value function by Corollary 3.9 (ii).

If g = max {hl, hz} let (3.24) hold. For v € z" we have

(3.26) g(v) = max{Hl(v)/DB, HZ(V)/D4}
1
= —— max{D, H (v), D.H (v}
D3D4 471 372

Now D4H1(v) and D3

maxiD4H1, DBHZ} by Corollary 3.9 (iii).

Hz(v) are value functions by Corollary 3.9 (i), and so is

Q.E.D.
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We also wish to be able to restrict Gomory functions g by a non-

negativity condition h < 0O on another Gomory function h, and still have a

value function. 1In this context, the domain

hence some hypothesis on the Gomory function

sis will take the form

(3.27) h(v) >0 if v ¢ &"
so that, in essence, the compositely-defined
We proceed toward our goal in the next

Theorem 3.12: Let G and H be integral value

defined by
(3.28) F(v) =
+ if H(v)
is also an integral value function.
Proof: We have F(v) = K(G(v), H(v)), where, for w
Wos if w <
(3.29) R(w) = 1 2
+ o, if Vs >

of g and h will be Qm, not Zm,

h will be needed. This hypothe-

function is < + ® only for v € 2",

two results.

functions. Then the function

K is non-decreasing, and it is the value function of

program:
inf Xy
(3.30) subject to %
-X
x
Xl, X

Then F is a value function by Corollary 3.8.

<0

> 0;

w, €2

this two-row integer

Q.E.D.
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Theorem 3.13: Suppose that g and h are Gomory functions and that h satisfies

(3.27). Let the function f be defined by

g(v), if  h(v) < 0;
(3.31) f(v) =
+ o, if  h(v) > 0.

Then there is an integral value function F and an integer D > 1 with

(3.32) f(v) = F(v)/D for all v € Q"
Proof: By Theorem 3.11 there are value functions G and H and integers D,, D, >
with
(3.33) gv) = G(v)/D1 for all v € 2"
h(v) = H(v)/D2 for all v € 8"
Note that, by (3.27),
(3.34) h(v) < 0 if and only if H(v) < 0 for all v € Qm.

From (3.31), we have, using (3.33)

G(v), if  H(v) < 0;
(3.35) le(v) =
+ © if H{v) > 0.
By Theorem 3.12, le(v) is a value function. Q.E.D.

Corollary 3.14: Suppose that g and h are Gomory functions and that there is a

rational non~singular m by m matrix B such that, for all v ¢ Qm,
(3.36) h(v) > 0 if Bv & 2"
Then there is a value function F arising from a program (1.1) with

rational A, ¢ such that

g(v), if  h(v) < 0;
(3.37) F(v) =
1\+ © if h(v) > 0.
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- - - -1
Proof: Define h™ (v) = h(B 1v), g”(v) = g(B "v), and apply Theorem 3.13 to
g”, h” to obtain an integer matrix A”and an integer vector c”, and an integer D,

such that it has value function

De(3 '), if  hGEv) < 05

(3.38) F ' (v) 1
+ o , if  h(B “v) > O.

1

Let ¢ = c”/D, A= B “A”. Then the value function G of (1.1) satisfies

(3.39) F(v) = min{c"x/D | B-lA'x = v, x > 0 and integer}
= %-min{c'x | A”x = Bv, x > 0 and integer!}
1 gv), if  h(v) < 0;
= B F'(Bv) =
+ ® if hi{v) > 0.

Q.E.D.

4, Some Results on the relation between an integer program and its LP

Relaxation

We begin with two results showing that if an integer program is incon-
sistent, then a perturbation of the linear programming relaxation is also in-
consistent. Throughout this section 2y e an € Qm are fixed, e is a vector
with all components equal to one.
Theorem 4.1: There exists a k > 0 such that, for all v ¢ Rm, if there are

no integer xj such that

n
(4.1) Lax, >V
1

then there are no xj such that

n
(4.2) L a,x, >v + ke.
1 JJ-
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Proof: Let k be n times larger than any non-negative component of any aj.
If x = (xl, oo xn) satisfies (4.2) then replacing each Xy by the next lower
integer provides an integer solution that satisfies (4.1). Hence if (4.1)

has no integer solution (4.2) has no continous solution. Q.E.D.

Next we examine the analogous problem for integer programs whose constraints
are given as equations rather than inequalities.
m .
For v € R define
n
. = = v; > 0; i
(4.3) Iv {(xl, xn) l i ajxj : Xj 0; xj integer}

Theorem 4.2: There exists a K, > 0 such that, for all v, either: (i) Iv is

non-emptysor (ii) there are no integer xj ( positive or negative) such that
La.x, = vjor (iii) there is no x > K,e such that ; a,x, =V,
31 -1 1
In other words, if an integer program with right-hand-side v is incon-
sistent, then either it remains inconsistent when the non-negativity con-

straints are dropped or else the LP relaxation is inconsistent if lower bounds

of K., are imposed on all the variables.

1
n > n
Proof: Let S = {(al, oo 0) | ¢ o3y = 0}. Let F € Z  be a basis for S.
1

Let K1 be larger than the dimension of S multiplied times the largest non-
negative component of any member of F. If v is such that (ii) and (iii) are
n
false then there is an integer x = (51, .o En) such that I ajEj = v and
1

scalars af, f € F such that X + 2 o

f >Ke. If al is the largest integer
s

f f

- . n .
< af then x + X aff is integer, because F C Z°, and non-negative because
- T feF

b} (a; - af) £f>- Kle. Hence x + L a;f € Iv' Q.E.D.

feF fer
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Remark: An alternate form of theorem 4.2 replaces (iii) by (iii)”: there is a
n

1l < J <n dependent on v such that Ix [ z ajxj =V x> 6, xJ > k} = @. The k
1

constructed here is n times the K, constructed in the proof of theorem 4.2.

1
We will not use this result later, and omit the detailed proof.

Next we present some results relating the optimal solution to an integer
program to the optimal soclution to linear programming problems. The results
we require later are Theorem 4.6 and Corollary 4.7, These can be deduced from

[1] but our presentation is self-contained. Also, we believe the value of

the constant K2 is new.

For v € R* define

(4.4) L, = ix| Zagx, = v, x, 2 0}
(4.5) R.(v) = inflex|x € Lv}
(4.6) Gc(v) = inf{cx|x € Iv}

Lemma 4.3: There exists K2 > 0 and a finite F € 2" such that, for every c,

if every component of x is either zero or > K2

or (ii) there is y € F such that Zaj(xj + yj) = Zajxj,

th either: (i) R (Za.x.,) = cx;
en (1) c( 2, J)

c{x +y) <cx, and x +y > 6.

Proof: For s € {1, 2, ... n} let

-
4.7 Uy = {x|Zajxj = 0 and Xy = 0 if j ¢ sl.
For each S such that US is one-dimensional, let xs € US be a non-zero integer

vector. We take F to be xS and -xs for 211 such S. K2 is chosen to be as

large as any component of any member of F. If x, ¢ are such that (i) is
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-
false there is a z € R" such that: () Zajzj = 0; (B) cz < 0; (V) zj > 0 if
* *
X, = 0. Let z satisfying (a) = (Y) be such that {jlzj = 0} is maximal. By
*
definition of F, there is a w € F such that wj = 0 if zj = 0.

* . *
We claim that z = Qw for some scalar ©. Let O be such that z" = z - Ow

satisfies
*
.8 “.> 0 if . >0
(4.8) z"2 zJ >
. *
(4.9) 2"< 0 if 2,20
. *
(4.10) For at least one j,zj = 0 and zj + 0.

*
2” satisfies (o) and (y). (4.10) and the maximality property of z imply

- - - * L
cz” > 0. 1f z” ¢ B, we could find a scalar @° such that z - @7z7 satisfies

*
(o) = (Y) and has more zero components that z . Since this would contradict

- ->
the maximality we must have 2z” = 0, z = Ow, and our claim is established.

Hence there is a y € F satisfying (o) - (y) [y = w or -w]. If every

->
component of x is zero or > KZ' then x + y > 0; hence (ii) holds. Q.E.D.

Corollary 4.4: Let the set F be as in Lemma 4.3. For xsZn, xzﬁ, define x by

x., 1f x, > X
(4.11) %, =( 3 1-2
J 0 otherwise

Then, for every ¢, either Rc(Zaj§j) = cx or there exists y € F such that
x+y> 6 and c(x + y) < cx.

Proof: Apply Lemma 4.3 to X. Q.E.D.
Lemma 4.5: Let ¢, v be such that Iv %+ # and Gc(v) > -~ o ., Then, for every

*
X € Iv’ there is an x € Iv such that
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*
(4.12) ex < ex
*
(4.13) {ai | X; > Kz} is linearly independent
) —% —-% %
(4.14) Rc(Zajxj) = ex [x defined by (4.11)]

Proof: Apply Corollary 4.4 to x. Either Rc(Zaigi) = cX or there is an x~ =

x +y €I with cx” < ex - min{ey | vy € F, cy < 0}. Then we apply 4.4 to x~

(n) such that (4.12)

etc. Since Gc(v) > - © ywe must eventually obtain an x
and (4.14) hold. By (4.14) and the complementary slackness theorem there is

aw € R" such that waj < cj for all j and waj = cj if §§n) > 0. If (4.13)

fails there is a y € F such that cy < 0, yj = 0 if §§n) = 0, and at least one com-
ponent of vy is negative (recall Gc(v) > - =), For some integer @ > 0, x + @yQIV and

*
x + Oy has fewer components > K This process is repeated until an x is

”
- -5k
obtained such that (4.12) and (4.13) hold, and fo“) > 0 if X, > 0, hence
-% -k
wa, = ¢, if x, > 0. To verify (4.14) note that if x > 0 and Za.x, = la. x,
3 3 j - i3 i3
th > I(wa,) (Ca.x,) = w(Za, %) = cx' Q.E.D
en c¢x wa )X, = w a.Xx, =Ww a.x, = ¢cx ., VR N
- '3 i3 i3

Theorem 4.6 : For any c, v such that Iv £ @ and Gc(v) > — o there is an

*
x € Iv satisfving (4.13), (4.14) and

(4.15) G_(v) = x>

Proof: Any x € Iv can be decomposed as x plus a vector x”~ all of whose

components are between 0 and K Since there are only finitely many x~ and

2"
at most one x € Iv satisfying (4.13) for each choice of x” and linearly
independent set, there are only finitely many x € Iv satisfying (4.13) and

*
(4.14). Let x be an x with cx minimal. Q.E.D.
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Corollary 4.7: For every c € R" there is a K, such that if Iv # P and Rc(v) >

3

- © then

(4.16) R (v) 6 (v) <R (v) +K,

*
Proof: Rc(v) < Gc(v) is immediate. Parametric linear programming theory

implies that there is an M., such that [Rc(v) - Rc(w)] < Ml|lv - wl|. LetM, =

1 2

-> n -
max{lcx|! 0<x< Kze} Let M3 = max{H Zajxj H, 0<x< Kze}. From theorem 4.6
1

* * —% -k
we know there is an x € Iv such that cx = Gc(v) and cx = Rc(Zajxj). Since

* -k * —%
< - = = + <
0 <x x < Kze we have Gc(v) cx < ecx o+ M2 Rc(Zajxj) M2 <

Rc(v) + M1M3 + M2, so we may take K3 = M1M3 + M2 Q.E.D.

*
This follows from the fact that Rc(v) = max Aiv, where the Ai are the extreme

points of the polyhedron, {X)}‘-aj < cj, lf j< n}. We take Ml = max” }\j” .
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5. Value Functions are Gomory Functions

We will use notation (especially (4.3) - (4.6)) and results from section

Let a RN € Qm and ¢ € Qn be fixed. The two main results of this

1°
section are
Theorem 5.1: There is a Gomory function f: Rm + R such that, for every v,
f(v) < 0 if and only if IV : @
Theorem 5.2: There is a Gomory function g such that, for every v such that
I, P, gv) = GC(V).

The function f is a "consistency tester" for the integer program. g is a
function which is equal to the value function of the given integer program,
whenever it is consistent. Our proof of 5.2 uses 5.1, which requires several

preliminary results., The proofs are constructive.

Lemma 5.3: Let

(5.1) S = {v|v = Eajxj, xj integer (positive or negative)}
There is a linearly independent U < Qm such that S = {v]v = uuu, o integer}.
u€l

Proof: Let H = {j]some member of S has first j-1 components zero and jth

component positive}l. For each jEH,quU is a vector where first (j-1)
components are zero and whose jth component is the smallest possible positive
number. Set U = {uj|j€H}. It is easy to show that if v&S and the first (j-1)
components of v are zero, then v - auj will have first j components zero, for
some integer o, This process can be continued to yield a representation of

v as an integer linear combination of the uj. Q.E.D.
Remark: The proof of lemma 5.3 consists essentially of taking the Smith

normal form of A,
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Corollary 5.4: Let S be as in lemma 5.3. There is a Gomory function fl such

that v€S if and only if fl(v) < 0.
Proof: Let d be the dimension of L(S), the linear span of S. There are

w sas Wﬁ_dEQm such that VEL(S) if and only if wiv =0, 1<1 < m-d. There

1’
are z € Qm such that if v € L(8) then v = I (zuv)u. Hence vé&S if
u€y
wiv = 0 for all i and zuv is integer for all u€lJ. Hence we may take
= - . 3 _-r —‘_ .
(5.2) fl(v) max{wiv, LAL 1 <i< m-gd; z v z, V3 u€y}
Q.E.D.

Theorem 4.2 says that if IV = P then either S above is empty or else

inserting lower bounds of K, on the variables produces an inconsistent linear

1
program. 5.4 shows that the first situation can be detected by a Gomory

function. Our next lemma is a fact from parametric linear programming. It
states that if lower bounds produce an inconsistent LP, this inconsistency

can be detected in a uniform manner over all v.

Lemma 5.5: There exist Al’ e AM € Qm such that
(5.3) Aiaj-i 0 for all 1 < i <M, 1< 3j < n;

(5.4) For every vERm, k > 0,if there is no x(:Lv with x > ke then, for

n
some i, A, v+k I (-x.a,) > 0.
i 4=1 ij

Proof: {w|ajw <0 1<3¢< n} is a cone. We apply the finite basis theorem
to obtain Al’ cee AM such that every member of the cone is a non-negative
linear combination of the Ai.

