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PREFACE

Another thesis has also been submitted to the University of Trento, Italy for fulfill-
ment of the requirements of the dual-degree program. The interested reader is then
referred to that manuscript entitled “Simulation and Modeling of the Powder Diffrac-
tion Pattern from Nanoparticles: Studying the Effects of Faulting in Finite Domains”
where they will find a chapter discussing how faulting in finitely sized crystallites can

effect the powder diffraction peak profiles.
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SUMMARY

Nanostructured materials are currently at the forefront of nearly every emerg-
ing industry, as they offer promising solutions to problems ranging from those facing
energy technologies, to those concerning the structural integrity of materials. With all
of these future applications, it is crucial that methods are developed which can offer
accurate, and statistically reliable characterization of these materials in a reasonable
amount of time. X-ray diffraction is one such method which is already widely avail-
able, and can offer further insight into the atomic structure, as well as, microstructure
of nanomaterials.

This thesis work is then focused on investigating how different structural features
of nanoparticles influence the line profiles of the x-ray powder diffraction pattern.
Due to their extremely small size, the contribution from crystallite size broadening
becomes the dominating feature in an observed diffraction peak. Therefore, the theory
of size broadening was critically reviewed concerning the considerations necessary
when the crystallite size approaches a few nanometers. Furthermore, the analysis of
synthesized shape controlled platinum nanoparticles was carried out using a developed
line profile analysis routine, based on the Debye function analysis (DFA) approach,
to determine the distribution of particle size and shape in the sample.

The DFA method is based on the use of atomistic models to simulate the features
in the powder diffraction pattern. The atomistic descriptions of molecular dynamics
simulations was coupled with this approach, allowing for the further understanding of
the pattern from nanoparticles. The techniques were developed to study how lattice
dynamics, and the resulting thermal diffuse scattering, are affected by the small crys-

tallite domains. Furthermore, the relaxation of structural models for nanoparticles

xXviil



by MD simulations allowed for the assessment of features which are a present in the
powder pattern as a result of a strain gradient in the particle. In both cases the
different results from Al and Cu particles were discussed. This study then improves
the understanding diffraction from small crystallites, and showcases the level of in-
sight which is achievable through the coupling of simulation and diffraction pattern

analysis.
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CHAPTER 1

INTRODUCTION

1.1 General Motivation

It is fair to say that in present day, the phrase “nanotechnology” has a Jules Verne
quality about it. Stories touting the latest discoveries of scientists, which just yester-
day were science fiction, commonly fill the pages of popular science magazines, and
captivate all who read about what life will be like in the nano-future. While some
projections of when these discoveries will precipitate into a real product are some-
what ambitious, exciting proposals include the use of nanotechnology in the fields
of electronics, photonics, energy, and composites with unique mechanical properties.
However, the interest in nanotechnology goes far beyond these applications, as almost
all properties of a material have been found to have some degree of size dependence.
Trying to understand the physical origins of this size dependence, not to mention
the development of the fabrication processes necessary to make these small materials,
is forcing scientists to really understand the behavior of materials at the atomistic
level. The ultimate goal is then enough understanding that the fabrication of ma-
terials might begin with the consideration of their atomistic assembly, and continue
with structuring over larger length scales. Then, from a list of desired properties,
like strength or electrical conductivity, one would be able to make the appropriate
material in a lab — much like constructing a building to desired specifications.

The further understanding of any material’s behavior is contingent upon observa-
tions, which means the further development of characterization techniques is crucial.
These measurements serve to ensure that the fabricated material actually exhibits

the desired characteristics, as well as, helps to understand the influence of different



aspects of the fabrication process. The small size of nanostructured materials can
pose a problem for many characterization techniques. In order to study the structure
of these small materials, special techniques in microscopy are commonly employed,
which include transmission electron microscopy (TEM), scanning electron microscopy
(SEM) and atomic force microscopy (AFM). While these techniques allow for invalu-
able images, and can even resolve the atomic structure of materials, they are somewhat
limited in that only a small volume of the synthesized material can be studied in a
reasonable amount of time. Nanomaterials which are produced industrially require a
yield on the level of kilograms, orders of magnitude larger than the milligrams which
are produced in the laboratory. A complete characterization of such a large batch of
material by microscopy can be costly and time consuming.

X-ray powder diffraction (XRD) offers a complementary structural characteriza-
tion technique, where information from a large statistical sampling of a material can
be extracted from the diffraction pattern. The diffraction pattern contains informa-
tion over many length scales, from the atomic structure to the microstructure of a
material. However, obtaining the detailed information on the microstructure of a
material can be complicated. It involves modeling subtle changes in the shape of
the observed diffraction peaks, and has been largely developed considering materials
with somewhat large crystalline domains. So, before XRD can be effectively used in
the characterization of nanomaterials, it is necessary to extend, and test, the existing

models which describe diffraction from small crystalline domains.

1.2 Focus of Thests

The current thesis work will then exhibit the progress made in developing better
diffraction pattern analysis techniques for small crystalline domains, focusing on the

case of metal nanoparticles. Research on nanoparticles has progressed rapidly in



recent years, as they have found application in the fields of catalysis, medicine, elec-
tronics, and photonics [111]. Synthesis techniques have been developed to control
not only size, but also the shape of nanoparticles [41]. The high yield production of
shape specific nanoparticles opens a new door in materials engineering by allowing
for desirable properties to be achieved by tuning the particle shape.

One of the most promising applications of these shape controlled nanoparticles
is their use as a highly efficient, reaction selective, heterogeneous catalysts. Het-
erogeneous catalysts are an important part of the chemical manufacturing industry
as they reduce the amount of energy necessary to carry out a chemical reaction by
promoting the reaction to take place on their surface. Nanoparticles are expected
to make an impact in this field because their small size results in more surface area
per gram of catalyst which improves the catalytic efficiency. The reduction of the
amount of catalyst is important since many catalysts are made of precious metals like
platinum and ruthenium. The ability of tailoring the shape can result in preferential
exposure of the highly catalytically active surfaces. Furthermore, the exact chemical
reaction which is promoted can be controlled by engineering the nanoparticles to pref-
erentially expose specific faces. Therefore, the use of shape controlled nanoparticles
can result in a further improvement in efficiency by promoting the chemical reaction
which requires less energy. As these nanoparticles begin to be increasingly used in
the industry, an improved analysis of the structure from the diffraction pattern can
be important in characterizing shape of the synthesized nanoparticles, as well as, any
structural modifications which might occur throughout their lifetime of use.

The initial goal of the present research is then to develop a powder diffraction
pattern analysis technique which can determine the different particle shapes which
make up a sample. As it will be shown in the following work, the shape of a spot
in reciprocal space, and also the shape of the powder diffraction peak, is a direct

consequence of the shape of the crystallite. However, the crystallite size and shape are



not the only characteristics which influence the diffraction peak profiles. Crystalline
defects of all kinds are known to change the peak shapes, each in a different and
specific way. Not to mention, there can also be contributions from a general strain
gradient, and thermal motion of the atoms. Therefore, in order to achieve a reliable
characterization of a nanoparticle shape, the influence of these other effects must
be considered. However, many models which have been developed to describe the
influences of these crystal defects assume the case of large crystallites. Therefore,
the current research will also be focused on testing and extending the models for the
influence of crystal defects on the diffraction pattern considering the case of small
crystallites.

In order to achieve these goals the current research will employ a developing pow-
der diffraction pattern analysis technique which relies on atomistic descriptions of
the crystallites. The powder diffraction pattern can be directly obtained from any ar-
rangement of atoms in a volume through the Debye function [36]. The analysis of the
diffraction pattern by this approach has not been extensively developed in the past
due to the computational burden which is demanded. However, this problem becomes
tractable as computers become cheaper and faster. The Debye function then opens
the door to a deeper understanding of the features observed in the diffraction pattern.
Atomistic models can be constructed with desired characteristics, the diffraction pat-
tern simulated by the Debye function, and the influence of each characteristic on the
diffraction pattern can be directly observed. This approach can systematically test,
and improve upon, the models which exist in the diffraction literature regarding the
influences of crystallite size, crystal defects and strains on the diffraction pattern.

Interesting avenues of research also begin to emerge when it is realized that atom-
istic simulations like molecular dynamics (MD) can be integrated into this approach.
Atomic models which are the result of MD simulations can be used to simulate the

diffraction pattern and study features which are the result of an energetically more



favorable model. The long term goal might be to one day incorporate MD simulations
directly into the analysis of diffraction patterns. This would allow diffraction pattern
analysis to evolve beyond arguments based on symmetries of the crystal lattice, and
incorporate the energetics and dynamics of the system. Also, in the reverse sense,
the merging of diffraction and MD simulations allows for a further method of testing
the atomic structure and microstructure predicted by atomistic simulations with that
found experimentally. This kind of feedback can give unique insight over multiple
length scales, which allows for the improvement of MD methods, and development of

better interatomic potentials.



CHAPTER 2

POWDER DIFFRACTION BACKGROUND

2.1 Physical Basis of X-ray Diffraction

By definition, the word “diffraction” is a characteristic of waves which describes their
ability to spread out and fill space. This phenomenon is common in everyday life,
and explains why light from a street lamp can bend around a corner, or why you to
can hear someone without seeing them. In the field of optics, the word diffraction
takes on a slightly different meaning, and is used to describe the combination of two
phenomena: scattering and interference (i.e. a diffraction grating). In this sense,
diffraction is the study of the interference pattern resulting from the light which
scatters from an object. Historically, the presence of such an interference pattern
actually proved that light is a wave and diffracts, as opposed to traveling ballistically.
Therefore, any experiments studying such an interference pattern have come to be
called diffraction experiments.

X-rays are a bandwidth of light with a wavelength, A, much shorter than the
visible spectrum — in the range from 0.5A to 2.5A. When x-rays encounter matter
they scatter from the electrons in the atoms. X-ray diffraction is then the use of
x-rays to produce an interference pattern to measure the arrangement of atoms in
a material. Knowledge of the atomic structure is important for explaining physical
properties like the strength, or electrical conductivity, of a material. It is by no
means the only scattering method useful in materials characterization, and many of
the same principles of diffraction which will be presented here also apply to techniques
like neutron and electron diffraction. The fundamental difference in these techniques

being the physical mechanism of how the incident radiation (i.e. x-rays, neutrons or



electrons) is scattered by the atoms.

An x-ray can scatter from an atom following two primary mechanisms. In the first
case, when an x-ray encounters an atom, it can seem to instantaneously “bounce oft”
of the electron density around an atom. The mechanism of this scattering event be-
gins by considering that light can be described as an oscillating electromagnetic field.
When such an oscillating field approaches an atom, it causes the electron density of
the atom to oscillate also. This oscillating electron density produces an oscillating
dipole made of the negative electron cloud, and the positive atomic nucleus. Classical
electrodynamics tells us that an oscillating dipole radiates an electromagnetic field,
or light. When this oscillating dipole produces x-rays of the same wavelength as the
incident x-ray, energy is conserved — a process which is called elastic scattering, or
Thompson scattering. In the second scattering mechanism, the atom absorbs some
energy from the incident x-ray, and the scattered radiation is emitted with a lower
energy. This mechanism is thus an example of inelastic scattering, and is more com-
monly called Compton scattering. The scattered radiation from both the elastic and
inelastic scattering events, which occur at different atoms in a material, interfere to
form the observed diffraction pattern. The effect of the elastic scattering gives rise to
the prominent Bragg reflections, due to the interference of light with the same wave-
length. Meanwhile, the effect of Compton scattering is largely featureless, due to the
destructive interference of x-rays with multiple wavelengths. This scattered radiation
contributes to the background signal, and becomes more important to consider when

discussing the contributions of diffuse scattering.
2.1.1 Interference from multiple scattering centers

In the following discussion the intensity of scattered radiation at a point p in space
from a collection of scatterers at positions ry, ra, ..., ry(depicted in Figure 1), will be

discussed considering the interference of monochromatic waves. As this is a rather



Figure 1: Cartoon of x-rays scattered by a collection of scatterers

general treatment of diffraction, the reader is assumed to already have an introduc-
tion to wave mechanics, and is referred to the text by Cullity [31] for more basic
information. The incoming waves are assumed to be parallel, traveling in the direc-
tion Sg, and allowed to be incoherent. As such, the phase of the incident radiation
when it scatters is allowed to differ from one incident wave to the next. The phase of
each incident wave is considered through the points wy, wa, ..., w,,, which represent
points along the path of the incident wave where its amplitude is at a maximum.
While this happens repeatedly along the wave path, only one such point is depicted
for each incident wave in Figure 1.

Once scattered, the path taken by each wave to reach the observation point p
is described by the direction S,, which we will approximate by a constant vector,
S, by assuming that the observation point, p, is far away from the scatterers. The

amplitudes of the scattered waves observed at point p can be expressed in general as
€n = By exp [2mi (vt — 1,/ N)], (1)

where FE,, signifies the electric field amplitude, and [,, the distance traveled by wave n
from w,, to p. The variables ¢, v and A signify the propagation time, wave frequency,
and wavelength respectively. Since the speed of x-rays is generally independent of

the propagation medium, the waves are traveling at approximately the speed of light.



Then given that the scatterers are sufficiently clustered together, it is safe to assume
that the propagation times are equal. Therefore, the phase difference between the
x-rays is determined by the distance traveled, [,,. Studying the geometry of Figure 1,

one finds that this distance can be expressed as
ln:‘rn_wn|+‘p_rn’7 (2)

and [,,/\ becomes

ln/A=So-(rp, —w,)+S-(p—ry,). (3)

The amplitudes of waves are additive, while the intensity is the square modulus
of the amplitude, implying that the intensity of the scattered radiation at point p is

given by the relationship

[=AA=) en) e (4)

Substituting this into Equation (1) leads to the expression

I=>|E 4+ ) EnEjexp[—2mi (I — 1) /Al (5)

n m n#m
From Equation (3), the argument of the exponential is found to be expressible in

terms of the scattering wave vectors as

Iy = 1) /A = (Wm—Wn)-So— (rm—Tn) - So + (rm—ryn) - S

= (rm—rn) . (S — S()) -+ (Wm—Wn) . SO' (6)
We then define the scattering vector, s, as
s=S— Sy, (7)

where the magnitude of s is defined as |s| = s = 2sinf/\, and 26 is the scatter-

ing angle between the vectors S and Sg. Also defining the distance vector between



scatterers as dpyn = r'm—Tn, and the extra phase factor ¢, = (Wm—Wy) - So, the

expression for the intensity at p becomes
I=Y "B+ > E,E;exp[—2mi(dmn - S + Gumn))] - (8)

n m n#m
From this description of the intensity we find that for a perfectly coherent source,
where ¢,,, = 0, the intensity is given by the familiar relation

I=Y"|E."+ Y > EnE;exp[—2mi(dmn - 5)] - (9)

n m n#m
Then, in the case that the scattering vector is parallel to the distance vector, (as
depicted in Figure 1) and that their scalar product equals an integer, n, we obtain

the well known Bragg Law from the scalar product relation,

dmn S = n, (10)

2d,,n, I8 = nA.

However, real instruments only exhibit a certain degree of spatial, as well as tem-
poral, coherency. The measured intensity is then the result of an average over the
possible phase factors, ¢,,,, from the many waves which are interfering at the point
p. The form of this phase factor distribution is characteristic of the source, op-
tics and measurement geometry. In powder diffraction this is one of many factors
which are incorporated into what is called the instrumental profile. The existence of
these kind of instrumental effects is one reason why the inverse Fourier transform of
the measured intensity cannot be directly used to yield information on the electron
density and microstructure. To properly account for incident beam coherency, and
other instrumental effects, the intensity found assuming an ideal instrument (perfect
coherency) must be convolved with the instrumental profile. While proper considera-
tion of the instrument is of the utmost importance, the work presented here is focused

on describing the features of the diffraction pattern resulting from the scattering of a
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crystallite, and as such makes the above assumptions leading up to Equation (9). In
reciprocal space methods the instrumental effect is then considered by convolving the
intensity determined assuming perfect coherence, with the profile function attributed
to the instrument. This treatment is in contrast to that taken in direct space meth-
ods (i.e. total scattering and Debye function analysis), which attempt to remove the
instrumental effect by deconvolving it from the measured intensity.

The diffraction theory which is treated in this work only considers the possibility
of one scattering event for a given incident wave. Known as the kinematical approx-
imation, this assumption is well suited to describe x-ray scattering from imperfect,
sub-micron crystallites. However, in general, any scattered wave can again scatter
before exiting the crystallite, resulting in significant changes in the observed inten-
sity. For this case the theory of dynamical scattering [73] has been developed, and it

becomes essential in the interpretation of electron diffraction patterns.
2.1.2 Scattering from an atom

Now, we want to calculate the intensity observed at point p considering the scatterers
are actually electrons in a single atom. Quantum mechanics tells us that electrons
are also described as waves, and are not localized at a point in space. In order to
calculate the observed intensity we must assume that each volume of space, dv,, at
position r contains a charge ep (r) dv, and scatters with a power proportional to that
charge. In this relationship e is the charge of an electron, and p (r) is the normalized
charge density at point r. It can be shown that the scattered amplitude from a single

electron, 7, is given as

fi(s) = ‘ POl,/pj(r)exp(—er-s)dvr, (11)

mec® R

where the integral is done over all space for the total scattering power of an electron.
Here the mass of an electron, and the speed of light, are denoted as m, and ¢ respec-

tively. The factor Pol’ denotes the effect which polarization has on diminishing the
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amplitude for different scattering angles, and will be discussed later in terms of its
effect on the intensity. The variable R then denotes the distance from the scattering
event to the observation point. Assuming that the scattering amplitudes from each
electron in an atom simply add, we find the intensity as

Z]f]] +ZZ//p] r;)pr(ri) exp (—2midyk - s) dv;dog | . (12)

J k#j

et Pol
m2 A R2

Instead of using the atomic scattering factor determined by Equation (12), it is com-
mon to use a more numerically amenable atomic scattering factor which is given by
a series of exponentials of the form

fuls) = Sy exp(~bys?/4) + . (13)

J

The coefficients of this form of the atomic scattering factor are found by either fitting
to measurements, or from numerical calculations of the intensity given by Equation
(12). It should be noted that this treatment is only valid when the wavelength of
radiation is not near an absorption edge. When this criterion is no longer true it
is necessary to include a dispersion term in the atomic scattering factor, and the

anomalous scattering factor must be used |73].
2.1.3 X-ray polarization effect

As in the case of any reflection, when an x-ray is scattered by the electron in an
atom it becomes polarized. Without getting into the details, polarization implies
that observation of the scattered beam is the strongest in a direction normal to the
polarization direction, and falls off as a function of the scattering angle [152].
unpolarized incident radiation is assumed, then the polarization factor in Equation
(12) becomes

1 + cos? 20

Pol = ——. 14
ol = (14

However, if a monochromator is used, or the scattering experiment is done at a

synchrotron, then the incident beam is already polarized, and the general polarization
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expression becomes

(1+ Q)+ (1 — Q) cos? 20,00, cos? 20

Pol =
¢ 1+ cos2 20,,0n0

(15)

In this expression 260,,,,, is the scattering angle of the monochromator, and @) is a
variable denoting the degree of polarization. For unpolarized x-rays, ) = 0, and
Equation (15) reduces to Equation (14), while in the case of radiation from a syn-

chrotron source @ = 1.
2.1.4 Generalization of the scatterer

The additive property of wave amplitudes allows the definition of a scatterer to be-
come a more general concept over larger length scales. This allows us to also determine
the intensity which is observed at the point p from a cluster of atoms. This cluster
can be the basis atoms of a unit cell, or the atoms in a small particle. As before, the
amplitude of the scattered wave is the sum of the scattered waves from each atom,
F, = > fn, where the atomic scattering factor is described by Equation (13). This
expressqon is commonly called the structure factor when calculating the scattering
from a unit cell basis, or the form factor when calculating the scattering from an
entire crystallite. The intensity assuming coherent radiation is then given by
. ST DD ks exp (—2midun - ) | | (16)
R? ~ b "
where the notation I, = e*/m?2c* denotes the total scatting power of an electron. The
double summation in Equation (16) is carried out assuming each atom is represented
by its effective atomic scattering factor f,,. In most cases the atomic scattering factor
is assumed to be independent of the local environment of an atom, and changes only
with its oxidation state. This representation then effectively assumes that two atoms
scatter independently, and that their electron densities do not overlap a significant

amount, as the overlap integral in Equation (12) is not carried out. The relationship in
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Equation (16) is the starting point of most scattering theory, and the basic relationship
necessary to calculate the structure factor for a lattice.

In some cases, it is also useful to treat an entire crystallite as a single scatterer
positioned at its center of mass. The larger length scale commonly associated with
these systems results in the diffraction pattern features falling in the small-angle
regime. Following the same considerations concerning the scattered amplitude, A =

> F,, we arrive at an analogous expression for the scattered intensity
n

I= Ie% STIFLS + )0 FuF;exp(—2midmn - )| - (17)
n m n#m
However, it becomes more important to carefully consider the independent scatterer
assumption in this case. In small-angle scattering, if the crystallites are infinitely
dilute, the scattered intensity is given only considering the self-scattering term, or
the first summation of Equation (17), where F), is commonly called the crystallite
form factor. However, this is an ideal limit, and most materials must be reasonably
concentrated to observe a signal. In which case, the inter-crystallite scattering, or the
double summation in Equation (17), must be considered. When dealing with identical
scatters, the term |F},|? can be factored out of the double summation in Equation (17),
and the remaining summation is called the structure factor in small-angle scattering
literature. While not generally considered, the inter-crystallite scattering can have an
influence on the wide-angle pattern as well. It will be shown in Chapter 6 that it only
becomes important to consider when the crystallites become aligned, and regularly
spaced into some super-structure. In this case, it is no longer valid to consider each

crystallite as scattering independently, and the full expression of Equation (17) must

be evaluated.

2.1.5 Absorption Corrections

As an incident beam passes through a material, its intensity is diminished due to the

described scattering events, as well as, other photon-electron interactions. This effect
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Figure 2: Illustrations of reflection and transmission measurement geometries are
shown.

is called absorption, and is a determining factor in the absolute value of the observed
intensity. The intensity reduction is dependent on the scattering angle, and its exact
functional form is determined by the experiment geometry. Only the final forms of the
absorption corrections important to the work carried out in this thesis are described
below, and the reader is referred to the International Tables of Crystallography, Vol.
C [107] for more information.

When the diffraction experiment is carried out in a reflection geometry of a thin

sample, which is illustrated in Figure 2, the absorption correction takes on the form

Abs = 1 — exp (— 2’””’) . (18)

sin 0

In absorption correction factors like Equation (18), the variable y; denotes the linear
mass absorption coefficient, ¢ the sample thickness, and p the mass density of the
material. The value of p; is determined by the material’s chemical composition, and
the wavelength of incident radiation. In this study the values of this quantity mea-
sured, and provided by the National Institute of Standards and Technology (NIST)
[66] were used.