Standard results of linear programming show that if there is no xELv
with x > ke then there exists wERm and scalars Sys eee S > 0 such that

wa, + Sj =0, 1<j<nand w + k(Zsj) > 0. There are non=-negative oy

3

M
such that w=Za . A.. If s,, = =)\.a them s, = I 0a.s... Since
ii ij ij j j=1 1 1]
M n
z ai(A,v + kI sij) = ww+ kI Sj > 0 there must be at least one i

i=1 : j=1
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n
such that A,.v+ k I (-A,a.,) > 0. Q.E.D.
i §=1 i3

Our next result is motivated by the fact that Gomory functions, béing sub-
additive, generate valid inequalities. Suppose A and v are such that every

x € Iv satisfies x, > p, for some integer p. Suppose we also know that every

1
x €1 a satisfies an inequality ZBjxj > Y. Then we can conclude that

g
every x € Iv satisfies ZBjxj >y + Blp. We will show that if there are Gomory
functions generating the first two inequalities, then one can construct a
Gomory function that generates the third one.
Lemma 5.6: Let p be a Gomory function such that p(al) = 1; p(aj) <0

2 <3j< n[i.e., p generates an inequality of the form x, > something].

1

Let h be any Gomory function. Then there is a Gomory function s such that

(5.5) s(aj) < h(aj) 2<j<n
(5.6) s(al) = h(al)
(5.7) For any v, if p(v) is integer then

p(v)s(a;) + h(v - p(v)a;) = s(v)
Proof: Our argument proceeds by induction on the formation of h. If h is

linear we take s(v) = h(v). If h(v) =r—hl(v)1 where h, is a Gomory function,

1

then by induction hypothesis there is an s, such that (5.5) - (5.7) hold for

1

sl,hl. We define

(5.8) s = s ) + (s (a7 - s (a)p)]
)

For 2<j<n s(aj) < rgl(ajiv 5‘% = h(aj), hence (5.5) holds.

1433
s(al) = rkl(a151 = rhl(a15'= h(al) so (5.6) holds. If p(v) is integer

r

s{v) = r'sl(v) - sl(al)p(V)-1 + rél(a1f1 p(v) = hl(v-p(v)al)“1 +

s(al)p(v) = h(v—p(v)al) + p(v)s(al) so (5.7) holds.
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If h{v) ahl(v) where 0 > 0 we take s(v) = asl(v)

If h(v) hl(v) + hz(v), we take s(v) = sl(v) + sz(v)

If h(v) max{hl(v), hz(v)} and hl(al) > hz(al) we take
(5.9) s(v) = max{sl(v), sz(v) + (hl(al) - hz(al))p(v)}.

For 2

1A

i< n,s(aj) < max{sl(a ), sz(aj)} < max{hl(aj), hz(aj)} = h(aj).

3
Also s(al) = sl(al) = h(al). If p(v) is integer, s(v) = max{p(v)sl(al) +
hl(v - p(v)al), h2(v - p(v)al) + hl(al)p(v)} = p(v)sl(al) + h(v - p(v)al)
so (5.5) - (5.7) hold in this case and the induction is complete.

Q.E.D.
Remark: The construction of s is based on the idea that a Gomory function
represents a method of obtaining valid inequalities, with each step in the
formation of the function corresponding to the generation of a new valid
inequality from those previously obtained. The function s represents the
same sequence of operations on inequalities as the function h, except (see
(5.8) and (5.9)) that whenever h uses the inequality Xy > 0, s uses the in-

equality x. > p(v) generated by p.

1
Our next task is to show how we can use information about the consistency
of an integer program with n-1 columns to obtain valid inequalities for an

integer program with n columns. Let

n
(5.10) LIv = {(xz, vee xn)lgajxj = v,xj > 0 and integer}

Suppose we know that Xy > p (p non-negative integer) if xEIv and that LIv-pa =
1

f. Then we may conclude thatyﬁ >p+1if x&Iv. Our next result uses this

idea in the context of Gomory functions.
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Lemma 5.7: Suppose there is a Gomory function h such that h(v) < 0 if and

only if LIV + P. Then for any k there is a Gomory function Py such that

(5.10) pk(al) <1
(5.11) pk-(aj) <0, 2<3i<n
(5.12) For any v, pk(v) > k+ 1 1if Iv = @

Proof: We argue by induction on k. For k = 0 we may take P, (v) = ronh(v)-1

for some a > 0., 1If pk(v) satisfies (5.10) - (5.12) and pk(al) < 1 we may take

rl R *
pk+l(v) = a—pk(v) where o = max{ pk(al),%} ., If h(al) < 0 we may take Pra1 @) =

(k+ 2 rh(v)-I.

The interesting case is pk(al) =1, h(al) > 0. By scaling we may assume

h(al) = 1., We apply lemma 5.6 with p = Py

h(aj) < 0 and s(al) = h(al) =1, We define pk+l(v) = rmax{pk(v), s(v)}j .

to obtain s such that s(aj) <

If Iv @ then by (5.12) either pk(v) >k +1 or pk(v) = k + 1. Since

pk+l(v) > rpk(v)-l we are done in the first case. If pk(v) = k 4+ 1 then (5.7)

implies s(v) = pk(v) + h(v -~ (k+l)al) > k + 1, hence Prsg (V) > rs(v)-' >k+2

We are ready to carry out

Proof of Theorem 5.1: Our proof proceeds by induction on n.

First we deal with the case n=1. There are Al’ Am-l such that v is
a scalar multiple of 8, if kjv =0, 1 <3j<m1l. There is w such that if
v =oa, then o = wv (e.g. we may take w = (1/|| al” al). We may take
f(v) = max{Aiv, - Aiv, - wv, L

Now we deal with the induction step. We are assuming that for every n-1
rational vectors there is a Gomory function f such that f£(v) > 0 if and only

if v is not a non-negative integer combination of the n-1 vectors. In

* The original manuscript used an incorrect choice of a, as was remarked to us
by P. Carstensen.
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particular we are assuming there are Gomory functions hj’ 1 < j < n such that

hj(v) > 0 if and only if there is no xEIv with-xj = 0. We apply lemma 5.7

with k = K1 to obtain functions Tj such that
5.13 T.(a,) <1
( ) j J) <
(5.14) T,(a;) < 0,4 T3
(5.15) Tj(v) > Kl if there are no xEIv with xj =0

Let Kl, . Nﬁ be as in lemma 5.5. Define

n
(5.16) f2(v) =1??§$Aiv + jii—kiaj)Tj(v)}
(5.17) f(v) = max{fl(v), f2(v)}

where fl(v) was constructed in lemma 5.4,

If Iv = P, then by lemma 4.2, either S = @ (hence fl(v) > 0 by lemma 5.4)
or there is no xELv with x > Kle. In this last case lemma 5.5 implies that,
for some i, kiv + Kljgl(-Aiaj) > 0. Using (5.15), (5.3)

n
f2(v) > kiv + jzl(—kiaj)Tj(v) > 0, hence f(v) > 0 if Iv = @,

To show f(v) <0 if Iv + @ it suffices to show f(aj) < 0 and use the
subadditivity of f. fl(aj) < 0 by corollary 5.4. By (5.16), (5.3), (5.13),

(5.14) f2(aj) < 0 hence f(aj) <0, Q.E.D.

Qur next task is the proof of Theorem 5.2,
Let N>0 be such that

(5.18) ch is integer, 1 < j < n; N integer.

Our method of proof is to deduce valid inequalities by making use of

information about I, together with information about Ivfﬁ{x| cx = p}. Suppose
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we know that if XGIV then c¢x > p, where Np is integer; and that if

x€Iv and cx = p then 0x > B. There should be some way of combining these

two inequalities into a single inequality (@ + Le)x > B + Lp for some L > 0,

The next result shows that this does happen when the inequalities are

generated by Gomory functions.

Lemma 5.8: Let p: R" + R be a Gomory function such that p(aj) < Cj for all j.
! 3

Let f:wa + R be any Gomory function. Let p“(v) = %-Tﬁp(v (p'(aj) < Cj

by (5.18)). There is a Gomory function h: R® > R and an L > 0 such that
5.19 h(a,) < f(c.,a.) + Lec. ; 1 < j <n

( ) (J)-(J’J) CJ’ _J_

(5.20) For every v, h(v) > £(p"(v), v) + Ip“(v)

Proof: We construct h by induction on the formation of f.

1f £ is a linear functional f(r,v) = ar + wv with o < 0 we take
h(v) = wv, L = - and (5.19) and (5.20) hold as equations.

If £(r,v) = ar + wv with a > 0 take h(v) = ap”(v) + wv, L = 0.

(5.20) is an equation, (5.19) follows because p'(aj) < cj.

L

If f(r,v) = r}l(r,vijthen by induction hypothesis there are hl’ 1

such that (5.19), (5.20) hold. Take L = Nriij and define

.
|--hl(V) + (L-Ll)p'(v;] =‘—h1(V) - Llp'(V) + Lp~ (v)

¥, 1 _T g
We have h(aj) < hl(aj) + (L—Ll)cj = hl(aj) - Llcj + Lcj < f(cj,aj) + Lcj, S0
L
(5.19) holds. Also h(v) > I--fl(p'(v),v) + Lp“(v) = £(p (v),v) + Lp"(v) so

(5.21) h(v) =

(5.20) holds.

If £(xr,v) = afl(r,v), @ >0 we take h = ahl, L aLl
If f(r,v) = fl(r,v) + f2(r,v) we take h = h1 + h2, L = L1 + L2.
If f(r,v) = max{fl(r,v); fz(r,v)} with L, > L, take L = L, and
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(5.22) h(v) = max{hl(v); hy(v) + (@) - Lz)p'(v)}

We have h(aj) < max{fl(cj, aj) + Llcj; fZ(Cj’ aj) + Llcj} = f(cj, aj) + Lcj.
Also h(v) > max fl(p'(v), v) + Llp'(v); fz(p‘(v), v) + Llp'(v)} =

£(p"(v), v) + Lp"(v) . Thus (5.19), (5.20) hold in this case and the induc-

tion is complete.

Remark: The idea behind this construction is similar to that for lemma 5.6.
The function h represents the same sequence of operations as the function £,
except that at every step at which f uses the equation ¢x = p, h uses the
inequality cx > p” generated by the Gomory function p~.

Corollary 5.9: For every k > O there is a Gomory function T : R” - R such

k
that
5.23 T, ( < e, 1<3j<n
( ) kaj)_J <jic
(5.24) For all v,NTk(v) is integer
: 1T o0 . ks
(5.25) For all v, if I { 8,7, (v) > min{G_(v), § "NR_(v)' + I

Recall N defined by (5.18), Rc by (4.5). Note that (5.23) and sub-

additivity imply Tk(v) < Gc(v).

r i
Proof: We argue by induction on k. We take To(v) = %‘NRC(V) . Rc(aj) < Cj

is immediate and (5.23) follows because ch is integer. (5.24) and (5.25)
are also easy.

Suppose we have constructed Tk(v). By theorem 5.1 applied to ag = (cj, aj)
there is an f: Rm+1 + R such that £(r, v) < 0 if and only if there is an

;:EIv such that ¢x = r. We apply lemma 5.8 with p = Tk’ f as described.

By (5.24) p" = p =T Define

k.

*Rc is a Gomory function by the remark at the end of Corollary 4.7.
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(5.26) Topy (V) = max{Tk(v), %rN’h(v)/Ij}, if L >0
(5.27) T @) = max{T (), T, (v) + % She)1} ifL =0

(5.23) holds for Tk+1

(5.24) is immediate., If Tk(v) = Gc(v) we see that (5.25) holds for Tk+l’

because T, (a, < c, and f(c., a,) < 0, in (5.19).
NOREERS (c;» @) £ 0, 1n (5.19)

because %dqﬁv) > Tk(v). If Tk(v) < Gc(v), then f(Tk(v), v) = £(p"(v), v) > 0.

(5.20) implies T (v) > Tk(v),which implies that T (v) is a rational with

k+1
(v) > %-I;IRC(VS1 + iﬁ%ll . Since NGC(V) is integer,

k+1

denominator N and hence Tk+l

Tk(v) < Gc(v) implies Gc(v) > %}&Rc(v? + Lkill hence (5.25) is established

for Tk+l' Q.E.D.

Now we can return to

*
Proof of Theorem 5.2: With K3 constructed by corollary 4.7 , we let f = TNK .
3

Using (4.16) condition (5.25) becomes T v) > Gc(v). As remarked above,

NK3

(5.23) implies the opposite inequality, hence f(v) = Gc(v).

Q.E.D.

Next we consider the dependence of the optimal solution to (IP) on
the right-hand side v. Consider the one~row problem

min x + y
Xx+y=v

X,y > 0 and integer

*The assumption Rc(v) > — @ needed to invoke corollary 4.7 is not restrictive.

It is easy to show that if Rc(v) = ~o for any v, then for all v, either Iv-— ]

or G (v) = -0,
c
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The optimal solutions for v = 4, 5, 9 have x = 1, 1, 3 respectively.
The optimal solution value for x is not a subadditive function of v, hence
cannot be a Gomory function. However, our>next result shows that the optimal
solution can be obtained by using unrestricted Gomory functions (defined in
2.7).

To deal with cases involving more than one optimal solution, we define
the lexicographically smallest optimal solution to be that optimal solution
which makes x* as small as possible. 1If there is more than one such x we make

1

* *
X, as small as possible, given the specified value of x

2 1° etc.

Corollary 5.10: Assume Rc(v) > = o for all right-hand sides v. 1If Iv+ )

* *
let X, be the lexicographically smallest member of Iv such that ex = Gc(v)
*
[i.e. X, is an optimal solution]. Then there are unrestricted Gomory functions

*
fj: R” + R such that if Iv + @ then the jth component of X, is fj(v).

*
Proof: The first component of X, is the value of the optimal solution to the

integer program

min  x,
(5.28) subject to c¢x = ao
la X, =v
J ]

x>6, X integer

when we set ag = Gc(v). By theorem 5.2, there are Gomory functions go(v), gl(a,v)

such that go(v) = Gc(v) and gl(ao, v) is the optimal value of (5.28).
*
Then the first component of X, is gl(go(v), v), which is an unrestricted

*
Gomory function of v, Similarly, the second component of x, is the value of

the optimal solution to
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min x

2
(5.29) subject to ¢cx = ay
*1 ™%
=v

Za.x,
31
-+

x,>0, X integer

j_

where g = go(v),a1 = gl(go(v), v). By theorem 5.2 there is a Gomory function

gz(ao, s v) which is the optimal value of (5.29). Hence the second component
* *

of x, is gz(go(v), gl(go(v), v), v). The other components of x,, are developed

similarly, Q.E.D.

We next present the analogues of theorems 5.1 and 5.2 for an integer
program in inequality format:

min ¢ X, ¥+ ... ¢ X
11 nn

. b] t cee >
(5.30) subject to a,%; + ax >V

X cee X > 0 and integer.

1’
We will assume that the vectors aj have all components integer (the
extension to the rational case is straightforward). Then (5.30) is equiva-
lent to the integer program in equation form
min ¢ X, + ... € X
11 nn

(5.31) subject to a %, +...ax ey - A

X,y¥ > 0 and integer

-.m . .th . .
where eiER has one in 1 component, zero in other components, and Vv is

taken componentwise. Application of theorems 5.1, 5.2 yields

Corollary 5.11: There is a Gomory function f such that (5.30) is consistent

if and only if £(fvh < 0.
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Corollary 5.12: There is a Gomory function g such that g(rvj) is the value

of (5.30) for any v for which f(rv-') < 0.

We can extract further information about f, g. A Gomory function h
is specified by a definition giving the precise order in which the various
operations (sums, ‘round-ups, etc.) are carried out. A Gomory function can
bave several different definitions, e.g. %x defines the same function

as x <+ X . We will use h to denote a definition of h.

(] [

~ ~

Definition 5.13: For a given h we associate T(h)c Qm, the set of all A occuring

in linear functionals used in h, Formally T(h) is defined by

1) 4f h(v) = Av then T(h) = {)};
A A A A "[ ~ ~
ii) 4if h = c,hl or h= ‘-hl then T(h) = T(hl);
1iii) 4if h = hl + h2 or h= max{hl, hz} 'then T(h) = T(hl) U T(hz)

The class ./f& consists of those Gomory functions h for which there
is ;1 such that every )\ET(;) has non-negative components.

Every hﬁoﬁ.gis a monoteone non-decreasing Gomory function (the converse is
also true, but non-trivial).* ;ﬁ& is closed under composition in the sense that
if f: RQ+ R, and 8y* R" -+ R, 1 <1i<Q, are in.f(? then so is h(v) =
f(gl(v), .o gQ(v)). In particular, if f&/ﬂﬁ then h(v) = f(rv")bf(g.

Lemma 5.]4: Let 1 < j £ n. Let ho be a Chvatal function defined by ;10 such

that ho(-ej) < 0. Then there is a Chvatal function h, defined by h, such that:
(i) hl(v) = ho(v) for all v with integer components; (ii) If AGT(hl) then

;\ej > 0; (444) If )\er(hl), A= A7 4+ kej’ where A is a non-negative linear

combination of members of T(ho).

*
The proof is by induction on the formation of h., The key step is that if
h = f4+g is a monotone Gomory function then for some linear function A, f + A

and g - A are monotone Gomory functions.
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Fal
Proof:; We construct h1 by moving integer quantities through the round-up
A

operationsr. Vuhich occur in ho. For example, if ho(v) = 4%e v +

1
U B 1 T1 ™
,—ZEelv we could take hl(v) = lselv + Eelv .

Formally, we proceed by induction on the number of round-up operations

used in h.. For any h define n(h) by

0
i) 4if h(v) = xv , n(h) = 0;
ii) if h=af , n(h) = n(f);
iii) if h=£f+g , n(h) = n(f) + h(g);
iv) if h='f , n(h) =n(f) + 1.

If n(ho) = 0 then we may take hl(v) = Av, since h0 is linear.

If n(ho) > 0 then there is kEQm; o

ﬁ (v) = Av + F; ( y + rg )] + ; ( h £f) < % i
(V) = v oy 1 v) o 2(v) cew Oy K v) where n( i) n( O). Since

17 v % 205 £y e fk such that

2
k
hog-%) < 0 there are integers Mys Myy eew My such that: (i) Amo + iuimi =0
(11) he, + m. < 0; (i1i)'f.€e)'+m = 0. Define h,(v) = (A = m.e v +
3 0-" i3 i 1 073

Zuiréi(v;] where gi(v) = fi(v) - (miej)v. hl(v) = ho(v) for integer v by (i),

and (ii), (iii) mean we may apply the induction hypothesis to produce

suitable gy Q.E.D.

Corollary 5.i5: If h0 is a Gomory function and ho(-ej) < 0 for all j, then

there is an h&ﬁg such that h(v) = ho(v) for all integer v.

Proof: By proposition 2.16, h0 is a maximum of Chvatal functions. Use

lemma 5.13 on each Chvatal function for each 1 < j <n to get the desired

representation, Q.E.D.
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Now the strengthening of corollary 5.4 and 5.5 is immediate.
Theorem 516: There is an fE{Kysuch that (5.30) is consistent if and only if
f(v) <o.

Theorem 5.17: There is a gé/%such that g(v) = optimum value of (5.30) if

f(v) < 0.

The next result was first proven by Wolsey [14] by an analysis of Gomory's
Method of Integer Forms [ 4]. However, [ 4 ] assumes that the initial linear
programming relaxation has a tableau of lexicographically positive columns
[4, bottom page 286; also p. 287 and p. 289%]. Hence the method of proof in
[14] cannot be used for all integer programs.

Theorem 5.18: If (1.1) is consistent and has finite value, there is an

optimal solution f to the subadditive dual problem (2.19) which is a Chvatal
function.

Proof: By Theorem 2.15, the value function G of (1.1) optimally solves
(2.19); hence by Theorem 5.2, there is a Gomory function g which is an optimum

in (2.19). By Proposition 2.18, g = max{f_, ..., ft} for certain Chvatal

1’
functions fi, 1<ic<t, If fjis such that g(b) = fj(b), then fj is an

optimum for (2.19). Q.E.D.

Remark: Several alternative proofs of Theorem 5.18 are possible. Schrivjer,
building on work of Edmonds and Giles [ 3], has recently established [13]
that finitely many applications of Chvatal's operation (as in (2.6)) yields
the convex hull of integer points for any integer program (without the
restriction in [ 4]). This can be used to construct the appropriate f in
Theorem 5.18. Another proof is based on (non~trivial) modifications of the

method of integer forms so that it will work for all integer programs.
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An interesting "separation principle" follows from Theorem 5,18 which we

give next.

Corollary 5.19:

If b is not an element of a finitely generated integer monoid M, there is a
Chvatal function f such that: (i) f(m) < 0 for all m € M; and (1ii) f(b) * O.

Proof: Let the generators of M be 215 eees @ - Then the following integer pro-

gram is consistent and has finite value one:

minimize X
n 41
n
(5.32) subject to I a X+ bx = b
5=1 n+1

xj > 0 and integer

The subadditive dual of (5.32) is the program:

(5.33) max F{b)
subject to F(a,) <0, j =1,

and F(b) <1
and by Theorem 5.18, the optimum value of this dual is achieved by a Chvatal

function f; hence f(b) = 1. From f(aj) < 0 for j 1, ..., N one easily

n
derives f(m) < 0 for allm= I ajxj (x. > 0 and integer) by induction on
371

n
a = L x,. Q.E.D.

We conclude this section with a result which relates the value function
Gc of (1.1) to that of the linear relaxation.

Theorem 5.20: Let g be any Gomory function such that

(5.34) gv) = Gc(v) whenever I + 0.

»~

and let g be the carrier of g. Then
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(5.35) ;(v) = Rc(v) whenever Rc(v) < 4+,

. . . < .
Proof Suppose that there is a Vo with Rc(vo) +> and g(vo) + Rc(vO)

Then for suitably large integral D > 1, IDv + @, and as g and R, are
0

homogeneous functions, g(DvO) + RC(DVO). Then without loss of generality

D=1and I % 0.
v
0
We established in Proposition 2.1J that there exists k1 > 0 with
(5.36) 0 < g(v) - g(v) < kl for all v € Qm
By Carollary 4.7, there exists k2 >0 such that
(5.37) 0 < Gc(v) - Rc(v) < k2, whenever Iv + i

and hence

(5.38) 0 < g(v) - Rc(v) < k2, whenever Iv + 9.

Starting from (5.36) and (5.38), we may apply the kind of reasoning as
in the proof of Corollary 2.11 (particularly as in the display (2.14)) to

~

the homogeneous functions g and Rc, and we obtain a contradiction from our

supposition that é(vo) + R (vo). Q.E.D.
c

Theorem 5.20 has this interpretation: if we start with a closed-form
Gomory expression g for the optimal value of (1.1), and simply go through
the expression erasing all round-up symbols, we obtain a closed~form expression

for the optiaml value of the linear relaxation of (1.1)
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6. The Structure of Gc(v) as c Varies

Throughout this section a e @ EQm will be fixed. 1In section 5 we

1°
determined the parametric form of the value of (1.1) in its right-hand-side;
now we seek a simultaneous uniformity in the criterion vector c.

We begin with a result which says that there is a finite set F such
that, if x is any feasible but not not optimal solution to an integer program,
there is a better feasible solution obtained by adding some member of F to x.
The set F is independent of the criterion vector c¢. This type of result was
first established by Graver [7 ]; we give an alternate proof (and a somewhat
different statement of the result) via monoid basis results.

Lemma 6.1: There is a finite F ¢ z" such that, for any VEQm, c&Rn, x&Iv

either: (i) ex = Gc(v); or (ii) for some y&F, x + yEIv and c(x + y) < cx.

Proof: Define M & Z2n by
(6.1) M= {(al, e @y Bl, ces Bn)lZajaj = Zaij aj,Bj > 0 and integer}

M is a monoid defined by rational polyhedral constraints., Theorem 7 of [10]
(indeed, Hilbert's result [8 ])implies that there is a finite W ¢ M such that
every member of M is a non-negative integer combination of members of W.
Define F & 2" by

(6.2) F = {y|ly = a -8 where (a, 8) € W}

If véQm, xEIv and (i) fails there is a zélv,with cz < cx. Since (z, x) €M

there are non-negative integers n, such that

(6.3) Inw= (z, %)
wEW

Since cz < cx there is at least one w = (a, B) € W such that n, > 1 and
ca < cB. As (anw) -w+ (o, ) €M, x - B + aﬁIV. Then (0 -B) € F and

c@=-8) < 0. Q.E.D.
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Theorem 6.2: There is a finite set T = {dl, e dN} c Q"

such that, for any c&Rn, vERm,if Iv + @ and Gc(v) > -= there are oy >0,
d€T such that: (i) I ad-=c and (ii) I 0 64(v) = G (V).
d€T deT ¢

The algebraic content of Theorem 6.2 is that any inequality cx > Gc(v)
valid for Iv can be obtained by taking non-negative linear combinations of
the inequalities dx > Gd(v), d€T. Geometrically, this means that for every v
the finitely many inequalities dx z_Gd(v), d€T include the facets of Iv’
vniformly in v.

Essentially the same result has been stated by Wolsey EiS, Theorem 2?.

Proof: Define

b
A

(6.4) C = {c|for some wﬁRm, wa, < ¢ < j < m}e R"

h I
C is a polyhedral cone. 1If Iv + 0, Gc(v) > - e« if and only if
c€C, since c¢C if and only if Rc(v) > — ®, (The "if" part is easy. The
"only if" follows from the remark at the end of Theorem 5.2).
Let F be as in Lemma 6.1. For each HC F 'define the polyhedral cone

(6.5) = {c|c€C and cy > 0 for every yE€H} < R

BH
By the Finite Basis Theorem there is a finite AH < BH such that the cone

generated by AH is BH. We define

(6.6) T= U
HeF

m
We must establish that T has the desired properties. Let v&Q ,

c€r" satisfy our hypotheses. By theorem 4.6 (or [12]) there is an Eﬁlv with

Gc(v) = cx. Let H = {y¢cF|x + y&Iv}. Clearly ctB,. Hence (i) holds for

some o, > 0 where we may further specify ay = 0if d ngH. By Lemma 6.1,

d

dd

d&AH d&AH

Gd(v) = dx for every d€B . Hence I aG . (v)=(Z add) X =cx = Gc(v),
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and (ii) holds. Q.E.D.
By Theorem 5.2, there is, for each d€T, a Gomory function gd such that
gd(v) = Gd(v) if IV + ®. Also, it follows from the definition of Gd(v) that

Zade(v) < Gc(v) for all non-negative o, such that Zadd = ¢,

d
Thus we can strengthen Theorem 6,2:

Theorem 6.3: There are finitely many Gomory functions g4 d€T such that, if

IV # @ and Gc(v) > = @, then GC(V) is the value of the optimal solution to

this programming problem with linear constraints:

(6.7) maximize z adgd(v)
de€T

subject to I udd =c
dtT

>
ud > 0

Remark: If c is fixed and v varies, only finitely many optimal solutions o

to (6.7) arise, as each optimal O is an extreme point to the linear constraints.
Each of the optimal solutions gives a Gomory function nggd(v) < Gc(v), where,
for all v, Gc(v) is the maximum of this finite family of Gomory functions.

Thus we have extended Theorem 5.2 to c&Rn.

7. Examples of Valid Inequalities Generated by Chvatal Functions

In [5, p. 524) Gomory tabulates the facets of the group problem

7.1) t + 2t2 + 3t3 + 4t4 + 5t5 =0 (mod 6)

t, > 0; t

integer; not all t, = 0
i i

i
This is equivalent to an integer programming problem with a single con-
straint

(7.2) X, + 2x2 + 3x3 + 4x4 + 5x5 - 6x6 =6

x, » 0; x, integer
i - ] i g



50

One facet given in [ 4] is

(7.3) 5t1 + 4t2 + 3t3 + 2t4 + tg > 6
This is generated by the Chvatal function

(7.4) f(a) = 6ra/5-' -0

More generally, the inequality

. + (k- + ... >k +
(7.5) kt, (k 1)t2 t, 2 k+1
is valid for the group program constraint

(7.6) t1 + 2t2 + 3t3 + ... ktk = 0 (mod k+1)

(7.5) is generated by the Chvatal function f(a) = (k+1)r&/k1 - Q.