When the scattering measurement is done using a capillary, the measurement is
described as a transmission geometry, which is illustrated in Figure 2. Assuming

that the sample is larger than the incident beam diameter, the absorption correction

15



becomes

Abs = eXP(Mltp(l_ﬁ))/COSH, (19>

while when the sample is smaller than the beam, this factor reduces to

1
Abs = 1— . 2
bs = exp (uztp ( o 9>) (20)

2.2 General Powder Diffraction Theory

Relations like Equations (9) and (16) only describe the diffracted intensity from a
single crystallite fixed in space. Another class of materials which is common to exist
is composed of many crystallites. In diffraction the term “powder” is often used
to describe this polycrystalline form. In order to be properly classified as an ideal

powder, the microstructure of a material must:

i) have a crystallite size which is small enough to provide good counting

statistics, and

ii) have no preferential orientation of the crystallites in the material.

While a granular material, like sand, is automatically associated with a powder, it
must be confirmed that the internal crystallite size is small enough before it can be
classified as a powder in terms of diffraction. Dense polycrystalline materials, like
processed metals, can also be described as a powder. However, it is common that
the procedures used in processing result in a preferential alignment, or texture, of the
crystallite orientations within the material. This texture will cause the diffraction
pattern to deviate from what is expected from a powder. The following section will
then focus on describing the diffraction pattern from a powder, showing how it is
related to the single crystal intensity.

Assuming each crystallite scatters independently, the powder intensity is then the
summation of the intensities from each crystallite in the sample. For the moment,

we will assume a material microstructure with a uniform crystallite size. Then the
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intensities from two crystallites in the material which are oriented differently with
respect to the scattering vector will appear as a two single crystal intensities, one
correspondingly rotated with respect to the other in reciprocal space (RS). Figure 3
shows an example of this concept for the case of a cubic crystallite composed of a
cubic atomic lattice. If both crystallites are present in the beam path, a superposition
of the two patterns, like that depicted in the reciprocal space portion of Figure 3, will
be observed as the diffraction pattern. A powder can have millions of crystallites
in the beam, oriented at all possible directions relative to the beam. In order to
conceptualize the diffraction pattern from such a system, it can be useful to consider
the superposition of the intensity in reciprocal space from each crystallite. In such
a case the distinct Bragg spots will no longer be well defined, and the intensity at a
given distance from the origin of reciprocal space will be blurred together, forming
concentric shells about the origin. We will call one of these spherical shells a powder
diffraction sphere (PDS), whose radius corresponds to spi = 1/dpg, where dpyy is
the distance between the hkl planes in the atomic lattice. A two-dimensional slice
through such a series of concentric spheres would then look something like the rings
depicted in Figure 4.

The portion of reciprocal space observable by an x-ray measurement can be de-
scribed by the Ewald sphere. The Ewald sphere is then a sphere of radius 1/A, which
intersects the origin of reciprocal space at a point on its surface, and whose center
is determined by the orientation of the incident radiation with respect to the crys-
tallite lattice, Sg. A two-dimensional depiction of the Ewald sphere, relative to the
scattered intensity from powder associated with a given hkl, is found in Figure 5. In
three dimensions, the intersection of the Ewald sphere with the powder intensity pro-
duces rings, known as the Debye-Scherrer rings, named after the scientists who first

attributed these diffuse halos, or rings, to the powder microstructure of a material

37).
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Real Space Reciprocal Space

Figure 3: The relationship between the crystallite orientation and the diffraction pat-
tern observed in reciprocal space is exhibited assuming cubic crystallites composed of
a cubic lattice. It is assumed that the incident beam is directed into the page, normal
to one of the faces of the cube. A two-dimensional cross-section of the diffraction
patterns in the xy-plane is depicted.

f f
S, S,

S

Figure 4: The relationship between the distribution of a powder pattern in reciprocal
space and the intensity measured with a point detector is depicted.
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Figure 5: The geometry of how an Ewald sphere intersects a “powder diffraction
sphere” in reciprocal space is depicted.

The powder intensity measured at a successively larger scattering angles, 260, traces
a path on the surface of the Ewald sphere. Instead of measuring the entire powder
ring, point detectors measure the intensity accurately at a point in reciprocal space.
By considering the Ewald sphere, it is found that scanning this kind of a detector over
an angle corresponds to a measurement of the intensity in reciprocal space along the
radial direction relative to the origin. Figure 4 then depicts the relationship between
the observed peaks, and the full powder intensity distribution in reciprocal space.
As will be shown throughout the current work, the shape of these peaks contains
information on the microstructure, and crystal defects present in the material.

The powder diffraction intensity measured at some scattering vector, s, in the
curve depicted in Figure 4 will then have contributions from all regions of the single
crystal intensity which are equidistant from the RS origin. This region of reciprocal
space then corresponds to a PDS of radius s. The powder diffraction intensity is
then found by averaging the intensity from a single crystallite on the PDS, and then
scaling by the number of crystallites in the sample. We will refer to this averaging
as the powder integral, and it involves integrating the single crystal intensity on the
surface of the PDS. The powder intensity, Ip, is then found by the powder integral

defined as
[ 1(s)d

Ams?

Ip(s) (21)
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where () represents the spherical solid angle in reciprocal space, and the Jacobian of

Equation (21) is expressible as d©2 = s sin 0d0dé.
2.2.1 Lorentz factor for reciprocal space powder intensity

In general there are two approaches to arriving at the powder pattern which differ in
the whether the powder integral, or the interference calculation, like that in Equation
(16), is carried out first. The more traditional approach to arriving at the powder
intensity is done by first determining the diffracted single crystal intensity in reciprocal
space, I(s), and then assuming it is uniformly distributed on the PDS, sometimes
called the powder average. While this procedure is repeatedly covered in many texts
on x-ray diffraction, confusion can arise concerning the correct form of the Lorentz
factor, which corrects for the geometrical considerations of taking the powder average.
The appropriate correction becomes increasingly important for very small crystallites,
therefore, it will be briefly reviewed in the following discussion.

Discussions of the Lorentz factor in the classic diffraction texts consists of stringing
together a series of seemingly unrelated considerations concerning the percentage of
crystallites in the diffracting position at a given angle, and averaging the intensity
over the powder ring [73, 153|. It is also common to lump the Lorentz factor with
the effect of polarization, creating a Lorentz-Polarization factor which includes all
angular dependence of the intensity due to the measurement geometry [31]. Instead
of clarifying the Lorentz factor, it is the opinion of the author that these descriptions
tend to just confuse, and hide, its origins.

The Lorentz factor comes from the fact that we are considering the powder inten-
sity, and arriving to a suitable model requires we take the powder integral. In fact,
one commonly found traditional form of the Lorentz factor is already present in the
definition of the powder integral, Equation (21). Using the definition s = 2sinf/A,

the Lorentz factor is found from the term in the denominator to be proportional to
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1/sin?#. This Lorentz factor is found in the original derivations of the method of
approximating the powder integral, called the tangent plane approximation (TPA)

[148, 134], as a factor of
1

Lrpa(8) = Pyt (22)

A few examples of these tangent planes relative to the PDS are also depicted in
Figure 9. As will be discussed in Chapter 3, the TPA only becomes valid for large
crystallites, and is only exact for spheres. Furthermore, it will be demonstrated that
this expression of the Lorentz factor is really a consequence of the assumption of the
TPA, and is not the true Lorentz factor given by the powder integral in Equation
(21). Features which suggest the approximate nature of Equation (22) are that: (i)
it results in the intensity diverging at 260 = 0, and (ii) one may also notice that the
factor of 1/s? in Equation (21) can be canceled by the factor of s? coming from df2.
Therefore, the correct form of the Lorentz factor is only found by evaluating the
powder integral on the surface of the PDS.

As will be discussed in Section 3.1, the true form of the Lorentz factor for a

crystalline material is found to be

1

27 sin 6 sin Hhkl .

L(6,0hk) = (23)

Patterson was the first to find this form of the Lorentz factor for the special case
of the powder intensity from a spherical crystallite [103], and Warren later repeated
the exercise using a slightly different mathematical approach [151]. Later, Ino and
Minami showed that this form is true for any crystallite shape, by expanding the
powder integral into an asymptotic series [68]. In the limit that the crystallite becomes
large, the powder peak becomes narrow, and Lorentz factor found in Equation (23)
can be approximated by 1/27 sin? §;, which is consistent with the traditional form

of Equation (22).
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2.2.2 The Debye Function

The second approach to finding the powder intensity is to bring the orientational
average of Equation (21) inside the interference calculation of the intensity. Doing so

by way of Equation (16) results in an integral of the form

1. Pol Abs

Ip(s) = 47 R?

mef / exp (—2misd,y, cos ) sin 0d0de,

which has closed form solution known as the Debye function

. Sin (27sdy)

1. Pol Abs Z

Ip(s) = folm (24)

278,

The relationship depicted in Equation (24) was first described by Peter Debye in a
1915 paper showing that diffraction phenomena does not rely on a crystalline state,
but also exists for molecules [36]. This early work on diffraction from molecules led
to the seminal paper by Zernicke and Prins [165], which is the basis for much of the
later work on scattering from liquids and amorphous materials.

The primary assumption when using the Debye function is that the same config-
uration of scatterers is found at all orientations with respect to the incident beam.
This assumption is analogous to our definition of a perfect powder, and in fact, the
Debye’s understanding of the expected intensity from randomly oriented molecules
may have directly led to his work with Scherrer on powder patterns [37]. Since Equa-
tion (24) intrinsically considers the orientational average, use of a Lorentz factor with
this expression is not necessary.

The summation in Equation (24) is a double sum over all interatomic distances,
a computational problem which scales as O(N?), where N denotes the number of
scatterers in a system. Assuming that the number of scatterers is proportional to the
volume of our system, the calculation problem is found to scale as O(R®), where R is
the radius of an equivalent volume sphere. With this incredible calculation burden,

it is understandable why the Debye function was primarily used to calculating the
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intensity observed from small molecules until the advent of computers. Still, in 1941
Germer and White applied it to the study of nanocrystalline Cu films, and showed
the transition of the diffraction pattern from a few atoms to an appreciable crystallite
size [51]. Use of the equation gained some popularity in the early 1990s, through the
studies of Hall who demonstrated that the fast Fourier transform (FFT) can be used
to improve the calculation time [61]. Since then, the Debye function has become
an important tool to understanding the diffraction pattern from small crystallites,
or nanoparticles, and is employed in studies scattered throughout current scientific

literature.

2.3 Line Profile Analysis - A Brief Historical Survey

Study of the shape of the powder diffraction peaks to extract microstructural infor-
mation is commonly called line profile analysis (LPA), and has its roots in some of the
first diffraction experiments. The evolution of line profile analysis over the years has
been largely guided by the type of information obtainable from a diffraction pattern
of the time. The first powder diffraction patterns were recorded using photographic
film in a Debye-Scherrer camera, and dark lines in the developed film represented the
Bragg powder peaks. It was quickly recognized that the integral breadth, or width,
of the line was related to the crystallite size and strain. Assuming that there is little
or no strain in a material, the crystallite size can be determined from the integral
breadth via the Scherrer equation [126], which is defined as

K\

L=—".
BCOS Qhkl

(25)

In this expression L denotes an average domain size, commonly given as the cube
root of the crystallite volume. The variable § is the integral breadth of the Bragg
peak, 0,5, is the position of the Bragg peak, and K is called the Scherrer constant
which is related to the crystallite shape assumed [76]. A strain in the lattice was later

shown by Stokes and Wilson [135] to also result in a broadening of the observed lines
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following the general relationship
€ = g cot 9hkl7 (26)

where € is defined as the “apparent tensile strain” in a distorted lattice. In order to
separate these two effects, and determine contributions of size and strain broadening
to the measured diffraction pattern, Williamson and Hall developed a method of
plotting (5 cos @y vs sin by [160] — which is ideally a linear trend whose slope and
intercept are related to the crystallite strain and size respectively.

This model of Williamson-Hall embodies the essence of peak broadening. The
crystallite size broadens all peaks uniformly, while the microstrain results in a broad-
ening which is dependent on the specific diffraction spot. However, quantitatively this
model only goes so far. As stated by Stokes and Wilson in their original paper [135],
since most materials are elastically anisotropic, the actual dependence of the integral
breadth due to lattice strain is more complicated than the relationship given in Equa-
tion (26). This results in a Williamson-Hall plot which is seemingly scattered, and
hardly linear. Recently, so-called modified Williamson-Hall analyses have been pro-
posed in an attempt to relate the scattered trend to the contribution of dislocations
[142] and faulting [143]. While these modified analyses might help to understand the
type of strain in the material, they have been shown to be quantitatively less reliable
in terms of obtaining defect densities [125].

When scintillator detectors became available in the early 1950s, the intensity
could be easily recorded on a relative scale, making the full peak shape, or peak
profile, easier to obtain. This improved information of the peak allowed for more
complex theories to be tested. Notably, the Warren-Averbach method demonstrated
the separation of different size and strain contributions to the line profile through
the Fourier transform of the peak [153, 154]. The theory that a diffraction spot was
the Fourier transform of the crystallite size, and shape, was known at least 10 years

earlier [103, 42|, however, Warren and Averbach extended this concept by including a
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strain contribution, and developing the correct methodology for the powder pattern.

Raw data also has contributions from the background, noise, and other aberra-
tions. So, it became customary to fit the data with an analytical function — like
a Gaussian or pseudo-Voigt — to extract the peak shape. Advances in peak fitting
were largely driven by the Rietveld method [116, 117|, which ironically only fits the
peaks to obtain an accurate peak position and integrated intensity. Nonetheless, the
statistical treatment of each data point as an independent observation marked a mile-
stone in line profile analysis. The portion of the diffraction community interested in
the microstructure information then developed a vast literature on the relationship
between the parameters of the various analytical peak functions used, and the desired
microstructure characteristics [131].

Modern line profile analysis is seeing a paradigm shift from fitting to modeling,
where microstructure models are used to describe the measured diffraction data. This
avoids the need to assume an analytical peak shape function, which can bias the re-
sults [35]. The reciprocal space approach to peak modeling is based on constructing
peak shapes by combining independent models describing the effects of features like
size and strain broadening. The different effects are convolved to obtain the resulting
peak. As an example, if the assumed contributions to the peak profile are: instru-
mental, crystallite size and faulting effects, then the simulated peak is constructed
following an expression like

o0
Tni(s) = / TP (LYAS(L)CF (L) exp(2miL(s — spi))dL, (27)

—00

where TP (L), AS(L), and C*¥(L) represent the Fourier transforms of the contribu-
tions from instrumental, crystallite size and faulting respectively. The integration
in Equation (27) is the Fourier transform with respect to the real space variable L,
and more contributions can be included into the peak shape by multiplying their

respective transforms in the integral. For further details on the derivation and form
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of these transforms, the reader is directed to the later chapters covering each. The
pattern modeling then proceeds by refining the parameters of each model, controlling
characteristics like the crystallite size or faulting probability, until the best fit with
the measured pattern is obtained. Largely the works of Scardi and Leoni in the devel-
opment of Whole Powder Pattern Modeling (WPPM), and to some extent the work
of Ribarik and Ungar in the development of Convolutional Multiple Whole Profile
fitting (CMWP)[114, 115|, have pushed this method forward, and made it accessible
to the diffraction community.

A complementary real space method to model the diffraction pattern which has
gained popularity following the interest of the scientific community with nanomate-
rials is Debye function analysis (DFA). In this approach atomistic constructions are
used to simulate the diffraction pattern via the Debye function, which is then com-
pared with the measured pattern. Parameters controlling the probability of a sample
containing a crystallite of a given size, shape or defect concentration are then refined
until a best fit is obtained.

Due to the computational burden of calculating the Debye function, many stud-
ies employing DFA assume the diffraction pattern from homogeneous, monodisperse
samples, and are actually more structural studies as opposed to line profile stud-
ies. Some of the best of which were conducted by Torchet et al. comparing the
structure of molecular dynamics simulations to electron diffraction patterns of Ar
[44, 45, 46], CO2[138], and HyO [139] crystallites. Later, Landman and Whetten led
a combined simulation and experimental effort to study the structure of Au nanopar-
ticles of sizes larger than those given by “magic numbers” using mass spectrometry
and x-ray diffraction |28, 30, 158, 159]. Also notable is the more recent work of the
Berkeley Nanogeoscience group led by Banfield, Waychunas, and Gilbert, who have
studied the structures of iron oxide and zinc sulfide nanoparticles in multiple solvent

environments [52, 53, 157].
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Among the first to use a polydisperse DFA modeling routine were Hall et al., who
investigated the particle size stability of multiple twinned particles [59, 60, 112|, along
with Gnutzmann and Vogel, who employed DFA to study Pt catalysis and oxidation
[55]. In recent years, Cervellino has worked extensively to make the Debye function
less computationally intensive for polydisperse particle systems [23|. This technique
continues to mature, and recent works are pushing the limits of the DFA, developing
it into a full line profile analysis tool capable of modeling particle shape, size, faulting,

and strain [13, 22, 86, 95].
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CHAPTER 3

STUDY OF PARTICLE SIZE EFFECT

The powder diffraction line profile from nanoparticles is dominated by size broadening
due to their extremely small dimensions. Therefore, an accurate description of this
effect is crucial to modeling their diffraction patterns. In this chapter the methods
of both the reciprocal space modeling approach, and the real space, Debye function

approach, will be reviewed and compared.

3.1 Dependence of intensity distribution on crystallite shape

The theory of size broadening in powder diffraction first requires an accurate descrip-
tion of the distribution of intensity in reciprocal space from a single small crystallite.
The fundamental concept necessary to arrive to the single crystal intensity was al-
ready presented in the form of relations like Equation (12) which show the scattered
amplitude proportional to the Fourier transform (FT) of the atomic electron density.
This treatment is also true in a general sense, as the amplitude of a scattered x-ray

wave is related to the distribution of the electron density in space as

A(s) = /p(r) exp(—2mis - r)dvy, (28)

with p(r) now representing the total electron density at point r. This relation holds
for any state of matter, and does not depend on the material being in a crystalline

state.
3.1.1 Crystallite Electron Density Description

The electron density from any collection of atoms is expressible in terms of the sum-

mation of the contributions from each atom, defined as p(r) = > p;(r — r;), where
J
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Figure 6: The resulting descriptions of the electron density in a small crystallite are
depicted for the cases of (a) the carved infinite e-density, and (b) the Ino-Minami
e-density. (Figure from Ino-Minami [67])

p;(r) is the electron density from the j-th atom, positioned at r;. If the scatter-
ing medium happens to be crystalline, then the atomic positions can be described

in terms of the regular atomic positions within a unit cell. This leads to an electron

density of the form
= Zzpa(r —m-—r,), (29)

where m is the position vector of the unit cell, and r, is the position of the a-th atom
in the unit cell.

By definition, a crystallite is composed of an atomic lattice which fills a finite
volume of space. This volume can be defined in general terms using a shape function

such as

1 reV,
o(r) = , (30)

0 regV.

where r is a vector in real space and V, is the volume of the crystallite. The shape
function of this form allows the formalism of a lattice, which is by definition infinite, to

be employed to describe a crystallite. In the original treatment of the shape function
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by Patterson and Ewald [42, 103|, the electron density in a crystallite is defined as

pe(r) = poo(r)o(r), (31)

where po(r) denotes the electron density of an infinite lattice. From Equation (29),
the electron density for an infinite lattice can be shown to take an equivalent form
[67]

poo() =D _palr) # 2(r — 1y), (32)
where the symbol "« denotes a convolution, the sum is over all ¢ atoms in a unit cell.

The function z(r) denotes the positions of the unit cell’s a-th atom in the crystallite

through a series of delta functions defined as

2(r—1,) = Zé(r —m-—r,). (33)

Then, the convolution in Equation (32) does nothing more than position atoms in
space. Combining Equations (31) and (32), the electron density in a crystallite is

found to be

pe(r) = 3 [palr) % 2(x — )] (). (34)

a

This definition of the electron density can be imagined as the equivalent of taking
a cookie cutter, and carving out the electron density from the larger lattice. The
resulting form of the electron density and description of the crystallite is presented
in Figure 6a. However, this representation of the crystallite is somewhat unphysical,
as the electron density from atoms which are positioned just outside its surface is
still considered to contribute to the crystallite. Nonetheless, this expression of the
electron density is reasonable for large crystallites, since the fraction of the volume
which is near the surface is low compared to the total volume of the particle.
Assuming that the primary building block of the crystallite is an atom, Ino and
Minami (I-M) have proposed an alternative description of the electron density which

is more appropriate for small crystallites. The I-M description only considers the
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electron density from atoms whose centers lie within the shape function. From this

consideration, the electron density in a crystallite is expressed as

prar(r) =) pa(r) * [2(r —rxo)o(r)]. (35)

While switching the order of the convolution and product in Equation (35), compared
to Equation (31), might first seem to be a slight difference, it has important implica-
tions on the description of the crystallite. In Equation (35) the shape function now
acts as a mask on the lattice function, z(r), only allowing the atoms whose centers are
within the crystallite volume to be considered in the crystallite. An example of the
resulting description of the electron density in a crystallite is depicted in Figure 6b.
When compared to the traditional description, it is evident that the electron density

near the surface is more realistically represented by Equation (35).
3.1.2 Scattered Intensity

Following Equation (28), the scattered amplitude is found from the FT of Equations
(31) and (35). This action can be carried out considering the FT of the necessary
functions. The F'T of the electron density of an atom is the atomic scattering factor

defined as
fa(s) = /pa(r) exp(—2mis - r). (36)

Also, the FT of the lattice function z(r) is given as

Z(s,Spe) = /z(r —1,) exp(—27is - r)dv,, (37)
1 .
= i exp(—2mis - ra)%d(s — Shil)s

with sy, denoting the position of the hkl Bragg spot and V. representing the volume

of the unit cell. Finally, the transform of the shape function is defined simply as

S(s) = / o (r) exp(—2ris - 1). (38)
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Using these definitions, as well as the identities for the FT of convolutions and prod-

ucts, the scattered intensity is then found to take the general form

ZF S, Shkl S — Shkl); (39)

Vie hkl

where the structure factor, F(s,sp) is dependent on the model chosen to represent
the electron density of the crystallite. For the traditional case the structure factor is
given by [67]

F.(spr) = Zfa(shkl) exp(2misppr,), (40)

a

while for the I-M description this function takes the form

F[M 8 Shkl Zfa S)exp 27TZShklI'a) (41)

In these expressions the atomic scatting factor is assumed to by spherically symmetric.
The small difference between Equations (40) and (41) means that for the traditional
case the intensity at a Bragg spot is only scaled by the value of the atomic scattering
factor at the Bragg position, however, for the I-M case the atomic scattering factor
modulates the intensity everywhere in space.