Theorem 5.11 guarantees that for any valid inequality for an integer
program with fixed right-hand side is generated by a Chvatal functions. How-
ever, it seems too much to expect that the facets will be generated by particu-
larly simple functions.

Another facet of (7.1) is [ 4]

(7.7 4x1 + 2x, + 3x, + 4x, + 2x_ > 6

2 3 4 5

One function that generates (7.7) is

Jr\
—2-r—3-r2-1——1-a) + 4a

I
(7.8) f@) =3 730 +35 G-50-73

(7.8) was obtained by using the method of integer forms [ 5] to solve (7.2)

with objective function 4xl + 2x, + 3x, + 4x, + 2x5. (7.7) can probably be

2 3 4
generated by a simpler function, but it can be shown that (7.7) cannot be
generated by a function of the form f(a) = Kla + Rzrk3&1. There is room for

further investigation,
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SOME INFLUENCES OF GENERALIZED AND ORDINARY CONVEXITY IN

Revised

DISJUNCTIVE AND INTEGER PROGRAMMING

by

Robert Jeroslow1

Abstract

Three extensions of linear programming are convex, disjunctive, and
integer programming. Each generalization represents a different direction, and
is attuned to specific distinctive features of the phenomena studied. While
e.g. in convexity, and certian of its generalizations, line segment containment
provides the crucial property of polyhedra which is retained while a curvature
of the feasible region is then permitted, in integer programming the linearity
of the region is retained while the discrete nature of the variables departs
entirely from the continuum and is the primary complicating factor.
Nevertheless, developments in convex programming and its generalizations have
influenced disjunctive and integer programming.

Conversely, parts of the infinitary disjunctive programming may be useful
in nonconvex nonlinear programming. Similarly "integer analogues" recently
discovered in integer programming represent developments somewhat parallel to
the generalized duality schemes which extend Lagrangean duality for convex

1The author's research reported in this paper has been supported by grant ENG-
7900284 of the National Science Foundation.



programs to more general duality results for nonconvex programs. These integer
analogues are in fact the primary focus of our present report.

Most of the influence of convexity in disjunctive and integer programming
is in the theory of cutting-planes, which we earlier surveyed in detail in
Jeroslow (1977, 1978). Here we make some additional remarks from the somewhat
different perspective of developments in nonlinear programming.

Key Words

Convexity, generalized concavity, disjunctive programming, integer

programming, subadditive duality.

1, Introduction

Convexity is a generalization of linearity. If each linear constraint of

a linear program is replaced by a convex constraint, a convex program arises.

However, there are other ways of producing important extensions of the
linear program, and these include: adding (generally non-convex) logical

conditions, thereby producing what is called a disjunctive program in Balas

(1979); or adding the requirement that the variables be integer, producing an

integer program.

These three extensions of the linear program are different in nature, but
elementary results from convexity have been used in disjunctive programming and
integer programming. We have surveyed these uses of convexity as part of the
earlier papers Jeroslow (1977, 1978). Partially in order not to repeat
ourselves, our emphasis here will be to reverse the perspective given earlier,
and show how the ideas from disjunctive programming may be beneficial in
nonconvex nonlinear programming.

In addition, recent results in integer programming (see eg. Blair and

Jeroslow (1980), Shrijver (1979), and Wolsey (1978, 1979)) have led to the



concept of an integer analogue to a statement of linear duality. The recent

work has been strongly influenced by Gomory (1963). To some extent, this
development corresponds to the development of generalized duality schemes for
nonconvex programming. (see e.g. Tind and Wolsey (1978)).

Our focus throughout is on cutting-planes, i.e. valid linear inequalities
implied by a given set of constraints. The primary influence of convexity in
disjunctive and integer programming has been on the theory of cutting-planes.
Also, cutting—-planes relate to nonlinear programming in a more direct fashion
than one might first intuit.

For example, an approach to the study of the general nonlinear program

inf £(x)
subject to g(x) < 0, xeK,

-

(1)
where f:R"+ R and g:Rn + Rm, is to develop all the valid linear inequalities

for the set S = {(z,w)| for some xeK, f(x) < z and g(x)<wl.

as was done in Duffin and Jeroslow (1979) in the convex case. A valid linear

inequality z +§Aiwi> u is equivalent to the Lagrangean statement: igf {f(x) +
A.g. > u.
E igl(x)} u
For a second example, let {al,..., at} be any finite set of vectors in
i k .
R, s = {(z,w) | (z,w) €S and ay = magalw}. If, for each k, z+IA.w.>u is a

valid linear inequality for Sk it is not difficult to show that, for some p 2

0, z + plwl > u is valid for S, where lwl denotes the norm of w. The latter

fact is, in turn, equivalent to the norm—penalty statement: igf {£(x) +

p“g(x)"} ’ u.

2, Disjunctive Programming: Co-propositions

We consider a propositional logie, built up from finitary or infinitary

uses of the logical connectives 'A' (for: 'and') and 'V' (for: 'or'), starting



from linear inequality statements of the form ax » b (see Tait (1968) for such

' is also called the

propositional logic). The symbol 'V' for 'or
'disjunction’.

Any system of convex constraints can be stated in this logic, as e.g. the
requirement of being in the level set of a quasi-convex function. 1In fact, the

. 2, .
constraint z 2 x 1s equivalent to

2
z > 2x (x=-x ) +x ~, for all x R,
) o ) o (2)
. 2, . . e ' '
To state it another way, z ? x 1is equivalent to this infinite 'and’' statement

2
of the propositional logic: erR(z - 2x0x » - X ). The infinite 'and' is

simply a notational variant of (2). Note that convex constraints constitute
that part of the logic in which only the 'and' connective 'A' is used. The
logic contains propositions asserting many nonconvex statements, via the
disjunction 'V', as for example (x < 1) v (x » 2).

We now describe an inductive assignment of closed convex cones to
propositions of this logic, which is called the 'co-proposition assignment'.

'co-

We denote propositions by Greek letters a, B, v, etc., and the
proposition' assigned to a proposition a is denoted CT(w). On occasion, we

write «(x) to emphasize the dependence of the proposition a on xeR”.

If a is a linear inequality statement ax » b, let

cr(a) = { Aa, -b) + 8(0,1) | A, 6 > 0; A, OeRr} (3)
If a= héH o for H a (possibly infinite) index set, we define
= K c . »
CT(a) = clconv (%{héF CT(ah) | FCH, F finite}) (4)

where hEF CT(dh) = { th ay | ahECT(h) for each heF}., If a= h%H

CT(a) = hQH CT(ah). (5)

@, we define



Quite possibly CT(a) = {(0,b) | b < 0}, which indicates that no non-
trivial linear inequalities are obtained from a. If H is finite and CT(u« h)
is a polyhedral cone for heH, then (4) simplifies to:

CT(a) = £ CT(a ) 4)’
(@) heH ( h

The co-proposition assignment has the property that:

If o= alx) is true for xeRn, and (T, —HO)ECT(u), then ﬂx>ﬂo is true. (6)

Indeed, (6) is correct for the ground step (3) of our inductive construction,
and it is a property preserved by the inductive steps (4) and (5). Indeed, (4)
in essence provides that the sum of valid linear inequalities, and their
closure, yield valid inequalities. Similarly (5) provides that those
inequalities common to all propositions & , heH, must be valid, provided only
that at least one of these propositions holds.

As one application of the co-propositions, we obtain cutting-planes from
the nonconvex condition:

x EC UY UZ"UC gnd x 30 7)

where Ck = {xeRn | ax <b, (a,b)EHk}, 1 <k €t, is a closed convex set, and

where Hk is an arbitrary non-empty index set.

The co-propositions provide this family of inequalities:

n k k k k k
jEp% max {kzlkk(a , b)) aj | (a, b) e for k = 1,..., t} (8)

> min | kgl Ak(ak, by b¥| (a5, b ei for k= 1,..., t}.
In (8), x = (xl,..., xn); akj is the j-th component of ak; and we are permitted

to arbitrarily select Xk(ak, bk) 20 as (ak, bk) EHk varies.



. 1 .
An interesting special case occurs when t = 1, all b" > 0 and the choice

k . .
Xl(al, bl) = b1 is made for each (ak, b ) = (a,b)eH = Hl' This gives the
cutting-planes:
2 x. max {a,’b | (a,b)eH} > 1 (8)'
=13 ]

For IHll %inite, these are some of the cuts obtained in Glover (1973) and Balas
(1975); see Jeroslow (1977) for a discussion of relationships between
disjunctive constructions and the intersection cut constructions. The co-
propositions were introduced in Jeroslow (1974) as a generalization of
disjunctive constructions.

For t=1, the cut is as drawn in Figure 1. Specifically, a plane is passed
through the intersection points of the convex set C=C1 with the co-ordinate
axes. Since x¢#C, we can restrict x to be in the half space that lies to the
side of the hyperplane which does not contain the origin. For t=2, two cuts
from the family of cuts are drawn in Figure 2. Both figures assume that the
intercepts exists and that the origin lies in the interior of the convex
regions, as depicted.

Our limited space has required us to sketch only a few fundamental
points about the disjunctive methods, which were first introduced in Balas
(1975, 1979); in particular, Balas (1979) contains an important result on
"facial constraints", which we have not touched on here and which has a number

of consequences.

3. Integer Programming: Analogues

A Chvatal function is one which is built up from linear functions Ab, with

A rational, by repeatedly rounding-up to the nearest integer, and then taking



2A

Figure 1

> X



Figure 2



rational non-—negative combinations of the functions thus obtained. In the
original linear functions Ab we can have A of arbitrary signs, but thereafter

the non-negativity of multipliers must be observed. For example, a Chvatal

1 b2 is given by f(bl’ b2) =3[ -b, + 2b2] + 2(3b1

-+ [—b2]), where |u| denotes the round-up of the real number u (i.e., the

function of two variables b 1

smallest integer not smaller than u).

Chvatal functions appear to play the role in integer programming, that
linear functions play in the dual form of two equivalent linear statements. In
other words, among the various equivalency theorems regarding linear
?nequalities, one tends to obtain true statements when the variables of the
"primal” are required to be integer, and the linear functions of the "dual" are
allowed to become Chvatal functions. We assume that all quantities of an
integer program are rational, and that the proper choice of "primal" and 'dual"
statements has been made.

For example, it is well known that the linear program

min cx

subject Ax = b
x »0 (9)

has as its dual the program

max 6b (10)
subject 6A < c.

According to the heuristic principle annunciated in the last paragraph, the

dual of the integer program in rationals

min cx
subject Ax = b 9"
x #2 0 and x integer
ought to be
max f(b)
j (10"

]
subject to f(a ) < c,
£ ChvatalJ



where A = [a’] (cols) and ¢ = (cj). Indeed, it is the case, that if (9)' is

consistent, its value is that of (10)' (see Blair and Jeroslow (1980)).

As a second illustration of the heuristic principle, recall the linear
theorem that a finitely generated polyhedral cone, i.e. a set of the form {b |
there is an x » 0 with Ax = b}, has a definition in terms of homogeneous linear
inequalities. If the later definition is termed "dual, then we would conclude
that a set of the form

{b | there is an integer x > 0 with Ax = b} (1)
will have a definition of the form

{bp 1l £. () <o0,i=1,..., p} (12)
i
for certain Chvatal functions fl,..., fp (at least when A is rational). This

is indeed the case, though we remark that in (12) the direction of the
homogeneous inequalities cannot be reversed.
A third linear theorem is that the optimal value of a linear program, as a

function of its right-hand-side (r.h.s.) b, i.e. the function given by

L(b) = inf {cx | Ax =b, x > 0 |} (13)
is the maximum of a finite number of linear functions, where it is defined.
(L(b) is defined precisely if there is x » 0 with Ax = b), And it is indeed
the case that the wvalue function of an integer program, given by

G(b) = inf { cx | Ax = b, x » 0 and integer} (14)
is the maximum of finitely many Chvatal functions, where it is defined. A
fourth linear theorem states that L(b) is defined exactly where a certain
finite set of linear functions are all nonpositive; and, as one would expect,
G(b) is defined where a certain finite set of Chvatal functions are all

nonpositive.



The role of Chvatal functions as an integer analogue of linear functions

is even more pronounced. To each Chvatal function f is associated a linear

function f called its carrier. The carrier is, intuitively, obtained by

erasing all round-up operations and collecting terms. The carrier of the

Chvatal function in the first paragraph of this section is therefore E(bl,

b2)=3(-b1 + 2b2) + 2(3bl - bz) 3b1 + 4b2. Now the role that the Chvatal

function f plays in the discrete version of a linear theorem, appears to be the
role its carrier f plays in the original theorem. For example, the carrier of
G(b) in (14) is the linear optimal value L(b) of (13).

A fifth linear theorem states that, if Ax = b, x » 0 is inconsistent,
there is a linear form 6w such that 68Ax < 0 for all x » 0 and 6b > 0. This
linear theorem is a version of the Farkas Lemma; for other linear theorems of
the alternative, see Mangasarian (1969, table 2.4.1). As one would expect, if
there is no solution to Ax = b, x # 0 and integer, then there is a Chvatal
function f with f(Ax) < O for all integer x » 0, and f(b) > O.

A sixth linear theorem, the Finite Basis Theorem for Cones, states that
the solution set to a finite set of homogeneous linear inequalities {b | Eb <
0} for some rational matrix E, has a finite basis, i.e. there is a matrix A
such that Eb € 0 if and only if Ax = b for some x » 0. Viewing the statement
"Eb < 0" as the "dual" statement it turns out not to be the case that for all

finite sets of Chvatal functions £ ..,f there exists a rational matrix A

1’

with:



10

b rational and £.(b) €0 for 1 = 1,..., t if and only if there is
t an x » 0 integer with Ax = b,

(15x)
However, this conjecture was almost correct, as one need only change "rational”
to "integer". 1Indeed, there is an integer matrix A with:

b integer and £4(b) < 0 for i = 1,..., t if and only if there is an
x? 0 integer with Ax = b

(15)
The Aiscovery of integer analogues is recent, and we do not know the
extent and complete nature of the phenomenon. The mixed-integer program can be
indirectly treated by the ideas presented here, but a direct treatment is not

possible since optimal value functions of a mixed-integer program are not
closed under the inductive operations which construct Chvatal functions. On
the other hand, constraint sets of the form
Ax + By = Cb
x, y >0
X integer
in which a general rational matrix C pre~multiplies the right~hand~side, do
allow much of the treatment of integer programming to go over to the mixed
case. We shall report our recent joint results in the near future.
4, Conclusions
We have shown how ideas from convexity and generalized convexity have
influenced disjunctive programming, and we have indicated that even the concept
of a linear function can be generalized and adapted to the discrete setting.
The generalizations that one studies depend on which aspect of linearity
or convexity is retained, and which new feature of some non~convexity one
choses to underscore. We can expect furthur fruitful generalizations in the

future.
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Abstract. A somewhat modified form of the lagrangean closes the duality
L e

gap in convex optimization, in many circumstances that the ordinary
lagrangean and the augmented lagrangeans leave a duality gap. For exam-
ple, the duality gap for a consistent program is always zero using this
modified lagrangean, when the objective function and constraints are
closed, convex functions; in other instances, there are constraint quali-
fications, but these are typically weaker than the usual Slater point

requirements.

Key Words. Convex optimization, lagrangean, nonlinear programming.



1. Introduction

In Ref. 1, the first author showed that a certain kind of pertur-
bation in the ordinary lagrangean, involving only the addition of a
term for a linear functiomal, together with a limiting operation in
which that functional is sent to zero, could close duality gaps in
instances where there was a duality gap for the oidinary Lagrangean,
and even for the augmented Lagrangeans in the sense of Ref. 2. The
second author (Ref. 3) extended the hypotheses in which this "“limiting
lagrangean"” closed duality gaps in Rp, and also showed that in R the
limiting process could be taken along a line to zero, i.e. is one=-
dimensional, by utilizing the “ascent ray"™ analysis in Blair's Ref. 4.
For an alternate proof of the one~dimensional limiting Lagrangean, and.
some additional results, see Ref. 5 and Ref. 6.

Either the multi-dimensional limiting lagrangean of Ref. 1, or the
one~dimensional limiting lagrangean of Ref. 3, puts duality gaps of the
ordinary lagrangean in a new perspective. Duality gaps are usually
associated with the lack of a "constraint qualification,” i.e. some
"defect™ in the constraints. Yet the limiting iagrangean shows how to
close duality gaps by perturbations of the objective function. The
constraints are also involved, but to a lesser degree. For example, as
we shall see in this paper, if the convex functions and the convex set
involved in the convex program are all closed, one need only assume that
the preogram is consistent, for the mnlti-dimeqsional form of the limiting
lagrangean to close the duality gap. For the one-dimensional limiting

lagrangean in RF, it was shown in Ref. 7 that the duality gap is closed
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under hypotheses substantially weaker than those sufficient conditions
usually cited for a Kuhn-Tucker vector to exist.

The limiting lagrangean also allows a simultaneous treatment of an
infinite set of convex constraining functions, with the same hypotheses
as for a finite set of constraining functions. \

The purpose of this paper is to place the multi-dimensional limiting
lagrangean in a broad setting, that of set-valued convex functions in a
locally convex space U, whose second continuocus dual U** is U under the
usual injection map of U into U”.

Our methcd of proof préceeds by an analysis of the wvalid implied'
inequalities ("cutting places™) of an infinite system of linear inequal-~
ities. It is thus an outgrowth of the work on "semi-~infinite systems"
of Charnes, Cooper, and Kortanek (Ref. 8), Duffin and Karlovitz (Ref. 9),

and Blair (Ref. 4), and also the linear analysia of Duffin (Raf. 10).

Barlier versions of some of the results given here have appeared in Ref. 1ll.

2. Set-Valued Convex Functions
ser-yaLdead bty oo

P Aot

Let T and W‘vbe linear spaces, and let 50(')' denote the set of all
subsets (i.e., the power set) of the set denotéd within the parentheses.
Throughout the paper, R denotes the real numbers.

We call a function g:U + P(W) convex, if the set epi(g) is convex -

in U x W, where:
epi(g) = {(u,w)|u €U and w € g(u)} (1)

We use this notion of a convex function because of its breadth. It

allows convex functions to be completely identified with convex sets,



for, e.g., any convex set K g U x W automatically defines the convex
function g(u) = {w € W| (a,w) € K}." Por the usual definitions of a con-
wvex function, only restricted kinds of epigraph sets epli(g) can arise,
which e.g. generally contain vertical half-lines or other directions of
recession (Ref. 12) that have zero as their u-coordinates. However, as
our proofs below only require convexity of epi(g), our present definition
of a convex function is appropriate. The concept of a set-valued convex
function appears to be due to Blaschke (see Ref. 13, pp. 32~34).

The usual convex function g-*:-U' + R U {@} U {~=} of Ref. 12 can be

cast in the form hers by defining g:U -+ PR) in this manner:

*
R r if g (X} === ;
* *
g(u) = ¢{r €Rlr=2g ()}, if g (x) €R ; (2)
9. , 1f g*(x) = 4o

Then: epi(g) of (1) becomes the epigraph of gr* in the sense of Ref. 12, and
hence: is convex. Note that the conditiom "g’*(u) < 0" becomes "0 € g(u)."

Our present definition of a convex function also has the convenience
of permitting an entire collection of such functions g = X g, for an
arbitrary index set A # ¢, to be treated as one such fung'i:?on, through
the def:.nit:.m |

g{u) = X ga(u) (3)
Q€A

In fact if g :U + Pw )}, then g:U +P(x W )}, and if each g is convex,
o V] x€A o a
clearly g is also. Note that g(u) = ¢ if 9y (u) = ¢ for even one index

a € A.
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Finally, functions h:U + W which are convex with respect to same
convex cone C o W alsoc can be interpreted as convex by our present defi-
nition. For such functions h, the convexity inequality h(lul + {1 - l)uz) <
Ah (ul) + {1 - Mh(u?) r where 0 = A < 1, is interpreted this way in the sense

of the cone C:
?th(ul) + (1 - l)h(uz) - h(ku._L + (1 - l)uz) €C. (4)
We simply define g by:
gf{u) =h(u) +C (3)

and it is an easy exercise to show that epi(g) is convex.
When U and W have topologies, to each convex function g:U +~ P(W) cne

associates its closure cf(g), where
cl(g) (u) = {w € W| (u,w) € cllepi(g))} (6)

By construction, epi(cl(g)) = cllepi(g)). We say that g is closed if

g = cl(g). If each g,(a € A) is closed, so is g in (3) when the product

\'topology iz used.

' The kind of convex optimization we shall treat here is the infimi-
zation of a convex function £:U0 +~ P(R), subject to a membership constraint
on a convex function g:U + P(W). In detail, we consider the convex pro~-

!

gram:

inf £(u)
(7)
subject to 0 € g(u)

where, of course, 0 € W. We always assume that (7) is consistent, i.e.

{u eUlo € gta),E(u) # ¢} # o.
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\
Because of the infimization operatian in (7), £(u) may as well be

taken to be convex in the sense of Ref. 12, and can be replaced by
* *
£ (u) = inf £f(u), with £ (1) = += if £(u) = ¢. Indeed, the infimization

operation of (7) abbreviates

inf z
subject to z € £(u) | (8)

and 0 € g{u) .

However, typically g in (7) cannot be replaced by a function convex with
respect to some: cone.
Our formulation (7) allows a set restriction to be present. For

example, the program:

inf £(u)
subject to Q0 € gl(u) (9)

and w € X

where K is also convex, is cast into the form (7) by putting g = (g'l,i(K)) ’
where the indicator function i(X):U + P(W) is defined by:

{0} ifu €K (here 0 € W) ;

i(R) (u) = (10)

¢ otherwise .
Since K is convex, and epi(i(K)) = K x {0}, so is i(K). We have epi(g) =
{(u.Wl,WZ) lwl € 9 (u) W, €i(K)(u)l = {(u,wl,o) [wl € 9, (u) and u € K} = .
(epi (gl) x {0}) N (Kx Wx W. Ifboth 9, and K are closed, so are both

sets in the intersection just mentioned; hence, g is also closed.

The value of (7} is denoted v(P) (possibly v(P) = ==«),
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For further information on set-valued convex functions, see Ref. 15.

3. Ordinary Lagrangeans and Extensions of‘ﬁ.'i:ne‘aj Inequalities: Motivation

VALA Ao AP AN A s S

If the value v(P) of (7) is finite, this means that the linear

inequality
zZ*1+0-+uz=v(P) (11)
is implied by the conditions.
z € £(u) and 0 € g(u) (12)
Now if (11) can be extended to an inequality
*
z~l+0°u+lowzv(l=). (13)

E * *
where )‘0 €W , W denoting the continuocus dual of W (Ref. 14), and is

valid for the conditions
z € £(u) and w € g(u) , (14)
then we have the lagrangean statement

inf {£(u) + )\;g(u)} = v(P) (15)
u€u

*
0.

To write (15), we have used the cbvious conventions:

and lagrange dual vector A

C+D={c+d|lc €c, 4 ¢p} (16)

for sets C, D (we set C+ D= ¢ if C= ¢ or if D = ¢), where C + v will



abbreviate C + {v}, and
* *
AA={)ala eal} (17)

* *
if X €2 and 2 is a linear topological space with A £ 2. Also, inf A
is the greatest lower bound of all elements in the set A € R (it is +w=
if A = ¢), and inf A(t) abbreviates inf inf A(t).
ter t€eT
Of course, it is well-known that actually equality holds in (15), and
that (15) implies

max inf {£(u) + lﬁg(u)} = yv(P) ' (18)
ATEW ueu

Indeed, since (7) is consistent,

inf {f(u) + X*gr(u)} < inf {f(u)|0 e g(w}

uey uey (19)

= v(P) ;

and from (19) for arhitrary A €W , (18) followa at once, using (15).
The usual "perturbational analysis™ of convex programs does not
emphasize Lagrangean results as extension results for linear inequalities
in the space R x U x W. This is possible because the coefficient of "u"

in (11) is zero—i.e. "u" does not actually appear. Thig fact in tumn

allows one to analyze only the set
K= {(z,w) |z € £(u) and w € g(u) for some u € U} (20)
in R x W in place of the set motivated by (14), i.e.

K* = {(z,u,w)|z € £(u) and w € g(u)} (21)



in R x U x W. Then the extension z + \k;w z\'v(Pé) of z 2 v(P) can be
obtained by suitable separation principles in real linear topological
spaces (as e.g. Ref. 14, Theorem 14.2) if K has non-void interior Ko # ¢,
and in addition a suitable "constraint qualification™ is met. See
Borwein's paper (Ref. 15) for results using this technique. In finite-
dimensional spaces Rn, the relative interior KI can be used in place of
KQ, as in (Ref. 156, Theorem 6, 10.12), but the basic idea remains the sama.
Essentially, what is gained by the reduction from R x U x Wto R X W,

is that one may have Ko' # ¢ even if K™ has no interior.

Despite the value of this reduction device, it is valuable to notes
that the idea of extensions of linear inequalities from R X Uto R X U x W
is central to the Kuhn-Tucker results (1l8). For not only does this
extension give (18) but, conversely, if g in (7) is such that (18) holds
for every continuous linear function £(u) = {u" (u)} that is bounded

below on: {u]|0 € g(u)}, then extensicns exist. Indeed, dencting the lower

bound& again by v(P), we see that (12) implies
L
z*0+u (u) = v(P) (22)
* W E
Now if (18), or, equivalently, (15), holds, then for some 7\0 € W we hawve

>
z-0+r+kow = v(P) (23)

L 2
whenever r € £(u) and w € g(u). Replacing r by its value u (u) in (23},
we see that (23) becomes the desired extension of (22).
The essential equivalence of linear inequality extension results with

conjugate duality results in R® is discussed in (Ref. 16, Sec. 5.3).



Once this eqtiiva;lence is recognized, the natural issue arises, as
to what reduction of constrained convex opi::imizatia: (7) to unconstrained
optimization (18) is possible when extensions fail to exist. Clearly, the
usual interiority assumptions and constraint qualifications are simply
sufficient, and not necessary, for the extensions of linear inequalities
to exist, for these always exist, e.g., if g is polyhedral (epi(g) is
the intersection of finitely many clcsed half-spaces). On the other
hand, without any additional hypotheses, extensions need not exist as
e.g. when g(u) = {w|w = w2} for u € R and £(u) = {u}. In this latte:f
case, of course v(PF) = Q, yet there is zio extension of z +0 ~w > 0
to z +Aw =2 0 with A € R. Indeed, if such an extension existed, of
necessity A = 0 and A # 0. Then u + Auz’ = 0 is impossible for all
u €R, as u + Auz = =1/4\ < 0 at the minimum point u = =1/2X for A > 0.
In orxder to treat the case that extensions (13) (valid for (14))

fail to exist for inequalities (11) (valid: for (12)), one approach is

to consider the case that inequalities which are valid for (14), and
"arhitrarily close" to the desired extension (13), do exist. This
approach does not lead to the usual lagrangean statement (18) but, as
we shall see, to this "limiting lagrangean" statement:
* >

lim sup sup inf {f(u) +u () + A g(u)} = v(P) (24)

MO u €M A CH uelU
In the above, M is an open set in U*, and "M+0" denotes the net (or filter)
consisting of a local base of open sets M which contain 0 € U*.

In the setting in which we establish (24), the spaces U, W and U* will

have locally convex topologies. The exact hypotheses will be given in
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Section 4. The local convexity of U and W allows one to use si;nply
disjoixitness» properties, rather than interiority assumptions, in oxder
to get separation principles {as e.g. in (Ref. 14, Theorem 14.3)), so

that the closure of a convex set is always defined as the intersection

- B ‘ B ST x%
of closed halfspaces; and the semi-reflexivity of U (i.e. U = U)

allows one to derive generalizations of the Farkas Lemma (see Lemma 4.2
below) which are needed to make (13) the limit of inequalities hawving
Fhe desired extensions (as per the plan of our work).