As in section 2.1, the observed intensity is given by the square modulus of the
scattered amplitude, and is found from Equation (39) to be

<Z|F S, Shkl S_Shkl)|2
’MC

hkl

+Z ZF<Sa Shk1)S (S — Sprt) F7 (8, Sprprr ) S™ (s — Sh’k’l’)) ) (42)

hkl WK

with the indices A'k'l' representing Bragg points different than hkl, and the function
k(s) incorporating the effects of polarization, absorption and temperature discussed
in Chapter 2. The second set of summations in Equation (42) is commonly neglected
by assuming that the crystallite is large enough that the overlap of intensity between
between Bragg spots is negligible [73]. However, this assumption becomes less ac-

curate as the crystallite becomes smaller, or as the number of Bragg points become
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Figure 7: The results of carving a sphere from an FCC lattice for different relative
positions of the shape function are depicted.
more dense in reciprocal space — which can be due to a lattice with a larger unit

cell, or less symmetry.
3.1.3 Random Shift Treatment

In the description of the particle shape just given, it was intrinsically assumed that
the shape function and the lattice have the same center. This is not generally true,
and shifting the position of the shape function with respect to the underlying lattice
can result in a different description of the particle, thus a different diffraction pattern.
Mathematically the shape function can be generally expressed relative to its center

as

1 r—telV,
olr—t) = , (43)

0 r—te¢V,
where t is formally defined as the vector connecting the lattice origin O, and the
shape function center O’. Figure 7 depicts two such particles which are the result of
assuming the same shape function, but different displacements of the shape function
relative to the lattice. It is evident that the resulting particles describe very different
versions of the spherical particle.

The Fourier transformation of the shape function then has a phase shift, due to
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the introduction of the displacement t, and is given from Equation (38) as

S(b,t) = exp(—27ib - t) /a(r’) exp(—2mib - r')dvy = exp(—2mib - t)S(b), (44)
following a change of variables defined by ' = r — t. The intensity obtained by
substituting this expression into Equation (42) is then

I(s) = % (Z|F(S, Skt )S (8 — Shit) |

uce hkl

+ZZ exp(—2mi(Spr — Swr) - €) F (S, 8pk1) S (S — Shrt) (S, Sprwry ) S™ (8 — Sprwrr)
Wkl W1

(45)

When considering the scattering from a material composed of many crystallites, or

a powder, the average intensity is what is observed. Assuming that each crystal-

lite represents a different translation of the shape function, the average intensity is

then given as an average over all translations, defined as m = [ I(s,t)dt. Since
[ exp(—2mib - t)dt = 0, the average intensity from Equation (45) is given by

18] = M5 (s, 510506 — sl (16)

Uuc hkl

Therefore, neglecting the second summation in Equation (42) is justified for any parti-
cle size, but only if the many crystallites in a material represent a uniform distribution
of all possible translations of the shape function. This average has been described
as the “random shift treatment” |67], or the “&- average” [64], and is an important
consideration when trying to compare the intensities predicted by reciprocal space

descriptions to that calculated by the Debye function.
3.1.4 Common Volume Function

Considering that the intensity from a single crystallite is given by (46), the intensity

from a Bragg spot is found to be proportional to
]hk:l(s) = |F(S, shkl)|25(s — shkl)S*(s — Shkl)- (47)
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Figure 8: Illustration of the common volume between an arbitrary shape and its
“ghost”. The region V(x) is equivalent to v(r) defined in Equation (49). (Figure from
Guinier p. 39 [56])

The product of the shape function Fourier transforms, S and S*, is equivalent to the

Fourier transform of the shape common volume function expressed as
S(s — $u)S" (5 — set) = / o(r) exp(—2mi(s — su) - r)dus, (48)

where the common volume function® ; v(r), is the integral defined in general as

v(r) = /a(x)a(x —1)duy. (49)

The function v(r) can be envisioned, and calculated, as the common volume between
two identical shapes, one displaced relative to the other by the vector r. These two
shapes are commonly referred to as the crystal and its “ghost” following the treatment
of Stokes and Wilson [134]. A schematic depicting this fundamental concept is shown
in Figure 8

The form of v(r) is well known for a few particle shapes. For a rectangular box

with edge lengths L,, L,, and L, it is straightforward to show

x Y
v(r) = L, LyL.(1 - Z)(l - L—y)(l - L_z)’ (50)

with r = z2+yy+22. While for a sphere of diameter D, the common volume function

'Hosemann has also described the common volume function as the “convolution square” of the
shape function [64].
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becomes
D31 — — + —). (51)

A cylindrical crystallite becomes slightly more complex, since it can exist with the
axis of rotation normal to any crystal plane. For a cylinder of height H, and diameter
D, whose rotation axis is defined as the vector z, the common volume function found

from the work of Langford and Louér |75] is
1
v(r) = §D2(H —rcos¢) [arccosa — a1 — a®)?] (52)

where z - r = zrcos ¢, and a = rsin¢/D .
3.1.5 Summary of Derivation

In summary, when applying the reciprocal space description of the particle shape to
small crystallites, one must be mindful of the three considerations which have just

been discussed:
1. Proper description of the surface electron density,
2. Changes from displacement of the shape function with respect to the lattice,
3. Approximation of neglecting cross terms in Equation (45).

The effects of all three approximations on the diffraction pattern are size dependent,
having a larger influence as the particle size decreases.

In addition to the three considerations just outlined, the powder peak profile can
be determined using the tangent plane approximation. The validity of this technique
is a fourth consideration, which is also dependent on both the crystallite size and
shape. As discussed in Section 2.2, the powder intensity is obtained from the single
crystal intensity by a powder average. However, in many cases the averaging of the
shape function, and integration of the intensity on the powder sphere, does not have

an analytical solution, and is approximated by integration along a tangent plane to
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Figure 9: Depicted is a 2D cross section of the scattered intensity from a cubic
particle, centered at the origin of reciprocal space. The concentric rings represent
the intersection of the powder sphere with the zy-plane, and the appropriate tangent
planes are depicted for the hh0 reflection as straight lines. For this reflection the
powder integration will then integrate along path of the ring, while the tangent plane
approximation will integrate along the tangent lines.

the powder sphere, known as the tangent plane approximation (TPA). This approx-
imation will introduce a further error, which is more evident for smaller particles
due to their larger reciprocal lattice spots. However, this is a direct consequence of
the tangent plane approximation, and not the assumptions made with regard to the

representation of the crystallite. A study of the inaccuracy of this approximation for

small crystallites is the topic of the next section.

3.2 Powder profile dependence on crystallite shape

The powder diffraction peak is given by integrating the intensity, in Equation (46),
over the full surface of the powder diffraction sphere (PDS). This PDS integration is
schematically demonstrated in Figure 9 as an integration of the intensity from the
single crystallite on a full circle. From Equations (47) and (48), the peak profile is

given as

Lyu(s) = [ (s, sma) / / v(r) exp(—2mi(s — spy) - T)dvpd, (53)

4752

where the integration is done over the entire range of the reciprocal space solid an-

gle, d), which is expressed as s?sinfdfd¢. Changing the order of integration, the
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orientational average only applies to the exponential, exp(—2mis - r) , which has the
known solution, sin(2wsr)/2mwsr. Therefore, the intensity becomes

sin(2msr)

I (s) = |F(s,sm)]? /v(r) exp(2mispy - 1) dv,, (54)

2msr
where r = |r|. Since both v(r) and sin(x)/z are even functions, and the integral is
over all space, the imaginary part of the intensity from the exponential is zero, and
the integral becomes

sin(27sr)

Ihkl(3> = |F(8, Shlcl)|2 /U(I‘) COS(??TShklI') d’Ur. (55)

2msr

The integral in Equation (55) is only analytically solvable in special cases when
spherical symmetry exists in the shape self-convolution. For instance, in the case of
a sphere of diameter D, the common volume function is given by Equation (51), and
the powder profile from Equation (55) is found to be

[hkl(s) = Mg [Z (WD(S — Shkl)) — Z(WD(S + Shkl)] y (56)

277'55hkl 8

where the function Z(z) is now defined as

1 sinz ) 2 sin 2x
Z(x)z;[l—i—(x) -2 295]’ (57)

and V. denotes the volume of the crystallite [151, 103]. It should be noted that

through this powder average the correct Lorentz factor of 1/(ssp) is again found in

the expression for the intensity.
3.2.1 Tangent Plane Approximation

For other shapes, instead of evaluating the integral in Equation (55), the peak profile
is commonly approximated by the intensity integrated on the tangent plane to the
PDS. The TPA is shown in Figure 9 for the case of a 110 Bragg spot as an integration
of the intensity along the lines tangent to the circles representing the powder sphere.
From the figure, it becomes clear why the TPA becomes invalid for small crystallites

which have diffuse Bragg spots.
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The TPA was originally formulated in terms of the common volume function by

Stokes and Wilson (S-W TPA) as

Lmaz

/ U(Léhkl> COS(27T<S - Shkl)L)dL, (58)

| F'(5,8h)|?

where s = s8-8y, L is related to the real space vector r in Equation (55) by L = r-8p,
and L4, is the maximum displacement in the direction Sy, such that v(L§py) # 0
[134]. This form of the TPA was later shown to be inaccurate for small crystallites
by Ino and Minami who have derived appropriate corrections to the TPA intensity
through an asymptotic expansion of the integral in Equation (55) [68]. Taking the first
order correction, the Ino-Minami tangent plane approximation (I-M TPA) intensity
is given by

Lmaa:

_ M / v(L8pr) [cos(27(s — spp) L) — cos(2m(s + Sp)L)] dL.

I}IL%(S)  2WSSh
(59)

Comparing the two forms of the TPA in Equations (58) and (59), one finds important
differences between the I-M and S-W TPA expressions. First, the I-M TPA is propor-
tional to 1/sspg;, while the S-W TPA is related to 1/ s2. Furthermore, an additional
factor of cos(2m(s + spr) L) is present in the I-M TPA expression. This additional
factor prevents the divergence of the intensity at the origin of reciprocal space from
the 1/s dependence of the intensity. Comparison of the I-M TPA intensity expres-
sion finds striking similarity with the analytical solution to the powder intensity from

spherical crystallites expressed in Equation (56).
3.2.2 Numerical Evaluation of the Powder Integral

In the present study, we would like to demonstrate the effectiveness of a different ap-
proach which obtains the powder diffraction pattern for small crystallites of any shape

by solving the integral in Equation (55) numerically. The intensity from Equation
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(55) is then approximated by the sum

sin(2msr) AV (60)

N 2
Lia(s) 2 [F(s,s00) 7Y 0 ) 0 “o(r) cos(2mspur) o
m n o
where r = zay + yay + zaz, with x = mAx, y = nAy, z = 0Az; m,n,0 € Z and
AV = AxAyAzay x ay-az. Here the vectors, a;, are unit lattice vectors. The volume

integration is defined in terms of the atomic lattice, so that the Miller indices of the

peak can be directly used in the cosine term, resulting in
cos(2mspgr) = cos(2m(he + ky + 12)). (61)

The precision of the integration is then controlled by the size of the differential volume,
or more explicitly the size of Az, Ay, and Az. This form of the intensity has also been
described by Ino and Minami [68| to test the validity of their asymptotic expansion
of the peak profile.

The speed of calculating the intensity in the form of Equation (60) is limited by
having to calculate the volume integral for each scattering vector length, s. This
can be dramatically improved by first taking the orientational integral of the shape

function and cosine product described as

p(r) = / o(r) cos(2mspur)dSL, (62)

where df) now represents a real space solid angle. In practice this orientational inte-
gral can be taken by first discretizing space, as described in the discussion surround-
ing Equation (60), and then summing the contributions from those AV’s which are
equidistant from the origin. The necessary calculations can be further reduced con-
sidering that since both v(r) and cos(27spy, - r) are even with respect to the vector
r, therefore, the integration only needs to be calculated for half of the angular range
and then doubled. Also, the symmetry of v(r) for a given shape can be exploited in

calculating p(r). The function p(r) only needs to be tabulated once for a given hkl,
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and then can be used in the summation of Equation (63). The powder intensity is

then reduced to the one dimensional summation

tmaz

s1n (2msr)
Tnwi(s) == |F (s, snxt)] ZP S Aﬂ (63)

where r = tAr. The value of t,,,, is related to the maximum distance between points
in a crystallite, 7,,.,., and therefore depends on its size and shape. The quantity 7,4z
is different than L,,,, in Equation (58) in that L., is the maximum distance in a
crystallite in the direction Sp;. As will be demonstrated in the following section,
the powder integration procedure also allows for the calculation of the 000 peak, or
the small-angle signal, for any shape for which the common volume function can be
defined.

The final powder pattern is found by summing the contributions from each Bragg
spot. In terms of the peak family multiplicity, mpy;, the powder intensity from a

single crystallite becomes

I(s) = _szhkl]hkl(s)7 (64)

where Ip(s) is given by relations like Equation (59) or (63).
3.2.3 Comparison of Powder Peak Profiles

The cases of spherical, cubic, and cylindrical particles represent different extremes
in terms of the shape function, and resulting powder peak profiles. As previously
mentioned, a sphere is a smooth shape with an analytical shape function. However,
a cube has sharp edges and corners which makes it difficult to represent in Fourier
space. While a long, thin cylinder leads to a nearly planar Bragg spots in RS. These
shapes then offer good tests to gauge the performance of the TPA for small sized
particles allowing for it to be compared to that found by the powder integration (PI).
In the following examples particles consisting of an FCC gold lattice (a = 0.40809nm)

were assumed, and the effects of temperature, polarization and absorption have been
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ignored (i.e. k(s) = 1) to highlight the features in the powder pattern profiles. The
intensity was simulated over a range in s which is observable with Cu Ko, radiation.
In calculating the intensity from Equation (63) the differential volume was diminished
until the intensity converged to a precision of 107 over the entire simulated range.
The small-angle peak is not possible to calculate by the TPA, and it was found to be
necessary to add the PI small-angle peak to the TPA pattern to allow for a proper
comparison with the Debye calculated intensity.

Powder patterns were also calculated from atomistic descriptions, consisting of a
perfect Au FCC lattice cut into the desired shape, by means of the Debye function,
defined as

T
with f?(s) representing the square of the atomic scattering factor, and d;; represent-
ing the distance between atom ¢ and atom j. The similar form of the Debye function
to that of the PI Equations (60) and (63) becomes immediately apparent. When us-
ing the Debye function the fundamental concern becomes, “What is the appropriate
atomistic description to use when calculating the Debye intensity?” This consider-
ation is accounted for in the previously described RS methods through the random
shift treatment. However, the intensity calculated by the Debye function does not
take into account this consideration, and the calculated Debye diffraction pattern
is specific to the atomic description which was used. An exact match between the
two methods is then not expected unless the Debye intensity from different atomic
descriptions is averaged over all possibilities, or a representative atomic description
can be found — the latter will be shown to be possible for some cubic crystallites.

First, the patterns from spherical gold particles with the diameters of 1.01nm
and 5.06nm were simulated using Equation (64), assuming the I-M TPA and PI
described by Equation (59) and (63) respectively. The comparison of the patterns

depicted in Figure 10 shows a remarkable agreement between the two methods. This
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Figure 10: The powder patterns generated by the I-M tangent plane approximation
(TPA), powder integration (PI), and Debye function are compared for Au spheres
having diameters of 1.01 nm and 5.06 nm. The difference between the intensity
obtained by the powder integration, and the other respective methods is displayed

below the powder patterns.
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is somewhat unexpected considering the small size of the crystallites, even for the case
of spheres. This result then both affirms the PI method of calculating the diffraction
pattern by Equation (63), and suggests that the I-M TPA is more than sufficient
to simulate the powder pattern from a spherical crystallite. Also depicted in Figure
10 are the corresponding Debye patterns from single atomistic descriptions of the
spherical particles. A difference between the Debye and PI patterns is only apparent in
case of the extremely small sphere, showing the slightly different peak profiles resulting
from the specific Debye atomic description versus the random shift treatment. It is
interesting to note that for the sphere with a diameter of only 5.06 nm (D ~ 12.4a) the
difference in the patterns from the two methods becomes negligible. This implies that
the differences due to the specific and averaged crystallite descriptions can only be
discerned for extremely small crystallites, which are composed of a few unit cells. This
result is in agreement with a similar study conducted by Cervellino et al. who found
that a crystallite with a size of D ~ 10a was sufficient for good agreement between
the Debye and RS patterns from Au spheres [24]. The authors would only like to
emphasize, that while Cervellino et al. called the difference in the patterns an “error”
on the part of using the RS random shift treatment, it is really an understandable and
expected difference from the crystallite descriptions assumed in the two techniques.
In the past the authors have also shown the agreement between the Debye and I-M
TPA patterns to be extremely good when considering a size distribution of spherical
crystallites, as the subtle differences in the peak shapes from the two methods begin
to be averaged out by considering different sized crystallites [12].

The representation of the powder intensity from cubic crystallites poses a slightly
tougher test for the TPA. Figure 11 shows the patterns for cubes with edge lengths
of 0.816 nm and 4.08nm again calculated from the I-M TPA, PI and Debye methods.
The sizes of these cubes were chosen such as to have an equal volume as the previously

studied spheres. Careful comparison of the profiles from the I-M TPA and PI for the
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Figure 11: The powder patterns generated by the I-M tangent plane approximation
(TPA), powder integration (PI), and Debye function are compared for Au cubes
having edge lengths of 0.816 nm and 4.08 nm. The difference between the intensity
obtained by the powder integration, and the other respective methods is displayed
below the powder patterns.
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Figure 12: Atomic description used in calculating the Debye function intensity from
a cube having a side length of 0.816nm (2a) viewed normal to one of the cube faces.
The outline of an f.c.c. unit cell is also drawn to help guide the eye.

L = 0.816 nm case finds that the TPA is unable to match the exact profile shapes,
or the relative intensities, of the low angle peaks. For the larger L = 4.08 nm case,
the agreement becomes better for the higher angle peaks, however, the I-M TPA is
still unable to properly represent the 111 and 200 peaks. For instance, the I-M TPA
pattern shows an offset of the 111 and 200 peak positions relative to the patterns
from the PI method and Debye function. While this effect is not huge it is still visible
for the small crystallites considered.

The patterns for the L = 4.08nm case is plotted on a log scale to demonstrate that
the 111 peak from a cube contains an abnormal shoulder to low angle, best described
as a sharp ledge. The I-M TPA is found to be unable to recreate this peak shape, and
results in a smooth asymmetric tail. In fact, as one might expect, the 111 peak is not
the only hkl which exhibits this strange peak shape for a cube, but other members of
the family, like 222, have similar features which is not immediately apparent in the
figure due to the superposition with other peaks. The presence of this feature is also
found in the diffraction pattern simulated by the Debye function, and a nearly exact

match of the Debye intensity with the PI pattern is found for both cubes considered.
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The unique shape of the 111 peak is one example of a defining characteristic of a
powder peak profile from a cubic crystallite which is lost when considering the TPA.

The kind of agreement observed between the Debye and PI intensity for the cubes
studied here is more of the exception than the rule. When the cube side length
becomes a multiple of the unit cell parameter (i.e. L = 0.816nm = 2a and L =
4.08nm = 10a), a special case exists where a single representative atomic description
of the cube can be found which is equivalent to the random shift treatment. Such a
construction is depicted in Figure 12, and comes from the consideration of periodic
boundary conditions, where atoms on the faces cannot exist on both sides of a cube.
For other cube sizes, and atomic constructions, a slight difference between the PI and
Debye patterns — similar to that observed for the case of the spheres — was found
when considering crystallites smaller than 5 nm. Still, the agreement which has been
demonstrated shows the ability of the PI method to correctly simulate the powder
intensity for cubic crystallites.

Finally, the case of a small cylindrical rod having a height, H, of 4.08nm and a
diameter, D, of 0.816nm (H/D = 5) was considered to compare the three methods.
The resulting patterns are depicted in Figure 13. The rod was assumed to have its
rotation axis normal to the 111 planes of the internal lattice. Comparison of the
TPA and PI intensities finds a generally good agreement except when it comes to
the 111 peak, which is the sharpest peak in the patterns. The TPA intensity is
shown to poorly represent the position and symmetry of the 111 peak. These kind of
inaccuracies can lead to not only a poor determination of the crystallite size, but the
position offset can also lead to a wrong lattice parameter. Reasonable agreement is
again seen between the PI and Debye intensities in Figure 13 considering the small
size of the rod, and the fact that a representative atomic description does not exist
for the case of a cylinder, as was the case for some cubes.

The presented cases of cubic and cylindrical crystallites are prime examples of why
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Figure 13: The powder patterns generated by the I-M tangent plane approximation
(TPA), powder integration (PI), and Debye function are compared for an Au cylinder
having a diameter 0.816 nm, height of 4.08 nm and its rotation axis normal to the 111
planes of the lattice. The difference between the intensity obtained by the powder
integration, and the other respective methods is displayed below the powder patterns.
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it is extremely important to have an accurate description of the peak profile when
modeling the pattern from nanocrystallites. Skepticism of the accuracy of RS LPA
methods at determining such microstructural quantities for small crystallites has been
the topic of some recent studies in the diffraction literature [98, 99]. In the work of
Palosz and co-workers, the patterns from Debye calculated diffraction patterns were
fitted with smooth analytical functions, like pseudo-Voigts, and the fits were analyzed
to determine information on the crystallite size and unit cell parameter. It was
concluded that the small size of the crystallites prohibited the accurate determination
of these quantities, and trends of the apparent lattice parameters (ALPs) have been
studied. Given the careful study on the sensitivity of the powder peak description
which has been presented here, it becomes clear that a series of pseudo-Voigts, or
any other analytical function, cannot properly model the powder pattern from a
nanocrystallite. It is then possible that their observed size dependent, ALPs are
nothing more than an exemplification of this fact. The level of agreement of the
developed powder integration procedure with the Debye patterns exhibited in the
present study is evidence that accurate microstructural information of nanocrystallites
can be obtained following the proper considerations.

To ensure that any mismatch of the intensity from the I-M TPA and PI methods
is not caused by an improper representation of the scale parameter, or the I-M TPA
Lorentz factor 1/sspx, a study of the integrated intensity from the TPA peaks and the
PI peaks was conducted. The same integrated intensity was found for a given hkl peak
simulated by the two methods for a given crystallite shape and size. Furthermore, it
was found that the cos(27(s — spg)L) term in Equation (59) was important for an
exact match of the integrated intensity. This affirms that both methods of simulating
the pattern preserve the scattering power of the single crystallite, and reinforces the
claim that the observable differences between the I-M TPA and PI methods originate

from the tangent plane approximation to the powder integral.
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3.3 Diffraction pattern from a size distribution

The discussion until now has been concerned with the diffraction pattern from a
powder of particles having the same size and shape — something which is somewhat
experimentally unrealistic. In nature, a powder is actually composed of particles
of various sizes and shapes, with their distribution determined by the kinetics and
thermodynamics of the crystal growth mechanism. As it will be shown, the existence
of a size distribution requires further averaging of the powder diffraction pattern,
which can reduce some of the influences of the three approximations outlined in
Section 3.1.