Before we proceed according to our plan, soms simple ob1érvaticns
on the generality implicit in (24) (or, for that matter, (18) also)
are worth remarking. N

If we began with the program (9), and defined g = (ql,i(K)) to
obtain (7), then A" € (Wx W) =W x W has the form A" = (A ,A)).

For g(u) # ¢ we need i(K) (u) # ¢, i.e., u € K, in which case k;w = Q

for w € 1(K) (u} = {a}. Thus (24) becomes

. . 4 — :"%-L.t’:&:\.\
Iim sup sup inf {£(u) +u (u) + A,g, (0} = v(P) (25) -
10 u'eM AeH uek 11 N

\ Y

and we have relativized (24) to the set K, as one would have desired.
If, even further, g. was itself a product function g, = X g (u),
1 1 a€A &
analogous to (3) for g, the continuous dual of the range space }éA Wu. is
a
> * '
(X W) = I W, when each W is locally convex and Hausdorf and one
ag a o= [» 3 o §
has the strong topology on each Wu. (Ref. 14, p. 174). This direct sum
z wa is the "finite sequence space™ of Charnes, Cooper, and Kortanek
*EA "
(Ref. 8) when each W =R, i.e. )‘l

all multipliers (kala € A) such that )‘u. # 0 for only finitely many o € A.

in (25) is an element of the space of
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Also in the case Wa. = R, if each ga arises as in (2) from a convex func-

- *
+ion ga in the ordinary sense (Ref. 12), since r ¢ gu'(u) can be arbitrarily
increased, we infer that all la 2 0. In the same manner, whenever = (u)

contains a convex cone C of recession directions for any u € K (i.e.

*

1
recovers the usual "sign information," and indicates what (24) becomes

gl(u) + C = gl(u)), one easily shows that A,c 2 0 for all ¢ € C. This

in familiar settings.

4. Some Lemmas on Linear Inequalities

The purpose of this section is to show that certain basic results
on linear inequalities in R® are also true in a semi-reflexive locally
convex vsetting.k Beyond these fundamental results, only algebraic ma.nip-
ulations are needed to derive (24), and we defer those manipulaticns to
the next section. N

For purposes: of this paper, & space X is called semi-reflexive if
its second continucus dual Xf * is x (X** = X) under the usual injection
of X intao }C**- Thus if x* €X and x € X, and x*n(x) denotes the value of
x at the point x, then the image I(x) of x in X is that functional I(x)
on X such that I(x) evaluated at x is x (x) (I(x)(x) = x (x)). oOur
condition X = X of semi-reflexivity means that each functicnal I (x)
(for x € X arbitrary) is continuous on x*, and that all the continuous
linear functionals on X*' have the form I(x) for some x € X. All Hilbert

spaces (including any Rn) are semi-reflexive in this sense, as are all

spaces I.P for = > p > 1.
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The following result is well-known; see e.g. (Ref. 10) or use

(Ref. 14, Theorem 14.3).

Lemma 4.4: Let C be a closed cone in a locally convex linear topo-
e ]
logical space X.

Then the following two statements are equivalent:
(i) Yq €C;
(ii) If £ € X%, and £(y) 20 for all y € C, then £y, 20 .

Lemma 4.2: Let {fi[i € I} be a family of continuous linear functicnals
on the semi-reflexive locally convex space X which has a locally convex

continuous dual x*._ Suppose that, for any x € X,
fi(x) =20 forallietzT (26}
implies
£(x) =0 27

for the continuous linear functional f£.

Then for any néighborhood Mof 0 in x*, there exists a f£inite subset
J &« I and non-negative numbers Aj =20, j €3, and a continuous linear
functional g € x*, satisfying both these conditions:

£=g+ L AL, (28)
jeg 33

geEM (29)
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Proof: Let C = cl{cone({f |[i € I})}), where cone ({f,|i € I}) is the
A A 1 1
cone (algebraically) generated by the set {fi[i € I}, and cl(S) denotes
-
the closure, here in the topology of X .
The conclusion of this corollary can be restated as "f € C," for
then g= £ - I X,f, satisfies (28) and (29).
- _Jeg o
Since C is a closed cone in the locally convex linear topological

*
space X (Ref. 13, 16.1), Lemma 4.1 applies. Thus if £ ¢ C, we

reach a contradiction as follows, where we take Yy = £ in Lemma 4.1.

There exists a continuous linear functicnal F on X with F(h) = 0
for all h € C and F(f) < 0. In particular, F(f;) =20 for all i €I,
and F(f) < O.

Since F € X**, by semi-reflexivity there exists % € X with F(h) =
h(%) for allh €X . In particular, £ (%) 20 for all i €I and £(X) < O,
contradicting the: hypothesis. This shows that £ € C.

Q.E.D.

Lemma 4.3: Let {f [i € I} be = fam.ly' of continuous linear funct:.onals
\w

T
on the semi-reflexive Iocally convex space X w::.th locally convex dual X .

Let { aili € I} be a correspondingly-indexed family of real scalars, such

that there iz a solution to
fi(x) za., i €I. (30)
Suppose that every solution x to (30) also satisfies

£(x) = a (31)
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for the continuous linear functional £ and scalar o« € R.
*
Then for any real scalar € > 0, and neighborhood M 0of 0 in X , there
exists a finite subset J < I, non-negative numbers Kj' j € J, a non~negative

scalar 8 = 0, and a continuous linear functional g on X, and B € R, satis-

fying:
(£,~a) = 0(0,1) + (g,~B) + I A,(£.,-a.) . (32)
jeT J 3 J

FEM (33)
8] < € (34)

In particular,
E=g+ I AE (35)

jexr

<€+ I A, (36)

jex 3%

Proof: The particular conclusicns (35), (36) follow from (32)-(34)
by taking compcments in (32). We prove only (32), (33), (34).

To do s0, note that, in the locally convex space X X R,

f. (x) - 3. = o, i e I
L bR (37)
rz20

implies

£(x) —ar =20 . (38)
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Indeed, if r > 0, (37) implies (38) by the fact that (30) implies (31)
and the linearity of the functionals {fili € I} and £. If r = 0, again

(39) implies (38), as we see by the following contradiction.

Let % be such that fi(i':) 20 for i € I yet £(X) < 0. By hypothe-
* *
sis there exists x with fi(x ) = @y for i € I. Then for any scalar
* - * ~ * ' .

p =0, fi(x + px) = fi(x ) + pfi(x) = fi(x ) +0 zai for all i € I.

E 2 ~ * - ~ ’
However for large p, £(x + px) = £(x ) + p£(xX) < a as £(x) < 0. This
contradicts that (30) implies (31), and proves that (37) implies (38).

i > y * % deir
One easily proves that (X X R) = (X xR) =X X R =XXR,

i.e. X x R is semi-reflexive.

We apply Lemma 4.2 to the system (37), (38) with (26) taken as (37),
and the functicnals {£;|i € I} of (26) taken as {(f,~a,)[i € I} U {(0,1)}.
Likewise the functional £ of (27) is (£,-a) in (38). The lemma applies
since (X » R)" - }C* % R is also locally convex.

Upon: applicationr of Lemma 4.2 with the neighborhood M x [=€,€] of
(0,0} in x* x R, we at ance obtain (32)-(34) since 0 is simply the multi-~
plier of the functicnal (Q,l), where here "0" is the identically zero

linear functional on X.

Q.EQD.~
5. The Main Result
To the program (7), we associate a second program
inf r
‘ (39)

subject to (r,0) € cl(£,g) (u)
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where (f,g) denotes the product function we denoted by £ x g in (3).
The value of (39) is denoted v(P”).

We recall that
epi(£,9) = {(u,r,w)|r € £(u) and w € g(u)} (40)
and that by definition
epi(cl(£,g9)) = cllepi(£,q)) (41)
If £ and g are closed, so is epi(f£,9) and hence, in this case

(£,0) € cl(£,g) (u) + (u,z,0) € epi(cl(£,g)) = epi(f,q)

(42)
+“ r € £(u) and 0 € g(u)

Thus v(2“) = v(P) when £ and g are closed. In general, however, we have

only the direction

r € £(u) and@ 0 € g(u) +~ (u,r,0) € epi(f,g9) < cllepi(f,q))
= api (cl(£,q)) (43)
+ (r,0) € cl(£,9) (u)

and hence always

v(P") s v(P) . (44)

It is always the case that

(u,r,w) € cllepi(£,9)) + (u,r) € cl(epi(£))

) (45)
and (u,w) € cl(epi(g)) .
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(ne easily proves this from the definitions. However, the double impli-
caticn
(u,x,w) € cl(epi(£,g)) < (u,r) € cl(epi(£f))
and (u,w) € cllepi(g)) e

may be desired.

For example, if both U and W are finita dimensicnal, there is always .
a point (ua,rov,wo_) in the: relative interior of epi(f,g5). Then (u-o,ro) is
in the relative: interior of epi(f) and (uo,wo) is: in the relative interior
of epi(g), provided that £ and g have the same effective domain (i.e.
{u|€£@) # ¢} = {u|g() # ¢}). Then if (u,r) € cl(epi(f)) and
(u,w) € cllepilg)), ﬁhe Accessibility Lemma (Ref. 16) establishes that
l(uo,ro) + (L = A)(u,r) € epi(f) and k(uo,wo) + (L = A)(u,xr) € epilqg),

whenever 0 < A £ 1. This gives:

. “i"'m“ra""ai) + (I = A) (u,r,%) € epi(f,q) (47)

Hence (46) holds.

When (46) holds, (39) can be replaced by the scmewhat simplé—:c pr&-

gram

inf cf(£f) (u)

(48)
subject to 0 € cf(g) (u)

We next state the main result of this paper.

, . ,
Theorem 5.1: If U, U , and W are locally convex, U is semi-reflexive,

f and g in (7) are convex, and (7) is consistent, then
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. . . L
lim sup sup inf {£(u) +u (u) + A g} = v(@") (49)
M+ u*eM A*ew" ucu
where "M>0" denotes the net consisting of a local base of open sets M which
*
contain 0 € M .

Thus a necessary and sufficient condition for (24) is
v(2*) = v(p) | (50)

Corollary 5.2: With the hypotheses of Theorem 5.1, whenever £ and

g in (7) are closed, (24) holds.

Proof: From the remark following (42), we see that (50) holds.
The result then follows from Theorem 5.1.

Q.E.D.

In R, it was shown (Ref. 7), that (50) (and hence (24)) held even
for many nonclosed situations under an hypothesis weaker than a Slater
point. In facﬁ,_ the: typical Slater point condii;ion» implied (50) (but
the converse implication fails), so that the distinction between general
convex and closed convex optimization disappears if one assumes thg usual
hypotheses for Lagrangean duality.

The proof of Theorem 5.1 requires two lemmas, and we give the

easier one first.

*
Lemma 5.3: If U provides continuous linear functionals on U undex
A A A A A A AL A

* *
the natural pairing {u ,u) = u (u), then

limsup sup sup inf {f(u) + u*(u) + ?\*g(u)} < v(P”) (51)
MO uéeM A eWw ueU



kY

Proof: Let a €U, 2 €W, and § > O be given, & < 1. Then there
exists a, € U and v € R with (v,0) € c&(£f,q) (uo), and such that |
v sv(P’) + §/2, if v(P”) is finite, and v £ -n - 1, if v(P") = == (n '
arbitrary).

Hence, for any open neighborhood N of 0 in U, and N” of 0 in W,

there are v~*, a, and vy satisfying:
w, €g(a) (52)
w € N~ : (53)
ve € £(uy) (54)
lv= = v] < §/2 (55)
u €uy + N (56)

Prom (51), v < v(P") + § if v(P”) is finite and v < -n if v(P*) = -=,

Ve therefore have
» > * *
inf {f(ul) +u (ul) + A g(ul)} s v(P?) +u (ul) +Aw o+ 8 (57

. x> *
Since N and N” are arbitrary, and u and A are continuous, (57) gives

in€ {(E(w) +u (@) + A glw} < v(E*) + a (a)) + 8 (58)
ueu
from which
* k *
Sup inf {f(u) +u () + A glu)} < v(P*) +u (uo) + 6 (59)

A*ew* ueu



. *\_* :
follows by the arbitrary nature of X in (58). " Taking the limsup on

*
both sides of (59) as u -+ 0, we obtain (51), since § > 0 was arbitrary.

Q.E.D.
Lemma 5.4: With the hypotheses of Theorem 5.1,
* *
lim inf sup sup inf {£(u) + u (u) + A g}l = v(&*) (60)

M0 ueM \'ew ueu
Proof: Since R x U x W is locally convex and £ and g are convex,

epi (c€(£,9)) = cl(epi (£,9)) .
. . . (61)
= { (a,z,w) ]ui(u) + e bW w). = ayr i ez}

*
where I # ¢ is some index set (Ref. 14, Theorem 14.3). All functions ui,

o *» R . . ‘
r,, and w, are continuous. Thus (r,0) € cl(f,q) (u) is equivalent to

» g i .
Ltj,_(u) + rrza), i G_'T-’ (62)

We are given that (62) is consistent, and that it implies
r = v(P”) _ : (63)

We now apply Lemma 4.3 to the implication of (62) to (63).
From (33), (34), (35) and (36) of Lemma 4.3, for any € > 0 and any
-
neighborhood M of 0 in U , there exist multipliers Yy 20,1 €I, only

* *
finitely non-zero, a functional u €U , and a real r € R, satisfying

i

I y.alzve) - € (64)
jer + 0
z yi(u;.r;) + (~u ) = (0,1) (65)

ier
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u EM (66)
[rl < €. | (67)

In (66), M* is a barrel neighborhood of 0 in U*r with M* S {1 -€M(€<11).
M* exists because (1 - €)M contains an open set about 0, and a locally
convex space contains a local base which consists only of barrels (Ref.
14, 6.5).

Taking components in (65), we obtain

z Y ed =0 (68)
. Y.u, —u =
i€T ii
' *
z yiri+r=l - (69)
ieT
L] . *'_'
Defining AQ, = I yj_rj_, we have

i€r

Ir. -1] < € (70)
(3

by (67). Next, applying both sides of (68), as a functional, to an arbi-

trary element u € U, and subtracting the result fram (64), we obtain:

* i *
a(u) + Z y.(a —-u, (u)) 2v({@") - € (71)
. . 10 1
i€l

Now we compare with the definition (61). If (r,w) € cl(£,q) (u), we

i

have

i

-*
0 ui(u), i€z (72)

» *
r.r+w,(w) =2a
i i

Multiplying (72) by ¥ = 0 and adding,
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* * *
Ar+iaws= % y (r,r+w, (w))
1 1 1

4] .
i€r (73)
T oy, (ar - ()
> v. (@, - u,(u .
i€T i"o i
where we have defined
* 5 %* € * (74)
A o= y.Ww, €W ,
ijez - *

By combining (71) and (73) we have

Jm)+%r+JW)zﬂr)-e (75)

if (r,w) € cl(epi(£,g)); thus (75) holds if r € £(u) and w € g(u). There-—
fbre from (75),

ing{ A E () Fu ) + A G 2 vE) - € . (76)

Since IXO - 1| < € and we may take € < 1, without loss of generality
A, > 0.

* ’ *
We now divide both sides of (76) by 7\0. Clearly, A /7\0 €W . Since

L 2 * E
g -1l <& Ti:é'm SM, and M is a barrel, we have u /A, € M. In detail,
. » %* %* *
if)\ozl,then0<l/k0sl, hence (as M is balanced), u/XOE%M oM,

<o "'l t 3 * 0
and M = (L~-€) M <M, sou/xoe M. Also, if x0<1, since

L 1

, * T % -1 *
>1/A,>1 (as [A;-1] <€, wehaveu /Ay €5-M S (L -6 "M <M

0

x-e"
*
so again u /ko € M.

Thus in (76) we can assume that 7\0 = 1, if we replace the right-hand-
side by £(€) = v(P)/(1L + €) -~ €/(L + €). Since £(0) = v(P) and £ is con-
tinuous at € = 0, in fact we can retain v(P) - € as right-hand-side in (76).
Now (76) with 7\0 = 1 gives (60), since € > 0 is arbitrary.

{ Q.E.D.
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The proof of (49) is obtained by simply combining (51) and (60). In
this manner, Theorem 5.1 is proven.

Results of a lagrangean type (18), but wi "sup" replacing "max"
in (18), can also be established by our methods, under suitable hypotheses
of boundedness in (9). We need only apply the previous results to

g= (gl. i(K)).

Corollary 5.5: Suppose U is a reflexive normed space (with the norm

t 4
topology o U ), W is- locally convex, £, 91 and X in (9) are convex, and

(9) is consistent. If K is bounded, then

»

sup inf {£() + A g'l(u)} = v(P”) . : (77
A *ew® uexr

Thus a necessary and sufficient condition for

sup_inf {£(u) + x*g]_(u)} = v(P) (78)
A"en® uer

is that (50) hold. In particular, when £, 9 and K are closed, (78) holds.

o
Proof: Since 0 € M for any open set M of the origin in U , Lemma 5.3
implies that a "<"™ holds in (77). Hence we need only prove that ":" holds

in (77), i.e. that for any € > 0 there exists X* € W* with
¥*
inf{f) + A g'l(u)} 2 v(P’) - ¢ (79)

for all u € K.
*
Let L = {[luf||u € K} < +=. From (60), for any neighborhood of 0 in U ,

n * * * * *
say M = {u €U |lu|| <p}, there exists u €M and A €W with
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inf{€(u) + u (u) + x*gl (W} = v(°) - €2 (80)

*
for all u € K. Setting p = €/(2L), we have |u (u)| = €/2 in (80), which

at once gives (79).

Q.E.D.

6. TheCaseusRn

In this section we give results for the case that the domain U of
both multi-valued maps £ and g in (7) is finite—dimensional real-space
R>. 2s before, the range W can be any locally convex space. This is a

continuation of results in [3]. We begin by citing a result from {3].

Theorem 6.1: [3, Theorem 3.3] Let I # ¢ be an arbitrary index

set, and suppose that the system
ax > b, allt eI (81)

hag & solution in Rm..,

Suppose alsc that (8lL) implies
cx=d (82)

for any x € Rn.
Then there is a vector w € R® and a scalar wo_e R, with the follow-

ing property:

For every 0 < 8 < 1 there are nonnegative scalars { li|i € 1},

only finitely non-zeroc, which satisfy



¢+ fw= [ lia.l {83)
ier
d+ow,. < I A,b (84)
0 i€T ii

In fact, if (v,-vo) is any point in the relative interior of the

set

c*~ = cone ({ (ai,-bi) [+ e T} U {0, 1) ]} (85)

we may set

06,~w0) =~(V.-vb) - (c,~d) (86)

L.e.w=~v-cand.wo=vo-d.

Lemma 6.2: Suppose that the domain U of £ and g in (7) isUa-R.n,
W is locally convex, £ and g in (7) are convex, and (7) is consistent.

Then there exists a fixed vector u € R# and scalars wo,wzl € R with

the following property:
* -
For any & ix the range 0 < 8 <1, there exists A € W with
*<
1+ ewl)r + fux + A w = v(BP7) + ewo (87)

whenever r € £(x) and w € g(x}, for any x € R,

Proof: The proof entirely parallels that of Lemma 5.4 up to (75), and

differs primarily in citing Theorem 6.1 in place of Lemma 4.3.
We have (61), and the fact that (62) implies (63), and now U = R'.

By Theorem 6.1, there exists a vector u € R® and scalars Y and Wy in R,



26.

with the following property: for any 0 < § < 1, there are nonnegative

scalars {Aili € I}, only finitely non-zero, which satisfy:

* *
iegl
- i
v(P°) + ewo < .Z Aiao (89)
i€l

Taking components in (88), we obtain

*
T Aiui -fu=20 (20)
ieT ’
*
1+ ewl = I Airi (91)
iel

Applying both sides of (90), as a functional, to an arbitrary element

x € Rn, and subtracting the result from (82), we obtain

3 -
fue + I A, (a- - u,x) = v(B’) + oW (92)
R 140 i 0
iex
Again, as in (72), we have
» > i * . (93)
rir+wi(w) = ay - ui(x) r L €I

whenever (r,w) € cl(£,9) (x). Multiplying (93) by A, 20, adding, and

using (91), we have

* * *
(1 + ewl)r +Aw= 12 }\i(rir + wiw)

i€l (94)

= xi(a'g -uz(x))
i€I

where we have set
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A.* = T liw EW (95)
ieT

Combining (92) and (95), we have
*
(1 + ewl)r + fux + A w = v(P’) + ewo (96)

if (r,w) € ¢L(£,9) (x). In particular, (96) holds if r € £(x) and w € g(x).

Q.E.D.

Theorem 6.3: Suppose that the domain T of £ and gin (7) is U = Rn‘,
W is locally convex, £ and g in (7) are convex, and (7) is consistent.

Then there exists a fixed vector u € Rn such that

lim sup  inf {£(x) + Bux + A g(x)} = v(P*) . (97
g+0% 2"ew" xer?

Therefore

gup* inf {£(x) + 6wz + A g(x)} = v(P) (98)
&ﬂi“ xeRF

precisely if v(Py = v(B”"). In particular, (98) holds if £ and g are closed.

Procf: The particular fact follows from the general one (97) as in

Corollary 5.2; we prove only (97). To this latter end, only the result

liminf sup inf {f(x) + fux + A g(x)} = v(p”) (99)

*

g+0t A\*ew" xerd

is necessary, by Lemma 5. 3.

However, (99) is itself a direct consequence of (87). Indeed, the

variable 6 of (87) and 8 = 6/(1 + ewl) each go to zero if the other
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does, and hence for 8° > 0 sufficiently small that 1 + awl > 0, we have

from (87) that
r+ 8%ux + (l*w)/(l + ewl) = (v(P") + Bwo)/(l + ewl) (100)
if r € £(x) and w € g(x), i.e.

inf {£(x) + 6“ux + (A g(x))/(L + 6w}
(101)

= (v(P") + Bwb)/(l +-Bwl)
Of course (101l) implies

*
inf {£(x) + 8°ux + A g(x)} = (v(P*) + aw,)/ (1 + 8w,) (102}
AEW  xcRB

If we take the lim inf as 8“ - 0@ on both sides of (102), we obtain (99).

Q.E.D.
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Abstract

We show that duality gaps can be closed under broad hypotheses in
minimax problems, provided certain changes are made in the maximin part
which increase its value. The primary device is to add a linear pertur-
bation to the saddle function, and send it to zero in the limit. Suprema
replace maxima, and infima replace minima. In addition to the usual
convexity-coﬁcavity type of assumptions on the saddle function and the sets,
a form of semi-reflexivity is required for ome of the two spaces of the
saddle function.

A sharpening of our result is possible when one of the spaces is
finite~dimensional.

A variant of the proof of the previous results leads to a general-
ization of a result of Sion, from which the theorem of Kneser and Fan

follows.

Kez Words:

1) Convexity HN@Q }L{(a ft
2) Limiting Lagrangean N\-(F ?‘(&b{:k E‘ﬂ\J &’7700 :)"P?'
3) Lagrangean Qlﬁxéf‘_jg;

4) Minimax



A LIMITING INFISUP THEOREM

by

C. E. Blair, R. J. Duffin,!
and R. G. Jeroslow?

A minimax theorem is one which asserts that, under suitable hypoth-
eses,
(1) max min P (x,y) = min max F(x,y)

yED x€C x€C y€D
for certain functions F and sets C, D. These have been of wide interest
in the literature; see e.g. [9] and [12].
| Recently, results have been obtained, motivated by the second author's

paper [3], which indicate that in cases when lagrangean duality does not
hold, a certain type of limiting lagrangean duality does hold (see e.g.
(2.1, [ 5]1). Here we extend these limiting phenomena to the general
minimax setting, of w@ich lagrangean duality is but one case, in which
F(x,y) is the lagrangean function with y the dual multipliers (and hence

m . ,
D = R 4+ and inf sup F(x,y) is the value of the primal program).
~ XEC y20
We will establish, in place of (1), this result (see Theorem 3 below):

(2) lim sup sup inf{x*(x) + F(x,y)} = inf sup F(x,y)
M*+0) x €M y€D x€C _ x€C y&D

under suitable hypotheses. 1In (2), the notation "M>0" indicates that M

lThis work is supported in part by grant DAAG29-77-0024, Army Research
Office, Research Triangle Park, North Carclina.

2This work is supported in part by grant ENG-7900284 of the National Science
Foundation.



is an arbitrary neighborhood of zerxo, in a net that tends to zero, in the
* 03
dual space X of the space X in which the set C lies (C «X). We then

n
strengthen (2) in the case that X = R.

Our method of proof in Theorem 3, is to reduce minimax problems to
programming problems, by finding a suitable program (given in equation (10) below)
whose wvalue is inf sup F(x,y), and then using the limiting lagrangean

x€ y€D
dual for this primal program, to cbtain (2). The proof is somewhat
complicated by a purely technical detail, as our reference paper [5] on
this limiting lagrangean is done in the generality of set-valued convex
functions, while here we only need point-valued convex functions. The
reader will note below, that the devices we employ to convert a point-
valued program into its set-valued equivalent ares those discussed in

[3] for this transformation, and we have repeated them here to have the

paper more self-contained.

Following the proof of Théorém 3, we wili indicate how an imbortant
special case of that result can be derived from the conjagate duality theory
as developed by Rockafellar {10]. Related results can be found in [7], [8],
and (13].

In a concluding section, we return to the primal program of
equation (10), and by analyzing its finitely-constrained subprograms,
we obtain a generalization of a result of Sion [11].- Essentially, our
result shows how finite subprograms approach the value ;gp igg F(x,y),

D

and thus are alsoc of a limiting nature; and the same kind of "finite

approximation" is possible for the quantity inf sup F(x,vy).
%€C y€ED



Section I: Limiting Linear Perturbations

First, we establish the easy direction in (2).

*
lemma l: If X provides continuous linear functionals on X , then

*
(3) limsup sup sup inf{x (x) + F{x,y)} = inf sup F{x,y)
M0 x €M y€D x€C x€C y€D
*
Proof: Assume v = inf sup F(x,y) < +«; otherwise, there is nothing to
x€C y€D
prove.

* *
Iet x € X , an integer n, and § > 0 be given. Then there exists

Xq € C such that, for all y € D,

* *
v + 8§ , if v is finite;
(4) F(xonY) = *
-n , if v = -,

From (4) it follows at once that, for any y € D,

(5) inf{x*(x) + Flx,y)} = x*(xo) + F(xo,y)

b
* * * .
v +4§ +x (xo) , if v is finite;

* . *
-n + x (xo) f AfE v = -=,

After taking the supremum over vy € D on the left-hand-side in (5),

* *
and noting, that as M + 0, if x € M, then x (xq) +~ 0, we have

* *
. v + 4§ , if v is finite;
(6) limsup Sup sup inf{x (x) + F(x,y)} = N
M0 x €M y€D x€C -n  If v = -,

Since § > 0, or n, is arbitrary in (6), we obtain (3).

Q.E.D.



We now recall the setting of the paper [5]1. Both £ and g are set-

valued functions on a space U, f with subsets of the reals as values,

and g with subsets of a space W as values, in this program of value v(P):

(7 inf £ (u)

subject to 0 € g(u) .

We shall say that U is semi-reflexive, if these two conditions hold:

* *
(i) For each u € U, the function u {1) on U is continuous; (ii) For

* %

¥*
every continuous linear functional u on U there exists u € U such that

% % * * * *
ua (u) =u () forallu €U.

We now summarize Corollary 5.2 of [5].