In order to test this, a study was conducted where the diffraction pattern was
simulated for a size distribution using the Debye function, and was then modeled
using the reciprocal space line profile analysis method of Whole Powder Pattern
Modelling (WPPM), attempting to determine the full size distribution from just the
peak profiles. This study also serves as a direct comparison of accuracy of the two
methods when applied to small crystallites. It is then a benchmark to verify the
methods used to simulate a size distribution with the Debye function, as well as,
probe the range of validity of the reciprocal space methods for very small particles.
A brief description of each method to simulate the diffraction pattern from a powder
containing a size distribution will be given to understand the differences in both

approaches.
3.3.1 Simulating a size distribution by the Debye function

The methods used to simulate the diffraction pattern from a powder having a distri-
bution of sizes by the Debye function is fairly intuitive. Given enough computational
resources, the powder intensity for a crystallite of any size and shape can be obtained
by direct use of Equation (24). For a given shape, the average pattern from a dis-

tribution of sizes is then given by a weighted average of the respective patterns such
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as

Ip(s) = Y w(D)Ip(s, D), (66)
D

here D represents some size determining parameter of a shape, which would be the
diameter for a sphere. Since the intensity calculated by the Debye function is intrinsi-
cally scaled by the number of scatterers in the particle, the weights, w(D) in Equation
(66), are then related to the number fraction of each size, and follow the normaliza-
tion condition, Y w(D) = 1. It is common to assume a continuous functional form of
the size distribui;)ion with respect to the size parameter, D. The weights of Equation
(66) can then be given by

w(D) = 9(D)Ap

%}g(D)AD’

where g(D) is the size distribution function assumed and Ap is the sampling interval
of the size distribution.

It now should be apparent that the average pattern from Equation (66) is really an
approximation for a continuous size distribution, the accuracy of which is determined
by the sampling interval. Since a finite number of particles must be considered, and
the direct average is necessary, the sampling interval cannot go to zero. However, a
reasonable sampling interval can be determined when considering particle made of
a crystal lattice. For example, for a particle composed of a polygon shape which is
defined by limiting planes, this sampling interval can be defined as the interplanar
distance of the lattice — since any interval smaller than this would not change the
atoms included in the shape. Other arguments can be made to conserve the stoi-
chiometry, or the atomic volume, in a particle. So, this parameter varies depending
on the lattice and circumstance. However, until this study the accuracy of this ap-
proximation to represent the influence of a size distribution on the diffraction pattern

had not been assessed.

ol



3.3.2 Simulating a size distribution by reciprocal space methods

The basic approach to simulating the effect of a size distribution by reciprocal space
methods follows that described for the Debye function. The intensity for each peak is
found from the average of different crystallite sizes, weighted by the size distribution.
However, in the reciprocal space approach the average is incorporated into the Fourier
transform of the peak profile, instead of taken over the resulting pattern as in the
case of the Debye function.

Adopting the tangent plane approximation, the average profile can be expressed

as

To(8)mm = k(s) f;F 5, Sni)| D / / (L&nw, D)g(D)V(D) exp(2mi(s—spa) L)dDAL,
(67)
which is just a re-expression of Equation (66) in the limit where Ap — 0, and using the
intensity given by Equation (58), where the self-convolution function is now explicitly
described as a function of the particle size parameter D. The term k(s) in front of
Equation (67) represents the contributions to the pattern which are dependent on the
geometry of the measurement, such as the terms outside of the integral in Equation
(16). In Equation (67) the number size distribution, ¢g(D), is now weighted by the
crystallite volume, V.(D), giving the volumetric size distribution, to account for the
fact that a larger crystallite has more scattering power than a smaller one, and will
then have more influence on the diffraction pattern.
Assuming a system of crystallites composed of the same shape but different sizes,
the average over D in Equation (67) can be taken resulting in the intensity of the

form
Ip(S)n = k(s)|F(s, shkl)|2/Afkl(L) exp(2mi(s — spxy) L)AL,

where the Fourier coefficients of the peak shape due to the crystallite size and shape
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are found to be

Ahkl(L)

T DOVAD)D / (L&, D)g(D)Vi(D)dD. (68)

These coefficients are then useful in modeling the diffraction pattern using an ap-
proach such as that described by Equation (27). If the size distribution is described
by an analytical function then the integral of Equation (68) can be solved in terms
of its parameters. For example, assuming a log normal distribution which is defined

in terms of the two parameters M and S as

g(D) = W exp [~ (InD — M)? /257, (69)

the Fourier coefficients become

AP (L, M, S) Z nhiieric

{ln(LKflkl) — M —(3-n)S?] wz-n In (70)

52172 s

where Hp ,,, and Kj,, are coeflicients corresponding to the crystallite shape — ex-
amples are given in [125] — and gy is the i-th moment of the log normal distribu-
tion. More forms of the Fourier coefficients corresponding to crystallite sizes following

Gamma or York distributions are found in [123].
3.3.3 Comparison of direct space and reciprocal space methods

It is important to explore differences between the Debye (real space) approach, and
the traditional (reciprocal space) approach to LPA. This is particularly interesting
to assess the compatibility of the results obtained for nanocrystalline systems with
domains in the order of 3 to 10 nm, where both approaches are possible to use. To this
purpose, diffraction patterns simulated using a Debye algorithm have been modeled
using the whole powder pattern modelling (WPPM) approach [123|. Results show a
good compatibility between the methods, and point out the key role of noise (i.e., data

quality) in limiting our possibility to unveil the finest details of the nanostructure.
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In this study, simulations are focused on spherical gold crystals with a lattice
parameter of 4.081 A. Spheres were chosen because the shape function has an ana-
lytical expression that can be treated more strictly by WPPM. The Debye approach
utilized four unique log normal size distributions in simulating the patterns. These
distributions were chosen to create sets of patterns defined by a common Scherrer
size. This allowed for the study of any differences in the peak profiles calculated
by the two approaches due to the effect of the distribution shape, while preserving
the integral peak breadth. Two sets of diffraction patterns were simulated to have
Scherrer sizes, < D >y, of 2.7 nm and 4.0 nm, respectively; while the log normal
standard deviations, o, used were 0.15 nm and 0.40 nm resulting in a narrow and wide
distribution for each set. (See Equation (116) and (117) for definitions of < D >y
and o respectively.)

The Debye simulated pattern was calculated following the approach outlined in
Section 3.3.1. In this study two rules were assumed to govern the sampling interval: i)
that Ap is constant, ii) that the volume increment between consecutive clusters is an
integer multiple of the Wigner-Seitz unit cell volume. Using these two assumptions
it can be shown that

Ap = a(3/21)Y3 ~ 0.78a, (71)

where a is the FCC lattice parameter. The sampled distance sets for each particle
were used to calculate diffraction patterns via a suitably adapted Debye formula,
which is amenable to a fast transform. More details on the fast Debye simulation
algorithms can be found elsewhere [24, 23|.

Three levels of Poisson noise were then added to the simulated intensity to obtain
patterns with signal-to-noise ratios, SNR = \/Tnqz, of 316.2, 100, and 31.6 (max
noise added). Then simulated patterns were modeled with the WPPM approach
[123, 83|, refining the parameters of the FCC lattice, size distribution, small angle

scattering contribution and a Chebyshev polynomial background. A range of trial

o4



>\1.0x10"— a) 1.0x10°{ )
85.0x10° 5.0x10°
=)
=
0‘0'|'|'|'|'|'|'0‘0'|'|'|'|'|'|'
150020 40 60 80 100 120 140 . 20 40 60 80 100 120 140
0:\/\}\/\1/\/” T -~ = 1 T T ! O:Avm\yv/\l/\ 'vJ\r A A IR B B
-1500 -1500 Simulated Debye Pattern
>\1.Ox106- c) 1.0x10°1 ) Fit WPPM Pattern
E ] i Residual
= s
£5.0x10°1 M
L] 4
00 N T v T N T T IJ'\/\T N T '
20 40 60 80 100 120 140 20 40 60 80 100 120 140
1500 Angle (260) 1500 Angle (26)
0_v'kwvvr — T T T T 0'
-1500 -1500

Figure 14: Results of modeling the Debye patterns assuming a continuous log normal
distribution: (a) < D >y= 2.7nm o =0.1491nm wss= 3072.61, (b) < D >y=2.7nm
o =0.3975nm wss= 4088.86, (¢) < D >y =4.0nm ¢ = 0.1494nm wss= 766.35, and (d)
< D >y=4.0nm o =0.3946nm wss= 990.89.

size distribution forms was assumed including: continuous and discrete log normal

distributions, and a continuous gamma distribution. The results of these analyses for

each distribution are given in the following discussion.
3.3.3.1 Continuous log normal distribution

The patterns calculated by the Debye approach were first modeled assuming a con-
tinuous log normal distribution of spheres in the WPPM framework. The obtained
size distributions matched exactly the expected Debye distribution for all studied
patterns. Even at the small particle size range of 1-10 nm, the WPPM method was
able to accurately distinguish the different log normal parameters of two size dis-
tributions resulting in patterns with the same integral breadth. The exact match
between the discrete distribution used in the Debye simulations and the continuous

curve employed in WPPM was beyond expectations (see figure 15).
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Figure 15: The distributions obtained from the modeling of patterns before the
addition of noise are compared.

The lower residual and weighted sum of squares, defined as

wss = Z[([Debye — Iwppar)/Ipebye)”,

for the distributions with a larger Scherrer size of 4.0nm was somewhat expected (see
figure 14) . As the size increases the differences between the discrete Debye crystal,
and the spatially averaged reciprocal space method, become less influential. Further-
more, as discussed in section 3.2.3, at larger sizes the shape of the particle created in
the Debye approach is increasingly well represented by a sphere. The agreement of
the obtained WPPM distribution with that used in the Debye simulations remained
excellent as the SNR was decreased in the patterns. There was only a very slight
deviation from the expected distribution at the highest investigated noise level. In
particular, the obtained distribution tended to broaden and shift to sizes smaller than

expected.
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3.3.3.2  Discrete log normal distribution

A discretely sampled log normal size distribution was also employed in WPPM to
mimic the form of the size distribution used in the Debye approach. This distribution
consisted of a set of weighted delta functions at the same regular steps as that used
in the Debye simulation, given by Equation (71). The weight of each delta function
was governed by the value of a log normal distribution, and the parameters of this
governing function were then refined in the WPPM framework, keeping the number of
free parameters the same as in the continuous case. This form of the distribution was
chosen in order to make the WPPM method more consistent with the discreteness
of the Debye approach, and give a reference point to the continuous distribution
assumption.

The discrete log normal size distribution parameters found had the same agree-
ment with the expected values as those found for the continuous case (see Figure 15).
The weighted sum of squares, and residual intensity, did not show any significant
improvement from the continuous case. Furthermore, the background obtained when
utilizing this distribution was found to be very similar to that obtained when assum-
ing the continuous log normal distribution. Therefore, it is not accounting for unseen
effects on the pattern due to the discreteness of the size distribution. It is then our
conclusion that the discrete size distribution utilized in the described Debye approach
does not result in noticeable effects in the simulated pattern. As noise was added to
the data the agreement of the discrete distribution followed the same general trend

as the continuous log normal distribution.
3.3.3.8 Continuous gamma distribution

To investigate the sensitivity of these methods to the functional form of the size dis-
tribution, the simulated patterns were also modeled assuming a gamma distribution

in WPPM. The total number of parameters which was concurrently refined did not
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change as the gamma distribution is described by two parameters, just like the case of
the log normal. The inaccurate assumption of a gamma distribution was only notice-
able in the modeling of the patterns from the broader and skewed size distributions
(see Figure 15). In these cases the character of the distribution used in modeling
becomes evident, and the gamma distribution was in better agreement at larger vol-
umes due to the larger influence of this size range on the diffraction pattern. The
ability of WPPM to recover a good representation of the expected distribution in
the small size range became worse as the SNR was decreased. However, modeling
of the patterns with increased noise obtained Scherrer sizes that were still in good
agreement with the expected values. Therefore, even when the assumed distribution
is not representative of the actual particle sizes, such as in the case of the broader
size distributions, the correct Scherrer size was found by the modeling.

Differences in the quality of the fit assuming either the log normal, or gamma,
distributions were observed only in the noise-free patterns, where the weighted sum
of squares was 5-10 times lower when assuming the log normal distribution. With
the addition of noise, the weighted sum of squares became nearly equivalent, masking
the ability to discern which size distribution form was a better model (see Figure
16). Therefore, while the Scherrer size was always matched, reliable details of the
size distribution form could not be obtained from the noisy data. This conclusion is
important to modeling noisy experimental data, as it seems hopeless to distinguish
the two distributions from diffraction alone. In this case, the growth conditions and

other observations must be taken into consideration.

3.4 Conclusions of Size Effect Study

The important conclusion of this study is that the correct description of the particle,
or shape function, is increasingly significant as the size reduces. In reciprocal space

methods the shape function describes a continuous body and commonly assumed to
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31.6.

be an average over many specific description. In the case of the Debye method this
attribute is strictly dependent on all assumptions made when constructing the crys-
tallite and simulating the diffraction pattern. Thus, when deciding between methods
to model a diffraction pattern it is most important to consider if the underlying av-
eraging of the reciprocal space approaches, or the specificity of the Debye method, is
more appropriate to describe the studied system.

Another theme which runs throughout this chapter is that when employing recip-
rocal space methods to study crystallites with a size on the order to 10nm, it can
be necessary to reconsider the common assumptions made for large crystallites. For
instance, it was shown how use of the shape function description given by Ino and Mi-
nami, and avoiding the tangent plane approximation, becomes increasingly important
for crystallites of small size and specific shape. These more appropriate descriptions
push the validity of reciprocal space methods to smaller crystallite size, and to the

limit of what can be called a crystallite.
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The agreement seen in the final study considering different crystallite size dis-
tributions can only be attributed to the effect of averaging over multiple crystallite
sizes. This effect is believed to be similar to the average over random shift treatment
described in Section 3.1, as more descriptions of the crystallite shape and surface
electron density near the surfaces are considered as the size distribution broadens.
This improves the accuracy of traditional reciprocal space methods in this small size

range for a realistic sample with a crystallite size distribution.

60



CHAPTER 4

DEBYE FUNCTION ANALYSIS OF PT 111
NANOPARTICLES

The development of modern synthesis methods which control the shape and size of
nanoparticles [19, 85| has further increased interest in their use as chemical catalysts.
As many chemical reactions have been established to be surface structure sensitive,
control of the particle shape makes possible the engineering of high surface area cat-
alysts which are efficient and reaction selective [17, 82, 118|. Transmission Electron
Microscopy (TEM) measurements have been commonly used to characterize the shape
controlled nanoparticles and information about the surfaces is then inferred [17, 118].
While this analysis can give some information on the size and shape of the nanoparti-
cles, obtaining these results can be time consuming and consider only a small fraction
of particles. Furthermore, TEM is an ex-situ measurement which is done in an envi-
ronment much different than that in which the catalyst is used. For TEM analysis of
a nanoparticles, the sample is often dried onto a sample holder. This sample holder is
then placed into a vacuum chamber for measurement in the electron beam. It is then
possible that the structure which is found via TEM is not consistent with that found
in an electrochemical reaction environment. In-situ wide-angle diffraction analysis
then offers a possible useful tool to characterize a nanoparticle sample.

In the present study it will be demonstrated that wide-angle x-ray diffraction
measurements can be used to determine a reliable statistical representation of particle
size, as well as shape. This information will be extracted from the experimentally
measured pattern via the developing method called Debye Function Analysis (DFA)

which simulates the diffraction pattern from atomic models of nanoparticles. This
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method also allows for the characterization of strains and defects, such as faulting,
which might exist in a nanoparticle sample. Observation of faulted nanoparticles
is not uncommon in TEM studies of metal nanoparticles. Twinned particles have
been found to exist as Lamellar Twinned Particles (LTPs), which contain one or
more parallel fault planes, as well as Multiple Twinned Particles (MTPs), which
contain intersecting fault planes [89]. The characterization of MTPs by a DFA method
has been carried out in the literature for a variety of different metal nanoparticle
compositions [22, 30, 60, 147, 146, 164], however, until now LTPs have not been
widely considered. The results of the DFA method will be compared to that obtained
by Whole Powder Pattern Modelling (WPPM)[123, 124], a reciprocal space based
technique of diffraction pattern analysis. WPPM models the diffraction pattern by
combining the different effects that microstructure features, such as crystallite size and
strain, have on the diffraction pattern line profiles. The presented study then offers
an evaluation of how well two very different diffraction pattern modeling approaches

can model the diffraction pattern from nanoparticles.

4.1 Nanoparticle synthesis and TEM characterization

The Pt nanoparticles used in this study were prepared by Hy(g) reduction of an
aqueous solution consisting of HyPtClg, and sodium polyacrylate using a methodology
similar to that previously reported [2, 1, 104, 132, 145|. In brief, 1 ml of 0.1 M sodium
polyacrylate solution was added to 100 ml of an aged 1 x 10~* M solution containing
the Pt precursor, HoPtClg. The pH of the solution was adjusted to 7 with 0.1 M HCI.
Finally, the solutions were purged, 5 min of Ar bubbling and 1 min of Hy bubbling
were used. The reaction vessel was then sealed, and the solution was left overnight.
After complete reduction (12-14 hours), two NaOH pellets were added to produce the
precipitation of the nanoparticles. After complete precipitation, the nanoparticles

were washed 3-4 times with ultra-pure water.
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Figure 17: TEM of images of the synthesized Pt nanoparticles are depicted. (a-c)
The mixture of particle shapes of different degrees of faceting was produced and (d)
the existence of twin faulting was also observed.

Transmission Electron Microscopy (TEM) and High Resolution Transmission Elec-
tron Microscopy (HRTEM) have been employed to investigate the size and shape of
the synthesized nanoparticles. TEM experiments were performed with a JEOL, JEM-
2010 microscope working at 200 kV whereas HRTEM experiments have been carried
out on a JEOL 3010 microscope (LaB6, Cs=1.1 mm) operated at 300 kV, providing
a point-to-point resolution of 0.19 nm. The nanoparticles observed in Figure 17a
have triangular, diamond and hexagonal projections (also shown in Figure 17b), sug-
gesting the existence of tetrahedral, octahedral, and cuboctahedral or possibly cubic
nanoparticles respectively. As depicted in Figure 17c, octahedral as well as tetrahe-
dral particles were commonly observed with truncated tips. Some particles, such as
that depicted in Figure 17d, were also found to contain a twin fault. In this case a
twin fault is present as the average angle between the atomic planes is found to be
110.8° which is very close to the tetrahedral angle between (111) and (111) in an FCC
lattice: 109.5°. A statistic of shapes was made from 360 particles which were clearly
focused giving the results: octahedral: 46%, tetrahedral: 22%, cuboctahedral: 14%,
spherical: 4% and irregular shapes: 14%.

The determination of the particle size and shape is not straightforward as each

shape has a different characteristic length and projected area which depends on the

63



orientation of the particle relative to the electron beam. The diameter of a circle hav-
ing an equal projected area to the observed particle was used as a universal measure
to characterize the particle size. The particle size histogram obtained by analysis of
TEM images is displayed in Figure 22, and reveals a Pt mean particle size of 8.714
nm and a standard deviation of 1.59 nm. A theorem first shown by Cauchy says that
the average projected area of a convex shape considering all possible orientations is
given as one quarter of the shape’s surface area [21]. Since the surface area of the
shapes assumed in the XRD modeling is known, relationships can be derived to find
the equivalent diameter of the average projected area of each shape. This allows the

size distributions determined by TEM to be compared with those obtained by XRD.

4.2 Dependence of the calculated pattern on particle shape

Before the results of modeling the diffraction pattern from the prepared Pt (111)
sample can be fully appreciated a brief study of how nanoparticle shape affects the
diffraction pattern and a description of the developed DFA algorithm is necessary. The
powder diffraction intensity for any arrangement of x-ray scatterers can be calculated
directly using the Debye function.

The generality of Equation (24) allows for the Debye function to be employed to
simulate the nanoparticle diffraction pattern of particles having any shape. It can
be reasoned that a sphere is the most energetically favorable shape of an isolated
nanoparticle as it has the lowest surface area for a given volume, thereby, minimizing
the surface energy. However, different surfaces of a crystal lattice can have dramati-
cally different energies, which can result in a nanoparticle having a shape resembling
a polygon given by the Wulff construction. These surface energies are then altered
through the adsorption of organic molecules during particle growth, allowing for the

synthesis of different particle shapes. A few commonly observed shapes of metal
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Figure 18: The PDF and resulting powder intensity is depicted for a series of crys-
tallite shapes.

nanoparticles are displayed in Figure 18a which are the result of the preference to ex-
pose different amounts of either the (111) or (100) surfaces. Cubic nanoparticles are
the result of the preference to expose only (100) faces, while all surfaces of both the
octahedron and tetrahedron are (111). Other truncated shapes, such as the cubocta-
hedron, are more likely and are a mixture of exposed (111) and (100) surfaces.

The dependence of the diffraction pattern on the particle shape can be understood
by considering how the shape affects the pair distribution function (PDF), which is
defined in Section 5.3. The major differences in the PDFs of each shape shown in
Figure 18a are primarily seen in the trend of the function at longer distances, as well
as the maximum interatomic distance present when considering shapes having the
same volume. The decay rate of the PDF in this range depicts the relative amount of
long range order present in a given shape. Therefore, scattering from this long range
order will have more influence on the diffraction pattern of shapes like tetrahedra
or cubes. These subtle differences result in the distinguishing features of diffraction
pattern peaks in Figure 18b, which are primarily noticed at smaller scattering vectors
around the 111 and 200 peaks of platinum, as seen in Figure 18c. A tetrahedron
has broader 111 and 200 peaks, which are devoid of any satellite peaks due to the

lack of centrosymmetry of the shape. Satellite peaks are seen around the 111 peak
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Figure 19: The PDF and powder intensity is depicted for particles containing dif-
ferent kinds of faulting.

of an octahedron due to the symmetry induced by the (111) surfaces. In the case of
a cube there are satellite peaks around the 200 peaks due to its (100) faces, but also
the 111 peak exhibits a strong asymmetric tail to smaller scattering angles. A blend
of features seen in the cube and octahedron diffraction patterns is observed in the
pattern of a cuboctahedron, since the shape can be envisioned as a combination of
the two. Also, the pattern from a cuboctahedron is very similar to that of a sphere,
which is somewhat expected as visually a cuboctahedron is a rough approximation
to the sphere. When a distribution of particle sizes is considered, the oscillations
observed in Figure 18c around the peaks are smoothed, but the diffraction peak
shape and broadening remain dependent on the particle shape and size distribution.
[12, 76, 122]

Also considered in this study were particles which contain twin and deformation
stacking faults. The character of faulting present in the prepared nanoparticle sample
was determined by considering four different particle structures: a sphere containing
a deformation fault in the center, a sphere containing a twin fault in the center, an
icosahedron, and a decahedron. The icosahedron is an MTP which contains three
orthogonal twin planes, while the decahedron is the result of five intersecting twin
planes, and both have all (111) surfaces. The PDFs and diffraction patterns for each

faulted particle considered are displayed in Figures 19a, and 19b respectively. The
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diffraction peaks from a sphere containing a twin exhibit broadening, while those of a
sphere containing a fault plane exhibit both broadening and a slight shifting. These
findings are consistent with the effects of faulting described by Warren [150], and
Paterson [102]. The icosahedron and decahedron exhibit very different patterns as the
high degree of faulting present in these particles results in a different effective crystal
symmetry. A detailed description of these MTPs has been presented by Cervellino,

et al. [22], and elsewhere in the literature.