Theorem 2: [5 ]

*
If U, U, and W are locally convex, U is semi-reflexive, f and g in

(7) are closed and convex, and v(P) < +«, then
. . * *
(8) lim sup sup inf{f(u) +u () + A g(u)} = v(p) .
* *
M0 u €M A €W u€u

We next present our main result. As regards the hypothesis B) of

Theorem 3, the definition of a concavelike function is as in [11].

g

Theorem 3: Suppose that X is a semi-reflexive locally convex space, X*
is locally convex, and inf sup F(x,y) is not + =.
XEC y€D
Suppose in addition, that C is a non-empty, closed, convex set in X,

D is a non-empty set in a space Y, and F(x,y) is a function with values

in R U {+=}, such that:

@) TFor each fixed y€¥, F(x,y) is a closed convex functiocn of x£i;



B) F(x,y) is concavelike in y€Y on CXD.
Then (2) helds.
Proof: Using (3) of Lemma 1, it suffices for us to prove

* *
(9) liminf sup sup inf{x (x) + F(x,y)} 2 v
M) x €M y€D xeC

*
where v = inf sup F(x,y). Let € > 0 be given, as well as a
X€C y€D *
neighborhood M of 0 € X .

Consider this program:

(10) inf t

subject to F(x,y) - t =0 , for all vy € D.
x€C

If (x,t) is feasible in (10), for scme x € C we have t > sup F(x,y):
* Yeo
hence t 2 v . On the other hand, if § > 0 and n are arbitrary, there

some X, € C such that, for all y € D,

* *
v + 8§ , if v 1is finite;
(11) F(XOIY) = *
- ’ if v = =,

Putting

* *

v +8 , if v 4is finite;
(12) t = .
-1 ’ if v = —w;

we have a feasible solution to (10). Since § and n are arbitrary, the

*
value of (10) is exactly v .

is



Now (10) can be cast as a convex program (7) in the sense of [5].
We put f(x,t) = {t}, and f is on the space U = X x R, which is semi-
reflexive, since X is. The function g(x,t) maps into the product space W =
X Ry’ where all R.y = R, of |D| copies of the reals R. We set g to be

yeb
a product function (as discussed in [5 ]) by putting, for each (x,t) € C x R

(13) g(x,t) = X g _(x,t)
y€D ¥

where we have

{w|w 2z F(x,y) - t} , if x € C;
(14) gy(x,t) =

$ , if x € C.
Since C is closed and F(x,y) is closed in x € X for each fixed y € D, g is
closed. It is easy to see that 0 € g(x,t) is equivalent to 0 € gy(x,t) for
all y € D, which is equivalent to 0 2 F(x,y) - t for each y € D. Therefore

the program

(7)~ inf £(x,t)

subject to 0 € g(x,t)

*
is entirely equivalent to the program (10), and so has value v < +w=

Thus Theorem 2 applies.

* *
The conjugate space W of Wis W = @& R, i.e. all finitely-non-

yE€D
zero Vectors (Ayly € D) indexed by vy € D. We conclude the following from
* *
(8): for any El >qg, 1> 62 > 0, there exists a functicnal z € X , a

* *
real number £t € R, and a finitely non-zero vector of reals (Ay]y € D),

with:



* * * *
(15a) t+z (x) +tt+ I A w 2v - El .
v€D

for all x € C and t € R, and wy € gy(x,t):

(15b) 1t7] < € ;

*

*
(15¢) z €M ;

* *
where M 1s a convex, circled neighborhood of 0 such that M < (1 - EZ)M'
Since wy € gy(x,t) can be arbitrarily increased in (l5a), we con-

clude that A; =2 0 for all y € D. Then {(l5a) is eguivalent to (using
w_= F(x -t

y (x,v) )

* * * * *
(16) L+t - E A)t+z (x) + T A _Flx,y) 2v - El ’
vep ¥ yéo ¥

for all ¢t € R, x € C.

Upon fixing x € C in (16}, since t € R is arbitrary, we conclude that

* . *
(17a) 1+t = ¢ A ;
yep ¥
7b) *( ) T A* (x,v) * El
(1 z (x) + F(x,y) =2v = ’
y€D 4

for all x € C.

* * * *
Putting x =32z /(1 + t ), one can prove, using the fact that M is

*
circled, (15b), and M &« (1 - Ez)M, that

*
(18) x €M .
Putting
(19) Ay = Ay/(l +t ), for v €D,



*
and dividing both sides of (17b) by 1 + t , we obtain

%* * %*
(20) x X))+ & A7 F(x,y) =2 (v - Gl)/(l +t ),
yep ¥
for all x € C;
%*
(21) All)\‘zo,andZ)\‘=i—+-ET=l.
Y y€D Y

*
By a suitable preselection of Gl and 62 so that (v = Gl)/(l + 62) >
*
v = €, using (15b), (20) becomes
(22)

x*(x) + I AT Fix,y) = v* - €,
yeD

for all x € C.

Using: (21) and the concavelike property of ¥(x,y) in y € D (i.e., hypothesis

B)) from (21) there exists y € D with F(x,¥) = I A~ F(x,y) for any x € C.

, yED
Hence by (22),

(23) x*(x) + F(x,¥) = v* - €, for all x € C.

From (23) it follows at once that

(24) sup inf{x*(x) + Fix,y)} = v* - €.

yeD x€C

*
We have obtained (24) for M any neighborhood of 0 € X , yet (18)

holds;
hence



* *
(25) liminf sup sup inf{x (x) + F{x,y)} 2v - €.
M0 X €M y€D x€C
Since (25) holds for € > 0 arbitrary, we have (9).

Q.E.D.

An important special case of Theorem 3 can be deduced from the conjugate
duality theorf. Specifically, assume that (in place of hypothesis R) of
Theorem 3) F(x,y) is concave in y for each x € C, and that the closure condi-
tion of [10, (8.27) on page 50] holds (this is stronger than the closure
condition &) above). Then one can establish the conclusion of Theorem 3

using [10, (8.28) on page 51, (4.16) and (4.20) of page 21].

Corollary 4: Suppose that the hypotheses of Theorem 3 hold, and that

*
also X and X are normed spaces, and the set C is bounded in X. Then

(26) sup inf F(x,y) = inf sup F(x,y) .
y€D x€&C x€C y€D

Proof: Since this proof entirely parallels the proof of Corollary 5.5

from Theorem 2 in [5 ], we omit details.

n \ X .
We next give a result for the case X = R, which is derived from

[5, Theorem 6.3] by use of the same argument as in the proof of Theorem 3

above.

Theorem 5: Suppose that the hypotheses of Theorem 3 hold, and in addi-

tion X = R®. Then there is some fixed w € R® such that

27 lim sup inf{fwx + F(x,y)} = inf sup F(x,y)
e+0t y€p x€c x€C y€D
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*
Theorem 6: Suppose that Y is a semi-reflexive locally convex space, Y

is locally convex, and sup inf F(x,y) is not -a=,
y€eb x€C
Suppose, in addition, that C is a2 non-empty set in a space X, D is

a non~empty, closed, convex set in Y, and F(x,y) is a function iwth values

in R U {-=}, R the reals, such that:

i) F(x,y) is a convexlike function of x € X on C X D.

ii) For each fixed x € X, F(x,y) is a closed, concave function of y € Y.
Then

{2)~ lim Epf inf sup {y*(y) + F(x,v)} = sup inf F(x,y)
M0 v EM xXEC y€D ‘ y€ED XEC

Proof:  Apply Theorem 3 to the function G(y,x) = -F(x,y).

Q.E.D.

We leave the derivation of a "sup inf" theorem,'analogous to Theorem
5, to the reader; as in the case of Theorem 6, it arises by applying Theorem

5 to G(y,x) = ~-F(xX,y).
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Section II: A Generalization of a Theorem of Sion

By a further study of the program (lQ) of the preceding sectiomn, and
our argument following it, we are able to derive a second result. Our
general hypotheses change, in that no linear structure or topology is
needed. We derive the results directly from the assumption that F is convex-

concavelike (see [11], [12] for the definitionms).

Theorem 7: Suppose that C and D are nonempty sets and F{x,y) is convex-

concavelike on C x D.

Then
(28) sup inf F{x,y) = sup inf max F(x,y)
yED x€C GSD x€C y€G
G finite

Proof: The direction (<) in (28) is trivial, since we may use singleton

sets:

(29) sup inf Flx,y) sup inf F(x,yo)
yED x€C {yo}:D x€C

sup inf max F(x,y)
{yo}:D XEC ye{yo}

< sup inf max Fx,y)
GgD xeC v€EG
G finite
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To obtain the reverse direction (2} in (28}, we examine finite sub-
sets of the constraints of the program (10).

*
Let G < D be finite. Then the value v (G) of the program

(10) - inf t
subject to F(x,y) - t =0, for all y € G
xeC

%* .
is v (G) = inf max F(x,y), by reasoning similar to that following equa-
xeC YEG

*
tion (10) above. Note that v (G) < +». Moreover, the program (10)“ has
a Slater point, for upon setting x = xo € C arbitrarily, and putting

to = 1 + max F(xo,y), we see that each functional constraint in (10)° is

b4
satisfied as a strict inequality. Now F(x,y) - t is convexlike in (x,t)
on (C x R) X G, and so there exist Lagrange multipliers AY =0,y €G
with
(30) t+ I A (Flx,y) - t) = inf max F(x,y)

yeG XEC y£G

for all x € C and £t € R.

Since t € R is arbitrary in (30), we conclude that

(31) I A =1
yee ¥
and
(z2) I A Px,y) = inf max F(X,y)
v€G X€C y€G

for all x € C. By the concavelike property of F(x,y) in y, there exists

y €D with
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(33) F(x,y) = inf max F(x,y)
xXEC YEG

for all x € C. From (33) we immediately deduce

(34) sup inf F(x,y) = inf max F(x,y)
y€D x€C xX€C y€G

and, since G € D was an arbitrary finite set, we at once have the desired

direction (=) in (28).

Q.E.D.
Theorem 8. With the hypotheses of Theorem 6,
(35) inf sup F{x,y)-= inf sup min F(x,y)
XEC y€ED HEC y€ED x€H
H finite
Proof: Apply Theorem 7 to the convex-concavelike function G(y,x) = -F(x,y).
Q.E.D.

Corollary 9: [11, Theorem 4.1]

Let C and D be nonempty sets and let F be convex-concavelike on C % D.

If for any o < inf sup F(x,y) there exists a finite G £ D such that,
‘ x€C yeD

for any x € C there is y € G with F(x,y) = a, then

(36) sup inf F(xX,y) = inf sup F(x,y)
yED xX€EC X€C y€D

Proof: The hypotheses state that, for any o < izf sgg F(x,y), we have
X6C y

inf max F(x,y) = o for some finite G £ D, and hence
xXeC y€G
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3N inf sup F(x,y) =< sup inf max F(x,y)
x€C y€D GED  XEC y€G
G finite

= sup inf F(x,y),
y€D x€C
the last equality by (28) of Theorem 7. Since the reverse inequality
(<) of (36) always holds, we obtain (36).

Q.E.D.

In a similar manner, [11, Theorem 4.1°] can be proven from Theorem
8, and Sion gives a derivation of a result of Kneser and Fan [11, Theorem
4.2] from these corollaries.

We conclude with a result that shows how the guantification over finite

sets in (28) can be replaced, if one wishes, by a limit over a suitable

sequence.

Corollary 1l0: Suppose that C and D are nonempty sets and F(x,y) is convex-

concavelike on C x D.

Then there is a sequence yl,yz,y3,... in D such that

(28}~ sup inf F(x,y}) = lim inf max F(x,y)
vED x€C e X€C YEG,

where G_ = {yl,yz,...,yt}.

Proof: Let v, = sup inf max F(x,y).
G&D XEC Y€G
G finite

Inductively define the sets H, } by the conditions

3= Tngrer T
that h(l) = 0 and
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,ifv*<+°°;

<
|
u.ll—l

(38) inf max Fix,y) =
%x€C yEHj i r if v, =+

Then Gh(j+l) = Hl U H2 Ueoo U Hj, and so by (38)

v, - =
(39) inf max F(x,y) > J

x€C YGGh(j+l) j

y LE v, < 4= ;

s if Ve =+ .

Defining v(G) = inf max F(x,y) for finite subsets G of C, we ocbserve the
X€C &G
monotonicity property

(40) G & G” implies v(G) < v(G”).

Combining (39) and (40), we have

(41) lim inf max F(x,y) = v, = sup inf max F(x,y)
4o xE€C yEG GsD x€C v€EG
t . :
G finite

The result (28)~ then follows from (28).

Q.E.D.

The University of Illincis
Carnegie-Mellon University

and
Georgia Institute of Technology



1]

2]

3]

(4]

(51

[61]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

16

References

J. Borwein, "The Limiting Lagrangean as a Conseguence of Helly's
Theorem," Dalhousie University.

J. Borwein, "Perfect Duality," Dalhousie University, November 1979
(revised January 1980).

R. J. Duffin, "Convex Analysis Treated by Linear Programming,"”
Mathematical Programming 4 (1973), pp. 125-143.

R. J. Duffin and R. G. Jeroslow, "Lagrangean Functions and affine
Minorants," November 13978,

R. J. Duffin and R. G. Jeroslow, "The Limiting Lagrangean," April
1979 (revised June 1979).

R. G. Jeroslow, "A Limiting Lagrangean for Infinitely Constrained
Convex Optimization in R®,™ July 1978 (revised).

L. McLinden, "An Extension of Fenchel's Duality Theorem to Saddle
Functions and Dual Minimax Problems,' Pacific Journal of Mathematics
50 (1974), pp. 135-158.

v

J.J. Moreau, "Theorems inf-sup," Comptes Rendus Acad. Sci. Paris 258
(1964), pp. 2720-2722.

R.T. Rockafellar, Convex Analysis, Princeton University Press,
Princeton, New Jersey, 1970. 432+ pp.

R.T. Rockafellar, Conjugate Duality and Optimization, no. 16 in the
Conference Board of Math. Series, SIAM Publications, 1974. 79 pages.

M. Sion, "On General Minimax Theorems,'" Pacific Journal of Mathematics
8 (1958), pp. 171-175.

J. Stoer and C. Witzgall, Convexity and Optimization in Finite
Dimensions: I, Springer-Verlag, New York, 1970. 268+ pp.

R.M. Van Slyke and R. Wets, "A Duality Theory for Abstract Mathematical
Programs with Applications to Optimal Control Theory,' Journal of
Mathematical Analysis and Applications 22 (1968), pp. 679-706.




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236