4.3 Description of DFA Routine

A Debye Function Analysis (DFA) algorithm was developed to determine the relative
amounts of the different particle shapes present in a sample by analyzing the measured
diffraction pattern. The diffraction pattern from a polydisperse collection of particles
having multiple sizes and shapes can be expressed as a weighted average of the pattern

from each particle as in

[<29) - Z wshapezw(D)shape[E)hape(29) (72)

shape D

where I5'7¢(20) is the diffraction pattern for each particle size and shape calculated
from Equation (24). The weight w(D)spape represents the numerical fraction of par-
ticles of a given shape of size D, while the weight wgppe represents the numerical
fraction of particles of a given shape.

As discussed in Section 3.3, the discrete sampling of the size distribution was done
in the calculation of the Debye pattern. In this method the particle can be described
in terms of an onion-like structure consisting of concentric shells. In the case of the
spherical particles, the shell thickness, or size sampling interval, Ap, was taken to be
the nearest-neighbor distance, or Ap = av/2/2, while for other shapes the sampling
interval was determined by the distance between complete shells of atoms which retain
the shape. For instance, for the case of an FCC cubic particle this distance is a/2.

A particle of any size can then be described as a union of the necessary shells. This
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description saves computational time, as well as, memory space, since the weighting
of different particle sizes can be re-expressed in terms of weighting the scattering

attributed to a given shell as

Dmam

w(shell) = Y w(D). (73)

D=Dgpen

This expression follows from considering that the minimum particle size containing a
given shell is Dgpep = (shell) x Ap, and all particles up to the maximum size, D,,q.,
will contain this shell. Using this expression, the diffraction pattern for a polydisperse

sample becomes

I(s) = ) Wanape Y_w(shell)spapeLope (5). (74)

shape shell
Here the intensity from a given shell, Ij,];slzl’e(s), is more than just scattering between

atoms within a given shell, but also must include scattering between the atoms in the
shell, and all smaller shells.

It is important to keep in mind that the size and shape distributions used in Equa-
tions (72) and (74) are numerical distributions. The Debye function automatically
conserves the scattering power of a collection of atoms, which is proportional to the
volume, or number, of the atoms. So a larger particle with more scattering power
will result in a larger intensity than that of a smaller particle. If volumetric, or mass,
distributions are used in the weighting of the average pattern, then the signal from
the larger particles will be further enhanced, and the resulting diffraction pattern will
be wrong.

In fitting the simulated pattern to an experimental pattern, it is always necessary
to scale the diffraction pattern since measurements can be collected for different times,
and detectors are never one hundred percent efficient. However, as just mentioned,
the scattering power in the intensity described by Equation (72) changes with the

particle shapes, and size distributions considered in the modeling. This will lead to
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correlation between the scale parameter and the size distributions obtained. In order
to reduce the amount of correlation the unit scattered intensity should be used by
normalizing the pattern calculated in Equation (74) by the number of scatterers in
the simulated system, N [56]. The intensity then takes the form
In(s) = %s;mwshapegwD)shapeff)hape(S), (75)
with the number of atoms in the system determined simply by
N = Z wshapezw(D)shapeN(D)shape; (76)
shape D
with N(D)spape being the number of atoms in a particle of a given shape and size,
D. It should be noted that as an alternative, the unit scaled pattern from each
particle can be used in the average of Equation (75). However, in this case it then be-
comes necessary to use the volumetric size and shape distributions for the appropriate
weighting of the patterns in the average.

The intensities measured in a laboratory x-ray diffraction pattern are influenced by
not only the scattering power of the material, but also phenomena and measurement
parameters such as: x-ray polarization, x-ray absorption, the measurement geometry,
and the thermal motion of atoms. In order to model experimental data with the
Debye Function, the known effects of each of these phenomena was multiplied by the
intensity calculated in (75), arriving at the simulated intensity through an expression

of the form

Laie(20) = A(20) - Pol - DW - Abs - In(20) + BG(26) (77)

where A(26) is a variable scale factor which can be a function of 20, Pol is the
polarization factor, DW is the Debye-Waller factor, Abs is the x-ray absorption factor,
and BG(20) is a function to model the background. Unless otherwise noted the scale
factor was assumed to be a constant, independent of scattering angle. However, as

will be discussed in the following section, it can also be expressed as a function of the
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scattering angle in an attempt to account for aberrations of the measured intensity
from non-ideal instrument and measurement conditions. A Chebyshev polynomial
background function was added to the calculated pattern to account for features such
as scattering by the environment, and the parameters of which were refined along
with the other parameters in the model. An independently measured background
was not subtracted from the experimental pattern as it can change when the sample
is present because of absorption by the sample.

The continuous diffraction pattern generated by the Debye function poses a prob-
lem to incorporate effects like instrumental peak broadening into the modeling as
the commonly used Caglioti convolution [20] is no longer possible. In this study, the
breadth of the measured diffraction peaks (shown in Figures 20 and 23) was observed
to a Full-Width-Half-Maximum (FWHM) on the order of 1.0 deg. The instrumental
broadening was determined by separately measuring the pattern of a LaB6 stan-
dard (SRM 660a), and the FWHM was found to be on the order of 0.01 deg. (20).
Therefore, the observed broadening is dominated by the particle morphology, and the
instrumental contribution can be ignored with small relative error.

Relatively few parameters are necessary to fully determine a simulated diffraction
pattern. The total number is largely based on the number of shapes considered in the
model, and the kind of size distribution assumed. Other standard parameters control
the background and scaling of the diffraction pattern. In total around 20 parameters
are necessary for a system of 4 different shapes with each described by a distinct
log normal size distribution. The challenge of modeling a diffraction pattern is then
to determine the parameters which result in the best agreement with the measured
pattern. This agreement was measured considering the value of x? defined as

1/2
= |3 ee(26) = Loy (26) /1y(26)] (78)

=P

with .q0(26) and I.,,(260) respectively representing the simulated and experimental
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intensities composed of n points, and p is the number of free parameters considered in
the model. To this end a least-squares minimization routine based on the Levenberg-
Marquardt (L-M) algorithm [90] was developed. At a given step in the L-M routine
the local gradient of the parameter space is considered in order to continually move
the model in a direction which is expected to give a better fit. In the present study,
since analytical expressions of the intensity are not readily obtainable, the local gra-
dient was evaluated numerically. The component of the gradient corresponding to a
free parameter is then found by slightly changing the parameter, evaluating the x?

corresponding to the new system, and then taking the ratio

2 2.2
dp P — Do

While the L-M routine has the advantage of always moving in a direction which
improves the fit, it also has a tendency to get stuck in local minima, and not explore
a substantial portion of the parameter space. Therefore, when it is being used, it
is always necessary to assume different starting values of the parameters to find the

best fit.

4-4 Modeling of the measured diffraction pattern

X-ray powder diffraction patterns of the prepared Pt (111) sample were measured
in a laboratory setting using a Rigaku PMG/VH diffractometer fitted with a copper
tube and a monochromator, so that only Cu Ku radiation illuminated the sample
(Cu Kagq: A = 0.154059 nm and Cu Kag: A = 0.154445 nm). The nanoparticles were
spread onto a Si wafer, and measured in a reflection geometry over the 18-154° range
with a step of 0.20°, and a counting time of 60s/step.

Since fine details about the particle shape and structure were sought, input from
the complimentary analyses previously presented was used as a starting point in the
modeling of the diffraction pattern. For instance, multiple combinations of particle

shapes that were observed in the TEM images were attempted in the previously
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described DFA routine to model the collected pattern. Each shape was assumed
to have a log normal size distribution, and the parameters controlling the size and
shape distributions were simultaneously refined with factors such as the scale factor,
background function and x-ray absorption thickness.

In an effort to efficiently obtain a good fit, it is important to systematically switch
free different parameters. The first parameters to refine are the scale and background.
Followed by the parameters governing the lattice to find the right peak positions. This
allows the modeling to get a rough idea of the peak heights, and positions, before
refining the fine details of the peak profiles. Next the parameters controlling the
size distribution, absorption and temperature factor can be set free, followed by the
finer details concerning the shape distributions and defect densities. As previously
stated, it is important to test different initial configurations of shapes of different
relative weights, and size distributions before deciding on the best fit parameters.
The remaining discussion will compare the best fit parameters determined by the
modeling assuming different combinations of shapes.

When defects and strains were not considered, a model consisting of 56 % octa-
hedral, 17% tetrahedral, 7% cuboctahedral, and 20% spherical particles resulted in
a good fit of the measured pattern (y? = 2.12). The fit significantly improved when
particles containing twin faults where present in the modeling, with the best fit ob-
tained when twinned spheres were considered (x? = 1.73). In this case particles were
found to have a size of 8.4+ 1.9nm and consisting of 60% octahedra, 27% tetrahedra,
3% cuboctahedra, and 10% twinned spheres. A comparison of this best fit to the
measured pattern is depicted in Figure 20. An improvement of the fit from the defect
free model was also found when icosahedral particles were included in the modeling
(x* = 1.95). While this did not result in the absolute best fit, the possibility of the
sample containing some amount of these nanoparticles cannot be ruled out. However,

the more likely existence of single twinned particles over MTPs, for nanoparticles of
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Figure 20: The Debye fit of the pattern measured from the Pt nanoparticle system
is depicted.
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the size studied here, has also been found in the case of Au nanoparticles|30, 147].
Furthermore, no particles were observed in the TEM analysis which exhibited the
characteristic five fold symmetry of an icosahedron.

Some correlation of the parameters governing particle sizes and shapes is expected,
but the results were found to be very stable as the algorithm converged to the same
values given small perturbations. The case of dramatically different shape fractions
resulted in a poorer fit of the data and a higher value of x2. Also, the results of com-
plementary analyses validate the findings of the modeling. Figure 21 shows that the
most abundant shapes determined by the DFA routine (octahedra and tetrahedra)
matches that observed by TEM for each assumed mixture of particle shapes. These
dominant shapes also agree with the Electrochemical characterization of the sample,
which determined that the synthesized nanoparticle sample had a dominant (111)
surface. The existence of particles containing some twin character is supported by
HRTEM analysis of the synthesized nanoparticles, see Figure 17. The size distribu-
tions of each shape which resulted in the best fit are shown in Figure 22 to be in very
good agreement with that obtained by TEM image analysis. The slightly smaller
particle size determined by the DFA algorithm can be attributed to the unaccounted
for instrumental broadening. The lattice parameter determined from this best fit was
0.39196 nm, slightly smaller than the accepted bulk value of 0.3924 nm for Platinum.
This might be due to a particle size dependent lattice parameter as a value of the
same magnitude for Pt clusters has been previously reported [121].

The same diffraction pattern was also analyzed using a program called PM2K
[83], the latest software developed based on the WPPM method. The modeling was
carried out using the same assumptions regarding the particle size distributions and
pattern background as that in the DFA routine. The resulting best fit shown in
Figure 23, was obtained from 8.0 & 3.7nm particles consisting of 60% octahedra, 8%

tetrahedra, and 32% spheres. Again, as also shown in Figure 21, the most abundant
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compared.
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shapes of octahedra and tetrahedra are identified from this method. The determined
size distributions, depicted in Figure 22, show some deviation from the TEM mea-
surements, which might be explained from the inability of the WPPM approach to
consider truncated shapes. In contrast, DFA offers complete flexibility in the particle
shapes considered as only a list of atomic coordinates are necessary to simulate the
pattern. Along with information on particle size and shape, the WPPM modeling
determined a twin fault probability of about 1.3%, which is consistent with the DFA
and TEM analyses. Also, a small edge dislocation density of about 2.0 x 10'm~? was
obtained, using contrast factors determined by a new general model [91], and assum-
ing ¢ = 347 GPa, ¢;5 = 251 GPa, and ¢4y = 76.5 GPa [130]. It is possible that the
determined dislocation density is actually accounting for other strain fields present
in the particles, such as those due to particle agglomeration. A lattice parameter
of 0.39190 nm was found in the modeling, which is consistent with that found using
DFA.

The fit of the measured pattern determined by WPPM, displayed in Figure 23,
exhibits a nearly featureless difference pattern, and finds the best x? of 1.37. The
better fit observed by using WPPM is partially due to its ability to refine the in-
tegrated intensity of each peak independently. Conversely, the diffraction patterns
simulated by DFA are strictly determined by the model assumed, and can involve
idealized measurement assumptions. For instance, in the present study the sample
was assumed to be homogeneously spread on the silicon wafer with a uniform thick-
ness. The more likely case of a variable sample thickness will induce a change in the
observed intensity that is dependent on the scattering angle. In fact, study of the
integrated intensity of each peak in the measured pattern found that the considera-
tion of the Lorentz-polarization factor, secondary monochromator, and Debye-Waller
factor were not enough to completely account for the trend of integrated intensity as a

function of the scattering angle. The existence of an inhomogeneous sample thickness
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Figure 23: The best fit of the particle pattern obtained by PM2K is shown.

is one possible explanation of this discrepancy. The use of DFA then requires a perfect
measurement to obtain a perfect fit of the data. A variable scale parameter, which is
a function of the scattering angle, A(26), was used in an attempt to account for these
kind of measurement aberrations. A slight improvement from the best DFA fit was
found when a scale parameter expressed as a 5th order Chebyshev polynomial was
used (x? = 1.59). The parameters of this function were not found to be correlated to
those of the background, as the same background was found when the variable scale
parameter was used. This can be expected as the two functions model scattering
from different sources. The variable scale parameter models the diffracted scattering
power from the sample, while the background is largely determined by scattering from
the sample holder and surrounding environment. The particle size and shape param-
eters, which were the result of this improved fit, showed no considerable difference

from what was already reported.
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4.5  Summary

Pt nanoparticles have been synthesized, by reduction of a Pt salt in a solution contain-
ing polyacrylate, to have a preferential (111) surface. Three very different characteri-
zation methods of TEM analysis, XRD measurements and cyclic voltammetry showed
consistent results, as the preferential (111) surface was found to be due to the presence
of octahedral and tetrahedral nanoparticles with a size of about 8. 7nm. DFA model-
ing of the x-ray diffraction pattern found an abundance of octahedra with a size that
agreed with TEM observations. The modeling improved when particles containing
twinning were considered, and the predominance of particles containing a single twin
was found over multiple twinned particles. The different pattern analysis of WPPM
found consistent results. A complete, and coherent, statistical determination of the
important characteristics of nanoparticles which are intended for catalytic applica-
tions was demonstrated here through combined electrochemical and x-ray diffraction

measurements.
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CHAPTER 5

MOLECULAR DYNAMICS BACKGROUND

“the atomic hypothesis (or the atomic fact, whatever you wish to call it)
that all things are made of atoms — little particles that move around in
perpetual motion, attracting each other when they are a little distance
apart, but repelling upon being squeezed into one another [...| provides
an enormous amount of information about the world, if just a little imag-

ination and thinking are applied.” -Richard Feynman [47]

5.1 Basic Principles of Molecular Dynamics

Molecular dynamics (MD) is a robust computational method of simulating the struc-
ture, and dynamics, of materials on an atomistic level. Since its conception in the
1950s [3, 4], its application has spanned all fields of science, allowing for useful insight
into the problems like the structure of proteins, and material deformation mechanisms.
In the MD framework atoms are assumed to be the fundamental unit of a material,
and are represented in the simulation by little more than its position, velocity, mass
and charge. The atoms act on each other through interatomic potentials which in
the MD framework are given by empirical functions, ¢;;. More formally, a potential
energy function describes the energy of an atomic bond between the atom ¢ and atom
J in the simulation. A more comprehensive review of some of these potential forms
will be given in Section 5.2, for now let us just assume that ¢;; represents a smooth
differential function. Potentials can also be formulated considering some three-body,
or many-body interaction, but the two-body interaction is enough for the purposes

of the present discussion.
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The total kinetic energy of the atoms in the simulation is then given directly by

K=Y mv;, (80)

while the potential energy is given by

U=2.2 % (81)
i g
Also, following classical Newtonian mechanics, it is evident that the equations of
motion of the atoms in the system are governed by the relationship
d*r; dUu;

miﬁ = - dr; ) (82>

where U; represents contribution to the potential energy by atom 1.

An MD simulation is then carried out by assuming an initial configuration of atoms
in space, and then letting the system evolve by iteratively solving Newton’s equation
of motion for all atoms in the system. A time step then consists of one step in time
taken by the simulation. The size of this step should be on the scale of the motion of
the atoms in a material in order to properly capture this motion. For most crystalline
materials, this is on the order of a femtosecond, or 10~°s, which is a minute fraction
of time as we perceive it. Also, an atom is really a tiny representation of a material,
as in just one cubic centimeter of a material, there are on the order of 10** atoms.
Therefore, MD simulations are suitable for the better understanding of phenomena
which occur at small time and length scales. It is not the only simulation technique
used to model materials. For problems of an even smaller scale, density functional
theory (DFT) simulation techniques offer the ability to study the electronic structure
of materials. While for problems of a larger scale, continuum mechanics can be used
to model the mechanical stability of materials. A brief overview of the main materials
simulation methods, and time and lengths scales which they can cover, is depicted in
Figure 24. Molecular dynamics is then a crucial link in understanding how discrete

atoms assemble to make a larger material, which is then describable as a continuous

body.
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Figure 24: Graph showing the different length scales of computer simulations. (Im-
age from Buehler [18])

5.1.1 Verlet time integration

As previously mentioned, the evolution of the atomic system in an MD simulation
is solved in a stepwise fashion by integrating Newton’s equations of motion for each
atom in the system. Then it can be said that the position, and velocity, of an atom

evolves following a deterministic chain such as
ri(t) = ri(t + At) — ri(t + 2A¢). (83)

Many algorithms have been developed to integrate Newton’s equations of motion
over the time step At, each having their own costs and benefits [5]. In the present
study the Verlet algorithm was employed which is based on an assumption of the

reversibility of time. The position of an atom at a future time can be expressed as
1
ri(t + At) = ri(t) +vi(t) At + §ai(t)At2 + O(At?), (84)
and similarly the position at a time in the past is given by

ri(t — At) = ri(t) — vi(t) At + %ai(t)AtQ — O(A). (85)

81



Summing Equations (84) and (85) yields the relation
ri(t 4+ At) = 2r5(t) — ri(t — At) + a; () At* + O(AY), (86)

which is used to solve for the future position of the atoms. A similar expression
can also be derived to solve for the velocity of the atom at a future time. The
acceleration of the atom, a;(t), is found from considering Equation (82). Using the
Verlet relationship of Equation (86) is also more accurate than solving Equation (84)

directly, as the error in the Verlet algorithm expected to be O(At?) instead of O(At3).
5.1.2 Simulation box and periodic boundary conditions

A molecular dynamics simulation can then be thought of as a virtual experiment
which studies how Newton’s equations of motion can control a complex intercon-
nected system of atoms. The virtual volume of space within which this experiment
is taking place is commonly called the simulation box. The simulation box should be
considered more than just a rigid confinement space for the atoms, but can also have
characteristics which makes it an important dynamic aspect of any MD simulation.
For instance, the volume of the simulation box can be allowed to change throughout
the course of the simulation, controlling the pressure of the system. Also, its bound-
aries do not have to be rigid walls, which change an atom’s trajectory upon impact,
but can be periodic so that an atom which passes through the boundary will appear
on the other side of the box. The use of periodic boundary conditions (PBCs) also
allows atoms near the boundary to have interactions with atoms on the other side
of the boundary. This treatment is a generalization of the one-dimensional Born-
von Karman periodic boundary condition which was developed to study the atomic
vibrations in a linear chain of harmonic resonators [15]. In the Born-von Karman
treatment the linear chain is actually described as a closed loop so that all atoms
have the same local environment, and no fixed boundary conditions are necessary.

The PBCs in an MD simulation can be envisioned as surrounding the simulation
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Figure 25: Graphic illustrating periodic boundary conditions (Image from Allen [5])

box on all sides with other boxes containing a copy of the atomic system in the original
box. Atoms in the central simulation box are allowed to interact with neighbors
across the boundary, and all motion of the atoms in the central box is mimicked in
the surrounding boxes. Then if an atom moves out of the central box it will appear
on the other side as the atom in the neighboring box has then just moved into the
central box. A graphical depiction of this concept is shown in Figure 25. While the
use of PBCs is an important tool in the efficient simulation of a material, the long
range periodic nature which it implies can lead to artifacts in a calculated diffraction
pattern. This aspect will be discussed in Chapter 6 along with a comparison of

different approaches to avoid these kind of artifacts.
5.1.3 Thermodynamics and statistical ensembles

While directly solving Newton’s equations of motion can yield a lot of information on

the atomic structure of a material, it is somewhat limited in that it is always driven to
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the end where all forces between atoms are neutralized, and the energy is minimized.
This evolution lacks the consideration of the effects which temperature, and pressure,
have on the structure of a material. The simulation of temperature and pressure then
requires slightly altering Newton’s equations of motion.

One method to simulate the effects of temperature in a system follows the classical
statistical mechanics method of considering the atoms as being in contact with a
thermal reservoir. Energy is then allowed to flow back and forth between the atomic
system and the reservoir in an effort to keep the temperature in the system constant.
This approach ensures that the energy of the total system (atoms + reservoir) is
conserved throughout the simulation time. Following the original description by Nosé
[96], the temperature of the atomic system is adjusted by scaling the velocities of the
atoms following

vV = sr, (87)

where s is a scale parameter related to the energy transferred between the atoms
and the reservoir, and r is the time derivative of the atomic positions. The potential

energy of the thermal reservoir is then given by
Us=(f+1)kgTIns, (88)

where f is the number of degrees of freedom in the atomic simulation (f = 3N — 3).

Similarly, the kinetic energy associated with the reservoir is
1 .
Ks - éQTsa (89>

where Q)7 is a parameter representing the thermal “mass” of the reservoir. The total
Lagrangian is then given by the sum of kinetic and potential energies from the atoms

and reservoir, and the usual differentiation to find the equations of motion results in

r = F/ms® — 2sr/s, (90)
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and
Qrs = me?s —(f+ 1)kgT/s, (91)

which are respectively the adjusted equations of motion for the atoms, and thermal
reservoir parameter s. The parameter ()7 is specified at the beginning of the simu-
lation, and governs the rate at which energy is transferred between the reservoir and
the atoms. When Q) is large then the exchange is slow, while when Q7 is small the
exchange is fast. Therefore, an appropriate value of ()7 must be determined for a
given simulation so that the exchange is not too fast leading to radical temperature
fluctuations, while fast enough to allow for a timely convergence of the system to the
desired temperature.

Controlling the pressure in the system can be done following similar considerations,
where instead of considering flow of energy from a thermal reservoir, one must consider
the energy associated with the volume of the simulation box. This is analogous to
controlling the pressure in a liquid or a gas using a piston. Considering the energy
associated with the volume of the box, a similar expression to that of Equation (91)
can be derived governing the change of the box volume with time [5]. Also, once
again the rate of fluctuation of the box volume is governed by a parameter, (),,, which
is analogous to the mass of a piston, and an appropriate value must be specified to
ensure the system is not subjected to radical pressure fluctuations.

The basic considerations presented here to control the temperature and pressure
of an MD simulation are able to be combined into a framework which simultaneously
links the atomic system to multiple virtual thermal reservoirs, and systems control-
ling the box volume [92, 94|. These are known as a Nosé-Hoover chains, and their
inclusion also helps to avoid sporadic fluctuations in the temperature and pressure
of the system [93]. Also, the shape of the box can be altered to control more than
just the hydrostatic pressure, but also the amount of shear stress in the system with

time [100]. For the latest and most complete formulation of the theoretical framework
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Table 1: Table of ensemble names in MD and classical thermodynamics

MD Name Classical Name
NVE Microcanonical ensemble
NVT Canonical ensemble
NPT Isobaric-isothermal ensemble
uPT Grand canonical ensemble

of temperature and pressure control in MD simulations the reader is referred to the
work of Shinoda, Shiga and Mikami [129].

Not all parameters of the system can be controlled simultaneously, and one must
decide which conjugate variables to control. For example, the pressure and volume of
the system cannot be simultaneously constant throughout a simulation, and one or the
other must be chosen to be controlled. This is exactly the concept of thermodynamic
ensembles in statistical mechanics. In MD simulations these ensembles are named
by three characters signifying which parameters are assumed to be constant. For
instance, a constant number of atoms (NN), constant volume (V') and constant energy
(E) is called NV E. Table 1 refers these names to the more classical names used to

refer to these ensembles in statistical mechanics and thermodynamics.

5.2 Interatomic Potentials

As mentioned in the discussion surrounding Equation (81), an MD simulation relies on
empirical potential energy functions to describe the interaction between atoms. This
interaction does not have to only consider pairs of atoms, but also can be generalized
to consider the influence of all neighboring atoms. The former interaction is called a
pair potential while the latter interaction is commonly called a many-body potential.
A common thread among most potentials, whether pair or many-body, is that they
are composed of a repulsive term and an attractive term.

The combination of attractive and repulsive parts to build a potential is epitomized
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in the Lennard-Jones (LJ) potential defined as

ij(dij) = 4eo [(d%)” - (%)6] , (92)

where o and ¢; are variable parameters which determine the characteristics of the
bond. Since the LJ potential is only dependent on the distance between atoms, d;;, it
is in fact a pair potential. The attractive part of the LJ potential is then the portion
raised to the sixth power, while the repulsive part is component raised to the twelfth
power. An appropriate balance of these two components is then necessary to describe
the bonding in a material. While pair potentials are a good pedagogical example,
it was found that they are not capable of reproducing the elastic properties of some
materials. For instance, a pair potential has been shown to always follow the Cauchy
relation, defined as c15 = c4q, where ¢35 and cyy are the elastic constants [48]. In fact,
most metals are known to violate this relationship, and this was a driving force for
developing many-body potentials.

The Embedded-atom method (EAM) potential has been shown to be one of the
more robust many-body potential formulations which has been devised to describe
the bonding in metals [32, 33, 34, 49]. It also has the benefit of not requiring much
more computation than a pair potential. The EAM potential describes the interaction
of atom ¢ with its surrounding neighbors as

¢ = F(O _pi(r:)) +>_®(dyy),
j i
and is composed of a many-body and pair potential part. The many-body part is
contained in the embedding function F(p), which is dependent the total electron
density at the position 7; from the contributions of the surrounding neighbors, p;(r;).
Figure 26 depicts this embedding principle, and how the electron density from a set of
neighbors is determined by the arrangement of its neighbors. The relationship then
gets its name from this concept, as this portion of the potential can be thought of as

the energy necessary to embed the atom ¢ in the electron density of the surrounding
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atoms. Meanwhile, the pair interaction is embodied in the function ®;; which consists

of an effective coulombic repulsive expression,
Oy = ZiZ;/dyj,

where Z; represents the effective charge of atom i. The embedding function, F(p), is
then the attractive term of this relationship, and is also the hardest to formulate, since
it cannot be directly measured. However, since the forms of the electron density and
coulombic repulsion are known, a reasonable form is found assuming an appropriate
equation of state for the metal. The EAM potential is then formulated assuming the
Rose equation of state, which describes the energy of a metallic bond in terms of its

deviation from the ideal lattice parameter by
E(a) = _Esub(l -+ a*)e*a*,

with Fg,, representing the sublimation energy [120]. The reduced parameter a* is
expressed as

a* = (ajag — 1)/ (Esu/9BQ)Y2,

where ag is the equilibrium lattice constant, B is the bulk modulus, and €2 represents
the equilibrium atomic volume. The embedding function is then found by fitting the
potential to this equation of state, which has the benefit of being determined by only
a few characteristic properties of the metal.

Besides the ability to represent the elastic properties of a material, the EAM
potential can adjust itself to account for many different scenarios. This ability comes
from the flexibility of the many-body term, which is dependent on the local electron
density. For example, this electron density can come from atoms of different types
allowing the EAM to also represent the interactions of bimetallic alloys [32]. The
EAM potential is also able to adjust to change the description of the interactions

for atoms near a surface or interface. The lower coordination number and electron
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Figure 26: The embedding concept is shown as the energy of an atom is the total
local electron density from its neighbors.

density of atoms near a surface results in a softer bond in the EAM formulation. The
EAM potential has been used in the study of some low index single crystal surfaces
with qualitatively good results [32].

While it is a large step forward in the representation metallic bonding, the EAM
potential has a few serious drawbacks. First, in the fitting of the potential only bulk
properties are considered. Therefore, if real accurate information is desired about
the surface of a material, the EAM potential is not able to do more than mimic the
general trend between elements. Secondly, the many-body interaction is formulated
with spherically symmetric electron density distributions in mind. Therefore, any
directional nature in a bond cannot be represented by the EAM potential.

For the reasons just described, the original formulation of the EAM potential was
later adjusted by Baskes into what is known as the modified embedded-atom method
(MEAM) [10]. The basis of the modifications were to allow for the possibility of
directional bonding in the expressions for the electron density. This begins to allow
the EAM framework to properly represent the bonding in materials like silicon. The
changes to the original EAM formulation are not dramatic, as the electron density

in the MEAM potential are represented by a superposition of ellipsoids. However,
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the precise formulation of the MEAM potential varies in the literature, as different
expressions have been tried to fix problems of inconsistencies between MEAM predic-
tions and experimental observations [79]. For instance, it was shown that the most
stable crystal structure of BCC metals was predicted by the original MEAM potential
to be different than what one expects. This was found to be remedied by including
a stronger second nearest neighbor interaction in the MEAM (2NN-MEAM) of the
BCC metals [79, 80]. This new 2NN-MEAM formulation was also later found to be
necessary to correct for problems in describing the structural stability of FCC metals
at finite temperature [81]. Such problems included an inaccurate thermal expansion of
the lattice and inaccurate surface reconstructions of the low index surfaces. However,
it is still unclear to what extent the MEAM potential is able to accurately represent
the surface structural, and thermal properties, of materials. This inconclusiveness
is more due to the lack of accurate experimental data on the subject than lack of
computing resources.

Other formulations of the EAM framework have also been proposed which claim
to be more suited for the simulation of surfaces and small collections of atoms. The
surface embedded-atom method (SEAM) was one of the first of such to be proposed.
The SEAM was developed to take into account the effect of bonding near the surface
more correctly as the interaction volume is allowed to change and flatten out as
an atom moves toward the surface [57, 58]. While this is suited for planar single
crystal surfaces, this formulation has not yet been tested in a more general sense on
high index, or curved surfaces. A more recent take on solving the shortcomings of the
EAM potential for clusters of atoms is the extended embedded-atom method (XEAM)
[78]. In this approach the local atomic electron density is slightly altered to introduce
an element of directionality in the boding, and distinguish between different local
orientation of neighboring atoms. While this approach tends to find good agreement

with the density functional theory simulations which are used to fit the data, it has
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yet to be shown to work in a general sense and mimic the behavior of real materials.

5.3 Simulation Characterization

An MD simulation can generate an excessive amount of data, and the correct analysis
of this information is as important as the proper construction of a simulation. A brief
description of the how this atomic information is related to observable quantities is
presented in the following section.

Perhaps the most straightforward property measurable from a simulation is the
temperature of the system at a given moment in time. Temperature is related to the
amount of kinetic energy of the system through the relation

2 K
T = NG (93)
where the kinetic energy, K, is calculated by Equation (80), N represents the number
of atoms in the simulation and kg is the Boltzmann constant.

The atomic positions can be used to study the correlations in the distances between
atoms in the simulation. Omne such function called the radial distribution function
(RDF) measures the relative fluctuations in the atom density of the system. The
RDF is calculated by counting the number of atoms contained within a spherical
shell of radius d, where the center of the sphere is an atom in the simulation. The
result is averaged over the system by considering all atoms as the center of the sphere.

and normalized to the number of atoms expected at that distance assuming a uniform

atomic density. The RDF can then be expressed as

m(d)

d =
M= Ny

(94)

where m(d) is the total number of atomic pairs at a distance d, Vj is the volume of
the spherical shell (expressible as 4wd?Ay), and py is the average atomic density of

the system defined as N/V, with V' being the volume of the simulation box. Another
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function commonly defined as a measure of atomic structure is called the pair distri-
bution function (PDF). This function then gives the average number of atomic pairs

at a distance d, and is found by the relationship

_ mld)

pld) = A, (95)

The structural information in these distribution functions is the fundamental property
of a system which determines its powder diffraction pattern. In fact, the quantity
m(d) can be directly used in the Debye function to calculate the powder pattern.
Then assuming that the system is composed of only one type of atom, the powder

pattern intensity is related to the PDF and RDF by the expressions

sin(27msd)

1) = k<s>f2<s>§m<d>w, (96)
= HOPONAY Snered) (97)
- k(s)f%s)zvpozvsg(d)%, (9
_ 26 : ”“ng ) sin(2msd) Ay, (99)

which can also be expressed as the sine transform of dg(d) assuming A; — 0. This
expression of the final relation in Equation (96) as an integral is the basis of the
analysis of Total Scattering methods in diffraction [40].

If the simulation is conducted at a finite temperature, then the atoms are vibrating
around a mean position as a function of time. The structure of these vibrations can
also be studied by calculating the velocity auto-correlation function (VAF). This
relationship measures the rate at which the velocity of the atoms is changing, and
is useful in obtaining information on the phonon structure present in the simulation.

The VAF for atom j is defined as

cj(At) = (v;(to) - vi(to + At)) (100)
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where the brackets (...) denote an average over all initial times, ¢y, in the simulation.
This function is related to the vibrational density of states (VDOS) through the

Fourier transform defined as

=7 T/ijcj exp(—iwt)dt, (101)
B

where m; is the mass of atom j.

The forces between atoms also give information on the stresses in the system.
However, the fundamental limitation to defining stress in an MD simulation is that
one cannot think in terms of a continuum, which is defined at every point in the
volume, but instead considers an atomic system, which is defined at discrete points in
space. Therefore, the stress in an MD simulation can be calculated in a few slightly
different forms, and it is important to specify the exact definition being used. In the
present study the common definition was employed, which gives a component of the

3-dimensional stress tensor of the system for a pair potential as

i = Ty (Zmava iVaj +35 ZZFQ@ daﬂ J) ) (102)

a Ba

where v, ; represents the i-th component of the velocity vector of atom «, similarly
F,p, is the i-th component of the force vector between atom « and /3, and d,g ; the
j-th component of the distance vector between the atoms. The first term in Equation
(102) is a kinetic term accounting for the energy of the atoms associated with thermal
motion, while the second term is called the virial stress and dominates the value of
the stress tensor at low temperatures. When many-body potentials are used then the

stress tensor can be expanded accordingly. The pressure of the system is then related

to the trace of the stress tensor, P = —Tr(¢)/3, resulting in the expression
1
P = NkgT + W%:;Faﬁ - dag, (103)

where the kinetic energy term is now expressed in terms of the system temperature.
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5.4 Nanoparticle Simulation Review

The small size of nanoparticles makes them an ideal case to study using MD simula-
tions. Early simulations of nanoparticles were focused on atomic clusters consisting
of no more than 1000 atoms, and having a size around 1 nm. MD simulations were
used to find the atomic configurations which resulted in the minimum energy state of
the cluster. At this size the minimum energy state is no longer the atomic lattice, and
finding the most stable atomic configuration required inventive genetic algorithms to
search the many possibilities of the cluster description [162]. These algorithms were
able to solve the atomic configurations of the “magic number” clusters which are more
likely to be exist in nature due to their closed-shell electronic structure.

Work on slightly larger nanoparticles (D = 1 - 10 nm) has been largely focused on
also determining the stable structure of the isolated nanoparticles. In this size range
it was again found that the bulk atomic lattice is not necessarily the most stable
structure, and particles were found to exist which contain an intersecting network of
twin boundaries [89]. These types of particles are commonly referred to as multiple
twin particles (MTPs), and often contain a characteristic five-fold symmetry axis. The
more widely observed examples of MTPs are icosahedral and decahedral particles,
which are schematically depicted in Figure 27. These MTPs cannot grow to be
very large as the stacking fault energy associated with the multiple twin planes will
cause the configuration to be unstable. Then MD simulations have been carried
out which try to predict the particle size ranges where MTPs become a more stable
configuration than a particle made of the bulk atomic lattice. This is in an effort to
create a size-dependent phase diagram for most transition metals which describes the
thermodynamically stable structure of nanoparticles of different sizes [9].

A few different approaches have been proposed for studying the size-dependent
structure of nanoparticles. The first approach consists of starting from a melted state

of the metal and then rapidly cooling the system, or quenching, to a lower temperature
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[25, 26, 27, 62, 128]. The atomic positions in the resulting particle are then analyzed
to characterize the particle structure. While this approach properly considers any
relaxation and restructuring of the atoms near the surface, it is somewhat unrealistic
as the slowest quench rate which is achievable in an MD simulation is still orders
of magnitude faster than what can be achieved in practice. Furthermore, a recent
study has found that the resulting structure can be dependent on the quench rate
assumed in the MD simulation [26]. Another approach to predict the minimum energy
structure is by constructing a series of particles of different size and shape, calculating
the corresponding energies, and comparing the energy curves as a function of particle
size |7, 8, 27, 29, 28, 30, 62]. These curves are then used to map the expected phase
diagram of nanoparticles from the structure resulting in the lowest energy. While
this method can give an idea of the most stable structure, it is really only the most
stable of the configurations which are envisioned to be correct. The most stable
atomic configuration might be something which was not considered at the outset of
the study. Furthermore, the study of the minimum energy state is only applicable to
the describing the system at a temperature of OK. The addition of thermal energy can
mean that the stable particle configuration may well be another atomic structure, or
result in a equal likelihood of many different atomic structures. Finally, while MD
simulations begin to offer a suggestion of the stable atomic configuration it should
always be kept in mind that this is really only in terms of the interatomic potential
is used and the corresponding assumptions of how the bonding in the particle is
described [26]. The simplified vision of bonding described by MD simulations may be
manifested in a different sense as the particle size decreases to the nanoscale.

Until recently most MD simulations of nanoparticles have been minimum energy
structural studies trying to determine whether the atomic lattice, or some MTP de-

scription is more stable. A few notable exceptions include those simulations which

95



PIPERTEEES)

-
N
-

»

,:*"a"rr-rrrrr,r
it o I

Figure 27: Figure of icosahedral and decahedral particles

have been already mentioned in Section 2.3 regarding their contribution to diffrac-
tion studies. Many nanoparticles are synthesized with a surfactant which bonds to
the surface of the particle and limits their growth and agglomeration. The studies
of Landman were some of the first to consider the influence of this interaction in
their MD simulations of Au nanoparticles capped by an alkylthiol surfactant [87].
This chemical then makes an Au-S bond on the surface of a nanoparticle which will
change the surface energetics of the nanoparticle. Luedke and Landman conducted a
rather thorough investigation of the resulting structure and dynamics of the encapsu-
lated nanoparticle and were able to identify likely bonding sites of the alkylthiol on the
surface of the Au nanoparticle. Simulations of this kind can give great insight into the
role of surfactants in the nucleation and growth mechanisms of nanoparticles. In this
direction the simulations of Gilbert et al. are also significant contributions [52, 54].
Gilbert and co-workers have simulated the structure and dynamics of nanoparticles
which are dispersed in a solvent like water. The important interaction of the parti-
cle and the solvent is commonly overlooked, or ignored, in simulation studies. Their
simulations have been able to explain the solvent dependent phase stability, and trans-
formations, of TiO,, and ZnS nanoparticles. These simulations show the importance
of properly considering the interactions on the surface of nanoparticles is necessary

before comparison with experimental measurements is possible.
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CHAPTER 6

POWDER DIFFRACTION FROM SYSTEMS OF
CRYSTALLITES

In describing the diffraction pattern from materials we have so far only considered
the case where the crystallites in a material can be treated as independent scatterers.
This means only considering the interference of x-rays which have scattered within a
single crystallite, or the contribution of intra-crystallite scattering to the diffraction
pattern. This ignores the interference of scattered waves originating from different
crystallites in the material, what we will refer to as inter-crystallite scattering. When
two crystallites in a material are not positioned, or oriented, in a regular fashion, the
lack of order, or coherency, results in the inter-crystallite intensity summing to zero in
the wide-angle regime. This then allows for the their treatment as independent scat-
terers. However, it is not entirely clear to what extent crystallites must be misoriented
to satisfy this claim, and what observable effects ordering might have on the wide-
angle powder pattern. The following chapter will begin to explore these questions by
applying the Debye function calculation to systems of multiple crystallites.

In simulating a system of multiple crystallites, a more practical question arises
concerning how many crystallites are necessary to obtain a representative diffraction
pattern. This consideration is gaining importance as the Debye function is increas-
ingly applied to generate the diffraction pattern from polycrystalline atomic simula-
tions [16, 39]. Therefore, a parallel topic throughout the following chapter will be the

study the size of the simulation necessary to achieve a reliable diffraction pattern.
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Figure 28: The view of a crystallite system in terms of the different techniques to
simulate the diffraction pattern are shown.

6.1 Calculating the powder diffraction pattern from systems of
crystallites

Often in the generation of a system of crystallites, or microstructures, periodic bound-
ary conditions (PBCs) are necessary for more realistic simulations of a computa-
tionally reasonable size. However, as already discussed, improperly calculating the
diffraction pattern from such a system can result in artifacts, due to the cutting of
the domains by the boundaries, and the new periodic order possible in the system.
Then the first challenge when simulating a system of multiple crystallites is how to
properly consider the finite size of the simulation space, and avoid any artifacts due to
the use of periodic boundary conditions in the simulation box. Two slightly different
methods exist for solving this problem, and calculating the diffraction pattern from
a system of multiple crystallites.

The first, which we will refer to as the crystallite reconstruction (CR) method,
uses the PBCs to reconstruct crystallites which are cut by the boundaries. As shown
in the example of Figure 28, in the reconstruction only one copy of a crystallite is
allowed, so a decision must be made as to the position of the crystallite relative to

the box. In the present study the crystallites were reconstructed on the side of the
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box corresponding to the crystallite center of mass. The diffraction pattern is then
calculated by applying the Debye function of Equation (24), but slightly reformulating
it as

Ip(s) = k(s)f*(s))_m(d)sinc (27sd) , (104)

where all of the distances of the same length have been tabulated into m(d), which is
then the multiplicity of the distance d;, and k(s) is a function representing the con-
stants and factors in front of Equation (24). As shown in Section 5.3, the multiplicity
function is related to the PDF, p(d), or the RDF, g(d), by m(d) = Np(d)A; and
m(d) = 4rd*NAgpog(d) respectively. As will be shown in Section 6.2.2, the finite
size of the reconstructed system will result in features in the small-angle regime of
the simulated pattern.

The use of this method to calculate the diffraction pattern allows for the easy sep-
aration of the inter-crystallite and intra-crystallite contributions to the total intensity.
Following the same reasoning which lead to Equation (17), the powder intensity from
a system of crystallites can be expressed as

Ip(s) = k(s)f3(s) (ZIM +Y ) ]MN> : (105)

M M M#N

where I, is the intensity scattered from the M-th crystallite, and I,y is the intensity
from the interference of waves which have scattered from the different M-th and N-
th crystallites. The first summation is then the intra-crystallite contribution, while
the cross summation amounts to the inter-crystallite contribution. In both cases the
intensity takes the form of Equation (104), with the difference of course being whether
the distance is considered between atoms in the same crystallite or not. Effectiveness
of the independent scatterer assumption can then be assessed by studying the inter-
crystallite intensity.

The second method of calculating the diffraction pattern from periodic systems

of multiple crystallites consists of assuming that at some distance from an atom, any
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ordered structure of a material is lost. In this case, the long range structure can be

considered homogeneous, and the PDF is approximated as
p(d) = 4rd®po, (106)

which is found from integrating the average atomic density, py, on the surface of a
sphere of radius d. A cartoon exhibiting how this treatment relates to the initial
PBC microstructure is depicted in Figure 28. Then for each atom in the system, the
interatomic distances only need to be calculated to the critical distance, r., which
defines the transition to the homogeneous regime, and the intensity is given by

Ip(s) = k(s)f*(s) (N + Zcm(d)sinc (2msd) + N47rp02d28inc (2msd) Ad> . (107)

d>0 d>re

The second summation can be expressed as an integral with the following solution

N47Tpo/7"251nc (2msr) dr = Ndmp, <

Te

r.cos(2wsr.)  sin(2wsr,.) ) (108)

(2ms)? B (2ms)3

Therefore, the homogeneous approximation (HA) intensity [39] is given by

Ip(s) = k(s)f*(s)

TC . r.cos(2mwsr, sin(2msr,
N + ;m(d)smc (2msd) + Ndmpg ( (27(1'3)2 ) (éﬁs)iﬁ >>] ,
(109)

The benefit of the HA method is that it does not require any reconstruction of the
atomic positions to evaluate the intensity, as the PBCs are used in the calculation of
the interatomic distances. However, it is only valid for systems which can be said to
be homogeneous in the long range limit, and is therefore not applicable to any sys-
tems which exhibit long range order. One important step when using Equation (109)
is determining the appropriate critical distance, r., which separates the structured
and homogeneous regimes. In most cases, this can be defined by studying a pre-
calculated PDF, and determining when it can be approximated by Equation (106).

However, again the case of periodic boundaries must be carefully considered as r.

must be smaller than the simulation size. Finally, it should not be disregarded that
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the integration of Equation (108) neglects the influence of absorption as it extends to
infinity. The full implications of this approximation on the calculated intensity are
still unclear. Nonetheless, the HA intensity has the desirable quality that it masks the
finite size of the simulation box. This will be shown to be effective in the simulation
of the small-angle pattern from a system of densely packed particles as it results in
clear features from the particle configuration.

The HA method can also require less computational power than the CR method.
In the CR method the number of computations required always scales as N2. However,
this factor is less for the HA method as the number of distances to calculate is related
to the smaller volume defined by r.. However, as already discussed, the HA method
requires some precalculation of the PDF for the proper determination of r., and with
current understanding of the technique, further trial and error can be necessary to
find the value of r. which produces a reliable diffraction pattern. This increases
the computational demands calculating the HA intensity, and may result in the HA

method costing the same amount of computational resources as the CR method.

6.2 Patterns from Random packing of spheres

In the present study we will use different packing of spherical crystallites to study
the influence of inter-crystallite scattering on the powder diffraction pattern. While
this is a crude representation of a microstructure, it embodies the features which
are of interest to us as the positions and orientations of the crystallites are able to
be controlled. The simulated systems also allow for some insight into the effects of

inter-crystallite scattering on the small-angle pattern from densely packed systems.
6.2.1 Particle system generation

To represent a system where no ordering existed in the microstructure, a method of
packing the spherical crystallites to a specified density was devised. This method

follows the considerations of random hard-sphere packing which has been developed
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for densification studies of granular materials, as well as, to simulate the structure of
amorphous glasses [71, 72, 140].

The algorithm begins by creating the population of the particles in a system.
Given the number of particles, N, and the size distribution, g(D), the number of

particles in the population of a given size, n(D), is found to be
n(D) = Ng(D)Ap, (110)

where Ap is the sampling interval of the size distribution — analogous to that defined
in Section 3.3.1. A volume of free space is then created considering the desired packing
density, p, which is defined as the ratio of the volume of the particles to the total
simulation volume. The simulation space is defined as a cube whose volume is given

by
>_n(D)V(D)
‘/boa: - Df, (111)

where V(D) is the volume of a particle of size D. With the simulation box created, the
center of each particle is assigned an initial random position in the box. In this initial
configuration it is likely that some particles are too close and have an overlapping
volume.

An iterative approach roughly based on Monte-Carlo methods was used for find-
ing the separated particle positions. During this repositioning routine, PBCs were
assumed for the simulation box to avoid impingement of particles by the box bound-
aries. In an iteration, if two spheres are found to be overlapping, then the particles
are slightly separated by a random distance which is bounded by a maximum dis-
placement. This maximum displacement is adjusted throughout the course of the
separation routine by trying to keep the fraction of particle displacements which re-
sult in successful particle separation equal to 0.5 [5]. Once all particles have been

separated the routine stops, and the periodic boundary conditions of the box can be
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Figure 29: A constructed particle system particle system of a log normal size distri-
bution and a packing density of 0.5 is depicted.

removed depending on the pattern simulation technique. Figure 29 depicts an exam-
ple of a resulting particle system containing 64 spheres representing a log normal size
distribution with a packing density of 0.5.

With the particle system initialized, atoms are filled into the crystallites. The
orientation of the atomic lattice in each particle with respect to the reference frame
of the box is specified by a set of Euler angles. For the case of a randomly oriented
system, this set of angles was randomly chosen for each particle. The position of the
atom ¢ in the box is then described in terms of the position and orientation of particle

M, to which it belongs, following

r; = xu + Ry, (112)

where x,,and r;are the positions of the particle, and atom position, in the reference

frame of the practical respectively, and R, is the orientation matrix defined in terms

103



of the Bunge-Euler angles (¢1, 1, ¢2) as

Ry =

COS ()1 COS (hg — SIN P SIN Py COS Y SIN D1 COS g + COS Pq SIN P COSY  Sin Py Sin Y
— COS (1 SIN g — SIN P COS g COS Y COS Py COS P COS Y — SiN ¢y Sin Py COS Po SIN Y
sin ¢y sin Y — COs ¢ sin ¢ cos Y
(113)
With the atomic positions initialized the diffraction pattern can be calculated follow-
ing either the CR, or HA methods previously described in Section 6.1.
For large simulation systems of defect free particles, the large amount of memory
required to store all of the atomic coordinates can be avoided by expressing these
distances in terms of the reference frame of a given particle. In the reference frame

of the box, the distance between atom 7 and atom 5 is expressed as
d;j =1; —r; = xu + Ryt — (xn + Rary) (114)

Transforming this into the reference frame of particle M, the distance vector is found
to be

RX/[ldU = RX/} [(XM — XM) — RNrj] “+r;. (115)

Since in the powder pattern one is only concerned with the magnitude of this distance,
the relation in Equation (115) will give an equivalent result. The memory necessary to
describe the particle system is then only governed by the number of atomic positions

within the largest particle.
6.2.2 Study of patterns from monodisperse systems

Systems of randomly packed particles, each having the same diameter, were generated
following the routine described in Section 6.2.1 to study the diffraction patterns found
from assuming the CR and HA methods. In this section, all particles were filled with

a defect-free Au lattice (a = 4.0809A), and random orientations were assigned to
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Figure 30: The patterns calculated by the crystallite reconstruction method for
different systems of crystallites with a diameter of 4.6nm are compared.

simulate a powder. Also, the patterns were simulated assuming polarized radiation
with a wavelength of 1.54056 A (Cu Kay).

The CR patterns from systems of particles having a diameter of 4.6nm are de-
picted in Figure 30. They show that changing the characteristics of such a particle
system only influences the small-angle regime of the calculated intensity. Changing
the number of particles in the simulation has the effect of increasing the value of the
intensity at s = 0, as expected considering that this value is found from Equation
(24) to be f2(0)N?, where N is here the number of atoms in the system. From this
point on the y-axis, the intensity decreases, following different trends which all even-
tually converge to the pattern from an isolated particle. The observed features in this
region of the diffraction pattern are attributed to the effects of the auto-correlation
of the system as a whole, as well as, the structure of the particles in the system.
The autocorrelation largely determines the observed intensity near s = 0, while the
features of the particle structure factor are seen in the region of the pattern where the
intensity begins to resemble that from a single particle. For instance, by increasing
the packing density of the simulated system, the intensity is found to dip below that
from an isolated particle in the region around s of 0.1 nm™!, even leading the slight

formation of a peak at s = 0.2 nm™~! for the rather high packing density of 0.5. The
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Figure 31: The inter-particle scattering contributions to the patterns calculated in
Figure 30 are shown.

existence of this peak is evidence that the generated particle system is beginning to
become more ordered as it approaches the dense packing limit of 0.74 for a monodis-
perse system. The wide-angle pattern is found to be identical, and independent of the
constructed system. This is further evidence that the assumption of independently
scattering crystallites is completely warranted when considering a powder.

Further credence for this claim is garnered by studying the contribution of inter-
crystallite scattering to the patterns of Figure 30 This intensity is shown in Figure 31,
and has been calculated from considering Equation (105). The inset of Figure 31 again
shows how the size of the system is reflected in the intercept of the inter-crystallite
intensity. The figure also demonstrates that the features attributed to the structure
of the particle system are really coming from this inter-crystallite contribution to

!'is observed in the pattern found from the

the intensity. Even the peak at 0.2 nm™
system with a packing density of 0.50. Finally, the inter-crystallite intensity is found
to converge to zero for larger values of s. Therefore, the disorder in the simulated
powder system was enough that the wide-angle intensity can be safely treated as if
each crystallite scattered independently.

The same method creating a system of particles was also used to generate ar-

rangements of particles for the calculation of the HA intensity described by Equation
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Figure 32: Patterns calculated by the homogeneous approximation from systems of
2000 particles with a diameter of 3nm are shown.

(109). In this case the particles were assumed to have a slightly smaller diameter of
3nm. The diffraction patterns resulting from this approach for a series of increasing
packing densities are depicted in Figure 32. In the calculation, the maximum possible
rewas assumed — which is L/2, where L is the side length of the box. The intensities
depicted in Figure 32 again find that the crystallite configuration only influences the
small-angle regime. The striking feature of the calculated HA intensities is the clear

1 as the packing density is increased. As in the

emergence of a peak around 0.3 nm~
case of the CR patterns, this peak is the result of the structuring into a more ordered
system, however, it is much more evident in the HA calculated intensity. Further
inspection finds that its position shifts to higher values of s with increasing packing
density. This trend is consistent with the consideration that a system of particles
which is more densely packed, will have particles which are on average closer to one
another. Also, the features observed in the HA patterns are in good agreement with
those expected from a system of spheres having a hard-sphere interaction [56]|. Fur-
thermore, it is again found that the wide-angle patterns in Figure 32 are the same,
and in agreement with that from an isolated sphere of the same size. The ability

of the HA method to clearly depict features in both the wide-angle and small-angle,

offers a lot of interesting possibilities to combine the refinement of patterns measured
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in the two regimes.

6.3 Chritical system size of polydisperse systems

The reliability of the calculated diffraction pattern is related to how well the simu-
lated system represents the real system. Since the size of a simulation is limited, it is
important to understand the critical number of particles necessary for the simulated
system to statistically resemble reality and produce a representative diffraction pat-
tern. This critical size will be shown to be related to the degree of polydispersity in
the system, where polydispersity can be defined in a general sense as the diversity of
the objects in a collection. The cases of polydisperse systems describing different size

distributions and defect densities will be considered in the following discussion.
6.3.1 Particle Size Distribution

It is already apparent from the patterns presented in Section 6.2.2, that one particle
is sufficient to simulate the wide-angle pattern from a randomly oriented, monodis-
perse system. It is then desirable to determine what this critical system size, N, is
for different log normal size distributions. The number of particles of each size in a
simulated system was determined using Equation (110), with the log normal distribu-
tion defined as in Equation (69). A comparison of the distribution which is given by
Equation (110) and the continuous log normal distribution is depicted in Figure 33.
The volumetric moment and standard deviation of a log normal distribution, defined
as

< D >y=3exp (M +75/2) /4, (116)

and

1/2

o = {[exp(5?) — 1] exp (2M + S?) } (117)

respectively, were used to characterize a given distribution. The patterns from systems

containing multiple particles (MP), were then compared to the wide-angle patterns
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Figure 33: The size distribution which is generated in a constructed system is com-
pared to the desired log normal distribution function.

simulated from the isolated particle (IP) approach described in Section 3.3.1, which
arrives at the intensity by appropriately weighting the intensity from a particle of a
given size.

Figure 34 depicts the how the patterns simulated from systems having < D >y, of
4.6nm but different standard deviations converge to the IP pattern as N is increased.
The qualitative trends describing the influence of polydispersity on N, is apparent
from just considering these two cases. The MP patterns, shown in Figure 34(a) for
systems with a narrower size distribution, find a match with the IP pattern for a
much smaller simulation size of 125 particles, while the patterns from a broader size
distribution in Figure 34(b) requires a much larger number of particles. If we consider
the breadth of the size distribution as a measure of the polydispersity, it is apparent
that N, must increase with the amount of polydispersity in the system. This trend
was also observed in the patterns from systems having a larger average particle size,
as in Figure 34(c) and 34(d).

To obtain a more quantitative estimate of N,, the value of x? between the MP

and IP wide-angle patterns was calculated according to

1/2
X = {Z%(s) [Inip(s) = Irp(s)]” /”} ; (118)

S
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Figure 35: The trends of x? versus the particle number of crystallites in the system
is depicted for the for the size distributions considered. The dotted line shows an
approximation of N, for the distribution having < D >y= 4.6nm and ¢ = 1.59nm,
as the real value N, was larger than the maximum particle population possible.

where n is the number of intensity points considered. In this context the wide-
angle pattern was defined as the scattering vector, s, range between 2 and 13 nm™!,
composed of about 900 points. The N, was then defined as the minimum number of
particles necessary for y? < 1. The variation of x? with the particle population, N,
is shown in Figure 35(a) for four different distributions — each having < D >y of
4.6nm, but different standard deviations. It is evident that the rate of convergence
of the MP pattern to the IP pattern is somehow related to o. However, the study
of other systems with different mean sizes shows that N, is not determined by o
alone. The N, obtained for a series of size distributions having a mean size 4.6nm
and 7.5nm are plotted in Figure 35(b). This figure shows that the N, for a log normal
distributions is also related to the average particle size. Further tests are required
to develop a better model which might allow for the prediction of N.. However, the
aforementioned trend has been further demonstrated as N, increases with the width
of the size distribution, or polydispersity, in the system.

The cause for the discrepancy between the MP and IP patterns is the difference
in the actual size distribution present in a system, and the ideal size distribution. As
shown in Figure 33 this difference is primarily exhibited in the abundance of the larger

particles in the tail of a broad distribution. Since n(D) is restricted to integer values,
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then g(D)yp = n(D)/NAp will be a poor approximation to g(D) from Equation
(69) when N is small. Furthermore, diffraction is a volume weighted measurement,
therefore, small discrepancies in the large particle tail of the two distributions will be

magnified in the diffraction pattern.
6.3.2 Particles Containing Defects

Polydispersity can also be realized in a system in the form of local differences in
atomic density, or defect densities. To investigate the influence of such characteristics,
systems of crystallites were created containing varying densities of stacking faults. In
order to focus on the effect of polydispersity due to faulting, systems were simulated
with particles of the same size. Either twin faults, or deformation faults, were created
during the particle construction by disrupting the {111} planar ordering accordingly.
The fault probability of a system was defined as the ratio between the number of
fault planes, and the total number of (111) planes in the system patterns. This
definition follows the conventional terminology describing the effect of faulting on
close packed planes in LPA [102, 150]. A slight discrepancy is expected between the
fault probability created in the simulated particle systems and the value obtained
from LPA, since the LPA theory assumes that all faults have an equal surface area —
which cannot be true for faults at different positions in a spherical particle. Each fault
in the particle system was randomly assigned to a particle, a different {111} plane,
and a different position in the particle. Some resulting patterns for systems with
different densities of deformation faults, o, and twin faults, 3, are depicted in Figure
36(a). The diffraction pattern range depicted in the inset of Figure 36(a) shows that
the pattern from a system containing deformation faults exhibits a pronounced shift
of the 200 peak to smaller angle while the patterns from a system containing twin
faults primarily shows broadening. These features are consistent with the expected

effects on the powder pattern [152], and are evidence that the effects of faulting are
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Figure 36: The patterns from systems containing faults and the trends of y? are
depicted.
still observable in powder patterns from small crystallites.

As in study of polydispersity due to different particle sizes presented in Section
6.3.1, the diffraction patterns from systems containing an increasing number of par-
ticles were compared with a reference pattern to determine N.. However, a simple
weighting scheme to simulate the diffraction pattern by IP methods does not exist.
Therefore, in calculating x2, an MP reference pattern was used coming from a suffi-
ciently large system, which was determined to be 500 particles. The trend of y? as a
function of the particle population depicted in Figure 36(b) shows that systems with
a higher probability of faults require a larger number of particles in order to reach
the convergence threshold (y? < 1). Assuming that a slightly larger faulting density
allows for more possibilities of faulting arrangements in a particle, this observation
is consistent with the previously described trend that increased polydispersity re-
quires a larger simulation size to generate a reliable diffraction pattern. Furthermore,
it shows that N, is not solely dependent on the particle size distribution, but also

characteristics like the defect population.
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6.4 Ordering and coherency

In recent literature it has been proposed that powder diffraction peak broadening
is not only affected by crystallite size and strain, but also by the scattering from
neighboring crystallites which are “coherently” ordered [110]. This phenomenon has
been observed in the diffraction patterns from thin films [109], micro-dot arrays [108]
and has even been used to explain uncharacteristic broadening observed in the pattern
from ball milled nanocrystalline fluorides [113]. Two criteria exist for two crystallites

to be said to be coherently ordered:
e the lattice orientations of the crystallites should differ by a small amount, and
e long range structure should exist in their crystallite positions.

Then, the presence of ordered crystallites in the case of thin films may be reasoned
by evolutionary grain growth and interactions with the substrate during the thin film
synthesis. However, it is unclear if this event can occur in ball-milled nanocrystalline
materials as it is uncertain the degree which neighboring crystallites have similar
lattice orientations, and more importantly, it is unlikely that regularity exists in their
crystallite positions. Without delving into the physical mechanisms necessary to
create such a microstructure, we will approach the question by assuming that such a
microstructure can exist, and then study the wide-angle powder diffraction pattern
from a many particle system as a function of each criterion for coherent ordering.
First, to study the influence of the lattice orientation, the particle positions from a
loosely packed system were used. However, instead of assigning a random orientation
to all particles, a certain number of particles were oriented such that the coordinate
axes of the particle lattice were aligned with that of the simulation box. The term
coherency probability is then defined as the percentage of particles in the system
which were initialized with the same lattice orientation. In the cases of systems

having a coherency probability less than one, the remaining particles in the system
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Figure 37: Patterns corresponding to randomly packed systems of differing (a) co-
herency probability and (b) coherency domain sizes are shown.

were initialized with a random lattice orientation.

The wide-angle patterns from 27 identical particles (D = 4.6nm) with a rather
dense packing of 0.5 and containing different coherency probabilities are shown in Fig-
ure 37(a). The simulations with a lower coherency probability of 0.5 model materials
which have coherently oriented crystallites randomly interspersed in the microstruc-
ture. It is seen from Figures 37(a) and 37(b) that the diffraction pattern from this
type of a system does not exhibit any noticeable signs of coherency as the pattern
does not differ from that of a randomly oriented system. A distortion of the peak
shape was only observed when the coherency probability approached unity, as seen
in the slight narrowing and distortion of the 111 and 200 peaks from the 27 particle
system in Figure 37(b). A peak narrowing at low angles is predicted by the theory
of Rafaja [110], but the effect simulated here is much more subtle than what was
observed by Ribarik, et al. in nanocrystalline fluorides [113].

Larger coherent systems consisting of more than 100 particles were also simulated
to study how the coherently oriented volume, referred to as the coherent domain
size, affects the diffraction peak shape. As the coherent domain size was increased
to 125 particles, the effect of coherency on the pattern seen in Figure 37(b) is even
further diminished. If regions of coherently oriented crystallites are present in a

real polycrystalline material, one would expect that the coherent domain size would
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not be identical throughout the material, and the diffraction measurement would
be an average over a distribution of domain sizes. In an effort to study the effect
of this averaging, the patterns from the 27 and 125 particle were averaged and the
result is depicted in Figure 37(b). Even though only two coherent domain sizes were
considered, the resultant average pattern already begins to mask any deviation of the
27 particle pattern from the randomly oriented particle pattern. As a larger set of
coherent domain sizes was considered in the averaging, the resultant pattern continues
to converge to the randomly oriented particle pattern, showing no effect of particle
coherency. Therefore, both the cases of randomly interspersed coherently oriented
crystallites, and the average diffraction pattern from different coherent domain sizes,
result in the pattern from a randomly oriented particle system. It is therefore unlikely
that crystallite coherency is an observable phenomenon in the diffraction pattern of
nanocrystalline powders without long range ordering. In the study of Ribarik, et al.,
a bimodal size distribution was used to model the effect of the observed coherency. In
this case the actual existence of such a size distribution in the sample could explain
the observed peak broadening instead of the effects of coherency.

When the regular spacing condition for coherent scattering is implemented into
a particle system by ordering the coherently oriented particles into a superlattice
dramatic effects are observed in the wide-angle diffraction pattern. Figure 38 shows
that when a simple cubic superlattice of particles is assumed the typical diffraction
peaks from a gold lattice split into two or three clearly identifiable peaks which are
modulated by the diffraction pattern of a single gold particle. The positions of these
new peaks are dependent on the superlattice spacing, and can be indexed according
to the new long range order which is present in the system. Since the superlattice
spacing does not have to be a multiple of the atomic unit cell parameter, this ordering
of coherent particles is then best described as a local incommensurate superlattice.

While a coherent crystallite superlattice of this kind can exist in nature — shown
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Figure 38: The patterns from orientationally ordered cubic superlattice of 125 pat-
terns (D = 4.6nm) are shown for different cubic grid spacings (Grid A), which are
expressed in terms of the lattice parameter of the FCC in the particles, a.

to be due to interactions like nanoparticle surface ligand interactions, and magnetic
ordering — it was demonstrated here to show the upper limit of the effect that
coherency can have on the wide-angle pattern. Any system of coherently oriented

crystallites can then be viewed as somewhere between the presented extremes of the

randomly arranged system, and the ordered superlattice.
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CHAPTER 7

EFFECTS OF THERMAL MOTION ON THE POWDER
DIFFRACTION PATTERN

7.1 General TDS Theory

The theory describing the effects of thermal motion on the diffraction pattern was
one of the first problems that was treated in x-ray diffraction, perhaps motivated
by the popular belief at the time of the method’s conception that the presence of
this motion would destroy the diffraction signal from a lattice [43]. The theory can
be expressed beginning with a static lattice, and including the consideration that
each atom is vibrating around its average position. The position of an atom is then
expressed as r, = R,, + u,, with R,, and u,, signifying average atomic position, and
its instantaneous displacement respectively. The intensity from Equation (16) then

becomes

I= POl Z|fn| +Zmef exp (—27midmn - 8) exp (—27i (0, — uy,) 's) |,

m n#m
(119)
where d,.,, = R,, — R,,. A common diffraction pattern is collected over a time
scale much longer than that of atomic motion, so the observed pattern is really the

time average of Equation (119). Assuming that the thermal displacements are small

relative to the spacing between atoms in the atomic lattice, we can use the relation

(exp (—2mi (uy, — u,) -s)) = exp (— ([27 (u,, — uy) ~s]2> /2). (120)

The time average intensity then becomes

Z\fnl —i—Zmef exp (—27idmn - 8) exp (=277 ([(un — w,) -s])) |,

m n#m

(121)
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where the terms in front of Equation (119) are now represented by k(s). Expressing
U-S 88 Uy, s €08 by, and expanding the term [(u,, — u,) - s]°, we arrive at the expression

Z\fnl —i—Zmef exp (—2midmn - S)

m n#m

exp (—272s% [{(u? cos®0,,) + (u? cos® 0, ) — 2 (upu, cos b, cos b, 122
( m n ( ) (122)

We can then define the Debye-Waller exponential factor

87T sin’ @
m> =

M,, = 2m°s* (u?, cos® 6 (u?, cos® b, ) , (123)

resulting in the final general form of the intensity due to thermal motion

Zlfnl + 3N fuf exp (—2midumn - 5)

m n#Em

exp (=M, — M,) exp (47°5* (U, cos b, cos0,)) | . (124)

The first exponential in Equation (124) is the unchanged Bragg scattering condition,
the second is the well known Debye-Waller factor, while the final exponential is related
to the average correlation of the atomic motion. The assumed form of this correlation
term is then the point of contention between existing diffraction theories of thermal
motion. The two extremes of random atomic motion, and coupled atomic motion will
be treated in the following subsections.

It should be noted that the derivation which has been given follows the procedure
of James [73| and Warren [152], as the time average is considered before the volume
average. The reverse method, considering the spatial average and then the time
average, has been described by Guinier [56] and Suortti [136] resulting in identical

expressions for the scattered intensity, which is evidence of its ergodic nature.
7.1.1 Random Atomic Motion

The early work by Debye on the subject of thermal motion assumes that the atoms

can be treated as independent harmonic oscillators [38]. This assumption carries with
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it the result that the correlation between any two atoms which is averaged over time
is zero. Following this treatment, and assuming a monoatomic system, the intensity

of Equation (124) reduces to

(1) = k(s) Iful’

N +exp (—2M) > ") " exp (—2midun - s)] . (125)

m n#Em

Adding and subtracting the N terms which are necessary to complete the double sum,

one finds the expression

Iy = k(s) | f,]? [N [1 —exp (—2M)] + exp (—2M) ZZ exp (—2midmn - s)]
. (126)
This form of the thermal effect will be referred to as the Debye thermal diffuse scat-
tering (TDS), since its general form was first described by Peter Debye in 1914 [38].
The first term in Equation (126) is a smooth increasing function with s that con-
tributes isotropically to the background of the diffraction pattern. The second term
is an exponential decay which diminishes the intensity of the diffraction spots with
increasing s.
If the thermal motion is isotropic, then the exponential factor 2M can be expressed

as Bijss?/2, resulting in the definition of the Debye-Waller factor as
B = 87 <u3I cos? 0m> . (127)

The quantity u,, cos 8,, is the displacement of atom m in the direction of the scattering
vector s. For isotropic motion, the average value can be expressed in terms of the mean
squared displacement (MSD) of an atom as (u?) = 3 (u2, cos®0,,) [56]. Therefore,

m

Bis, is related to the MSD by

2
Biso = 8% <u72n> : (128)
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7.1.2 Coupled Atomic Motion

The description of atomic motion as random is at odds with the knowledge that a
network of bonds exist between atoms. Then, if one atom moves, a force will act
upon its neighbors, ultimately resulting in their motion in a similar direction. The
theory of lattice dynamics of such a coupled system was developed extensively by
Max Born and coworkers [15] around the same time as when Debye was working
on his theory of specific heat in solids. This theory was then employed in the early
experiments by Laval [77] and Preston [106] to explain the temperature dependence of
diffuse anisotropic streaking and satellite peaks observed in their measured diffraction
pattern. The study of such features in the diffraction pattern is referred to as thermal
diffuse scattering (TDS). Commonly the TDS is considered as only an observable
feature in the background between peaks that does not contribute to a broadening of
the diffraction peaks. However, it will be demonstrated that correlated atomic motion
produces very broad peaks which are positioned under the Bragg peaks. Therefore,
it becomes a concern for accurate line profile analysis, as the improper handling of
such an effect can lead to wrong microstructure parameters.

Elasticity theory tells us that the displacement of an atom at any given moment

can be decomposed into a sum over a set of normal elastic plane waves as
u,(rp,t) = ZZAgjegj cos (wgjt — 27 - T, — Ogy) - (129)
g J

In this description g is the wave vector of the plane wave, Agy;is its amplitude, e,; is
a unit vector in the direction of the vibration polarization, wy; the angular frequency,
and d0,; an arbitrary phase. The index j then represents the different independent
polarizations a wave can have in the solid. In a monoatomic three dimensional lattice
Jj =1{1,2,3}, representing the 2 longitudinal and 1 transverse acoustic waves possible
for a given wave vector, g. The total number of independent vibrations is then given

as 3N, where N is the number of atoms in the system.
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This description of the atomic displacement can be used to obtain a suitable form
of the correlation term in Equation (124). Expressing su,, cos,, as u,, - s, and using

Equation (129), one finds that
5% (Upty, €OS Oy, cOS 6,,) < [ZZAW%J s cos (wgt — 2wg - Ty, — 5gj)]

[ZZAg'j’eg’j' -scos (wyjt — 2mg - )y — 5g/j/)] > . (130)
g/ j/

If the phase of each wave is arbitrary, the cross terms from the two summations will
average to zero. Therefore, with the use of cosine identities, and considering that

(cos(wt)) = 0 [152], it can be shown that the previous expression reduces to
% (Upy Uy, €OS B, cOS 0,,) ZZ ]> ey -8)’ cos (27 - dpy) - (131)

Using this result, and expanding the correlation exponential in Equation (124) in

terms of a Taylor series, the intensity becomes

(I) = k(s) | ful? N+ZZexp —27idmn * S)

m n#EmM

exp (—=2M) (1 + (Vo) + (Vo) /24 ) |, (132)

where
Yon) = 2%23222 (A2 cos® y; cos (27g - di) - (133)

Similar reasoning also leads to the relatlonship
2M =27°5>) > " (A2)) cos” ;. (134)
g J

From Equation (132) it is clear that the form of the Debye TDS is the zeroth order
approximation to the TDS found when assuming a coupled system. In addition there
are higher order corrections, corresponding to the power of (Y},,), which are added

under the Bragg pattern.
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7.1.3 Relating diffraction observables to vibrational density of states

For comparison of the developed description of the TDS with the observable features,
the task at hand becomes relating the mean amplitude squared of a wave, <A3j>,
to other quantities like the density of states and temperature of a system. The
mean kinetic energy of an elastic wave over time is given by (Kg;) = {Nm (A2;) w2,
where N is the number of atoms in the system, and m is the mass of each atom.
By the virial theorem, the average total energy is twice the mean kinetic energy,

so < Byg; >= %N m <Agj>w§j. Treating each elastic wave as a harmonic oscillator,

1

this mean energy can also be expressed as < Eg; >= hwgj(n(wg;,T) + 3), where

h is Plank’s constant and n(w,;,T") is the partition function of the phonons. Since

phonons follow Bose-Einstein statistics,

1
exp(hwgy; /kpT) — 1’

n(wg;, T) = (135)

which can be approximated as n(wy;, T') = kg1 at high enough temperatures. There-

fore, the mean square amplitude is found to be
2h 1
2
<Agj > -

L)+ <). 136
Nimwy; (n(wg;, T) 2) (136)
Often equipartition is assumed allowing the sum over g in the evaluation of quan-

tities like (Y;,,) and 2M to be expressed in terms of an integral of the density of

states, I'(wy;), over the first Brillouin zone. Equations (133) and (134) then become

Wgj

h IN@» 1
(Vi) = 4%232m/ZM(n(wm, T) + 5) cos® f,; cos (21g - dyn) dg,  (137)
g J

and

h [Nwy,) 1
oM = 425> —— 9J T)+ =)cos?0,:d 138
s Nm{; (i T) + ) eost g, (138)
respectively. Since the speed of sound in a lattice is frequency dependent, the rela-
tionship wy; = 2mey;96(g) is necessary to convert between w and g, where ¢(g) is the

assumed dispersion relationship, and cg; is the low frequency limit of the speed of

sound for the wave vector g and polarization j.
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7.1.4 Powder TDS for Cubic Materials

Until this point effort has been made to leave the relations in a general form, and
avoid any approximations. However, general analytic solutions of Equations (137)
and (138) are not possible. Also, when considering the powder intensity, the intensity
described by Equation (132) needs to be further averaged over the powder sphere.

In order to find a solution which produces a reasonable representation of the TDS;,
multiple models have been proposed of varying complexity and realism. In the study
of the TDS in a powder diffraction pattern from a cubic material, Warren proposed
one of the first notable models [152|. However, it is somewhat limited to special cases
as it: relies heavily on the Debye theory of lattice vibrations to approximate the
density of states, assumes a constant average velocity of sound, neglects a frequency
dispersion relationship, and was originally formulated for temperatures around the
Debye temperature, ©p. Generalizations and improvements have been proposed in
the past by a number of authors. The calculation of the first order TDS was extended
to lower temperature by Herbstein and Averbach [63|. The allowance for a speed of
sound which differs for the longitudinal and transverse modes, ¢; and ¢; respectively,
was considered by Paskin [101] following ¢; = 2¢; as it is a common characteristic in
cubic materials. Later, Suortti [136] considered the dispersion relationship of a linear
chain, as well as pointed out the importance of convolving the TDS with the Bragg
peak. Finally, Walker and Chipman [149] extended the treatment to allow for the
description of a material with elastic anisotropy.

It is a common assumption that the first and second order terms dominate the
TDS, therefore, most efforts are spent developing these relationships. Also, it is
common to approximate the integral over the first Brillouin zone as an integral over a
sphere of equal volume. While this approximation conserves the integrated intensity
of the TDS, some doubt has been raised by Walker and Chipman regarding its ability

to represent the true profile of the TDS peak [149].
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Only a brief sketch of the derivation for the TDS in the powder pattern from an
isotropic cubic material will be presented here as the full discussion is rather lengthy.
The reader is directed to Sections 11.5, 11.10 and 11.11 of Warren [152] for more
details. Following a series of simplifying assumptions — the use of the average speed
of sound ¢;, w; = 2mc;g, and the density of states assumed as a quadratic function in

the first Brillouin zone — Equation (137) becomes

V) = 204 2 ED0m). (139)

ZDmn

where

Si(z) = /Sinxdx, (140)

2Dy = 270G D, (141)

and 2M is the Debye-Waller exponential factor, which at high enough temperatures

can be approximated as
3n*T

2M = ——-s".
ml{}B@?MS

(142)

The reciprocal space length gp is the radius of a sphere whose volume equal to that
of the first Brillouin zone, or Vpy = 4mgs /3. Also, the characteristic temperature
O, is similar to the Debye temperature, but is actually an average of the Debye
temperatures for the longitudinal and transverse waves, ©; and O, respectively, and

is given by the relationship
31,2
O ©6, 6,
Therefore, the intensity from Equation (132) for the I-th order TDS becomes

(143)

<)

Zm

I(s) = k(s) | f|* exp (—2M) %ZZexp (—2midp - S) {

Equation (144) gives the intensity at a point in reciprocal space, as described in
Section 2.2 the powder intensity is found by taking the average of this quantity over

the powder sphere. In doing so the sum over the mn pairs can be replaced by the
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sum over nearest neighbor shells at a distance d; and with a multiplicity C;. Then

the [-th order powder TDS intensity is found to be

2M!

Ip(s) = k(s)N |f|? exp (—2M) = (145)
where
1 m
Q= 2— i OF (|8 - Shkl’) ) (146)
S ShH
and
G = |5 — Snail
D, (|s — spu]) = 5 +
Tﬁzﬁ [L] [cos (27|s — Spri|d;) — oS (27 Gmaed;)] - (147)
i=1 1 v

After explicitly considering the first few nearest neighbor shells, the remainder of the
infinite summation in Equation (147) can be approximated as an integral assuming
a continuous atomic density. Warren finds that ®; for [ > 2 can be approximated by

®,, resulting in the total TDS powder intensity simplifying to

Ipyps = k()N fa(s) [exp (=2M) 2M (Q1 — Q) + (1 —exp(—2M)) Qo). (148)

It should be noted that the Lorentz factor is already included in the description of
@ given in Equation (146). The intensity predicted by Equation (148) for an Al
lattice at 300K is depicted in Figure 39. It is found that this form of the TDS results
in very sharp peaks centered at the positions of the Bragg peaks with broad tails
which extend between peaks. While the contribution of the TDS to the diffraction
pattern is small relative to the Bragg scattering, it can have an impact on changing
the apparent shape of the diffraction peaks, especially in their tails. It will also be
shown in the following section that the diffraction pattern from MD simulations at
an elevated temperature also exhibit these features. The controllable nature of these
simulations then allows for a precise study of the consequences of assuming different

models for the TDS.
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Figure 39: The Warren Powder TDS assuming an Al lattice is depicted.

7.2  Stmulating Bulk Lattice Vibrations and the Powder Diffrac-
tion Pattern

Molecular dynamics can be used to study the effects of thermal motion on the powder
diffraction pattern by calculating the diffraction pattern from the atomic positions
in the simulation. First, it was desirable to study the influence of bulk lattice vi-
brations, before attempting to understand the slightly more complicated case of the
vibrations in smaller crystallites. The techniques used here to simulate the pattern
are not standard, so a description of the reasoning behind the employed procedure is

necessary.
7.2.1 Molecular Dynamics Simulation Parameters

Molecular dynamics simulations were carried out assuming a periodic simulation box
containing a perfect lattice, using the LAMMPS simulation software [105]. Starting
from 0 K, the temperature of the system was gradually raised in steps of 100K and
allowed to stabilize at temperatures from 100 K to 500 K. Once the system had
stabilized at each temperature, the positions of the atoms were output for a series of
time steps. The position information is an effective snapshot of the system at a given

moment in time which can be used to simulate the diffraction pattern. The periodic
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Figure 40: The temperature and pressure of an MD system is shown over the dura-
tion of a simulation which was used in this study.

structure of the system was avoided by only considering atoms in the center of the
system. The powder diffraction patterns of the center atoms from each snapshot
were directly calculated using the Debye function. The series of patterns at a given
temperature were then averaged to obtain the time averaged pattern. This average
pattern was treated as experimental data, and analyzed using modern line profile
analysis techniques [123, 83|.

It is necessary to carefully consider the setup and behavior of the MD simulations
to ensure it exhibits realistic lattice dynamics. In the present study a simulation box
containing 108,000 atoms and with an edge, L, consisting of 30 FCC unit cells (L ~ 12
nm) was created. The boundary conditions of the box were periodic, allowing for the
study of the bulk thermal behavior and atomic vibrations. The number of atoms (IV),
pressure (P) and temperature (7') were controlled throughout the simulation. The
use of this ensemble allows the simulation box to account for thermal expansion and
change its volume isotropically to maintain the desired pressure. The pressure of the
system was kept at 0 atmospheres as only the effect of temperature was intended to be
studied. As shown in the thermal and barometric history of the simulation depicted
in Figure 40, the temperature was increased from 0K in steps of 100K, and allowed

to stabilize for a time of 50 ps (50,000 time steps). After the stabilization period, the
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system was allowed to evolve for another 5 ps to obtain the series of atomic positions
used in the diffraction pattern calculation.

The assumed interatomic potential describing the interaction between atoms de-
termines the thermal response of a system. In the present work many-body inter-
atomic potentials based on the theory of the embedded atom method were used. In
the case of Cu the embedded atom method (EAM) potential [49] was used, while for
Al the effective medium theory (EMT) potential [70] was employed. These potentials
have been developed using the elastic properties of the respective bulk metals mea-
sured at 300K, and are then appropriate for the setup and temperature range studied
here.

As a test of the simulated lattice dynamics, the vibrational density of states
(VDOS) was calculated from the atomic velocities. The atomic velocities were out-
put at same time as the atomic positions. This velocity information was then used
to calculate the velocity auto-correlation function, ¢(t), defined in Equation (100).
Following the methods described by Dove [161], the VDOS, I'(v), for a monoatomic
material is obtained from the Fourier transform of the velocity auto-correlation func-
tion as in Equation (101). The VDOS obtained by analyzing the velocities of our
MD simulations are depicted in Figure 41, and show a form consistent with that
found from inelastic neutron scattering [133, 137]. Therefore, the atomic vibrations

observed from this technique are indeed consistent with those of the real materials.
7.2.2 Simulation of the Powder Pattern

If the atomic positions of a time step are directly used to calculate the diffraction
pattern, the periodic nature of the system will result in artifacts. Therefore, before
the diffraction pattern was calculated, a sphere of diameter less than the simulation
box size was carved out of the atomic positions. The choice of this shape is looking

ahead to minimize the effects of the approximations made in the pattern analysis, as
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Figure 41: Comparison of the vibrational density of states calculated from the atomic
velocities of the Cu and Al MD simulations at 300K.

the sphere has an analytical shape function [103|. This method of carving the sphere
from this perfect periodic system intentionally does not include the influences which
defects, surfaces, or interfaces have on the lattice dynamics and powder pattern. Once
the sphere was carved from the larger simulation system, the diffraction pattern is
calculated using the Debye function as given by Equation (24). In this study the
polarization factor describing the intensity from unpolarized incident x-rays, given by
Equation (14), and a 1 A wavelength of radiation were assumed. Since the pattern
is already being calculated from a dynamic system, it is not necessary to include any
temperature effect in the pattern calculation.

It is important to keep in mind that an experimental diffraction pattern is actually
an average pattern collected over a time on the order of seconds. The simulation of
an MD system over a comparable time range is beyond the limit of existing com-
puting power. Instead, a strategy of finding a representative time averaged pattern
is necessary to effectively simulate the effects of thermal motion on the diffraction
pattern. This can simply be accomplished by averaging the patterns from a series of
snapshots until the average pattern converges, and the inclusion of the pattern from
more time steps does not change the resulting pattern. The time range over which

these patterns should be averaged should be on the order of the oscillation period
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of the longest wavelength vibration considered, while not so long to allow for atomic
diffusion. In this study an average of 10 snapshots over a time range of 5 ps was
found to be sufficient to calculate the time average pattern. It should be kept in
mind that in calculating the pattern from each time step, a spatial average of the
atomic oscillations is also being performed, so the number of time steps necessary to

arrive to an average pattern is also dependent on the size of the system considered.

7.3 Comparing TDS Models

Some of different powder TDS models which are described in Section 7.1 have been
used to study the patterns simulated by the methods described in Section 7.2. This
allows for the evaluation of the ability of each model to represent the features in the
diffraction pattern attributed to the TDS, as well as, the influence which each model
has on the determined characteristics of the crystallite.

The described procedure of using MD to simulate the thermal effects on the diffrac-
tion pattern was carried out considering both a Cu and an Al lattice system. While
both have an FCC lattice, these two metals exhibit very different thermal and elastic
behaviors. Consideration of their experimental elastic constants shows that copper
has an anisotropy factor of 3.2, while aluminum is nearly isotropic with a factor of
1.2 |6]. The thermal motion of atoms is then dependent on these elastic properties,
and comparing the patterns from these two materials can show the effects of isotropic

versus anisotropic thermal motion.
7.3.1 Debye vs Warren TDS

In an effort to convey the implications of the random and correlated atomic motion as-
sumptions, the Debye TDS and Warren TDS models were used to model the patterns
from the simulated Al and Cu particles. In this study spheres of diameter of 10nm
were carved out of MD simulations stabilized at 300K. The Debye TDS described

by Equation (126), as well as, the Warren TDS described by Equation (148), were
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Figure 42: The fits assuming the Debye TDS to model MD simulated powder pat-
terns are depicted.

implemented into the framework of the diffraction pattern modeling software PM2K
[83]. The only other features which were assumed in the pattern modeling were the
contributions of the crystallite size to the wide-angle peak broadening and small-angle
signal. The small-angle scattering contribution was only included to correctly model
the low angle tail of the 111 peak. The pattern refinement then consisted of finding
the crystallite size, lattice parameter and thermal parameter which resulted in the
best fit of the simulated pattern for each assumed TDS model.

The fits from assuming the Debye TDS to model the patterns from Al and Cu
are depicted in Figure 42. In both cases it is evident that the smooth TDS function
which is the result of the Debye model does not appropriately represent the features
in the tails of the simulated diffraction peaks. The parameters which resulted in the
depicted best fits for each case is depicted in Table 2. The inability of this model
to represent the diffraction pattern is also reflected in the deviation of the obtained
diameter and B;,,. The use of the Debye TDS leads to an underestimation of the
diameter. Also, somewhat surprisingly the obtained Debye-Waller parameters are
less than expected. The inaccuracies resulting from the Debye model are evidence
that the thermal motion of the simulated systems does not follow the random motion

assumptions.
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Table 2: Parameters found from the best fit *Experimentally measured values re-
ported by Fox [50].

Al GoF a(nm) D (nm) B (AQ)
Debye TDS  0.291 0.4011 9.77 0.740
Warren TDS 0.081 0.4011 9.95 0.914

Expected - 0.4011 10.0 0.85*

Cu GoF a(nm) D (nm) B (A%
Debye TDS  0.767 0.3632 9.77 0.465
Warren TDS 0.186 0.3632 9.97 0.587

Expected - 0.3632 10.0 0.54*

The same patterns were also modeled assuming the powder TDS model for cubic
materials developed by Warren. The high level of agreement which this model allows
is evident in the fits depicted in Figure 43. Comparing these fits with those obtained
assuming the Debye TDS, it becomes evident that the specific features present in the
Warren model are necessary to model correctly the features in the tails of the peaks.
The parameters found from this model in Table 2 finds that the proper representation
of the peak features also results in more accurate determination of the particle size
and Debye-Waller parameter.

Studying the fits obtained from the Al and Cu systems does not find a dramatic
difference in the ability of the Warren TDS model to represent the two cases. However,
a slight improvement in the modeling of the Al patterns described by the GoF. This
slight improvement is in agreement with the understanding that the Warren and
Debye models have been developed assuming isotropic thermal motion. Still, this
disagreement for Cu is very subtle, and does not effect the accuracy of the parameters

which were obtained from the modeling.
7.3.2 Assessment of Error from Neglecting the TDS

The methods described in Section 7.2 were again used to simulated the pattern from
a 10nm sphere, but this time at a range of temperatures. The obtained patterns

were modeled assuming the commonly employed technique of ignoring the TDS, and
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Figure 44: The patterns from a D = 10nm sphere carved from the Al and Cu
systems at different temperatures are depicted. The patterns are shown in a log scale
to highlight the features of the background.
trying to fit the background with a smooth polynomial function. The obtained values
of the particle size, lattice parameter and Debye-Waller factor were then compared
the known values to understand what kind of errors are introduced into the modeling
by improperly treating the TDS contribution. This analysis was again repeated for
Al and Cu systems to demonstrate cases of differing degrees of elastic anisotropy.
Examples of the calculated average patterns from the Al and Cu simulations
at different temperatures are shown in Figure 44. These calculated patterns were

then analyzed using the Whole Powder Pattern Modelling [123] software PM2K [83].
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